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Abstract. In this paper we construct a homomorphism of the affine braid group ‘Bt%ﬂ
in the convolution algebra of the equivariant matrix factorizations on the space Xo =
bn X GLn X n, considered in the earlier paper of the authors. We explain that the
pull-back on the stable part of the space X3 intertwines with the natural homomorphism
from the affine braid group %t?ﬁ to the finite braid group Bty . This observation allows
us derive a relation between the knot homology of the closure of 8 € Bt and the knot
homology of the closure of - where § is a product of the JM elements in By,

1. Introduction

This paper is an extension of our earlier paper where we constructed a triply-
graded knot homology theory [13]. In [13] the homology H(L(/)) of the link L(B)
that is a closure of the braid 8 € Br,, is realized, roughly, as a space of derived
global sections of the complex of equivariant quasi-coherent sheaves Sz on the
Hilbert scheme of n points on the plane Hilb,,. The knot homology of this sort was
expected to exist for quite some time [1], [12], [6], [5], [7], [13], in particular it was
expected that in such theory we would have a natural relation between H(L(3))
and H(L(B o Tw)) where Tw is the full twist braid. This paper shows that this
expectation is indeed true.

Before we proceed to the main statement of the paper, let us recall the main
result of [13]!. In this paper we use notations V,, = C", g, = End(V), b,,n,
are the upper, respectively strictly upper, triangular matrices; we also omit the
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subindex n when the rank is obvious from the context.

The free nested Hilbert scheme Hllbfree is a B-quotient of the sublocus Hllb1
b, x n, x V, of the cyclic triples {(X,Y,v) | C(X,Y)v = V,,}. The usual nested
Hilbert scheme Hilbf ., is the dg subscheme of Hllbﬁrff, it is defined by imposing
the equation [X,Y] = 0.

The torus T, = C* x C* acts on Hllbf]rCC by scaling the matrices. We denote by
Dper(H lbfree) the derived category of two-periodic complexes of Ty.-equivariant
quasi-coherent sheaves on HilbfrCC Let us also denote by BY the descent of the
trivial vector bundle V;, on Hllb1 n “ to the quotient Hllbf’ree Respectively, B stands
for the dual of BY. In [13] we construct for every 3 € PBr,, an element

SB c Dper(Hﬂbfree)
such that the space of hyper-cohomology of the complex:
H*(Sp) := H(Sp @ A*B)
defines an isotopy invariant.
Theorem 1.0.1 ([13]). For any B € B, the doubly graded space
/Hk(ﬁ) — H(k+w1~itl1(ﬁ)—n—1)/2(Sﬂ)
is an isotopy invariant of the braid closure L(3).

It is natural to expect that the construction of [13] produces the same triply-
graded knot homology as in the original papers [9], [10]. In the Subsection 1.3
we recall the construction of Sg. Determining the graded dimensions of H¥(3) for
a given braid is a hard computational problem. However, for a special class of
braids, including torus braids, the computation is relatively easy, and we provide
the details.

1.1. Jucys—Murphy elements
The braid group Br,, is generated by the elements o;, ¢ = 1,...,n — 1 modulo the
standard relations. The mutually commuting elements d; € Br,,:

— 2 -
5i.—0'1'0'7;4_1"'0'”_1"'0'1'4_10'1', z—l,...,n—l

are called Jucys—Murphy (JM) elements.
The group of characters of the Borel subgroup B,, is generated by the characters
Xi: x(X) = Xj; and we denote by C,, the corresponding one-dimensional represen-
—f
tation. The trivial line bundle C,, on Hilb;ie descends to the line bundle £; on
the quotient Hllbfree The main result of this note is the following

Theorem 1.1.1. For any 8 € B, we have
H*(Sp.s) = H*(Sp ® Ls),
where § = [[1_y 07" and L5 = @7, LI
The scheme Hllblm is expected to have many features of the usual Hilbert

scheme of points on the plane. However, since the derived structure is non-trivial,
the computations on the dg scheme Hilbf ,», are very challenging. In contract, the

space Hllbfree is smooth manifold and is an iterated tower of projective spaces. In
particular, we have the following
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Proposition 1.1.2. The line bundle £1 ® - -+ ® L,,_1 15 ample on Hilbiree,

1,n
Using the ampleness from the previous conjecture we can use the spectral
sequence argument to imply an easy

Corollary 1.1.3. If the numbers r; are sufficiently large then
HY(S5) = HO(HIIb{S, [Opny 1 ® APB ® £5),
where [OHilble]Vir is the notation for the defining complez of the dg scheme Hilble,
Now we explain the method of the proof of the main theorem and describe some
other interesting algebraic structures that are explored in this paper.

