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Abstract. In this paper we shall prove that the Z-subalgebra generated by the divided
powers of the Drinfeld generators s (r € Z) of the Kac-Moody algebra of type Agz) is
an integral form (strictly smaller than Mitzman’s; see [Mi]) of the enveloping algebra, we
shall exhibit a basis generalizing the one provided in [G] for the untwisted affine Kac—
Moody algebras and we shall determine explicitly the commutation relations. Moreover,
we prove that both in the untwisted and in the twisted case the positive (respectively
negative) imaginary part of the integral form is an algebra of polynomials over Z.

Introduction
We use the following notations: N={n € Z|n >0}, Zy ={n€Z|n > 0}.

Recall that the twisted affine Kac—Moody algebra of type Ag) is g[; the x-
invariant subalgebra of 5AI3 where x is the nontrivial Dynkin diagram automor-
phism of Ay (see [K]) and denote by U its enveloping algebra U(g[;() The aim
of this paper is to give a basis over Z of the Z-subalgebra of u generated by the
divided powers of the Drinfeld generators z;=’s (r € Z) (see Definitions 5.1 and
5.12), thus proving that this Z-subalgebra is an integral form of u.

The integral forms for finite dimensional semisimple Lie algebras were first
introduced by Chevalley in [Ch] for the study of the Chevalley groups and of
their representation theory. The construction of the “divided power”-Z-form for
the simple finite dimensional Lie algebras is due to Kostant (see [Ko]); it has
been generalized to the untwisted affine Kac-Moody algebras by Garland in [G]
as we shall quickly recall. Given a simple Lie algebra gy and the corresponding
untwisted affine Kac-Moody algebra g = gg ® C[t,t™!] & Cc provided with an
(ordered) Chevalley basis, the Z-subalgebra Uz of U = U(g) generated by the
divided powers of the real root vectors is an integral form of U; a Z-basis of this
integral form (hence its Z-module structure) can be described by decomposing Uy,
as tensor product of its Z-subalgebras relative respectively to the real root vectors

DOI: 10.1007/s00031-023-09801-8

Received January 12, 2021. Accepted September 25, 2022.

Published online May 11, 2023.

Corresponding Author: Ilaria Damiani, e-mail: damiani@mat.uniroma2.it



1496 ILARIA DAMIANI, MARGHERITA PAOLINI

(Wt and UL, to the imaginary root vectors (Uy™ ' and UL™™), and to the
Cartan subalgebra (1))

U has a basis B'% consisting of the (finite) ordered products of divided
powers of the distinct positive real root vectors, and (U~ , B* ™) can be described
in the same way:

Bret = {(kﬁl kﬁN | N>0, 81 >---> By >0 real roots, kg, >0 Vj}.

Here a real root 8 of g is said to be positive if there exists a positive root « of
go such that either 8 = o or 8 — « is imaginary; zg is the Chevalley generator
corresponding to the real root 5.

A basis BY of UZ, which is commutative, consists of the products of the “bino-
mials” of the (Chevalley) generators h; (i € I) of the Cartan subalgebra of g:

Bh:{H(D ‘kizow};

it is worth remarking that U% is not an algebra of polynomials.

UMt (and its symmetric US™7) is commutative, too; as a Z-module it is
isomorphic to the tensor product of the Ui{%’""s (each factor corresponding to
the ith copy of U (;[2) inside U), so that it is enough to describe it in the rank 1
case: the basis B™* of UiZm’+(5A[2) provided by Garland can be described as a set
of finite products of the elements Ag(£(m)) (k € N, m > 0), where the Ag(£(m))’s
(k > —1,m > 0) are the elements of U™ T = C[h,.(= h®t") | 7 > 0] defined
recursively (for all m # 0) by

A,l(f(m)):L k‘Ak 1 Z Ar 1 hmsa

r>0,5>0
rts=k

5 = { T v (elm) \ b 2 0¥, 4{m > 0] by 0} < o0

m>0

It is not clear from this description that UiZm’Jr and UiZm’7 are algebras of
polynomials.
Thanks to the isomorphism of Z-modules

Uz 2 UP™ @z U™~ @z U @z UP™T @z U
a Z-basis B of Uy is produced as multiplication of Z-bases of these subalgebras:
B = Bre,—Bim,—BhBiln,+Bre,+.

The same result has been proved for all the twisted affine Kac—-Moody algebras
by Mitzman in [Mi], where the author provides a deeper comprehension and a
compact description of the commutation formulas by means of a drastic simplifica-
tion of both the relations and their proofs. This goal is achieved remarking that the
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generating series of the elements involved in the basis can be expressed as suitable
exponentials, observation that allows to apply very general tools of calculus, such
as the well known properties

zexp(y) = exp(y) exp([-,y])(x)

if exp(y) and exp([-,y])(x) are well defined, and
D(exp(f)) = D(f) exp(f)

if D is a derivation such that [D(f), f] = 0. Here, too, it is not yet clear that uizmi
are algebras of polynomials. However this property, namely Uizm’+ = Z[Ak—1 =
Ai—1(€£(1)) = pra | k > 0], is stated in Fisher-Vasta’s PhD thesis ([F]), where the
author describes the results of Garland for the untwisted case and of Mitzman for
Af) aiming at a better understanding of the commutation formulas. Yet the proof
is missing: the theorem describing the integral form is based on observations which
seem to forget some necessary commutations, those between (z; )(k) and (m;)(l)
when |r+s| > 1; in [F] only the cases r+s = 0 and r+s = %1 are considered, the
former producing the binomials appearing in BY, the latter producing the elements
pn1 (and their corresponding negative elements in U™ ™).

Comparing the Kac-Moody presentation of the affine Kac-Moody algebras with
its “Drinfeld” presentation as current algebra, one can notice a difference between
the untwisted and twisted case, which is at the origin of our work. As in the simple
finite dimensional case, also in the affine cases the generators of Uy described above
are redundant: the Z-subalgebra of U generated by {ez(-k),fi(k) | i € I, k € N},
obviously contained in Uz, is actually equal to Uz. On the other hand, the
situation changes when we move to the Drinfeld presentation and study the Z-
subalgebra *Uyz of U generated by the divided powers of the Drinfeld generators
(z;,)®): indeed, while in the untwisted case it is still true that Uz = Uz and
(also in the twisted case) it is always true that *Uz C Uz, in general we get two
different Z-subalgebras of U; more precisely *Uz C Uz in case Agi), that is when
there exists a vertex ¢ whose corresponding rank 1 subalgebra is not a copy of
U(sA[Q) but is a copy of U(;[;()

Thus in order to complete the description of *Uy, we need to study the case of
AP

In the present paper we prove that the Z-subalgebra generated by

{@H®, (z)® |r e Z,k € N}
is an integral form of the enveloping algebra also in the case of AéQ)7 we exhibit a
basis generalizing the one provided in [G] and in [Mi] and determine the commuta-
tion relations in a compact yet explicit formulation (see Theorem 5.46 and Ap-
pendix A). We use the same approach as Mitzman’s, with a further simplification
consisting in the remark that an element of the form G(u,v) = exp(zu) exp(yv) is
characterized by two properties: G(0,v) = exp(yv) and dG/du = zG.

Moreover, studying the rank 1 cases we prove that, both in the untwisted and
in the twisted case, Uy™" and US™" are algebras of polynomials: as stated in
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[F], the generators of UiZm’Jr are the elements Ay introduced in [G] and [Mi] (see

Proposition 1.18 and Remark 4.13); the generators of *UiZm’Jr in the case Agz) are
elements defined formally as the Ag’s after a deformation of the h,’s (see Definition
5.12 and Remark 5.13): describing *U’Zer(sA[;f) (denoted by ﬁ%ﬂ has been the hard
part of this work.

We work over Q and dedicate a preliminary particular care to the description of
some integral forms of Q[z; | i € I] and of their properties and relations when they
appear in some noncommutative situations, properties that will be repeatedly used
for the computations in g: fixing the notations helps to understand the construction
in the correct setting. With analogous care we discuss the symmetries arising both
in g[g and in ;[;( We chose to recall also the case of sl and to give in a few lines
the proof of the theorem describing its divided power integral form in order to
present in this easy context the tools that will be used in the more complicated
affine cases.

The paper is organized as follows.

Section 1 is devoted to reviewing the description of some integral forms of the
algebra of polynomials (polynomials over Z, divided powers, “binomials” and sym-
metric functions, see [M]): they are introduced together with their generating series
as exponentials of suitable series with null constant term, and their properties are
rigorously stated, thus preparing to their use in the Lie algebra setting.

We have inserted here, in Proposition 1.18, a result about the stability of
the symmetric functions with integral coefficients under the homomorphism A,
mapping z; to 7 (m > 0 fixed), which is almost trivial in the symmetric function
context; it is a straightforward consequence of this observation that UiZm’+ is an
algebra of polynomials and so is ”‘Uizm’+ in the twisted case. We also provide a
direct, elementary proof of this proposition (see Proposition 1.19).

In Section 2, we collect some computations in noncommutative situations that
we shall systematically refer to in the following sections.

Section 3 deals with the case of sly. The one-page formulation and proof that we
present (see Theorem 3.2) inspire the way we study ;[2 and s:\[;(, and offer an easy
introduction to the strategy followed also in the harder affine cases: decomposing
our Z-algebra as a tensor product of commutative subalgebras; describing these
commutative structures thanks to the examples introduced in Section 1; and
glueing the pieces together applying the results of Section 2.

Even if the results of this section imply the commutation rules between (x;)®*)
and (zF,)® (r € Z, k,1 € N) in the enveloping algebra of sl (see Remark 4.14), it
is worth remarking that Section 4 does not depend on Section 3, and can be read
independently (see Remark 4.24).

In Section 4, we discuss the case of sly.

The first part of the section is devoted to the choice of the notations in U=
U(sly); to the definition of its (commutative) subalgebras U~ (corresponding to
the real component of U), U=+ (corresponding to the imaginary component), uo-0
(corresponding to the Cartan), of their integral forms ﬂ%, ﬂ%’i, ﬁ%o’ and of the
Z-subalgebra IAlZ of lAl; and to a detailed reminder about the useful symmetries
(automorphisms, antiautomorphisms, homomorphisms and triangular decomposi-
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tion) thanks to which we can get rid of redundant computations.

In the second part of the section, the apparently tough computations involved in
the commutation relations are reduced to four formulas whose proofs are contained
in a few lines: Proposition 4.15, Proposition 4.16, Lemma 4.25, and Proposition
4.26, (together with Proposition 1.18) are all what is needed to show that Uy is
an integral form of U, to recognize that the imaginary (positive and negative)
components ﬁ%’i of Uy, are the algebras of polynomials ZIAL(E(£1)) | k> 0] =

Z[ﬁik | k> 0], and to exhibit a Z-basis of Uy, (see Theorem 4.30).

(2

In Section 5, we finally present the case of A, ). As for f/:\[g, we first evidentiate

some general structures of U(s [ ) (that we denote here U in order to distinguish
it from 1 = U(slg)): notations, subalgebras, and symmetries. Here we introduce

the elements I through the announced deformation of the formulas defining the
elements hy’s (see Definition 5.12 and Remark 5.13). We also describe a Q[w]-

module structure on a Lie subalgebra L of ;[;f (see Definitions 5.8 and 5.10), thanks
to which we can further simplify the notations. In addition, in Remark 5.27 we
recall the embeddings of U inside U thanks to which a big part of the work can
be translated from Section 4. The heart of the problem is thus reduced to the
commutation of exp(zu) with exp(x] v) (which is technically more complicated
than for Agl) since it is a product involving a higher number of factors) and to
deducing from this formula the description of the imaginary part of the integral
form as the algebra of the polynomials in the hj’s. To the solution of this problem,
which represents the central contribution of this work, we dedicate Subsection 5.2,
where we concentrate, perform, and explain the necessary computations.

At the end of the paper, some appendices are added for the sake of completeness.
In Appendix A we collect all the straightening formulas. Since not all of them are
necessary to our proofs and in the previous sections we only computed those which
were essential for our argument, we give here a complete explicit picture of the
commutation relations.

Appendix B is devoted to the description of a Z-basis of Z&¥™[h, | 7 > 0]
alternative to that introduced in the Example 1.12.

Z™[h, | r > 0] is the algebra of polynomials Z[hy, | k > 0], and as such it has
a Z-basis consisting of the monomials in the Ek’s, which is the one considered in
our paper. But, as mentioned above, this algebra, that we are naturally interested
in because it is isomorphic to the imaginary positive part of the integral form of
the rank 1 Kac—Moody algebras, was not recognized by Garland and Mitzman as
an algebra of polynomials. In this appendix the Z-basis they introduce is studied
from the point of view of the symmetric functions and thanks to this interpretation
it is easily proved to generate freely the same Z-submodule of Q[h, | » > 0] as the
monomials in the ﬁk’s.

In Appendix C, we compare the Mitzman’s integral form of the enveloping
algebra of type Aéz) with the one studied here, proving the inclusion stated above.
We also show that our commutation relations imply Mitzman’s Theorem, too.

Finally, in order to help the reader to orientate in the notations and to find
easily their definitions, we conclude the paper with an index of symbols, collected
in Appendix D.
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The study of the integral form of the affine Kac-Moody algebras from the point
of view of the Drinfeld presentation, which differs from the one defined through
the Kac—Moody presentation ([G] and [Mi]) in the case Aéz) as outlined above, is
motivated by the interest in the representation theory over Z, since for the affine
Kac—Moody algebras the notion of highest weight vector with respect to the e;’s
has been usefully replaced with that defined through the action of the x:r’s (see
the works of Chari and Pressley [C] and [CP2]): in order to study what happens
over the integers it is useful to work with an integral form defined in terms of the
same xi‘r’s.

This work is also intended to be the preliminary classical step in the project
of constructing and describing the gquantum integral form for the twisted affine
quantum algebras (with respect to the Drinfeld presentation). It is a joint project
with Vyjayanthi Chari (see also [CP]), who proposed it during a period of three
months that she passed as a visiting professor at the Department of Mathematics
of the University of Rome “Tor Vergata”. The commutation relations involved are
extremely complicated and appear to be unworkable by hands without a deeper
insight; we hope that a simplified approach can open a viable way to work in the
quantum setting.

Acknowledgement. We are grateful to the referees for care with which they read
the paper and for the precision of their comments and corrections.

1. Integral form and commutative examples

In this section, we give the definition of integral form and summarize, fixing the
notations useful to our purpose, some well-known commutative examples (deeply
studied and systematically exposed in [M]), which will play a central role in the
noncommutative enveloping algebra of finite and affine Kac-Moody algebras. M
will denote a free Z-module, V = Q ®z M and SV the symmetric algebra of V.

Definition 1.1. Let U be a Q-algebra. An integral form of U is a Z-algebra Uy
such that:

i) Uz is a free Z-module;

ii) U =Q®z Uz.
In particular, an integral form of U is (can be identified to) a Z-subalgebra of U,
and a Z-basis of an integral form of U is a Q-basis of U.

Example 1.2. Of course Z[x; | ¢ € I] is an integral form of Qlx; | ¢ € I]. If
{z; | i € I} is a Z-basis of M, then of course SzM = Z[z; | ¢ € I] is an integral
form of SV =Qz; |i € I] and SzM NV = M.

By definition, every integral form of SV containing M contains Sz M, that is
Sz M is the least integral form of SV containing M.

Remark 1.3. Let U be a unitary Z-algebra and f(u) € U[[u]]. Then:
1) If f(u) € 1 + uU[[u]], then
i) f(u) is invertible in U[[u]];
ii) the coefficients of f(u), those of f(—u) and those of f(u)~! generate the
same Z-subalgebra of U;



ON THE INTEGRAL FORM OF RANK 1 KAC-MOODY ALGEBRAS 1501
If f(u) € wU[[u]] then exp(f(u)) is a well-defined element of 1 + uU[[u]];
ff(u) € 14 uwU[[u]] then In(f(u)) is a well-defined element of uU[[u]];
poln |14y = id and In o exp |,y ()= id;

f(u) € Ul[u]] there exists a unique continuous algebra homomorphism
]

Z[[u]] = UJ[u]] such that u +— uf(u).

Notation 1.4. Let a be an element of a unitary Q-algebra U. The divided powers
of a are the elements

)
)
) ex
) If

Tt W N

w _ 9
Remark that the generating series of the a(*)’s is exp(au), that is

Z a®uF = exp(au). (1.5)

k>0

Example 1.6. Let {x;};c; be a Z-basis of M. Then it is well known and trivial
that:

i) The Z-subalgebra S@") M C SV generated by {*)},cas pen contains M;
i) SAVM NV = M;
iii) {xgk)}ielykeN is a set of algebra-generators (over Z) of S(@V)M;
iv) the set {x™ =TT._; ml(-ki) | k : I — N is finitely supported} is a Z-basis of
S(div)M;
v) SV) M is an integral form of SV (called the algebra of the divided powers
of M);

SV) M s also denoted Z(4V)[z; | i € I].
Setting m(u) = >, .y myu” € M[[u]], remark that if mo = 0 then

m(u)® e SV M [[u]] VE € N (1.7)

or equivalently .
exp(m(u)) € S M{[u]].
The viceversa is obviously also true:

m(u) € uV([u]], exp(m(u)) € S M][[u]] & m(u) € uM|[[u]]. (1.8)

Notation 1.9. Let a be an element of a unitary Q-algebra U. The “binomials”
of a are the elements

(Z) :a(a—n-.-l-d-(a—kﬂ) (ke

Remark that the generating series of the (7)’s is 35,50 (3)u* = exp(aln(1 + u)).

