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Abstract. We provide explicit formulas for integrating multiplicative forms on local Lie
groupoids in terms of infinitesimal data. Combined with our previous work [8], which
constructs the local Lie groupoid of a Lie algebroid, these formulas produce concrete
integrations of several geometric stuctures defined infinitesimally. In particular, we obtain
local integrations and non-degenerate realizations of Poisson, Nijenhuis—Poisson, Dirac,
and Jacobi structures by local symplectic, symplectic-Nijenhuis, presymplectic, and con-
tact groupoids, respectively.

1. Introduction

In recent years, the study of Poisson, symplectic and related geometries has been
connected at a fundamental level to the underlying Lie theory of algebroids and
groupoids [9], [11], [5], [16], [2]. In these contexts, Lie groupoids come endowed
with additional geometric structures which are compatible with the groupoid
structure, called multiplicative. A paradigmatic example of this interplay is the
correspondence between Poisson manifolds and symplectic groupoids ([9]): Lie
groupoids endowed with a multiplicative symplectic structure.

In general, a multiplicative form on a Lie groupoid is a differential form satisfying
a certain cocycle-type condition. Multiplicative forms can be differentiated to the
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so-called infinitesimally multiplicative (or IM-) forms on the corresponding Lie
algebroid, or more generally to Spencer operators when the multiplicative form
has coeflicients in a representation. For source one-connected Lie groupoids, the
differentiation procedure gives a one-to-one correspondence [1], [4], [14]. In this
paper we prove the local version of this result, namely, differentiation gives a one-to-
one correspondence between germs of multiplicative forms on a local Lie groupoid
and IM-forms/Spencer operator on the corresponding Lie algebroid. Moreover, our
main result consists in providing an explicit formula for an integration in terms
of the IM-data, which depends on a chosen tubular neighborhood of the identity
section of the groupoid (Theorem 2). In our previous work [8], we presented an
explicit construction of a local Lie groupoid integrating a given Lie algebroid, called
the spray groupoid, and in this case, the integration of IM-forms and Spencer
operators procedure simplifies the construction substantially (Theorem 3).

We also apply these integration results in the context of Poisson, Nijenhuis—
Poisson, Dirac and Jacobi geometries, as mentioned above. The key point is that
each of these geometries can be encoded by a Lie algebroid together with an
IM-form. At the groupoid level, these correspond to geometric structures of a
similar nature, which are multiplicative differential forms satisfying a specific non-
degeneracy condition. By using the spray construction [8], and the integration
procedure, we construct explicit local symplectic, symplectic-Nijenhuis, presymp-
lectic, and contact groupoids; and since the source map of these local Lie groupoids
is a morphism in the same category, we obtain concrete non-degenerate realizations
for several types of structures: Poisson, Nijenhuis—Poisson (including holomorphic
Poisson), generalized complex, twisted Dirac, and Jacobi. This yields new proofs
of the main results in the recent works [3], [13], [19], [28].

We explain now our main result in the case of the spray groupoid [8] and for
trivial coefficients (Theorem 1). First, we recall some terminology and results from
[4]. Let (A,[-,],p) be a Lie algebroid over a manifold M. An IM-k-form on A
consists of a pair of vector bundle maps

(Lv): A= AT M @ AT M

satisfying, for all a,b € F(A)7 the compatibility relations

v([a,b]) = Lyayv(b) —i,mydv(a),
I([a,b]) = ( ) —ipwydi(a) =i mv(a), (1)
Zp(a)l( ) _Zp b)l( )

Let G = M be a Lie groupoid integrating A. The structure maps are denoted
as follows: source and target maps 0,7 : G — M, unit map u : M — G, inversion
t: G — G, and multiplication map u : G, X, G = G. A multiplicative k-form on
G is a differential form w € QF(G) satisfying the compatibility relation

p'w = priw + pryw (2)

on the space of composable arrows G, X, G. Multiplicative k-forms can be differen-
tiated to IM-k-forms: the differentiation of w is the pair (I,v) given by

l(a) = u"(iqw), v(a):=u"(idw), V aecT(A). (3)
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If the source fibers of G are one-connected, then the differentiation map is a
bijection between multiplicative forms on G and IM-forms on A [1], [4].

Not every Lie algebroid is integrable by a Lie groupoid, but every Lie algebroid
is integrable by a local Lie groupoid [11] (regarding local Lie groupoids, we use
the conventions from [8]). If G is only a local Lie groupoid integrating A, one can
still talk about local multiplicative forms, i.e., differential forms defined around
the unit section of G which satisfy (2) around the unit section, and moreover,
the differentiation operation is still defined and produces IM-forms on A. In this
setting, our main result shows that differentiation gives a bijection from germs
around the unit section of local multiplicative forms on G to IM-forms on A,
with the aid of an explicit formula. We explain this for spray groupoids. Recall
from [8], that a Lie algebroid spray for A is a one-homogenous vector field V €
X(A) satisfying dq(V,) = p(a), for all a € A, where ¢ : A — M denotes the
bundle projection. Using a spray V, in [8] we build a local Lie groupoid Gy = M
integrating A, with total space an open neighborhood Gy C A of the zero-section,
with u(m) = 0,,, with o = ¢|g,,, with 7 = g o ¢},, and with « = —¢{,, where ¢!,
denotes the local flow of V. To define the multiplication u, we first described the
Maurer—Cartan form of Gy which allows us to write p(a,b) as the solution to an
ODE. We state now our main result in this particular case:

Theorem 1. Differentiation is a bijection between germs of locally defined multi-
plicative forms on the spray groupoid Gy and IM-forms on its Lie algebroid A,
with inverse (I,v) — w given by the integral formula:

1
w 2/ (Pv) A,y dt,
0

where A,y = U*(dobil) + v (ak,,), and of,

oo P o € QP(NPT*M) denotes the tauto-
logical p-form.

Finally, let us illustrate our result for the problem of locally integrating a Poisson
manifold (M, ). Using an ordinary connection V on M, we can construct the
spray V on T*M defined at a € T*M as the horizontal lift of 7%(a) with respect
to V. The resulting local symplectic groupoid constructed here, which integrates
the cotangent Lie algebroid T M, is given by

1
(Gv,w) = (M, ), w:/ () wo dt,
0

where Gy C T*M is a neighborhood of M, and wy is the canonical symplectic
structure on T*M; thus w is the multiplicative 2-form integrating the IM-2 form
(—id, 0). Since the Maurer—Cartan form of Gy is induced by the symplectic struc-
ture, the multiplication can be described more explicitly: p(a,b) = ki, where k; €

Tq*(b)M, t € [0,1], is the solution of the ODE:

bak, jarw = —7(¢3,(a)), ko =b.



374 A. CABRERA, I. MARCUT, M. A. SALAZAR

Acknowledgments. The authors would like to thank Marius Crainic, Pedro Frej-
lich, Rui Loja Fernandes and Eckhard Meinrenken for useful discussions. A.C. was
supported by CNPq grants 305850/2018-0 and 429879/2018-0 and by FAPERJ
grant JCNE E26/203.262/2017. I.M. was supported by the NWO Veni grant
613.009.031 and the NSF grant DMS 14-05671. M.A.S. was a Post-Doctorate
at IMPA, funded by CAPES-Brazil, during part of this project, and was partly
supported by the CNPq Universal grant 409552/2016-0.

2. Differentiation and integration of multiplicative forms

2.1. Local multiplicative forms with coefficients

Let G = M be a local Lie groupoid. We follow the conventions from [8] about local
Lie groupoids. In order to ease notation, we use a dashed arrow --» to indicate
that the domain of a map is an open neighborhood of the unit section v : M — G;
for example, the structure maps are denoted by

source and target 0,7 : G --» M, inversion ¢: G --+ G,

multiplication p: Gy X, G --+ G,

and the axioms of a Lie groupoid are satisfied locally.

The Lie algebroid A — M of G is constructed exactly as in the case of ordinary
Lie groupoids: as a vector bundle A = ker(do)|ps, the anchor of A is p = d7|a :
A — TM, and the Lie bracket is obtained by identifying sections of A with (germs
of) right invariant vector fields on G.

The Maurer—Cartan form 6¢ of G refers to the vector bundle map covering the
target map, given by right translation of vector field tangent to the source fibers
to the Lie algebroid:

d

o d -1
O :T°G — A, 0@<%gt|t:0) = %gtgo |t:0 € AT(QO)’

where T?G := ker(do), and t — ¢, is any path so that o(g;) = x is fixed.

The general linear groupoid GL(E) = M of a vector bundle p : E — M consists
of linear isomorphism E, = E,, ,y € M. A representation of a local Lie groupoid
G = M on F is defined as a local Lie groupoid map F' : G --+ GL(F) covering
the identity map on M. Thus, for any arrow g € G (which is close enough to M),
one has an associated linear isomorphism

F(g) : Eo’(g) = ET(g)a e—g-e,

satisfying (gh) -e =g - (h-e), for all composable arrows (g, h) close enough to the
identity section.