1.2. Geometric realization of the affine and finite braid groups

The affine braid group ‘Bt?ff is the group of braids whose strands may also wrap
around a ‘flag pole’. The group is generated by the standard generators o;, i =
1,...,n—1 and a braid A,, that wraps the last strand of the braid around the flag
pole:

=R = ===

The defining relations for these generators are
On—1" An *Onp—1- An = An *Op—1" An *On—1,
oA, =47, 04, 1<n-—1,
0; 044103 =041 040441, i:l,...,n—2,
005 =0j" 04, ‘Z—j‘>1

The mutually commuting Bernstein Lusztig (BL) elements A; € BT are de-
fined as follows:

7

Ai =05 O'n—QUn—lAno'n—lo'n—Q 0y = Cﬂ—T_T_T_T—) I I .
U ¢ & 4 b

A further discussion of their properties can be found in [8] which is the source of
our affine braid pictures.

There is a natural homomorphism fgt: SBthH — Br,; geometrically it is defined
by removing the flag pole. In particular we have:

The main technical tool in [13] is the realization of Bt,, inside of the convolution

algebra of the category of equivariant matrix factorizations (MF%.» (X2(Gp), W), %)
where X5(G,,) = b, x G,, x n,, and
W =Tr(X,q,Y) = Tr(XAdy(Y)).

Now we extend this structure:
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Theorem 1.2.1. There is a homomorphism:
T BT — (MF: (X2(Gn), W), ).

Note that the paper [2] constructs a homomorphism from the affine braid group
to the category of matrix factorizations. The construction of [2] relies on the earlier
result of Riche [15], the construction in [13] is independent of the results in [15].
It is unclear to us how to relate the results in this paper to the constructions of
the paper [2].

Given a matrix factorization C in MF%: (X2(G,,), W) and two characters &, 7 :
B — C* we define the twisted matrix factorization C(¢,7) to be the matrix
factorization C ® C¢ ® C,. In these terms we have

Theorem 1.2.2. For anyi=1,...,n we have
() = @ (1)(xs,0).
The results of this paper are based on a realization that the ordinary braid
group ‘Br,, acts naturally on the framed version X5 (Gy,) of space Xo(Gy):
Xoe(Gn) = {(X,9,Y,0) € X3(Gn) x Vi | C{X, Ady(Y))v = Vi g™ (v) € V)

where V0 is the subset of V consisting of vectors with non-zero last coordinate.
There is a natural map fgt: X2 (Gn) — X2(G,), and a pull-back along fgt
provides a natural analog of homomorphism ®*f which we restrict on the finite
part of the braid group Bt, = C{oy,...,0n-1):

IT : B, — MFSS (Xo g, W).

Theorem 1.2.3. On MF55. (X2.4(Gy), W) there is a convolution algebra structure
%, and the pull-back map

fgt* : M SBCE (X2 (Gr), W) =M SBC% (X2(Gp), W)
is a homomorphism of the convolution algebras.

The convolution algebra structures are compatible with the forgetful homomor-
phism fgt:

Theorem 1.2.4. We have
fgt* o @ = &/ o fgt.
1.3. Geometric trace operator
The variety ﬁﬁ%irf embeds inside X'5(G,,) via the map j. : (X,Y,v) — (X,e,Y,v).

The diagonal copy B = Ba — B? respects the embedding j. and since j* (W) = 0,
we obtain a functor:

_ — P
J¢ # M5, (X2(G). W) — MFF, (Hilby . 0).
Respectively, we get a geometric version of “closure of the braid” map:
L : MF3: (X2(Gp), W) — D5 (Hilbysy).
The main result of [13] could be restated in more geometric terms via the geometric
trace map:

Tr: Br, — DX (HIbYS),  Tr(B) == &cL(®/7(8)) ® A*B.

1,n
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Theorem 1.3.1 ([13]). The composition HoTr : Bv,, — Dy’ (pt) categorifies the
Jones—Ocneanu trace and thus defines a triply graded homology of links.

