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Abstract. When one expands a Schur function in terms of the irreducible characters of the
symplectic (or orthogonal) group, the coefficient of the trivial character is 0 unless the indexing
partition has an appropriate form. A number of ¢, t-analogues of this fact were conjectured
in [10]; the present paper proves most of those conjectures, as well as some new identities
suggested by the proof technique. The proof involves showing that a nonsymmetric version of
the relevant integral is annihilated by a suitable ideal of the affine Hecke algebra, and that any
such annihilated functional satisfies the desired vanishing property. This does not, however,
give rise to vanishing identities for the standard nonsymmetric Macdonald and Koornwinder
polynomials; we discuss the required modification to these polynomials to support such results.

1. Introduction

Whenever one considers an identity of Schur functions, it is natural to consider
whether that identity admits a ¢, t-analogue; that is, whether there is a corresponding
identity for Macdonald polynomials. One such (classical) identity arises in the repre-
sentation theory of real Lie groups or, equivalently, in the theory of compact symmetric
spaces.

Theorem. [7] For any integer n = () and partition A with at most n parts, the integral
S\ (0) dO
0eO(n)
(with respect to Haar measure on the orthogonal group) vanishes unless X = 2u for

some p (i.e., unless every part of \ is even). Similarly, for n even, the integral

SeSp(n)

vanishes unless A\ = p? for some .

Recall that the Schur function s, is a symmetric polynomial in n variables which gives
the character of an irreducible (polynomial) representation of U(n) (GL(n)). (More
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precisely, sy refers to a symmetric function in infinitely many variables, which when
specialized sy(z1,22,...,2,,0,0,...) is as stated. For our purposes, only the finite
version is relevant.) The character’s value on a matrix is given by evaluating the Schur
function at the matrix’s eigenvalues. The above theorem describes which representations
have O(n) (Sp(n)) invariants —exactly those indexed by partitions all of whose parts
are even (occur with even multiplicity).

The symmetric function interpretation of this theorem is that if one expands s) in
terms of the irreducible characters of O(n) (Sp(n)), the coefficient of the trivial character
is 0 unless A = 2p (A = p?). This formulation has a nice ¢, t-analogue in several cases.

Remark. The nonzero values of the integral are in this case all equal to 1; this will
fail upon passing to the Macdonald analogue, although in all cases for which we can
compute the nonzero values, the said values are at least “nice” (i.e., expressible as a
ratio of products of binomials).

This can in turn be restated in terms of the eigenvalue densities of the orthogonal
and symplectic groups. For the symplectic group, this is particularly simple (integrating
over the torus 7' instead of the whole group):

/S)\(Zl,ZII,ZQ,Z;l,...,Zn,Z,gl) H|zi—1/zi|2 H |zi +1/2; — zj — 1/ dT

1<ign 1<i<jsn

vanishes unless A = p? for some p. For the orthogonal group, the situation is more
complicated, as the orthogonal group has two components, and the structure of the
eigenvalues on a given component depends significantly on the parity of the dimension;
we thus obtain four different integrals:

/SA(. ozt ] e+ 12— 25— 12 dT (1.1)

1<i<j<n
/s,\(...,z;ﬂ,...,il) 11 1z = 1z T |2+ 1/2 — 2z — 1/ 4T, (1.2)
1<i<n—1 1<i<j<n—1
/5,\(...,2?1,...,1) I 1= I 12+ 1/2 — 2z — 1/ dT, (1.3)
1<i<n 1<i<j<n
/SA(...,zjﬂ,...,q) TT 1 +202 I 12+ 1/2 = 2 — 1/ dT, (1.4)
1<i<n/2 1<i<j<n

where the first two integrals correspond to the two components of O(2n), and the last
two integrals correspond to the two components of O(2n+ 1), and the claim is that each
integral vanishes unless all (2n or 2n + 1) parts of A have the same parity.

In [10], g,t-analogues of each of these integrals were conjectured; that is, suitable
choices of density were found such that specializing a Macdonald polynomial as above,
then integrating against the appropriate density, gives 0 unless the partition satisfies
the appropriate condition. In particular, the g, t-analogue of the symplectic vanishing
integral (which we will prove in Section 3) reads as follows.
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Theorem. For any integer n > 0, and partition \ with at most 2n parts, and any
complex numbers q, t with |q|, [t| < 1, the integral

41 _+1
(z7%09) (5725 q)

Pa(eonzftosat) [T Zn I o dr
/ 1<i<n (275 )1<z‘<j<n (tz725754)

vanishes unless A = p? for some .

The proof below then suggests other statements along these lines, some of which are
conjectured in [10], but some of which are new. Conversely, although we prove most of
the conjectures of [10], Conjectures 3 and 5 of that paper remain open.

In many of these other identities, we relate a Macdonald or Koornwinder polynomial
with one value of parameters ¢, t to polynomials in which ¢ or t is replaced by its square
or square root and thus these identities can be viewed as “quadratic” identities in the
sense of basic hypergeometric series.

Similarly, one of the special cases of this theorem proved in [10] was shown to be
equivalent to a quadratic transformation for a univariate hypergeometric series. Thus
in a sense these identities can be viewed as multivariate analogues of quadratic trans-
formations.

There is a fundamental obstruction in using the affine Hecke algebra approach to
directly proving the orthogonal cases which here only follow from the observation of [10]
that the symplectic and orthogonal identities are equivalent by a sort of duality. Etingof
(personal communication) has suggested an alternate approach using the construction
of Macdonald polynomials in Etingof and Kirillov [4]. This approach works (for Jack
polynomials; there are some technical difficulties in extending it to the quantum group
case) for the orthogonal but not symplectic vanishing identities and, like our approach, it
also gives no information about the nonzero values of the integrals. Presumably, others
of the identities we prove below could be proved in similar ways, where for Koornwinder
polynomials we must use the construction of Oblomkov and Stokman [8].

In [12] the Koornwinder polynomials are generalized to a family of biorthogonal
abelian functions. It is thus natural to conjecture that the vanishing identities should
extend to the elliptic level. At present, this is somewhat problematic as neither the
(double) affine Hecke algebra approach nor the Oblomkov and Stokman construction
have been extended to this setting.

It is also worth noting that a different limit of the biorthogonal abelian functions gives
ordinary symmetric Macdonald polynomials (as orthogonal polynomials) [11], suggest-
ing that our Macdonald polynomial identities should also be limits of elliptic vanishing
identities. It is likely that taking different limits of a single elliptic vanishing identity
could give both a Macdonald and a Koornwinder identity. A particularly likely example
are the identities (4.1) and (4.7).

Identities (4.5) and its dual (4.6) below can be generalized using a third approach
that actually works on both cases. This will be discussed in a future paper.

Acknowledgments. We would like to thank the Institute for Quantum Information
and the Department of Mathematics at Caltech for hosting our respective visits there,
where this collaboration began.
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2. Conventions and notation

A partition with < n parts is a nonincreasing integer tuple A = (A1 = Ao > -+ 2 \,, =
0). We write [A\| =1 X oras A Y7 | A, We also let £(\) = max{k > 0| \; # 0}
so for instance, above we are taking ¢(A) < n. We will denote the zero (or empty)
partition by 0, when clear in context. We can picture a partition A as a Ferrer diagram:
a collection of |A| cells whose coordinates we label (4,j) with 1 < j < A;. So we can
refer to a cell as (i,5) € A\. We write X’ for the conjugate partition, which corresponds
to a Ferrer diagram with cells having coordinates (j, ).

A tuple v = (v1, ..., v,) of nonnegative integers is called a composition of |[v| =), v;.
We will denote by v+ the partition obtained by writing the parts of v in nonincreasing
order.

Given a partition p, we write A = p2 if Ag;—1 = Aoy = p;. In particular, the parts
of p? occur with even multiplicity. We write A = 2u if A; = 2pu;, so each part of 2 is
even. Note that if A\ = p2, then the transposed partition \ = 2u/.

We define
(a;q) = JJ(1 = aq")
k>0
and (a1,as,...,as;q9) = (a1;q)(az;q) - - - (ar; ¢). As an example, we set (xfﬂxjil;q) =
(a:ixj,xix;l,x;lxj,xflle;q):(a:i:nj;q)(xixj*l;q)(xflxj;q)(xflx]fl;q). We write (a; q)

for what is often denoted (a;q)s in the literature, but as every g-symbol we use is infi-
nite, there is no risk of confusion.
We also define

g ty= [[ (- 0= ] (#iag)

i tl—% . )
(ni)en L (@)

Crwigt)= [[ Q=g 7t )
(i,)En

I (;9) I (¢"rit s q) 2.1)

(qrettm—ta: q) (qri—Hiti—i—1g;q)’

st L<i<i <)
C’:[(:c;q,t) = H (1 — qriti=12=k=ig)
(4,5)€Ep

_ H (q/l‘7rt2_e(ﬂ)_ix; q) H (qﬂi""“jts_j—ix; q)

- — . 2.2
(P q) ey 5

1<i<E(p) 1<i<5<E(p)
Similar to the g-symbols, we let Cﬂ’i(al, ag,...,a0;q) = C’E’i(al; q)-- -Cg’i(ag; q). We
refer to [10] for more details about these expressions and relations that hold among them
(in particular, those expressing C’g’zi (x;q,t) or Cgf (x; g, t) in terms of Cg’i (z;¢%,t) and
0% (:q,12)).