Given a representation FE of G, a local E-valued k-form on G is an ordinary
differential k-form on an open neighborhood U of M in G with values in the
vector bundle o*(E):

w e QMU0 (B)o).
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We say that w is multiplicative if it satisfies the following equation

1 (wgn) = R~ - pri(wg) + pr3(wa), (4)
for (g,h) in a neighborhood of M in G, x, G. For the trivial representation on
E =R x M, we recover the notion of multiplicative forms (2) without coefficients
from the introduction.

2.2. Spencer operators

A representation of a Lie algebroid A over M on the vector bundle F is a flat
A-connection V on F, i.e., a bilinear map

V:T(A) x T(E) = T(E), (a,e) — Vae
satisfying
Vise = fVae, Vafe= fVae+ Lya)(fle, ViV —ViVa = Viay,

for all f € C*(M), a,b € T'(A) and e € T'(E).

The infinitesimal version of E-valued multiplicative k-forms are Spencer opera-
tors of degree k on a Lie algebroid A, with values in a representation (F,V) of A
[14], [29]. These consist of a vector bundle map ! and a linear operator D:

1:A= A" 'T*"M @ E, D:T(A) = QF(M;E)
satisfying the Leibniz identity
D(fa) = fD(a) + df Ni(a), (5)
and the three compatibility conditions:
D([a,b]) = Lo D(b) — LyD(a), I([a,b]) = Lal(b) —ipw)D(a),
ip@)l(b) = —i,ml(a),
for all a,b € T'(A), and f € C°°(M); the operator L, acts on Q¥(M, E) by

(6)

Low(vy,...,v5) = Vo(w(vy,...,v5)) — Zw(vl, o lea), vy ve), (7)
i=1
for v; € X(M).

In order to describe integration and differentiation operations, we introduce the
linear differential form associated to Spencer operators. Let g1, q2: Fy, F» — N be
two vector bundles. By a linear Fy-valued k-form on the manifold F; we mean a
differential form A € QF(Fy;¢f (Fy)) satisfying

mi(A) =tA, VicR, 8)

where m;: Fi — F; denotes the multiplication by ¢t € R. The space of all linear
Fy-valued differential forms will be denoted by QF (Fi; Fa) C Q°(Fi; ¢ Fa).

To any Fy-valued linear differential k-form A we associate a pair (I, D) consisting
of a vector bundle map I: F; — A*7'T*N ® F, and an operator D: L(F) —

QOF(N; Fy) via the formulas

l(a) = j*(iwA), D(a)=a"(A), VaeT(F), (9)
where, @ denotes a regarded as a constant vertical vector field on Fy and j: N —

F denotes the zero-section. The pair (I, D) satisfies the Leibniz identity (5); in
fact, the following holds:
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Lemma 1. The relation (9) gives a one-to-one correspondence between:
e pairs (I, D) consisting of a vector bundle map 1: Fy — AN*"'T*N @ Fy and an
operator D: F(Fg) — QF(N; Fy) satisfying the Leibniz identity (5);
o clements A € QF (F1;F), i.e., Fy-valued linear differential forms on the
manifold F;.

Proof. We only sketch the proof by writing the correspondence in local coordinates.
Let z' denote local coordinates on U C N, f; a frame of Fi|y with induced
dual coordinates y7 on the fibers of Fi|yy, and r; a local frame on Fh|y. The
correspondence is such that, if

(fj) - uI;. J( )dxlk X1y (f]) Ulk 1 j( )d$1k71 ®rl7

where I, denotes an index set I, = {i; < --+ < i,} and dz'r := dz™ A--- A da'r,
then

A= yjullkvj(;l:)dxl"' ®r;+ vllkfhj(z)dyj Adzl =1 @ 7. O

For a Spencer operator (I, D) of degree k on a Lie algebroid A with values in a
representation F/, we denote the corresponding linear E-valued differential form by

Ag,py € UL (4 E).

Let E =R x M be the trivial representation (i.e., given by the anchor). Then
the Leibniz identity (5) for a degree k Spencer operator (I, D) is equivalent to the
fact that D decomposes

D(a) =dl(a) + v(a), a€T(A),

where v: A — AFT*M is a vector bundle map. Writing the compatibility condi-
tions (6) in terms of (I, ), we obtain the relations (1). Thus, Spencer operators on
the trivial representation are the same as IM-forms on a Lie algebroid A, which
were discussed in the introduction. The associated linear differential form will be
denoted by

Ay = Aa,py € Qin(A)

and can be written directly in terms of (I,v) as follows:
Ay = dl* (ags) + v (adan) € Qn(A), (10)

€ QP(APT*M) denotes the tautological p-form on APT*M.
2.3. Differentiation

The differentiation procedure [29], which associates to a local E-valued multiplica-
tive k-form w on local Lie groupoid G = M an E-valued Spencer operator (I, D)
of degree k on its Lie algebroid A, is simply given by the relations

P
where of, |

o) = ' ia), Dla) = g ((¢4e)"e) 1)
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for any a € T'(A), where a® € T'(T°G) denotes the local right-invariant vector
field on G corresponding to a which, using the Maurer—Cartan form, is given by
0 (a) = a.If (1, D) is given by (11), we say that w integrates the Spencer operator
(1, D).

In the case of trivial coefficients £ = R x M, using Cartan’s formula L,z =
digr +i,rd we have that D(a) = u*(igdw) + dl(a), thus under the correspondence
between Spencer operators and IM-forms, we recover the differentiation (3) from
the Introduction.

The linear form corresponding to the Spencer operator can be thought of as
the linearization of the multiplicative form. To make this precise, we recall some
terminology from [8]. A tubular structure on a local Lie groupoid G = M with
Lie algebroid A is a (locally defined) tubular neighborhood of M in G along the
source fibers, i.e., an open embedding of bundles

A-"->q

i l , (12)

such that: ¢(0,) = «, for x € M, and %gp(ta)’tzo = (0,a) € T,M ® A, = TG,
for a € A,.

Lemma 2. Let w be a local E-valued multiplicative k-form on the local Lie grou-
poid G = M, and let (I, D) be the Spencer operator on the Lie algebroid A of G
to which w differentiates. For any tubular structure ¢: A --+ G, the linear form
associated with (1, D) is given by:

d * *
Aoy = mi (¢ (@))],_y € Uin(4; B),

where my: A — A denotes multiplication by t € R.

Proof. Let A := £mj(p* (w))’tzo. First, note that A is indeed a linear form:

mg (A) = my %mt (90 (w))|t=0 = %mst(w ((.d))|t=0 = sA.

By the correspondence (9) from Lemma 1, and the description of differentiation
(11), it suffices to check the following two relations:

7 iz A) = u(iww), a"(A) =u"(Lyrw), YV aeT(A).

@)

Since (my).(d) =td, mioj = j, dcp(7|j(M)) = aly(am), and @ o j = u, we have

that

J*(igmi (9" (w))) =" (m; (tige® (W) =" (tig " (W) =15 (¢ (iaw)) = tu" (iaw),

which implies the first relation. Denote af = ¢!, o u and ob = ¢(ta). Note that
the families af: M — G are sections of o, i.e., 0 o al = idy, and they both satisfy
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of =uand $atl,—o = a. It is easy to check (e.g., by a local calculation) that for

any two such families of maps, we have

* *

d d
a|t=0(ai) W= %|t=0(a§) w

The left-hand side of this equation is %\tzou*(qSZR)*w, and since p om0 a = ab,
the right-hand side is a*(A). This proves the second relation. O
2.4. Integration

We are ready to state the main result of this paper, which provides a formula for
the inverse of the differentiation of multiplicative forms on a local Lie groupoid.
Let G = M be a local Lie groupoid, let A be the Lie algebroid of G and 6g be
the Maurer—Cartan form of G. Fix also a tubular structure ¢: A --» G on G. The
tubular structure induces a scalar multiplication on G along the source fibers

RxG--»G, (t.g)—tg:=op(te ' (g)),

which is defined on a neighborhood of R x u(M) in R x G. Next, we consider the
map

MRXG - A, (tg)— M(g) = Gg(%tg). (13)

Note that A\;(g) € Ar(sg). The following will be proven in the following subsections:

Theorem 2. Given a Spencer operator (I, D) of degree k on A with coefficients
in B, with corresponding linear form A = A py, the formula

1
9wy = /0 (t9) ™" A (Ax(g)) dEt € AT} G @ Ey(g) (14)

defines a local E-valued multiplicative k-form w on G which integrates (I, D).
Moreover, the germ around M of such an integration is unique.

