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Abstract. It is well known that the category of real Lie supergroups is equivalent
to the category of the so-called (real) Harish-Chandra pairs, see [DM], [Kost], [Kosz].
That means that a Lie supergroup depends only on the underlying Lie group and its Lie
superalgebra with certain compatibility conditions. More precisely, the structure sheaf
of a Lie supergroup and the supergroup morphisms can be explicitly described in terms
of the corresponding Lie superalgebra. In this paper we give a proof of this result in the
complex-analytic case. Furthermore, if (G,O¢q) is a complex Lie supergroup and H C G
is a closed Lie subgroup, i.e., it is a Lie subsupergroup of (G, O¢) and its odd dimension
is zero, we show that the corresponding homogeneous supermanifold (G/H,Og / H) is
split. In particular, any complex Lie supergroup is a split supermanifold.

It is well known that a complex homogeneous supermanifold may be nonsplit (see,
e.g., [OS1]). We find here necessary and sufficient conditions for a complex homogeneous
supermanifold to be split.

1. Preliminaries

We will use the word “supermanifold” in the sense of Berezin and Leites (see
[BL], [L]). Throughout we will be interested in the real or complex-analytic version
of the theory, denoting by K the ground field R or C. Let (M,Oys) be a super-
manifold. The underlying complex manifold M is called the reduction of (M, Oxy).
We denote by Jy C Ops the subsheaf of ideals generated by odd elements of
the structure sheaf. The sheaf Opr/Jar is naturally identified with the structure
sheaf Fjp; of M. The natural homomorphism Oy; — Fj; will be denoted by
f > frea- A morphism ¢ : (M, O ) — (N, On) of supermanifolds will be denoted
by ¢ = (¢red, ¢*), where ¢req : M — N is the corresponding mapping of the reduc-
tions and ¢* : On — (¢red)«(Onr) is the homomorphism of the structure sheaves.
We denote by v(M,O)s) the Lie superalgebra of vector fields on (M,Oys). If
x € M and m,, is the maximal ideal of the local superalgebra (Oyy)., then the vec-
tor superspace Ty (M, Opr) = (m;/m2)* is the tangent space to (M, Q) at x € M.
From the inclusions v(m;) C (Op), and v(m2) C m,, where v € v(M,Oyy), it
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follows that v induces an even linear mapping ev,(v) : m;/m2 — (Opr),/m, ~ C.
In other words, ev,(v) € T,(M, Opr), and so we obtain an even linear map

evy 1 0(M, Orr) — To(M, On). 1)

Let us take Y, € T,(M, Opr). There is a neighborhood (U, Ojy) of the point x
and a vector field Y € v(U, Opy) such that ev,(Y) = Y,. We may regard Y,, as a
linear function on (Ops),. Namely, Yo (fz) := (Y (fz))red(z), where fr € (Onr)a.
It is easy to verify that this definition doesn’t depend on the choice of Y.

Let (M, Far) be a complex-analytic, smooth or real-analytic manifold and let
E)s be a (holomorphic, smooth or real-analytic) vector bundle over M. Denote by
Ewm the sheaf of (holomorphic, smooth or real-analytic) sections of Eps. We get the
supermanifold (M, A z, Enr) of the corresponding class. A supermanifold (M, Opr)
is called split if Opy ~ A Fur & for a certain vector bundle Ej; of the corresponding
class. It is known that any real (smooth or real-analytic) supermanifold is split.

We may consider the supermanifold (pt,K) of dimension (0|0), where pt is a
point. If (M,O)s) is an arbitrary supermanifold, then for any point z € M we
denote by J, : (pt,K) — (M, Op) the morphism, defined in the following way:

(62 )rea(pt) =, 0(f) = {gfed(gj)7 ﬁi ; g:

where f € Oy (U) and U C M is open.

Definition 1. A Lie supergroup is a group object in the category of superman-
ifolds, i.e., a supermanifold (G,Og), for which the following three morphisms
are defined: u : (G,0q) x (G,0g) — (G,0¢) (the multiplication morphism),
t: (G,0¢) = (G,0¢) (the inversion morphism), ¢ : (pt,K) = (G, Og) (the iden-
tity morphism). Moreover, these morphisms should satisfy the usual conditions,
modeling the group axioms:

(1) po(uxid) = po (id x p);

(2) po(e xid)=1id, po (id x €) = id; and

(3) po(id x ¢) odiag = ¢, po (v x id) o diag = ¢, where diag : (G,0qg) —
(G,0¢) x (G,0¢) is the diagonal morphism.

The underlying manifold G of a Lie supergroup is a (real or complex) Lie group.
The element e = ,0q4(pt) is the identity element of G. Let (G,O¢g), (H,On) be
two Lie supergroups and pg, pg the respective multiplication morphisms. A
morphism ¥ : (G,0q) — (H,Op) is called a homomorphism of Lie supergroups
if Uopug = pmgo (¥ x ¥). The corresponding mapping P.q : G — H is a
homomorphism of Lie groups.

Definition 2. An action of a Lie supergroup (G, Og) on a supermanifold (M,O )
is a morphism v : (G, Og) x (M, Opn) — (M, Oxr), such that the following condi-
tions hold:

e vo(uxid) =vo(id x v); and
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e vo(exid) =id.
In this case vyeq is the action of G on M.

We will denote by g the Lie superalgebra of (G,O¢). By definition g is the
subalgebra of v(G, Og), consisting of all right invariant vector fields on (G, O¢).
(A vector field Y on (G, Og) is called right invariant if (Y ®id)op* = p*oY.) It
is well known that any right invariant vector field Y has the form

Y = (X ®id) o p* (2)

for a certain X € T.(G,Og) and the map X — (X ®id) o p* is an isomorphism
of the vector space T.(G, Og) onto g, see [Var, Theorem 7.1.1]. We will identify g
and T, (G, O¢) using this isomorphism.

Let v = (Vrea, v*) : (G,O¢) X (M, Opr) — (M, Onr) be an action. Then there is
a homomorphism of the Lie superalgebras 7 : g — v(M, Ops), given by the formula

X = (X®id)orv™. (3)
As in [O1], we use the following definition of a transitive action.

