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Abstract. In this part one of a series of papers, we introduce a new version of quantum
covering and super groups with no isotropic odd simple root, which is suitable for the
study of integrable modules, integral forms, and the bar involution. A quantum covering
group involves parameters q and 7 with i 1, and it specializes at m = —1 to a quantum
supergroup. Following Lusztig, we formulate and establish various structural results of
the quantum covering groups, including a bilinear form, quasi-R-matrix, Casimir element,
character formulas for integrable modules, and higher Serre relations.

Introduction

Quantum groups have been ubiquitous in Lie theory, mathematical physics,
algebraic combinatorics, and low-dimensional topology since their introduction by
Drinfeld and Jimbo [Dr], [Jim]. We refer to the books of Lusztig and Jantzen [Lu],
[Jan] for a systematic development of the structure and representation theory of
quantum groups.

In a recent paper [HW] by two of the authors, the spin nilHecke and quiver Hecke
algebras (see Wang [Wa], Kang-Kashiwara—Tsuchioka [KKT], Ellis-Khovanov—
Lauda [EKL]) were shown to provide a categorification of quantum covering groups
with a quantum parameter ¢ and a second parameter 7 satisfying 72 = 1 (we refer
to loc. cit. for more references on categorification); a quantum covering group
specializes at m = —1 to half of a quantum supergroup with no isotropic odd
simple roots, and to half of the Drinfeld—Jimbo quantum group at = = 1.

In the rank one case, a version of the full quantum covering and super group for
0sp(1]2) suitable for constructing an integral form, as well as integrable modules
over Q(q) corresponding to each nonnegative integer, was formulated by two of the
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authors [CW]. In particular, the structure and representation theories of quantum
s[(2) and quantum osp(1|2) were shown to be in complete agreement; also see
[Zou] (in contrast to the classical fact that there are “fewer” integrable modules
for 0sp(1|2) than for s((2)).

The goal of this paper is to lay the foundations of quantum covering and super
groups with no isotropic odd simple roots, following Lusztig [Lu, Part I} as a
blueprint. We define a new version of quantum covering and super groups with no
isotropic odd simple root, which is suitable for the study of integrable modules for
all possible dominant integral weights, exactly as for the Drinfeld—Jimbo quantum
groups. We formulate and establish various structural results of the quantum
covering and super groups, including a bilinear form, twisted derivations, integral
forms, bar-involution, quasi-R-matrix, Casimir, characters for integrable modules,
and quantum (higher) Serre relations.

The results of this paper on quantum covering groups reduce to Lusztig’s quan-
tum group setting [Lu] when specializing the parameter 7w to 1, and on the other
hand, reduce to quantum supergroup setting when specializing the parameter 7 to
—1. For this reason, we work almost exclusively with quantum covering groups.
Even if one is mainly interested in the super case, writing 7 systematically for the
super sign —1 offers a conceptual explanation for various formulas and construc-
tions. For earlier definitions of quantum supergroups, we refer to Yamane [Yal,
Musson—Zou [MZ], Benkart-Kang—Melville [BKM].

Let us describe the main results in detail. As in [Kac], a super Cartan datum is a
Cartan datum (I, -) with a partition I = I, U, subject to some natural conditions;
also see [HW]. Note the only finite type super Cartan datum is of type B(0,n),
for n > 1. In Section 1, we formulate the definition of half a quantum covering
group associated to a super Catan datum. We develop the properties of a bilinear
form (and a dual version) and twisted derivations on half the quantum covering
group systematically. Then we provide a new proof using twisted derivations of
a theorem in [HW] (also cf. Yamane [Ya] and Geer [Gr]) that the existence of a
non-degenerate bilinear form implies the quantum Serre relations.

Motivated by the rank one construction in [CW], we formulate in Section 2 a
new version of quantum super and covering groups with generators E;, F;, K,,, and
additional generators J,, for i € I and p € Y (the co-weight lattice). The new
generators J; play a crucial role in formulating the notion of integrable modules
of a quantum supergroup for all dominant integral weights. A study of all such
representations was not possible before (cf. [Kac], [BKM]).

In Section 3, we formulate the quasi-R-matrix for quantum covering or super
groups and establish its basic properties. This generalizes the construction in
the rank one case in [CW]. Then we construct the quantum Casimir and use it to
prove the complete reducibility of the integrable modules. We show that the simple
integrable modules are parametrized by m = +1 and the dominant integral weights
(in contrast to [BKM], [Kac]), and their character formulas coincide with their
counterpart for quantum groups (which was established by Lusztig [Lul]). This
character formula (in case 7 = —1) is shown to hold for the irreducible integrable
modules under some “evenness” restrictions on highest weights as in [BKM] (where
a definition of quantum supergroups without operators J; was used), deforming
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the construction in [Kac].

The higher Serre relations for quantum covering groups are then established in
Section 4.

This paper lays the foundation for further studies of quantum covering and
super groups. In a sequel [CHW], we will construct the canonical basis, a la
Lusztig and Kashiwara, of quantum covering groups and of integrable modules.
In yet another paper, a braid group action on a quantum covering group and its
integrable modules will be studied in depth.

1. The algebra f

In this section, starting with the super Cartan datum and root datum, we
formulate half a quantum covering group f in terms of a bilinear form on a free
superalgebra 'f, and show that the (g, 7)-Serre relations are satisfied in f.

1.1. Super Cartan datum

A Cartan datum is a pair (I, -) consisting of a finite set I and a symmetric bilinear
form v,/ — v -1 on the free abelian group Z[I] with values in Z satisfying

(a) di =i-1/2 € Z>o;

(b) 2i-j/i-i€ —Nfori#jin I, where N={0,1,2,...}.

If the datum can be decomposed as I = I, [[ I; such that

(c) I # 2,

(d) 2i-j)i-i€2Zifiel,
then it is called a super Cartan datum.

The @ € I, are called even, ¢ € I, are called odd. We define a parity function
p: I — {0,1} so that i € Ip(i). We extend this function to the homomorphism
p: Z[I] — Z. Then p induces a Zy-grading on Z[I] which we shall call the parity
grading. We define the height of v = )., vii € Z[I] by ht(v) = > v;. (Note we
use different notation than [Lu], where the same quantity is denoted by tr(v).)

A super Cartan datum (7,-) is said to be of finite (resp. affine) type exactly
when (I,-) is of finite (resp. affine) type as a Cartan datum (cf. [Lu, §2.1.3]). In
particular, from (a) and (d) we see that the only super Cartan datum of finite type
is the one corresponding to the Lie superalgebras of type B(0,n) for n > 1.

A super Cartan datum is called bar-consistent or simply consistent if it satisfies

(e) di =p(i) mod 2, Viel.
We note that (e) is almost always satisfied for super Cartan data of finite or
affine type (with one exception). A super Cartan datum is not assumed to be
(bar-)consistent unless specified explicitly below. (Roughly speaking, the “bar-
consistent” condition is imposed whenever a bar involution is involved later on.)
Note that (d) and (e) imply that
(f)y i-je2Zforalli,jel.
1.2. Root datum
A root datum associated to a super Cartan datum (7,-) consists of

(a) two finitely generated free abelian groups Y, X and a perfect bilinear pairing
(,): Y xX > Z;
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(b) an embedding I C X (i + i') and an embedding I C Y (i — i) satisfying
(¢) (i,5y=2i-j/i-iforalli,jel.
We will always assume that the image of the imbedding I C X (respectively, the
image of the imbedding I C Y)) is linearly independent in X (respectively, in ).
Let XT ={\e€ X | (i,\) e Nfor all i € [}. Note that there are no additional
“evenness” assumptions for X T.
Let m be a parameter such that

2 =1.
For any ¢ € I, we set
a=q"?  m=n"
Note that when the datum is consistent, m; = 7**/2; by induction, we therefore

have 7P(") = 7v¥/2 for v € Z[I]. We extend this notation so that if v = 3 140 €
Z[1], then
QVZHQEIQ WV:HT‘-?‘

For any ring R we define a new ring R™ = R[nx]/(n? — 1) (with 7 commuting with
R). We shall need Q(¢)" below.

1.3. Braid group and Weyl group
Assume a Cartan (super) datum (7, -) is given. For i # j € I such that (i, j')(j,4') >
0, we define an integer m;; € Z>2 by cos®(w/mi;) = (i,5') (j,1')/4 if it exists, and
set m;; = oo otherwise. We have
(007 0 1 2 3 >4
mij 2 3 4 6 o0
The braid group (associated to I) is the group generated by s; (i € I) subject
to the relations (whenever m;; < co):

i85S = 55885 . (11)
N~ o~ 7 N~ o~ 7
mij mij

The Weyl group W is defined to be the group generated by s; (i € I) subject to
relations (1.1) and additional relations s? = 1 for all 4.
For i € I, we let s; act on X (resp. Y) as follows: for A € X, \V €Y,

s = A — (i, N7, si(AY) =AY — (A, i,

This defines actions of the Weyl group W on X and Y.
1.4. The algebras 'f and f

Define 'f to be the free associative Q(q)"-superalgebra with 1 and with even gen-
erators ¢; for ¢ € I, and odd generators ¢; for 7 € I,. We abuse notation and define
the parity grading on 'f by p(6;) = p(7). We also have a weight grading |- | on ’f
defined by setting |6;| = i.
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The tensor product 'f @ 'f as a Q(q)"-superalgebra has the multiplication
(gjl ® 332)(3;/1 ® ngQ) = q|3’32||3’3,1‘ﬂ-17($2)17(93,1)x1m’1 ® 3321-’2.