Note the following consequence of the theorem (see also [25, Prop. 8]):

Corollary 1. Let G = M be a local Lie groupoid with Lie algebroid A, and
E a local representation of G. Differentiation gives a one-to-one correspondence
between germs around M of E-valued multiplicative forms and E-valued Spencer
operators.

2.5. The case of cocycles

We discuss now Theorem 2 in the case of cocycles and trivial coefficients. A local
cocycle on a local Lie groupoid G = M is a degree zero multiplicative form on G,
i.e., a smooth map f: G --» R satisfying

flgh) = f(g) + f(h),

for all arrows g and h closed enough to the identities. This is equivalent to G being
a Lie groupoid homomorphism. A cocycle on the Lie algebroid A is a degree zero
IM-form on A, which is given by a linear map §: A — R satisfying

3([a,b]) = Lyayd(b) — Lyw)d(a),
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for all a,b € T'(A). This is equivalent to § being a Lie algebroid homomorphism.
In this case, differentiation becomes d(a) = iq(df), and A5 = d € I'(A*) is the
underlying (1-)cocycle.

By [8, Thm. 2.4], Lie algebroid maps can always be integrated to local Lie
groupoid maps, and the germ of the integration around the unit section is unique.
Moreover, [8, Thm. 2.4] gives the following recipe to construct the integration of
morphisms. Namely, if f: G --» R integrates §: A — R, then for g € G, we have
that f(tg) = z; is determined by the ODE

a0 o= (oc(4),
which has as solution

2y = / 500 (g)) ds.
0

Thus f(g) = fol 0(A¢(g))dt, and so this proves Theorem 2 in degree zero, for trivial
coefficients.

2.6. Forms as cocycles on Gg

Following [4], [7], [17], we will prove Theorem 2 by embedding degree k& multiplica-
tive forms and Spencer operators as cocycles on suitable larger groupoids Gy and
algebroids Ay, respectively, which we now introduce.
The first ingredient is the tangent lift construction. Given a local Lie groupoid
G == M | the application of the tangent functor to its structure maps defines a
local Lie groupoid
TG =TM

called the local tangent groupoid associated to G. Note that T'G is more than a
local Lie groupoid, because its structure maps are vector bundle maps, covering
the structure maps of G, and their domains are vector bundles over the domains of
the structure maps of G; in fact, such an object will be called a local VB-groupoid,
following the terminology of [20], see also [27]. The infinitesimal counterpart of this
construction is the tangent Lie algebroid structure on dq: TA — TM associated
to a Lie algebroid ¢: A — M (see [27] for further information).

If A is the Lie algebroid of G, i.e., A = T’ G|, then the Lie algebroid of TG =
TM is naturally isomorphic to TA — T'M (see [27]). The identification between
the vector bundles T (TG)|rar — TM and TA = T(T°G|p) — TM is realized
by the natural involution of T'(T'G) which switches second order derivatives:

d d d d
V: T (TG)|rm = T(TG|u), %%ge(t) = %@ge(t)v (15)

where g.(t) € G is a smooth two-parameter family, such that o(g(t)) = z. = g.(0).
For later use, we record the following characterization of the Maurer—Cartan form
on TG.

Lemma 3. The Maurer—Cartan form of TG is given by:

07 (5 500:0)) = Sob0(ac0)),

where g.(t) € G is a smooth two-parameter family, such that o(g.(t)) = z is
independent of t.
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Proof. We have that

016 (55 5e0:0) = o 5| _du(5Fa9). d(50c(0)

- w ° %L:t%'u(ge(s)’ L(ge<t)))
- %%’S:tu(ge(s), L(ge(t))) = %Q;(%ge(t))-

The second ingredient is given by the action construction on a given represen-
tation. Let G = M be a local Lie groupoid, and let E be a representation of
G. The dual representation of E is defined by the action of G on E* given by
(g-&(e) == &(g™t - v), for € € B> v € Er(g). The associated local action
groupoid G N E* = G Xy E* = E* is defined by the structure maps:

il(g.h-€), (h.€)) = (9h,€), (9. =(97". 9.

Infinitesimally, let A be the Lie algebroid of G and V the A-connection on F
differentiating the representation. The Lie algebroid of G N E* is the action Lie
algebroid AN E* = A x); E* — E*; its structure maps are determined by two
conditions: the canonical inclusion I'(A) C T'(A X\ E*) preserves the Lie bracket,
and the anchor p satisfies

L)€ = Ve, Yacl(A), ec(E), (16)

where for f € T'(E), we denote by fec> (E™) the corresponding linear function
on E*. Notice that G X\ E* is a local VB-groupoid and that A X\ E* is its VB-
algebroid.

By taking sums of the underlying local VB-groupoid structure maps (see, e.g.,
[4]), we get a local (VB-)groupoid structure on

k k
—— ——
G, =TG® - dTGHGXNE") =M, =TM®...6 TM QE".

Its algebroid is given by the following sum of VB-algebroids
k
——T—
Ay =TA® - - dTAB(AXNE") = My,

where in the sum, we regard AX E* as a (pull-back) bundle over A. The algebroid
structure can be found in [4] for trivial representations and in [7] in the case of
non-trivial E. The isomorphism between the Lie algebroid of Gy and Ay is given
by @ --- DY Didp-.

The embedding trick ([4], [7]) consists of regarding E-valued k-forms on G and
A as functions on G, and Ay, as follows. Given an FE-valued k-form w on G, we
consider the induced function (or local 1-cochain) f,,: Gy --» R defined by

fw(vl,. . ,’Uk,f) = {(w(vl, Ce ,’Uk)), V; € TgG,f S E;(g)' (17)
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Similarly, given a linear E-valued k-form A(; py € QF (A, E) defined by a pair (I, D)
satisfying the Leibniz property (cf. Lemma 1), we define the induced function (or

algebroid 1-cochain) 6 py: Ay — R by

(5([}D)(U1, e ,Uk,f) = §(A(1’D) (1)1, Ce ,’Uk)), V; € TaA,f S E;(a). (18)

Note that the linearity of A¢ p) implies that J py is linear for the projection
A, — My, so that it can be seen as a section of A} — M (i.e., an algebroid
1-cochain).

Finally, we summarize the main properties of the embedding construction in
the following compilation of results from [17].

Proposition 1 ([17]). Let w be an E-valued k-form on G and (I,D) be a pair
satisfying the Leibniz property defining a linear E-valued k-form on A.
(1) w is multiplicative if and only if f,, is a cocycle in Gy.
(2) (I, D) defines a Spencer operator if and only if 0 py is a cocycle in Ay,.
(3) Let w be multiplicative and (1, D) the induced Spencer operator through (11).
Then, differentiation of the cocycle f., from Gy to Ay yields 0 py.

The results of [17] hold in a generalized context in which G X\ E* and A X E*
are replaced by the duals of a general VB-groupoid V and of its algebroid v,
respectively. The specialization to our case comes from considering? V = 7*E = M
with the groupoid structure:

a(g,e) =0a(g), T(g,e) =7(g), i((g1,e1), (g2, €2)) = (g1, 92), €1 + g1 - €2).

See [17, Prop. 5.9] for item (2) above, and [17, proof of Thm. 3.9 — Differentiation]
for item (3) above; see also [17, Example 3.6] for the specialization to our case and
the link to Spencer operators. The analogue of the above proposition for forms
with trivial coefficients can be found in [4]. The application of the structures on

Gy and Ay to the description of higher order cocycles and the van Est map can
be found in [7].

2.7. The proof of Theorem 2

The strategy will be to reduce the proof to the case of cocycles (cf. Section 2.5)
by means of the embedding trick described in the previous section.

To this end, we need to endow Gy with a tubular structure. Given a tubular
structure ¢: A --» G, consider the map @: A --» G given by

P(v1,- s vr, &) = (dp(v1), - .oy dp(vg), &) € Ty@yAD ... Ty A® (07 E™) p(a)
where a € A, v; € T,A and £ € EZ.

Lemma 4. The map @ defined above defines a tubular structure for Gy. The
associated family A: R X Gy, --» Ay, defined by (13) is given by

/Xt(vla s 7’Uk7£) = (d)\t(’U1), ceey dAt(’Uk)v (tg) : f)? v; € TaAa 5 € E;(a)
where A: R x A --» G is defined from ¢ on G via (13).

