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Abstract. Let W be a quasiprojective variety over an algebraically closed field of
characteristic zero. Assume that W is birational to a product of a smooth projective
variety A and the projective line. We prove that if A contains no rational curves then
the automorphism group G := Aut(W ) of W is Jordan. That means that there is a
positive integer J = J(W ) such that every finite subgroup B of G contains a commutative
subgroup A such that A is normal in B and the index [B : A] 6 J .

1. Introduction

Throughout this paper k is an algebraically closed field of characteristic zero. All
varieties, if not indicated otherwise, are irreducible, algebraic, and defined over k. If
X is an algebraic variety over k then we write Aut(X) for its group of (biregular) k-
automorphisms and Bir(X) for its group of birational k-automorphisms. As usual,
Pn stands for the n-dimensional projective space and An ( An

x1,...,xn
) for the n-

dimensional affine space (with coordinates x1, . . . , xn, respectively).

The definition of a Jordan group was introduced in [23].

Definition 1. A group G is called Jordan [23] if there exists a positive integer
J that enjoys the following property. Every finite subgroup B of G contains a
commutative subgroup A such that A is normal in B and the index [B : A] 6 J .
Such a smallest J is called the Jordan index of G and denoted by JG .

Definition 2. Let G be a group.

(a) G is called bounded [24], [26] if there is a positive integer C = CG such that
the order of every finite subgroup of G does not exceed C.
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(b) G is called quasi-bounded if there is a nonnegative integer a := a(G) such
that each finite abelian subgroup of G is generated by at most A elements.

(c) G is called strongly Jordan [27], [3] if it is Jordan and quasi-bounded.

Remark 1. (i) If
{0} → G1 → G→ G2 → {0}

is a short exact sequence of groups and both G1 and G2 are bounded (resp. quasi-
bounded) then one may easily check that G is also bounded (resp. quasi-bounded).
Indeed, let H be a finite (resp. finite abelian) subgroup of G. Let H2 be the image
of H in G2 and H1 the intersection of H and the kernel of G→ G2. Then H sits
in the short exact sequence

{0} → H1 → H → H2 → {0}

where Hi is a finite (resp. finite abelian) subgroup of Gi, i = 1, 2. If both G1

and G2 are bounded then the order of H does not exceed CG1
CG2

, i.e., G is also
bounded. If both G1 and G2 are quasi-bounded then H is generated by, at most,
a(G1) + a(G2) elements [19, Lem. 2.3].

(ii) If both G1 and G2 are Jordan then G does not have to be Jordan.
(iii) Clearly, every subgroup of a (strongly) Jordan group is also (strongly)

Jordan.

The group GLn(Z) is bounded by Minkowski’s Theorem ([31, Sect. 9.1]). The
classical theorem of Jordan ([8, Sect. 36], [31, Sect. 9.2],[22]) asserts that GL(n, k)
is strongly Jordan. An example of a non-Jordan group is given by GL(n,Fp) where
Fp is the algebraic closure of a finite field Fp and n > 2.

We refer the reader to [24] for references and a survey on this topic.
Let X be an algebraic variety over k. It is known that Aut(X) is Jordan if either

dim(X) 6 2 [23], [2] or X is projective [19]. It is also known ([26] combined with
[4]), that if X is an irreducible variety then Bir(X) is Jordan if either q(X) = 0 or
X is not uniruled (in particular, Cremona groups Bir(PN ) and groups Aut(AN )
are Jordan).

On the other hand, Bir(X) is not Jordan if X is birational to a product A×Pn

where n > 1 and A is a positive-dimensional abelian variety over k [35].
Since Aut(X) is a subgroup of Bir(X), it is Jordan whenever Bir(X) is Jordan.

But Aut(X) may be Jordan when Bir(X) is not. To the best of our knowledge,
there is no example of an algebraic variety with non-Jordan automorphisms group.
The aim of this paper is to prove the Jordan property of the group Aut(X) for
open subsets of certain uniruled varieties.

Definition 3. We call a smooth projective variety A rigid if it is irreducible and
contains no rational curves.

We prove the following

Theorem 4. Let W be an irreducible quasiprojective variety that is birational to
a product A × P1 where A is a smooth rigid projective variety. Then Aut(W ) is
strongly Jordan.
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The case of dim(W ) = 2, dim(A) = 1 was done in [23], [36], [2].

The case of dim(W ) = 3 was studied in [35], [25], [26], [3], [27]. Here is the
final answer for Bir(X) [27]. Let X be a threefold. Then Bir(X) is not Jordan if
and only if either X is birational to E × P2, where E is an elliptic curve, or X is
birational to S × P1, where S is one of the following:

Case 1. an abelian surface;

Case 2. a bielliptic surface;

Case 3. a surface with Kodaira dimension κ(S) = 1 such that the Jacobian
fibration of the pluricanonical fibration is locally trivial in Zariski topology.

Thus, Theorem 4 leads to the following

Corollary 5. Assume that W is a quasiprojective irreducible variety of dimension
d 6 3. Assume that W is not birational to E × P2, where E is an elliptic curve.
Then Aut(W ) is Jordan.

Remark 2. Let W be a (nonempty) irreducible algebraic variety over k and let
W ns ⊂ W be the open dense (sub)set of its nonsingular points. Then u(W ns) ⊂
W ns for each u ∈ Aut(W ). This gives rise to the natural group homomorphism
Aut(W ) → Aut(W ns), which is injective, since W ns is dense in W in Zariski
topology. This implies that in the course of the proof of Theorem 4 and Corollary 5
we may assume that W is smooth.

The paper is organized as follows. Section 2 contains notation and auxiliary
results about fiberwise automorphisms of fibered varieties. In Section 3 we discuss
automorphism groups of varieties that are birational to a product A × P1 where
A is a smooth rigid projective variety. Section 4 contains the proof of Theorem 4
and Corollary 5

Acknowledgements. We are grateful to Shulim Kaliman, Michel Brion, and
Vladimir Berkovich for helpful discussions. Our thanks go to the referees, whose
comments helped to improve the exposition.