Here and below, in all displayed formulas, we will implicitly assume the elements
involved are N[I] X Zg-homogeneous.

There is a similar multiplication formula in 'f ® 'f ® 'f:

(1 @ 12 ® 23) (2] ® 75 @ x3)
= glozl @il +lealleb | +lasl |21 pp(@2)p(@))+p(@a)p(@h)+p(@)P@h) 3 of @ o)y @ Tyl

We will take r : 'f — 'f ® 'f to be an algebra homomorphism such that r(6;) =
0; 1+ 1®0; for all i € I. One checks that the following co-associativity holds:

rel)r=0@rr:'f -"fo'fx’f;

this is an algebra homomorphism.

Proposition 1.4.1. There exists a unique bilinear form (-,-) on 'f with values in
Q such that (1,1) =1 and

(a) (0:,05) = 6i;(1 —mig; 2)~"  (Vi,j € I);
®) (z,9'y") = (r(x),y @y") (Vo,y',y" €'f);
(¢) (za',y") = (x@a,r@y") (Vo,a',y" €'f).

Moreover, this bilinear form is symmetric.

Here, the induced bilinear form ('f ® 'f) x ('f ® 'f) — Q(q) is given by
(21 ® 22, 7] ® 75) 1= (21, 27) (22, 23), (1.2)

for homogeneous x1, xo, 2, 4 € 'f.

This is basically [HW, Prop. 3.3], where (0;,6;) = ;;(1 — m;¢?)~" was imposed
(note a different sign on the exponent for ¢?). These two cases do not exactly
match under the bar-involution (which sends ¢ — 7¢~!), and so we redo a careful
proof here.

Proof. We follow [Lu, 1.2.3] to define an associative algebra structure on 'f* :=
@,/f* by transposing the “coproduct” r :’'f — 'f @ 'f. In particular, for g, h € 'f*,
we define gh(x) := (9 ® h)(r(z)), where (g ® h)(y @ z) = g(y)h(2).

Let & € 'ff be defined by &(0;) = (1 —m;q; *)~*. Let ¢ : 'f — 'f* be the unique
algebra homomorphism such that ¢(6;) = &; for all i. The map ¢ preserves the
N[I] x Zz-grading.

Define (z,y) = ¢(y)(z), for z,y € 'f. The properties (a) and (b) follow directly
from the definition.

Clearly (x,y) = 0 unless (homogeneous) x,y have the same weight in N[I] and
the same parity. All elements involved below will be assumed to be homogeneous.
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It remains to prove (c). Assume that (c¢) is known for y” replaced by y or y’
and for any z,z’. We then prove that (c) holds for y"” = yy’. Write

r(m):le ® @2, r(x'):z:x'l(@x'g,
r) =Y @y, )= v 2.

Then
T(Ix/) — Zq\fﬂz\'\1/1|7TP(952)P(I,1)I1I’1 ® 1’293/2,
r(yy') = Zq\yz\-\y’llﬂp(yz)p(yi)ylyi ® yaush.

We have

(z2',yy') = (9(y)o(y)) (z2’) = (d(y) ® ¢(y'))(7’(M'))
— Zq\rz\ |24 | pp(22)p(21)
_ Zq\xz\ |24 | pp(22)p(21)

(1.3)

On the other hand,

(.’L‘ ® gjl’ r(yyl)) = Z q|y2| ly1] 7-‘-17(1/2)17(1/1 ® z! ylyl ® y2y2)
z, y191)(2, y215)

(z
_ quyzl lyql ﬂ.p(yz)p(yl (
lyal19} ] p(y2)p(y] Nor(2! ! 4
= 3 Al 00 (1), @ 1) (1), 2 © )
(

=) el W) (g ) (@, y2) (w2, 1) (h, 1)

For a summand to make nonzero contribution, we may assume that each of the
four pairs {x1,y1}, {z], y2}, {z2, y1 }, {24, ¥4} has the same weight in N[I] and the
same parity. One checks that the powers of ¢ and 7 in (1.3) and (1.4) match
perfectly. Hence the two sums in (1.3) and (1.4) are equal, and whence (¢). O

We set J to denote the radical of (-,-). As in [Lu], this radical is a 2-sided ideal
of 'f.

Let f = 'f/J be the quotient algebra of 'f by its radical. Since the different
weight spaces are orthogonal with respect to this inner product, the weight space
decomposition descends to a decomposition f = @V f, where f, is the image of 'f,,.
Each weight space is finite dimensional. The bilinear form descends to a bilinear
form on f which is non-degenerate on each weight space.

Note that the notation of 'f and f in this paper corresponds to the notation of
"f7 and 7 in [HW].

The map r : 'f — 'f @ 'f satisfies 7(J) CI®@'f +'f ® J (the proof being entirely
the same as in [Lu, §1.2.6]), whence it descends to a well-defined homomorphism
r:f—->fef.
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Let tr:'f — 'f ® 'f be the composition of r with the permutation map
TRY—=> YT

of 'f @ 'f to itself. (To have the signs work out below, the tensor permutation
cannot be signed.)
The anti-involution o : 'f — 'f satisfies o(6;) = 6, for each ¢ € I and

a(zy) = o(y)o(x).
Lemma 1.4.2.
(a) We have r(o(z)) = (0 @ o)'r(z), for all z € 'f.
(b) We have (o(z),0(x’)) = (z,2") for all x,x’ €'f.
Proof. Since (b) will follow immediately from (a), it suffices to prove that r(o(z)) =
(0 ®o)tr(z), for all x € 'f. This is obviously true for z € {1,0; :i € I}.

Suppose that 7(o(z')) = (c®o)tr(z’) and (o (x”))z(o@a)t( ). Let r(a’) =
St @b and r(z”) = Yo @ 2. Then r(z'z") = 3 ¢lell#¥ | gp@2)p@) g1 o

zhaly and we have

r(o(@'s") = r(e(@")r(o())
= (X o) @ o)) (3 o) @ o))

= Z aP@P@) gloall2ll o (4 0l) @ o () 2]) = 0 © o(tr(z'z")).
The lemma is proved. [

We note that o descends to f and shares the above properties.

Let : Q(¢)" — Q(q)" be the unique Q-algebra involution (called the bar
involution) satisfying ¢ = 7¢~! and 7 = 7.

Assume the super Cartan datum is consistent. Then

g = miq; . (1.5)

We define a bar involution :’f — ’f such that 6§; = 0, for all i € I and fz = fx
for f € Q(q)" and z € 'f.

Let 'f&'f be the Q(q)"-vector space 'f ® 'f with multiplication given by

(1;1 ® 1;2)(1'/1 ® ;1;/2) = (ﬂq71)|932|'|93,1‘Wp(z2)p(m,1)xlz/1 ® 1;21-/2'

Define r still by r(x) = r(z). Then r: 'f — 'f®'f is an algebra homomorphism,
being a composition of homomorphisms.
The co-associativity holds for r:

(rel)(r(@) = (relr() = 1er)r(z) = (1er)(r(z)).
By checking on the algebra generators €;, it is an easy computation to see that
this is an algebra homomorphism.
Let {-,-}:'f x'f — Q(q) be the symmetric bilinear form defined by

{z,y} = (2,9).
It satisfies: {1,1} =1, and
{0:,0;} = 6151 — mig?) ™"
{z,9'y"} = {r(z),y @y"}, for all z,y',y" €'f.



1026 SEAN CLARK, DAVID HILL, WEIQIANG WANG

Lemma 1.4.3. Assume the super Cartan datum is consistent.

(a) Let r(z) => a1 @ 2. We have
’r(m) = Z(ﬂ'q)_‘wlI'IIQ‘»]Tp(wl)p(IQ)xQ X x].

Proof. 1t is straightforward to check both claims are true when x = 0; and y = 6;
for some i,j € I.
Assume (a) holds for x replaced by 2’ and by z”. We shall prove the claim for

r=2a2".

Recall ¢ = mg™!, and r(z) = r(z). Write
ra) =Y e ox, rl) =Y @,

1" ’ 1" ’
r(x/gj") = E q‘xl \-\z2|ﬂ_p(931 )P(I2)I’1x’1’ ® I’2I’2’
By assumption, we have

r(ar) = 3 gletHles e g @ g

" " 1" "
r(g;”) — E q|m1| |5 ﬂp(zl)P(mz)Ig ® Illl'
Hence,

r(z)r(z") = Z glwil el gplen)p(es) glat o3| e 0pES) (of @ 0 ) (2 @ 2)

= S gl e e | glat gy 0t 6 gt 27,
where s = p(z})p(a) + p(a})p(e¥) + p(a; )p(e}). Then,

r(z'z") = r(z")r(z")

’ ’ 17 17 ! 17 .
= E (7“]) (I |- |25+ ]y |- |25 |+]27 | ‘$2D7T51-’2I’2’ ®I’I1I11l

i n s i

72 —|zi x| x5 p(xh ! p(xhxt)) |z |-|xh| t 1 1 ron

— (WQ) ‘11||22‘7r 11)(2211‘1”2'7'(932932@1}1931,

where t = p(z7)p(z5)+|x{|-|x5|. Now, since the datum is consistent, |z |-|z5| € 2Z,
and hence we have

i i i

! " " ! 1" !
r(gjlx”) = E (ﬂ-q) —Jzixy | |zawy |7T-P(931$1 )p(zozh )q|4’31 |'|3’32‘ﬂ-1’($1 )p(x2)xl2$12l®mllxlll (17)

Comparing (1.6) and (1.7), we see that (a) holds.
Let 8 be the set of y € 'f such that (b) holds for all x € 'f. Let ¢/,y” € §;
we will show y = ¢’y € §. Let & € 'f and write r(z) = > o' ® 2’ with z,2”
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homogeneous. Then

{z, vy} = {r(2),y @y"} = {Z(Wq)"f’“‘/"'m”‘ﬂp(z/)p(m”)x" @',y ® y”}

- Z g1 @) Ly L )
= Z(,l)htlm’Hht\z”Iq(*\r”\-\y'\*\r'|-Iy”|*2\I'I~II”|)/2q_II,I_II,,‘
s ePEPE D+ PP )+ 24 P =pE)2 (1 5 (y)) (2 o (y"))
0 Z(_l)htlmlq*\z\-lylﬂqi‘I‘F(p(z)p(y)ﬂ(r))/?(x/ @z oy @ o(y))
= (_1)htlw|q—\w\‘|y|/2q7lmlﬁ(p(w)p(y)w(w))/?(I’ a(y'y"))
where the equality (1) follows from the observation that the nonzero terms in the
sum occur only when the each of the pairs {z’,y"”} and {z”,y’} are of the same

weight and parity. Therefore we see y € §. Since the algebra generators lie in §,
the claim is proved. [

In particular, we observe the following corollary.