2In the terminology of VB-groupoids, the side-bundle of V = 7*E has zero fibers and
E sits as the core-bundle. This implies that V* has E* as side-bundle and trivial core.
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Proof. Since Gy, is given as a k-fold sum of T'G’s and of GX\ E*, the proof reduces to
the analgous statements for each summand. First, (a,£) — (p(a), ) clearly defines
a tubular structure on G X\ E* whose associated map R x (GX E*) --» AX E* is
fully characterized by the property

d
b= (i0:9)) = (06 (Gor) 0-€)
e (9t,€) a\ g9t ) 9t 3

For the T'G' summand, we need to show that the map dp: TA --» TG defines
a tubular structure and that the associated map )\f‘p via equation (13) coincides
with dA\;: TG --» T A. As ¢ is an open embedding then dy is an open embedding
as well; since 0 o ¢ = ¢, we have that dy o do = dg; and since |y = ids, we have
that dp|rar = idras. Consider a path a. € A, and let v := %aekzo € TA. Since

o(p(tac)) = q(tac) = q(ac), is independent of ¢, by using Lemma 3, we obtain
d d d d d
GTG(%dWOdmt@) HTG(dtd - 0“"““6)) = el Oec(dt‘p(mﬁ))'

For t = 0, since ¢ is a tubular structure, we obtain

(], eomv) =

which concludes the proof that dy is a tubular structure (the use of 7 is necessary,
because T'A is only isomorphic to the Lie algebroid of T'G as a vector bundle). For
arbitrary ¢, we obtain 07 (-dpodm,(v)) = d\odyp(v), hence taking v = dp ™! (w)
we obtain A% = d); as desired. [

We are now ready to prove our main theorem.

Proof of Theorem 2. Let (I, D) be a Spencer operator of degree k on A with values
in E and A = Ay py € Qf (A, E) the associated linear k-form (cf. Lemma 1).
Denote by § = 64 py: Ar — R the induced function via (18). By Proposition
1 (item (2)), d is a cocycle on Ag. As explained in Section 2.5, given the tubular
structure @: Ay —--» Gy, described above, ¢ integrates to a local cocycle f: Gk --» R
given by the formula

Flor, ... v, 8) / Se(v1, ... vk, €)) dt, v € T,G, € € B,
On the other hand, let w be the FE-valued k-form on G defined by the equation
(14) in the statement of the Theorem and denote by f.,: Gy --» R the associated
function via (17). We claim that f = f,. Indeed,
1
Flon o) = [ o@n()..dhon.tg) € d
0
1
= [ (-9 (@) w0

/ E((tg) - AN (1), . dNe(ur) dt
(Ulv" Uk7€)



LOCAL FORMULAS FOR MULTIPLICATIVE FORMS 383

In the first line above we used the characterization of Xt given in Lemma 4; in the
second line we used the definition (18) of § in terms A; in the third line we used
the definition of the dual representation of G on E*; in the last line we used the
definition (17) of f,, in terms of w. Thus, since f is a cocycle on Gy, so is f,. By
Proposition 1 (item (1)), we conclude that w is multiplicative. By Proposition 1
(item (3)) and Lemma 1, we conclude that the Spencer operator associated to w via
(11) coincides with the given (I, D), i.e., that w integrates (I, D). Finally, to address
the uniqueness, suppose that @ is another integration of (I, D). By Proposition 1
(item (3)), both f,, and f5 are cocycles on Gy that integrate the same 0: Ay — R.
As discussed in Section 2.5, the germ of these two cocycles around M C Gy must
coincide, and this directly implies that w = w on points near M C G. The theorem
is thus proven. [

2.8. Integration to the spray groupoid

We discuss the integration procedure for spray groupoids. Let A be a Lie algebroid
and V € X(A) be a Lie algebroid spray for A. Consider the associated local spray
groupoid Gy = M [8]. Recall that Gy is an open subset of A containing the zero-
section in A, which is the unit map, the source map is the bundle projection o = ¢,

the target is 7 = g o ¢{,, the inversion is ¢ = —¢{,. To define the multiplication, we
first constructed the Maurer—Cartan form of Gy
0: TGy --+ A,

which had already been introduced in [31]. In particular, 6 is characterized by the
property that it is a Lie algebroid map, by the relation (see [31], [8])

e(%m) = ¢4 (a). (19)

Finally, pu: Gy ,x-Gy --+ Gy is defined as p(a,b) = ki, where ky € Agp), t €
[0, 1], is the solution of the ODE:
dk

— =0 8V (a), ko =b.

Note that the identity map id: A --» Gy induces a tubular structure on Gy . By
equation (19), the corresponding map \; (13) becomes the flow of V

Ae(a) = ¢y (a). (20)

Consider a representation (E, V) of A. The spray condition implies that for any
a € A, we have that ¢ — ¢!, (a) is an A-path [11], i.e., it satisfies

006 (0) = da(Vig o)) = (64 (a).

Therefore one can define the parallel transport [11, 18] of the A-connection V along
oy (a):

t0 . ~
T4 0y Lata) = Eq(ot, (a))

for all ¢ in the domain of the flow ¢3,(a). We review the details of this construction
in the proof of the following result, which describes integration of representations
to the spray groupoid:
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Lemma 5. The representation (E, V) of A integrates to the following local repre-
sentation of Gy

F:Gy --» GL(E), a— T;;Vo(a): Eo(@) =2 Er(a).

Proof. The Lie algebroid gl(E) of GL(E) can be described as follows: as a vector
bundle, the fiber of gl(E) over € M consists of linear vector fields along E,,
namely:

gl(E), :={v e (TE|g,) : dmi(ve) = ve, ViE#0,Vec E,},

where m;: E — E denotes multiplication by ¢ € R. Sections of gl(F) can be seen
as linear vector fields on F, and the Lie algebroid bracket comes from the inclusion
I'(gl(E)) C X(F). The Maurer—Cartan form of GL(FE) is described as follows: given
a smooth family of linear isomorphisms g;: E, = E,,, then

d i
OcL(e) (@%) = 95t L:t € gl(E)z, .

The representation of A can be viewed as a Lie algebroid map f: A — gl(E)
covering the identity; the corresponding flat A-connection on E (see [12, Lem.
2.33]) is determined by

Val(e :[foa7?]a a€l'(4), e T'(E),

where € € X(E) denoted the constant vertical vector field corresponding to a
section e € I'(E).
The parallel transport Tt’.o(a) along ¢!, (a) is the solution to the ODE:
v

) d
ko =idg,,,, foLe) <%kt> = f(dv(a)).

By [8, Cor. 3.17], f integrates to a local Lie groupoid map F: Gy --» GL(E),
determined by the condition that F(ta) is the solution to the same ODE; hence
the conclusion. [

By the proof above, we obtain that the action of Gy on F is given by

,0
(ta) - e = T;:/(a)(e). (21)
Using this and equation (20), Theorem 2 takes the following form in the case of
spray groupoids, which for trivial coefficients specializes to Theorem 1 from the
Introduction:

Theorem 3. Let Gy = M be the spray groupoid of a spray V on A. Given an
E-valued Spencer operator (I, D) of degree k on A, with corresponding linear form
A = Ag,py, the formula

1
o= /0 T4 (o) (V) Dt (o) dt € N TIA® By (22)

defines a local E-valued multiplicative k-form w on Gy which integrates (I, D).
Moreover, the germ around M of such an integration is unique.
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2.9. Some remarks

Remark 1 (Chain map). For later use let us remark the following: in the case of
trivial coefficients, the differentiation procedure (3) is a chain map, where the
differential on multiplicative forms is simply the de Rham differential, and the
differential on IM-forms acts as

d]]\/[(l, V) = (V, 0)

Remark 2 (Multiplicative forms at units). Consider a multiplicative form w which
integrates the IM-form (I,v). At points x € M C G on the unit section, under the
natural decomposition T,G = T, M @& A,, by using multiplicativity of w one can
show that (see [14, Lem. 4.2]):
1 i _
w(ala' YRR PR avk—j) - 32(71) W(ai,Pala sy PAgy ey PO VT - 7vk—j)
i=1

where v; € T, M, a; € A,. Therefore, by relation (3), w is determined by [ at the
unit section:

w(ar,...,aj,v1,... vk ;)

Z o~ 23
fz Y(a Dpat, ..., pai, ..., paj,v1,. .., Vp—j). (23)

Applying this formula to d;p(l,v) = (v,0) and Remark 1, we obtain a similar
result for dw:

dw(al,...,a],vl,.. U]H_l J)

s E pa’h'"7paia"'apajavlv"-;Uk-‘rl—j)'

Remark 3 (Exact multiplicative forms). For the Lie algebroid TM any IM-k-form
is of the form (w”, (dw)), for a unique k-form w € QF(M), where for n € Q¥ (M),
we denote n°: TM — A*"1T*M, v+ 1,1. For any Lie algebroid A over M, one
pulls back this IM-form via the anchor and obtains the IM-k-form (w”op, (dw)®op)
on A. The corresponding global construction is as follows. If G = M is a local
Lie groupoid integrating A, then, for @ € QF(M), w := 7" — o*w is a local
multiplicative form which integrates (w” o p, (dw)® o p). Let us verify that this is
what Theorem 2 predicts. First, note that, for any n € QP(M) and any spray V
on A, we have that:
iva"(n) = (" o p)*(akal).
This implies that the linear form corresponding to (w” o p, (dw)® o p) is