Since aln(l + u) € uU[[u]], exp(aln(l 4+ u)) is a well-defined element of U[[u]]
and it can and will be denoted as (1 4 u)%; more explicitly

> (Z)u’f = (14 u)* =exp (Z(—l)“liur) (1.10)

keN r>0
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It is clear from the definition of (1+ u)? that if a and b are commuting elements
of U then
(1+u)** = (1 4+ u)*(1 +u).

It is also clear that the Z-submodule of U generated by the coefficients of (1+u)**™
(a € U, m € Z) depends only on a and not on m; it is actually a Z-subalgebra of
U. Indeed for all k,l € N

a\(a—k\ [(k+I a
k l B k k+1)
More precisely for each m € Z and n € N the Z-submodule of U generated by
the (azm) s for k=0,...,n (a € U) depends only on a and n and not on m.
Finally notice that in U[[u]] we have <-(1+u)* = a(1 +u)*~ .
Example 1.11. Let {z;};cs be a Z-basis of M. Then it is well known and trivial
that:
i) The Z-subalgebra S®™ M C SV generated by {(i) YreM ken contains M
ii) {(%)}ierken is a set of algebra-generators (over Z) of (i) o
iii) the set {() = [L;c; (z)} | k : I — N finitely supported} is a Z-basis of
S(bin) pr
iv) SPA NV = M;
v) SCM A is an integral form of SV (called the algebra of binomials of M).
S AT is also denoted ZMP™ [z, | i € T].

Example 1.12 (Review of the symmetric functions; see [M]). Let n € N. It is

well known that Z[z1,...,2,]%" is an integral form of Q[z1,...,x,]** and that
Zlwy, ..., 2] = Z[e[ln]7 e ,e[rfl]], where the (algebraically independent for k =
1,...,n) elementary symmetric polynomials egl]’s are defined by

[T -2 =Y (-1)keirm* (1.13)

i=1 keN
and are homogeneous of degree k, that is egcn] € Zlxy,. .. ,xn]‘,f" C Q[z1,. .- ,xn]}:".

It is also well known and trivial that for n; > no the natural projection
Toams @ QX1 Zny ] = Q1. .., Tpy)

defined by

( ) i3 if 4 S no,
. z;) =
e A 0 otherwise

is such that 7, n, (eL"l]) = ean] for all k € N. Then

@@Z[ml, e ,xn]‘g" =7Zle1,...,ek,...] (eginverselimitof the egcn])

d>0
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is an integral form of -, @Q[xl, ..., x,)5", which is called the algebra of the
symmetric functions. -
Moreover, the elements

p7[nn] = ZJE;" S Z[Ih. . .,l’n]S" (T’ >0,n¢€ N)
=1

and their inverse limits p, € Z[e1,..., €k, --.] (Tny ns (p[rnl]) = p[T""’] for all » > 0
and all ny > ngy) give another set of generators of the Q-algebra of the symmetric
functions: the p,’s are algebraically independent and

@@Q[*xla“wxn]jn = Q[plv'-'aprw'-}-

d>0

Finally Zley,...,eg,...] is an integral form of Q[p1,...,p,,...] containing p, for
all 7 > 0 (more precisely a linear combination of the p,’s lies in Zley, ..., eg,.. ] if
and only if it has integral coefficients), the relation between the e’s and the p,’s

being given by
Ve ok _ Pr r
Z( 1)%eru —exp( Z U )
keN r>0

In this context, to stress the dependence of the e;’s on the p,’s, we set e, = pi:
that is, we fix the following notations

Blu) = Y pdt = exp (Yo (1)) (1.14)

r
keN r>0

and
2™, | v > 0] = Zpi | k> 0] € Qlpr | r > 0] (115)

Remark 1.16. With the notations above, let ¢ : Q[p1,...,pr,...] — U be an
algebra-homomorphism and a = ¢(p;):

i) if p(p,) = 0 for r > 1 then p(pr) = a'® for all k € N;

i) if ¢(p;) = a for all r > 0 then ¢(pr) = () for all k € N.
Remark 1.17. Let {p, | r > 0} be a Z-basis of M. Then:

i) as for the functors Sz, S@V) and S we have Z&Y™[p, | r > 0NV = M;
ii) unlike the functors Sz, S@V) and S ZE&™[p. |+ > 0] depends on
{pr | ¥ > 0} and not only on M: for instance

Z(Sym)[—pl,])r | r> 1] £ Z(sym) [Z?r | r > 0]

(it is easy to check that these integral forms are different for example in
degree 3);

iii) not all the sign changes of the p,’s produce different Z&™)-forms of Q[p, |
r >0

ZS™[(=1)p, | > 0] = ZV™ [—p, | 7> 0] = ZE¥[p,. | > 0]
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since

exp ( (-1 ) —enp (01 ()

>0

and
—p 1P -
_1\r—1 T.or — _q\r—147
exp<2( 1) . u) exp(Z( 1) Tu)
r>0 r>0
(see Remark 1.3,1),ii)).
In general it is not trivial to understand whether an element of Q[p, | r > 0]
belongs or not to Z®™[p, | 7 > 0]; Proposition 1.18 gives an answer to this

question, which is generalized in Proposition 1.23 (the examples in Remark 1.17,
ii) and iii) can be obtained also as applications of Proposition 1.23).

Proposition 1.18. Let us fix m > 0 and let A, : Q[p, | 7> 0] = Q[p, | 7 > 0] be
the algebra homomorphism defined by Apm(pr) = Pmer for all v > 0.

Then Z&™[p, | r > 0] (= Z[py, | k > 0]) is A\, -stable.
Proof. Forn € N, let )\LZ] :Q[z1, ...y xn] = Q[zq, ..., x,] be the algebra homomor-
phism defined by Al (x;))=a" foralli=1,...,n.

We obviously have that

Zlxy,. .. xn] is MM —stable,
Q[z1,.-.,24)a is mapped to Q[z1,...,Tp]ma ¥Vd > 0,
ANlog=goXM vneN oes,,
Ty msy © )\Lﬁl] = )\[mnz] O Mpy,my VN1 2> Mo,

A (plly = pld wn e N, r > 0,

hence there exist the limits of the /\[n] 5n ’s: their direct sum over d > 0

lQ [@1,,@n
stabilizes @ o, im Z([21, ..., 2,5 = Z[Px | k > 0] and is A,
In particular, \,,(px) € Z[pl |l>0]VkeN O

We also propose a second, direct proof of Proposition 1.18, which provides in
addition an explicit expression of the A, (px)’s in terms of the p;’s.

Proposition 1.19. Let m and \,, be as in Proposition 1.18 and w € C a primitive
mth root of 1. Then

A TI u) € Z[pi | k> O] ull

Proof. The equality in the statement is an immediate consequence of

m—1 .
i m if m |,
2 W= -
0

otherwise,
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so that

- S B -yt ()

7=0 r>0 >0 >0

whose exponential is the claim.
Then for all £ > 0

Am(Pr) € Qlpr [ 1> 01N Z[w][pi [ 1> 0] = Z[pi | 1 > 0]
since QNZw)=2Z. O
In order to characterize the functions a : Z4 — Q such that
2 a,p, | r > 0] C Z&[p, | r > 0],

we introduce the Notation 1.20, where we rename the p,’s into h, since in the affine
Kac-Moody case the Z(Y™)-construction describes the imaginary component of the
integral form. Moreover, from now on p; will denote a positive prime number.

Notation 1.20. Given a:Z; — Q set

7{a 7{a r— a’ThT Id
z:h,{C buk =t Hu) = exp (Z(—l) 1Tu );
k>0 r>0

1 denotes the function defined by 1, = 1 for all r € Z_; for all m > 0 1™ denotes
the function defined by
]lsm)_{m ifm|7",

0 otherwise.

~

Thus 2 (u) = h(u) (see the notation in Example 1.12) and h8™}(—u) =
A (R(—u™)).
Remark 1.21. Remark that {0} (u) = E{“}(u)ﬁ{b} (u) and that the function
1+ uQ[u]] = Qlhy [ 7 > 0][[u]],
Flu) = R (),
where a is defined by In(f(u)) =Y, . (—=1)""!%=u", preserves the multiplication.
Of course 1 + u +— h(u) and 1+ u™ — Ay, (R(u™)).

Recall 1.22. The convolution product * in the ring of the Q-valued arithmetic
functions

Ar={f:Z4 — Q}

(f*9)n §jf

rfn

The Mobius function p: Z4 — Q defined by

T =D i e =10V,
M(gpi ) B {O otherwise

(where n € N, the p;’s are distinct positive prime integers and r; > 1 for all 4) is
the inverse of 1 in the ring of the arithmetic functions.

is defined by
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Proposition 1.23. Leta: Z, — Q be any function; then, with the notations fized
in 1.20,

Y ez [1>0] Vk>0&n|(uxa)(n) €Z Yn>0.

Proof. Remark that a =1* p * a, that is

Yn >0 a, = Z(,u*a)(m) = Z%m = Z Mﬂ%’”),
mln m|n m>0

which means ( ()
— LR G 3 (m)
a= Z - ™.
m>0
Let kpy, = (p* a)(m)/m for all m > 0, choose mg > 0 such that k,, € Z Vm < my
and set a(®) =37 k™ 0/ = a — a9 so that (see Remark 1.21)

m<mgo
() = W )t (u),
and, by Proposition 1.18 (see also Notation 1.20),
R (w) € Z[hy | k> 0][[u]]-
It follows that:
i) hlet(u) € Z[he | k> 0][[u]] < h19Y (u) € Z[hy | k> 0][[u]].

ii) Vn < myg Rl = 0, so that Rl = Eilaw)} € Z[ﬁk | k> 0];
in particular, A% (u) € Z[hy | k > 0][[u]] if kyn, € Z ¥m > 0.

/

iii) a;,, = (p*a)(mo) = mokm, so that ﬁiﬁlﬂl} = kmohmg, which belongs to

Zlhy | k > 0] if and only if ky,, € Z (see Remark 1.17.1));
in particular, ﬁ{“}(u) ¢ Z[ﬁk | & > 0][[u]] if Img € Z; such that k,, € Z. O
Proposition 1.24. Let a: Z4 — Z be a function satisfying the condition

P | (@mpr — Appr—1) Vp,m,r € Zy with p prime and (m,p) = 1.
Thenn | (u*a)(n) Vn € Zy..

Proof. The condition 1| (1 a)(1) is equivalent to the condition a; € Z.
For n > 1, remark that

n|(p*xa)(n)<p" | (wxa)(n) Vp prime, r > 0 such that p” | n.

Recall that if P is the set of the prime factors of n and p € P, then

(nxa)n) = 3 (~1)*%a

SCP lgesa
= » (1.25)
= Z (_1) (al_[qenszq _aPHqZS/‘I).
S'CP\{p}
The claim follows from the remark that p” | n if and only if p" | =2—. O

qus’ q
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Remark 1.26. The viceversa of Proposition 1.24 is trivially true too, and is imme-
diately proved applying (1.25) to the minimal n > 0 such that there exists p | n
and r >0 (p" | n, n = mp") not satisfying the hypothesis of the statement.

Proposition 1.18 will play an important role in the study of the commutation
relations in the enveloping algebra of sl (see Remarks 4.12,vi) and 4.23) and of
;[;( (see Remark 5.16 and Proposition 5.19,iv)).

Proposition 1.23 is based on and generalizes Proposition 1.18; it is a key tool in
the study of the integral form in the case of Aéz), see Corollary 5.43.

A more precise connection between the integral form Z®™ [h,. | r > 0] of Q[h,. |
r > 0] and the homomorphisms \,,’s, namely another Z-basis of Z&Y™ [h,. | r > 0]
(basis defined in terms of the elements A, (?Lk)’s and arising from Garland’s and
Mitzman’s description of the integral form of the affine Kac—-Moody algebras) is
discussed in Appendix B.

2. Some noncommutative cases

We start this section with a basic remark.

Remark 2.1.

i) Let Uy, Us be two Q-algebras, with integral forms respectively (71 and [72.
Then (71 R, [72 is an integral form of the Q-algebra U; ®q Us.

ii) Let U be an associative unitary Q-algebra (not necessarily commutative) and
U1, Ug C U be two Q-subalgebras such that U = U; ®g Uz as Q-vector spaces. If

Ul, Ug are integral forms of Uy, Us, then U1 ®Xz U2 is an integral form of U if and
only if U2U1 Q U1U2

Remark 2.1,ii) suggests that if we have a (linear) decomposition of an algebra
U as an ordered tensor product of polynomial algebras U; (i = 1,...,N), that is
we have a linear isomorphism

U=U;®q- - ®qgUn,

then one can tackle the problem of finding an integral form of U by studying the
commutation relations among the elements of some suitable integral forms of the
Ui’S.

Glueing together in a noncommutative way the different integral forms of the
algebras of polynomials discussed in Section 1 is the aim of this section, which
collects the preliminary work of the paper. The main results of the following
sections are applications of the formulas found here.

Notation 2.2. Let U be an associative QQ-algebra and a € U. We denote by L,
and R, respectively the left and right multiplication by a; of course L, — R, =

[av ] = _["a}'

Lemma 2.3. Let U be an associative unitary Q-algebra. Consider the elements
a,b,c € Ul[u]]. Then:
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i) if a,c € uU[[u]] and [a,b] = 0 we have
exp(a + b) = exp(a)exp(b)*?;

ii) [Lq, Ra] = 0;
iii) if f is an algebra-homomorphism and f(a) = a we have

[faLa] = [faRa] =0;
iv) if a € uU|[u]] then Lo, R, € End(U)[[u]] and we have

exp(Lq) = Lexp(a)7 exp(R,) = Rexp(a)7 exp(R,) = Lexp(a)exp([ -,al);

v) if a,c € uwU[[u]] we have
ab = be < exp(a)b = bexp(c);
vi) if b € uU[[u]] and [b,c] = 0 we have
[a,b] = ¢ & aexp(b) = exp(b)(a + c);
vil) if a,b,c € uU[[u]] and [a,c] = [b,c] = 0 then

[a,b] = ¢ < exp(a)exp(b) = exp(b)exp(a)exp(c)

viil) if a,b,c € uU[[u]] and [a,c] = [b,c] =0 then

[a,b] = ¢ = exp(a +b) = exp(a)exp(b)exp(—c/2);

ix) if [a, = (a)] = 0 we have

du du du

x) ifa(u) = cyaru” (a, € U Vr € N) and o € U we have

%a(u) = a(u)a & a(u) = agexp(ou)
and d
@a(u) = aa(u) < a(u) = exp(au)ag.

L (exp(a) = L (a)exp(a) = expla) - (a).

Proof. Statements v) and vi) are immediate consequence respectively of the fact

that for all n € N:
v) ab = bc™ (that is also (exp(a) — 1)™b = b(exp(c) — 1)™);
vi) ab™ = b™a 4 b»Ve¢ (that is also a(exp(b) — 1)" =
n(exp(b) — 1))
vii) follows from i), v) and vi);
viii) follows from vii):

(a+b)™ = Z (71)ta(r)b(s)c(t).

2t

r,8,t:
r4s+2t=n

The other points are obvious. [

(exp(b) — 1)"a +
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Proposition 2.4. Let us fixr m € 7Z and consider the Q-algebra structure on
U = Q[z] ®y Q[h] given by xh = (h — m)x. Then Z3V)[z] @7 ZP™[h] and
7 [h] @z Z9Y) 2] are integral forms of U: their images in U are closed under
multiplication, and coincide. Indeed

2 (?) - (h lmk> «® vkl eN (2.5)
or equivalently, with a notation that will be useful in the following,
exp(zu) (1 + v)" = (14 v)"exp ((1—?2)’”) . (2.6)

Proof. The relation between x and h can be written as
xP(h) = P(h—m)z

and
™ P(h) = P(h — mk)z®)

for all P € Q[h] and for all & > 0. In particular, it holds for P(h) = (7) that is

z(1+0)" = (1+0) ™z = (1+v)hﬁ (2.7)
and i ®)
M1+ o) =1+ o) ((Hv)m) . (2.8)

The conclusion follows multiplying by «* and summing over k. [
Proposition 2.9. Let us fitr m € Z and consider the Q-algebra structure on
U = Qlz] ®q Q[z] ®¢ Q[y]

defined by [x,2] = [y,2] = 0, [z,y] = mz. Then Z9) [z] @7 Z(IV)[2] @7 Z(dV)[y] is
an integral form of U.

Proof. Since z commutes with = and y we just have to straighten y("z(*). Thus
the claim is a straightforward consequence of Lemma 2.3,vii):

exp(yu) exp(zv) = exp(av) exp(zuv) ™™ exp(yu). O (2.10)

Proposition 2.11. Let us fix m,l € Z and consider the Q-algebra structure on
U =Q[h, | < 0] ®qg Qlho, c] ®g Q[h, | 7 > 0] given by
[e,hr] =0, [, hs] = Orgs0r(m + (—=1)"1)c Vr, s € Z.

o~

Then setting (hy)r = hy and (h—), = h_, ¥r > 0, recalling the notation Z[hyy, |
k> 0] = Z&V[hy, | 7> 0] (see Example 1.12 and Formula (1.14)) and defining
Uy to be the Z-subalgebra of U generated by Uit =Z[hy, | r > 0] and U =
7™ [he, ¢], we have that

Ty (Wh—(v) = h_(0)(1 — w)""(1 + uv) " hy (u) (2.12)
and Uz, = Uy URU;, so that
Uz 2 Z™[h_, | r > 0] @z ZP™[he, ] @7 Z&™ R, | 7> 0]

s an integral form of U.
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Proof. relation (2.12) follows from Lemma 2.3, vii) remarking that

[Z(—w-l’jur,D—ns-”{;vs] =y ECD

r>0 s>0 r>0
= —mcln(l — ww) — leln(1 + wv).