2. Preliminaries

If X is an irreducible algebraic variety over k then

• We write k[X] for the ring of regular functions on X and k(X) for its field of
rational functions. In this case one may view Bir(X) as the group of all k-linear
automorphisms of k(X) and Aut(X) as a certain subgroup of Bir(X). We write
idX (or simply id) for the identity automorphism of X, which may be viewed as
the identity element of groups Aut(X) and Bir(X).

• By points of X (unless otherwise stated) we always mean k-points. A general
point means a point of an open dense subset of X.

• If X is smooth then KX and q(X) stand for the canonical class of X and
irregularity h0,1(X) of X, respectively.

• C, Q and Z stand for fields of complex numbers, the rationals, and ring of
integers, respectively.

• If F is a field then we write F for its algebraic closure.
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• Let X,Y, T be irreducible varieties, p : X → T, q : Y → T morphisms. We
say that a rational map f : X 99K Y is p, q-fiberwise if there exists morphism
gf : T → T such that the following diagram commutes:

X
f //

p

��

Y

q

��
T

gf // T

.

• If X = Y, p = q, f ∈ Bir(X), then we say that f is p-fiberwise and denote
by Birp(X) the group of all p-fiberwise birational automorphisms of X. We write
Autp(X) for the intersection of Birp(X) and Aut(X) in Bir(X), which is the group
of all p-fiberwise automorphisms of X.

• Recall that if a smooth projective variety A is rigid, then any rational map
from a smooth variety to A is a morphism ([9, Cor. 1.44]). In particular, Bir(A) =
Aut(A). Abelian varieties and bielliptic surfaces are rigid.

We start with an auxiliary

Lemma 6. Assume that U , V are smooth irreducible quasiprojective varieties en-
dowed by a surjective morphism p : U → V such that the fiber Pv := p−1(v) is
projective and irreducible for every point v ∈ V. Assume that C ⊂ U is a closed
subset and that C ∩ Pv is a finite set for every point v ∈ V. Assume that f ∈
Autp(U \ C). Then f ∈ Autp(U).

Remark 3. In loose language this Lemma asserts that every fiberwise automor-
phism f ∈ Aut(U \ C) may be extended to an automorphism of U if C has only
“p-horizontal” components over V.

Proof. Take any smooth projective closure V of V and choose such a smooth
projective closure U of U that the rational extension p : U → V of p is a morphism.
Since all the fibers of p are projective and irreducible, we have p−1(V ) = U, p−1(V \
V ) = U \U and p

∣∣
U
= p (see, for example, [18, Sect. 2.6]). Let f : U 99K U be the

rational extension of f. Let (Ũ ′, f̃ , π) be a resolution of indeterminacy of f. Let
gf ∈ Bir(V ) be an extension of gf .

We have a commutative diagram

Ũ ′

π

��

f̃

��?
??

??
??

??
?

U

p

��

f //____ U

p

��
V

gf //____ V

.

Since gf is an automorphism of V , we have

Ũ := (p ◦ π)−1(V ) = (p ◦ f̃)−1(V ) = π−1(U)
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JORDAN GROUPS

and we may restrict the maps π, f̃ , f , p, gf to quasiprojective varieties Ũ , U, and
V and obtain the following commutative diagram:

Ũ

π

��

f̃ |Ũ

��?
??

??
??

??
?

U

p

��

f |U //____ U

p

��
V

gf // V

.

Here

• π and f̃ := f̃ |Ũ are morphisms;

• f := f |U ∈ Aut(U \ C) ∩ Bir(U);
• π is an isomorphism of U1 := π−1(U \ C) to U \ C.

We have to show that f is defined at all points of C. For this, we need to
check that f̃(π−1(c)) is a point for every point c ∈ C. Since π and f̃ are birational

morphisms, the sets f̃−1(a) and π−1(a) are connected for every point a ∈ U by

the Zariski Main Theorem (see [20, Chap. III, §9] ). Take a ∈ U \C. Then f̃−1(a)
contains an isolated point π−1(f−1(a)) ∈ U1, which (by the Zariski Main Theorem)

is the only connected component of f̃−1(a). Thus f̃−1(U \ C) = U1, f̃
−1(C) =

π−1(C), or f̃(π−1(C)) = C, f̃(U1) = U \ C. Hence for every point c ∈ C we have

f̃(π−1(c)) ⊂ C ∩ Pgf (p(v))

and the latter is a finite set. Since f̃(π−1(c)) has to be connected, it is a single

point. Thus f = f̃ ◦ π−1 is defined at every point of U. �

Lemma 7. Assume that a group G sits in the short exact sequence

{0} → G1 → G→ G2 → {0}.

Suppose that one of the following two condition holds.

(1) G1 is bounded and G2 is strongly Jordan.
(2) G1 is strongly Jordan and G2 is bounded.

Then G is strongly Jordan.

Proof. Suppose (1) holds. Then a lemma of Anton Klyachko [3, Lem. 2.1] implies
that G is strongly Jordan.

Suppose (2) holds. Then both G1 and G2 are quasi-bounded. By Remark 1,
G is also quasi-bounded. It follows from [19, Lem. 2.3(1)] that G is Jordan. This
implies that G is strongly Jordan. �
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Remark 4. Let X be a projective variety. It is actually proven in [19] that Aut(X)
is strongly Jordan (not just Jordan): the assertion follows readily from the combi-
nation of [19, Thm. 1.4] and [19, Lem. 2.5].

In the next Proposition we consider the group Autp(X) where p : W → A is a
morphism from a smooth quasiprojective variety W with projective fibers and A
is a smooth rigid projective variety.

Proposition 8. Suppose that A is a smooth rigid projective variety of positive
dimension. Let X be a smooth irreducible projective variety and p : X → A a
surjective morphism such that the generic fiber (and, hence, the fiber over every
point a ∈ A) is connected. Let S ( A be a closed subset of A. Put Z = p−1(S) and
W = X \ Z. Then the group H = Autp(W ) is strongly Jordan.