A=divq¢w+ivqdo = Lyq w.
Therefore, we obtain the expected result:
1 1 1 d
= [eraa= [ @reerwa= [ Lo ew -
0 0 0

=(qodt)'w —q¢'w=1"w— 0w



386 A. CABRERA, I. MARCUT, M. A. SALAZAR

Remark 4 (Mutiplicative forms on the space of A-paths). Recall from [11] that
the Weinstein groupoid associated to a Lie algebroid A is the quotient G(A) =
P(A)/F = M, where P(A) denotes the space of C'-A-paths, and F is the A-
homotopy foliation. To a spray V' on A one associates an exponential map

expy: A --» P(A), aw (t— ¢ (a))iepo,)- (24)

The spray groupoid Gy is such that expy, induces a local groupoid map. The origin
of the formula for integrating IM-forms becomes transparent using this example.
Namely, an IM-k-form (I, ) on A induces naturally a differential k-form on P(A):

1
W :/ EU*A(Z’V) dt,
0

where ev: P(A) % [0,1] — A denotes (a,t) — a;. It follows that the local form w on
Gv from Theorem 1 coincides with expj, @. The fact that w is multiplicative and
integrates (I,v) can be seen as a consequence of the fact that @ is basic relative to
A-homotopy foliation F on P(A) (see also [4, Rem. 4 after Thm. 2]). This argument
is explained in detail in [3]. However, the proof of Theorem 1 that we provide here
is independent of these observations, and does not involve any infinite-dimensional
differential geometry; it is based on the general properties of the spray groupoid
construction.

Remark 5 (Characterizing global multiplicative forms). Let H = M be a (global)
Lie groupoid which is source connected and simply connected, and let w be a
multiplicative form on H with trivial coefficients (for simplicity). Following [2,
Appendix A], the restriction w|g to a source-connected local Lie subgroupoid G C
H over M fully determines w. Moreover, any multiplicative form on G extends
uniquely to a multiplicative form on H. Thus, the formula of Theorem 1 uniquely

characterizes any multiplicative form on any source 1-connected Lie groupoid H =
M.

Remark 6 (Integrating multiplicative multivectors). Following [4, Sect. 6], the de-
scription of multiplicative multivectors is quite parallel to our discussion of multi-
plicative forms. In this case, the role of the tangent local groupoid TG = T M
is replaced by the cotangent local (VB-)groupoid T*G = A* (with cotagent Lie
algebroid T*A — A*). A local multiplicative multivector field II on G = M
corresponds to a local 1-cocycle on k-copies of T*G and its infinitesimal counterpart
7 to a 1-cocycle on k-copies of T*A (for more details, see [4], [22]). To provide a
formula for IT in terms of the infinitesimal 7 analogous to that of Theorem 2,
one can try to proceed as in the case of forms above and fix a tubular structure
p: T*A --» T*G, with associated family A\;: T*G --» T* A. Unlike the case of TG,
there is no natural way of inducing a tubular structure on T*G from a tubular
structure ¢: A --» G (without making any additional non-canonical choices).
Nevertheless, this construction leads to the following formula (recall the integration
of cocycles from Subsection 2.5)

o~

1
H(al,...,ak):/ 7o), Melow)) dt, a; € TG,
0
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which can be shown to indeed define a local multipicative multivector II integrating
m. We also remark that the arguments for forms and multivectors can also be
combined to yield formulas for local multiplicative tensor fields (see [6]).

3. Applications

Many geometric structures, for example Poisson, Dirac, Jacobi, generalized
complex structures, etc., can be encoded by a Lie algebroid endowed with a
certain IM-form or, more generally, with a Spencer operator. Here we apply our
general results to provide explicit local integrations of such structures to local
multiplicative forms on the corresponding spray groupoids. As a byproduct, we
reprove the global formulas for realizations of the following structures: Poisson
[13], Dirac [19], and Nijenhuis—Poisson (including holomorphic Poisson) [3], [28].
We work out the integration of Jacobi structures by local contact groupoids, which
involve non-trivial representations.

3.1. Local integration of Poisson structures

In [9], it is proven that a symplectic realization of a Poisson manifold, together
with a fixed Lagrangian section, determines a local symplectic groupoid on the
total space of the realization that integrates the Poisson manifold. This was one
of the first general constructions of local Lie groupoids. By applying the “spray
method” to this case, we give an explicit construction of a local symplectic spray
groupoid integrating a Poisson manifold.

Let (M, 7) be a Poisson manifold. The associated cotangent Lie algebroid has
total space T*M = T*M — M, has anchor map given by 7 turned into a bundle
map 7f: T*M — TM, and has Lie bracket given by [a,b], = L) — irepyda,
for a,b € QY (M).

The cotangent Lie algebroid T M carries a canonical closed IM-2-form given by
(—id, 0), with corresponding Spencer operator (—id, —d), and with corresponding
linear form the canonical symplectic structure wy on T*M (see, e.g., [4]).

Given a spray V for T M, also called a Poisson spray, we construct the asso-
ciated spray groupoid Gy = M. By Theorem 1, Gy carries a local multiplicative
2-form given by

1
w= / (%) *wp dt. (25)
0
We claim that, in a neighborhood of M,
(GV,LU) = (Ma 7T)

is a local symplectic groupoid integrating the Poisson manifold (M, 7), in the
sense of [9]. First, w is obviously closed, and even exact, with (non-multiplicative)
primitive — f01(¢§,)*a0 dt, where ag denotes the tautological 1-form on 7M.
At points on the unit-section z € M C Gy, using the canonical decomposition
T,(T*M) =T, M & T} M, equation (23) gives

wy(v+a,w+b)=(b|v)—(a]|w)+n(a,b), (26)
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for all v + a,w + b € T,Gy. In particular, this formula shows that w is non-
degenerate along M, and hence, it is so in a neighborhood of M. Thus, (Gy,w) =
M is indeed a local symplectic groupoid. Following [9], w™! is g-projectable to a
Poisson structure on M, and it follows from the expression (26) at points of M
that this Poisson structure is 7. This proves the claim.

Being a local symplectic groupoid integrating 7 implies that the map

q: (T"M,w) --» (M, 7)

defines a symplectic realization. This fact already appears in [13] and the proof
given there is a direct but tedious calculation, whereas the one given here is Lie
theoretic in nature, as it exploits the local Lie groupoid Gy and the multiplicativity
of w (a short, Dirac-geometric proof of the realization property is found in [19]).

On the other hand, as noticed in [13], the local Lie groupoid structure on
Gy is determined by the symplectic realization ¢: (Gy,w) — (M,n): first, in
a neighborhood of M, the Maurer—Cartan form 6 corresponding to the spray V'
can be given in terms of w by:

TH(04(v)) = —iywe € T, Gy, v eTIGy. (27)

This follows by the multiplicativity of w: for any w € T, Gy, using (26) and writing
0,(v) = dp(v,0,-1), and dr(w) = du(w, dv(w)), we obtain:

7 (0a(v))(w) = (0a(v) | dr(w)) = wr(a)(dT(w), ba(v)) =
= wa(w,v) + we-1(de(w),04-1) = —we (v, w),
which proves (27). Using formula (27), we obtain a simpler description of the ODE

from [8] describing the multiplication of Gy: for (a,b) € Gy, X, Gy, close enough
to M, the curve k; = p(ta,b), with ¢t € [0, 1], is the solution of the ODE

%kt = —1II} (r*(¢},(a))), ko =", (28)

where II denotes the inverse of w, which is defined on a neighborhood of M in Gy .

3.2. Closed IM-2-forms on Poisson manifolds

Consider the same setting as in the previous subsection: (M, w) is a Poisson
manifold, V' is a spray on the cotangent Lie algebroid T* M, and (Gy,w) = (M, )
is the corresponding local symplectic spray groupoid.

A closed IM-2-form on 177 M, is given by a vector bundle map {: T*M — T*M,
such that:

ﬂ-(l(a)v b) = T(av l(b))7 l([aﬂ b]ﬂ') = ‘Cﬂ'”(a)l(b) - iﬂ'ﬁ(b)dl(a)v

for all a,b € QY(M).
The linear 2-form associated to (—I,0), is given by:

A(*l,O) = l*((U()) S Q2(T*M),
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where wy is the canonical symplectic structure on 7% M. Thus, the multiplicative
closed 2-form on the spray groupoid Gy corresponding to (—I,0) is given by

1
W(-1,0) :/ (lo gi)?/)*wg dt.
0
Since the symplectic w is non-degenerate around M, we can write:
wW(—1,0)(u,v) = wrp(u,v) = w(Lu,v), u,ve TGy,

for a unique vector bundle map L: TGy — TGy. The fact that w and wy are
multiplicative implies that L is multiplicative, i.e., it is a groupoid morphism (the
Lie algebroid morphism induced by L is the complete lift of [ to the cotangent
bundle [3, Def. 7.1], see also [6]):

TGy — £ =16y

|,

™ — Y s TM

where the dual of [ was denoted by the same symbol | = {*: TM — TM. To see
that the base map is indeed I, we calculate wy = w(_; ) along the zero-section,
using Remark 2, and obtain:

wr(v+a,w+b) = (v]|10b)—(w]la))—n(l(a),b) =wl(v) + l(a),w+D),
for all v+ a,w+b € T,Gy, x € M. Hence, along the zero-section,
L(v +a) =1(v) + l(a). (29)

Finally, denote by II := w~!. For each k > 0, consider the bivector fields:

.. € X%(Gy), HﬁLk =TF o LF, 7. € X2(M), ﬂfk =t oIk
Since 0. (IT) = 7, and L and [ are o related, it follows that also:

o«(Ilpe) = mp (and similarly, 7..(Izx) = —mp).