It will be convenient in the sequel to use a plethystic substitution notation slightly
different from that in the literature. When we write g([rg]) for symmetric functions
g,Tk, k > 1 we mean the image of g under the homomorphism py — r; where the p; are
the power sum symmetric functions. We take the convention p, =0 if x ¢ {1,2,3,...}.
We abbreviate the case ropi1 = 0, ror, = pr by g([2pr/2]). This is plethystic notation
for the specialization g(...,£/Ts,...).
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2.1. The extended affine symmetric group Sn
S, = S, x Z" can be identified with the group of bijections w : Z — Z such that
w(x +n) = w(x) +n for all z € Z; if we also include bijections such that w(z +n) =
w(x) — n, we obtain a group S = (S, x Zy) x Z", which is also an extended affine
Weyl group (see Section 6). The length 0 subgroup of S’v,‘f is generated by w(z) =z +1
and t(z) =n+1—=z.

§n has generators sg, s1,...,Sy,—1, 7 Where

i, i#£ 4,7+ 1 (mod n),
sij(i)=<i+1, i=j (modn),
i—1, i=j+1(modn).

By convention we will view these bijections as acting on Z from the right.
It is easy to see these generators satisfy the type A braid relations

sisj = 8;8;, 1 —j # x1(mod n),

$i8;8; = §j8i8j, 1 —j==x1l(mod n); n>2,

and

msm =81,

and quadratic relation s? = 1.
The extended affine Hecke algebra H, of type A is defined to be the C(g,t)-algebra
with generators Ty, T4, ..., Th—1, 7, subject to the braid relations

T,T) = T, T, i —j # £1 (mod n),
T, 1T, = T, 1,1}, i—j==1(modn); n>2,

and the quadratic relation
(Ti = t)(T; + 1) = 0,

and
7TT,L'7T71 = ALi_1.

Given a reduced word w = s;,8;, - - - 8;,, we write T, = T3, T;, -- - Tj, , which is in-
dependent of reduced word expression by the relations above. Note T, T, = Ty, if
L(u) + £(v) = L(uv).

Observe that on specializing ¢ = 1 we recover the group algebra (C(q)gn whose gen-
erators we typically denote {sg, $1,...,8n—1,7}.

Given an automorphism ¢ : H, — H, and right module £, we write £? for the
twisted module with action v - h := v(¢(h)). In the case ¢(h) = T,hT, ! we write L*
for £2.

We will write T; = T; + 1 — t. Note T,;T; = t. (This is not Lusztig’s bar involution.)
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We have another presentation of H,, given by T3, 75, . .. 7Tn_l,Yfﬂ7 YQil, o, Y EL with
additional relations
YiY; =YY, Vi, j,
TY; =YTi, j#ii+1,
TY, 'Ty =tY;}], 1<i<n,
where we can also express the final one as T;Y;41 = Y T;.
This presentation relates to the first via
Yi :Tl...Tn_lﬂ', (23
Y2 = TQ .. .Tnfl’/TTl,

=~
= =z

Y, =7T1...Th_1. (2.5)

(This disagrees with the convention that tY;11 = T;Y;T;, but has the advantage of
making dominant weights map to positive words!) That is, for a partition \, Y =
Yl)‘lYQ)‘2 - Y M simplifies in the other generators to a word involving only 7; and 7 and
not involving T';.

H,, acts on the space of polynomials V =C(q¢"/",t)[z1,...,Tn, (x122 - - 2,) " /"] via
Tit1 — txi s
Tof =tf + == (f" — f), (2.6)
Tit+1 — T4
1 — 1Ty , ,,
Tof = tf + —L2(f*0 - f), (27)
T1 —(qTn
(mf)(x1,...x0n) = flqEn, T1, ... Tpn-1), (2.8)
where fSi(xla"'ami;miJrla"'axn) = f(xla"'axiJrlaxia"'axn) and fso(xla"'axn)
= f(grn,...,q tx1). Observe
Tl =t (2.9)
ml=1, (2.10)
Yl ="t (2.11)

Observe the T; act trivially on (z1xs - - -xn)’l/", but m multiplies it by g .

Given a partition A or, more generally, a dominant weight of SL,, x GL1, i.e., a
nonincreasing sequence of rational numbers with integer sum and integer differences,
we can associate a monomial in V', namely [], xf‘ This generates an S,,-submodule of
V. This however is not invariant under H,,, but if we sum the spaces corresponding to all
weights weakly dominated by A, then the space is invariant under H,,, and similarly for
weights strictly dominated by A. The quotient of these two modules gives a deformation
to H, of the S,-submodule associated to A. In this space, the commuting operators Y;
have joint eigenvalues which are simply permutations of the sequence

A
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Generically, this deformation is a submodule of V| and thus the corresponding eigen-
functions are polynomials, namely the nonsymmetric Macdonald polynomials.

It will be convenient to introduce a special notation for dominant weights with neg-
ative parts. If u, v are partitions with ¢(u) + ¢(v) < n, then pv is the dominant weight
vector of SLy,, x GL1 (1, ., fe(u), 05,0, =V, ..., —v1). We extend this to domi-
nant weights with rational coefficients in the obvious way.

Recall that if L is a functional on the polynomial space (or on any left module), then
h € H, acts on the right via (L - h)(f) := L(hf).

This representation has the following interpretation in terms of the double affine
Hecke algebra (while we do not use or even define the double affine Hecke algebra here,
it is worth noting we can view these problems in a larger context). Our affine Hecke
algebra is a subalgebra of the double affine Hecke algebra, and it has a “trivial” module,
which is the one-dimensional module on which 7 — 1 and all T; — ¢ vanish. If we induce
this trivial module up to the double affine Hecke algebra and then restrict it back down,
V' sits inside the restriction. The Mackey formula thus gives us a decomposition of V'
into irreducibles (when ¢, t are generic) which we describe explicitly below.

If we specialize ¢, t to complex numbers such that |g|, |t| < 1, then the nonsymmetric
density

Ag = A (g 1) = TT Bi/2i:925/2i59)
s=hs e E(txi/xj,qmj/mm

is defined and can be integrated over the unit torus. Moreover, it is a standard result
of Macdonald polynomials theory that if f€C(q'/™ t)[x1,. .., Tn, (x1---2,) /"], then

[ fAsdT

€ C(gY/t 2.12

Tasar € O, (212)

where dT' is Haar measure on the unit torus. That is, there exists a rational function
in ¢*/™, t that agrees with the above for any specialization such that the integrals are

defined. Similar comments apply to all the integrals we consider which can thus be

considered either as analytic quantities with appropriately specialized parameters or

as algebraic quantities with generic parameters. In particular, the normalized integral

([ fAsdT)/( [ AsdT) = [Eo]f where Ej is the nonsymmetric Macdonald polynomial

corresponding to the empty partition. A similar statement holds in the other cases.
Above, we used the notation

[fulg
for the coefficient of f,, in the expansion of g, where {f,} is a given a basis of some
space of functions and g is another function in that space. It should be clear in all cases
in which we use this notation which basis is intended.

Note that 7 is self-adjoint and the T; are adjoint to T,,_; with respect to the inner
product this density defines
1 1

(f.9) =/f($17---7xn)g(—7-

T x1

)AS dr.

An equivalent way of stating this uses the fact that H, ® H,, has a natural action on
Cl@ ™ )Yy s Yny 21 -+ s Zn, (Y121 -~ Ynzn) ~ /"] and says that the linear functional

1 1
L(h):/h(xl,...,xn,— 7—)A(S”)(q,t)dT

Ty 1
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is annihilated by the ideal (r®1—-1® 7, T; ®1 —1® Ty, (1 <i< n)). As we will see
below, such annihilation gives rise to vanishing identities. In this case, we obtain the
(standard) fact that, for weights A and p,

1 1)~
/PA(xl,...,acn)Pu<— ,—)AsdT

Ty 1
vanishes if A # u. Here, Ag is the symmetric density

Ag = ﬁg")(q,t) _ H (M/%Jj/%%@) _ H (xi/zj3q)

(twi/xj, tx; /i q i (txi/x45q)

i<j
which up to scalar is the symmetrization of Ag.

The operators Y; are not self-adjoint and, more generally, the ideal does not contain
elements of the form ¥V; ® 1 — ¢l ® Yjﬂ. However, if we conjugate by 1 ® T, it will
contain Y; ® 1 — 1 ® Y; and this implies orthogonality of Y-eigenvectors with respect
to the conjugated inner product. With respect to the original inner product, we find
that the eigenfunctions of the Y; are orthogonal to the images of those functions under
T, 01. This is precisely the orthogonality of nonsymmetric Macdonald polynomials given
in [1]. (To be precise, Cherednik shows that the nonsymmetric Macdonald polynomials
(a.k.a. the eigenfunctions of the Y;) are orthogonal to the polynomials modified by the
substitution ¢ — 1/¢, t — 1/t, but this turns out to be equivalent.) It follows that
the symmetric Macdonald polynomials are orthogonal with respect to this density and
hence the symmetrized density.