Of course, UgUZ_ = UZ_Ug is a Z-subalgebra of U, UZ_U%JUZ' C Uy, Uy is
generated by U, USU as Z-algebra and U, USU,S = U, ®z UJ @7 U, as Z-
modules.

Hence we need to prove that U, UgUg‘ is a Z-subalgebra of U, or equivalently
that it is closed under left multiplication by U, (because it is obviously closed
under left multiplication by U, Ug), which is a straightforward consequence of
relation (2.12). O

Lemma 2.13. Let U be a Q-algebra, T : U — U an automorphism,

f € ZTu" C End(U)[[u]] € End(U[[ul)),

r>0

h € uwU[[u]] and x € U such that T(h) = h and [z, h] = f(z). Then

zexp(h) = exp(h) - exp(f) (x).

Proof. By Lemma 2.3,iv)

zexp(h) = exp(h) exp([-, h])(x),

so we have to prove that exp([-, h])(z) = exp(f)(x), or equivalently that [-, h]"(x) =
f™(z) for all n € N.

If n = 0,1 the claim is obvious; if n > 1, f""!(z) = ¥, e T"u"(z) with
a, € Z for all » > 0, f commutes with 7', and by the inductive hypothesis and
Lemma 2.3,iii)

[ Bl (@) = (£ [ZW o }

r>0

— Zar T’T’r‘ Zar rTr

r>0
= [y au'T (@)= f(f* '(2)) = [*(x). O

Proposition 2.14. Let us fix integers my’s (d > 0) and consider the elements
{hr, z5 |7 >0,8 € Z} in a Q-algebra U such that

[y 2] = dedxﬂrs Vr >0,s € Z.
d|r

Let T be an algebra automorphism of U such that

T(hy) = hy and T'(z5) = 5-1 Vr > 0,5 € Z.
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Then, recalling the notation Z[hy | k > 0] = Z&™[h, | r > 0], we have that
syt =y ( [T0 = (77097 ) 0 (2.15)
d>0

If moreover the subalgebras of U generated by {h, | v > 0} and {x, | r € Z} are
isomorphic respectively to Qlh, | r > 0] and Qlx, | r € Z], and there is a Q-linear
isomorphism U = Q[h, | r > 0] ®q Q[z, | r € Z], then

2™ (R, | 7> 0] @7 29V [z, | r € Z)]

s an integral form of U.

Proof. This is an application of Lemma 2.13: let h = Zr>0(71)”*1%ur; then

[zo, h] = Z gur Z dmgT ™" (x0)

r>0 d|r

(—1)ds —ds, ds
_ Z Z deT u™(z0) = f(wo)

d>0s>0
where
f==> maln(l - (-1)*"T~%?).
d>0
Then

woh (u) = ha (u) - exp(f) (o) = ho(u) - (H(l - <—T1u>d>md) (o),

d>0

and the analogous statement for x,. follows applying T~".

Remark that [],.q(1 — (=T tw)?)™™¢ = 3 _ a,T~"u" with a, € Z Vr €
N; the hypothesis on the commutativity of the subalgebra generated by the z,.’s
implies that (3~ +, arxrur)(k) lies in the subalgebra of U generated by the divided

powers {x&k) | € Z,k > 0}, which allows to conclude the proof thanks to the last
hypotheses on the structure of U. O

Remark 2.16. Proposition 2.14 implies Proposition 2.4. Indeed when m; = m,
mq = 0 Vd > 1 we have a projection h, — h,z, — x, which maps exp(zgu) to
exp(zu), h(u) to (1 +u)" and T to the identity.

3. The integral form of sl (A;)

The results about sl and the Z-basis of the integral form Uz (sls) of its envelop-
ing algebra U(slz) are well known (see [Ko] and [S]). Here we recall the description
of Uz(slz) in terms of the noncommutative generalizations described in Section 2,
with the notations of the commutative examples given in Section 1.

The proof expressed in this language has the advantage to be easily generalized
to the affine case.
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Definition 3.1. sl (respectively U(slz)) is the Lie algebra (respectively the asso-
ciative algebra) over Q generated by {e, f, h} with relations

[hae] = 267 [haf] = 72fa [evf] = h.
Uz(sly) is the Z-subalgebra of U(sly) generated by {e®) f*) | k € N}.

Theorem 3.2. Let Ut, U, U° denote the Q-subalgebras of U(sly) generated
respectively by e, by f, by h. Then UT = Qle], U~ = Q[f], U° = Q[n] and
U(sly) =2 U~ @ U° @ UT; moreover

Uz (sly) = 2\ [f] @z 2™ (] @7, 21 [e] (3.3)
is an integral form of U(slz).

Proof. Thanks to Proposition 2.4, we just have to study the commutation between
e®) and f® for k,1 € N. Let us recall the commutation relation

eexp(fu) = exp(fu)(e + hu — fu?) (3.4)
which is a direct application of Lemma 2.3,iv) and of the relations [e, f] = h,
[h, f] = —2f and [f, f] = 0. We want to prove that in U(sla)[[u,v]]
B fv h eu
exp(eu)exp(fv) = exp(1 " uv) (14 uv) exp(1 n uv)' (3.5)
Let
v eu
Fu) = esp () @+ weo (7 ).
(u) = exp Trao (1 4+ uv)"exp T oo
It is obvious that F(0) = exp(fv); hence by Lemma 2.3,x) our claim is equivalent
to
4 pu) = eF(u)
du N '

To obtain this result, we derive remarking Lemma 2.3,ix) and then apply the
relations (2.7) and (3.4):

v e eu
L+’ (i)
uv)( +uv) (1 Jruv)QQXp 1+wv

2
+ exp( 1 —Jlt—vuv) (1 —l&l—vuv - a —lJivuv)Q)(l + uv)hexp<1 juuv>

2
- exp(l —{-vuv) (e + 1 —}:qu B (1 —ch—vuv)2 ) (1+ uv)hexp<1 —iuuv)
=eF(u).

Remarking that

U
1+ uv

U
1+ uv

it follows that the right-hand side of (3.3) is an integral form of U(slz) (containing
Uz (sl)). Finally remark that inverting the exponentials on the right-hand side,
the relation (3.5) gives an expression of (1 + uv)" in terms of the divided powers
of e and f, so that Z®™[h] C Uy(sly), which completes the proof. [

€ Z[x][[u, v]], hence ( )(k) € 29 [2][[u, v]] Vk € N,
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4. The integral form of sl, (A:(ll))

The results about g[g and the integral form ﬂz of its enveloping algebra U are
due to Garland (see [G]). Here we simplify the description of the imaginary positive
component of ﬂz proving that it is an algebra of polynomials over Z and give a
compact and complete proof of the assertion that the set given in Theorem 4.30 is
actually a Z-basis of Uz. This proof has the advantage, following [Mi], to reduce
the long and complicated commutation formulas to compact, simply readable, and
easily proved ones. It is evident from this approach that the results for sl are
generalizations of those for sly, so that the commutation formulas arise naturally
recalling the homomorphism

ev: 3[2 = sly ®@[ti1] P Qc — sly ®Q[ti1] — sl (4.1)

induced by the evaluation of ¢ at 1.

On the other hand, these results and the strategy for their proof will be shown
to be in turn generalizable to 5/1\[;(

As announced in the Introduction, the proof of Theorem 4.30 is based on a few
results: Proposition 4.15, Proposition 4.16, Lemma 4.25, and Proposition 4.26.

Definition 4.2. sl, (respectively ﬁ) is the Lie algebra (respectively the asso-
ciative algebra) over Q generated by {z;},x ", hy,c|r € Z} with relations
c is central,
[, hs] = 210,45 0C, [hT,:L’S |= :I:Zxr_’_s7

[x+ $+] =0= [{E;,CL'S_], [:rj‘,xs_] = hyts +10r4s0C.

Notice that {z;",z; | r € Z} generates .

U+ u- UO are the subalgebras of u generated respectively by {z} | r € Z},
{xr |r€Z} {c, hr|T€Z}

UO+, U%—, U™, are the subalgebras of U (of U°) generated respectively by
{h, | r > 0}, {hr | 7 < 0}, {c, ho}.

Remark 4.3. U+, U~ are (commutative) algebras of polynomials:

~

Ut =Qlzt |rez], U =Qz |reZ.

U° is not commutative: [hyy her] = 2rc.
U%T, UY—, U0 are (commutative) algebras of polynomials:

U = Qhy | 7> 0], U™ =Qlh, |7 < 0], U =Qc, hy).
Moreover, we have the following “triangular” decompositions:
U2U U U,
100 =~ 1%~ & 10 & 10+,

Remark that the images in u ofAﬂ_ ® l:lo and U° @ Ut are subalgebras of lAlAand
the images of U%~ ® U0 and U*® @ U are commutative subalgebras of U.
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Definition 4.4. U is endowed with the following anti/auto/homo/morphisms:
o is the antiautomorphism defined on the generators by

+

+ — —
xr

=y, . = x,, (= h— —h,, c— —c).

Q is the antiautomorphism defined on the generators by

v, o= at (2 h. = ho,, cro).

T is the automorphism defined on the generators by
zt ot ol oy, (5 he— he =60, o)

for all m € Z, A\, is the homomorphism defined on the generators by

+

R AN

s T = X (= he = e, € me).

Remark 4.5.

o? = =idg, 0?2 =idg, T is invertible of infinite order;

)\_1 A = 1du, Am 18 not invertible if m # +1; Ay = ev (through the
identification < xg, 2y, ho >=<e, f, h >).
Remark 4.6.
o2 =Q0, 0T =To, o\, = Ao for all m € Z;
QT =TQ, QN = A€ for all m € Z;
A TEL = T+ )\, for all m € Z;
AmAn = Amn, for all m,n € Z.
Remark 4.7. 0|z, =idg., a(ﬁo’i) = ﬁo’i, a(ﬁo’o) = ﬁo,o;
QUE) = UF, QUOF) = UOF, Qoo = idgeo;
T(U*) = U*, Tl|gos =idgo, T(U) = U,
For all m € Z A (U%) CUE, A (U°) C UO, A (UO0) C UOO,

UOE  ifm > 0,
A (UOF) C L USF  ifm <0,
U0 ifm = 0.

Definition 4.8. Here we define some Z-subalgebras of Uu:
1y is the Z-subalgebra of U generated by {(z)®) (27)® | r € Z,k € N};
U = 2[a* |y € Z)
lAl%O = 7™M [hy, c];
Uy® =265V [hy, | r > 0];
ﬂ% is the Z-subalgebra of U generated by ﬁ%_, ﬂ%o and ?j%Jr.
The notations are those of Section 1.

We want to prove the following.
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Theorem 4.9. ﬂ% = ﬂ%ffl%oﬁ%t it is an integral form of U°.
Uy = UZ_U%UZ; it is an integral form of U.

As in the case of sly, working in U[[u]] (see the notation below) simplifies
enormously the proofs and gives a deeper insight to the question.

Notation 4.10. We shall consider the following elements in ﬁ[[u]}

T (u) = Zx;fuT = ZT‘TUT(QCSF),

r>0 r>0
e () =) wpgu =) Tl (ay),
r>0 r>0
r—1 hir r
h(u) = Z(_l) TU )
r>1
s (u) = exp(he(u) = > hapu'.
r>0

Remark 4.11. Notice that evoT = ev and

ev(at(—u)) = ev (1333) -,

1+ T 1u +u
_ oo f
ev(z™ (—u)) =ev (HTUQL‘O) = Tia’

ev(hy(uw)) = hln(1 + u),
ev(he(u)) = (1+u)".

Remark 4.12. Here we list some obvious remarks.

i) ﬂzi - ﬂz N U* and ﬁz is the Z-subalgebra of u generated by ﬁ; U fli;

=\ 47+ 70,0 470,% 50,4£470,0 _ 170,0470,% . .

i) Uz, Uy, U™ and Uy~ U, = Uy Uy~ are integral forms respectively of
UE. o0, 10%% and OO0 = 770:0770:*.

iii) ﬁz and ﬂ%o are stable under o, Q, T+, \,, for all m € Z;

iv) UF is stable under o, T+, \,, for all m € Z and Q(UE) = US;

v) u%i is stable under o, T%! and Q(U%i) = /\_1(U%’ ) = U%jF, more
precisely

o~ ~ o~

0 (s () = s () ™, Qe () = Ay (s () = P (), T (s () = P ()

vi) for m € Z
U™ itm >0,
770, + 70,7 .
An(Uz7) S U, ifm <0,
Uy® ifm=0

thanks to v), to Proposition 1.18 and Remark 4.11.
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Remark 4.13. The elements hy's with k > 0 generate the same Z-subalgebra of u
as the elements Ap’s (k > 0) defined in [G]. Indeed let

anu" = P(u) = h(—u)"";

n>0

then Remarks 1.3,1,ii) and 1.17,iii) imply that Z[hs | k > 0] = Z[p, | n > 0], but

iP(u) = P(u) Z hou"

du
r>0

that is
1 n
po=1, pn=—23 hrpny V>0,

r=1

hence Pn = An—l VYn > 0.
On the other hand, applying A, we get

1 n
)\m(pO) = 1; Am(pn) = ﬁ Zhrm)\m(pnfr)v
r=1

so that Am(Pn) = Am(An—1) = Ap—1(&(m)) (see [G]).

Remark 4.14. Remark that for all r € Z the subalgebra of 5A[2 generated by
{x}, 2=, ho +rc}

maps isomorphically onto sy through the evaluation homomorphism ev (see (4.1)).
On the other hand, for each r € Z there is an injection U(sly) — U:

e—axf, f—a,, h— ho+re

r

In particular, Theorem 3.2, implies that the elements (ho']:”) belong to lAlZ for
all r € Z,k € N (thus, remarking that the elements (;) ’s are central and with
Example 1.11, we get that ﬁ%o C ﬁz) and Proposition 2.4 implies that ﬁ%oﬁ%
and ﬁz_ﬁ%o are integral forms respectively of UOOU and U~ U0,

Proposition 4.15. The following identity holds in ﬂ[[u,vﬂ

~ ~

he (wh(v) = h(v)(1 = uv) *hy (u).
?j% = ﬁ%’_ﬁ%oﬁ%+; it is an integral form of uo.

Proof. Since [hy, hs] = 276,45 0¢, the claim is Proposition 2.11 with m=2, [ =0.
|
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Proposition 4.16. The following identity holds in ﬂ[[u}]
a2 hy () = hy (w) (1 + T ) "2 (). (4.17)
Hence for all k € N,
(@) F oy (u) = hy (w) (1 + T ) (@) ®) € Uy U [[ul]. (4.18)
Proof. The claim follows from Proposition 2.14 with m; = 2, mg = 0Vd > 1 and

from (1.7). O
Remark 4.19. The relation (4.17) can be written as

d

o (w) = Do (u) 3= (uz™ (—u)).

Indeed

(14 T74) () = S0+ Dafu” = = (ua (—u).
reN

Remark 4.20. Remark that the relation (4.18) is the affine version of

. (k)
e +u) =1 +u) ((1+u)2> (4.21)

(see (2.8)); indeed ev maps (4.18) to (4.21).

Corollary 4.22. ﬁ%ﬂ%i - ﬂ%’iﬂg and ﬁ%ﬁ% = ﬁ%ﬂ%. Then ﬂ%ﬁz and
UZ_U% are integral forms respectively of UOUT and U~ UC.

Proof. Applying T~ to (4.18), we find that (2;7)®hy(u) C ﬁJr(u)lAlZ“[[u]] Vr e
Z,k € N, hence ﬁ%‘&.(u) C E+(u)ﬁg[[uﬂ and ﬁgﬁ%Jr C ﬁ%+ﬂz. From this,
applying A_; we get UF Uy~ C U™, hence U UY C UYL thanks to Remark
4.14. Finally applying ) we obtain that ﬁ%ﬁi - ﬂi ﬂ% and applying o we get
the reverse inclusions. [

We are now left to prove that ﬂz ﬂz_ C lA[Z_ ﬂ%ﬁg and that ﬂ% C Uy. To
this aim we study the commutation relations between (z;)*) and (z;)® or
equivalently between exp(z;}u) and exp(z; v).

Remark 4.23. Theorem 3.2 and Remark 4.14 imply that
exp(z; u)exp(z_,v) € ﬂiﬂ%ﬂg[[u, v]]

for all r € Z. In order to prove a similar result for exp(z,u)exp(z; v) when r+s #
0, remark that in general

exp(z; u)exp(z; v) = T~ "\ys(exp(zd u)exp(z] v)),

so that Remark 4.12,iv),v),vi) allows us to reduce to the case r =0, s = 1.
This case will turn out to be enough also to prove that U% C Uy.
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Remark 4.24. In the study of the commutation relations in ﬂz remark that
ev(exp(ag u) exp(ayv)) = exp(en) exp(fv)

and that stralghtenlng exp(gc0 u) exp(x] v) through the triangular decomposition

U~ U @U @ U we get an element of U[[u,v]] whose coefficients involve
T,y 1, hegr, 2 with 7 > 0 and whose image through ev is

fo ) h eu
1 ()
oxp (1 + uv (1+ uv) exp 1+ uv

(see Remark 4.11).

Vice versa, once we have such an expression for exp(zgu)exp(zv) applying
T~"Ar+s we can deduce from it the relation (3.5) and (also in the case r + s = 0)
the expression for exp(z; u) exp(z; v) for all r, s € Z. Remark that

o~

exp(vr™ (—uv))hy (uv)exp(ur™ (—uv))
is an element of U[[u, v]] which has the required properties (see Remark 4.11) and
belongs to U, USUS [[u,v]).