Definition 3. An action v is called transitive if vyeq is transitive and the mapping
ev, o7 is surjective for all x € M. (The map ev, is given by (1).) In this case the
supermanifold (M, Op) is called (G, Og)-homogeneous. A supermanifold (M, Opr)
is called homogeneous, if it possesses a transitive action of a certain Lie supergroup.

Let us consider the following compositions of the morphisms for any g € G:

54 xid
ly: (G,06) = (9,K) x (G,0¢) 25 (G, 06) x (G, 06) % (G,0¢),

ry+ (G,06) = (G,06) x (9,K) “ (G, 06)  (G,06) %+ (G, O).
They are called left and right translations by g, respectively. Denote wgy := [gor -1,
g € G. The formula Adg(g) := (dwy). defines a representation Adg : G — Aut (g),
called the adjoint representation of the Lie group G in g.

Let (M,Oys) be a supermanifold. A subsupermanifold of (M, Oy) is a super-
manifold (N, Oy) together with a morphism ¢ : (N,On) — (M, Op) such that
©red : N — M is a homeomorphism on the subset ¢,eq(N) C M endowed with the
induced topology and (dy), is injective at every point p € M. In this case we will
sometimes use the notation (M, Our) C (N, Op).

Let (G, O¢) be a Lie supergroup. We say that a subsupermanifold ¢: (H, Oy ) —
(G,0¢) is a Lie subsupergroup in (G,0Oq) if (H,Op) possesses a Lie super-
group structure, such that ¢ is a homomorphism of the Lie supergroups. In this
case we identify the Lie superalgebra h of (H,Op) with the Lie subsuperalgebra
(dp)e(h) C .

Let us introduce the category of (super) Harish-Chandra pairs (see [DM]). A
Harish-Chandra pair is a pair (G,g) that consists of a Lie group G and a Lie
superalgebra g = gg @ g7, where gg is the Lie algebra of G, provided with a
representation ag of G in g such that:

e o preserves the parity and induces the adjoint representation of G in gg;

e the differential (dag). at the identity e € G coincides with the adjoint rep-

resentation ad of gg in g.
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Let (G,g) and (H,b) be two Harish-Chandra pairs. A morphism of (G, g) to
(H,H) is a pair of homomorphisms ® : G — H, ¢ : g — b with the following
compatibility conditions:

o (dP)e = ¢ |gy; and

e poag(g) =ag(P(g))op forall g e G.

It is clear how to associate a Harish-Chandra pair to a given Lie supergroup
(G,0¢). Indeed, we may take the underlying Lie group G with the Lie super-
algebra g of (G, O¢g) equipped with the adjoint representation ag = Adg. Fur-
thermore, if ¥ : (G,O0¢g) — (H,Og) is a homomorphism of Lie supergroups, then
(Pred, (dT),) is a morphism of the Harish-Chandra pairs (G,g) — (H,b). This
correspondence is a functor from the category of Lie supergroups to the category
of Harish-Chandra pairs. From Theorem 3.5 and Remark 3.5.2 in [Kost] it can
be deduced that this functor is an equivalence of categories in the real case. The
proof in [Kost] uses the fact that the C°*°-supermanifold can be reconstructed from
the algebra of global sections of its structure sheaf (see [Kost, Remark 2.14.2]).
Since such reconstruction is in general impossible for holomorphic supermanifolds,
this argument doesn’t seem to immediately carry over to the holomorphic case.
We will give a different proof of the equivalence that works both in the real and
holomorphic cases.

Let us denote the category of Harish-Chandra pairs by HCP and the category
of Lie supergroups by SLG.

Acknowledgment. The author is grateful to A. L. Onishchik, P. Heinzner, A. T.
Huckleberry and anonymous referees for useful comments.

2. Equivalence between HCP and SLG

In this section we will prove that the categories HCP and SLG are equivalent.
We denote by ObC' the set of objects of a category C and by Hom(X,Y') the
set of morphisms X — Y for two objects X,Y € ObC. First, we shall describe a
functor F' from the category HCP to SLG that was constructed by Koszul in [Kosz].
Further, we show that for any object ¥ € ObSLG there exists X € ObHCP
such that F(X) is isomorphic to Y. Finally, we prove that F : Hom(X,Y) —
Hom(F(X), F(Y)) is a bijection for every X, Y € ObHCP. This will imply that
F' determines an equivalence of our categories (see [TS]).

2.1. The construction of F

If a (real or complex) Harish-Chandra pair (G, g) is given, then we can construct
a Lie supergroup in the following way (see [BS], [Kosz]). Let £l(g) be the universal
enveloping superalgebra of g (see [S]). It is clear that $i(g) is a U(gg)-module,
where $1(gg) is the universal enveloping algebra of g5. The natural action of gg on
the sheaf F¢ gives rise to a structure of the 4(gg)-module on F¢(U) for any open
set U C (. Putting

Oc(U) = Homy g, (44(g), Fe (U))

for every open U C G, we get a sheaf @G of Zo-graded vector spaces (here we
assume that the functions from Fg(U) are even).



LIE SUPERGROUPS AND SPLIT HOMOGENEOUS SUPERMANIFOLDS 269

As a consequence of the graded version of the theorem of Poincaré, Birkhoff
and Witt, we obtain that $(gg) ® A(g7) ~ U(g) as U(gg)-modules (see [Kosz], [S]).
The isomorphism is given by the formula X @ Y +— X - (Y'), where

1
v Ao = We),  XiAAXp e ] S D)Xy Koy (4)
" oEeSs,

The enveloping superalgebra l(g) has a Hopf superalgebra structure (see [S]).
Indeed, the map

g— Uiy, X—XR1+10X,

can be extended to a comultiplication map A : $(g) — U(g) ® (g), and the
antipode map S : 4(g) — U(g) is given by

S(X)=-X, S1)=1, S -2z)=(-1)PMr@Ag(zZ). 5(Y),

where X € g, Y, Z € i(g) and p(V) is the parity of V. We can define a multipli-
cation in each Og(U), where U C G is open, by

f1- f2:=Multz, o (f1 ® f2) o A.