2.2. The extended affine hyperoctahedral group C~‘n

We also consider ?n = C,, X Z", which can be identified with the centralizer in ggn of
the element ¢ of S;n or, equivalently, as the group of bNijections w : Z — 7 such that
w(i+2n) = w(i)+2n and w(2n+1—1) = 2n+1—w(i). Cy, has generators so, 1, - - . , Sn,
where

1, iZj,7+1,2n—j,2n+1—j (mod 2n),

sj(i))=<i+1, i=42n—j (mod 2n),

i—1, i=j+1,2n+1—j (mod 2n).

It is easy to see these generators satisfy the type C braid relations
8i8j = 8;8i, |’L —j| > 1,
8isjs; = 85885, |i—jl=1,1,7#0,n,
50515081 = 51505150,
SpSn—15nSn—1 = Sn—15nSn—15n,

and quadratic relation s? = 1.
For n > 1, the affine Hecke algebra HS of type BC is defined to be the C(q,t,a, b, c, d)-
algebra with generators Ty, T1, ..., Ty, subject to the type C braid relations

T = T;T;, |t — 7] > 1,
LT = T;TTy, |i—jl=1,4,j #0,n,
ToTh T Ty = Th Ty T To,
T 1Ty Th—1 =Ty 1T T 1Ty,
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and the quadratic relations

(To + 1)(Tp + cd/q) = 0,
(T; +1)(T; —t) =0, i#0,n,
(T, + V)(T,, + ab) = 0.

In fact, the algebra HS can be defined for n = 1 and all considerations below will work
in that case. If n = 1 there are simply no braid relations, only quadratic ones. We omit
the details.

The diagram automorphism of affine C), gives rise to an action of the involution o
on H,? given by

oTio™ ' =T,
ocaoc™' =¢/\/q,
obo~t =d/\/q.

If the action of o on scalars is trivial, i.e., ¢ = a\/q, d = b,/q, then we can enlarge HY
to an eztended affine Hecke algebra as in Section 6. In general, we can view o as giving
an intertwiner between Hecke algebras with different parameters.

For 1 <@ < n, we will write T;=T,+1—t Note T;T; =t. Weset T,, =T, +1+ab
so that T, T, = —ab and Tg = Ty + 1 + (cd) /q so ToTy = —(cd)/q.

As with type A, we have another presentation of HS given by generators 11, ..., Ty,
YL YL L Y EL with additional relations

Y;Y} :}/]Y;a VZ,],
,Y; =Y;Ti, j#i,i+1,
LY, 'Ty =ty ), 1<i<n,

i1
T, 'T, = > ly, _ tl—”(i n 1)Tn.
cd cd
This presentation relates to the first via:
Yi=Ti...T,...T\To, (2.13)
Yo=Ty...T,... TyToTh, (2.14)
Y,=T,.. TvToT1... Tpn_1. (2.15)

There is also an intertwiner

Y, = H T,...Tio

1<ign

which satisfies Y;Y,, = Y, Y; (but note that the two ¥; live in different Hecke algebras)
and Yﬁ =Y1Ys...Y,. The significance of the intertwiner Y, is that the symmetric ver-
sion Y, (14+Y, ) (1+Y; 1) - (14Y, 1) takes a Koornwinder polynomial with parameters
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a,b,c,d to a multiple of the corresponding Koornwinder polynomial with parameters
¢/\/q,d/\/q,a\/q,b\/q. In fact, this is precisely the difference operator which was the
fundamental tool of [10]. This is one reason why in Section 6 we consider such a general
version of extended affine Weyl groups. _

When computing in H,? or, more generally, in the braid group, B(C,,), one helpful
tool is the natural injection H,? — Ho,, such that

T — Tilon—,
TO — To,
T, — Ty,

and such that o acts as conjugation by n™. Under this mapping, the natural lifting of
the Y operators to the braid group behaves as follows:

Y VYol (2.16)
Y,o ! — H Yir ", (2.17)
1<i<n

The Hecke algebra HS and the intertwiner o act on the vector space of Laurent

polynomials C(¢'/2,t,a,b, ¢, d) [xiﬂ, oo xEn] via

(I —c/z1)(1 —d/z1)

Tof = —(cd/q)f + (= 1), (2.18)

1—q/z}
Tif = tf + T g ), (2.19)
1,1 = —aby + L0200 o) (2:20)
(ef)(a,b,c,dsx1,. .., 20) = f(c//T A/ VT A/, 0T T Ty - - /T T1)- (2.21)
Recall that for i # 0,7, f5 (21,. .., @i Tit1s- s @) = F(T1,. .., Tis1,Tis .-, Tn), and

fso(xla s ,l’n):f(Q/l’l,lL'Q cee ;mn); fsn(xla s ,l‘n):f(iﬂl, B B 1/CEn)
In particular, in the space corresponding to monomials for the partition A, the joint
eigenvalues of the operators Yj, (abedt®*2¢~1)Y;™! are (signed) permutations of the

7
sequence _ _
.. int2”7171(abcd/q) B A

The nonsymmetric density is

AK = Ag) (aa ba c, da q, t)

2 -2,
H (z}, 97,75 q)
- (ax;, by, ez, dr;, aqx; * bgx; t cx; t da 7t q)
1<i<n i, 0T, CT4, AT;, aqX,; ~,0qx; ~,CT; ,AT, ;4

+1 —1_+1,
(ximj aqxi :L'j aQ)
—1,_.+1,

(tximjilathi :L'j aQ)

< 11

1<i<jg<n
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Here we integrate over the unit torus with parameters specialized to have norm < 1.
As with the S,, case, the normalized integral of any polynomial with rational function
coefficients meromorphically continues to a rational function.

The operators T; are self-adjoint with respect to the induced inner product.

The corresponding symmetric density is

AK = Eg?) (aa ba ¢, dv q, t)
_ (%4

+1, 41
)" H (mitQQQ) H (@7 Ly 1q)
2nn) (az batt cxtt datl; q) (lfyc;-tlavﬁﬂ;q)7

1<i<n 1<i<j<n

with normalization [5]

~ t t2n—2—j bed:
[3abedqnar= [ | £~ abed; o

L (it tiab, tVac, tVad, tibc, t7bd, ticd; q)
o<j<n

Again normalized integrals over this density can be taken by computing the constant
coefficient in the expansion with respect to Koornwinder polynomials K /(\n) [6], giving
a rational function in ¢,¢,a,b,c,d. In fact, one of the main results of [10] is that
this integral essentially depends algebraically on n. More precisely, it is shown there
that there exists a functional Ik (f;q,t,T;a,b,c,d) on the space of ordinary symmetric
functions such that

[ rAWar

IK(f;Qatatn;aabacad) = [K(n)(zl ;Q7t;a7bac7d)]f(.”z'i1"') ~
‘ AWM ar

?

for all integers n > 0. This can also be viewed as taking coefficients with respect to a ba-
sis I~(>\( ;q,t,T;a,b, c,d) of the space of symmetric functions over C(q,t,T, a, b, ¢, d) with
the property that for all integers n such that n > £(X), I~(,\( . -ziﬂ g, bt a,b, e d) =
K§\n) (- zi- - ;qt;a,bc,d). (These K transform nicely under an analogue of Macdon-
ald’s involution and so we can use them to prove dual results in several cases.)

3. A U(2n)/Sp(2n) vanishing integral

Theorem 3.1. For any integer n > 0, and partition A with at most 2n parts, and any
complex numbers q, t with |q|, |t| < 1, the integral

/P)(\2n)(zit17 ety 27%17 q, t)ﬁgg) (\/57 _\/Ea \/q_ta _\/q_t, q, t) dT

+2 +1 _+1,
_ (2n) ,_+1 41, (2559 (225 9)
*/P/\ (' ozhet) ] =2 g T (3.1)
1<icn WP 0 4) 1<idicn (VR #5504

vanishes unless A = p? for some .



736 ERIC M. RAINS AND MONICA VAZIRANI

Proof. Consider the following linear functional on the space of polynomials in 2n vari-
ables:

22 272-
L(f)::/f(zl,...,zn,l/zn,...,l/zl) H (#9275 9)

\Zien (t22,0t2%0)

dr

+1 —1_41,
(Zizj ,4z; Z] ) q)
< ]I

(tzizg ' qtz; "2 q)

1<i<jgn

:/f(zl,zg,...,zn,l/zn,...,1/z2,1/z1)A§?)(\/£,—\/£, V@, =/ g, ) dT.

If f is symmetric, then we can freely symmetrize the density; since the density is recog-
nizable as a special case of the nonsymmetric Koornwinder density, it symmetrizes to the
symmetric density above. In other words, it will suffice to show that L(Px(;¢q,t)) =0
unless A = p2.