Corollary 1.4.4. Assume the super Cartan datum is consistent. Then  descends
to an involution on f.

1.5. The maps r; and ;r
Let i € I. Clearly there are unique Q(q)"-linear maps 7;,;7 : 'f — 'f such that

ri(1) = ;r(1) = 0 and r;(0;) = ;7(0;) = d;; satisfying
ir(wy) = ir(2)y + 7P gl (y),
ri(zy) = 7PWPO gt (2)y 4 2 (y)

for homogeneous x,y € 'f; see [K]. We see that if € 'f,,, then ;r(x),r;(z) € 'f,_;
and moreover that

r(z) =ri(z) ®0; + 0, @ ir(x) + (...) (1.8)

where (...) stands in for other bi-homogeneous terms z’ ® z” with |2/| # i and
|z”’| # 4. Therefore, we have

(Oiy,w) = (0i,0:)(y,ir(x)), (ybi, ) = (0:,0:)(y,7i(z)) (1.9)

for all z,y € 'f, so ;#(J) Ur;(J) C J. Hence, both maps descend to maps on f. It
is also easy to check that
T 0 = O ;T.

Indeed, this is trivially true for the generators, and if this holds for z,y € f, then

rio(zy) = ri(o(y)o(z)) = PO G i (a(y))o () + o (y)ri(o(z))
= o (e g i (y) + ir(2)y) = o ir(2y).
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Lemma 1.5.1. Assume (I,-) is consistent. For any homogeneous x € £, we have

ri(z) = ﬂp(m)p(i)fp(i)p(i)q\r\-iﬂ'-iir(x).

Proof. This is trivial when z = ;. Now assume this is true for x,y € 'f. Then

ir(zy) = ir(@)y + 7P (rg) 17 (y)
_ ﬂ—p(w)P(in(i)p(i)q—|I|~i+i‘iri($)y

+ 7 PWPOFP@OP() g =lyl-itii7p(@)p() (o) =2l gy, (1)

_ W—p(ﬂv-%y)p(i)-ﬁ-p(i)p(i)q—\ﬂc+y|~i+i‘i (ﬂp(y)P(i)q|y|~i7ai(x)y + mn(y))

_ ﬂ—p(x+y)p(i)+p(i)p(i)q—\w+y|~i+i‘iri(zy).

The lemma is proved. [

Lemma 1.5.2. Let © € f, where v € N[I] is nonzero.

(a) If ri(x) =0 for alli € I, then x = 0.
(b) If yr(x) =0 for alli € I, then x = 0.

Proof. Suppose that r;(xz) = 0 for all . Using (1.9), this means that (y6;,2) = 0
for all y € f and all ¢ € I. But since f is spanned by monomials in the 6;, this

implies z € J, and so « = 0 in f. The proof of (b) proceeds similarly. [

1.6. Gaussian (g, w)-binomial coefficients

Let A = Z[q,q" '], and let A™ be as in §1.1.3. For a € Z and t € N, we define the

(g, m)-binomial coefficients to be

TR

We have

G i

[ﬂ =0 if0<a<t,

e
|
—

) @ ¢
(14 (mig?)z) = ﬂl-(Q)qf(a_l) [ﬂ 2t ifa > 0.
0 t=0 i

<.
I

Here z is another indeterminate. From (1.10) and (1.12) we deduce that

M c A

(1.10)

(1.11)

(1.12)

(1.13)
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If a’,a” are integers and ¢ € N, then

a’Jra" t/t//+a/t” " —at! a/ a/’
[ . L: Z ! 4 RN (1.14)

vt =t

("2)
7 forany t > 0,7 € 1.

%

We have {tl} = (-1)tr

3
For (q,)-integers we shall denote

A\ g
[n]; = {ﬂ = (migi) illl for n € Z,
i TG, — q;

n

(n]; = [[lsli forneN,

s=1
and with this notation we have
a [a]; for 0 < ¢ <
= or a.
tl; [thle—1l; o

Note that the (g, 7)-integers [n]; and the (g, 7)-binomial coefficients in general are
not necessarily bar-invariant unless the super Cartan datum is consistent; see (1.5).
If @ > 1, then we have

>l 3] ~o (1.15)

t=0

which follows from (1.12) by setting z = —1.
If x,y are two elements in a Q(q)"-algebra such that zy = m;q?yz, then for any
a > 0, we have the quantum binomial formula:

(@+y)=> g m ylaot (1.16)

t=0
1.7. Quantum Serre relations

For any n € Z, let the divided powers ng) (in f or 'f) be defined as 6;/[n]} if n > 0
and 0 otherwise.

Lemma 1.7.1. For any n € Z we have
() r(0") = Ty ppmn a0 @0,
(b) T(ol(n)) _ Zt+t’:n(ﬂiQi)7tt/0§t) ® al(t )

Proof. By the quantum binomial formula (1.16) applied to = 1®6; and y = 6;®1,
the formula follows. [

Lemma 1.7.2. For any n > 0, we have

migi —q; )" ([n]) 7
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Proof. We prove by induction on n. The lemma is true by definition for n = 0, 1.
For general n, it follows by Lemma 1.7.1(a) that

(0,00 = i) (00 0 ,(0)
= [

li
n];1(9£n—1) ® 6;, Z "0 @ el(t/))
t+t'=n

= 710" @0, 10 @ 6))
— ¢ ) (0, 00) (6 6.

Hence by the induction hypothesis, we have

(0, 0) = g Il (1 = maa ) 0 i — a7y (- 10

K2 3

The lemma is proved. [l

Proposition 1.7.3 (Quantum Serre relation). The generators 0; of £ satisfy the
relations

Sy g e — o
n+n’=1—(i,5')
foranyi#jin .

Proposition 1.7.3 appeared as [HW, Thm. 3.8]. We shall give a new and simpler
proof of Proposition 1.7.3 below after some preparation.

Lemma 1.7.4. Let N € N and a,a’ € N with N = a+d'. Leti,jk € I be
pairunse distinct. Then

(a) (010,67 =0,

a a’ a’(i,5) _a'p(j N
(b) (009,000 = g¢' i 7 P() L’} o),

(C) ,’ni(gga)ajoga/)) _ q;z'+(N+<i,j)71)W21'+p(j)0(a71)0j0(a/) +qg'719§a)9j9§a,*1)‘

i i

Proof. Part (a) is clear from definitions. By (1.8) and Lemma 1.7.1(a) we have
i (9;?)) = (51'/73‘/(]?/_191(:1_1).
Parts (b) and (c) follow from this and noting
ri(cba) = cbri(a) + Wp(i)p(“)q”“‘cri(b)a + 7Tp(i)p(a)-&-p(i)p(b)qi~|a|—~-i~|b|ri(c)ba_

The lemma is proved. [
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Proof of Proposition 1.7.3. Let N =1 — (i, j'). By the previous lemma, we have

Tk( o) p(j)+(2)9§">9j9§"')) —0, fork#i,j.
n+n'=N

In addition, we have

a( X o )

3

!/
3 3 n
3

S (1) 2 POHE) i) () [N} e
n+n’'=N i
N

=0 S -va e ]

t=0

By Condition 1.1(e), 1 — N € 27Z if i is odd, so in any case, the right-hand side of
the last equation is

N
(N) e ) -y [NV
9@' ( 1) e (7qu@' ) t = 07
t=0 7
where the last equality follows from (1.15). Finally,

r( Y Ty )

n+n’'=N

_ Z (_1)71'71.7 p()+(" )qn/ﬂy,+p(j)95n71)9j95n,)

n+n’'=N

Y ) g gt
n+n’'=N

N-1

_ (_1)tﬂfp(j)+p(j)+(t§1)qu(Nflft)ejeZ(t)

2

B (_1)tﬂ_(t+1):0(j)+(ttl)qfenglft)ejegt)

K2

Now Proposition 1.7.3 follows by Lemma 1.5.2. O

Note that the bar map on f may not be well-defined when the datum is not
consistent. For example, consider the case (/,-) has ¢,j € I, with ¢- j = —1, hence
d; = dj = 1. Then the calculations above hold; that is, s(6;,0;) := 952)% —0,0;0,+
9]-9?) = 0; however, since [2]; = 7[2];, it is easy to see that s(6;,6;) ¢ J.