Remark 5. Let Ar be the largest open subset of all points a ∈ A \ S such that
the fiber p−1(a) is smooth (hence, irreducible). Then Wr := p−1(Ar) is evidently
H-invariant and H is embedded in Aut(Wr). Thus while proving the Proposition
we may assume that for every point a ̸∈ S the fiber p−1(a) is irreducible.

Proof. If S = ∅ then W = X is projective and the desired result follows from
results of [19] (and Remark 4). Thus we assume that S ̸= ∅. Then

• We denote by G(A) := Aut(A) the group of automorphisms of A.
• We denote by G(S) ⊂ G(A) the subgroup of all elements g ∈ G(A) such that
g(S) = S.

• The identity component G(A)0 of G(A) is a connected algebraic group ([17,
Cor. 2]).

• The intersection GS = G(S) ∩G(A)0 is a closed subgroup of G(A)0, because
S is a closed subset of A.

• The identity component G0 of GS is a closed subgroup in GS , thus it is a
connected algebraic group, and has finite index in GS .

• The quotient group G(S)/GS is bounded ([19, Lem. 2.5]).
• Hence, the group G(S)/G0 is bounded.
• Since G0 acts on a non-uniruled projective variety A, it contains no non-
trivial connected linear algebraic subgroup (otherwise, the open dense subset
of A would be covered by rational orbits). Thus it is isomorphic to an abelian
variety by Chevalley’s Theorem ([6]).

By definition, for every automorphism f ∈ Autp(W ) there is gf ∈ Aut(A \ S)
that may be included into the following commutative diagram :

W
f / /

p

��

W

p

��
A \ S

gf // A \ S

.

We denote by H0 ⊂ H the subgroup of all f ∈ H such that gf ∈ G0. The group
H = Autp(W ) sits in the following exact sequence

726



JORDAN GROUPS

0 → Hi → H → Ha → 0,

where
—Hi = {f ∈ H | gf = idA} is a subgroup of the automorphism group of the

generic fiber Wp of p;
—Ha = {g ∈ Aut(A \ S) | g = gf for somef ∈ H}.
Note that we have

• Ha ⊂ G(S), since Bir(A) = Aut(A).
• Every g ∈ Ha ⊂ G(S) moves a G0-orbit (in A) to a G0-orbit, since G0 is a
closed normal subgroup of G(S).

• The orbit G0(z) of a point z ̸∈ S is a projective subset of A, since G0 is an
abelian variety.

• The orbit G0(z) of a point z ̸∈ S does not meet S. Hence, if z ̸∈ S then
p−1(G0(z)) ∩ Z = p−1(G0(z) ∩ S) = ∅, i.e p−1(G0(z)) is a closed irreducible
projective subset of W . Indeed it is a fibration with irreducible projective
fibers over a projective orbit G0(z) ( [32, Chap. 1, n.6.3, Thm, 8]).

By a theorem of M. Rosenlicht [28], there exist a dense open G0-invariant subset
U ⊂ A, a quasiprojective variety V and a morphism π : U → V such that a fiber
π−1(v) is precisely an orbit of G0 for every v ∈ V. That means that V is a geometric
quotient of U by the G0-action. Since S is G0-invariant, we may assume that
U ⊂ A \ S. Since every g ∈ Ha ⊂ G(S) moves a G0-orbit (in A) to a G0-orbit, the
map hg := π ◦ g ◦π−1 : V → V is defined at every point of V, hence is a morphism
(see [12, Lem. 10.7, pp. 314–315]). Moreover, the following diagram commutes:

p−1(U)
f //

p

��

p−1(U)

p

��
U

gf //

π

��

U

π

��
V

hgf // V

.

Let τ = π ◦ p. Since the general fiber Tv = τ−1(v), v ∈ V is a projective
irreducible variety, the generic fiber T of τ is projective and irreducible as well
([11, Prop. 9.7.8.]). If f ∈ H0, then f ∈ Autτ (p

−1(U)) and hgf = idV . Thus H0 ⊂
Aut(T ) is strongly Jordan, according to [19, Thm. 1.4, Lem. 2.5].

Moreover, we have the following exact sequence of groups

0 → H0 → H → HV → 0,

where HV = H/H0 is isomorphic to a subgroup of G(S)/G0, hence is bounded.
Therefore, by Lemma 7, H is strongly Jordan. (In the particular case of G0 =
{idA} we have V = A \ S, π = idA, hgf = gf , and HV = Ha ⊂ GS .) �
Remark 6. The proof given for S ̸= ∅ remains valid in case S = ∅, but then it
reduces to double implementation of results of [19] (and Remark 4), instead of
direct one (as is done in the beginning of the proof).
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3. Admissible triples and related exact sequences

Let n be a positive integer and A be a n-dimensional irreducible smooth rigid
projective variety (e.g., an abelian variety or a product of curves of positive genus).
We write K for k(A).

Let us define an A-admissible triple as a triple (X,ϕ, Z) that consists of a smooth
irreducible projective variety X, a birational isomorphism ϕ : X 99K A× P1 and a
closed subset Z ( X. We denote by W the open subset

W = X \ Z ⊂ X.

We will freely use the following notation and properties of admissible A-triples.

(a) Let pA : A × P1 → A be the projection map on the first factor. Then the
composition p := pA ◦ ϕ : X → A is a morphism, since A is rigid. We say that p
is induced by ϕ.

(b) Since X is birational to A× P1, there is an open non-empty subset B ⊂ A
such that ϕ induces an isomorphism between XB = p−1(B) and B × P1. (This
follows from the fact that the indeterminancy locus of ϕ has codimension 6 2 in
X, thus it is mapped by p into a proper closed subset of A.)

Moreover, ϕ is p, pA-fiberwise: the following diagram commutes.

XB
ϕ //

p

��

B × P1

pA

��
B

id // B

; (1)

(c) It follows from (1) that the general fiber Px := p−1(x) (i.e., fiber over a
point x of a certain open dense subset of A) is isomorphic to P1.