Since nonsymmetric Macdonald polynomials of type C are orthogonal with respect to
the density A%) (\/E, —V/t, Vat, —+/qt; ¢, t), we can interpret the result as saying when
we expand type A Macdonald polynomials in terms of those of type C the coefficient of
the trivial one is zero unless A = p2. (In the notation of Section 2, [E§|E{! = 0 unless
A= p?)

The advantage of passing to this nonsymmetric functional is that we can use the
affine Hecke algebra. Indeed, a straightforward calculation gives the following facts
about the interaction between L and the Hecke algebra:

L(Tof) = tL(f), (3.2)

But, in fact, for generic g and ¢, any linear functional satisfying these three conditions
will also satisfy the vanishing property “L(Py(;q,t)) = 0 unless A = u?”.

The calculation to verify (3.2), (3.3), (3.4) is very similar to that of computing the
adjoint of T; with respect to (, ). A sample computation is given here: First recall
(T =) f = (@ng1 — tan)/(@ng1 — 2n)) (f* — f) by (2.6). After specializing as above,
this will become ((2,' —t2,)/(2;* — zn))g1 where g; is a Laurent polynomial sent to
—g1 under the change of variables z,, « z, 1. Observe the density

—2 L *1 —1_41,
a=T] (27,92 % a) I (zizj vaz; 27 59) (11— 22)

- - = g2
1<ikn (tZ?, thZ 2; Q) 1<i<j<n (tziz_;tla thZ 12_?:1; Q) (1 - tz%) ’

where g is symmetric under the change of variables z,, < 2z, %. Hence L((T,, —t)f) =

St =tzn) /(2,0 = 20)) g1 (1= 22) /(1 = t22)) 92 = [ 9192 = [(—g1)g2 as we are in-
tegrating over the torus 7" and hence get the same integral under the change of variables
2n > 2z, L. This shows L((T,, —t)f) = 0.
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Let Vg be the space of polynomials spanned by monomials =¥ := x{*x5? ... where
v is a composition of |A\| dominated by A (i.e., such that the corresponding partition
vT is dominated by \); similarly, let V. be the space spanned by monomials strictly
dominated by A. Both subspaces are invariant under the action of the Hecke algebra,
and we may thus consider the spaces £ of functionals on V<y/Vcy satisfying (3.2),
(3.3), (3.4). If we can show that £, = 0 unless A = p?, we will be done, since V<) /V<y
is isomorphic (for generic ¢, t) to the invariant subspace generated by Py(;q,t) (with
basis given by F,(;q,t) with vT = X).

Fix a partition A not of the form ;2. Now, the monomials in the orbit of z* form
a basis of V<, /Vcy (for all nonzero g,t, not just generic ¢,t), and in that basis, the
action of the Hecke algebra has coefficients in Z[g!,¢]. Thus L) is the solution space of
a system of linear equations with coefficients in Z[g*!,#]. Now, the generic dimension
of such a solution space is bounded above by the dimension under any specialization.
Therefore, it will suffice to find one such specialization for which the claim holds, and
thus the dimension of the solution space is 0 for generic g, t.

In particular, take ¢t = 1, so that the affine Hecke algebra is just the group algebra
of S, with the corresponding action on polynomials. Then any functional L € Ly is
invariant under the subgroup generated by sg, s,, and s;82,—; for 1 <i <n—1. This is
precisely the subgroup of elements invariant under the involution s; +— s2,_;, and thus,
in particular, contains a number of translations, which act diagonally on monomials. It
follows immediately that L(z") = 0 unless v; = vop41—; for 1 <4 < n. Since v is simply
a permutation of A, the claim follows. [

Remark. It similarly follows that for generic ¢, ¢, dim(£,2) < 1. In fact, since the

integrals
/mﬂ2(...2:ii1...)dT

are nonzero, we can also conclude that dim(L,2) > 1 for all ¢,t (since we have ex-
hibited a linear functional that specializes to a nonzero functional.) This implies for a
wide class of irreducible representations we have a multiplicity one condition, i.e., that
there exists at most a one-dimensional space of linear functionals satisfying the above
invariance conditions (3.2), (3.3), (3.4). This is in a sense a deformation of the fact that
(U(2n),Sp(2n)) is a Gelfand pair, together with the identification of which representa-
tions are spherical. This appears to be true for general representations, but we do not
consider that question here.

Now, as it stands, this argument is somewhat unsatisfactory; it would be nice to avoid
the step of specialization to ¢t = 1. Certainly, there is a natural analogue of the subgroup
of translations inside the affine Hecke algebra; unfortunately, the conditions on L do
not imply any sort of invariance with respect to the standard commutative subalgebra.
Related to this is the fact that the obvious corresponding statement for nonsymmetric
Macdonald polynomials does not hold; that is, for t = 1, the conditions on L suffice
to make L(E,( ;¢,1)) = 0 unless v; = vap41-; for 1 < ¢ < n, but this is not true for
t # 1. The key to resolving both of these issues is the fact that, although the standard
commutative subalgebra is in some sense canonical (or, at least, is one of two canonical
choices), it is not the only reasonable choice; we will consider this in more detail in
the sections below. Equivalently, we can leave the commutative subalgebra alone and
transform the functional, thus conjugating the ideal of equations on the functional. This
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gives nice identities for nonsymmetric Macdonald polynomials but makes the resulting
functional extremely complicated. We consider this approach in Sections 5 and 7.

Another flaw, which is intrinsic in the way we use the affine Hecke algebra, is that we
obtain no information about the nonzero values of the integral. Indeed, the conditions
on L determine it only up to a scalar multiple for each p. In this case, the nonzero values
were already determined (conditional on the vanishing result) in [10]; but for some of
the other vanishing results we prove below, it is still an open question to determine the
nonzero values.

For the present case, however, we have (in the notation of [10], and recalling the
argument given there)

Corollary 3.2. For any integer n > 0 and any partition p with at most n parts,

11 _+1
1/ +1 (Zi2§Q) (25725 59)
[ PeCozt ) [T S5 [ Siitar
o L7 +2. +1_+1,
Z 1<i<n (275 )1<z‘<j<n (tz72559)

]. N (n
_ E/pm(...,zgl,...mgym_ﬂ,m,_m;q,ow

Cot*; ¢, 12)C (qt; g, 1%)

N CO(qt?=1;q,t2)Cpr (25 ¢, %)

where the normalization Z s chosen to make the integral 1 when p = 0.

Proof. Let L be the above linear functional on symmetric functions (so that we are
computing the value of L(P,2( ; ¢,t))); we have already established that L(Px(;q,t)) =0
unless )\ is of the form p?. Now, consider the value

L((el — €2n71)Px\( 74, t))a

where e; is the elementary symmetric function. On the one hand, this is 0, since the
mere act of specializing to zijEl annihilates e; —es, 1. On the other hand, we can expand
(e1 — ean—1)Px( ;¢,1) as a linear combination of Macdonald polynomials using the Pieri
identity; if we throw out those polynomials annihilated by L, at most two terms remain.
Together with the identity

L(Pinya(39,t) = L(e2nPa( 1¢,1)) = L(PA( 319, 1)),
we obtain an identity of the form

L(th( 7Qat)) = Cu/l/( 7qat)L(Pl/2( ;Qat))a

where v is obtained by removing a single square from the diagram of u. The claim then
follows by induction in |u|. O

Remark. For many of the vanishing integrals considered below, either the linear func-
tional fails to factor through a homomorphism, or the homomorphism it does factor
through does not have any useful elements in its kernel, and we thus cannot apply the
“Pieri trick” described above to obtain the nonzero values.
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Remark. In this case, the normalization Z simplifies as

H (ta t2n7] ; Q)
(e, BT, =t q) (—qt2+2; %)
This is of course simply Macdonald’s constant term identity of type C.

The final flaw in the above argument is that it only applies to the symplectic case
of the vanishing integral. The point is that in the symplectic case, the condition on
compositions v translates to a very simple condition on the action of translations for
t = 1, namely that certain translations should act in the same way on the monomial
x¥. For the orthogonal case, the corresponding condition on eigenvalues of translations
is actually Zariski dense; in particular, it cannot be detected by any finitely generated
ideal of the Hecke algebra. It turns out, however, that one can deduce the orthogonal
vanishing integrals from the symplectic vanishing integral, using the fact that both can
be viewed as statements about the algebra of symmetric functions, related by a slightly
modified Macdonald involution. (Note, in particular, that the conjugate partition to
one of the form 2 is of the form 2v.)

We thus obtain the following corollary, dual to Corollary 3.2. For the details, see
Section 8 of [10]. Each of the four integrals is with respect to an appropriate special
case of the normalized Koornwinder density; we denote such an n-dimensional integral
as Igl)(f;q,t;a, b,c,d).