Here f1, fo € @G(U) and by Mult 7, is denoted the product in the sheaf 7. Note
that, for homogeneous X,Y € i(g) and f1, fo € Og(U), we have

(1@ )X @Y) = (=1)PUV2PX) £ (X) @ fo(Y). (5)

Furthermore, il(g) is super-cocommutative, i.e., T% o A = A, where
T3 (X @Y) = (-1)PXrMy g X. (6)

Using (5) and (6) we get fi - fo = (—1)PUDP(2) £, . £y Hence, the sheaf Og is a
sheaf of commutative associative superalgebras with unit.
Further, A(g1) is also a cosuperalgebra with comultiplication defined by

Ng(X)=X@1+10X, Dg (X1 A AXy)=Dg (X1) A A Dy (X,),

where X, X; € g;. As above, this permits us to regard Hom(A(g7), F¢) as a sheaf
of superalgebras which we may identify with the sheaf of superalgebras Fo® A (g7)-
Moreover, the homomorphism v given by (4) is a homomorphism of cosuperalge-
bras. It follows that the mapping Og — Hom(A(g1), Fa), given by f +— fo~,isan
isomorphism of sheaves of superalgebras. Hence, @G ~ Fe ® N(g7), and (G, @G)
is a supermanifold. Clearly, it is split and corresponds to the trivial bundle over
G with the fiber A(g7).

Now we are able to define a structure of a Lie supergroup on (G, @G) The
following formulas define the multiplication morphism, the inversion morphism
and the identity morphism, respectively (see [BS]):
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“HEE) @, (7)

Here X,Y € 8(g), f € Oc, g, h € G, and we identify the enveloping superalgebra
(g ® g) with the tensor product U(g) ® U(g). The group axioms can be easily
verified, using the Hopf (super)algebra axioms. Note that (G, @G) corresponds to
the Harish-Chandra pair (G, g) and ag = Adg.

Let (®,¢) be a morphism of Harlsh Chandra pairs (G, g) (H,h). Then we

can define a morphism F((®,¢)) = V¥ : (G,0q) — (H,Op) by the following
formula:

Viea =@, T*(f)(X)(9) = f(2(X)(@(g)). f€Ou, XecUlg), geG. (8

Let us prove that ¥ is a homomorphism of Lie supergroups. We should show that
Vopg = pg o (\If x U), where pug and pgy are the multiplication morphisms of
(@,0¢) and (H, Oy) respectively. By definition, we have

pe o (X @Y)(g.h) = T (f)lac(h™)(X) - Y)(gh)
= f(plac(h1)(X) - Y)(®(gh))

and

(T x U)o pup (X @Y)(g,h) = pi(f)(0(X) @ p(Y))(2(g), ®(h))
= fla (@) ((X)) - o(YV))(®(g)®(h)).

Now our assertion follows from the definition of a morphism of Harish-Chandra
pairs.

2.2. Isomorphisms of objects

Let (G,O¢) be a Lie supergroup and g the corresponding Lie superalgebra. We
want to prove that (G, Og) is isomorphic to the Lie supergroup F(P) which cor-
responds to the Harish-Chandra pair P = (G, g). Actually, we are going to prove
a more general assertion, and therefore we first extend the functor F' to a wider
class of objects.

Let H be a closed Lie subgroup of G. As above, putting

Oc/u(U) = Homyy(q,) (4(g), Fa u(U))

for every open U C G/H, we get a sheaf of superalgebras @G/H. By the same
argument as above, (G/H, @G /m) is a split supermanifold and @G /m is isomorphic

to Fa/u @ A(g7) (see [Kosz]). The isomorphism @G/H — Hom(A(g1), Fo) =~
Faya © \(g7) is again given by the formula f +— f o+, where v is defined by (4).
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Further, let v : (G,0qg) x (M,0p) — (M,Opr) be a transitive action. For
simplicity we will denote the vector field (X ®1id) ov* also by X. Denote by H the
stabilizer of a certain point x € M bX the action v;eq. Our next aim is to define a
morphism of supermanifolds (G/H, Oq ) — (M,On). We will use the natural
correspondence X +— X between even vector fields on (M, Oypr) and vector fields
on M which is completely determined by the relation X (fred) = (X (f))rea for all
f € O0n. Let f e Op(U), where U is an open set in M. Denote by S the natural
biholomorphic mapping G/H — M, gH + gx. Let us define the linear mapping

Cc/u(f) : g) = Fa/u(B~1(U)) by

Ca/u(f)(X) = (=1)PEPDE (X (f))rea, 9)
where X € U(g) and X and f are homogeneous. If X € gj, denote by X the
corresponding vector field on G/H. Note that 3* o X = X o 8*. The mapping

@/ (f) is a homomorphism of U(gg)-modules. In fact, for any X; € g5, Y; € g1,
we have

Po/u(f)( Xy X, YY) = (,l)p(Yleq)p(f)@*((Xl e X YY) ())red
(—)POYOr B (X - X)) (Vi - Yo (f))red]
= (_1)p(Y1--~Yq)p(f)(71 X )B (Y Yo (f))red)

= (X1 Xo)(@au(f) (Y1 Yy)).

Proposition 1. &g,y : Oy — @G/H is a homomorphism of sheaves of superal-

gebras and (B, Pq ) : (G,@G/H) — (M, Op) is a morphism of supermanifolds.
To prove Proposition 1, we need the following two lemmas.
Lemma 1. Let X4,..., X, € g7, then
AXy X)) = Y (DX - X, @ X, - Xy, (10)
atb=r
where k1 < -+ < kg, l1 < -+ <lp and 7 is the permutation such that
T(k1y oo kayli, o ) = (1.0, 7).

Proof. For r =1 the formula is just the definition of A. Further, using induction,
we get

A(Xl s Xr+1) = A(Xl ce Xr) ' A(XT+1)
= D)X X, @ Xy X)) (X @141 Xpp)

a+b=r
= Z (D)X X, X @ Xy, - X,
a+b=r
+ Z (—1)‘T‘Xk1 X, Xy, - Xy, - X
a-t+b=r

— Z (,1)|T’\Xkl "'Xka/ ®X11 ...le”
a’+b/ =r+1
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where k1 < -+ < kg, l7 <--- <lpy and
Tl(kl,...,ka,ll,...,lll)):(17...,7‘+1). O

Lemma 2. Let X4,..., X, € g7 and f1, fo € Oy, then

(X1 X (fufe) =D (FY)ITHPUR G, - X ) () (X -+ X)) (), (11)

a+b=r

where ky < -+ <kg, l1 < - <l and 7(k1,... ka,l1,...,0p) = (1,...,7).