Theorem 1.0.1 now follows from the theorems in this section. Indeed, let A =
[, AF and 6 =[], 0% then we have

Lo @fT(B ) = Lo®/" ofgt(B-A) = Lofgt* oq)aff(ﬁ -A) = L(fgt" o q)aﬁ(ﬂ)) ®Ls.

To summarize, we constructed the following commutative diagram:

aff fat cl
Dit B, g
paff fr HG® | (1)

(MF5s (X2(Go), W), %) —2 (MF3s (X (Go), W), %) 2275 Vect-gr

Here £ is the set of (isotopy classes of) oriented links in a 3-sphere, cl is the
closure of a braid and H® is the triply graded link homology defined in [13].

The left commutative diagram has two important generalizations. The first
generalization uses the concatenation homomorphism ent : %tfff X %tff — %tffj_m
which is geometrically an insertion of the affine braid element on m strands in place

of the flag pole of the n-strand braid:

aff aff ent aff
_—
B, x Bl B
q)aff x (baff P aff 3

(MF,,, %) X (MF,,, %) —29% (MF,y {1, %)
here MF,, := MF3%2 (X2(Gy), W) and ind,, is the induction functor described in
Section 3.1. The second generalization uses the concatenation map cnt : %tzﬂ X

B, = B, which is an insertion of an ordinary braid on m strands in place
of the flag pole of the affine braid:

ff ¢
B x Br,, ————— B,

Paff  pfr ofr

(ME,,, %) x (MF, %) 20 (MFL7 %)
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here MF/" := MF55. (Xo.4(Gn), W) and ind,, is the functor from the Section 3.1.
In particular, the left square of our main diagram 1 is the last diagram with m = 0.

We expect that both diagrams will play an important role in further extension
of the theory from [13] to the case of the colored link homology and to the proof
of the corresponding cabling formula which is a focus of our current research.

The rest of the paper consists of two sections. In Section 2 we recall the main
steps of the construction of the convolution algebras on the category of equivariant
matrix factorizations of the space X5 = b x G, x n and its bigger version which
we call ‘non-reduced space’. We need this section for the proofs of our main result
but this section also could be useful for the reader who is interested in the results
of [13] but not interested in the details of the proofs. In Section 3 we explain the
construction of the homomorphism from [13] and explain how it extends to the
case of the affine braid groups. We also prove our main result about the forgetful
pull-back functor.

Acknowledgements. We would like to thank Roman Bezrukavnikov, Eugene
Gorsky, Andrei Negut, and Jake Rasmussen for useful discussions. L.R. is espe-
cially thankful to Dmitry Arinkin for illuminating discussions. A. Q. is especially
thankful to Andrei Negut for illuminating discussions. Both authors are very
thankful to an anonymous referee who made many very valuable suggestions that
helped to improve the text. The work of A.QO. was partially supported by NSF
CAREER grant DMS-1352398. The work of L. R. is supported by NSF grant DMS-
1108727.

2. Convolution algebras

In this section we define convolution algebras on the categories of matrix facto-
rizations on several auxiliary spaces. First we discuss the spaces and maps between
them. The main space used for our constructions of the convolution algebras is
the space

Xo(Gr) =g x (G, X nn)é.

It has a natural G,, x Bf-action
(b17 o wbl) : (nglaylv‘ .. 79[7%) = (Xugl : b;17Adb1(Y1)7 ey ge bzlaAdbg(Y—Z))v
h- (X791,Y1>---a9£,3@) = (Adh(X),h’Qth---,h'gz,Ye)-

The space is X5 is particularly important. The central object of our study is
the matrix factorizations on this space with the potential:

W(X, 91, Y1, g2, Y2) = Tr(X (Ady, (Y1) — Adg, (Y2)))-
Below we briefly discuss the categories of matrix factorizations and their equivari-
ant analogues.

2.1. Matrix factorizations

Matrix factorizations were introduced by Eisenbud [3] and later the subject was
further developed by Orlov [14]; one can also consult [4] for an overview. Below
we present only the basic definitions and do not present any proofs.
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Let us recall that for an affine variety Z and a function F' € C[Z] there exists
a triangulated category MF(Z, F'). The objects of the category are pairs

F=(My®M,,D), D:M;— M;,;, D*=F,

where M; are free C[Z]-modules of finite rank and D is a homomorphism of C[Z]-
modules.