In general, these bivector fields are not Poisson.

The case of invertible IM-forms. We discuss now the case when [: T*"M — T*M
is invertible. By (29), this is equivalent to L being invertible around M, and is also
equivalent to wy being symplectic. By the argument above, also for k£ < 0 we have
that o, (IIpx) = 7. Moreover, the following hold:

e ;-1 is Poisson and (Gy,wr) = (M, m;-1) is a symplectic groupoid.
e The vector field I,V = dl oV ol~! is a Poisson spray for m-1. If

(GrLv,wv) = (M, m-1)
denotes the local symplectic spray groupoid of [,V then
I: (Gv,wr) - (Grv,wiv)

gives an isomorphism between germs of local symplectic groupoids.
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Clearly (Gy,wpr) is a symplectic groupoid. The first part follows because we
have (wr)™' =11, and 0,(II;-1) = m;-1. By a direct verification, [,V is indeed
a Poisson spray for w1, and clearly, its flow is ¢f*v = lo ¢l ol™1. Since I
intertwines the two sprays, [8, Example 3.18] implies that [ is a local Lie groupoid
map between the two spray groupoids I: Gy --+» Gi,y. Finally, note that [ is a
local symplectomorphism:

1 1 1
wr, :/O (lo ¢§,>*OJ0 dt :/0 ((bf*v ol)*wo dt = l*(/o <¢§*V)*WO dt) — I (wy).

This completes the proof of the claims made above.
In particular we have obtained that the projection 0 = q¢: T"M = Gy — M
gives two symplectic realizations:

q: (U,w) = (M,7), q: U,wr)— (M,m-1),
1 1

w:/ (qﬁ,—)*wo dt, wr :/ (qﬁ,—)*l*(wo) dt,
0 0

for some neighborhood U C T*M of M. This gives a different proof of [28,
Thm. 3.3], but without the assumption that ! be a Nijenhuis tensor (!) (see also
Subsection 3.2).

Deformations of a multiplicative symplectic structure. A closed IM-2-form [ in-
duces a deformation of the multiplicative symplectic structure w of Gy, namely,
the one-parameter family of closed multiplicative 2-form on Gy = M:

Wwr, = W+ WerL,

defined for small €, which corresponds to [ = Id + €l, and therefore L. = Id + €L.
We will assume that [, is invertible (which always holds locally on M, for small €),
which implies that L. is invertible, and also that wy_ is symplectic. As discussed
above,

(Gv,wr,) = (M, m-1)

is a symplectic groupoid. Note that Taylor expansion in € of the Poisson structure
is given by:
-1 =T — €M + 627Tl2 — 6‘37rl3 + -

Then 7, the speed at e = 0, is a Poisson-cocycle: [r,m] = 0.

Let us discuss the case of trivial deformations, i.e., assume that m; = —[m, X], for
some vector field X. This condition is equivalent to (X,[) being an IM-1-form, i.e.,
to [ being exact; moreover, since the integration of I M-forms is a chain complex
isomorphism to germs of multiplicative forms (Remark 1), the condition is also
equivalent to wy, admitting a local multiplicative primitive 1. By Theorem 1, this
multiplicative 1-form integrating (X, 1) is given by

1 1
_ T \k (7% t \*k v
n—/o (64" (") dt+d/0 (64)° X dt,
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where «q is the tautological 1-form on T*M and X € C*° (T*M) is X viewed as
a linear function. Then wy = —dn, and so wr, = w — edn. Consider the local,
time-dependent vector field Y, defined by

ingLe =1.

Then Y, is multiplicative, hence its flow ¢5. is a local groupoid map; and by the
usual Moser argument, (43, )*wr, = w. Thus we obtain a local symplectic groupoid
isomorphism:

9y, : (Gv,w) --» (Gv,wr,).
Since Y¢ is multiplicative, it is o-projectable to a vector field X, on M whose flow,
when defined, is a Poisson isomorphism:
¢k, (M,7) — (M,ngl).
In fact, by calculating wr,, and 1 along the zero-section with the aid of Remark 2,
wr, (v+a,w+b) = (v[leb) — (wllea) — m(lea,b), n(v+a) = (Xz|a),

for all v+ a,w + b € T,Gy, x € M, one obtains that Y.|5; = [-! o X. Hence,
X, = I74(X).

Another interesting case are gauge transformations; i.e., when | = w” o 7,
for a closed 2-form w on M. In this case, as discussed in Remark 3, we have that
(—1,0) integrates to wy, = 0*(w) —7*(w). We obtain the deformation of symplectic
groupoids (Gv,wr,) = (M, m-1),

where wr, =w + €(0”(w) — 7% (w)) and 77?,1 =7to(Id + e’ onf)~?

is the gauge transformation of 7 by the closed 2-form ew.

Local integration of Poisson—Nijenhuis structures. Here, we recover the results on
local integrations and realizations of Poisson-Nijenhuis structures [3], [28], [30]
using the spray groupoid perspective.

As before, let | be a closed IM-2-form on TM. The Nijenhuis torsion of [ is
defined by:

T, e D(N*T*M @ TM),
Ti(u,v) = [U(u), 1(v)] = U([1(w), o] + [u, 1()]) + P([u,0]), w0 € X(M),
where [ and its transposed are denoted the same. In our setting, this tensor appears

as follows (the result below is inspired by results in [10]):

Lemma 6. Consider the multiplicative 2-form on Gy, wrz(u,v) = w(L*u,v).
The IM-2-form corresponding to wr: is (—1?,—T}); moreover, the following three
equations are equivalent:

(1) dwrz=0;  (2) T, =0;  (3) T, =0.
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Proof. The result is based on the calculations from [10]. First, we note a general
formula: for any 2-form Q € Q?(N) and any (1,1) tensor A: TN — TN which
satisfy Q(AX,Y) = Q(X, AY), we have that [10, Lem. 2.9]

iTA(u,v)Q = (iv 0 %Ay + %Ay © ’iu)dQA — 1A ©014,dS) — iy 0 iudQA27 (30)

for all u,v € TN, where Q 4k (u,v) := Q(A*u, v). Applying (30) to the multiplica-
tive symplectic structure w on Gy, and to the (1,1) tensor L, we obtain that:

iy (up)W = —ly O Gydwpe.

In particular, this shows that (1) and (3) are equivalent. Denote by (I,v) the
IM-2-form corresponding to wr2. By the differentiation procedure (3), and by the
explicit description of w and L along the zero-section, we have that:

U(a)(v) = wr2(a,v) = w(l®(a),v) = —(%a | v),

v(a)(v,w) = dwr2(a,v,w) = —w(TL(v,w),a) = —w(T;(v,w),a) = —Ti(a)(v,w),

where we have also used that T, (u, v) = T;(u, v) for u, v tangent to the unit section.
This implies that w2 integrates (—I?, —T}). Finally, by Remark 1, wy: is closed iff
I;=0. 0O

Assume that (m,1) is a Poisson—Nijenhuis structure, i.e., 7 is a Poisson structure
and [ is a closed IM-2-form on T* M whose Nijenhuis torsion vanishes. The above
shows that

(Gv,w,L) = (M, 7,1)

is a local symplectic Nijenhuis groupoid [30], i.e., (Gy,w) is a local symplectic
groupoid, L is multiplicative and (IT = w™!, L) is a Poisson—Nijenhuis structure
inducing on the base the Poisson—Nijenhuis structure (,1). By the general theory
of Poisson Nijenhuis structures [24], the bivector fields 7k, k > 0, are all Poisson
structures, which pairwise commute; and similarly, at the groupoid level, the local
multiplicative bivector fields II;», kK > 0, are are all Poisson structures, which
pairwise commute, and by the discussion in the beginning of Section 3.2, the source
map is a Poisson map for all these structures (resp. the target map is anti-Poisson):

o: (Gy,pr) = (M, mpx), k>0.