Proof. For r = 1 the formula is simply the Leibniz rule. Again, using induction,
we get

(X1 X)) (1 f2) = Xa( 3 (F)IPHPO0N (X X ) (1) (K, -+ X0,) ()

a+b=r

= 7 ()TN X X X ) (F) (X X, ) ()

a+b=r
+ (_1>\T\+p(f1)b+p(f1)+a(Xkl. CXe ) () (XX, X)) (F2)

= > ()T X X ) () (X X, ) (f),

a’+b/=r+1
where k1 < -+ < kg, 1 < -+ <ly and
O(ky, .. kb by ) =1, r+ 1), O

s gy

Proof of Proposition 1. We should check the equality

(®a/u(f1) - Pa/u(fo))(X) = (Pg/u(fif2))(X)

for X € U(g), f1,f2 € Opn. Without loss of generality we may assume that
X =Xy X,, X; € g7, and that f1, fo are homogeneous. Using (10), we get

(Pa/u(fi) Pa/u(f2)) (X1 X;)

= Mult . (Pe/n(f1) @ Peyu(f2))( D (DX, - Xe, @ Xy, - X))

a+b=r
= (=)D (1) (X Xk )Py (£2) (X, - - X0,
a+b=r
=Y (=nlrrtReqypUnete U g (X - X ) ()Xt X1, (f2)) e
a-+b=r

= Y (=) g (X X ) ()X X0,) (£2))sed-

a+b=r
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On the other hand, by (11) we have

(Pa/u(fif2)) (X1 Xo)
— (71)7'(p(f1)+p(fz))5*((Xl X)) (f1f2))red

= (1) OO S ) PG X)) (X0 (2]
a+b=r

= B [(Xky - -+ Xie ) (F1)(Xay - X1,) (f2)] e

The equality proves the first assertion of Proposition 1. The second assertion
follows from the first one. The proof is complete. ([l

We may consider the special case when the odd dimension of (M, Oy;) is equal
to the odd dimension of (G, O¢). Later we will see that this condition is equivalent
to the following one:

dim(H, Op) = dim H|0,

where (H,Op) is the stabilizer of = (see below). In other words, (H,Ogy) =
(H,Fg) is an ordinary Lie subgroup of G = (G, Fg).

Proposition 2. The morphism (8, ®¢/u) : (G/H, @G/H) — (M, Op) is a sub-
mersion. If, in addition, dim(M,Opr) = dim M | dim g1, then (B, ®q/m) is an
isomorphism of supermanifolds. In particular, all complex homogeneous super-
manifolds of this kind are split.

Proof. Let y € M. Denote by m, and m, the maximal ideals of the local superal-
gebras (Onr)y and (Og,p), respectively. It is easy to see that

iy, = {h € (Oa/u)y | M(1)(y) = 0},
m, ={hem, |h(X)(y) =0 for all X € g}.

Note that ®g,p(m,) C m,. Let us take f € m, \ m2. The action v is transitive,
hence there exists X € g such that (X (f))ea(y) # 0. Therefore, @, 5 (f)(X)(y) #
0 and ®¢/p(f) € m, \ mZ. It follows that the induced map m,/m? — m, /m? is
injective. Hence, the dual map (m,/m2)* — (m,/m2)* (or the differential of
(B, @/ m) at the point y) is surjective. Hence (3, ¢, ) is a submersion. Further,
since

dim(M, Or) = dim(G/H, Og/) = dim M | dim g7,

we get that the differential is an isomorphism at every point y € M. Hence,
(B, ®q/m) is a local isomorphism (see [L, Inverse Function Theorem]). But the
mapping f is bijective, hence (3, ®¢/p) is an isomorphism. |

In the case when (M, Oyr) = (G, O¢) and v = p1 we get
Corollary. All complex supergroups are split supermanifolds.

This fact also follows from the results of [Mol]. Note that not all complex
homogeneous supermanifolds are split. Some examples can be found in [OS1].
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Now we return to the correspondence between Lie supergroups and Harish-
Chandra pairs. In the case when (M,0y) = (G,0q), formula (9) defines a

A~

homomorphism of sheaves of superalgebras ®g : Og — Og if we put x = e and
B =id. Define by & x &4 the second component of the morphism

(id, ®¢) x (id, ®g) : (G, 0¢) x (G, 0g) = (G,0¢) x (G, Og).

Lemma 3. We have &g X &g = Paxa-

Proof. Tt is sufficient to check the equality

(Pe X Pc)|prr(06) = Paxclprr(06)s i=1,2,

where pr; : (G,0¢q) x (G,0q) — (G,O¢) is the projection onto the ith factor.
Let pr; : (G,0¢) x (G,0¢) — (G, Og) be also the projection onto the ith factor

and h € Og. For example, pri(h) has the following form as a 4((g & g)g)-module
homomorphism of U(g @ g) ~ U(g) ® U(g) to Faxa:

ﬁﬁmﬂX”Y@whm)Z{&Xq@ﬂ7gg#& (12)

Here X" := X;--- X, Y9 :=Y;---Y,, where X; are from the first copy of g and
Y; are from the second one.
Let us take f € (Og);. By definition of ®¢ X ®¢ and by (12) we get

(P x @6)(pri(f)(X" - Y)(g1,92)
= pry(Pa (/)X Y)(g1,92) = {%G(f)(XT)(91)7 ig i 87
On the other hand,

Poxa(pri(f)X"-Y)(g1,92) = (‘Dp(xr‘yq)pm (X" - Y(pri(f))]rea(g1, g2)

{0, ifq #0,
(_1)p(xr)p(f)(XT(f))red(gl)v ifg =0.

This completes the proof. O

Proposition 3. (id, @) : (G, @G) — (G,0¢q) is an isomorphism of Lie super-
groups.