Our aim is to prove that

o~

exp(zdu) exp(z]v) = exp(vz™ (—uv))hy (wv) exp(uz™ (—uv)).

Lemma 4.25. In ﬁ[[u,v]] we have

dhy (uv) n dvz™ (—uv) ) .

xg exp(vr” (—uw)) = exp(vz” (—uw)) (xar T du du

Proof. The claim follows from Lemma 2.3,iv) remarking that

d h.. dh
[xg',vx —uv —thr+1 —uv) Z +1(71)r(uv)7‘+1:ﬂ’

du r+1 du
reN
dh(uw) "
[_(;T,UJ} (—uv)} = —0? Z zh o (—uv)"t
r,s€N
_ , dvx™ (—uw)
= —2° Z(r + 1)z, o(—uv)" = QT
reN
and
[M U{,C_(—U’U)] -0 0
du ’ -

Proposition 4.26. In U[[u,v]] we have

~

Fu)exp(zv) = exp(vz™ (—uwv))hy (uv)exp(us

exp(rg +(

—uv)).
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Proof. Let F(u) = exp(vx’(fuv))ﬁ+(uv)exp(u:c*(fuv)). It is clear that F'(0) =
exp(xy v), so that thanks to Lemma 2.3,x) it is enough to prove that

%F(u) = xg F(u).

Remark that, thanks to the derivation rules (Lemma 2.3,ix)), to Proposition 4.16,
and to Lemma 4.25, we have:

%F( ) = exp(vx™ (—uw))h (u ) —(uar™ (—uw))exp(ua™ (—uv))

~

+ exp(va™ (— ( hy (uv) u(vx (fuv))>h+(uv)exp(ux+(fuv))

= exp(vz~ (—uv)) (9:3' + d(h+ (wv) z;zi(iuv)) )?L_i_(uv)exp(uﬁ(—uv))
+

= xg exp(vz™ (—uw))hy (wv)exp(uz ™ (—uv)) = zf F(u). O

~

Corollary 4.27. fl% C Uy.

Proof. That ﬂ%+ - ﬂz is a consequence of Proposition 4.26 inverting the exponen-
tials (see the proof Theorem 3.2), which implies also (applying §2) that U%_ C Uy;
the claim then follows thanks to Remark 4.14. [

Proposition 4.28. ﬁiﬂ%ﬂ% is a Z-subalgebra ofﬂ (hence Uy, = ﬂiﬁ%?jg).

Proof. We want to prove that ﬁi ﬁ%?j; (which is obviously a ?ji -module and, by
Corollary 4.22; a ﬂ%—module) is also a ﬂz' -module, or equivalently that ﬁ%‘ ﬁz_ C
U UYU; . By Proposition 4.26 together with Remark 4.23, relation (3.5) and Re-
mark 4.14 we have that y, y_ € ﬁfﬁoﬁz in the particular case when y, = (z;5)*)
and y_ = (27)®, thus we just need to perform the correct induction to deal with
the general yi € U

Remark that settlng

deg(xf) = £1, deg(h,) = deg(c) =0

induces a Z-gradation on u (since the relations defining U are homogeneous) and
on UZ (since its generators are homogeneous), which is preserved by o, 7! and
Am Vm € Z; in particular, it induces N-gradations

@uﬂ:k’ u%_@UZik

keN keN
with the properties that
~ ~
Q(uz,ik) = u£$k’
qu: Z Z(x;rl)(kl).... 7" ZZ (k)+ Z qulquz
neN rez kq,kg>0
k14 +kn=k kitko=k

ﬁzkfl% = ﬁ%ﬁgk (because U U° = UUy and U UY = UILLT)
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and thanks to Definition 4.2 and Remark 4.3

[y uz) <y uz,,, u'ly,, vkleN.

m>0
We want to prove that
Tha Tl 17097+
uZ,kllZ < Z u l+muZuZ,k—nz Vk,l € Na (429)
m>0

the claim being obvious for k =0 or [ = 0. e _

Suppose k # 0, I # 0 and the claim true for all (k,1) # (k,I) with k£ < k and
Tﬁ [. Then:

a) Proposition 4.26 together with Remark 4.23, relation (3.5) and Remark 4.14
imply that

(xj)(k) (x:)(l) € Z ﬁZ_7_l+mﬁ%ﬁZk_m VT, s € Z,

m>0

b) if k1, ko > 0 are such that k1 + ko = k or Iy,1ls > 0 are such that I; + 1y =1,
then

P N
Uy 4, Up g, Uy

C Z UZ k?lu_fler uZuZ Jko—mo

mo>0

- 7+
C Z u l+m2+m1 uZuZ k — uZuZ kg —ms

mi,m2>0

- 7+ 7+
Z u 7l+m2+m1uZuZ k1 — mluZ ko—mo g Z u l+muZqu m

m1,m2>0 m>0
and symmetrically applying 2
g+ - - — O+ 1+ -
Uz Uz Ug _y, = Q(uz,buz,lluz,—k)

- Q(Z ﬁZ_,karmiz%ﬂZlf Z U‘ l+muZuZ k—m"

m>0 m>0

Formula (4.29) follows from a) and b). O
We have thus proved Theorem 4.9, summarized in the following theorem.

Theorem 4.30. The Z-subalgebra ﬁz of?j generated by
{(@E)® | r €2,k €N}
s an integral form of U. More precisely,

Uy = Uy @U@ UF = U; oUY™ @ U @ UYT @ U
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and a Z-basis of ﬂz s given by the product
B-BY%—BYORBO+ B+

where Ei, BO%% gnd B9 are the Z-bases respectively of ﬂ;, ﬂ%i and ﬂ%o given
as follows:

BE = {(xi)(k) = H(zf)(kr) ‘ k : Z — N is finitely supported},
reZ

Bo = (i = T] it

leZy

- {(5)) 1)

Remark that BT = B*** and that exhibiting the basis BO+ proves that ﬁizm’i =
u%i is an algebra of polynomials (see the Introduction).

k:Z, — N isfinitely supported},

5. The integral form of ;[;f (Agz))

In this section, we describe the integral form flz of the enveloping algebra u

of the Kac-Moody algebra of type Ag) generated by the divided powers of the

Drinfeld generators x;; unlike the untwisted case, this integral form is strictly
smaller than the one (studied in [Mi]) generated by the divided powers of the
Chevalley generators eg, e1, fo, f1 (see Appendix C).

However, the construction of a Z-basis of ﬂz follows the idea of the analogous

)

. 1 . . . .
construction in the case Ag , seen in the previous section; this method allows us

to overcome the technical difficulties arising in case Ag) — difficulties which seem
otherwise overwhelming.

The commutation relations needed to our aim can be partially deduced from
the case Agl). Indeed, underlining some embeddings of sly into E/-\[;( (see Remark
5.27), the commutation relations in U can be directly translated into a class of
commutation relations in U (see Corollary 5.28, Proposition 5.29 and Appendix A
for more details).

Yet, there are some differences between Agl) and Agz).

First of all, the real (positive and negative) components of U are no more
commutative (this is well known—it happens in all the affine cases different from
Agl), as well as in all the finite cases different from A;), hence the study of their
integral form requires some (easy) additional observations (see Lemma 5.22).

The noncommutativity of the real components of U makes the general commu-
tation formula between the exponentials of positive and negative Drinfeld genera-
tors technically more complicated to compute and express than in the case of
slo; nevertheless, general and explicit compact formulas can be given in this case
too, always thanks to the exponential notation. As already seen, the simplification
provided by the exponential approach lies essentially on Lemma 2.3,iv), which
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allows it to perform the computations in u reducing to much simpler computations
in 5A[§C and even, thanks to the symmetries highlighted in Definition 5.4, in the Lie
subalgebra L = fsA[;( N (sls @ Q[t]) C ;[;( (see Definition 5.8). Recognizing a Q[w]-
module structure on each direct summand of L = L~ @ L° @ Lt and unifying
them in a Q[w]-module structure on L (see Definition 5.10) provides a further
simplification in the notations: one could have done the same construction for 5A[27
but we have the feeling that in the case of sly it would be unnecessary and that
on the other hand it is useful to present both formulations. All this is dealt with
in Subsection 5.1.

The most remarkable difference with respect to Agl) on one hand and to Mitz-
man’s integral form on the other hand, lies in the description of the generators of
the imaginary (positive and negative) components. It can be surprising that they
are not what one could expect: ﬂ%+ # Z™[h,. | r > 0]. More precisely (see
Remark 5.13 and Theorem 5.46)

U ¢ 2™, | 7> 0] and Z&™ [k, | r > 0] ¢ UG

as we shall show, we need to somehow “deform” the h,’s (by changing some of
their signs) to get a basis of ﬂO’Jr by the (sym)-construction (see Definition 5.12,
Example 1.12 and Remark 1. 17) To this we dedicate Subsection 5.2.

Notice that in order to prove that Uy is an integral form of U and that B
is a Z-basis of UZ (Theorem 5.46), it is not necessary to find explicitly all the
commutation formulas between the basis elements. In any case, for completeness,
we shall collect them in Appendix A.

5.1. From Agl) to Ag2)

Definition 5.1. g[;( (respectively ) is the Lie algebra (respectively the associa-
tive algebra) over Q generated by {c, h,, z; ,XZT, 41 | 7 € Z} with relations

¢ is central,
[hry hs) = 8rgs02r(2 + (1) " He,
r— +
[y, 2] = £2(2+ (=1)" i,

+4XE o if 2
by, x2] = § Tk 20T (s odd)
’ 0 if 247,
0 if 2
(o¥,0%] = .
+(-1)°X5, if 24r+s,
[z}, X7 = [X;, X =0,
[x;f,xs_] = T+S + 6r+s ore,
[z, XF] = ( )4zl (s odd)
(X5, X] = 8hyps + 40,45 07C (r,s odd)

Notice that {z} x| r € Z} generates U.
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Moreover, {c, h,,z}, X2ir+1 | r € Z} is a basis of 5A[§, hence the ordered mono-
mials in these elements (with respect to any total ordering of the basis) is a PBW-
basis of U. _

UT, U, U° are the subalgebras of U generated respectively by

{zf |r €z}, {x; |r €2}, {c,h, | €L}.
lNIi’O, UH! and UE< are the subalgebras of U+ generated respectively by
{z£|7=0 (mod 2)}, {2f |7 =1 (mod 2)} and {XSET+1 | reZ}.
ﬁ0’+, ﬂo’_, U0 are the subalgebras of u (of ﬂo) generated respectively by
{hr |7 >0}, {h|r <0}, {c,ho}.
Remark 5.2. Recalling that the root system of g[g is
(fa+Z6) U (F2a+ (1 +2Z)6) U (Z \ {0})6
notice that {hg, ¢} is a basis of the Cartan subalgebra and
TF € Grotar Xii1 € 8@rt1)642a> hr € Grs
(see [K]).

The following remark is a consequence of trivial applications of the PBW-
Theorem to different subalgebras of 5[;(.

Remark 5.3.

Ut and U~ are not commutative: [z, z7] = —X;" and [z, 27] = X7 .

Ui’o, UL and UEC are (commutative) algebras of polynomials:

U =Qlef, |rez], UM =Qlaf,,, |rezZ], U =QX],,|rez],

ﬂ_’o = Q[‘r;r | e Z]7 u_ = @[m2r+1 | e Z] u_’c = Q[X2r+1 | S Z]
We have the following “triangular” decompositions of U*:

ﬂ:l: ) ﬂ:ﬁ:,o ﬂ:l:,c ﬂ:ﬁ:,l ) ﬂ:ﬁ:,l ﬁ:l:,c ﬂ:l:,o

Remark that U< is central in Ui so that the images in UE of UE0 @ UE< and

UL @ UH* are commutative bubalgebrab of U.
U° is not commutative: [h,, h_,] # 0 if r # 0.

U, U=, U0 are (commutative) algebras of polynomials:
Ut = Qh, | 7> 0], U =Qlh, |7 < 0], U™ =Qc, hy).
Moreover, we have the following triangular decomposition of uo:
U~ U0 @ U0 @ Ut ~ %+ o U% o U0,

Remark that U%° is central in U°, so that the images in U° of U~ ® U and
U0 U+ are commutative subalgebras of U. _
Finally remark the triangular decomposition of U:

U2U oUW olt=2UTeU U,
and observe that the images of U~ ® U° and U° @ U are subalgebras of U.
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Definition 5.4. ;[?; and U are endowed with the following anti/auto/homo/mor-
phisms:

o is the antiautomorphism defined on the generators by:
+

T

+

o =t e, (= X5 —XE by —hy, ¢ —c).

Q is the antiautomorphism defined on the generators by:

zo—=at, (= XE = XT, by ho,, e o).

—r r

R

Y
T is the automorphism defined on the generators by:

+

ety e, (X5 —Xrz9, he > hy —dr 00, ¢ o).

T r—1
for all odd integer m € Z, A, is the homomorphism defined on the generators by:

— — + +
ot at o a e, (= XE e X5 Ry v by, € mc).

Remark that if m is even ), is not defined on ﬂ, but it is still defined on U%+ =
Q[h, | T > 0].

Remark 5.5. 0% =idy, Q* = idy,

Am 18 not invertible if m # +1.

Remark 5.6. 02 = Qo, 6T = To, QT = T). Moreover, for all m,n odd we have
TAm = A0, QA = A, AT = TE A, A A = A
Remark 5.7. o|js0 = idgeo, 0lgea = idge,, o(Ure) = Ure, o(UOF) = U,
o (U*0) = U,

QUE0) = UFO, QU = UTL, QUH) = UT*, QUOF) = U'F, Q0=
idgo.0-

T(U0) = UHL, T(UHY) = UHO, T(UHC) = UHC, T\ gos = idgos, T(U0)=
oo,

For all odd m € 7Z:

)\m(ﬂi,O) C ﬁi,o; )\m(ﬁi,l) C ﬁi,l; )\m(ﬂi,c) C ﬂi,c) )\m(ﬁo,O) C ﬂo,o}

T is invertible of infinite order; )\2_1 =)\ = idﬂ;

~ USE  ifm >0
A (UT) C{
( )& {uOF ifm < 0.

Definition 5.8. L, L*, L0 L0 L[*1 L[*< are the Lie-subalgebras of ;[;f gene-
rated by:

L:{z} z |r>0},
LT :{zf |r>0}, L™ :{z; |r>0}, L°:{h,|r >0},
L0 {ad | r >0}, LT {ad | r >0}, LT {X5 ., |r>0}
L% {ag, |1 >0}, L7 {ag,qy [7 20}, L7 {Xg [ 720}
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Remark 5.9. L, L*9 L*1 and L*° are commutative Lie-algebras; for these
subalgebras of L the Lie-generators given in Definition 5.8 are bases over Q.
Moreover, we have Q-vector space decompositions

L=L"9Ll’eLt, LT=L"YeLl ' aLlt L-=L""gL 'L "

Finally remark that Lt is T '-stable and that L~ is T-stable; more in detail
TFYLHO) = L&Y TFHLEY) C LT0 (so that L0 and L*! are TT2-stable);
L*¢ is TF stable.

Definition 5.10. L is endowed with the Q[w]-module structure defined by w|;- =
T, wp+ =T+, why = hey1 ¥r € N. Explicitly w acts on LT as follows:

w.art = :z:f_i_l, w.XQjET,_i_1 = —XQiH_g Vr > 0.
Lemma 5.11. Let & (w), 52( ) € Q[w][[w,v]]. Then:
D) [G(w?) .2y, bo(w?).ay] = F(616)(—w). X

i) [§1(w )%*@( ).z ] (§1€2)(w).ho;
111) [&1(w).z , Eo(w )X | = 461 (—w)éa(—w?).ay ;
iv) [§1(w)-ho, a(w). i] £(4€1 (w) — 261 (—w))&a(w).ag

Proof. The assertions are just a translation of the defining relations of U:

+ + — _
['er’sz-i-l]’ [$+ Ty ]7 [$j7X23+1]7 [hTaxs ]

T S

For iv), remark that
224 (- Hw" =4w" —2(—w)". O

Definition 5.12. Here we define some Z- subalgebras of U:
UZ is the Z-subalgebra of u generated by {(zH)®) (x7)®) | r € Z,k € N},
UZ and U are the Z-subalgebras of u (and of UZ) generated respectively by
{(x;F)*) |7"€Z k € N}, and {(z;))® | r € Z,k € N};
Uz =295, | r e Z);
ﬂ;l = 7(div) [J:;H | r € ZJ;
T = 20 | r € 2]
ﬂ%,o = 7,(bin) [ho, ¢];
1 if 44,
-1 ifd|r;
ﬂ% is the Z-subalgebra of u generated by ﬁ%_, ﬂ%o and ﬂ%‘“.
The notations are those of Section 1.
In particular, remark the definition of ﬂ%i (where the €,’s represent the neces-

sary “deformation” announced in the introduction of this section and discussed in
detail in Proposition 1.23) and introduce the notation

ﬂ%i =7 [e, hy, | r > 0] with g, = {

Zlhy | £k > 0] = ZOY™ (e, hyy | 7> 0]

where

ha(u) = hapu® = exp (Z(—l)r—lgrhf“m).

keN >0
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Remark 5.13. Tt is worth underlining that h. (u) # iAL+(u), where
Zlhy | k> 0] = Z&™ [k, | > 0],

that is,

= lAzkuk = exp < -1 Tlhr1f>.
% ;O( )t
More precisely, the Z-subalgebras generated respectively by {hk | £ > 0} and
{h;€ \ k > 0} are different and not included in each other: indeed, hy = hh
ha = ha, hs = hs but hy & Zlhg | k> 0] and hy & Z[hk | £ > 0] (see Propositions
1.23 and 1.24 and Remark 1.26).
Notice that we are considering the algebra involution of Q[h, | r > 0] defined

by hy + e-h, ¥r > 0 through which (using Notation 1.20) /ﬁ{“}(u) is mapped to
hisa}(u); in particular, h(u) = hi}(u) so that ki (u) C Z[hy | k > 0][[u]] if and
only if htee} (u) C Z[hy | k > 0][[u]] .