Let 4f be A7™-subalgebra of f generated by the elements 955) for various i € I

and s € Z. Since the generators 955) are homogeneous, we have 4f = @, af,
where v runs over N[I] and 4f, = 4fN{,.
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2. The quantum covering and super groups

In this section we give the definition of the quantum covering group U as a
Hopf superalgebra, which specializes at m# = —1 to a new variant of a quantum
supergroup. We show that U admits a triangular decomposition U = U~ UU*
with positive/negative parts isomorphic to the algebra f. The novelty here is that
UY contains some new generators J;(i € I) which allow us to construct integrable
modules in full generality.

2.1. The algebras ‘U and U

Assume that a root datum (Y, X, (, )) of type (I, -) is given. Consider the associa-
tive Q(q)"-superalgebra "U (with 1) defined by the generators

E; (iEI)v F; (iGI)v JM (MEY), Klt (MEY),

where the parity is given by p(E;) = p(F;) = p(¢) and p(K,) = p(J,) = 0, subject
to the relations (a)-(f) below for all i,j € I, u,p’ € Y:

Ko =1, KMK;M = K;Hru/a (a)

Jop =1, Judw = Jus, (b)

JuK = Kypdy, (c)

K.E = ¢ E K, J.B =5, (d)

K.F=q " EK, J,F=cWE], (e)
L K, — K_;

E;F; — Wp(z)p(J)FjEi =6, JiKi 71” (f)

Tiqi — q;

where for any element v = )" 11 € Z[I] we have set K, = IL Kaivii J, =
IL; Jd;vsi- In particular, I~Q = Ka,i, jl = Jg,i- (Under Condition 1.1(e), jl =1 for
i € I, while J; = J; fori € 1,.)

We also consider the associative Q(g)"-algebra U (with 1) defined by the gen-

erators
E; (iel), F; (iel), J, (peY), K, (peY)

and the relations (a)-(f) above, together with the additional relations
forany f(6;:ie€l)ed, f(E;:iel)=f(F;:iel)=0. (2)

The algebra U will be called the quantum covering group of type (I, ).

From (g), we see that there are well-defined algebra homomorphisms f — U,
x +— x" (with image denoted by UT) and f — U, 2 + 2z~ (with image denoted by
U~) such that E; = H;F and F; = 0, for all i € I. Clearly, there are well defined
algebra homomorphisms 'f — 'U with the aforementioned properties.

(In terms of standard notations used in some other quantum group literature,
it is understood that K, = ¢" and K; = q"i. Tt is instructive to see our new
generators J's can be understood in the same vein as J, = 7 and J; = 7hi.)

For any p > 0, we set E”) = (0P))+ and F) = (9%)).
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Example 2.1.1. In the case I = I; = {I}, we can identify Y = X = 7Z with
i=1€Y,i=2¢€X,and (u,\) = p\. Then U is the Q(q)"-algebra generated
by E,F,K,J such that

JK=KJ, JE=EJ, JF=FJ, J*=1,
KEK = ¢*E, KFK = q °F,
_ -l
EF —7nFFE = TE Kl .
™ —q

Note that the quotient algebras U/((J £ 1)U) are isomorphic to the two variants
of the quantum group U, (0sp(1|2)) defined in [CW].
2.2. Properties of U

By inspection, there is a unique algebra automorphism (of order 4) w : 'U — 'U
such that

w(E) =mdiFi, wF)=E, wk,)=K_, w)=.J,

fori € I, p € Y. We have w(az™) = m,Jj; 2~ and w(z™) = a7 for all = € f, and
thus the same formula defines a unique algebra automorphism w : U — U.

Similarly, there is a unique isomorphism of Q(q)"-vector spaces ¢ : 'U — 'U
such that

O'(EZ) = Ei, U(Fl) = ﬂ'ijiFi, O'(Kﬂ) = K,ﬂ, U(Jﬂ) = J#
for i € I, p € Y such that o(uv’) = o(v')o(u) for u,u’ € U. We have

o(zt) =o(x)", o(z7) = mx‘j|m|a(x)_, Vo e f. (2.1)
Again, this implies that the same formula defines a unique algebra automorphism
o : U — U. Note that o on UT matches exactly o on f, but o on U~ looks quite

different from o on f (in contrast to the quantum group setting [Lu]).

Lemma 2.2.1 (Comultiplication). There is a unique algebra homomorphism A :
"U—="U®'U (resp. A: U = U U) where ' U®'U (resp. U® U) is regarded
as a superalgebra in the standard way, defined by

AE)=E®l+ LK oE (iel)
A(F) = F®K Y1eF (i€l
A(Ky) = (LeY),
ATy =g 8 (heP)

Proof. The relations 2.1 (a)-(c) are trivial to verify. For the relation (d), we have

A(E)A(F)) = EiF; @ K_j + JiK; ® E;F; + E; ® Fj + n? P9 K, F; @ B;K_j,
A(F)A(E;) = FE; @ K_j + J;K; @ FjE; + 7? PV E, @ Fy + FjJK; @ K_; E;.
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So using the fact that ijQ ® I?,jEi = I~(Z-Fj ® EZ-I~(,]-, we have

A(E)A(Fy) — wPOP9D A(F)) A(E;)
= (B F; —a?OPO FE) @ f(_j + LK ® (B F; — 7?00 B )

JKi—K_i\ _ ~ == JiKi— K_;
=0ij ( 1 ) @K_j+ LK ® <5m' 1 )

Tiqi — q; Tiqi — q;
A(T)A(K;) — A(K—y)
:51,] ﬂ_q 7q71 .

Finally, define maps j* : 'f ® 'f — 'U ® ‘U given by
j*(z@y)zx*ﬂmfﬂm@yﬂ j*(z®y):x*®l~(_‘w‘y’.
Then by construction, these maps are algebra homomorphisms, and satisfy
jtr(z) = A@™), jr(z) = A@).
Since 7, r factor through f, so do j*r and j~r, implying that
FIA(E:)) = f(A(F;)) =0

forall f(0;,:iel)ed. O

The previous proof shows that j7r(z) = A(x%) and j7r(z) = A(z7), so in
particular, we have

A(I+) = ZzTJ‘$2‘KII2‘ ®I3—7
Aw™) =Y arlorle) (rg)~Imlieler @ Ky, a7,

for r(x) = > a1 ® x2. In particular, this yields the formulas

K2 K2

A(E(p)) _ Z qf/p” :];P// Ei(p,)l?g)“ ® E_(p“)’

p’'+p"=p
A(Fi(p)) = Z (m%)iplp”Fi(p/) ® f({plﬂ(pﬁ).
p'+p"'=p

Proposition 2.2.2. For x € 'f and i € I, we have (in 'U)
Z(I)Jrjzf(z - K_; ﬂf(w)_p(i) ar(z)t
Tidi — qi_1

z 171[?1 i i p(x)fp(l) . _I?_i
(b) B — at@ym g, = @) —m T )R

(a) 2t F; — Wf(w)EIJr ="

)
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Proof. Assume that (a) is known for 2’ and z”’; we shall show it holds for = /2"
Let 3/ = ('), ;v = yr(2")T and similarly for r;, 2"/, and z.

yF; = ﬂ_ p(z’) /F "y y/yglJiKi -y K_; Ff(w )= "

Tigi — q; "
1o /jk K p(w) p(l
7Tp(ﬂﬁﬂf)FZ_erﬂ_p(ﬂc)yz Gy 7T_1 y'y”
Tiqi — 4,
LY YK - Y K_imP@ =P
Tiqi —q;
p(w'z”)p(i) yl:]vll?z i I?_lﬂ‘f(m)ip(l) ly
= Fiy+ .
Tiqi — 4,

Since (a) holds for the generators, it holds for all z € f.
If we apply w™!, we obtain
m-(a:)’jif(,i - K; ﬂf(x)_p(i) ir(x)”

midiw” By — wl PO Jp e = ' ,
Tidi — q;

and multiplying both sides by 77 (@)-p (i)ji establishes (b). O
We record the following formulas for further use.

Lemma 2.2.3 ([CW, Lemma 2.8]). For any N, M > 0 we have in U or'U

% [ ’

t+1
EMEM 230 MN—("} )F<M 0 [Kis2t —
K 1 7T t

MN}MNU

t i

ﬂNﬁyﬁ2}NﬂMﬂW%%ﬁ@M%%KﬂW+¥—@+D}ﬂNﬂv

t %

EMFM = qMNe@p) pOD RN p i

where
t

[K“a} H (mig)* =T K = g; 7T R
= WzQi) 7%‘75

The coproduct A is coassociative; the verification is the same as in the non-
super case. There is a unique algebra homomorphism e : U — Q(q)" satisfying
e(E;) =e(F;) =0 and e(J,) = e(K,) =1 for all 7, .

Recall the bar involution on Q(q)" from (1.5). This extends to a unique
homomorphism of Q-algebras : U — U such that

E,=F, F=F J,=J, K,=J,K_,,

and fz = fz for all f € Q(¢)" and z € U.

Let 4 U™ be the images of 4f defined at the end of §1.7. We define 4U to be
the A™-subalgebra of U generated by EZ-(t), Fi(t), [Kz;a} o Jy, and K, for all i € I,
u €Y, and positive integers a > t.
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2.3. Triangular decompositions for ‘U and U

If M’, M are two "U-modules, then M’ ® M is naturally a 'U ® 'U-module; hence
by restriction to ‘U under A, it is a 'U-module.