Proof. Due to Lemma 3, we should check that (Pgxg o u*)(f) = (4* o ®g)(f)
for all f € Og, where fi is the multiplication morphism for (G, @G) Let X7
and Y? be as in the proof of Lemma 3. Recall that in Section 1 the morphism
0z ¢ (pt,K) — (M, Op) was defined. Obviously, we have

Soxa (W (XY (g1,92) = (—1)PX YU (67 @67) 0 X7V

R 13
o 1 () = (1P YD (57 6 X7 @ 57 oY1) 0 i (f), grgn € G
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We will use the following equalities:

(ry, ®id) op™ = (id ® 7y, owy ) o™,

;ionXorgi, 1=1,2; (14)
6;2 g1 6;291 ? 6;2 91 6;1 gz2°

Here g1, g2 € G, X € (g). By (14) we get

(85, 0 X7 6%, 0 V) o " (f) = (52 07, 0 X @8, 0 V) 0 u*(f)
(570 X" @8, oY) o (1), ® id) o 4 (/)

= (6,0 X"®0d,, 0Y90ry owy )opu*(f)

o X e, 0 oY 0w ou () (1)
= (670 X" @00, 0V 0wy, ) 0™ (/)

= (d¢

= (6¢

0o X"®6"

9192

owgfl oY1 Owgl) ou*(f)
oe 0 X" ® 6;192 ° AdG(gl)(Yq)) © M*(f)

By induction it is easy to check that

YO(f) = (—D)A (oY, @ @8 oYy ®@id) o (u?)*(f), where 16)
AY?) =p(Yo—1)p(Ye) + p(Yg—2)p(Yg—1 - Yg) + -+ - + p(Y1)p(Ya - - - Yy).

Here p9 is the multiplication morphism of ¢ + 1 copies of (G, O¢). Indeed, for
g =1, assertion (16) is just the definition of a right invariant vector field. Further,

(Y)(f) =Yi((=)*= (5 oY, @ @ 67 0 Yo @id) (™) (f))
= (—1)A(Yz'"y‘1)(—1)’”(Yl)p(y2"'y“’)(52 0¥y ®:---® & oYy ®id)(u?)"(f)
= (D)oY, @ ® 67 0 Y1 ®id)(u?)* (f)-
By (16) we have
(0;0X" @0y, 4, © Adc(91)(Y?)) o ™ (f)
= (—1)AEHATD (5 0 X, @ - ® 8 0 X) @67 0 Ada(gr)(Y,) @ -+
® 07 0 Adg(91)(Y1) ® 0y, 0, ) (1" T9)"(f)
= (-)AXDFATIFACTEXD (5 0 Ada(g1)(Y) 0 XT)(f)
= (—)AXDFATDFACTEXD (XY (57 0 X7 o Ada(91)(Y)(f)
= (09,9, © X" 0 Ade(g1)(Y9)) ().

On the other hand,

PH@F))XT Y (g1, 92) = B(F)(X" - Ade(g1)(Y ) (g9192)
= (1)PXTYIRD(gr o X7 Ada(91) (Y))(f)-

This completes the proof. ([l
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2.3. The bijection between morphisms

Let (G, g) and (H, ) be two Harish-Chandra pairs and let (G, Og) and (H,Op)
be the corresponding Lie supergroups with multiplication morphisms p¢ and pp,
respectively. Let U : (G, Og) (H, OH) be a homomorphism of Lie supergroups.
Let X, € g and X = (X, ®1id) o uf, be the corresponding right invariant vector

field on (G,0g) and Y = ((d¥). X, ® id) o wh;. Then the vector fields X and YV
are W-related, i.e.,

X(UH(f) =v*(Y(f), [f€Ou.
Now we are able to prove that ¥ depends only on ¥,eq and (d¥).. Indeed,

[0 (£)(X)](g) = (—1)POPDLX (T (f))]rea(9)
= (- l)p(X)p(f)[ (Y (f))]rea(g)
= (= 1)PCPDY(f)]rea(Prea(9))
= f((AP)eX)(Prea(9)),

where X € U(g), f € On, g € G. Tt follows that all homomorphisms of (G, Og)
o (H,Og) have the form (8) if we put ¢ = (d¥)., & = V,q. Hence, the map
F : Hom(X,Y) — Hom(F(X), F(Y)) is surjective. The injectivity of the map
F :Hom(X,Y) — Hom(F(X), F(Y)) is obvious.

2.4. The main result

We have proved the following theorem.

Theorem 1. The category of complex Lie supergroups is equivalent to the category
of complex Harish-Chandra pairs.

Theorem 1 implies some important consequences: the existence of a Lie super-
group for a given Lie superalgebra, and the existence of a Lie subsupergroup for
a given Lie subsuperalgebra. (The last assertion we will discuss below.) Using
Theorem 1 these two assertions can be proven in the complex-analytic case as in
[Kost, Corollary to Theorem 3.7 and Theorem 3.8].

Remark. The same method can be used to prove Theorem 1 in the category of
affine algebraic supergroups in the sense of [W].

3. Homogeneous supermanifolds

Suppose that a closed Lie subsupergroup (H,Op) of (G, O¢) (this means that
the Lie subgroup H is closed in G) is given. Consider the corresponding coset
superspace (G/H, Og/p) (see [FLV], [Kost]). Denote by igx g the composition of
the morphisms

(GvoG) x (H7 OH) — (GvoG) X (GvoG) — (Ga OG)7

by pry : (G,0¢) x (H,On) — (G,O¢g) the projection onto the first factor and by
7 the natural mapping G — G/H, g — gH. Let us take U C G/H open. Then

Oc/u(U) = {f € Oc(r™'(U)) | (paxu)*(f) = pri(f)}- (17)
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Denote by v : (G,0¢) x (G/H,0q ) = (G/H,Oq, ) the natural supergroup
action. It is given by v*(f) = u*(f), where f € Og,u(U) C Oa(x~(U)).