(d) Let us put:

• r(Z) is the number of irreducible over K components of Z that are mapped
dominantly onto A; we will call such components “horizontal”;

• m(Z) is the degree of the restriction of p to Z, i.e., the number of K-points
in p−1(a)

∩
Z for a general point a ∈ A.

(e) The generic fiber Xp of p is isomorphic to the projective line P1
K over K; the

generic fiber Wp of the restriction p|W → A (of p to W ) is isomorphic to P1
K \M,

where M is a finite set that is defined over K and consists of m(Z) points that are
defined over a finite algebraic extension of K. In other words, the K-variety Wp is
isomorphic to the projective line over K with m(Z) punctures. In particular, the
group AutK(Wp) is finite if m(Z) > 2. On the other hand, r(Z) is the number of
Galois orbits in the set of punctures. In particular,

1 6 r(Z) 6 m(Z) or 0 = r(Z) = m(Z).

(f) We may choose B in such a way that ZB := Z ∩ XB meets every fiber
Pb, b ∈ B, at precisely m(Z) K- points. In particular, ZB is a finite cover of B.
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(g) Every birational map f ∈ Bir(X) is p-fiberwise : we denote by gf ∈ Bir(A)
the corresponding automorphism gf : A 99K A (see [3, Lem. 3.4]). Since A is rigid,
gf actually belongs to Aut(A). This implies that

Aut(W ) = Autp(W ).

(Here p denotes the restriction of p : X → A to W ⊂ X.)
(h) Let us consider the subgroups

Hi = {f ∈ Aut(W ) | gf = idA} ⊂ Aut(W )

and
Ha = {g ∈ Aut(A) | g = gf for some f ∈ Aut(W )} ⊂ Aut(A).

We have the following short exact sequence of groups.

0 → Hi → Aut(W ) → Ha → 0. (2)

(i) Group Hi is isomorphic to a subgroup of AutK(Wp). Thus it is Jordan; it is
finite if m(Z) > 2.

Remark 7. LetW be a smooth quasiprojective irreducible variety that is birational
to A×P1. Then there is an A-admissible triple (X,ϕ, Z) such thatX\Z is biregular
to W . Indeed, one may take as X any smooth projective closure of W and put
Z = X \W .

Lemma 9. Suppose that A is an irreducible smooth projective variety that is not
uniruled (e.g., A is rigid). Then Bir(A× P1) is quasi-bounded.

Proof. Let pA : A × P1 → A be the projection map. Its generic fiber X is the
projective line P1

k(A) over k(A). Each u ∈ Bir(A × P1) is a pA-fiberwise; see [3,

Lem. 3.4 and Cor. 3.6]. By [3, Cor. 3.6], Bir(A × P1) sits in an exact sequence

{0} → Birk(A)(X ) → Bir(A× P1) → Bir(A).

Actually, Bir(A × P1) → Bir(A) is surjective, because one may lift any birational
automorphism of A to a birational automorphism of A × P1. On the other
hand, since X is the projective line, Birk(A)(X ) is the projective linear group
PGL(2, k(A)). This gives us a short exact sequence

{0} → PGL(2, k(A)) → Bir(A× P1) → Bir(A) → {0}. (3)

The theorem of Jordan implies that the linear group PGL(2, k(A)) is strongly
Jordan. In particular, it is quasi-bounded. On the other hand, since A is not
uniruled, Bir(A) is also quasi-bounded ([26, Rem. 6.9], [3, Proof of Cor. 3.8 on
p. 236]. It follows from (3) and Remark 1 that Bir(A× P1) is also quasi-bounded.
�
Lemma 10. Assume that m(Z) = 2 and r(Z) = 1. Let Tor(Hi) be the set of all
elements of Hi of finite order. Then the following conditions hold.
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(i) Tor(Hi) consists of, at most, 4 elements.

(ii) Every element of finite order in Hi has order 1 or 2.

(iii) Every finite subgroup of Hi is abelian and its order divides 4 while its
exponent divides 2.

Proof. Let (u0 : u1) be homogeneous coordinates in P1
K. Since m(Z) = 2, and Z

has only one irreducible component Z1 over K, we may assume that Z1 is defined
by the equation (u0 − µ1u1)(u0 − µ2u1) = 0, where µ1, µ2 are distinct elements of
a quadratic extension K2 of K that are conjugate over K.

Every automorphism f ∈ Tor(Hi) ofWp may be extended uniquely to a periodic
automorphism f of Xp

∼= P1
K. The 2-element subset

{µ1, µ2} ⊂ A1(K2) ⊂ P1(K2)

is f -invariant for all f ∈ Hi. This means that f either leaves invariant both µi or
permutes them.

Put z = (u0 − µ1u1)/(u0 − µ2u1) ∈ K2(A). The extension f leaves the set
{z = 0} ∪ {z = ∞} invariant for all f ∈ Hi. Thus, f(z) = λz or f(z) = λ/z for
suitable nonzero λ ∈ K2. In both cases (f)2(z) := (f ◦ f)(z) = λ2z, This implies
that λ is a root of unity if f is periodic, i.e., if f ∈ Tor(Hi); in particular λ ∈ K.
Suppose that f(u0 : u1) = (u′0 : u′1). Then one may easily check that either (in the
former case)

(u′0 − µ1u
′
1)

(u′0 − µ2u′1)
= λ

(u0 − µ1u1)

(u0 − µ2u1)
, (4)

or (in the latter case)

(u′0 − µ1u
′
1)

(u′0 − µ2u′1)
= λ

(u0 − µ2u1)

(u0 − µ1u1)
. (5)

In order for these maps to be defined over K the matrices (respectively)

(
µ1 − λµ2 µ1µ2(λ− 1)
(1− λ) λµ1 − µ2

)
and

(
µ1 − λµ2 λµ2

2 − µ2
1

(1− λ) λµ2 − µ1

)

should be defined (up to multiplication by a nonzero element of K2) over K as
well. Since λ ∈ K, it may happen only if λ = ±1. This implies that (f)2 : z 7→ λ2z
is the identity map, i.e., the order of f is either 1 or 2. In addition, there are, at
most, four elements in Tor(Hi). Namely, (written in z-coordanate):

f(z) = z, f(z) = −z, f(z) =
1

z
, f(z) = −1

z
. �

One may see Lemma 10 in a more general way. Let K be a field of characteristic
zero that contains all roots of unity. Let n > 2 be an integer.
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The following assertion is an easy application of Kummer theory [15, Chap. VI,
Sect. 8].