On the other hand, by using relation (30) for Q = wpk, one proves inductively that
dwpr =0 for all k£ > 0. So, all these forms are multiplicative and closed, and their
infinitesimal IM-forms are (—{*,0). This shows that:

1
Wik = /0 (61)* (1) wp dt.

If [ is invertible, the above discussion holds for all k € Z, and we obtain symplectic
realizations:
g=o0: (Gy,wpr) = (M,m-x), k€EZ.
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Remark 7. In [3], the authors consider further holomorphic Poisson structures,
i.e., Poisson Nijenhuis structures (M, n,j) such that j2 = —Id. In this case, the
local symplectic Nijenhuis groupoid (Gy,w,J) which is obtained by the above
procedure is automatically a local holomorphic symplectic groupoid. This follows
by integrating the closed IM-2-form (—32,0) = (Id,0), and conclude that wj» =
—w, hence J? = —Id.

Local integration of generalized complex structures. Another setting where closed
IM-2-forms on Poisson manifolds appear are generalized complex manifolds [21].
Let us describe the integration of these structures to the corresponding spray
groupoid, in the spirit of [10] (see also [2] for a more complete discussion of
integration of generalized complex structures).

Following [10], a generalized complex structure can be described by a triple
(m,l,w), where 7 is a Poisson structure on M, [ is a closed IM-2-form on T*M,
and w is a 2-form on M satisfying:

P4rie’ =—Id, Ty(u,v) = n*(iyiudw),

low=wol, dw(u,v,w)=dw(lu,v,w)+ dw(u,lv,w)+ dw(u,v, lw),

where, as usual, w;(u,v) := w(l(u),v), and I and its transpose are denoted by the
same symbol.

Consider the local integration (Gy,w,wr) of (M, m,1), as in the beginning of
Section 3.2. Following [10], the first set of equations has an interpretation in terms
of IM-2-forms (for the second, we are not aware of such an interpretation); namely,
the IM forms

—(1d,0), —(%,T;) and (@’ oxt, dw’ oxt)

integrate to the multiplicative forms w, wr2 (Lemma 6) and 7*(w)—0*(w) (Remark
3), respectively; therefore the first conditions are equivalent to:

wHwp =7"(w) — o (w).

The triple (Il = w™!, L,0*(w) — 7*(w)) is a local multiplicative generalized com-
plex structure on the spray groupoid Gy, and which is a local integration in the
sense of [10] of (,1,w).

3.3. Local integration of twisted Dirac structures

Generalizing Poisson structures, Dirac structures provide another example of Lie
algebroids which carry natural IM 2-forms [4], [5]. We discuss their local integra-
tions obtained from sprays.

Fix a closed 3-form H € Q3(M). Recall [5] that an H -twisted Dirac structure is a
subbundle L C TM @T*M =: TM over M which is lagrangian with respect to the
natural symmetric pairing on TM and whose space of sections I'(L) is involutive
with respect to the H-twisted Courant bracket on I'(TM) = X' (M) @ Q' (M):

[v+a,w+ Bla = [v,w] + L8 — iwda + iyi,H, v,we X' (M),a,B € QH(M).
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Then (L, [-,]u, p) is a Lie algebroid with anchor p(v + a) = v, which carries the
canonical IM-2-form (—p, H® o p) given by:

p:L—T"M, v+ o a,
H’op: L — N*T*M, v+ aw i,H.

The linear form on L corresponding to (—p, H o p) is given by

—~

A prop) = P'wo+ Al € Q2 (L), where Ay := H” o p.

Let V be a spray on L with corresponding local spray groupoid Gy = M.
Consider the local multiplicative 2-form on Gy, integrating (—p, H o p):

1
WZ/ (65)" (5"wo + A dt.
0

Since integration is a chain map (Remark 1), the multiplicative 3-form dw inte-
grates the IM-3-form (Hb o p,0), therefore, by Remark 3, we obtain that w is
relatively H-closed, i.e.,

dw=71"H—0c"H.

Using the canonical decomposition T, L =T, M @ L, for x € M C L, equation
(23) and that L is isotropic, we obtain that

wz((v1, w1 + a1), (va, we + az)) = {aa | v1) — (@1 | Vg + wa), (31)

for all (v1, w1 +aq), (ve, we + ) € TGy . This formula can be used to show that,
along the unit section, w satisfies the following so-called robustness condition [5]

ker(wq) Nker(d,o) Nker(d,7) =0, a € Gy.

This condition is open, therefore it is satisfied around the unit section. Thus,
(Gv,w, H) = M defines a local version of the presymplectic groupoids defined in
[5, Def. 2.1]. The local groupoid version of [5, Thm. 2.2] also holds, and therefore
o pushes the graph of w forward to an H-twisted Dirac structure on M, and this
Dirac structure is L3, as it can be straightforwardly checked at points of the unit
section using (31), just as in the Poisson case. Moreover, the source-target map
becomes a presymplectic realization [5]:

ox1:(Gy,w)--»(M,L) x (M,—L), (32)

i.e., o x 7 is a forward Dirac map and ker(c x 7) Nker(w) = 0. Here Gy is endowed
with the graph of w, which is (o x 7)*(H, —H)-twisted, and M x M with the
product Dirac structure L x —L, where —L := {v — «a : v+ o € L} is the opposite
Dirac structure, which is (H, —H)-twisted.

For H = 0, we have that w = fol (%,)*p*wo dt. In this case, the fact that (32) is
a presymplectic realization was proven also in [19], with a direct Dirac-geometric
argument.

30ur conventions differ slightly from [5]: in loc. cit. the presymplectic structure of a
presymplectic groupoid is the negative of our presymplectic structure, and this makes
the target map forward Dirac.
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3.4. Local integration of multiplicative distributions

We start by recalling the local groupoid version of multiplicative distributions; as
a reference to multiplicative distributions on Lie groupoids, see [14].

By a local distribution on a local Lie groupoid G = M we mean a vector
subbundle H C T'G supported on a neighborhood U C G of M. A local distribution
H C TG is called multiplicative if it defines a local Lie subgroupoid over T'M of
the tangent groupoid TG = T'M, i.e., TM C H and there are open neighborhoods
Ui C G and Uy C G4 X+ G of M such that

du(H|y,) € H and du((Hae xar H)|v,) C H.

Any pointwise surjective E-valued local multiplicative 1-form we Qi (G;0*(E))
(E any representation of G) gives rise to a multiplicative distribution: H :=
ker(w). In fact, every local multiplicative distribution is associated with a surjective
multiplicative one-form as above, and this gives the recipe to construct the infinite-
simal counterpart of multiplicative distributions. To see this, let H C T'G be a local

multiplicative distribution, and denote
H?:=T°GNH and g:=H%|y CA.

There is a canonical adjoint-like local action of G on the vector bundle A/g, defined
as follows:

g+ [v] = [0a(dp(w,v))] € Ar(g)/8r(g), V] € Ao(g)/Bo(e)>

where w € H, is any element satisfying do(w) = dr(v) and 6¢ is the Maurer—
Cartan form of GG. The existence of w is ensured by the fact that do: H — T M
is onto, at least in a neighborhood of M, and that the action is well-defined is a
consequence of the fact that H is a subgroupoid. The associated local multiplicative
1-form w € Q*(G;0*(A/g)) is given by:

wg(v) = g_l : [OG(U - U)] € Aa(g)/Qa(g)v v E TgGa

where u € H, is any element such that do(v) = do(u). Again, using that H is
a subgroupoid, one can prove that, in a small enough neighborhood of M, w is
well-defined, that it is multiplicative, and that ker(w) = H.

The infinitesimal counterpart of multiplicative distributions are the following
objects on a Lie algebroid A: a subbundle g C A and a Spencer operator of the
form

D:T(A) = QY (M;A/g), Il=pr:A— Alg.
The action of A on A/g is recovered from the relations (6) as the flat A-connection:
V:T(A) xT(A/g) = T(A/g), Va(pr(h)) = tpw)D(a) +pr([a,b]).

The differentiation procedure is as follows. Given a local multiplicative distribu-
tion H C TG, the corresponding Spencer operator is explicitly given by g =
(HNT°G)|py = HN A, and

1D(a) = [5,a"] mod g, (33)
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for any a € T'(A), v € X(M), where a®® € T(T°@G) is the right invariant vector field
induced by a, and v € I'(H) is any extension of v in H around M satisfying that
do(v) = v. In this case, we say that H integrates D.
For a fixed subbundle g C A and a fixed local Lie groupoid G = M, the above
constructions give one-to-one correspondences between:
(1) germs around M of multiplicative distributions H C T'G satisfying HNA =g;
(2) pairs consisting of a germ of a local representation of G on A/g and a
germ of a local multiplicative 1-form w € Q. (G;0*(A/g)) satisfying w|4 =
pr: A— A/g;

(3) pairs consisting of a representation of A on A/g and a degree one Spencer
operator of the form (pr, D) on A with values in A/g.