Lemma 2.3.1. Let A € X. There is a unique "U-module structure on the Q(q)”-
module 'f such that for any homogeneous z € 'f, and p € Y and any i € I, we
have

K, z= q<“”\_‘z|>z7 Ju-z= gl o2 =02, E;-1=0.
Proof. The uniqueness is immediate. To prove the existence, define

—qi(i’/wm(z) + 7Ti_n(Z)ﬂn(i) (Fiqi)@,x—\zlﬂ')ir(z)

Ei 2= 1
Tiq; — d4;

Note that this is essentially the formula prescribed by Proposition 2.2.2. A straight-
forward computation shows that this, along with the desired formulas for the F'
and K actions define a "U-module structure on 'f. [

We denote this “U-module by M (which is a free Q(q)"-module). Similarly, to
an element A € X, we associate a unique "U-module structure on 'f such that for
any homogeneous z € 'f, any u € Y and any i € I we have

K,

e gD g D B — g Fe1=0.
We denote this "U-module by M/ (which is again a free Q(q)"-module). We form
the "U-module My ® My; we denote the unit element of 'f = M by 1 and that
of 'f = M) by 1’. Thus, we have the canonical element 1’ ® 1 € M} ® M. We
emphasize that M} ® M, is again free as a Q(g)"-module.

Proposition 2.3.2. Let U° be the associative Q(q)" -algebra with 1 defined by the
generators K,,, J, (1 € Y) and the relations in §2.1(a),(b). Then U° is isomorphic
to the group algebra of Y x (Y/2Y) over Q(q)". Moreover,

(a) The Q(q)"-linear map 'f ® U’ @ 'f — 'U given by u ® J,K, @ w —
u”J, K, wt is an isomorphism.

(b) The Q(q)"-linear map 'f @ UY @ 'f — 'U given by u @ J,K, ® w
ut J, K, w™ is an isomorphism.

Proof. Note that (b) follows from (a) by applying w. As a Q(g)"-module, ‘U is
spanned by words in the E;, F;, K,, and J,. By using the defining relations, we
can rewrite any word as a linear combination of words where the F; come before
the J, and K, which come before the Fj;, thus the given map is surjective.

To prove the map is injective, let A, A’ € X, and consider the module M, @ M,
described before. There is a Q(q)"-linear map ¢ : 'U — M), @ M, given by ¢(u) =
u-1'®1. Pick a Q(g)"-basis of 'f consisting of homogeneous elements containing 1
Assume that in ‘U there is some relation of the form Zb, b Cor b~ T Kbt
and let N be the largest integer such that ht|b’'| = N and’ cbgﬂ » # 0 for some p, b
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Then

0=0( 3 vl LK) = D AW LK) 1@ 1

b’ pw,v,b b’ p,v,b
Now
AWT) =D g0,V )by @ Ky by
by ,by
AWBF) =" g(b, b1, ba)bf Ty Ky @ b3,
b1,b2
so we have

0 = Z ﬂp(b;)p(bl)cb’,u,v,bg(b7 bla b2)g/(b/7 bllv bl2)bl1_
X JVKuijbﬂk\bﬂ 1'® [}_‘b“bIQ_JVKMb; - 1.

If by # 1, then b; -1 = 0 so we must have by = 1 and thus b; = b. Therefore the
expression reduces to

0=" POy, o ug (b0, b T, Kbt 1 @ Ky by Jy B, - 1.
By the definition of the module structure, this becomes
0= w0y, g (8,1, (A= Hb) g (i A=N ) =y K B

We can now project this equality onto the summand M/, ® 'f, where htv = N.
Then by construction, |b5| < |b| and ht|by| = N. Since ¢y p = 0 if ht|d/| > N, we
must have |b] = [b}| and thus ' = b}, b =1, so

Z AP0 ¢y, » W(u,x—beI)q(u,A_erlbDb 2 = 0.

It follows that
5 et A i)
Vi

for all choices of A, X', u, b and b’ with ht|b’| = N. Therefore ¢y ;1.5 = 0 for any v/
with ht|b'| = N, contradicting the choice of N. [

Corollary 2.3.3.
(a) The Q(q)"-linear map f@U°®f — U given by u®J, K, Qw — v~ J, K, w™T
is an isomorphism.
(b) The Q(q)"-linear map @U@ f — U given by u® K, @ w +— utJ, K,w™
is an isomorphism.
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Proof. Once again (b) follows from (a) by applying the involution w. Let J4 be the
two-sided ideal of ‘U generated by J* = {z* : 2 € J}. Then U ='U/(J; + J_).
Now from Proposition 2.2.2 iterated, we see that
(uhg- cogu'uty,  gt¢uT) C (‘UT)uogt.
Using the triangular decomposition of 'U, we have J_ ="UJ~"UCI~U°('U")C
J_, hence J_ = J-U°('U™). Similarly, J, = (U~ )U°J". Therefore,

U oU'UT dom Ut
U= ) & ® =@ U ® 7
M eU'eIt+J-U®'U J J+
from which (a) follows. O

Corollary 2.3.4. The maps * : £ — UT, z — 2%, are Q(q)"-algebra isomor-
phisms, and U — U is a Q(q)"-algebra embedding.

For v € N[I], we shall denote the image f by U.
Proposition 2.3.5. Let x € f, where v € N[I] is nonzero.

(a) If a¥F; = Wf(I)Fi:z:+ foralli eI then x = 0.

(b) If = E; = ﬂf(I)EiI7 for alli € I then z = 0.

Proof. 1t follows from Proposition 2.2.2 and the linear independence of rz(az)Jrjlf(Z
(respectively, the linear independence of J; K_; ;r(x)™) that r;(z)" = ;r(z)T =0
for all ¢. Hence x = 0 by Lemma 1.5.2. [

2.4. Antipode
For v € N[I], write v = >, ;i and v = S i, for i, € I. Then we set

a=1

c(v) :V-U/Q—Zvii'i/2 €7,
e(v) =Y plia)p(is) € Z.

a<b

Lemma 2.4.1. Let v € N[I].
(a) There is a unique Q(q)" -linear map S : U — U such that

S(E;)) = —J K _iE;, S(F)=—-FK; S(K,)=K_ S(,)=J_,,

and S(xy) = 7P@PW S(y)S(x) for all z,y € U.
(b) For any x € f,, we have

S@t) = (=1)"7¥) (rq) M J_ K _,o(x)",
S(z7) = ()" WMo ()" K,

(c) There is a unique Q(q)"-linear map S’ : U — U such that

SE) = —EiJ K i S'(F)=—-KF;, S"(K,)=K_, S(J,)=J_,
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and S’ (zy) = wP@PW) S (4)S' () for all z,y € U.
(d) For any x € f,, we have

S'(zt) = (1) 7 W) (rg) = Wo ()T T, K_,,
SI(I_) _ (—1)hwﬂ'e(y)qc(u)kl,0'(x)_.

(e) We have SS"'=5'S =1.
(f) If x € £, then S(at) = (mq)~ /M S (xT) and S(z~) = ¢S (x™) where
fv) =2, vii-i.

The map S (resp. S’) is called the antipode (resp. the skew-antipode) of U.
Note that

S(E™) = (~1)"(mig?) D) T K_ i E™,
S'(EM) = (<1)"(mig2) "D EM T i K i,
S(E™) = (~1)"(mig?)" ) F K s,
§'(FM) = (~1)"(mig?) O K, F™

2.5. Specializations of U at m = +1

The specialization at m = 1 (respectively, at 7 = —1) of a Q(q)"-algebra R is
understood as Q(q) ®q(q)~ R, where Q(q) is the Q(¢)"-module with 7 acting as 1
(respectively, as —1).

Let J be the (2-sided) ideal of U generated by {J, — 1| € Y'}.

The specialization at m = —1 of the algebra U/J is naturally identified with a
quantum group associated to the Cartan datum (I, ) (cf. [Lu]). The specialization
at m = 1 of the algebra U, denoted by Ul,—=1, is a variant of this quantum group,
with some extra (harmless) central elements J,. Specialization at 7 = 1 for the
rest of the paper essentially reduces our results to those of Lusztig [Lu].

The specialization at 7 = 1 of the superalgebra U/J is identified with a quantum
supergroup associated to the super Cartan datum (7, -) considered in the literature;
cf. [Ya], [BKM]. The specialization at 7 = —1 of U, denoted by U|,=_1, will also
be referred to as a quantum supergroup of type (I,-), and the extra generators
J; allow us to formulate integrable modules V() for all A € X+, which was not
possible before.

All constructions and results in the remainder of this paper clearly afford special-
izations at m = —1, which provide new constructions and new results for quantum
supergroups and their representations.

2.6. The categories € and O

In the remainder of this paper, by a representation of the algebra U we mean a
Q(gq)"-module on which U acts. Note we have a direct sum decomposition of the

Q(q)"-module Q(q)" = (7+1)Q(q) ® (r—1)Q(q) , where 7 acts as 1 on (7+1)Q(q)
and as —1 on (7 — 1)Q(q).
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We define the category € (of weight U-modules) as follows. An object of C is a
Zy-graded U-module M = M, & M,, compatible with the Z,-grading on U, with
a given weight space decomposition

M= @ MY, M= {m eEM|K,m= N, Jum = A m Y e Y},
reX

such that M* = M} @ M)} where M} = M* N M, and M} = M* N M,. The Zs-
graded structure is only particularly relevant to tensor products, and will generally
be suppressed when irrelevant. We have the following Q(g)"-module decomposition
for each weight space: M* = (7 + 1)M* @ (7 — 1)M?; accordingly, we have
M = My ® M_ as U-modules, where My := @ex (7 £ 1)M? is a U-module on
which 7 acts as £1, i.e., a U|z=+1-module. Hence the category € decomposes into
a direct sum € = € @ C_, where C4 can be identified with categories of weight
modules over the specializations U|,—11.

Lemma 2.6.1. A simple U-module is a simple module of either Ul|z—1 or Ulz—_1.