Given F = (M, D) and G = (N, D’) the linear space of morphisms Hom(F, G)
consists of homomorphisms of C[Z]-modules ¢ = ¢¢ ® ¢1, ¢; € Hom(M;, N;) such
that ¢ o D = D' o ¢. Two morphisms ¢, p € Hom(F,G) are homotopic if there is
a homomorphism of C[Z]-modules h = hg ® h1, h; € Hom(M;, N;;+1) such that
¢o—p=D'oh—hoD.

In the paper [13] we introduced a notion of equivariant matrix factorizations
which we explain below. First let us recall the construction of the Chevalley—
Eilenberg complex.

2.2. Chevalley—Eilenberg complex

Suppose that b is a Lie algebra. Chevalley-Eilenberg complex CEy is the complex
(Va(h),d) with V,,(h) = U(h) ®c APh and differential dce = di + d2 where:

p

di(u@T1A. .. AxTp) = Z(—l)”luxi@)m/\. CATIAL AT,
=1

do(u@z1A. . ATp) = Z(—l)i“u@[mi,xj]/\xl/\. CATIACATA AT,
i<j

Let us denote by A the standard map h =+ h R bh defined by r w2 ®14+1® x.
Suppose V and W are modules over the Lie algebra h; then we use notation
A

V@W for the h-module which is isomorphic to V' ® W as a vector space, the
h-module structure being defined by A. Respectively, for a given h-equivariant
A

matrix factorization F = (M, D) we denote by CE,®F the h-equivariant matrix
A A

factorization (CEy®F, D+dce). The h-equivariant structure on CE,®F originates
from the left action of U(h) that commutes with the right action on U(f) used in
the construction of CEj.

A slight modification of the standard fact that CEj is the resolution of the

A

trivial module implies that CE,®M is a free resolution of the h-module M.

2.3. Equivariant matrix factorizations
Let us assume that there is an action of the Lie algebra h on Z and F is an
h-invariant function. Then we can construct the following triangulated category
MFy(Z,W).

The objects of the category are triples:

F=(M,D,0), (M,D)eMF(Z,W)

where M =M°®M" and M'=C[Z]®@V’, V' € Mody, 0 € @, ;Home(z)(Ah® M,
AJh ® M) and D is an odd endomorphism D € Homgz)(M, M) such that

D2:F7 DtQOtZFa Dyt = D + dee + 0,
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where the total differential Dy is an endomorphism of CEhéM , that commutes
with the U(h)-action.

Note that we do not impose the equivariance condition on the differential D
in our definition of matrix factorizations. On the other hand, if F = (M, D) €
MF(Z, F) is a matrix factorization with D that commutes with h-action on M
then (M, D,0) € MFy(Z, F).

There is a natural forgetful functor MF(Z, F') — MF(Z, F') that forgets about
the correction differentials:

F=(M,D,d) — F*:= (M, D).

Given two h-equivariant matrix factorizations F = (M, D, d) and F = (1\7 .D, 5),
the space of morphisms Hom(F,F) consists of homotopy equivalence classes of
A

A ~
elements ¥ € Homgz)(CE,®@M, CE,@M) such that W o Do = Dioy o ¥ and

A ~
U commutes with U(h)-action on CE,®@M. Two maps ¥, ¥ € Hom(F,F) are
homotopy equivalent if there is

A A
h € Homeyz)(CEy®M, CEy@M)

such that ¥ — ¥/ = Etot o h — ho Dy and h commutes with U(h)-action on
A
CEy®@M.
Given two h-equivariant matrix factorizations F = (M,D 8) € MF(Z, F) and
F=(M,D 8) € MF(Z, F) we define F® F € MFy(Z, F +F) as the equivariant
matrix factorization (M ® M,D+D,d+ d).

2.4. Push-forwards, quotient by the group action

The technical part of [13] is the construction of push-forwards of equivariant matrix
factorizations. Here we state the main results; the details may be found in Section
3 of [13]. We need push-forwards along projections and embeddings. We also use
the functor of taking a quotient by group action for our definition of the convolution
algebra.

The projection case is more elementary. Suppose Z = & x )Y, both Z and X
have h-action and the projection 7w : Z — X is h-equivariant. Then for any b
invariant element w € C[X]" there is a functor m,: MFy(Z, 7*(w)) — MF (X, w)
which simply forgets the action of C[Y].