Corollary 3.3. For all integers n > 0 and partitions \ with at most n parts,
%I%)(P)\(. e ziil, S, t);q,t 1 i\/E)
+ %II(?_I)(P)\(. L2+, t); q,t; £, +v1) =0,

1
unless A is of the form 2u, in which case the value is
Co(t*™;¢*,1)C,, (q;¢%,1)
COqt> =12, t)Cpi (5 ¢%, 1)

Similarly,
%I%)(P)\(. e ziil, o ligt); gt t, —1, +/)
+ %I?)(P)\(. e ziil, oo —=1q,8)5 9,81, —t, +Vt) =0,

unless A is of the form 2u, in which case the value is

CHE Y %, )C (g5 4%, 1)

CO(qt?; ¢*,)Cri (t:¢%,1)
Remark. Note that again the nonzero values follow via an application of the Pieri iden-
tity from the fact that the linear functionals vanish where required. Etingof (personal
communication) has pointed out a direct proof of the orthogonal vanishing integrals
in the Jack polynomial limit, using the construction of [4] for Jack polynomials; pre-
sumably the Macdonald polynomial analogue of the construction can be used to obtain
the orthogonal vanishing integral for Macdonald polynomials. Etingof’s argument also
gives no information about the nonzero values, and just as the nature of the Hecke al-
gebra made it impossible to use our argument in the orthogonal case, the nature of the
Etingof-Kirillov construction of Jack polynomials makes it impossible to use Etingof’s
argument in the symplectic case.
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4. Other vanishing integrals

In this section we list the remaining vanishing results. For each result, we list the
functional L that gives the vanishing integral, and the associated right ideal I in the
Hecke algebra (of type A or C) that kills L. We also give the subgroup S of the braid
group that leaves the functional invariant in the classical limit, as this motivated many
of the relevant definitions. In fact, in each case the subgroup S of the braid group lies
over the commutator of an involution in the extended affine Weyl group. For instance,
each ideal I is generated by elements

t512T, — x(0),

where o is a generator of S and x is the character of B(W) given by its action on the
constant polynomials. (Here ¢, is the parameter associated to T, i.e., (T, +1)(T,—t,) =
0.)

In each case we argue as in Section 3, that is, we exhibit a specialization of the
parameters such that: (a) in that specialization a nonzero functional annihilated by I
exists only if X is of the stated form; and (b) if A is of the stated form then there is a
unique such nonzero functional (which can be obtained by specializing the appropriate
integral). Since the space of functionals annihilated by an ideal can only get bigger
under specialization, this implies: (a) that if A is not of the appropriate form, then for
generic parameters no such functional exists; and (b) if A is of the appropriate form,
such a functional exists and is generically unique.

Note that this uniqueness is on a partition by partition basis. It is quite possible (and
indeed we give examples below) for there to be multiple nice functionals on the space
of all polynomials that are all annihilated by the same ideal and thus satisfy the same
vanishing conditions. (See for instance Sections 4.1, 4.2 below.) For the S, cases, this
specialization is simply ¢ = 1. For the 5n cases, we must moreover take a =1, b= —1,
c=,/q,d = —,/q. In all cases this has the effect of turning the Hecke algebra into a
group algebra and the (nonsymmetric) Macdonald and Koornwinder polynomials into
monomials and the density trivial, at which point the functional is easy to evaluate.

One consequence of this global nonuniqueness is that in order to determine the
nonzero values of such a functional, it is not enough to know how the affine Hecke
algebra acts. One must in fact consider more carefully the explicit structure of the
functional, e.g., as in the Pieri trick used above (or, more generally, how the double
affine Hecke algebra interacts with the functional). Even if such a calculation could be
pushed through, this would still leave the nontrivial task of deducing the values on the
symmetric Macdonald and Koornwinder polynomials from the nonsymmetric ones.

In each case there is an associated family of chambers (see Section 7) such that the
elements of the form Y,® contained in S imply the appropriate vanishing theorem. The
fact that these chambers are not the standard chamber implies that the standard non-
symmetric Macdonald polynomials do not satisfy vanishing results, but the nonstandard
E)(\j do. This is so because a different choice of chamber C' twists the Hecke algebra mod-
ule by an inner automorphism that results in an isomorphic module, which is easily seen
from the fact that the irreducible modules £, we consider have distinct central charac-
ters. In any event, while the nonstandard choice of chamber C' gives a different family of
nonsymmetric Macdonald polynomials Eg (as they are the eigenfunctions of commut-
ing operators Y¢) the symmetric Macdonald polynomials stay the same. (P)\C = Py;
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symmetric functions in the Y¢ are always central.) Further discussions on E/\C, YC are
in Section 7.

4.1. Macdonald polynomial results: Son
Case 1. This case was discussed in Section 3 above.

Theorem 4.1.

+1_+£1
(5% a) (27 39)
/ 1<i<n (tz;"5q) 1<i<ji<n (tz; "z 5q)

unless X = pu?, in which case (when suitably normalized) it is
Cp(t";4,t°)C, (qt; q,%)
CP(qt*=1;q,t2)Cp (t%; ¢, %)
This is the case T' = t™ of the symmetric function identity

Co(T?¢,t°)C, (qt; q,1°)

Ix(Pa(54,1); 4,8, T; £VE+V/gE) = § CY(qT? [t:q,1%)C,, (t2¢,12)

0, otherwise.

; A:N27

The action of the Macdonald involution on lifted Koornwinder polynomials dualizes
this to

CUT? %, t)C, (g;4%, 1)
Ik (Pa(50,1);q, 6, T 1L, £VE) = ¢ CUqT?/t; 2, t)C;, (t:¢%,t)

0, otherwise.

, A=W,

Taking T € {t™,t"*1/2} gives that the four integrals
I%)(P)\(xit17 cee 7xfri11; q7t)7 q7t7 i17 i\/’E),
I Pt a1~ 1y ) g, 1 8, V),

y n—1>
I%)(P)\(xiﬂ, ... ,xfl, 15q,t);q,t;t, —1, i\/i),
Igl) (PA(xitl, ... ,x,jfl, —1;q,t);q,t 1, —t, i\/f),

vanish unless all (2n or 2n + 1, as appropriate) parts of A have the same parity.
We take B
S = (Uy, Uy, UsUy. " ) C B(San).

2n—1
The relevant chambers are such that r and r* have the same sign, where w is the longest
element of Sy, and r is a root such that r 4+ # 0. Invariant functionals (L(cf) = 0,
o € S) vanish on Ef unless A\; = Agpt1-i, 1 <@ < n.
The associated right ideal of Hy, is given by I = (T —t, Ty, — t, Ty — Topn_s).
The functional, which obeys LI = 0 (equivalently, L(cf) = 0, Yo € S) is

L) = [Dlerszase o1 oo 1 1/2)
H (ZE,QZ,L_Q,Q) H (le]:tl’qzlflzjil,q)

—1 il,

2 . —2. 1 dr.
1<ign (tz3, qtz; 7 q) 1<i<in (tzizi ™, qtz; z; 5q)
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Case 2.
Theorem 4.2. Let p,v be partitions. Then

/P;%n)(...i\/z_i...;%t) 11 —(((Z"/Zj)ﬂ;qQ) dT

A etz e)
_ /Pﬁ”)(. ot s a AP (@ 12) dT = 0,
unless p = v, when (suitably normalized) the integral is

— . + (42n—2 . 0/4n n.
(—DC, (g;9,)CF (" 2q; ¢,1)Cp (17, —t 1)
Cu (£ q,t)Cif (1272t ¢, £)CO (gt 1, —qt" 15 q, 1)

Remark. The nonzero values can be computed using the Pieri identity as in the proof
of Corollary 3.2. The same nonzero values (apart from the factor (—1)*) appear in
Conjecture 5 of [10], which remains open.

Note that this is well-defined because Pﬁ") (... £\/Z-..;q,t) is invariant under /z; —
—/Z; and it is therefore in C(q,t)[z1 %1, ..., 2,1

Since multiplying a Macdonald polynomial by (2122 - - z,)"™ has the effect of adding
m to each part (which works for all m € (1/n)Z) we can restate this in terms of ordinary
Macdonald polynomials as follows.

Corollary 4.3.
[P’m"( ) q27 t2)]P)\([2pk/2], q, t) = Oa
unless A = (2m)?" — \.

This statement is self-dual, i.e., applying Macdonald’s involution gives the same
identity.
We take
S = (Uzi1,UziUzi 1Uz; 11 Us; ', U Ui 1 Uyt Uy, ).
Chambers are such that r and r* have opposite signs, where ¢(2i—1) = 2i, ¢(2i) = 2i—1.
I3 = (Toiy — t, Toi(Toio1 — Toig1), 7 — 1).

Iég—invariant functionals vanish on Ef unless Ao;_1 +Ag; =0, 1 <i < n.
The functional, which obeys LIS = 0 is

(27/23, %23 /2% ¢%)
L(p) = — —Z9, ... - J J dT'.
(p) /p(zla 21, %2, —Z2, )y Zny Zn) H (t2zf/zj2,q2t22j2/zf,q2)

1<i<j<n

Theorem 4.4. Let )\ be a weight of the double cover of GLa,, i.e., a half-integer vector
such that \j — \j € ZV4i,j.