Theorem 11. Let u be a matrix in GL(n,K), whose image ū in PGL(n,K) has
finite order. Suppose that u has an eigenvalue that does not belong to K. Then there
is a positive integer d such that d |n and all eigenvalues of ud lie in K. In addition,
if n is a prime, then ū has order n.

Proof. We know that there are a positive integer m and a nonzero element a ∈ K
such that um = a · 1n where 1n is the identity square matrix of size n. Clearly,
the order of ū is strictly greater than 1 and divides n.

Let α be an eigenvalue of u that does not belong to K. Then αm = a. Let
us consider the finite algebraic field extension K′ = K(α) of K and denote by d
its degree [K′ : K]. Clearly, d > 1. The Kummer theory tells us that K′/K is a
cyclic extension and d |m. In other words, K′/K is Galois and its Galois group G
is cyclic of order d. If β is another eigenvalue of u then

βm = a = αm

and therefore the ratio β/α is an mth root of unity and therefore lies in K. This
implies that

K(β) = K(α) = K′;

in particular, none of the eigenvalues of u lies in K.

Recall that the cardinality of G coincides with d. Since β generates K′ over
K, the set {σ(β) | σ ∈ G} consists of d distinct elements, each of which is an
eigenvalue of u and has the same multiplicity. Since the spectrum of u is a disjoint
union of G-orbits, d divides n.

Take an element τ of (abelian group) G. Then τ(β) = ζβ where ζ is a root of
unity that lies in K. The norms of conjugate β and τ(β) (with repect to K′/K )
do coincide. This means that∏

σ∈G

σ(β) =
∏
σ∈G

σ(τβ) = ζd
∏
σ∈G

σ(β).

It follows that

ζd = 1, τ(βd) = (τβ)d = βd

for all τ ∈ G. This implies that βd ∈ K for all eigenvalues β of u and therefore all
eigenvalues of ud lie in K.

Now assume that n is a prime. Then d = n and counting arguments imply that
the spectrum of u consists of exactly one G-orbit, say, Gβ. Then all the eigenvalues
of un = ud coincide with

βn = βd ∈ K.

This implies that un is a scalar and therefore the order of ū divides n. One has
only to recall that this order is greater than 1 and n is a prime. �
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The next lemmas show that the case m(Z) 6 2 may be reduced to the case
m(Z) = 0.

To this end we find an open Ha-invariant subset B̃ ⊂ A of A such that W̃ =
p−1(B̃) is a complement of exactly two (respectively 1) “horizontal” components .

Namely, we build a rank two vector bundle E over B̃ such that W̃ appears to be
isomorphic to the complement Y \ D of two ( respectively, one) disjoint sections
in Y := P (E).

More precisely, we are going to build the following chain of maps and inclusions
of smooth irreducible quasiprojective varieties:

W̃_�

��

p

!!B
BB

BB
BB

BB
BB

B
Ψ // Y \D

π

��

� � // Y

π

~~||
||
||
||
||
||

� _

��
W
_�

��

p

!!D
DD

DD
DD

DD
DD

D
B̃
_�

��

X̃

π̃

}}zz
zz
zz
zz
zz
z

X
p // A

,

such that:

• B̃ is an open dense subset of A invariant under the Ha-action;
• W̃ = p−1(B̃) ⊂W is invariant under the action of Aut(W );
• Ψ is an isomorphism;
• every fiber of π : Y → B̃ is projective;
• D is a closed subset of Y that meets every fiber of π at no more than two
points;

• X̃ is projective;
• π̃(X̃ \ Y ) = A \ B̃.
According to Lemma 6, Aut(Y \ D) ⊂ Aut(Y ). Thus, instead of Aut(W ) we

may study Aut(Y ) where Y is fibered over B̃ ⊂ A with projective fibers (hence

m(X̃ \ Y ) = 0).
The building of this construction is done in the following lemmas.

Lemma 12. If (X,ϕ, Z) is an A-admissible triple, W := X \ Z and m(Z) = 1,

then there exists an A-admissible triple (X̃, ϕ̃, Z̃) with m(Z̃) = 0 and a group

embedding Aut(W ) ↪→ Aut(W̃ ), where W̃ := X̃ \ Z̃.

Proof. Let (w0 : w1) be homogeneous coordinates in P1. We may choose them in
such a way that ϕ(ZB) = B × {(0 : 1)}.

Let

• WB =W ∩XB = XB \ ZB ;
• Bg = g(B) for an automorphism g ∈ Ha;
• Wg =W ∩ p−1(Bg);

• B̃ = ∪Bg, g ∈ Ha;

• W̃ = p−1(B̃) = ∪Wg, g ∈ Ha.
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We have ϕ(WB) = B × (P1 \ {w0 = 0}). Thus, the rational function t = w1/w0

is defined on ϕ(WB) and the rational function τ = ϕ∗(t) is defined on WB . It
establishes an isomorphism of the fiber p−1(b) ∩W with A1

t if b is a point of B.

For every g ∈ Ha there exists fg ∈ Aut(W ) such that g = gfg and fg(WB) =Wg.
We define τg = τ ◦ f−1

g , which is a regular function on Wg. (Note that a priori the
choice of fg is not unique. A different choice of fg will change τg by a p-fiberwise
automorphism ofWB , which becomes a nondegenerate affine transformation of the
generic fiber Wp ∼ A1

K.)

We introduce the isomorphisms ψg : Wg → Bg × A1 by ψg(w) = (p(w), τg(w)).
Actually, ψg are compositions of the chain of automorphisms

Wg

f−1
g−−→WB

ϕ−→ B × A1
t

(g−1,id)−−−−−→ Bg × A1
t .