A Harish-Chandra pair (H, ) is called a Harish-Chandra subpair of a Harish-
Chandra pair (G, g) if H is a Lie subgroup of G and b is a Lie subsuperalgebra of g,
such that hg = Lie H and ag = ag|H. There is a correspondence between Harish-
Chandra subpairs of (G, g) and Lie subsupergroups of (G,O¢g). (The Lie super-
group (G, Og) corresponds to the Harish-Chandra pair (G, g).) More precisely, let
v:(H,On)— (G,0¢) be a Lie subsupergroup. Then the corresponding Harish-
Chandra pair (H, b) is a Harish-Chandra subpair, because H C G is a Lie subgroup
and h = (d¢). C g is a Lie subalgebra such that hy = Lie H and ag = ag|H.
Further, let ¢ : (H,Of) — (G,0¢) and ¢’ : (H',O0p) = (G,0¢) be two Lie
subsupergroups which determine the same Harish-Chandra pair (H, ). We claim
that there is an isomorphism of Lie supergroups ¢ : (H,Oy) — (H',Opy/) such
that ¢’ o1 = . As we have seen above, any homomorphism of Lie supergroups is
determined by its underlying map and its differential at the point e. To define 1,
we put ¢req = id : H — H' (note that H = H') and (dv). = (d¢’); ! o (d)e.

Conversely, let (H, ) be a Harish-Chandra subpair of (G, g). Then we get the
Lie supergroup (H,Op) using the construction from Subsection 2.1. There is a
natural homomorphism ¢ : (H,Ox) — (G,0Og), where ¢req : H — G is the
inclusion and ¢* : Og — Op is given by

e (NX)(h) = f(X)(prea(h)), X €U(h) CU(g), heH.

Clearly, the Harish-Chandra subpair which corresponds to the Lie subsupergroup
(H,Opg) coincides with (H, ).

Let v : (G,0¢q) x (M,0p) — (M,Opr) be a transitive action. Denote by v,,
where x € M, the composition of the morphisms

(G, 06) = (G, 0) x (,K) =¥ (G,0) x (M, Or) ~ (M, On).
Lemma 4. We have ev, o 7(X) = (dv,).(X.), X € g.
Proof. By definition we get
ev (U(X))(f) = [P(X)(f)]rea (), (dve)e(Xe)(f) = Xe o vz (f),
for f € (Opr)z. Let 0,(h) := (h)rea(x), h € Opr. Then,

eva(T(X))(f) = [(Xe @id) 0 v*(f)]rea(r) = (Xe © bz) 0 " (f)
=Xeo(i[d®dz) o (f) = Xeovp(f) = (dvg)e(Xe)(f). O

Remark. By the axioms of an action we have v, = vy, or, -1 for all g € G. Using
Lemma 4 we get that a supermanifold (M, Oy) is (G, Og)-homogeneous if and
only if 14eq is a transitive action of G on M and (dv,). is surjective for some
xe M.

As in [Kost], we can define the stationary subsupergroup (G, Og, ) of the point
x in the following way. Counsider the Harish-Chandra subpair (G,,g.) of (G,g),
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where G, is the stabilizer of x and g, = Ker(dv,).. A subsupergroup (G, O¢,)
is called the stabilizer of x, if it determines (G,,g,). Further, assume that the
action v is transitive. In this case, in [Vis] another definition of the stabilizer
of x was given. It is easy to prove that these two definitions are equivalent.
Moreover, (M,Ox) ~ (G/Gz,Og/q,) and hence dim(M, Oyr) = dim(G, Og) —
dim(G, Og,) (see, [Kost], [Vis]).

4. Homogeneous split supermanifolds

In this section we will consider only complex supermanifolds. Note that all real
supermanifolds are split.
Let us introduce a new category SSM (split supermanifolds). We put

ObSSM = {(M,/\SM) |5M is a locally free sheaf on M}

Equivalently, we can say that Ob SSM consists of all split supermanifolds (M, Oyr)
with a fixed isomorphism O ~ A Ep for a certain locally free sheaf £y on M.
Note that Oy is naturally Z-graded by (Oa), =~ AP En. All the time we will
consider this Z-grading. Further, if X, Y € ObSSM we put

Hom(X,Y) = all morphisms of X to Y preserving the Z-gradings.

As in the category of supermanifolds, we can define in SSM a group object
(split Lie supergroup), an action of a split Lie supergroup on a split supermanifold
(split action) and a homogeneous split supermanifold. More precisely, we get these
notions if we consider in Definitions 1, 2 and 3 morphisms and objects from SSM.

Let (M, A\ &En) and (N, A En) be two split supermanifolds, where £y and En
are the sheaves of sections of vector bundles Ej; and Ep, respectively. The direct
product in the category SSM is defined by

(M, \ €ar) x (N, \ En) := (M x N, \(Enr & En)).

Here the fixed Z-grading is given by

/}'\(EMEBgN @ /\5M®/\5N

t+s=p

It is easy to see that this definition agrees with the definition of the direct product
in the category of supermanifolds, see [L].

There is a functor, say gr, from the category of supermanifolds to the category
of split supermanifolds. Let us briefly describe this construction (see, e.g., [O1],
[OS1]). Let (M, Op) be a supermanifold. As above, denote by Jas C Opy the sub-
sheaf of ideals generated by odd elements of Oy;. Then, by definition, gr(M, Ox)
is equal to the split supermanifold (M, gr Oys), where

erOn =D (erOn)p,  Tiri=Oun, (6O = Th/Ti™

p=0
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In this case (gr Opr); is a locally free sheaf and there is a natural isomorphism of
gr Oy onto A(grOn)1. If ¥ = (Yrea, ¥*) : (M, On) — (N,Op) is a morphism,
then gr(v) = (¢red, gr(v*)), where gr(¢*) : gr On — gr Oy is defined by

gt (W) (f +IX) =9 () +Tfy  for fe(In)T"

Recall that by definition every morphism v of supermanifolds is even and as a
consequence sends J4 into J}.

Let (G, O¢) be a Lie supergroup with the group morphisms i, ¢ and . Then it
is easy to see that gr(G,O¢) is a split Lie supergroup with the group morphisms
gr(p), gr(t) and gr(e). Similarly, an action v : (G, Og) x (M,Op) — (M, On)
gives rise to the action gr(v) : gr(G, Og) x gr(M, Onr) — gr(M, Opr).

Obviously, a split Lie supergroup is a Lie supergroup. Furthermore, the follow-
ing result holds.

Proposition 4. A Lie supergroup (G, Og) with the Lie superalgebra g possesses a
structure of a split Lie supergroup if and only if [g1, 97] = 0. Any Lie subsupergroup
of a split Lie supergroup possesses a structure of a split Lie supergroup.