/s \EL.
P(Qn)(. Y2 g t) zi/2)” 59) dT =0,
/# M wera
unless \j = —Aopt1—i-
We allow half-integral A here in order to allow m odd in the symmetric function
analogue.
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Corollary 4.5.

[P (30, PA([pr ("2 +¢742)]; ¢, 1) = 0,
unless A = m?™ — \. Dually,

[Pm"( ; q27 t)]P)\(a q, t) = 07

unless A = (2m)™ — A.
Remark. Experimentally, the nonzero values appear to be nice, but the kernel of the
specialization f — f(---t*1/2z;.-.) is too complicated for us to obtain recurrences from
the Pieri identity.

For this vanishing integral, we can take the same Sy and I5, but use a different
functional

zi/ 25,425/ %34
L(p) = /p(zlatzlaz2at227"'7Zn;tzn) H (tQ(Z’L;ZJ’ t;,i;;) )dT
1<i<j<n i/ 25,qU°Z5 [ Zi5 4

— /p(zl, tz1, 29,129, .., 2n, tzn)ﬁ(sn) (q, t2) dT. (4.2)
Case 3.
Theorem 4.6. (q — ¢?)

/N EL. 172
(2n) +1/4_ . ((zi/2)"54%) 0
P (. isat) ] dT =0,
/ CAUE (t(z:/2) % q'72)

1<i<j<n
unless |1 = v.
Corollary 4.7. For any partition A,
[P (50, )] Pa([pr (¢ + 4 *?)]; 4%, 1) = 0, (4.3)
unless A = m?™ — \. Dually,
[P (50, )]Pa( 59,8%) =0,
unless A = (2m)™ — \.

Remark. That (4.3) holds when ¢(X) > 2n follows immediately from the fact that Mac-
donald polynomials are triangular with respect to the dominance order and the way the
specialization acts on monomials.

Again, the nonzero values appear nice, but the Pieri trick fails.

We take

S = (UiUifn,ﬂ.

Chambers are such that r and r* have opposite signs, where ¢(i) = i +n, t(i +n) = (7).
The associated right ideal is

I = (Ty — Tyyp, m—1).

Iég -invariant functionals vanish on Ef unless A\; + Aj4n, = 0.
The functional is

(Zi/zj,q1/22j/zi;q1/2)
L(p) :/p(q1/2217q1/222,...,q1/22 21522y ey Zn)
' n1gggn(tzi/zj’ qM?tzj)zi:q1/?)

- /p(q1/2217 q1/222a s aq1/2zn7 2152250y Zn)zgn)(\/av t) (44)
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4.2. Koornwinder polynomial results: Can
Case 1.

Theorem 4.8. In symmetric function terms,
IK (R)\([2pk/2], q, ta T7 a, —a,c, 76); q2a t2a Ta 7ta 7qta a2a 02) - 07
unless A = p?, when it is

(=D (gt; q,12)C,F (a*PT?/th; ¢, %) CO(T, —a®T [t, —*T [t, a*c*T [ t%; q, 1?)
Ci (T %4, PGy (P 4, )OO (@ T2 [ 2, ) |

Dually,
IK (R)\([2pk/2], q, ta T7 a, —a,c, 76); q2a t27 T, 717 7t7 CL2, 02) = 07
unless A = 2u, when it is
(71)|“|C’; (¢; % )CF(a*T? 63 ¢%, t)CU(T, —a®T/t, =T [t, 0> T /15 ¢°, t)

Cr (t; g%, t)Cif (a2c2T? [qt?; q2, 1) CY,, (a2 T? /135 ¢, 12)

The nonzero values are computed via the Pieri identities for Koornwinder polynomials
[3]. For T = t*" both formal integrals become actual integrals; similarly, for T = 271,
the second formal integral becomes

II(?)(K/(\Q"H)(. coEzi oV =1q, ta, —a, ¢, —c); ¢, 12 —t, —t2,a?, c?).

For this identity, we work with the case b = —a,d = —c of HS and its polynomial
representation, and take

S = (Usi1,Us; Ui Uy U U UV UF U3 U1 U3)) € B(Cln)
with associated right ideal

IE = Ty —t, Toi(Taio1 — Taiv1), To(Ty — t), Top (Tan_1 —t)).

The functional is
L(p) = /p(z:i/Q7 —z%/Q, 25/2, —25/2, .22 —z,l/Q)Ag?) (a®, —t,c?, —qt; ¢*, ).
Theorem 4.9. In symmetric function terms,
T(Ka([pr(E*24+t7%/2)]; q, ¢, T; a, b, ¢, d); q, 82 T3 Y %, /20,812, tY/2d) =0, (4.5)
unless A = p?. The dual statement is
Ig(Kx( :q,t:T;a,b,¢,d); ¢, t, T a,b, ¢,d) = 0, (4.6)

unless A = 2.
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In the case n = 1 the above identity becomes an identity of Askey—Wilson polynomials
and admits a direct hypergeometric proof (Rahman, personal communication).
Once again, the Pieri trick fails but, in fact, the nonzero values

t=MCY(T, T, T, T, T, Te, T¢, Tag; q, ) C,F (T?aC /125 q, 1) Cy (gt g, t2)
C9 2 (T?ag; q, 1) Cif (T?al/qt; 4, 1) Cpr (t254, %) ’

where

a=ab/t, B =ac/t, y=ad/t, § =bc/t, e =bd/t, { = cd/t,

for the first integral and

M CY(T, T, TB, T, T, Te, T¢, Tag; ¢, )Cf (T?a¢/t; ¢, 4)C,, (g5 4%, t)
C9 2 (T%ag; ¢, t)Ci (T2l /4 4%, ) C (£ 4%, 1)

for the second can be obtained as a limit of the elliptic version derived in [9].
We take S and I{* as above, but now with generic a, b, ¢, d, and the functional we
need is

L(p) = /p(t_l/Qzla tl/Qzlat_l/QZQ; t1/2227

T2 2 VA (1120, 112, 112 112 d; g, 1),

Case 2.

Theorem 4.10. In symmetric function terms,
I (Kx(Ipe(@"?+q7*)]:¢*, 1, T a,b,qa, gb); g, £, T; £V, ¢ %a, ¢ ?0) =0, (4.7)
unless A = p?. The dual statement is
IK(f(,\(;q,tQ;TQ;a,b, ta,tb); q,t, T i\/f,a,b) =0,

unless A = 2.
We take ¢ = ¢*/2a, d = ¢*/?b (so consider the case ¢ — /g above)

§ = (UoUs,,', Uilz, . Un)  B(Con)
and the associated right ideal
S=(To —Ton, T; — Ton—i, Tp, — ).

The functional is

L(p)::/p(q1/4Z1, @2, gV 2 20 A (VR =V g 4a, ¢V 612 1),
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5. A construction using the Hecke algebra

In this section we give another proof of the existence of nonzero functional L in the
nonvanishing case (another proof of the vanishing condition can also be deduced) along
with an explicit construction of L € £ (up to scalar). We only do this for the Say, case,
leaving the Koornwinder case to the reader. We do not explicitly compute the scalar
that relates the L constructed in this section to the integral given in Section 3. We also
warn the reader that since we are computing in (V</V<y)* versus V,, we do not give
information about L(E,)/L(E,) except when pt =v.

In what follows we will use the presentation of Hs,, as generated by T3, T3, ..., Top_1,
Yljd7 ey Y;ﬁl Yljd7 ..., Y F1 because it allows us to work more explicitly with a basis
of Ly given by simultaneous Y;-eigenfunctionals.

This presentation also gives us another description of V< /Vcy and of its dual £ =
(Ver/Ver)*. Given A = 2n, let J = Jy = {j | s;A = A}, let H(X) be the parabolic
subalgebra generated by {I; | j € J} and all the Ylil, ceey Y;fll, and let C(g,t)x be the
one-dimensional H(\) module on which Y; — ¢*t*"~" =0, T; —t = 0Vj € J. Then we
have

Ly ~C(q,t)r @un) Han.

(Note that V<x/V<y is isomorphic to Han @ g (wer) C(q,t)wen (Which is isomorphic to
Hap @0 C(g,t)x when g,t are generic) and thus is in this sense self-dual. This can
be seen directly or follows from the Mackey decomposition of V.)