Remark 5.14. Let £(w) € Q[w][[u]]; the elements
exp(&(w?).xf), exp(é(w?).zF) and exp(&(w).XE)

lie respectively in ﬁ%’o[[u]], ﬂ%’l [[u]] and Ui "“[[u]] if and only if £(w) has integral
coefficients: that is, if and only if £(w) € Z[w ][[ ]] (see Example 1.6 and Definition
5.10). Remark also that (see Remark 1.21)

o~

hi(u) = exp(ln(1 + wu).hg),
while _
hy (u) = exp ((In(1 + uw) — 3 In(1 — u*w?)).ho) .

Before entering the study of the integral forms just introduced, we still dwell
on the comparison between h (u) and h+( ), proving Lemma 5.16, which will be
useful later.

Lemma 5.15. For all m € Z\ {0} we have
(1 +m2u)Y™ € 1+ muZ[u]].

Proof. (143, .¢aru”)™ =1+ m?u implies

L+mPu=14+mY au +» (Z)(Zaru)k

r>0 k>1 r>0

Let us prove by induction on s that as € mZ:

if s = 1 we have that ma; = m?;

if s > 1 the coefficient ¢, of u® in >, (W) (X,~0 aTuT)k is a combination with
integral coefficients of products of the a;’s with ¢ < s, which are all multiple of m.
Then, since k > 2, m? | cs. But mag + c¢; =0, thus m | a,. O
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Lemma 5.16. Let us consider the integral forms Z[hy, | k > 0] and Z[hy, | k > 0]
of Qlhy | r > 0] (see Example 1.12, Notation 1.14, Definiton 5.12 and Remark
5.13); for all m > 0 recall the Q-algebra homomorphism Ay, of Q[h, | 7> 0] (see
Proposition 1.18) and define the analogous homomorphism Xm mapping each €.h,
to €mphumyr (of course Z[ﬁk | k> 0] is A -stable ¥m > 0). We have that:

i) if m is odd then Ay, = Am; in particular, Zl[hy, | k > 0] is Ap-stable;

ii) Ao(hy) € Z[hy | 1> 0] for all k > 0;

iii) hy(4u)? € Zhy | k> 0][[u]].
Proof. i) If m is odd then 4 | mr < 4 | r, hence €y, = &, Vr > 0 and the claim

follows from Proposition 1.18. _ _
ii) By Proposition 1.18 we know that Z[hy | k > 0] is Ag-stable; but

Y rh T N —
Xo(hy —expz o182 or oy pz 7= Na(hy (—u?) 7

r>0 r>0
equivalently o
Ao (hy (u?)) = Ao (hy (—u?)) ™!
which implies the claim.
iii) Remark that

hy (u)hy (u) ™" = exp ( - Qhu) = Na(hy (—uh) 77

4r
r>0

N

then R B o
B (40) /2 = Ty (du) Ry (o (—4%%)) /4,

Since h. (4u) € 14+4uZ[hy | k > 0][[u]] and Xy (hy (4%u?)) € 1+4%uZhy, | k > 0][[u]]
we deduce from Lemma 5.15 and Remark 1.3,5) that

i (4u)' 2, Xa(hy (%) € Zlhy | k> 0][[u]],
which implies the claim. [

Remark 5.17. Tt is obvious that ﬂ%’o, lNl%’l, "LNI%E’C, ﬂ%i and ﬂ%o are integral forms
respectively of ﬂi’o, fli’l, ﬂi’c, U%E and U%C. Hence by the commutativity
properties we also have that ﬂi OlNli ¢ and ?ji 117; '“ are integral forms respecti-
vely of UEOUEC and UEUE1. 1 Analogously U ’OUO * and UO UZ’O are integral
forms respectively of UOOUO+ and UO—UOO.
We want to prove the following.
Theorem 5.18.
1) ﬁ% = ﬂo _ﬂo Oﬂo + 0 that ﬂ% s an integml form of ﬂo
2) U% = UjE 1UjE CUjt O, so that U; and UZ are integral forms respectively of
U+ and u-
3) Uy =U; UZU%, so that Uy is an integral form ofu

It is useful to evidentiate the behaviour of the Z-subalgebras introduced above
under the symmetries of U.
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Proposition 5.19. The following stability properties under the action of o, €,
T and A\, (m € Z odd) hold:
i) ﬁz, 172' and "LNIZ_ are o-stable, T -stable, \,,-stable.
Uy is also Q-stable, while Q(UE) = U .
ii) ﬁ%"o, fl;l and ﬂg’c are o-stable, T*2-stable, \,,-stable.
U is also T+ -stable, while T (US°) = UL,
QUL = U, QUEY) = U and QU = U, C.
iii) fl%’o, ﬂ%+ and ?j%7 are o-stable and T*'-stable.
ﬁ%’o is also Q-stable and A\, -stable; Q(ﬂ%i) = ﬂ%jF; ﬂ%i is Am-stable if
m > 0, while /\m(ﬁ%i) - ﬂ%; if m < 0.
iv) ?j% is o-stable, Q-stable, T*'-stable, \,-stable.

Proof. The only nontrivial assertion is the claim that lNl%Jr is A\,,-stable when
m > 0, which was proved in Lemma 5.16,).

The assertion about /\m(ﬂ%i) in the general case follows using that

QUIH) = UYT = A (UYE), AnQ =0\, and A = A1 A
Remark that
o(ha(u)) =he(u) ™", Qhe(w) = A1 (he(w) =hz(u), T (he(uw) =hs(u). O
Remark 5.20. The stability properties described in Proposition 5.19 imply that:
i) U(ﬂ%’fﬁ%’oﬂ%ﬂ = ﬁ%Jr?j%O?j%*; in particular,
[ = W TLOTe+ = T3 = TS T2OTY

i) TEL S US ) = WS OUS U and WU U0 is TE2-stable and
Am-stable (m € Z odd); in particular:

[+ _ 97+ 197+.cqy+.0 Y[+ _ 97 +.097+.cqy 1
U = W Uus° — uh =u,outeut.

iii) ﬁ%?j; is T*1-stable and \_;-stable, and Q(ﬂ%?j;) = ﬂiﬁ%; in particular,
it is enough to prove that (xg)*®h(u) € hy(u)US[[u]] Yk > 0 in order to
show that

(@) B ha(u) € b (W)U [[u], s () (@) € Uy [[ul s () Vr € Z, k€N,
or equivalently that ?jg ﬂ% C ﬂ%?jg and ﬂ%?ji C ?ji ﬂ%.

iv) U, USUS is T*'-stable and A,,-stable (m € Z odd); in particular, if one
shows that (zg)®) (x7)® € U; UYUS it follows that Vr,s € Z such that
24 (r +5)

(@) (@)D = T Ay ()P (27) D) € Uy LU .
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Proposition 5.21. The following identities hold in U:

~

he (u)h—(v) = h—(v)(1 — uv) "*¢(1 + w)*hy (u)

and
hy(W)h_(v) = h_(0)(1 — w) "% (1 + uv)*hy(u).

In particular, UY = ﬂ%fﬁ%ofl%# and ﬂ% is an integral form of uo.

Proof. Since [hy, hs] = [erhy, eshs] = 0,45,02r(2+ (=1)" 1), the claim is Proposi-
tion 2.11 with m=4,1=-2. O

Lemma 5.22. The following identity holds in u forallr,s € Z:

exp(x;}u) eXp(l’;_s_i_l’U) = eXp($;_s+1U) eXp(—X;+25+1UU) exp(x;,,u).

Proof. The claim is an immediate consequence of Lemma 2.3,vii), thanks to the
relation (23,23, 1] = —X3 0,01 O
Corollary 5.23. ?jg = ﬂ;lfl%’cﬂ;’o; then ﬂ% is an integral form of UE. More
in detail WE = W USUST = WF UE“UE°,
Proof. From Lemma 5.22 we deduce that:

i) (X5,1)® € Uf Vk € N,r € Z; this implies that

Ure C il and TFATETE0 T

i) WS PUS T CUS UL UL hence UL UL UL s stable by left multiplica-
tion by ?jg 0 hence by ﬂ% (which is generated by ?jg 0 and ﬂg ’1). Since 1 €
ﬂ%"lﬂ;’cﬂ;o, we deduce ﬂ%‘ - ﬁg’lﬂg’cﬂg’o, and the claim follows applying
and T (see Proposition 5.19,i) and ii)). O

Proposition 5.24. ﬂ%ﬂ%o C ﬂ%oﬁg ; more precisely

-2
() ®) (%o) _ (ho g k) @H)® VreZ, kieN,

Proof. The claim follows by immediate application of (2.5). O

Proposition 5.25. In U the following holds:
i) it () = Ry ()1 — uT~)5(1 — w?T2) 31+ wT2)(a);
i) (o) My () € B (u) L7 [[u]] Y € N;
i) Up Uyt cuytug.
Proof. i) We have that [e,h,, 2{] = £,2(2 + (—=1)"" 1)} and
6 if 247,

22+ (-1 =02=6-4 if 2|7 and 417,
—2=6-4-4 if4tr
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hence Proposition 2.14 applies, with m; = 6, ms = —2, my = —1 and implies that
wghy () = hy(w)(1+ul ™) 701 = w?T72)2(1 = T~ (2])
= hy(uw)(1 —uT 01 —u®T~2) 3 (1 + u®T2) (2.

ii) Let us underline that (1 —u?)~3(1+u?) € Z[[u?]], hence from the coefficients
of (1 —u)® it can be deduced that

(1= w1 —u?) 731+ v?) € Z[[u?]] + 2uZ[[u’]
and
xarﬁ+(u) = h(u) Zarxjur with a, € Z Vr >0 and 2 | a, ¥r odd.
r>0

2r 2r+1

If we define yo = >",+, agTacg}u we have that,

thanks to Lemma 2.3,v) and viii)

_ 1 +
»y Y1 = §Zr20 A2r 1Ly U

exp(xg v)hy (u) = hy (u) exp((yo + 21)v)
= By (u) exp(2y1v) exp([yo, y1]v*) exp(yov) € hy (W)U [[u, v]],

thanks to Remark 5.14, from which the claim follows.
iii) From the T*!-stability of U} and the fact that Ti1|l~(%+ = id we deduce

that for allr € Z, k € N

(27) W h (u) € B (w) U [[u]).
The claim follows recalling that the (z;)*)’s generate ﬂ%‘ and the hy’s generate
uyt. o
Corollilry 5.26. ﬂ%ﬁ% = ﬂ%ﬂ%. In particular, ﬂ%ﬂ%‘ and ﬂiﬂ% are subalgeb-
ras of Uy,
Proof. ?j;ﬂ%’o C ﬂ%oﬁ% (see Proposition 5.24) and ﬂgﬂ%ﬂr C ﬂ%+ﬁz+ (see
Proposition 5.25,iii)); moreover

Uy~ = A (UFU™) C AUy U = Uy~ Uy

Hence ﬁ%’ ”ljg C ﬂ%fl%‘ . Applying o we get the reverse inclusion and applying
we obtain the claim for U, . O

Now that we have described UY, UF and the Z-subalgebras generated by U9
and U} (respectively by U9 and U ), in order to show that Uz = U, UIU, it
remains to prove that

0 C Uy, and UFT0; C 10 0T
Before attaching this problem in its generality it is worth evidentiating the exis-

tence of some copies of ;[2 inside ;[;(, hence of embeddings U — ﬂ, that induce
some useful commutation relations in U.
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Remark 5.27. The Q-linear maps f, F : 5A[2 — ;[;( defined by
f: x;t — inT,, hy — hop, ¢+ 2c,

X hay
poat o XEm o e

o

p— Hi
1 7

are Lie-algebra homomorphisms, obviously injective, inducing embeddings f, F' :
U —=Uu.

50,0 ~0,0 ~ 77
Corollary 5.28. f(U;") CU;" C Uz.

Proof. Since f (ﬁ%) - ﬂ; 0 C Uy we have that f maps Uy (which is generated by

a; and ﬂz_) into Uz; in particular, f(ﬁ%o) C Uy. But (recalling Example 1.11)
") = F@ o, ) = 2™ ho, 2],

thus Z®M)[hg,2¢] C Uy. Since Uy is T-stable and T(ho) = ho — ¢ we also have
ZP ™ [hy — ¢] C Uy, so that

FUSYY = 28R, 2] € ZOW [ho, ] = ZF [ho, hg — ¢] C Uy,

which is the claim because ?j%o =7 hg . O

Proposition 5.29. ﬂ;,oﬂz—,o C ﬂz_lj%fl% and ﬂ%"lﬁz_’l - ljz_ﬁ%ﬂ%.

Proof. ﬂ;,oizz—,o = f(fl%ﬁi) C f(ﬁiﬂ%ﬁ%) = ﬂZ_’Of(lAl%)ﬂ;O; we want to
prove that f(UY) = f(u%*u%ou%ﬂ C UY. By Corollary 5.28, we have f(u%o) C
UY°. On the other hand,

FUYY) = FZS™hy | 7> 0]) = 2™ [ha, [ 1 > 0] = Ao (Z[hy | k> 0]),

hence f(ﬂ%'“) CZhy | k>0 = II%JF thanks to Lemma 5.16,ii). Finally remark
that fQ = Qf, thus f(ﬁ%_) = fQ(ﬂ%Jr) - Qﬂ%Jr - ﬂ%’_ (see Proposition
5.19,iii)). It follows that f(U3) C UY and Uy U, " C Uy UL

The assertion for ﬂ%: 1 follows applying T', see Proposition 5.19,i),ii) and iv).
O

5.2, exp(asg'u) exp(x; v) and ?jg’+; here comes the hard work

We shall deal with the commutation between ﬂ% 0 and ﬂz_ o1 following the strategy

already proposed for ?jz and recalling Remark 5.20,iv): finding an explicit expres-
sion involving suitable exponentials for

exp(zgu) exp(zyv) € U U CUCUSTUH U U [[u, 0]
and proving that all its coefficients lie in

1 T T T T €
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Since here there are more factors involved, the computation is more complicated
than in the case of sly and the simplification provided by this approach is even
more evident. On the other hand, it is not immediately clear from the commutation
formula that our element belongs to U UOU , or better; the factors relative to

the (negatlve, resp. positive) real root vectors will be evidently elements of ﬂi ,

resp. U , while proving that the null part lies indeed in ﬁ% is not evident at all
and w111 require a deeper inspection (see Remark 5.39, Lemma 5.40 and Corollary
5.43).

As we shall see, in order to complete the proof that ﬂ%+ - ﬂz (see Proposition
5.45), it is useful to compute also exp(x{u)exp(X; v). The two computations
(exp(xdu) exp(yv) with y = ] or y = X[ ) are essentially the same and will be
performed together (see the considerations from Remark 5.30 to Lemma 5.34, of
which Propositions 5.35 and 5.36 are straightforward applications); even though
exp(zdu) exp(x] v) presents more symmetries than exp(xg u)exp(X; v) (see Re-
mark 5.32,iii)), its mterpretatlon will require more work, since it is not evident the
connection with u , as just mentioned.

Remark 5.30. Let G = G(u,v) € U[[u,v]] and y € L™ (see Definition 5.8); then
G (u,v) = exp(xg u) exp(yv)

if and only if the following two conditions hold (see Lemma 2.3,x)):
a) G(0,v) = exp(yv);
b) d‘iG(u v) = 2§ G(u,v).

Notation 5.31. In the following (recalling Definition 5.10) G—, G°, Gt will de-
note elements of U[[u, v]] of the form

G~ = exp(a-) exp(-) exp(7-),

G+ = exp(rs) exp(By) explas ),

G° = exp(n)

with

a- € vQw?][[u, v]l.o1, B € vQlw[[u,v]]. X1, 7- € vQw][[u, v]].ag,
ay € uQw?|[[u,v].x, B+ € uQuw]llu, v]]. X", 4 € uQlw)[[u, v]].2],
1 € uwvwQlw][[w, v]].he.
G(u,v) will denote the element G(u,v) = G = G- G°G™.
Remark 5.32. Let G = G-G°G* € U[[u, v]] be as in Notation 5.31. Then:

i) Of course

- 0 +
4G _ 49" ogr - g p g
du U du d
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where, considering the commutativity properties, we have that

T explonyexp(p) D020 (),

dG™ day + By +
= exp(7y) (a4 + B4 +74)

du d’U/ exp(ﬂ"r) eXp(O[+),
dG° dn
W

ii) If moreover G = exp(z§ u) exp(yv) with y € L™, the property b) of Remark
5.30 translates into
dla— + - +v-)
du

+ G_;l—ZGOGH' + GG exp(vy) dloy +dﬁu+ +7+) exp(B4) exp(ay).

23 G = exp(a_)exp(B-) exp(v-)GGT

iii) If in addition to condition ii) we also have y = z7, then TA_1Q(G(u,v)) =
G(v,u), hence

Observe that TA_1Q(X5, ) = —X5,, 4 Vr € Z.

The following lemma is based on Lemma 2.3,iv) and on the defining relations
of U (Definition 5.1).