Let M € @ and let m € M*. The formulas below follow from Lemma 2.2.3.

_(t+1 _ ;
() EM M, — 3 o MN=(57) [N Mt+ (A pr-o pav-o,,.
M~ N — <i,>\>} EN-0 M0,

)

) FMENm =Y, WEM_f)(N—t)—tz [ t

3

(c) Fi(Aj)EJ(N)m:E](N)F‘i(M)m, for i # j;
(d) [K?a} m= [<Z’ /\iJra} m

Note that U®U is a superalgebra with multiplication (a®b)(c®@d) =P qcw
bd. A tensor product of U-modules M ® N is naturally a U ® U-module with the
obvious diagonal grading under the action (z ® y)(m ® n) = ?@P(Mem @ yn.

The tensor product of modules is naturally a U-module under the coproduct
action. Moreover, € is closed under tensor products. Note that for a € Z-o,
M/, M" €@, m' € M and m" € M"", we have

1o

Ei(a)(m/ ®m') = Z 7T;_z”p(m/)Jra”(i,,\')qq a”+a" (i,\ )Ei(a/)m, 2 Ei(a ‘",

K2

a’+a’"=a
" ’ 1o —ag'a’ —a’ i,)\“ ’ "
Fi(a)(m/ ® m//) _ Z ﬂ? p(m’)+a’a q, < >Fi(a )m/ ® Fi(a )m//'
a’'+a'" =a

To any M € €, we can define a new U-module structure via u-m = w(u)m; we
denote this module by “M. By definition, note that “M* = M~2.

Let A € X. Then there is a unique U-module structure on f such that for any
yef,peY andi eI we have K,y = g Ay gy = Al Fy = 0y,
and F;1 = 0. As in the non-super case, this follows readily from the triangular
decomposition. This module will be called a Verma module and denoted by M ().
The parity grading on f induces a parity grading on M(\) where p(1) = 0. As
before, we have a U-module decomposition M(\) = M(\); & M(\)—, where
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M(A)+ can be identified as the Verma module of U|,=1; (which is a Q(g)-vector
space).

For any M € € and an element m € M?* such that E;m = 0 for all i, there is a
unique U-homomorphism M (\) — M via 1 — m. This can be proved as in [Lu,
3.4.6], using now Lemma 2.2.3.

Let O be the full subcategory of € such that for any M in O and m € M, there
exists an n > 0 such that z7m = 0 for all # € f, with htv > n. Note that M (\)
and its quotient U-modules belong to O.

2.7. Category Cjnt of integrable modules

An object M € @ is said to be integrable if for any m € M and any i € I, there
exists ng > 1 such that Ei(n)m = Fi(n)m = 0 for all n > ng. Let Gy be the full
subcategory of C whose objects are the integrable U-modules.

For M, M', M" € @i, we have M, M' @ M" € Ci,:. The proof of the following
lemma proceeds as in the non-super case; see [Lu, Lemma 3.5.3].

Lemma 2.7.1. For (a;), (b;) € Nl and A\ € X, let M be the quotient of U by the
left ideal generated by the elements Fia'"’_l, Ef’i+1, K, — ¢\ with p € Y, and
J, — 1A with v € Y. Then M is an integrable U-module.

The proof of the following proposition proceeds as in the non-super case; see
[Lu, Prop.3.5.4 and 23.3.11].

Proposition 2.7.2. If u € U such that v acts as zero on every integrable module,
then u = 0.

Proposition 2.7.3. Let A€ X ™.

(a) Let T be the left ideal of £ generated by the elements 9§M>+1 for alli e I.
Then T is a U-submodule of the Verma module M (X).
(b) The quotient U-module V(X)) := M(X)/T is integrable.

The proof is as in the non-super case [Lu, Prop. 3.5.6]. Asusual V(A) = V(M) 1 &
V(A)—, and T = T, ®T_; moreover we have the identification V(\)x = M(\)+/T.

We denote the image of 1 in V(\) by vj\' when convenient. This module has an
induced parity grading from the associated Verma module by setting p(vj\r) =0.
When considering the image of 1 in the module “V()), we will denote this vector
by vy .

Proposition 2.7.4. Let M be an object of Cint and let m € M?* be a non-zero
vector such that E;m=0 for all i. Then A € X and there is a unique morphism
(in Cing) t': V(A) = M sending vy to m.

The proof is as in the non-super case [Lu, Prop.3.5.8].

3. The quasi-R-matrix and the quantum Casimir

In this section, we introduce the quasi-R-matrix as well as the quantum Casimir
for U and establish their basic properties. Using the Casimir element, we show
that the category iy is semisimple and classify its simple object by dominant
integral weights.
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3.1. The quasi-R-matrix ©

Consider the vector spaces

=00 Y Uy )eusUusUU( Y U

htv>N htv>N

for N € Z~(. Note that Hy is a left ideal in U ® U; moreover, for any u € U® U,
we can find an r > 0 such that Hy4,u C Hy.

Let (U ® U)" be the inverse limit of the vector spaces (U @ U)/H,. Then
the Q(q)"-algebra structure extends by continuity to a Q(q)"-algebra structure on
(U® U)", and we have the obvious algebra embedding U ® U — (U @ U)".

Let :U®U — U®U be the Q-algebra homomorphism given by & . This
extends to a (Q-algebra homomorphism on the completion. Let A : U —- U ® U
be the Q(g)"-algebra homomorphism given by A(z) = A(x).

Theorem 3.1.1.

(a) There is a unique family of elements ©, € U, ® U} (with v € N[I]) such
that O =1®1 and © =Y. 0, € (U U)" satisfies A(u)® = OA(u) for
all w € U (where this identity is in (U @ U)").

(b) Let B be a Q(q)"-basis of f such that B, = BNf, is a basis of £, for any
v. Let {b* | b€ B,} be the basis of f, dual to B, under (,). We have

0, = (-1)"7Wm,q, Y b- @bt €U, @ Uy,
beB,

where e(v) is defined as in §2.4.
The element © will be called the quasi-R-matriz for U.

Proof. Consider an element © € (U ® U)" of the form © = Y ©, with ©, =
dvwen, o pb' " @0 ey € Q(g)". The set of u € U such that A(u)® = ©A(u)
is clearly a subalgebra of U containing UY. Therefore, it is necessary and sufficient
that it contains the E; and F;. This amounts to showing that

Z Coy by EibT @ b5T + Z 7 ey 0, Kby @ Eibyt
b1,b2€B, b3,b4€B, —;
b — * — 7> *
= Z ﬂf( 2)Cb17b2b1 FE;, ® b2+ + Z Cb31b4b3 K ;® b4+Ei

b1,b2€B, b3,ba€B, _;

and

p(b1) - + — o Tt
> e by @ FbsT 4 Y e Fiby © K_ib)
b1,b2€B, b3, ba€B, i
_ § : - *+ p(ba) - *+ T 7o
= Cby,byb7 @03 F; + E T Cbgbybg Fy @ by Ji K.
b1,b2€B, b3,ba€By —;
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Let z € f. Then since the inner product is nondegenerate, this equality is equiva-
lent to the equality

S w03, 2)(Eiby — 70 By
b1,b2€B,
Y (PP (0365, 2) T K b3 — (b30:,2)b5 K—;) =0,
b3, bu€B,_;

and

Z Chy by (b1, Z)(Wf(bl)Fiszr — b5t Ey)

by1,b2€B,
Y e (Ot )R byt — 7 (g6, )T = 0.
b37b4EBU,i

Note that p(b1) = p(ba) = p(bs) + p(i) = p(bs) + p(i). Using Proposition 2.2.2 and
the derivations, we have

S mia — g ) T b b (05, 2) (i (b1) T — 7O (0) 7K )
b1,b2€B,

Y (01,00 (P (b1, i (2) JiEiby — (0, ri(2)b5 K_i) =0,
b3, ba€EB,_;

and

ST —(mai — g7 ey o (01, 2) (ri(b2) T LK — 7O R (by) )
b1,b2€B,

Y (01,00 (b3, () K_iby ™ — 7 (b3, i ()b LK) = 0.
b3,bu€B, _;

Using the triangular decomposition, this is equivalent to the equalities

D b ta (b3, 2)ir(0r) + Y migen!“ep b, (0 r(2))bs =0, (3.1)
b1,b2 bB,b4
S e TPOW5 )i (01) + Y midicn b, (05, 7(2))bs = 0, (32)
bl,bz bS,b4
Z Chy by (D1, 2)Ti(b2) + Z Wiqiwf(b“)cb&IM (b3, ri(2))b; =0, (3.3)
bl,b2 bB,b4
Z Wf(b2)7p(i)cbl,b2(b1, z)ir(b2) + Z Ti(iCbs s (b3, i7(2))0; = 0. (3.4)

b1,ba b3,bs



1044 SEAN CLARK, DAVID HILL, WEIQIANG WANG

Now when ¢ = (—1)M)7¢) 1,4, 6,4, we have

Zﬂe(u)(b(b*a il Zﬂe(u s qy MT( ))b =0,
b
Zﬂ_e(u Z)ﬂ-l/ql/ b* ,z Tz Zﬂ_e v— 7,)7_[_ q:/ b/* ( ))b/ 7

b
Zﬁe(”)ﬂyqu (b, 2)ri(b Zﬂ'e( )m,qu b ()0 =0

Z?Te =g vqu (b, 2) Zﬂe(” i) mq (V5 ir(2))0™* = 0.

These equalities are easily verified by checking when z is a basis or dual basis
element.