For ease of notation, we introduce the standard invariant form (, ), and let § =
don = (2n—1,...,2,1,0),¢;, = (0,...,0,1,0,...,0),; = &; — g,41. We can then write
Ai = (A g;). We also have (A, uy = (wA, wu), where w € Sy, acts as w(A1, ..., \ay,) =
(A’U)_l(l)) ey Aw—l(Qn))

We observe that the center Z(Ha,) is given by symmetric Laurent polynomials in
Y1,...,Ys, and each £ has distinct central character. Further, the Y-weight spaces of
Ly are all one-dimensional and hence give a distinguished basis of the module, up to
scalars. From the above description of L, it is easy to see that the basis of simultaneous
Y;-eigenvectors is {v,, | w € W7} with

0w (Vi — q(w’lz\,eﬁt(w’lé,aq,)) -0

9

where W is the set of minimal length right coset representatives for (s iljed)C Sa.
We normalize this basis so that the right action of the T;,1 < i < n, is given by

t—1 1— q(wflk,ai)tlJr(w*l&,ai)
1— q—(wflz\,aﬁt—(w*lé,aq,) Vu 1— q—(wflz\,ai)t—(wflé,aq,) Vws;

vwﬂ =

with the convention vy, = 0 if ws; & W+ In that case, notice vy, T} = tvy, UinYiﬂ =
tvy, and, in particular, Ay ;) = Ay(it1)- Observe that the above action does not depend
on the relative lengths ¢(w) and ¢(ws;), which is why this particular normalization is
preferred in this setting.

We note that this basis is dual to the one given by the nonsymmetric Macdonald
polynomials up to proportionality. (We leave it to the reader to rescale as necessary,
possibly also rescaling the Tj, to get exactly the dual basis.)
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We want to express our functional L (given by integrating a specialized polynomial
against a given density) in terms of this basis {v,}. To do this, we conjugate the
right ideal I such that L -1 = 0 to a related right ideal T, I7, ! which has a nicer
presentation in terms of the Y;. This corresponds to working with the twisted module
LY ~ L. Hence we explicitly describe the functional LT, ! in terms of the dual basis
to nonsymmetric Macdonald polynomials, but not L itself. The vanishing result stated
above will hold for suitable nonsymmetric Macdonald polynomials with E, replaced by
T.FE,. This twist by u is motivated by the viewpoint of Section 7 regarding nonstandard
large commutative subalgebras.

For each functional L and corresponding ideal I such that LI = 0, we describe
T, IT,; ' =TI, determine all A such that there exists nonzero v € £ with vI’ = 0, and
show this v is unique up to scalar.

It will follow from our explicitly computed generators of T,,IT, ! that it contains a
large binomial ideal in the commutative subalgebra (C[Yiil]. This translates directly to
conditions under which LT, 1(E,) is forced to vanish. In particular this implies for any
L such that LT, '] = 0 that LT, *(E,) vanishes. In each case this will immediately
give the desired vanishing result for P,+. However, one can ask for something stronger,
namely that for each partition A either the stated vanishing condition holds or there
exists a unique I-killed functional.

In what follows, all ideals are right ideals.

5.1. Second proof of Theorem 4.1

Recall I{ = (Ty —t, T, —t, Ty — Ton—; (1 < i < n)) is the right ideal with given
generators. Let u be the permutation defined by

n

and set I’ = []* = T JI7T . Observe £(u) = 2(2

) . Then

I' = (Toi—1 — t, Toi(Taig1 — Toi—1), tYa; — Yoi—1 (1 < i< n)).
One can verify
Tu(Ti — Ton—i) Ty, ' = Tun—i)(Tu@) — Tu(i)72)Tu7(;n,i)
= Totn—i)(To(n—iy+1 — T2(n—i)—1)T2_(,1L_i),
T.T, — )T, = Ty —t,
Tu(tTO_l — 1)T1:1 = 16;£1Y2nT2n71 - L

From the first two equations, we can show Ty;_1 — ¢ € I’, inductively as To;11 — ¢t =
((T2i717t)T2iT2i7_1+T2i(T2i+17T2i71)T2;1(TQQ,L'*tTQi))TQZilzé;l € I'. Then tY2;1171Y2n*
1=Y," Yoot — Topq + Tono1 —t = (Yo, 1 Yo, Tono1 — DT a1 + (Ton—1 —t) € I'.
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To show tYa; — Ya;-1 € I, it suffices to show Y2;(T2;—1 — ) € I' as Yz;(Tai—1 — t) =
(Toi—1 — t)Y2i—1 — (tY2; — Ya,_1). Note

Yai(Toioq —t) =t 2ToiTai11YoiroTois1 Toi(Toio1 —t)
= 72T Toi 1 YoisoToip1Toi(Toi—y —t)
+ 72 (T2iTai1 — ToiToi—1)YairoToi1Toi(Toi1 — 1)
€ t Yo 0T Toi 1 Toig1Toi(Toimy — t) + 1’
=t *Yairo(Toir1 — )ToiToi—1Toi1 Toi + I

Because tYs; — Ya;,_1 € I it follows that if a functional L’ is annihilated by I’, then
L'(E,) = 0 unless p1 = p2, p13 = p4, and so on, thus directly proving the vanishing
result, Theorem 3.1.

We may thus restrict our attention to partitions of the form A = p?. We wish to show
that in this case, £ contains a unique I’-killed functional and give an explicit expression
for that functional in terms of the basis {v,, }. Of course, it is only possible to determine
the functional up to an overall scalar (and, in fact, because we are only considering this
one partition at a time, we have such a scalar for every valid partition). What this does
determine is the relative values of an I’-killed functional on nonsymmetric Macdonald
polynomials. The actual values of such a functional are at least in principle determined
by its values on symmetric Macdonald polynomials (since for ¢ = 1 we can exhibit a
functional for which those values are nonzero). Moreover, experimentally, the resulting
scale factors are still nice. However, it appears somewhat nontrivial to prove a closed
form.

Next we will determine under what conditions £ contains a functional annihilated
by I’, and show that it is unique up to scalar. We will give an explicit expression for
this functional in terms of the v,,.

We will need some more notation.

For w € W let R(w) = {a > 0 | wa < 0}. Notice for w € Sa, we have R(w) =
{e: —¢j | i < j,w(@) > w(j)} and |R(w)| = ¢(w). For . an involution acting on the
weight lattice, let R“(w) = {2(a + t(a)) | @ € R(w)}. Since ¢ is an involution, the
sizes of its orbits are either one or two. When it is necessary to differentiate, we set
Ry ={a € R(w) | t(a) = a}, Ry = {5(a +u(a)) | a € R(w), i(a) # a}.

Proposition 5.1. Suppose A = p2. Then any v € Ly with vI' = 0 is proportional to
the nonzero I'-killed functional

—(\B) 41— (s,
3 11 0 p LT BTN (5.1)
1= qOor e )" '
weWJ BER (w—1)

(w=IA)=w—1A

where 1 is the involution on the weight lattice with t(e2;—1) = €.

Proof. Write v =3 /s Cw¥yw and suppose vI’ = 0.

That v(tYa; — Ya;-1) = 0 forces (w™ '\ ;) = 0 and (w=1§,a;) — 1 = 0 whenever
¢y # 0. In particular, v # 0 implies tA\ = A, which we have already included in
our hypotheses as A = p?. Also, it automatically follows for such an expression that
’U(TQZ',1 - t) =0.
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That vT5;(T2i4+1 — T2i—1) = 0 forces a relation on ¢, and Cuysy, sy, 150:_ 150, and the
resulting relation between nonzero c¢,, and c¢;q is independent of the reduced expression
for w and is given by (5.1). O

5.2. Second proofs of Theorems 4.2, 4.4

In order to accommodate Theorem 4.4, we must allow half-integral weights, i.e., include

(z129 - ,22n)_1/2 in the algebra of polynomials on which we act. Recall IQS = (772 —

1, To(Ton—1—T1), Toiz1 —t,T2;(Toi41 — Toi—1) (1 <i < n)). Let v be the permutation
defined by
v(2i+1)=n—1,
v(2i) = n +1,

and set I' = T,IT,'. Notice that v = u~! with u the permutation for the ideal in
Section 5.1, so that I' =T, ITu__ll. Then

I' = <Tn - t7 J—ZL - T2n—i7 }/iyén—i+1 - th_l (1 <1< n))

We can use the same computations as with the first ideal, using the fact there is an
anti-involution * on the Hecke algebra sending Ty, +— T,,-1, i.e., if T,aT,; ' = b, then
Tvb*Tv_1 = a*. Hence, we get T}, — t, T; — T5,,_; € I'. To be more precise,

T; = Ton—i = ToTu@n—i(Tu@) — Tu(i)72)T1:(én_i)Ty71

= TTotm—iy(Totn—i)+1 — T2(n—i)—1)T27(71L,i)Ty_1a
T, —t= T,(Ty —t)T, .

One can verify

Tyr(n 2 = D)T Y =Ty LT Ty - Tom 2Ty, - Ty — 1
€ Ton1- TpirTpTp 1 Tor 2Tyt 5 Ty =1 + 1
R A 7 SRR IR
The second step comes from the fact that we have Th,—1-- - Tpy1 — Th1---T1 =
-1
S (Ton—i — T))Ton—i—1Ton—i—2 - Tnp1 Tymy - ToTy €T

Proposition 5.2. Suppose A satisfies A; = —Aap—it1 (1 < i < n), d.e., if we set
v = ((m/2)*) + A, then v = (m*") — v (even for m = 0). Then any v € Ly with
vl’ = 0 is proportional to the nonzero I'-killed functional

—1 1— q7<)‘7ﬁ>t17<61ﬁ>

v= > < 11 GOBIEEB) 1 — gNB) (1+(0,5)

weWw/ BERY(w—1)

v(w=IA)=w—1A

-1

< 1 PENCTEN N R (5.2)
BER (w1)

Here 1 is the involution on the weight lattice with t(g;) = —€an—it1.
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Proof. In the above expression RY(w~!) represents the t-orbit sums on R(w~!) where
the orbit has size 1, and R4(w™') represents the t-orbit sums on R(w~!) where the orbit
has size 2.