We define an embedding-related push-forward in the case when the subvariety

Zy <)y Z is the common zero of an ideal T = (f1,---,fn) such that the functions
fi € C[Z] form a regular sequence. We assume that the Lie algebra b acts on Z
and [ is h-invariant. Then there exists an h-equivariant Koszul complex K (I) =
(A*C™ ® C[Z],dk) over C[Z] which has non-trivial homology only in degree zero.
Then in Section 3 of [13] we define the push-forward functor

ju: MFy(Z0, W|z,) — MFy(Z, W),

for any h-invariant element W € C[Z]".
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Finally, let us discuss the quotient map. The complex CEj is a resolution of
the trivial h-module by free modules. Thus the correct derived version of taking
the h-invariant part of the matrix factorization F = (M, D,0) € MFy(Z,W),
W e C[2]Y is

CEy(F) := (CEy(M), D + dee + 0) € MF(Z/H, W),

where Z/H := Spec(C[Z]") and we use the general definition of h-module V:

A
CEh(V) = Homh(CEh, CEh@V)

2.5. Convolutions and reduced spaces

For a Borel group B, we treat B-modules as T-equivariant n = Lie([B, B])-
modules. For a space Z with B-action and for W € C[Z]? we define MF(Z, W)
as the full subcategory of MF,(Z,W) whose objects are matrix factorizations
(M, D, 0), where M is a B-module and the differentials D and 9 are T-invariant.
The category MF ge(Z, W) has a similar definition.

The categories that we use in [13] are subcategories MF%: (Xy, F)) C MF ge (X, F)
that consist of the matrix factorizations which are equivariant with respect to the
action of Ty, and G-invariant.

The space X3 has natural projections m;; on X onto the corresponding factors.
Since 7o (W) + m33(W) = wj3(W), there is a well-defined binary operation on
matrix factorizations MF3, (Xe, W):

F %G = mize(CEye (15, (F) @ m33(G)) T . 2)

This operation defines an associative product and we call the corresponding
algebra the convolution algebra. For computational reasons we also introduce a
smaller ‘reduced’ space Xy :=b x G*~! x n with the B’-action:

(b1, be) - (X, 91,901, Y) = (Adp, (X),brgibs ', bagobs ', .., Ady, (Y)).
In particular the space X'5 has the following B2-invariant potential:
W(X,9,Y) =Tr(XAd,(Y)).
Proposition 5.1 from [13] provides a functor:
® : MF%: (X2, W) — MF352 (Xa, W)

which is an embedding of the categories. Without the B2-equivariant structure the
functor is an ordinary Knérrer functor [11], the equivariant version of the Knorrer
functor is defined as composition of the equivariant pull-back and push-forward
(see [13, Sect. 5]):

e AT *
@ T ]* oﬂ—yv

where 7y, : /\N,’g — X, 2?2 = bx G xnxGxnis the projection my (X, g1, Y1, g2, Y2) =
(X, gflgg, Y3) and j* is the natural embedding of X5 into As.
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Let us also introduce a convolution algebra structure on the category of matrix
factorizations MF%2 (X2, W). There are the following maps 7;; : X3 — Xa:
T12(X, 912, 913, Y) = (X, 912, Adgy, (V) 1),
T13(X, 912,913, Y) = (X, g12923,Y),
T23(X, g12, 013, Y) = (Ad, ) (X) 4, g2, ).
Here and everywhere below X, and X, stand for the upper and strictly-upper
triangular parts of X. The map 712 X Ta3 is B2?-equivariant but not B3-equivariant.

However in [13, Sect. 5.4] we show that for any F,G € MF%.(X, W) there is a
natural element

(T12 @ Ta3)*(F K G) € MFs (X3, 713(W)), (3)

such that we can define the binary operation on MF35. (X, W):

F*xG = ’/_rlg*(CEnu) ((7_T12 Xp 7723)*(]: X g))T(2))
and ® intertwines the convolution structures:
O(F) xP(G) = O(F*G).