Note that in this chain f−1
g is p-fiberwise, ϕ is p, pA-fiberwise, and (g−1, id)

is pA-fiberwise, thus ψg is p, pA-fiberwise. It may be included into the following
commutative diagram:

Wg
//

p

��

Bg × A1
t

pA

��
Bg

id // Bg

.

If g, h ∈ Ha and w ∈Wg ∩Wh then:

• b = p(w) ∈ (Bg ∩Bh);

• functions τg and τh provide an isomorphism of the fiber Pb = p−1(b) ∩ W
with A1

t hence

τg = τ ◦ f−1
g = τ ◦ f−1

h ◦ fh ◦ f−1
g = τh ◦ fh ◦ f−1

g = τhα+ β,

where α := αgh(b), β := βgh(b) are regular in Bg ∩Bh, constant along Pb, and
αgh does not vanish in (Bg ∩Bh);

• Ψgh = ψg ◦ψ−1
h is a pA-fiberwise automorphism of (Bg ∩Bh)×A1 defined by

Ψgh(b, τh) = (b, τg) = (b, αgh(b)τh + βgh(b)).

It follows that W̃ is the total body of an A1-bundle on B̃: the latter is defined
by transition functions Ψgh.

We define a rank two vector bundle by the following data:

• the covering of B̃ by the open subsets Bg, g ∈ Ha;

• natural projection πE : Bg × A2
(u0,u1)

→ Bg;

• transition matrices on Bg ∩Bh

Mgh =

(
1 0
βgh αgh

)
.
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The maps
ψg : Wg → P(E), ψg(w) = (p(w), (1 : τg(w))

glue together to an isomorphism

Ψ : W̃ ∼= P(E) \ {u0 = 0}.

We denote by D the divisor (image of the section) {u0 = 0} in P(E) and by π the

induced by πE projection map P (E) → B̃.

We have Aut(W ) ⊂ Aut(W̃ ), since the (sub)set B̃ ⊂ A is invariant under the

action of Ha. On the other hand, according to Lemma 6, Aut(W̃ ) ⊂ Aut(Y ) where

Y := P(E). Take any smooth projective closure X̃ of Y and extend π to the rational

map π̃ : X̃ → A. Since A contains no rational curves, π̃ is a morphism, which is
obviously projective. Let D̃ be the closure of D in X̃. Note that D̃ ∩ Y = D,
π̃−1(B̃) = Y, and p̃−1(A \ B̃) = X̃ \ Y , in light of the “maximality” property of
projective (and therefore proper) morphism π [18, Sect. 2.6, pp. 95–96]).

Let Z̃ = X̃ \ Y . Let ϕ̃ : X̃ 99K A × P1 be the rational extension of ϕ ◦ Ψ−1 :

Y 99K A × P1. Then m(Z̃) = 0, and the A-admissible triple (X̃, ϕ̃, Z̃) is the one
we were looking for. �
Remark 8. This lemma may be derived from general results in [13] and [33], [34];
but we prefer an explicit construction which we use in the next lemma.

Lemma 13. Assume that a triple (X,ϕ, Z) is A-admissible, m(Z)=2 and r(Z)=

2. Then there exists an A-admissible triple (X̃, ϕ̃, Z̃) with m(Z̃) = 0 and a group

embedding Aut(W ) ↪→ Aut(W̃ ), where W̃ := X̃ \ Z̃.

Proof. Since ZB contains two disjoint irreducible over K horizontal components
we may choose homogeneous coordinates (w0 : w1) in P1 in such a way that
ϕ(ZB) = B × {w0w1 = 0}. Thus this is the special case of Lemma 12 when (in
the notation of Lemma 12) τg = 0 whenever t = 0 for all g ∈ Ha. Thus this
lemma follows from Lemma 12. Note that in this case βgh ≡ 0 and instead of the
A1-bundle we have a line bundle. �

It follows that the case m(Z) 6 2 may be reduced to the case m(Z) = 0.

Lemma 14. If a triple (X,ϕ, Z) is A-admissible, W := X \ Z and m(Z) = 0,

then there exists an A-admissible triple (X̃, ϕ̃, Z̃) such that:

1) There is a group embedding Aut(W ) ↪→ Aut(W̃ ) where W̃ = X̃ \ Z̃.
2) If p̃ is the projection map from X̃ onto A induced by ϕ̃, then Z̃ = p̃−1(S) for

a certain closed subset S of A; in addition, for every point b ∈ B := A \ S
the fiber Pb = p̃−1(b) is an irreducible reduced curve isomorphic to P1.

Remark 9. In loose words it means that we can add to Z all the singular fibers of
p without reducing an automorphism group.

Proof. Since m(Z) = 0, we have ZA = p(Z) ̸= A is a closed subset of A. Let a be
a point of ZA. Then the fiber Pa ∩W = Pa \ (Z ∩ Pa) either has a non-projective
irreducible component or is empty. Let Ss be the set of all points a ∈ A \ZA such
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that Pa = p−1(a) is singular (namely, has several irreducible components or a non-
reduced component). Let S := Ss∪ZA ⊂ A, i.e., B := A\S is the set of all points
a ∈ A such that the fiber Pa ⊂W is a reduced irreducible smooth curve isomorphic
to P1. Then sets B and S are invariant under the action of Ha (see (2)), thus

W̃ := p−1(B) is invariant under the action of Aut(W ), i.e., Aut(W ) ⊂ Aut(W̃ ).
Thus, the A-admissible triple

X̃ := X, ϕ̃ := ϕ, Z̃ := p−1(S)

enjoys the desired properties. �

4. Proof of Theorem 4

In this section we prove Theorem 4 and Corollary 5.

Proof of Theorem 4. By Remark 2 we may assume that W is smooth. When
W is projective, the desired result follows from [19]. So, we may assume that
quasiprojective W is not projective. By Remark 7 we may choose such an A-
admissible (X,ϕ, Z) that W = X \ Z. We use the exact sequence (2).