Proof. Let (G,0g) be a split Lie supergroup, let Oc = @,(Oc ), be the fixed Z-
grading and let x be the multiplication morphism. Let us prove that [g1, g7] = {0}.
It is enough to check that [X,Y](f) = 0 for f € (Og)o and f € (Og)1, where
X,Y € g7. By (2) we get

[(X,Y](f) = (X ®id)op” o (Y ®@id) o " (f)
+ (Y ®id) o pu* o (X ®1id) o u*(f)

=—(Y®X@id)+ (XY ®id) o (1?)*(f),

where p? is the multiplication morphism of three copies of (G,Og). Note that

by definition of a split Lie supergroup (12)*(f) € (Ogxaxa)o, if f € (Og)o and
(12)*(f) € (Ogxaxa), if f € (Og)1. Tt follows that

(X @Y @id)((1*)*(f)) = (Y @ X @id)((1*)"(f)) = 0.

Conversely, let (G, O¢) be a Lie supergroup and [g7, g7] = 0. As we have seen
above, the sheaf Og = Homy(y,)(U(g), Fc) is a Z-graded sheaf. Recall that the
Z-grading is induced by the mapping Og — Hom(A(g1), Fg), f — f o+, where v
is defined by (4). More precisely,

feOg)p & foy(Xin---ANX,)=0 for r#p, X;€g1.

It follows that any Lie supergroup is contained in Ob SSM. We want to prove that
the structure morphisms (7) of (G, Og) preserve this Z-grading. Let us check that
1 ((Oc)p) C (Ocxa)p, p = 0. Further, if [g7, g7] = 0, then v is a homomorphism
of algebras (not only of coalgebras), see (4). It follows that

fe@g)p & f(Xi---X,)=0 for r#p, X;€g1. (18)
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Let X1,..., X, be from the first copy of g1 and let Y7,...,Y; be from the second
one, 7+ q#p, g,h € Gand f € (Og)p, then

P X X - YY) (g, h) = (X0 -+ X - ag(9) (Y1 -+ - Yg))(gh) = 0.

This implies that p*(f) € (Ogxa)p- For the inversion morphism the proof is
similar.

The second assertion is obvious. Indeed, if (H,Og) C (G,O¢) is a Lie subsu-
pergroup, h = Lie (H,Op), then h C g is a subsuperalgebra. Hence, [h1,bh7] = 0.
O

Corollary. A split Lie supergroup is a semidirect product of a usual Lie group G
and the (unique) connected supergroup of purely odd dimension.

Lemma 5. Letv: (G,0¢q) x (M, O ) — (M, Oxr) be a transitive action of a Lie
supergroup (G, O¢g) on a supermanifold (M, Oyr), then the action

grv: (G,erOg) x (M,grOp) — (M,grOyp)
is also transitive. In particular, if (M,Op) is split and homogeneous, then it

always admits a transitive split action.

Proof. Since grvyed = Vrea it is enough to show that d(grv,). is surjective for
some x € M (see the Remark after Lemma 4). Since d(grvs)e = d(vi)e, the
proof is complete. The second assertion follows from the isomorphism (M, Oys) ~
(M, grOn). O

Let H be a closed Lie subgroup of a Lie group G, let E be a complex vector
space and let 0 : H — GL(E) be a holomorphic representation. Denote by £% the
sheaf of sections of the homogeneous vector bundle E? which corresponds to 6,
i.e., the quotient space of the direct product G x E by the following action of H:

(g,0) 5 (gh™Y,0(h)v), g€G, heH, veE.

Furthermore, let 7 : G — G/H be the natural projection and let U C G/H
be open. There is an injective homomorphism of sheaves ®g : £ — 7. (Fg ® E)
given by

EU)3 s+ fs € Falr ' (U))® E,
fs(9) =g 's(gH), g€G.
It is well known that
®o(E°(U)) ={f € Fo(x ' (U) @ E | 6(h)f(gh) = f(9), g € G, h € H}.
Note that A £? = £ is also a homogeneous bundle. An easy computation shows

that ®pg : AEY — . (Fo @ A\ E) is a homomorphism of the sheaves of superalge-
bras.
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Let V be a vector space. Our aim is now to describe the isomorphism of sheaves
of superalgebras

Uy : Fo® \V* = Hom(/\ V, Fo)

mentioned in Subsection 2.1. Let (&) be a basis of V, (&) the dual basis of V*,
heFg,and iy <+ <ip, j1 <- - <jr. Then
Wy (hh, A--e A& ) = (—1)METDER N

ik

where

Eig NNy (£, A ) — L, (jh T 7j7') = (il’ T 7ik)’
f (Ejl/\ /\gjr)_{(]a (jlv"’ 7]T)7é(llavlk)

The direct computation shows that it is a homomorphism of the sheaves of super-
algebras.

Proposition 5. Let (G,0g) be a split Lie supergroup, (H,Og) C (G,0qg) a
closed Lie subsupergroup and (M,Oyr) := (G/H,Oq/g). The Z-grading Og =
@D,>0(0c)p, where (Og), is determined by (18), induces the Z-grading (Onr)p on
the subsheaf Opr C Og. Moreover, (On)1 is a locally free sheaf and (On)p =
N (Orr)1. In particular, the coset supermanifold (M, Oyy) is split and the natural
action of the Lie supergroup (G,Og) on (M,Opr) is split.

Proof. The sheaf Op; was defined by (17). The supergroup (G, O¢) is a split Lie
supergroup, hence (uaxm)*((Oc)p) C (Ocxu)p- Furthermore, it is easy to see
that pri((Oq)p) C (Ocxm)p- Hence, the sheaf Oy is Z-graded by the subsheaves

(Om)p ={f € (Oc)p | (naxu)"(f) = pri(f)}-
Consider the representation 1 : H — GL((g1/b1)*) defined by
[ () ()X +b1) = v(Adg(h™)(X) +b1)  for he H, ve(gr/b)", X €01

Our goal now is to show that Oy ~ A ¥ as sheaves of Z-graded algebras. Denote

by T the isomorphism of sheaves Og = Og — Hom(A(g7), F¢) described in
Subsection 2.1. We have

Om C @G L> Hom(/\(gi),fg).