2.6. Convolution on framed spaces

As we mentioned in the introduction, it is natural to consider the framed version
of our basic spaces. The framed version of the non-reduced space is an open subset
Xe pr C Xy x V defined by the stability condition:

C(Ad, (X)), Yi)g; " (w) =V, g7 '(w)eV® i=1,...0-1,

where V? C V is a subset of vectors with a non-zero last coordinate. Similarly, we
define the framed reduced space X5 ¢ C X9 X V with the stability condition

CX, Ay (V))u =V, g™ (u) € V. (4)

Let us also define ?37 ¢r to be the intersection 7?1_21 (?27&) N 7?2_31 (?27&) where
m;; are the maps X3 x V — Xy x V which are just extensions of the previously
discussed maps by the identity map on V. Similarly we have the natural maps m;; :
X3 pr — X g and both reduced and non-reduced spaces have natural convolution
algebra structure defined by the formulas (2) and (3).

We denote by fgt the maps Xop — X2, Xogp — X2 that forget the framing.
Lemma 12.3 of [13] says that the corresponding pull-back morphism is an homo-
morphism of the convolution algebras:

fegt™(F x G) = fgt™ (F) » fgt™ (G).

Finally, let us mention that we can restrict the Knorrer functor ¢ on the open set
X2 g to obtain the functor

® : MF%: (X2 0, W) — MF%2 (Xa g, W).

This functor intertwines the convolution algebra structures on the reduced and
non-reduced framed spaces.
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3. Geometric realization of the affine braid group

3.1. Induction functors

The standard parabolic subgroup P, has Lie algebra generated by b and E;q ;,
i # k. Let us define space Xo(Py) := bx P, xn and let us also use notation X5(G,,)
for X5. There is a natural embedding iy : Xo(Py) — X2 and a natural projection
Pr : X2(Py) — X2(Gr) x X2(Gp_t). The embedding iy, satisfies the conditions for
existence of the push-forward and we can define the induction functor:

mk = gk* 0157; : MFSBSI% (yg(Gk),W) X MFSBCiik(EQ(Gn_k),W)
- M SBC%(?Q(Gn),W).
Similarly we define the space Xa 5 (Pr) C b x P, x n x V as an open subset
defined by the stability condition (4). The last space has a natural projection

map py : Xo g (Pr) = X2(G) X Xa5(Gr—i) and the embedding ikt Xog(Pr) —
X2,i(Gr) and we can define the induction functor indy := ik o py, :

MF5: (X2(Gr), W) x MF:  (X2,(Gnk), W) = MF3: (X2,0(Gn), W).

It is shown in [13, Sect. 6 (Prop. 6.2)] that the functor indy, is the homomorphism
of the convolution algebras:

mk(]—] X fz);mk(gl X gg) = mk(fy;gg X .7-'2;92).

To define the non-reduced version of the induction functors one needs to introduce
the space X5 (G,) = g x G,, X n X n which is a slice to the G,-action on the space
Xs. In particular, the potential W on this slice becomes:

W(X,g,Yl,Yé) = TI“(X(Yi - AdQ(Yé)))

Similarly to the case of the reduced space, one can define the space X5 (Py) :=
g X P, x n xn and the corresponding maps ix, : X5 (Py) = X°(Gy), pi : X5 (Pr) —
X2 (Gy) X X5 (Gpn—). Thus we get a version of the induction functor for non-
reduced spaces:

indy, 1= ig. o pj : MFSE(;E(X2(G]€)7 W) x MFSBC2_k(X2(Gn_k), w)
— MF (X2(Gr), W).
It is shown in [13, Prop. 6.1] that the Knorrer functor is compatible with the

induction functor:

il’ldk o (‘bk X (Pnfk) = (I)n o indk.
3.2. Generators of the finite braid group action
Let us define B*-equivariant embedding i : Xo(B,,) — X2, X2(B) := b x B x n.
The pull-back of W along the map ¢ vanishes and the embedding ¢ satisfies the
conditions for existence of the push-forward

it MFS (Xo(By), 0) — MESS (Xo(G), ).
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We denote by C[X3(B,,)] € MF%.(X2(B,),0) the matrix factorization with zero
differential that is homologically non-trivial only in even homological degree. As
is shown in Proposition 7.1 of [13], the push-forward

L, =i (ClX2(Ba)])

is the unit in the convolution algebra. Similarly, 1,, := ®(1,,) is also a unit in the
non-reduced case.

Let us first discuss the case of the braids on two strands. The key to construction
of the braid group action in [13] is the following factorization in the case n = 2:

W(X,9,Y) = y12(2911711 + g21212)g21/ det,
where det = det(g) and
911 912 Ti1 T12 0 yi2
= s X = 5 Y - .
g [921 922] [ 0 mgg] {O 0 ]
Thus we can define the following strongly equivariant Koszul matrix factorization:
CT-‘r = (C[EQ] ®A<9>5D3070) eM SBSQ(?%W%

gi12Y12
D=—
det

where A(f) is the exterior algebra with one generator.