Lemma 5.33. With the notations fized in (5.31) we have that:

i) ol exp(a_)

= expla) (e + [af -]+ 3liaf,a-),ac] + Hlled o) a-] o ]);

i) o8 exp(a_)exp(B_)
— exp(a_) exp(B_)
(20 + g, o] + 5lleg o), ac] + gllleg acl o] a] + [z, B-]) ;

iii) (x5 + [zg, a_]) exp(y-)

= exp(v-) (¢ + x5, o]+ [x5,7-])

+ ([[ed, =], v=] + 1@, v=1 7] = 32, o], v-],7=]) exp(y-);

iv) z§ exp(n) = exp(n)(yo + y1) with

vo € Qu|[[u,v]].2f, y1 € wQlw’|[[u, v]].zg;



1534 ILARIA DAMIANI, MARGHERITA PAOLINI

v) (yo + y1) exp(v+) = exp(v+)(yo + y1 + [Yo, 1+])-
vi) In conclusion, IS'G =dG/du if and only if the following relations hold:

9 — (o B+ [l 0l v,
Bt o) o) o] - blfeg o)) )
D g 0o )+ Hlleg 1),
B oo e 0,
% = Yo,
% = [Y0, V4],

Remark that day /du=1yo and dyy /du=1y is equivalent to d(ay +v4)/du="1yo+y:.

Proof. 1)-v) are straightforward repeated applications of Lemma 2.3,iv) remarking
that:

i) and ii): [[[zd,a-],a_],a_] € U=<[[u, v]], hence it commutes with both o_
and B_ (which are in U~ [[u,v]]);

ii): B_ € U°[[u,v]], hence it commutes also with [[z7,_],a_] and [z, 8]
(which belong to U~ [[u, v]]) and with [z, a_] (because [k, 11, U] = 0 Vr € Z);
iii): [[xg,~v-],7-] and [z, a_],~7_], 7] belong respectively to U~°[[u, v] and

U™[[u,v]], so that they commute with v_ € U™°[[u, v]]; the claim follows from
the identities

(zg + [zg, a-]) exp(y-)
= exp(y-) - (o + o ac] + [af -] + (12, 0= 7]

+ 3l 1-) -1+ 3l @) r-))

and

exp(y-)([zg, a-],7-] = ([lag s o], -] = [lleg , o], 7-],7-]) exp(r-);

iv): Lemma 2.13 implies that exp(n) 'z exp(n) € Q[w][[u,v]].z{;
v): v+ € UTH[u,v]] commutes with both y; € UT[[u,v]] and [yo,v4] €
ut-cflu, v]].

Point vi) is a consequence of points i)—v) and Remark 5.32,i). O
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Lemma 5.34. By abuse of notation let ax, B+, v+ and n (see Notation 5.31 and
Lemma 5.33, iv)) denote also the elements of Qw][[u,v]] such that

oy = ay(w?)ad, By =Br(w).X], v =vi(w?).a],
a=a_(w)ay, fo=p_(w).X], v =7 (w).zg,
n = n(w).ho.

Then the relations of Lemma 5.33,vi) can be written as:

da_(w?)
du
P0) _ o (-w)wa? (~w) ~ 392 (~w)),

D) gua? ) - 42 (0),

% = wa_ (w?) +7-(w?),

d(ay (w?) + wyp (w?))
du

= 4_(—w?) — 6o (w?)y—(w?),

= exp(—4n(w) + 2n(—w)),
dBy(w) _dOé+(_U))fy

du du +(-w)-

Proof. The claim is obtained using Lemma 5.11. Indeed,

=48_(—w?).2] — (dwa_(w?) + Zwa_(w2))7_(w2) z
= (4B (—w?) — 6a_ (w?)y-(w?)).27;
dd‘% = dﬁ(;(w) X; and
slllzg ol a],a] = 3lllzg, -], 7-],7-]
= % [[xér, wa,(wz).xaLwa,(wQ).xa], a,(wz).x;]
= 3llleg, wa— (w?).2q ], v- (w?).2g ], 7- (w?).2g] = (by ii))
= Hwa_ (w?).ho, wa_(w?).z5], a_(w?).2]]
%[[wa (w?).ho, - (w?).25], 7 (w?).25] = (by iv))

[w2a? (w?).zy, a_(w?).z]] + 3wa_ (w?)y_ (w?).xy ,v—(w?).z5]

= (wo (—w) — 3a_(—w)y* (—w)). X7 ;

—~
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dy- _ dy_(w?)
du du
%[[xara ]’a }‘F%[[warﬂ—]ﬁ—]

= 3llag, wa_ (w?).ag ), wa_ (w?).zq ]

+ 5l - (W), 7 (w?) ] = (by i)
= Lwa_ (w?).ho, wa_ (w?).zy]

+ 5l-(w?).ho, 7- (w?).zg] = (by iv))
= —16wa_(w)wa_(w?).zg — 1292 (w?).zy
= —3uPa? () — 72 (w*))

.z, and

dn _ dn(w)
du = du .ho and
[Io » V= ] [xO ) ]

= [z, 7-(w*).zg ] + g, wa— (w?).zg ]| = (by ii))
= (7-(w?) + wa (w?)).ho;

Ao +72) _ dlond) twr )
du B du o

Yo +y1 = exp(—n)zg exp(n)
= exp(—n(w).ho)zg exp(n(w).ho) = (by iv) and Lemma 2.13)
= exp(—dn(w) + 2n(-w)).zg;
B, dps(w)

+
e = du X" and
da
[yo.7+] = [dJ,W]

day (w? .

= [ti().xsr,'w(w%.xf] = (by 1))

u

dog (—w)

= —T'y+(—w).X1+. O

Proposition 5.35. We have

exp(zq u) exp(X; v) = exp(a-) exp(B-) exp(y-) exp(n) exp(7+) exp(B+.) exp(a)
where, with the notations of Lemma 5.34,

4uv

u
a-(w) = 1 — 42wute?’ o (w) = 1 — 42wute?’
+3 - 4L2wutv) 1 — L2wutv?)utv
btw) = T )) . Be(w) = ((1+42M4 Eo
—4L2wulv? —4udv
7-(w) = 1 — 42wute?’ T+(w) = 1 — 42wute?’

n(w) = 2 In(1 + dwuv).
In particular:



ON THE INTEGRAL FORM OF RANK 1 KAC-MOODY ALGEBRAS 1537

i) (2)®(X7)W € U UGUS for all k,1 € N;
i) hy (4u)t/? € Uy[u]).
Proof. We use the notation fixed in 5.31.
It is obvious that G(0,v) = exp(X; v), so that condition a) of Remark 5.30 is

fulfilled, and we need to verify condition b), following Lemmas 5.33,vi) and 5.34.
Remark that

dn(w) dwuw dwuv(1 — dwu?v) 9 9
du  1+4wuo 11— L2wuhe? wa—(w?) +7-(w’)
and
1 — 4wuv
4 m(—w)) = —— T
eXp( U(w) + 77( w)) (1 +4wu2v)2’
9 o u(l—dwuiv) u
o (W) +wy(w?) = 1— 42w2u4? 1+ dwuv’
so that
d(ay (w?) + wyy (w?)) 14 dwu?v — 8wuv
du - (1 + 4dwu?v)? = exp(=dn(w) + 2n(-w)).
Now let us recall that ¥n,m € N and Va not depending on
d u” ~ nu™ 4 (4m — n)au"?
du (1 —aut)m™ (1 — aqut)m+! ’
hence, fixing a = 42w?v?, we get
da_(w?)  4v(1+ 3au?)
du  (1—aut)?’
df_(—w?)  —4auPv(1 + 3au?)
du B (1—aut)® 7’
dy-(w?)  —a(3u® + au®)
du (1 —aut)?
day(w?) 1+ 3au®
du (1 —aut)?’
dBi(—w?)  4vu?(1+ 3au?)
du (1 —aut)3

remark that w — —w? induces an injective algebra endomorphism of Q[w][[u]]
commuting with d/du, which allows us to use the same a = a(w, u) in the computa-
tions involving (. The relations to prove are then equivalent to the following:

v(1+ 3au?) = 4(1 — 3au*)v + 6 - 4uv - au®,
—4auPv(1 + 3au?) = duv(—w?4*u*v? — 3a%u"),
—a(3u® + au®) = —3w? - 42u*v* — a*ub,
)

uw3v(1 + 3au?) = (1 + 3au*)4udv,
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which are easily verified.

Then, since a4, B+, v+ have integral coefficients, i) follows from Remark 5.14
and Lemma 5.16,iii).

ii) follows at once from the above considerations, inverting the exponentials.
Indeed, recalling Remark 5.13 and Notation 5.31 we have

exp(n) = exp(n(w)-ho) = hy (4u”v)'/* = (G7) 7" exp(af u) exp(X; v)(GF) ™"

which belongs to Uz[[u, v]] because so do all the factors. [

Proposition 5.36. We have
exp(zq u) exp(zy v) = exp(a—) exp(B-) exp(y-) exp(n) exp(y+) exp(B) exp(a)
where, with the notations of Lemma 5.34,

(1 + wu?v?)u (1 + wu?v?)v

ar(w) = 1 — 6wuv? + wutet’ a-(w) = 1 — 6wu?v? + w2utvt’

B (w) = (1 — dwu?v? — wutot)udv B (w) = (1 — dwu?v? — wutot)wuv?
* (1 + 6wu?v? + w2utv*)2 7 7 (1 4+ 6wu?v? + wutv*)?

o (w) = (=3 + wu?v?)uv v (w) = (=3 + wu?v?)wuv?

1 — 6wu2v? + w2utvt’ 1 — 6wu2v? + w2utev?’

n(w) = 2 In(1 4 2wuww — w?u?o?).

Proof. We use the notations fixed in (5.31).
It is obvious that G(0,v) = exp(z] v), so that condition a) of Remark 5.30
is fulfilled, and we need to verify condition b), following Lemma 5.34.
First of all remark that

1—6t2 +tt = (1+2t —%)(1 -2t — 1)
and that
T4+ +(=3+)t=1-3t+2+>=(1—1t)(1 -2t —t?);
thus, replacing ¢ by wuv, we get

(1 — wuv)u

a+(w2) + w7+(w2) = 1+ 2wuv — w2u2v2

and
(1 — wuv)wv

wa— () + - (w?) = 14 2wuv — w2u?v?’

Hence the relations of Lemma 5.34 involving n are easily proved:
dn(w) (1 — wuv)wwv

_ _ 2 2
du 14 2wuv — w2uv? = wo (W) +9-(w)
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and

1 — 2wuv — w?uv?

1 + 2wuv — w2u2v?)?2
(

exp(—4n(w) + 2n(—w)) =
while, on the other hand,

d t—t? 1—2t—¢2

dt1+2t—t2 (142t —2)2

so that

1 — 2wuv — w?uv?

14+ 2wuv — w?uv?)?

(e ) + () = -
and J
exp(—4(w) + 20(w) = A {ar (W) + w (w2)),

In order to prove the remaining relations remark that for all n,m € N

d " nt" L 4+ 6(2m — n)t"t 4 (n — dm)tnt3

% (1 _ 6t2 + t4)m - (1 _ 6t2 + t4)7n+1 ’

1539

which helps to compute the derivative of a4 (w?), B+(—w?) (which is equivalent
to computing that of B4 (w); see the proof of Proposition 5.35) and ~_ (w?), fixing

t = wuwv and recalling that d/du = wv(d/dt):

da_(w?)  wo?(14t — 412 — 2t°)

du  (1—612+1t4)2 7
df_(—w?)  w?v3(—1— 30t% — 12t* + 14t° — 3t8)
du (1— 612 + t4)3 ’
dy_(w?)  w?v?(—3 — 15t% + 3t* — %)
du (1— 612 + t4)2 ’
dog(w?) 14912 — 9t — 6
du  (1— 62142
dB(—w?)  w2071(3t2 + 26t* — 36t° + 65 + 10)
du (1— 612+ t4)3 '

The relations to prove are then equivalent to the following:

14t — 4¢3 — 215 = —4(1 + 4t% — tYt — 6(1 + t2) (=3 + t9)t,
—1—30t% — 12t* 4+ 14¢% — 3t% = (1 + t3) (= (1 + t*)® — 3(=3 + 1*)*t?),
—3 — 15t2 4 3t* — 16 = —3(1 + %)% — (=3 + %)%,
3t% 4 26t* — 36t° + 6t5 + 10 = —(1 + 9t2 — 9t* — 1%)(—3 + tH)1?,

which are easily verified. 0O
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Remark 5.37. Since (146t2+t*)~! € Z[[t]] Proposition 5.36 implies that (G*)*! €
U [[u,v]] (see Notation 5.31). As in Proposition 5.35ii), it also implies that

exp(n) € Uz. Then, in order to prove that
()™ (21) " € Uz UL,

we just need to show that exp(n) € UY[[u,v]]. This will imply that ﬂiﬂ%ﬂ% is
closed under multiplication, hence it is an integral form of ?j, obviously contain-
ing ﬂz.

In order to prove that Uz = U; UYL we need to show in addition that UY C
ﬂz.

The last part of this paper is devoted to prove that

exp (3 In(1 + 2u — u?).hg) € UY[[u]]

(see Corollary 5.43) and that UY C Uy (see Proposition 5.45).

Notation 5.38. In the following d : Z; — Q denotes the function defined by

1
Z(—l)”‘ld—"u" =3 In(1 + 2u — u?)

n
n>0

and d = ed (that is Jn = e,d,, for all n > 0, where ¢,, has been defined in Definition
5.12). Remark that with this notation we have exp(n) = /ﬁid} (uv) (n as in Lemma
5.34 and Proposition 5.36, /f;id} (u) as in Notation 1.20, where we replace ﬁ{d}(u)
by E_{‘_d} (u) in order to distinguish it from its symmetric pld (u) = Q(ﬁid} (u))).

Remark 5.89. From 1+ 2u —u? = (1+ (1 +v2)u)(1 + (1 — v/2)u), we get that:
i) foralln € Zy d, = %((1 +v2)" + (1 — v/2)"); equivalently 36, € Z such
that
YneZ, (1+V2)"=d,+0,V2

ii) dy, is odd for all n € Z; §, is odd if and only if n is odd.

i) Z[RY | k> 0] € Z[hg | k> 0] (indeed (uxd)(4) = dy — dy = 17 — 3 = 14,
which is not a multiple of 4; see Propositions 1.23 and 1.24).

iv) Z[hY | k> 0] C Z[hy | k > 0] if and only if Z[h\™ | k > 0] C Z[hy, | k > 0]
(see Remark 5.13).

Lemma 5.40. For every p,m,r € Z, such that p is prime and (m,p) = 1, the
following holds:

if p" =4, then p" =4 (dgpm + dom),
if p" # 4, then p" | (dprm — dpr—1,,)-
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Proof. The claim is obvious for p” = 2 since the d,,’s are all odd. In general if n is
any positive integer it follows from Remark 5.39 that

App + OnpV2 = (dy, + 6,V2)P.
If p = 2 this means that

52n = 2dn6na

hence by induction on r

2" | 89y and 27 § 69r,,  (vecall that 6, is odd since m is odd),

dorm = dgr,lm (mod 27771y,
from which it follows that

dom = —1 (mod 4),
dorm =1 (mod 271 if r>1:

indeed, since d,,, and §,, are odd,
dom =@y 1 +2 =4 —1,
while if 7 > 2 then 2r — 1 > r 4+ 1 and by induction on r we get
dorm = d3rr,, = (£14+2"k)? =1 (mod 2"1).

These last relations immediately imply the claim for p = 2.
Now let p # 2. Then

_ P \oh p—2n52n
dpn =Y <2h)2 dn 2o,

h>0

N p h jp—2h—1 g2h+1
Opn = 2"dP 1) .
P Z (Qh + 1) n n

h>0

Suppose that d, =d+p" "'k, 6, =0 +p" 'k with k=% =0 if r = 1. Then

p —2h v
dpn, = Z <2h> 2hdP=2m 52" (mod p"), (5.41)
h>0
_ p h gp—2h—1s2h+1 T
Opn = ’;) (2h N 1)2 d ) (mod p"). (5.42)

The above relations allow us to prove by induction on r > 0 that if (, is defined
by the properties ¢, € {£1}, (, =) 2(P=1)/2 then

dprm = dyr-1,, (mod p") and  6prp = (popr-1,, (mod p”).
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Indeed, if r =1

dpm

d? =d,, (mod p),
Spm =27

5m = (p0m (mod p).

Remark that (d+p" k)P = dP(mod p") and if 0 < h < p,p | (}) and (d+p"~'k)" =
d"(mod p"~!); then if r > 1, using relations (5.41) and (5.42) with d = d,r—2,, and
0 = dpr—2,, We get then

_ p ohgp—2h s2h
dprm :(pr) Z <2h> dp., zm(spr 2 — dpr—lm,

h>0

p
5p"m =(pn) gp Z (2h n 1) 2hd£T 22hm162f+211’n = Cpépr—lm. O
h>0

Corollary 5.43. hi¥ € Zlhy | k> 0] for alln > 0. In particular, (zd)®) ()W e
U; USUS Yk, 1 €N,
Proof. The claim follows from Propositions 1.23 and 1.24, Remark 5.39 and Lemma
5.40, remarking that if m is odd then

d4m + d2m = _(J4m - me)

while if (m,p) =1 and p” # 4 then

dprm - dpr—lm == i(gprm - dpr—lm).

Thus for all n > 0 Ai™ € Z[hy | k> 0] and B € Z[hy | k> 0. O
Corollary 5.44. ljgﬁz_ - ﬁiﬂ%ﬁ%; equivalently ﬁiﬁ%ﬂ%‘ is an integral form
of U.