It is proven in [26, Sect. 6] (see also [3, Cor. 3.8]) that for an irreducible non-
uniruled variety A the group Bir(A) (and, hence, Aut(A)) is strongly Jordan.

If m(Z) > 2, then the (sub)group Hi in the short exact sequence (2) is finite. If
m(Z) = 2, and r(Z) = 1, then, according to Lemma 10, Hi is bounded. It follows
from Lemma 7 that in both cases Aut(W ) is Jordan. (See also [26, Lem. 2.8].)

According to Lemma 13, Lemma 12, and Lemma 14, in all other cases one may
assume that conditions of Proposition 8 are satisfied, hence, Aut(W ) is strongly
Jordan. �
Proof of Corollary 5. Assume that W is a quasiprojective irreducible variety of
dimension d 6 3. The case dim(W ) ≤ 2 was done in [23], [36], [2]. Assume that
W is not birational to E × P2, where E is an elliptic curve.

If dim(W ) = 3 and Bir(W ) is Jordan, then its subgroup Aut(W ) is also Jordan.
If Bir(W ) is not Jordan, then according to [27], the variety W has to be birational
to S × P1, where S is a surface that enjoys one of the following three properties.

Case 1. S is an abelian surface. Since S contains no rational curves, it is rigid.
Thus, Aut(W ) is Jordan by Theorem 4.

Case 2. S is a bielliptic surface. Since S contains no rational curves, it is rigid.
Thus, Aut(W ) is Jordan by Theorem 4.

Case 3. S is a surface with Kodaira dimension κ(S) = 1 such that the Jacobian
fibration of the pluricanonical fibration is locally trivial in Zariski topology.

Consider Case 3. Further on we assume that k = C. (See Remark 10 below.)
We have to prove that S is rigid. Since Jacobian fibration of the pluricanonical

fibration is locally trivial in Zariski topology, all fibers (even the multiple ones)
of the pluricanonical fibration are smooth elliptic curves ([32, Chap. VII, Sect. 7,
Cor. 2], [7, Thm. 5.3.1]).

Lemma 15. Assume that A is a smooth irreducible surface endowed with a mor-
phism π : A→ C such that
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• C is a smooth curve of genus g.
• Every fiber Fc = π−1(c), c ∈ C is a smooth elliptic curve.
• Kodaira dimension κ(A) = 1.
• Morphism π is a pluricanonical fibration, i.e., for some N and every effective

divisor D ∈ |NKA| there are positive numbers ν1, . . . , νn and fibers F1, . . . , Fn

of π such that D =
∑n

1 νiFi.

Then surface A contains no rational curves.

Proof. The surface A enjoys the following properties:

• Euler characteristics e(A) = 0 (see [32, Chap. IV, Sect. 4, Thm. 6]).
• Since K2

A = 0, we have χ(A) = χ(A,OA) = 0 (since χ(A) = (K2
A + e(A))/12,

see [32, Introduction, Basic formulas]).
• If fibration π has precisely k multiple fibers F1, . . . , Fk with multiplicities
m1, . . . ,mk, respectively, then

δ(π) := 2g − 2 +
i=k∑
i=1

(
1− 1

mi

)
> 0 (6)

(see [1, Chap. V, Prop. 12.5]).
• In particular, 2g − 2 + k > 0.
• Since π is a pluricanonical fibration every automorphism ϕ ∈ Aut(A) is π-

fiberwise.
• For every automorphism ϕ ∈ Aut(A) the subset Fsing = F1 ∪ · · · ∪ Fk is
invariant since multiple fibers go to multiple fibers.

Let B ⊂ A be a rational curve. Since it cannot be contained in a fiber of π, it is
mapped by π onto C with some degree m ≥ 1. Hence C is rational. Assume that
B intersects Fi at points a

i
1, . . . , a

i
ni

that are ramification points of restriction π̃ of
π onto B, of orders ri,1 . . . , ri,ni , respectively. Then

• ri,1 + · · ·+ ri,ni
= m,

• ri,j > mi j = 1, . . . , ni,
• ni 6 m/mi.

Assume that π̃ has also ramification points b1, . . . , br of orders p1, . . . , pr respec-
tively, (including nodes of B) outside Fsing.

By the Hurwitz formula we have

2 = 2m−
i=k∑
i=1

j=ni∑
j=1

(ri,j − 1)−
l=r∑
l=1

(pl − 1)

= 2m−mk +
∑

ni − ν,

where ν :=
∑l=r

l=1(pl − 1) is a non-negative number.
Thus, dividing by m we get

k − 2 =
1

m

(
− 2 +

∑
ni − ν

)
6

∑ 1

mi
,
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and

δ(π) := −2 +
i=k∑
i=1

(
1− 1

mi

)
= −2 + k −

∑ 1

mi
6 0

which contradicts to (6). �

Thus, in Case 3 surface S is rigid as well, and therefore Aut(W ) is Jordan by
Theorem 4. �

Remark 10. In the course of the proof of Theorem 4 and Corollary 5 it suffices to
consider the case when the ground field is the field C of complex numbers. Indeed,
suppose we know that the Theorems hold true when the ground field is C. Let
k be any algebraically closed field of characteristic 0 and an algebraic variety W
over k satisfies the conditions either of Theorem 4 or Corollary 5. Let us assume
that Aut(W ) is not Jordan. We need to arrive at a contradiction.

The variety W is defined over a subfield k0 (of k) such that k0 is finitely
generated over the field Q of rational numbers, i.e., there is a quasiprojective
variety W0 over k0 such that W = W0 ×k0

k. (Clearly, k0 is a countable field.)
Replacing if necessary k0 by its finitely generated extension, we may assume that
there is a surface A0 over k0 and a k0-birational map between W and A0 × P1.
Moreover, we may choose k0 in such a way that

• if A is bielliptic, the same is valid for A0 (the bielliptic structure would be
defined over k0);

• if κ(A) = 1, the same is valid for A0 (the pluricanonical fibration would be
defined over k0);

• if a pluricanonical fibration of A has smooth irreducible elliptic fibers, the
same is valid for A0 (smoothness is preserved under base change [16, Prop.
3.38, Chap. 4]);

• if A contains no rational curves the same is valid for A0. Indeed, if A0

contained a rational curve, then for some integer d one of the irreducible
quasiprojective components of the variety RatCurvesnd (A) (see [14, Def. 2.11])
would have a point over C. But then it would have a point over k as well,
since k is algebraically closed.