This matrix factorization corresponds to the positive elementary braid on two
strands.

Using the induction functor we can extend the previous definition on the case
of the arbitrary number of strands. For that we introduce an insertion functor:

Indp k1 : MF%: (X2(G2), W) — MFg (X2(Gr), W),
Indp g4 1(F) = indppr (indg -1 (Tp—1 X F) x L_g_1),
and similarly we define the non-reduced insertion functor
Indg 41 : M S,%(XQ(GQ),W) - M SBC%(XQ(GTL),W).
Thus we define the generators of the braid group as follows:
CY =Tk (Ch), € = Indypia (C).

Section 11 of [13] is devoted to the proof of the braid relations between these
elements:

0
0+ [g11(x11 — 222) + g21212] 29’

éik+1);é§_k);éik+l) _ éik);ég-k+l);éik)a
CsrkH) *Cik) *C_(fﬂ) = Csrk) *Cfﬂ) *Cf).

Let us now discuss the inversion of the elementary braid. In view of the inductive
definition of the braid group action, it is sufficient to understand the inversion in
the case n = 2.

Thus we define:

C_ = Ci(—x1,Xx2) € MF%:(X2(Go), W),

and the definition of C_ is similar. As we will see below, the definition of C_ is
actually symmetric with respect to the left-right twisting: C_ = C4(x2, —x1)-
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Theorem 3.2.1. We have:
C+ *C_ = ]1.2. (5)

Proof of this relation in the case of SL spaces in given in [13, Sect. 9]. The same
proof works for the GL-case considered in this paper.

3.3. Generators of the affine braid group action

The new generators that we would need to construct the action of the affine braid
group are of the form 1,,(c, 8). Proposition 9.1 of [13] states that only the sum of
the weights a 4+ 8 matters. More precisely, we have the following homotopy

oo, B) ~ Tp{a+7v,8—7).

Also note that the element 1,,(}" . | x;,0) is a central element of the convolution
algebra and elements 1,,(x;,0),7 = 1,...,n generate a commutative subalgebra of
the convolution algebra. In particular, in the case n = 2 we have:

Cr(—x1,x2) = L(x1 + x2,0) *C4-(—x1, x2) * L{—x1 — x2,0) = C{x2, —X1)-

Theorem 3.3.1. The assignment

O’il — C(il), Ai — ]ln<Xi,O>

extends to the algebra homomorphism ®T : BT — MFSS, (X, W).

Proof. Since the elements 1,,(x;,0) mutually commute, it is enough to check the
equation

C(f) *]ln<Xi+170>*C$) = 1,,(xi,0). (6)

Let us first discuss the case n = 2. In this case the only relation that we need
to show is

C+*]12<X2,0>*C+ - ]12<X1’0>'

This relation follows from the previous theorem. Denote { = x1 + X2, then

C+ *ﬂ2<X2,0> *C+ = C+ *]12(*)(1 + C,O> *C+
= Cy * La(—x1,0) x C4 x L2(x2,0) * 12(¢ — x2,0)

= CJr *]12<0, —X1> *C+ *112<X2,0> *]12<X1,0> (7)
=Cy xC_*x15(x1,0)
= 12(x1,0).

The case of general n follows from the case n = 2 because of our inductive
definition of the braid group generators. Indeed, applying the functor Ind;y; ; to
the equation (7) we get the required equation (6). O
3.4. Stabilization morphism

To complete our proof of Theorem 1.2.4 we need to prove the following
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Proposition 3.4.1. We have the following formulas for the action of the forgetful
functor:
fgt™ : 1 (xn, 0) = Ty T (X, 0) = 1.

Proof. Let us show the first equation, since the second one is analogous. Indeed,
the space X2 has coordinates (X, g1,Y1,92,Y2,v) and the stability condition
implies that g; ! (v) is the vector that has a non-zero last component. Hence, the
function S = (g '(v))n is an invertible function on X s and the multiplication
by S yields a invertible homomorphism of the matrix factorizations on X5 ¢ that
identifies fgt*(1,,(xn,0)) = 1(xn,0) with 1,,. O
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