Proof. The proof is identical to that of Proposition 4.28 replacing U with ﬂ, having
care to remark that in this case too,

(@) P (@)D e > Uy, USUS, . s €L, Yk, €N,

m>0

if 7+ s is even, this follows at once comparing Proposition 5.29 with the properties

of the gradation, while if r 4+ s is odd, it is true by Proposition 5.36 and Remark

5.20,iv). O

Proposition 5.45. ﬂ% C Uy and Uy = ﬂifl%?j;.

Proof. Let Z be the Z-subalgebra of Q[h, | r > 0] generated by the coefficients of

hid} (u) and of hy (4u)'/?. Remark that, by Propositions 5.35 and 5.36, Z C Uz.
We have already proved that Z C Z[hy | k > 0] (see Lemma 5.16,iii) and

Corollary 5.43). Let us prove, by induction on j, that h; € Z for all j > 0.
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If j =1 the claim depends on the equality hi=h = Eid} (since €1 = d; = 1).
Let 7 > 1 and suppose that hi,...,hj_1 € Z. We notice that if a : Z, — Z is
such that h}a} € £, then a;h; € Z. Indeed, it is always true that

- eih
hj + (—1)j% S @[hh. . -;hjfl]

and "
’ﬁ;a} + (—1)7% € Q[hl, ceey hjfl]
from which we get that

ﬁ;a} _ gjajﬁj € Qlh1, ..., hj_1l];

but the condition ﬁ;a} € Z C Zhy | k > 0] and the inductive hypothesis

Z[hl, ey hj—l] Q A 1mply that

’ﬁia} - Ej(lj?Lj S Q[hl, .. .7hj,1} ﬁZ[hk | k> 0] = Z[hl,. . .,hjfl] C Z,

hence a;h; € Z. This in particular holds for a = d and for he} (u) = hy (4u)Y/2,
hence N N
djhj € Z and 22j—1hj €Z.

But (dj,2%~1) = 1 because d; is odd, hence Ej € Z. Then ﬂ%’Jr = Zhy | k> 0] =
Z C Uz and, applying €2, U%’7 C Uy. The claim follows recalling Corollary 5.28.
O

We can now collect all the results obtained till now in the main theorem of this
work (see Theorem 5.18).

Theorem 5.46. The Z-subalgebra ?jz ofﬂ generated by
{@HW, (z) [ r e Z,k e N}
is an integral form of U. More precisely,
Uy 2 U @U@ U @ Uy~ 2 U’ @ UYT @ U @ U @ Up
and a Z-basis of lNlZ is given by the product
B—1B—¢B—0pR0— 00RO+ g+l p+cp+o

where B0, BE1, BEc BOE gnd BOO are the Z-bases respectively of?j;’o, ﬁ%’l,
L, Ty and U3° given as foliows:
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+0 (k) (zQiT)(kT) | k : Z — N isfinitely supported},
TEZ

1 Y = (a:QiTH)(k"‘) | k: Z — N isfinitely supported},

rEZ

'~ {ex
t={x
{ (XQiTH)(k") | k : Z — N isfinitely supported},
* = {B -
"=

TGZ

h h’jtll | k: N — N isfinitely supported}
leN

()0 rer)

(2)

Appendices
A. Straightening formulas of A,

For the sake of completeness we collect here the commutation formulas of A(z)
inserting also the formulas that we didn’t need for the proof of Theorem 5. 46
Notation A.47 and Remark A.48 will help writing some of the following straighten-
ing relations and to understand the origin of some apparently mysterious terms.

Notation A.47. Given p(t) € Q[[t]] let us define p, (¢), p_(t) € Q[[t?]] and po(t) €
Q[[]] by

p(t) = p+(t) +tp- (1), po(t?) = 3P+ ()P ().
Remark that the maps p(t) — p(¢) and p(t) — p_(t) are homomorphisms of
Q[[#*)]-modules while q(t) € Q[[t*]], 4(t*) = q(t) = (ap)o(t) = 4(t)*po(t)-
Remark A.48. Given p(t) € Q[[t]], Lemma 2.3, viii) implies that

exp(p(uw).ag ) = exp(p (uw).x) exp(upo(—u’w).X{") exp(up— (uw).z)
= exp(up_ (uw).z]") exp(—upo (—u*w). X") exp(py (uw).z).

We shall now list a complete set of straightening formulas in Uy,
I) Zero commutations regarding U’

<2> is central in ﬂz;

h ~ ho\ ~
(ko) is central in U : {(ko),hl] =0Vk>0,1#0.
IT) Relations in fl%+ (from which those in ﬂ%’7 follow as well):
ﬁ0’+ is commutative : [le,ﬁl} =0 Vk,l > 0;

Am Hth ~wlu) Vm € Zy
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where w is a primitive mth root of 1 (see Proposition 1.19 and Remark 5.13), that
is
A (hyy) = (=1)0m=1* Z W= R by
(1o om):
K1+ +hkm=mk
if m is odd, then _ o
Am (hg) = Am (hg) VE > 0;

if m is even, then

A (i (1) = A (B ((—1)™2u) 7).

In order to describe the dependence of h{?} (u) on the Ap(hi)’s (where d is as
defined in Remark 5.39) remark first that

T (u) = oy (u)Xa(hy (—u®)~2) = by () 2Ty (—w) ™2 By (i) "2 Py (—iu) =2,

so that
WA () = T (14 V2)w) V20 (1 - V2)u) 2
=y (1+ V2)u) Ry (1= V2)u)  he (—(1+ V2)u) /1
'L(f — V2)u) VA (R (1 + V2)in) Yy (1 — V2)iu) 4
(-

(
(1 4+ V)iu) 4R (— (1 — V2)iu) A,

Now recall that through the involution A, — &,k Vr > 0 (see Remark 5.13) h( )

corresponds to h( ) and A\, corresponds to )\m, so that our problem is equivalent
to describing

By (L+V2)u)h (1= V2)u)hy (—(14V2)u)  hy (—(1—v2)u) !

~ ~ -~ ~ ., (A.49)
(i (V)i (1= V2)iu)hy (—(1+V2)iu)hy (—(1=v2)iu))
in terms of the (A, (Ek))‘l’s; since Remark 1.21 implies that (A.49) corresponds to

(1+ 2u — u?) )
(1 —2u —u?)(1+ 6u? +ut)’

then we get
P () = TT A (s (™))

m>0

where the k,,’s are the integers defined by the identity

1+ 2u — u? (1—2u—u)(1+6u2+u4)H(1+um)4k
m>0

The corresponding relations in ﬂ%ﬁ are obtained applying €2, that is just
replacing hy, hy(u) and hy (u) with h_g, h_(u) and h_(u).
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IIT) Other straightening relations in ﬁ% (see Proposition 5.21):

Iy (Wh_(v) = h_(v)(1 — w) "% (1 + uv)*hy (u).
IV) Commuting elements and straightening relations in ﬂg (and in ?ji ):

(X2r+1) is central in U+
(X5 )@, @0 =0=1(X5)™, (XS )V ¥ s € Z, kLEN;

if r+sis even [(z)®, (z)V] = 0 Vk,l € N;
) =

if r+ s is odd exp(z; u)exp(z]v) = exp(z]v) exp((—1)° X}, ;uv) exp(z; u)

(see Lemma 5.22).
All the relations in U, are obtained from those in U%‘ applying the antiautomor-
phism Q; in particular, if » + s is odd, then
exp(z, u) exp(z; v) = exp(x; v) exp((—1)" X, juv) exp(x, u).

V) Straightening relations for ﬁ;ﬂ%o (and for ﬂ%oflz_): VreZ, k,l eN

@ () = ("7 ),

h ho — 4k
(Xét‘+1)(k)( ZO) = ( 0 l >(X;;‘+1)(k)7

<hl0> (@7)® = (2)® (ho ; Zk),
<hlo)(X2r+1)(k) = (X5 1)™ <h0 ; 4]{).

VI) Straightening relations for ﬁz’ ﬂ%Jr (and for ﬂ%' ﬁ%f, ﬂ%iﬂz_ ):

and

7 7 - (k)
(X)W (u) = by (u) (1= w?T71)2 XS )

(see Lemma 2.13) and

1 — T~ H5(1 + u2T~2) +> *)

(@) ) =B (o

(k)
(see Proposition 5.25); the expression for <(1 u(Tl 32(T1+£§3T 2)£c+) can be strai-

ghtened more explicitly: setting p(t) = (1 — ¢)% we have
py(t) =1+ 15t2 + 15¢% 5,
p_(t) = —6 — 20t* — 6t*,
po(t) = —(1 4 15t + 15¢% 4+ t3)(3 + 10t + 3t2),
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so that (see Notation A.47 and Remark A.48)

_ _ —uT-1)6 W2T-2
exp(ato)hy () = b (w)exp (ot

~ p_(uT~1)(1+ u?T~2)
= hy(u)exp < ( a —);ZT—2)3 zh v
(71)r71p0(7u2T71)(1 _ UQTfl)Q . 0
- exp ( (1+ w27 1) X, quv
pe (T~ (1 + u2T~2)
- exp ( (1= u?T 2 ziv .

Applying the homomorphism A_; (that is 7 — 2T, X} — X7, hy —
h_, T~' + T) one immediately gets the expression for (X;;H)(k)ﬁ_(u) and for
exp(z;v)h_(u).

Applying the antiautomorphism Q (zf — 2=, X} — X~ 7L+ > E,) one
gets analogously the expression for (u)(X3,.41)® and for et (u) exp(z;v) (see
relation (3.5)).

VII) Straightening relations for ﬂ% ljz_ :

VII,a) sly-like relations (see relation (3.5)): Vr € Z

x_,v ) hotre ( ztu )
1 0 — ),
1+ uv (1+uv) “xp 1+ uv

exp(z;u)exp(z”,v) :exp(

B X540 9 hg , (2r4+1)c X2+r+1u
exp(X;+1u)exp(X72T71v):exp(il n 42uv>(1 +4%uw) 2 T exp<71 n 42uv)'

VIL,b) sly-like relations (see Proposition 4.26 and Remark 5.27, eventually ap-
plying A, and powers of T): if r 4+ s # 0 is even, then

exp(a;)

) Ara (g (w0) exp (1x+v),

_ 1
’LL) exp(xs U) =exp 14+ uvT—7—$ r

1+ uwvTrts s
while Vr + s # 0

exp(X;H_lu) exp(X5,_1v)

1 _
= o (1+4T+uX)

Moy (i (42uv)1/?)

1 +
P (1+4uT—X+“> |
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~ ~ ~ ~ ~ ~_ 0
VII,c) Straightening relations for U} U, (and U} "1, ¢, U U, " ):

exp(zdu) exp(X; v)

— 4 - —4uw? — 302
= XD | T 50 a,a 1 W ) OXP | T s s T Uy

1+ 3-4%wutv ~ 2.\1/2 1—L2wute?
'e"p(wwwxmx >h+<4“ R Vrewermra R

-ex _74x+u3v ex ;ﬁu
Pl T2tz ™ PAT Tzt 0 ’

which can be written in a more compact way (thanks to Remark A.48) observing
that

I 1 -4 1 1 -2
1—42t2 \1+4t) . 1-422 \1+4t) " \1+44t), (1-4%)%

1—4% 2 _ 1
(14+426)2  (1+426)2 1442

(these for the component in ﬂ+; for the component in U~ the computations are
similar):

exp(zg u) exp(X; v)
B 4 _ 1 _
= exp 1T dwu?s 4wu2vzl UV | exp 15 Rouie? Xiv
i 2,3 ! + 1 +.,4. ) .
e (dum0)> exp <1+4wuzvxo “) exXp <_1+42wu4uzX1 v

that is more symmetric but less explicit in terms of the given basis of ﬂz.
Applying the homomorphism 77" Ao, 42541 (that is xli — xzi(2r+2s+1)irv X1i —
(—1)" X3 o120 T = Aoryosit (i), wlpe — TFCr+25+D) one deduces the
expression for exp(z;u) exp(Xy,  1v).
Applying © one analogously gets the expression for exp(X;, L) exp(z;v).

VII,d) The remaining relations (see Notation 5.38):

exp(xd u) exp(z] v)

1+ w?u?v? _ —3 + w?u?v? _
= exp v ) exp T U
— 6w2u2v? 4+ wiutet ! 1 — 6w2u2v? + wiutevt 2

1 — dwu?v? — wutet — 3\ {d)
- exp ( T 6wa2e? £ uw? u4v4)2X3 uv ) Ry (uw)

(
1 — dwu?v? — wiute?
X+ 3
FexP ( 1 + 6wuv? + w2utet)2 ! Y v)

=3 + wu?v? S 1+ w?u?v? N
-ex xtuv ) ex xtu
P 1 — 6w2u2v? + wiutet ! P 1 — 6w2uv? + wiutet ™
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or, as well (using Remark A.48),
exp(zdu) exp(z] v)

1-— 1
= exp ek 270 | exp X5 u?
1+ 2wuv — w2u2v? 2(1 + 6wuv? + wiuv?)

. Tlid} (uv)

1 —wuv n -1
. X+ 3 .
<P (1 T 2wuv — wue2 0 u) (2(1 + 6wuv? + wutvt) " v)

It can be helpful in the computations observing that if p(t) = (1 —t)/(1 + 2t — t?),
then :

1+¢2 —3+t? (1+t)(=3+1)

=— ' p ()= ———— H= TUATOTY

p+) = gr e P-O= g PO =G
(1—4t—t2)  (1—t)(-3—1) 1

(1+6t+12)2 " 20 +6t+12)2  2(1+6t+12)

The general straightening formula for exp(x; u) exp(z;v) when r + s is odd is

obtained from the case r = 0, s = 1 applying T~ "\, +s, remarking that w|p+ —
TF(r+s)

B. Garland’s description of U™
In this appendix, we focus on the imaginary positive part UiZm’Jr of Uz = Uz(g)
(see the Introduction, Section ) when g is an affine Kac-Moody algebra of rank 1
(that is g = slyor g = ;[;() We aim at a better understanding of Garland’s (and
Mitzman’s) basis of UiZm"+ and of its connection with the basis consisting of the
monomials in the ﬁk’s, basis which arises naturally from the description of UiZm’+
as Z&[h, | r > 0] = Z[hy | k > 0).

First of all let us fix some notations and recall Garland’s description of UiZm’+.

Definiton B.1. With the notations of Example 1.12 and Proposition 1.18 let us
define the following elements and subsets in Q[h, | > 0]

i) bk = [I,,50 Am (Ekn) where k : Z; — N is finitely supported;
il) By = {bx | k: Z; — N isfinitely supported}; (B-2)
ili) Zx[hy | r>0]=3", Zbx is the Z-submodule of Q[h, | r > 0] generated by B.

Then, with our notation, Garland’s description of Uizm’+ can be stated as follows.

Theorem B.3. UiZm’+ 18 a free Z-module with basis B .
Equivalently:
) Wt =Zyh, | 7> 0];
ii) By is linearly independent.
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Remark B.4. Once proved that Uizm’+ is the Z-subalgebra of U generated by
{Om(hi) | m > 0,k > 0} (hence by By or equivalently by Z[h, | © > 0]),
proceeding in two different directions leads to the two descriptions of Uizm’+ that
we want to compare:

%) Zxlh, | 7 > 0] is a Z-subalgebra of Q[h,. | r > 0] (that is Zx[h, | r > 0] is
closed under multiplication). This implies that

Wt =7Zy[h, | 7> 0);

it also implies that Z[/i;k | k> 0] C Zx[h, | r>0].
k) Z[hy | k> 0] is Ap-stable for all m > 0 (see Proposition 1.18). This implies
that ' R
W™ =Zhy | k> 0]

it also implies that Zy[h, | r > 0] C Z[ﬁk | k> 0].

Hence %) and %«) imply that Uy™" = Zy[h, | 7 > 0] = Zlhg | k> 0].

*) has been proved in [G] by induction on a suitably defined degree. The first
step of the induction is the second assertion of [G, Lem.5.11(b)], proved in [G,
Sect. 9]; for all k,l € N iALkﬁl — (kf)ﬁkﬂ is a linear combination with integral

coefficients of elements of By of degree lower than the degree of ?L]H_l.
In the proof the author uses that By is a Q-basis of Q[h, | r > 0] and
concentrates on the integrality of the coefficients. He studies the action of § on

;[?N where b is the commutative Lie-algebra with basis {h, | » > 0} and N € N
is large enough (N is the maximum among the degrees of the elements of B)
appearing in hkhl with non-integral coefficient, assuming that such an element
exists); b is a subalgebra of 5[2 and there is an embedding of 5[2 in 5[3 for every
vertex of the Dynkin diagram of sl3, so that fixing a vertex of the Dynkin diagram
of sl3 induces an embedding h C sl < sl3, hence an action of h on sl3. But the
integral form of sl3 defined as the Z-span of a Chevalley basis is Uy(sl3)-stable;
since the stability under UZ(sA[g) is preserved by tensor products ([G, Sect. 6]), the
author can finally deduce the desired integrality property of ﬁkﬁl from the study

~QN
of the h-action on sl

Garland’s argument has been sometimes misunderstood; it is the case for in-
stance of [JM] where the authors affirm (in Lemma 1.6) that [G, Lem.5.11(b)]
implies that UiZm’+ = Z[/ﬁk | k£ > 0], while, as discussed above, it just implies the
inclusion Z[hy | k > 0] C WUt = Zy[h, | 7> 0).

On the other hand, Garland’s argument strongly involves many results of the
(integral) representation theory of the Kac-Moody algebras, while x) is a property
of the algebra Q[h, | 7 > 0] and of its integral forms that can be stated in a way
completely independent of the Kac-Moody algebra setting:

2™ [k, | > 0] C Zylhy | 7> 0].