Thus the existence of such a © is verified. Suppose ©/, and ©’ also satisfy the
conditions in (a). Then © — O’ = > ¢ b~ @ bt must satisfy (3.1)-(3.4) and has
cpp = 0 for b € By. Suppose ¢ppy = 0 for b, € B, for ht(r’) < n and assume
ht(v) = n. Then the second sum in (3.1) is zero, s0 ;7(3_,, 4, Cb1,b2 (03, 2)b1) = 0.
But then >, . b, (b3,2)b1 = 0, whence (3, cp,p,03,2) = 0 for all z € f.
Therefore ¢y, b, = 0 for all by,b2 € B,. By induction ©® — © = 0, proving
uniqueness. [

Example 3.1.2. Let I = I, = asin Example 2.1.1, and let us determine © in this
case using Theorem 3.1.1(b). The obvious basis to choose is B = {9(”) in e N},
and then we see from Lemma 1.7.1 that © = ) a, F™ @ EM where a, =

(=1)(nq)" (") [n] (g — ¢~ )™ (compare with [CW, §5)).

Recall that the bar involution on U makes sense under the assumption that the
super Cartan datum is consistent.

Corollary 3.1.3. Assume that the super Cartan datum is consistent. We have
00 = 00 = 1® 1 with equality in the completion.

Proof. First note that by construction O is invertible. We have A(u)© = OA(u),
s0 OA(u) = OA(u) = ©A(u). Now applying the bar involution to both sides and
rearranging, we get

By uniqueness, © —e. O

We can specialize the identity A(u)© = ©A(u) to deduce

(B; ®1)0, + (jzf(z ®E;)0,_; =0,(E;®1)+ @u—i(f(—i ® E;),
(1QF)0, + (F;® K_)0,—; = 0,(1® F}) + 0,_i(F; ® J,K;).
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Setting O < = >y, <, Ov, We obtain that

(B @1+ JK; @ E))Oc) — O, (B @1+ K_; ® E;)

=Y (LK@ E)O, - Y 0,(K_.i® E), (3.5)
htv=p htv=p
(FFoK i+19F)0<, —0,(FoK,+10F)
=Y (FoK)0,— Y 6,(FeLK) (36
htv=p htv=p

3.2. The quantum Casimir

Let B, B, be as in Theorem 3.1.1. Let S be the antipode and m : U® U — U be
the multiplication map v ® v’ + wu’. Applying m(S ® 1) to the identities (3.5)
and (3.6), we obtain that, for any p > 0,

SN (0" (S(EbT O + 7l (T Kb )BT
htv<p beB,,
SBE )T — S(bK_ )b E,)
=3 > (VPma (AP S(LE D) Eib T — S(bTK_)bt E;),

htv=p beB,

and

SN (1M, (e ST FbT + S(FbT) Kb
htv<p beB,,

— S E — 7 S F)brt LK)
=3 > (DPma (S(EDT)E_ib™ — ) S(b™ )b T ;).

htv=p beB,

Now set Q<p =3 11,<p 2 pen, (— )M 7,q,S(b~)b*t. Then observing that

S(Eb W 4+ 7P S(J Kb~ ) Eb*T
ﬂf(u)S(bi)(—j_il?_iEi)b*Jr + Wf(u)S(bi)j_if?_iEib*+ = 07

we have

j_il?_iE‘Q<p - ]?‘Q<p
=3 3 (1)Pmq (P S(KbT) BT — ST K_)b* T E;),
htv=p beB,

O, F — FK Q< K,

== 3 N (- 1Pmq (SEDT Kbt — 7P S (b F)b K.
htv=p beB,
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Example 3.2.1. Let I = I; =i as in Examples 2.1.1 and let © be as defined in
Example 3.1.2. Then using §2.4,

Qcp= > anlrg?) G PR ED,

1<n<p
We note that though this is a rather different construction than the Casimir-type
element in [CW], it will nevertheless be used toward a similar purpose.

Let M € O. Then for any m € M we have that Q(m) = Q<,m is independent
of p when p is large enough. We can write

Q(m) = (=1)" Pl g S (670" m.
b

Then we have
J_;K_,E:Q = K,QF;, OF, = FK;QJ,K;, QK, = K,9,
as operators on M. Therefore for m € M?, we have
QE;m = (7rz-(]i2)7<i’)‘ﬂ-,>E’Z-Qm7 QF; = (ﬂiq$)<i’>‘+i/>ﬂﬂm.

This can be rephrased in terms of the antipode. Define the Q(q)"-linear map
S:U — U by S(u) = S(u). Then QS5(u) = S(u)Q2: M — M for u € U.

Let C be a fixed coset of X with respect to Z[I] < X. Let G : C — Z be a
function such that

G\ — G\ —i) = zé’ (i,\) forallheC,iel (3.7)

Clearly such a function exists and is unique up to addition of a constant function.
Lemma 3.2.2. Let \,\ N € CNXT. If\> X and G(\) = G(XN), then A = X.
Let M € C. For each Z[I]-coset C in X, define Mo = @, M. It is clear

that
M= P M. (3.8)
CeX/7

Proposition 3.2.3. Let M € O, and let Q : M — M be as above.

(a) Assume there exists C as above such that M = M¢. Let G : C — Z
be a function satisfying (3.7). We define a linear map Z : M — M by
Z(m) = (7¢*)¢Nm for all X € C and m € M*. Then QF is a locally finite
U-module homomorphism.

(b) Assume that M is a quotient of M(N'). Then QZ acts as (7q>)S*) on M.

(c) For M as in (a), the eigenvalues of Q= are of the form (mq*)¢ for c € Z.

The operator Q= is called the Casimir element of U (though note that the
Casimir element formally lives in a completion of U).
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Proof. We compute that for m € M?,
OEE;m = Q(ng?) O+ By = (ng?) COFN =GN =5 {idi') p.ozm = F,05m.

A similar argument applies to the F;, and clearly Q= commutes with K, J,,
proving the first assertion of (a). The local finiteness claim is a standard category
O type argument. Parts (b) and (c) follow now easily. O

3.3. The complete reducibility in O;¢

Recall the categories O and Cj, from §2.6-2.7. Form another category O, :=
O N Cipt.

Lemma 3.3.1. Let M € C. Assume that M is a nonzero quotient of the Verma
module M(X) and that M is integrable. Then

(a) Ae XT;

(b) M4 and M_ are either simple or zero.

Proof. Tt is clear that (a) holds by some rank one consideration. An argument sim-
ilar to that for [Lu, Lemma 6.2.1] shows that if dimg(g) M* = 1 then M is simple;
in this case, M must be equal to either My or M_. Otherwise, dimgg) M* =2,
then dimg(g) Mﬁ = dimgy) Ml’\ = 1, and we repeat the argument above for the
integrable U-module My. [

Theorem 3.3.2. Let M be a U-module in Oiny. Then M is a sum of simple U-
submodules.

Proof. Note that as discussed in §2.6 we may assume that M = M, or M = M_.
Since the case for M follows from [Lu, Thm. 6.2.2], it is enough to prove the
theorem for M = M_. Virtually the same argument as in loc. cit. holds, which
we will now sketch.

Using (3.8), we may further assume there is a coset C' of Z[I] in X such that
M = M¢. Then we may pick a function G satisfying (3.7) and avail ourselves of
Proposition 3.2.3. Since the Casimir element commutes with the U-action, we may
further assume that M lies in a generalized eigenspace of the Casimir element.

Consider the set of singular vectors of M (that is, the set of vectors m € M
for which EF;m = 0 for all ¢ € T) and let M’ be the submodule they generate.
Then each homogeneous singular vector generates a simple submodule by virtue
of Lemma 3.3.1, so M’ is a sum of simple modules.

It remains to show that M = M’, so take M"” = M /M’ and suppose M" # 0.
Then there is a maximal weight A € C such that M"* # 0. Then the Casimir
element acts on the submodule generated by a nonzero m; € M by (—¢*)¢™
by Proposition 3.2.3, and so in particular M must lie in the generalized (fqz)G()‘)—
eigenspace of the Casimir element.

On the other hand, m is the image of a vector n € M \ M’. The UT-module
generated by m contains a singular vector msy of weight n > A, and the Casimir
element acts on the module generated by ms as (—¢?). Then G(n) = G()\) and
17 > A, so by Lemma 3.2.2 n = A\. But the m is a singular vector, contradicting
that our choice of m; was nonzero. [
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Corollary 3.3.3.

(a) For A € X, the U-modules V(A\)1 and V(\)_ are simple objects of Ojn.

(b) For \,\ € X, the U-modules V(\)+ and V(XN), and respectively V (\)—
and V(X)_, are isomorphic if and only if X = X. (Clearly, V(N1 and
V(X)_ are non-isomorphic.)

(¢) Any integrable module in O is a direct sum of simple modules of the form
V(N + for various A € XT.

Proof. The argument in [Lu, Cor. 6.2.3] holds using our Lemma 3.3.1 above. [

3.4. Character formula

Denote by p € X such that (i, p) = 1 for all i € I. We claim the following character
formula of V() for every A € X*:

Zwew(,l)ﬁ(w)ew(Mp)w
Swew (—D@ewP)—p
This is equivalent to claiming V' ()) is always a Q(q)"-free module for each A € X .
This character formula holds for V(\) with A € X by a theorem of Lusztig [Lul].
A proof of this formula for V(\)_ is possible, but requires techniques outside the

scope of this paper.