The non-Jordanness of Aut(W ) means that there exists an infinite sequence of
finite subgroups {Gi ⊂ Aut(W )}∞i=1, whose Jordan indices JGi

tend to infinity. For
each positive i there is a subfield ki of k that contains k0 and is finitely generated
over k0, and such that all automorphisms from Gi are defined over ki. Clearly, all ki
are countable fields. The compositum of all ki’s (in k) is countably generated over
k0 and therefore is also a countable field. Let us consider the algebraic closure k∞ of
this compositum in k. Clearly, k∞ is an algebraically closed countable subfield of k
that contains all ki. Let us consider the quasiprojective variety W∞ =W0×k0

k∞.
Clearly, there exist group embeddings Gi ↪→ Autk∞(W∞) for all positive i. This
implies that Autk∞(W∞) is not Jordan.

Since k∞ is countable, there is a field embedding k∞ ↪→ C. Let us consider the
complex quasiprojective variety WC =W∞ ×k∞ C, which is birational to AC × P1
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where AC = A ×k0 C is a complex variety meeting conditions of Theorem 4. In
particular, Aut(WC) is Jordan. On the other hand, there is a group embedding
Aut(W∞) ↪→ Aut(WC). This implies that Aut(WC) is not Jordan as well, which
gives us the desired contradiction.
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Troisiéme partie, Publ. Math. IHES 28 (1966), 5–255.

[12] Sh. Iitaka, Algebraic Geometry, Graduate Texts in Mathematics, Vol. 76,
Springer-Verlag, Berlin, 1982.

[13] T. Kambayashi, D. Wright, Flat families of affine lines are affine-line bundles,
Illinois J. Math. 29 (1985), no. 4, 672–681.

[14] J. Kollar, Rational Curves on Algebraic Varieties, Ergebnisse der Math. 3 Folge,
Vol. 32, Springer-Verlag, Berlin, 1996.

[15] S. Lang, Algebra, 2nd edition, Addison-Wesley, Reading, MA, 1993.

[16] Q. Liu, Algebraic Geometry and Arithmetic Curves, Oxford Graduate Texts in
Mathematics, Vol. 6, Oxford Univ. Press, New York, 2002.

[17] T. Matsusaka, Polarized varieries, fields of moduli and generalized Kummer
varieties of polarized varieties, American J. Math. 80, no. 1, 45–82.

[18] D. Mumford, T. Oda, Algebraic Geometry II, Texts and Reading in Mathematics,
Vol.73, Hindustan Book Agency, Mumbai, 2015.

738



JORDAN GROUPS

[19] Sh. Meng, D.-Q. Zhang, Jordan property for non-linear algebraic groups and
projective varieties, American J. Math. 140 (2018), no. 4, 1133–1145.

[20] D. Mumford, The Red Book of Varieties and Schemes, Lecture Notes in Math.
Vol. 1358, Springer-Verlag, Berlin, 1999.

[21] D. Mumford, Abelian Varieties, 3rd edition, Hindustan Book Agency, India,
Mumbai, 2008.

[22] I. Mundet i Riera, A.Turull, Boosting an analogue of Jordan’s theorem for finite
groups, Adv. Math. 272 (2015), 820–836.

[23] V. L. Popov, On the Makar-Limanov, Derksen invariants, and finite automor-
phism groups of algebraic varieties, in: Affine Algebraic Geometry: the Russell
Festschrift, CRM Proceedings and Lecture Notes, Vol. 54, Amer. Math. Soc.,
Providence, 2011, pp. 289–311.

[24] V. L. Popov, Jordan groups and automorphism groups of algebraic varieties,
in: Automorphisms in Birational and Affine Geometry, Springer Proceedings in
Mathematics and Statistics, Vol. 79, Springer, Cham, 2014, pp. 185–213.

[25] Yu. Prokhorov, C. Shramov, Jordan property for Cremona groups, Amer. J.
Math. 138 (2016), no. 2, 403–418.

[26] Yu. Prokhorov, C. Shramov, Jordan Property for groups of birational Selfmaps,
Compositio Math. 150 (2014), 2054–2072.

[27] Yu. Prokhorov, C. Shramov, Finite groups of birational selfmaps of threefolds,
arXiv:1611.00789 (2016).

[28] M. Rosenlicht, A remark on quotient spaces, An. Acad. Brasil Ci. 35 (1963),
487–489.

[29] F. Sakai, Kodaira dimension of complements of divisors, in: Complex Analysis
and Algebraic Geometry (W.L.Baily Jr., T. Shioda, eds.), Cambridge University
Press, Cambridge, 1977, pp. 239–259.

[30] F. Serrano, Divisors of Bielliptic surfaces and Embedding in P4, Math. Z. 203
(1990), 527–533.

[31] J.-P. Serre, Finite Groups: an Introduction, International Press, Somerville, MA,
2016.

[32] I. R. Xafareviq (red.), Algebraiqeskie poverhnosti, Trudy mat. inst.
im. V. A. Steklova, t. LXXV,Nauka, M., 1965. Engl. transl.: I. R. Shafarevich
et al., Algebraic Surfaces, American Mathematical Society, Providence, RI, 1967.

[33] H. Sumihiro, Equivariant completion, J. Math. Kyoto Univ. 14 (1974), 1–28.

[34] H. Sumihiro, Equivariant completion, II, J. Math. Kyoto Univ. 15 (1975), no. 3,
573–605.

[35] Yu. G. Zarhin, Theta groups and products of abelian and rational varieties, Proc.
Edinburgh Math. Soc. 57 (2014), no. 1, 299–304.

[36] Yu. G. Zarhin, Jordan groups and elliptic ruled surfaces, Transform. Groups 20
(2015), no. 2, 557–572.

739