The above considerations motivate the present appendix, whose aim is to
propose a self-contained proof of ), independent of the Kac-Moody algebra con-
text. On one hand, we think that a direct proof can help evidentiating the essential
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structure of the integral form of Q[h, | » > 0] arising from our study. On the
other hand, the idea of isolating the single pieces and glueing them together after
studying them separately is much in the spirit of this work, so that it is natural
for us to explain also Garland’s basis of Ulm "+ through this approach; and finally
we hope that presenting a different proof can also help to clarify the steps which
appear more difficult in Garland’s proof. N

In the following, we go back to the description of Z[hy | k > 0] as the algebra
of the symmetric functions and we show that By is a Z-basis of Z[hs | k > 0] by
comparing it with a well-known Z-basis of this algebra.
Remark B.5. Recall that Z[hy | k > 0] is the algebra of the symmetric functions
and that Vn € N the projection m, : [hk | & > 0] — Z[zl, <oy Ty induces an
isomorphism Z[hl, ceey hn] Zlzy,.. ] » through which he corresponds to the

kth elementary symmetric polynomial e% , and h, corresponds to the sum of the

h_powers 31", a7 Vr > 0 (see Example 1.12).
Then it is well known and obvious that:
i) Vk : Z; — N finitely supported 3!(cx)x € Z[hy | k > 0] such that

mn((ox)k) = Z fo € Zzy,..., x5 VneN;
#lilasmm)} =k Ym0

ii) {(cx)x | k:Z+ — N finitely supported} is a Z-basis of Z[ﬁk | k> 0].

(It is the basis that in [M] is called {symmetric monomial functions} and is
denoted by {mx | A = (A1 > Ao > -+~ > 0)}: my = (0x)x where Vm > 0
km = #{i | \i = m}).

Notation B.6. As in Remark B.5, for all k : Z; — N finitely supported let us
denote by (o0x)xk the limit of the elements

n

Z Hmf (n € N).

..... =1
#{i \al—‘ln} km Vm>0

By abuse of notation, when n > Zm>0 k., we shall write

(ox)x = Z H zt,

#{ila; Lo}k yms0 1T

which is justified because, under the hypothesm that n > > o km, k is deter-
mined by the set {(a1,...,a,) | #{i=1,...,n|a; =m} =k, Ym > 0}.

Definiton B.7. ¥n € N define B, BL”], Z[A"], 78 CQlh, | r>0]=Q[hy | k> 0]

as follows:
_ {bk = I Anir) € Bx ‘ >k < n}

m>0 m>0
B — {(o'x)k ‘ 3k < n}
m>0

ZE\”] is the Z-module generated by Bg\"], 7" is the Z-module generated by BIY.
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Remark B.8. By the very definition of BLH} we have that:

i) B! is a basis of ZI' C Zlhg | k>0l =" cn 7" see Remark B.5,ii);

ii) h € Z‘[v"] means that for all N > n each monomial in the z;’s appearing in
7wy (h) with nonzero coefficient involves no more than n indeterminates z;; hence,

in particular, ) )
hezlM b ezl = hp' e Zinl,

Lemma B.9. Let n,n',n” € N and k', X" : Zy — N be such that n' +n"” = n,
> klo=n', > k' =n". Then:

m>0"'m m>0 "'m
i) (ox)k - (0x)kr € Z(oZ)w 1k B zln=1.
il) if kI kI =0VYm >0 then (0x)x (02)x — (02)k 4Kk € zln=1,

m

Proof. That (62)k - (0x)k lies in Z" follows from Remark B.8,ii), so we just
need:

i) to prove that if [, 7’ with a; # 0 Vi = 1,...,n is the product of two
monomials M’ and M" appearing with nonzero coefficient respectively in (oz)ys
and in (ox)x» then #{i | a; = m} = k], + k//, for all m > 0.

ii) to compute the coefficient of (02)ks k- in the expression of (02)y - (0x)k as a
linear combination of the (ox)x’s when Vm > 0 k/,, and &/, are not simultaneously
nonzero, and find that it is 1.

i) is obvious because the condition a; # 0 Vi = 1,...,n implies that the
indeterminates involved in M’ and those involved in M" are disjoint sets.

For ii), it is enough to show that, under the further condition on k!, and k!,
the monomial []}_, z* chosen in i) uniquely determines M’ and M” such that
[17, zf" = M'M": indeed

M= [ #¢ and M"= ] = D
i:k(’li;éo i:k;/i;ﬁO

Lemma B.10. Letk:Z, — N, n € N be such that ) _,kn =n. Then,
1) if Im > 0 such that k,,y = 0 for all m' # m (equivalently k,, = n) we have

(02)k = Am(hn) = by € ZIP N ZI

ii) in general by — (ox)K € zl1.

Proof. i) VN > n we have

(ox)x = Z gl = )\m< Z Ty e xiﬂ) = A (elV)

1<ip < <in <N 1< < <in <N

so that (02)x = Am (n).

i) b = [],,20 )\m(ﬁkm) = [I,,50(02)im where k%’f] = Om,m km Ym, m' > 0;
thanks to Lemma B.9,ii) we have that [],,_(02)iim — (02)5> ym € z" 1 put
> =0 k™ =k and the claim follows. O
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Theorem B.11. By, is a Z-basis of Z[hy, | k > 0] (thus Z[hy | k > 0] = Zy[h, |
r > 0]).

Proof. We prove by induction on n that BE\"] is a Z-basis of ZL»"] = Z[)\n] Vn € N,
the case n = 0 being obvious.

Let n > 0: by the inductive hypothesis Bg\nfl] and Bg[cnfl] are both Z-bases
of Z[n71 Z[nfu by definition Bg[cn] \ Bg[cnfl] represents a Z-basis of Zg[cn]/Zg[ffl]
while B \B [n represents a set of generators of the Z-module Z[An] / Z[)\nfl].

Now Lemma B.10,ii) implies that if 3 k., = n then bk and (o0x)x represent
the same element in Q[hk | k> 0]/Z nl o Q[hx | k > 0]/Z[>\n_1].

Hence B/\" \B)\ represents a Z-basis of Z&n]/ZLn_l] = Z[I”] /Z[)?’_l], that is
BE\"] is a Z-basis of chn]; but Bg\"} generates ZE\n] and the claim follows. [

C. Comparison with the Mitzman integral form

In the present appendix, we compare the integral form ﬂz = *UZ(;[;() of U
described in Section 5 with the integral form uz(slg) of the same algebra U
introduced and studied by Mitzman in [Mi], that we denote here by Uz ps and

that is easily defined as the Z-subalgebra of u generated by the divided powers of
the Kac—Moody generators e;, f; (i =0, 1); see also Remark C.12.
More precisely, we have the following.

Definiton C.1. U is the enveloping algebra of the Kac—-Moody algebra whose

2 _1> (see [K]); it has

generalized Cartan matrix is Aéz) = (aij)ijefo,1y = (_4 9

generators {e;, f;,h; | i = 0,1} and relations

[his ] =0, [hises] = aijej, [hi, f3] = —aijfj, les, f;] = dijhi (i, € {0,1})
(ade;)' =" (e;) = 0 = (adfi)' =9 (f;) (i #j € {0,1}).

Definiton C.2. The Mitzman integral form ﬂz’ am of U is the Z-subalgebra, of u
generated by {e(k) f(k) |i=0,1, k € N}.

Remark C.3. The Kac—Moody presentation of u (Definition C.1) and its presenta-
tion given in Definition 5.1 are identified through the following isomorphism:

€1l—>l‘g7 f1'—>.’L‘6, hl'—>h0, €0l—>l)(f7 foHlle, ho’—)lc—lho.
4 4 4 2

Notation C.4. In order to avoid in the following any confusion and heavy nota-
tions, we set:
+ 1yt 1 ~_ 1
Yor+1 = 1X2r+17 hy = ghr, c=z¢€

where the XziH_l’s, the h,’s and ¢ are those introduced in Definition 5.1. Thus
e0 =Y, fo= yi’l, while the Kac—-Moody hg and h; appearing in Definition C.1

are respectlvely ¢— g and 2fig; moreover, ljz M 1s the Z-subalgebra of u generated
by {(z5)™®), (y)*) | k € N}.
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Remark C.5. ﬁZ,M is Q-stable, exp(+ade;)-stable and exp(+adf;)-stable. In par-
ticular Uz, ps is stable under the action of

70 = exp(adeg) exp(—ad fo) exp(adeg) = exp(ady; ) exp(—ady™,) exp(ady; ),
of
71 = exp(ade; ) exp(—ad f;) exp(ade;) = exp(adxy ) exp(—adzy ) exp(adzd )

and of their inverses (cfr. [H]).

Proof. The claim for € follows at once from the definitions; the remaining claims
are an immediate consequence of the identity (ada)™ (b) =3, . (=1)*a(Mba*).
O

Remark C.6. Recalling the embedding F' : U — U defined in Remark 5.27, Theo-
rem 4.30 implies that the Z-subalgebra of U generated by the divided powers
of the yQiTH’S is the tensor product of the Z-subalgebras Z(diV) [yg:r+1 | r € Z],

Z™ [y, | 7> 0], ZP Ry — ¢, 27).

Mitzman completely described the integral form generated by the divided po-

wers of the Kac—-Moody generators in all the twisted cases; in case /—\22) his result

can be stated as follows, using our notations (see Examples 1.6, 1.11 and 1.12,
Definition B.1 and Notation C.4):

Theorem C.7. lNlZ’M = fliM Rz, ﬂ%M K7z ﬂZM where
ﬂzt,M = 7,(41v) [xzir |r € Z] ®z A [Z/;rﬂ |r€Z]®z YA [$2ir+1 | r€Z]
= 7,4 [métrﬂ | r € Z)®y Z ) [yzirﬂ |r€Z)®y Z\ ) [mitr | € Z],
U py = Zylhy | 7> 0] @7 ZO™ (20,8 — ho) @7 Zy i, | 7> 0].
The isomorphisms are all induced by the product in u.

Remark that Z(P™ 2k, c—ho] = ZP™ [k —¢, 2¢] (see Evample 1.11) and Zy[f, |
r>0]= Z(sym) [, | 7 > 0] (see Theorem B.11).

Remark C.8. As in the case of sl (see Remark 4.13) we can evidentiate the relation
between the elements fiy’s with & > 0 and the elements p,1’s (n > 0) defined in
[F] following Garland’s Aj’s. Setting

anu” = P(u) = h(—u)~!

n>0

we have on one hand, Z[Ek | k> 0] = Z[pn | n > 0} and on the other hand,
=1 = — En fppp—r Y. >0
n n I
pO 7 p n . . p

hence p, = pn.1 ¥n > 0 (see [F]) and Z[fy | k > 0] = Z[pp1 | n > 0].
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Corollary C.9. ﬁz - ﬁZ,M~ More precisely:
Z(dw)[ 241 | TEZC Zt ) [92r+1 | € Z],
so that ﬂ% C ﬂ%,M and ﬂi - ﬂi’M;
ZP [y, ] = ZP (2R, 4¢) C 2P 2k, — fio)
and (see Definition 5.12)
Z (e hy | 1> 0] C Z™ A, |7 > 0]

(and similarly for the negative part of ﬂ%M), so that UY C ﬂ%M.

Proof. For Z(4%) and Z(™ the claim is obvious. For Z(&Y™) the inequality follows
at once from the fact that i1 = hi/2 does not belong to Z&Y™ [g,h, | r > 0] while
the inclusion follows from Propositions 1.23 and 1.24 remarking that for all r > 0
erhy = 2e,fi.. Then the assertion for Uz and Uz ps follows from Theorems 5.46
and C.7. O

Remark C.10. Theorem C.7 can be deduced from the commutation formulas dis-
cussed in this paper and collected in Appendix A, thanks to the triangular decom-
positions (see Remark 5.3) and to the following observations:

i) UZ A is a Z-subalgebra of U.

Indeed, since the map h,. — fi,, ¢ — ¢ defines an automorphism of ﬂo’ Proposi-
tion 5.21 implies that

hyp (u)h—(v) = h_(v)(1 — uw) (1 + w) A (u).

ii) ?jg M and ?ji u are Z-subalgebras of U.

Indeed the [(z3,.)®), (23, )]s (the only nontrivial commutators in U W) lie
in U+ - UZ 7> on the other hand, UZ M= Q(UZ M)

iii) exp (3,2 arz; u") € U%M[[ 1] if a, € Z for all r > 0.

See Lemma 2.3,viii), condition (1.8) and the relation [z3,, 23, 1] = —4y3, 10,11

iv) ﬂ%MﬂZM and ?jiM?j%M are Z-subalgebras of U.

That (ygrrﬂ)(k)ﬂ%M - ?j%MlNl2M follows from Remark C.6; moreover by Pro-
positions 2.4 and 2.14 we get

() (ﬁozﬂ B <ﬁ0 z5k> ()™,
- - 1 _uT—l (k)
+\ (k) -5 e P
(xr) 7’+(u) +(’U,> ((1 +UT1)2$T) )

A(ad) = oty AR (w) = B (u).

On the other hand, Uz, UY ;= QUY U ).
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v) ﬁZ_,Mﬁ%MﬂZM is a Z-subalgebra of U:
(1) W (@)D € Uy = Uy UYUF C uz MUZ MUZ M
(see Theorem 5.46 and Corollary C.9),
<y2+7»+1)(k) (ygs+1)(l) € ﬂiMﬁ%7MﬁZ,M
(see Remark C.6), and

exp(xa'u) exp(y; v)

N (C.11)
= exp(a-) exp(B-) exp(y-)fi+ (u*v) exp(v+ ) exp(Bs) exp(at )
where
B uv _ B u o+
T T A2 T w0
5 = (143 -wutv?)v _ 8, = (1 — wu*v?)utv
T (14 wute?)? Yo P (1 4+ wutv?)? ol
 —wtute? U "
T wude2 T ez

(see Proposition 5.35 recalling Definition 5.10 and Remark 5.14), so that the
element (zg)® (y;)® lies in UZ MU% MU for all k,1 > 0. From this it follows
that (z;7)®) (y5,,,)® and (yQSH)(l)( x;) ) he in ﬁi,Mﬂ%,MﬂZM for all r,s € Z,
k,l > 0 because ﬂiMﬂ%MﬂZM is stable under 7%, \,, (m € Z odd) and Q, and

rh =T " Agppasyr(ag), y2s+1 (=1)"T™" A2 y2s+1(y1 ),
Yoer1 = QY 0 1), =Q(27,);

vi) ﬂZ,M < iZZ_,Ma%,MaZM'

It follows from v) since (z)*) € 2V [zE | r€Z] and (yil)(k) e Z(div) [yzir_|r1 |
rez).

Vll) ﬂ:Zt,M - ﬂZ,M~

This follows from Remark C.5, observing that

TO(x:_) =(-1)" ! Lpyqs mi(z, ) = x,'f, Tl(y5r+1) = y;rrJrl? TO(y;r+1) = —Yor43-

viil) U 5y € Uz, .

It follows from vii), relation (C.11) and the stability under €.
IX) UZ MU% M?’l%M - UZ M-

This is just Vu) and viii) together.

Then ﬂZ,M = ﬂi}Mﬂ%MljZM, which is the claim.
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Remark C.12. As one can see from Remark C.10,vii),

{xf,y§+1,ﬁs72ﬁ0,5—ﬁo |r,s €Z,s#0}

is, up to signs, a Chevalley basis of s?[;( (see [Mi]). It is actually through these basis
elements that Mitzman introduces, following [G], the integral form of U, as the

Z-subalgebra of u generated by

{@H)®, (g, )® | r e Z,k € N}

but this Z-subalgebra is precisely the algebra ﬂz m introduced in Definition C.2.
Indeed, it turns out to be generated over Z just by {el(-k), fi(k) |i=0,1, k > 0},
that is by {(z3)®, (y3;)*) | k > 0}, thanks to Remarks C.5 and C.10,vii).

D. List of Symbols

Lie Algebras and Commutative Algebras
G(div)

G(bin)

G (sym)

sl,

sl

sl

Enveloping Algebras
uze,i’uizm,i’u%*uz,*llizm,i
U(5[2),UZ(5[2)

ut,u—,u’

U, U, U=, U0, U0~ U0

Ty, T, 70+, 70

U U U UEO. UL YTe. o+ 1100
73+ 970 97+,0 97+,1 97E,¢ 770,£ 70,0
%Z7u27u%7uz 7uZ 7uZ auZ 7uZ
Uz, m B

uZ_,M’u%,M’uZM

Bases

Bre,i7Bim,i7Bb

Ei Eo,i go,o

Bi,O Bi,l Bi,c BO,i BO’O
By, BY), B,, BY

Example 1.6
Example 1.11
Example 1.12
Definition 3.1
Definition 4.2
Definition 5.1

Introduction
Definiton 3.1
Theorem 3.2
Definition 4.2
Definition 4.8
Definition 5.1
Definition 5.12
Definiton C.2
Theorem C.7

Introduction

Theorem 4.30

Theorem 5.46
Definitions B.1 and B.7
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FElements and their generating series
A (§(k))

a® | exp(au)

(), (1 +u)

Plu). 5.

B B (u)

xria hT7 &

xi (U), hi (u)a hi (U), hr
h:t (U), h:l:r

€, fishi

yétr{—l I ﬁT7 E

fix(u)

Anti/auto/homomorphisms
Ao, AT

ev

o, 0T, A,

Xm

Other symbols:
110", 1, 1"

Lo, R,

Er
L,Li,LO,Li’O,Li’17Li’C
w.

d,d,d,,d,

on
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