For a spray groupoid Gy = M, Theorem 3 makes the integration procedure,
i.e., the passage from item 3 to item 2 above, also explicit. Namely, given a
representation of A on A/g and a compatible Spencer operator (pr, D) as above,
then the corresponding local multiplicative 1-form is given by

1
w(v) = A Tg;(a) ~A(pr)D)((¢§/)*v), v e T,Gy,

where A, py € Qf,(A; A/g) is the linear form associated to (pr, D) (Lemma 1),
and T gzt(a) is the parallel transport with respect of V from t to 0 along the path
\4

#%(a) (Subsection 2.8).

3.5. Local integration of Jacobi structures
Another type of geometric structures which can be encoded by Spencer operators
are Jacobi structures. These were first considered independently by Kirillov [23]
and Lichnerowicz [26]; here we follow the approach to Jacobi manifolds in terms
of Spencer operators developed in [15].

A Jacobi manifold (M, L, {, }) consists of a line bundle L over the manifold M
together with a Lie bracket {, } on the space of sections of L which is local:

supp{u, v} C supp(u) Nsupp(v), wu,v € T(L).
The Jacobi bracket induces a Lie algebroid structure on the first jet bundle of L
q: J'L — M.

The structure maps of this Lie algebroid are uniquely defined by the relations

{u, fo}= flu, v}HLyrw) (f)v, [ u, j1v) = {u,v}, FEC®(M),u,veT(L). (34)
Further, the Lie algebroid J'L carries a degree one Spencer operator
D:T(J'L) = QY (M;L), l=pr: J'L — L,

which is uniquely determined by the condition D(j'u) = 0, u € T'(L), and the
Leibniz identity with respect to pr. The linear one-form associated to (pr, D) is
the canonical contact form A € Q}_(J'L; L)
Ajiy =dg(pr—uogq): Tj;u(JlL) — Ly,
where we have used the canonical identification L, = T, (Lz).
Finally, the underlying representation V: I'(J'L) x I'(L) — T'(L) is defined by

Vi (v) = {u,0). (35)
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Example 1 (Contact structures as Jacobi brackets). Just as symplectic structu-
res correspond to non-degenerate Poisson structures, contact structures correspond
to non-degenerate Jacobi structures. Let H be a contact structure on M, i.e.,
H C TM is a codimension-one distribution which is maximally non-integrable, in
the sense that the pairing

(,-): Hy X Hy = Ly := T,M/H,, (X,Y)~ [X,Y], mod H, (36)

is non-degenerate, where XandY e I'(H) denote extensions of X and Y, respec-
tively. The Lie algebra of Reeb vector fields of the contact structure H, denoted
XReeb(M H) C X(M), consists of vector fields R € X(M) satisfying [R,T'(H)] C
['(H). The projection TM — L induces a linear isomorphism X®e¢?(M, H) = T'(L).
This endows L with a canonical Jacobi bracket {, } .

A Jacobi map between Jacobi manifolds (M1, L1, {-,-}r,) and (Ma, L2, {-,}1,)
consists of a smooth map ¢: M; — Ms, and a line bundle isomorphism ¥: * Ly =
Ly such that the map induced on sections I'(Ls) — T'(L1), u — ¥(uo 1) is a Lie
algebra map. Following the previous example, a contact realization of a Jacobi
manifold (M, L,{,}) is a contact manifold (£, H) and a Jacobi map

(1/’7‘1’)1 (ZvLH = TE/H’{’}H) — (M’L7{7})

such that 1 is a surjective submersion.

A local contact groupoid consists of a local Lie groupoid G = M together with
a local multiplicative distribution H C T'G which is contact. Let (G, H) be a local
contact groupoid with Lie algebroid A. As discussed in the previous subsection, G
has a canonical local action on the line bundle L := A/(H N A) and a canonical
multiplicative 1-form w: TG — L, which satisfies H = kerw, and so, it induces a
fibre-wise invertible line bundle map

w: Ly :=TG/H = ¢*L.

By adapting the arguments from [15] to this local setting, one can prove that:

e There is a unique Jacobi structure (L, {-,-}) such that (o,@) is a contact
realization. This holds because: the Jacobi bracket corresponding to H comes
from the isomorphism I'(Lg) = XRe°P(G, H); and we have the following equality
around M

w(XE5 (G, H)) = o*(D(L)) € T(o™ (L)),
where XR<P (G, H) denotes the space of local Reeb vector fields on G that are
left-invariant (and so, tangent to the 7-fibres).

e There is a canonical isomorphism of Lie algebroids ®: J'L =% A, between
the Lie algebroid J'L corresponding to the Jacobi structure on L and the Lie
algebroid A of G, which is uniquely determined by the relation:

®(j'u) = di(ay)|ar € T(A), ueT(L),

where aZ € XReP (G, H) denotes the left-invariant Reeb vector field satisfying

L-inv
w(ak) = wo o, and ¢ denotes the inversion of G.
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e Under the isomorphism ®: J'L =% A, the multiplicative form w differentiates
to the canonical Spencer operator (pr, D) on J!L.

Next, let us explain what our spray method gives in the case of Jacobi manifolds.
Consider a Jacobi structure (M, L,{-,-}). Let V be a spray on the associated Lie
algebroid J'L, and let Gyy = M be the corresponding local spray groupoid. By
the discussion in the previous section, the multiplicative L-valued form integrating
the Spencer operator (pr, D) is given by:

1
w € Q Gy 0"(L), wa= / (ta) ™1 (64)" Ape.p .
0

Moreover, the corresponding local multiplicative distribution H := ker(w) C TGy
is contact. For this note that

e ker(pr) C J!L can be canonically identified with T*M & L;

e along the unit section, we have that H|y = TM @ker(pr) X TM&T*M ® L;
and, under this isomorphism, for a € Q'(M, L) we have that D(a) = —a;

e along the unit section, by (33), the pairing (36) satisfies:

(X,a) =pr([X,a™)), =ixD(a) = —ixa € T'(L),

for all X € X(M), a € Q'(M, L), where X € I'(H) is an extension of X such
that do(X) = X, and a® € I(T°G) is the right invariant vector field induced
by a.

The last item implies that the pairing is non-degenerate along M; hence it
is so in a neighborhood of M, which can be taken to be the domain of H. So
(Gv,H) = M is a local contact groupoid. Finally, by the discussion above, we
have that (Gy, H) = M integrates the Jacobi manifold (M, L,{,}), in the sense
that the the source map o: Gy — M together with @w: TGy /H — o*L define a
contact realization (the proof of [15, Thm. 2] applies directly in this local case).

Example 2. Assume that L is trivializable (or restrict to an open set over which
L is trivializable) and fix an isomorphism L 2 R x M. Then there exist a bivector
field 7 € X?(M) and a vector field R € X(M) such that [23]
{u,v} = w(du, dv) + (R, du)v — uw(R,dv), wu,v € T'(L)=C>*(M).
The Jacobi identity for {-,-} is equivalent to the equations:
[r,7] =2RAm, [m,R]=0.

In this case, we have the identification

J'LE2RXT*M, jluws (u(x),du).
The canonical Spencer operator acts as follows:

D: C®(M)® Q' (M) = QY (M), D(u,a) = du— a.



LOCAL FORMULAS FOR MULTIPLICATIVE FORMS 399
The corresponding linear 1-form is the contact form:
A = dpr; — priag € Q' (R x T* M),

where o € QY(T*M) is the tautological 1-form.
For the Lie algebroid structure on J!L = R x T*M, see e.g., [16]; let us just
recall the anchor:
pu,a) = n¥(a) — uR,

and the action of J'L 2R x T*M on L =R x M
V(wa)v = p(u,a)(v) + (R, a)v,
i.e., the action corresponding to the Lie algebroid cocycle
R: J'LERXT*M =R, (u,a)— (Rya),a).

Let V be a spray for J'L = R x T*M, with spray groupoid Gy . By Subsection
2.5, the above cocycle integrates to the groupoid cocycle

1 1
GV - R7 (’U,7(l) = / <R7 at> dt :/ ﬁ(¢§/) dt’
0 0

where a; is the second component of the flow of V, ie., ¢! (u,a) = (ut,a).
Therefore, the action of Gy on L &2 R x M is:

(u,a) - (v,2) = (efo1 E(‘ﬁ’)dtvﬁ(u,a)) = (eftJ1<R"“>dt1),q(al))7 aeT; M, uyvelR.

Since ¢, (tu,ta) = t¢5f(u,a), note that (tu,ta) - (v,z) = (efJ<R’“S>dsv,T(tu,ta)).
Thus, the multiplicative 1-form integrating (pr, D) becomes:

1
) = / e I3 e (40 )* (dpry — pryao) dt.
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