Assume now that A\ € X satisfies an evenness condition

(i,\) € 2Z4, Viel,. (3.10)

Then the action of U on V(A) factors through an action of the algebra U/J (see
§2.5), and (3.9) holds by [BKM, Thm.4.9] on the characters of integrable mod-
ules of the usual quantum groups. The irreducible integrable modules of the cor-
responding Kac-Moody superalgebras were known [Kac| to be parametrized by
highest weights A € X7 satisfying (3.10). Hence, for A € X which does not
satisfy (3.10), the usual g-deformation argument cannot be applied directly to
V(N)-.

Note there are always weights A satisfying (3.10) which are large enough relative
to every ¢ € I. Therefore, the same type of arguments as in [Lu, Chap. 33] show
that the algebra f and hence U admit the following equivalent formulations.

chV(\)i = (3.9)

Proposition 3.4.1. The algebra f is isomorphic to the algebra generated by 0;,1 €
1, subject to the quantum Serre relation as in Proposition 1.7.3.

Proposition 3.4.2. The algebra U is isomorphic to the algebra generated by
Ei,F; (i € I) and J,, K, (n € Y), subject to the relations 2.1(a)—(f) and the
quantum Serre relations for E;’s as well as for F;’s (in place of 0;’s in Proposi-
tion 1.7.3).

As a consequence of (3.9) and Proposition 3.4.1, the character of U~ is given
by

_ 1 _ _1\1+p(a) q;
_ _ . ay(—1) dim go
MU= s = L0 SENCATY
where g denotes the Kac-Moody superalgebra of type (I,-) (cf. [Kac]), “a > 0”
denotes positive roots of g, p(-) denotes the parity function, and g, denotes the
a-root space.
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4. Higher Serre relations

In this section we formulate and establish the higher Serre relations, which will
be instrumental in determining the action of a braid group on a quantum covering
group and integrable modules in a future work.

4.1. Higher Serre elements
For ¢,57 € I, and n,m > 0, set

p(n, m;i, j) = mnp(i)p(j) + (Z);;(i).

For i # j, define the elements

Cijimm = Z (_1)rﬂ_g7(n,r;zd) (WiQi)_T(n<i’j >-‘:—m—1)Ei(r)E]('n)Ei(s)7 (4.1)
r+s=m
e;,j;n,m — Z (_1)rﬂ_§7(n,r;i,j) (ﬂ-iqi)_r(n<i’j/>+m_1)E§S)E;n)E§T)7 (4.2>
r4+s=m
r n,r;i,J r(n(i,j’ +m—1) s n T
Fusmm = 30 (-1t gD gl plod o) (43)
r4+s=m
r n,r;i,J r(n(i,j’)+m—1) T n s
Fimm = 3 (=1l (i.d) FO R ), (4.4)
r4+s=m

When there is no confusion by fixing 7 and j, we will abbreviate €; j.n,m = €n,m,

! _ L. _ !/ —_ /
€i imnm = €n,ms Jijinom = fnms Jijonm = . Note that we have the equalities

en,m = O—(en,m)’ fvlz,m - O-WQ(fn7m)7 Cn,m = w( n, m) eiz,m = w(fn,m)' (45)

4.2. Commutations with divided powers
Lemma 4.2.1. The following hold:

(a) 7ql—n<i,j >—2mﬂ_zn+np(j)E Cnom +en mE _ [m+ l]zen mtle

(b) ~Fienm + 7" By = [ Gy 7') — m+ U R e .

7

Proof. When i € I, this is [Lu, Lemma 7.1.2]. We therefore assume ¢ € I,. Then,
(1,7") € 2Z by 1.1(d). The left-hand side of (a) is

r n,ri,J —r(n{i,j" Y+m— r n s+1
S () (ygy) T VD s 1) 5D B B
r+s=m

—r(n(i,j"y+m—1)—n(i,j’)—2m

+ Z r+1 P(NT17J)+71P(])+7"(7TiqZ_)

r+s=m
< [r+1: BV EMW B
_ Z (71)r7rf(n,r;i,j)(ﬂiqi)fr(n<i,j'>+m)
r+s=m+1
% ((ﬂiqi)r*(m+1) r— 1+m[r] + (migi)"[s ]i)E§7')EJ(n)E§s)’
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where we have used
p(n,r =154, 5) = p(n, 3, j) + np(i)p(4) + (r = 1p(i) (mod 2) (4.6)

in the last line. Part (a) now follows from the computation

(migi)™™ DT+ (i) 8] = 65 ° )i+ (miga) [l = [+ sl = [m o+ 1],

To prove (b), observe that
FiEi(r)E](-n)Ei(s) :W:+np(j)+sEZ_(r)E](_n)EZ_(S)E_W:Jrnp(j)JrlEZ_(r)E](_n)Ei(sfl) (K s—1]
~mEV[K;r —1EMED.

Therefore,

m—+np(j
*F‘ien,m +7 p(])en,mFi

%

T n,r;t,j)+r+np(j)+1 —r(n(i,jg’ m— T n s—1)r7~-
_ Z (—1) wf( §)+r+np(i)+ (migi) "¢ (i) + I)Ei( )E](. )Ei( )[Kigs—l]

r4+s=m
D D e A A e
r4+s=m
_ Z (71)r7rllf7(nﬁ;i7j)+7”+np(j)+1 (ﬂiqi)fr(n<i,j'>+mfl)El(T)E](n)EES) [[}h S]
r+s=m-—1
+ Z (*1)T_17Tf(n7r+l;i’j)+l(M%‘)7(T+1)(n<i’j/>+m71)Ei(r)[fQ;T]EJ(‘”)Ei(S)
r+s=m-—1

= Z (_1)T7Tf(”17"?ivj) (ﬂ.iqi)—T("<i7j/>+(m_1)—1)Wﬁp(j)JFlﬂ.;"(*)EZ_(T)E](”)EZ_(S)

2
r4+s=m-—1
where, using (4.6) we compute

() =(miqs) " [Ky; —s — 1 (i, ) — 2r] — (Wiqz')fn@’j,%mﬂfr[Ki; —]
_ (Wi%')_r(ﬂ'i%’)_m+1_n<i7j/>_T - (Wiqz')_n<i’j/>_m+l_T(Wiqz')_r

_ T e
Tiqi — q;
I (Wiqz')_n<i’j/>_m+l_rqlr - (Wiqz')_TQ?<i’j Jpmir =
Tidi — q; " ’
—nlij Y —m+1 n(i,j" ) +m—1
:7_[_;“ (771'%’) n(l] > m+ _1qi < > [?;1

Tii = 4;
This proves (b). O

The next result, which is a m-analogue of [Lu, Lemma 7.1.3], follows by a
straightforward induction argument.

Lemma 4.2.2. The following formulas hold:
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N al N(n(ir")+2m)+(N—1)k N (np()+m)+(%)
BN enm =Y (~D'q; " uf :
k=0

X [mz;k:| en,m-ﬁ-kEi(Nik);

7

M
M —(M=1)h_M ))+(M—m)h
Fi( )emm:Z(_l)hqi( 1) ! (mAnp(j))+(M—m)
h=0
—n{i,j") — h] ~ _
y [ n(z,]>h m+ R enm nEM).
i
Lemma 4.2.3. Let m =1 —n (i, j’). Then
. ~ qﬂil ~ o~ qlin
Fjen,m — W-;np(z)+n6n7ij 7T;L<KJ_1 J 1 €n—1,m — JjKj J 1 enl,m) .
Tidj — 45 Tidj — 45

Proof. To begin, if r + s = m, then
r) (n s) mp(i)+n (r n) (s rp(i)+1 (r n—1)r 7> s)
FEDEWEY = 7Ot g W e py PO EO B VR - 1B
Since m =1 — (i, j'), the exponent of m;q; in e, is 0; see (4.1). Therefore,
Fienm — W;np(i)-’_n

=-—m; Y (-0 AT K 1 — 0 rag ) B BTV ES)

Bnyij

5 4
r+s=m
R 1-n
r n—1,r;1,7) —T(&J 45 T - r n—1 s
= 3 (1 Dg >(‘J4J)  LREC B E®
r4+s=m i — 45
.o . )1 ~ . _ 9
+ Z (71)rﬂf(n—1,7-;1,3)(ﬂiqz_)r@,y> (WJQJ) B K-_IEZ-(”E(.H I)EZ'(é)-
r+s=m 7qu]‘ - qj ! !

We have used p(n,r;i,j) = p(n—1,r;4,5) + rp(i)p(j) to simplify the second line,
and qi—r<w ) = qj—r(w) and 7r7.-<“> =1= 7r;<w ) in the two subsequent lines.
Since (n — 1) (i,j') + m — 1 = — (i, 7'), the result follows. O

As a consequence of the previous lemmas we obtain a generalization of the
quantum Serre relations.

Proposition 4.2.4 (Higher Serre Relations). Let i,j € I be distinct. If m >
—n (i,75), then €; ju.m = 0.
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Proof. As before, fix i and j and write e,,m = €i jin,m. Note that 6’171_“7].,) =
o(e1,1—(i ) s just the usual quantum Serre relations (see Proposition 1.7.3).
Using Lemma 4.2.1(a), it follows by induction on m that eq ,,, = 0 for m > 1—(i, j').
Now, let n > 1 and assume that e,_1,, = 0 for all m > (1 —n)(i,j’). By
Lemma 4.2.1(b), €,,1-n( ;) supercommutes with F;, and by Lemma 4.2.3 and
induction, it supercommutes with F; (note that m =1 —n (i,5') > (1 —n) (i, j)).
It trivially supercommutes with F} for k # 4,j. Therefore, by Proposition 2.3.5
we deduce that e, 1 _p(; ) = 0. Again, using Lemma 4.2.1(a) and induction m the
enm=0form>1—-n(,j) 0O
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