By definition f € (Ou), if and only if f € (Og), and (uaxu)*(f) = pri(f).
Using (7) and (12) we can write the last condition in the following form:

0 ifg#£0
X" Ad Y))(gh) =14 . ’ 19
1 Ada(a) ) = { Gy 070 (19)
for all g € G, h € H, where X" = X;---X,, X; € g, YI =YY, Y, €
h = Lie(H,Og), r + ¢ = p. The supergroup (G, O¢g) is a split Lie supergroup,
it follows by Proposition 4 that [g7,g97] = 0. As we mentioned above, in this
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case the mapping (4) is an injective homomorphism of superalgebras (not only of
cosuperalgebras). Hence s € I'((Oxr),) if and only if s € Hom(A"(g1), F¢) and
the following condition holds:

r q _]0, if ¢ #0,

SO0 A AV Na) = { Sy 020 (20
forallge G, he H, X"=X1A---ANX, € N(g1), YE=Y1 A--- AY, € N(b1),
r+q=0p.

We may regard the sheaf Hom(A(g1/h1), Fa) as a sheaf of superalgebras. The
multiplication is defined as in Subsection 2.1. Define the injective homomorphism
of sheaves of superalgebras in the following way:

T Hom(/\(gi/hi)v}-G) - Hom(/\(gi)a]:G)a
T(f)(Ade(9)(X))(9) = F(X)(9),

where X € A(g7), X is the image of X by the natural homomorphism A(g7) —
/\(gi/bi)a geG.

Consider the composition of the injective homomorphisms of sheaves of super-
algebras

AE¥ 2% Fo o Noi/br) o Hom(/\(gi/bi)’}—c)
%, Hom(A\(g1). 7o ).

Our goal now is to show that

P
T((Onm)p) = T o Wa(ar /) O‘DAw(/\EwL p=0.

This will imply our assertion.
Note that f € Wp(g;/6,)+ © Pag(A” E¥) if and only if f € Hom(A"(g1/b1), F&)
and the following condition holds:

F(Adg(h™1)(X))(gh) = F(X)(9),

where X € A"(g1), g € G, h € H. Further, s € T o Wp (g, /,) © Pap(ATEY) if
and only if s € Hom(A”(g1), F¢) and the following condition holds:
0, if X
s(Ada(9)(X))(g), if X
Conditions (20) and (21) are equivalent.

To complete the proof we recall that the action v : (G,0q) x (M,Op) —

(M, Op) is defined by v*(f) = p*(f), f € Om C Og, and the map p* and the
inclusion Ogxr — Ogxg preserve the chosen Z-gradings. O

S(Ada(9)(X)ah) = { e (1)

Let us formulate the general result concerning a complex homogeneous split
supermanifold.
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Theorem 2. Let (G,O¢) be a complex Lie supergroup with the Lie superalgebra
g =9g5991- If [91,91] =0, then all (G, Og)-homogeneous supermanifolds (M, O )
are split supermanifolds. Moreover, the sheaf Oy is isomorphic to \ EY, where EV
is the sheaf of sections of the homogeneous vector bundle E¥, which corresponds
to the representation v : H — GL((g1/b1)*) given by

Y(h)(0)(X +b1) :==v(Ada(h™ ) (X)+b1)  for heH, X €gi, ve (g1/b)"

Conversely, if a complex homogeneous supermanifold (M, Oyr) is split, then there
is a Lie supergroup (G,O¢q) with [g1,91] = 0, where g = g5 ® g1 = Lie (G, Og),
such that (G, Og) acts on (M, Opr) transitively.

Proof. The theorem follows from Propositions 4 and 5 and Lemma 5. O

Let us prove for example that the complex projective superspace CP'? is split.
It is isomorphic to the coset space GLy1(C)/(P,Op), where

*  x x kv
GL2|1(C) = * x v s (P, Op) =10 x Vv
VERRVARE" 0 v =

Here * are even coordinates and v~ are odd coordinates. It is easy to see that

GL2\1((C)/(P7 OP) = (G,’ OG’)/(PlvoP’)’

where
* x 0 * *x 0
(G O0g)=1|=* = 0], (P',0p)=(0 = 0
v vk 0 v =x

Let g’ = Lie (G’, O¢r). Then
0 00
g={[0 0 0] |abecC
a b 0

We see that [g}, g7] = {0}. By Theorem 2 we get that CP'? is split.

We close this section by mentioning some results about nonsplit supermani-
folds. The first example of a nonsplit supermanifold was published in [G]; this
is the quadric in the projective superplane CP?2. In [Man] four series of super-
manifolds of flags were constructed corresponding to four series of classical linear
Lie superalgebras. In [LPW] it was proved that all split complex supermanifolds
whose reduction is projective algebraic are projective (i.e., embeddable in a com-
plex projective superspace.) Penkov and Skornyakov [PS] found necessary and
sufficient conditions for a supermanifold of flags to be projective. More precisely,
they showed that almost all such supermanifolds are not projective. From these
two results it follows that supermanifolds of flags are mostly nonsplit.

In [OS2] it was proved that the isotropic super-Grassmannian of maximal type
IGryyjp,s|¢(C) associated with an odd bilinear form is nonsplit whenever ¢ > 1 and
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s > 2. In [OS1] the complete solution of the problem was given for the isotropic
super-Grassmannian of maximal type associated with an even bilinear form. Note
that the method of [OS1] and [OS2] can be used for all series of flag supermanifolds.

In [O2] the problem of classifying all homogeneous complex supermanifolds
whose reduction is the complex Grassmannian Gr,,; was studied. Under the as-
sumption that the odd isotropy representation is irreducible and under certain
restrictions on (n|k), it was proved that the only nonsplit supermanifold of this
sort is the IT-symmetric super-Grassmannian constructed by Manin [Man].

The problem of the classification of nonsplit supermanifolds having as retract
the split supermanifold (M, Q)), where € is the sheaf of holomorphic forms on a
given complex manifold M of dimension > 1, was studied in [O3]. In the case
when M is an irreducible compact Hermitian symmetric space, the complete clas-
sification of nonsplit supermanifolds with retract (M, Q) was given.
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