Write v = cys dwvw and suppose vI’ = 0.

That v(Y; Yo, _i11 — t2771) = 0 forces (w™I\, & + €2,_1) = 0, (w16, 6 + con_1) —
2n 4+ 1 = 0, whenever d,, # 0. In particular, v # 0 implies ¢tA = A, which is in the
hypotheses of our proposition.

That v(T; — Tan—i) = 0 forces a relation on d,, and dys;s,,_, corresponding to the
first term in the above product. (Note that ¢(a;) = agn—;.) That v(T}, —t) = 0 forces a
relation on d,, and d,s, corresponding to the second term in the above product. (Note
that t(a,) = ay,.) The resulting relation between nonzero d,, and d;q is independent of
the reduced expression for w and is given by (5.2). O

5.3. Second proof of Theorem 4.6

Again we must allow half-integral weights.
Recall I = (w — 1, T; — Ti4n (0 <4 < n)). Let u be the permutation defined by

. 7, i< n,
u(i) = . .
{Bn—z—i—l, 1>,
and set I’ = TuITu’l. Note that u is the longest element of S X - - x S1 X.5,,.
S ———

n

Then
= (T +1—t—t""Yoy1, Ti — Top—i, YiYopoiy1 — 2" (1 <i < n)).
One can verify
Tu(Tz - T'LJrn)TJl == T’L - T2n7i;
Tu(m = V)T, =Ty Tpgo - TopanT Tyt — 1

Hence

I'>Thi1Thgo - Tonam—Ton—1--Tpy1 = Tny1 Do - Ton1m — Ty - T1.
And so we have I' 3 Tpyq - TopanTy - T T — Tt = t7"Y 0 — Tt =
"Y1 — (T + 1 —1)).

Then also I’ 5 (¢ "Yp41 — Tgl)(t"Yn + t2”71Tn) =Y, 1Y, — t27=1 From this it is
easy to show Y;Ya, ;.1 —t*" "L eI,
Proposition 5.3. Suppose A satisfies \i = —Aon—it1 (1 < i < n), ie., if we set
v = ((m/2)*") 4+ A, then v = (m®") — v (even for m = 0, sorting parts in the latter
expression so it is a partition). Then any v € Ly with vI’ = 0 is proportional to the
nonzero I'-killed functional

-1 1— g~ AP1=(6.5)

v= ) ( 11 GABEEB) 1 — B 1+0.6)

weWw/ BERS(w™1)
(w=IA)=w—1A

1 — g~ NB)/2¢(1-(8.6))/2

g H (=) 1 — gABY/2¢(1+(6,8)) /2 )Uw- (5.3)
BER, (w—1)

Here again ¢ is the involution on the weight lattice with 1(g;) = —€2n—it1-
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Proof. In the above expression RY(w™!) represents the t-orbit sums on R(w~!) where
the orbit has size 1, and R4(w™') represents the t-orbit sums on R(w 1) where the orbit
has size 2.

Write v =} cys bwtw and suppose vI’ = 0.

That v(Y;Ya,_i11 — t2771) = 0 forces (w™I\, &5 + €2,_1) = 0, (W16, & + con_1) —
2n+1 = 0, whenever b,, # 0. In particular, v # 0 implies ¢\ = A, which we have already
included in our hypotheses.

That v(T; —Ton—;) = 0 forces a relation on by, and bys,s,, _; corresponding to the first
term in the above product. (Note that t(c;) = aan_;.) That v(T, +1—t—t1""Y, 1) =
0 forces a relation on b, and b,s, corresponding to the second term in the above
product. (Note that ¢(ay,) = ap.) The resulting relation between nonzero b,, and b4 is
independent of the reduced expression for w and is given by (5.3). O

6. Extended affine Weyl groups

Let W be a finite Weyl group acting on a Euclidean space R™, with associated root
lattice Ag, not assumed to span R™. A generalized weight lattice for W is a lattice A
(spanning R™) containing Ag such that

2(r,v)
{ry7)

for all roots r and vectors v € A. (The specification of a pair (W, A) is equivalent to
the classical notion of a root datum. In particular, there is a one-to-one correspondence
between isomorphism classes of pairs (W, A) and isomorphism classes of connected com-
pact Lie groups; here A is the inverse image of the identity element under the exponential
map.)

ez

An extended affine Weyl group is then a group of the form W =G x A, where A is
a generalized weight lattice for a finite Weyl group W, and G C Aut(A) contains W as
a normal subgroup. Given v € A, we denote the corresponding element of 1% by 7, to
avoid confusion.

An alcove is the closure of a fundamental region for the normal subgroup W x Ag; the
standard alcove is the unique alcove containing the origin contained in the fundamental
chamber of W. The union of the boundaries of the alcoves is a union of hyperplanes;
the distance between two alcoves is the number of such hyperplanes that separate their
interiors. Given w € W, the length of w is the distance between the standard alcove
and its image under w. In particular, the elements of length 0 are those that preserve
the standard alcove, and there is a natural map from W to the length 0 subgroup with
kernel W x Ag. . .

The braid group B(W) is generated by elements U(w) for w € W, subject to the

relations U(wjwe) = U(wy)U(we) whenever £(wiwy) = €(wy) + f(ws); thus B(W)
contains a subgroup identified with the length 0 subgroup of W, and is generated over
this subgroup by U(s) for s of length 1.

The Hecke algebra H (W) is obtained from the group algebra of B(W) by adding
further quadratic relations (U(s) — ti/Q)(U(s) + t;l/Q) = 0. We require t; = ty if

s and s’ are conjugate, since then U(s) and U(s’) are conjugate. More generally, if
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o€ W is of length 0 (and so acts on the affine Dynkin diagram) we have o acting on

scalars by ot,o™! = t,4,-1. If there are simple reflections which are conjugate in W
but not in W x Ag then this action on scalars is nontrivial and, therefore, the resulting

extended affine Hecke algebra is no longer a central algebra over C| ;tl/ 2]. However, if

we specialize the ts appropriately, one can indeed obtain a central algebra over C| Sﬂ/ 2].
Alternatively, we can view such ¢ as giving an intertwining map between two different

Hecke algebras.

For instance, in the case of HY, the outer involution o in general gives an intertwin-
ing map between two different instances of HS. In particular, it takes nonsymmetric
Koornwinder polynomials for one set of parameters to nonsymmetric Koornwinder poly-
nomials with modified parameters. This becomes significant because the construction
of Y operators given in the next section includes such intertwiners and this explains,
for instance, the difference operator of [10].

For the cases gn, 6’n which are of particular interest to us, we can represent elements
of the corresponding braid groups pictorially as periodic braids. We follow (American)
book-spine conventions; that is, the leftmost symbol in a word corresponds to the top-
most move in the corresponding braid picture. To save space, commuting symbols may
be drawn as occurring at the same time.

The generators of the braid group are denoted U;; in the Hecke algebra, they satisfy
U —-U ' = t3/2 — t;l/Q, and we define T; = /%;U;.

In gn, U; corresponds to a picture in which (reading down) the jth strand (from the
left) crosses under the (j 4 1)st strand for all j = ¢ mod n.

YRR

\

1 2 i i+l n

|
|
|
|
|
|
|
|
|
1
|
|
: n+l nt2 nt+i ntitl 2n
|

1

FIGURE 1. U; € B(Sy).

A\

0

FIGURE 2. Uy € B(Sy).

Similarly, 7 corresponds to the operation that simply moves each strand one step to
the right.
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T

|
|
l
1 2 n :n+1 2n
|
|

FIGURE 3. m € B(S,).

The elements Y; € B(S,,) (i.e., the elements of the braid group given by replacing T;
by U; and T; by U; ' in (2.3), (2.4), (2.5)) moves the strands congruent to i modn n
steps to the right, underneath the adjacent strands congruent to 1...7 — 1 and over the
remaining strands. See Figures 4, 5.

~ Y )
1 2 3 n:n+ln+2 2n

FIGURE 4. Y1 € B(Sy).

| |
| |
| |
. T . T
| |
‘ | |
| |
| |
~
|
|
|
|
: n+i
|
|

1 2 i i+l n '+l

FIGURE 5. Y; € B(S,).

Similarly, B(C,,) corresponds to braids which are symmetric with respect to rotations
about a vertical line between ¢ and i + 1 for 7 = 0 mod n. Note that the two rotation
symmetries generate a translation, and thus B(C),) is naturally a subgroup of B(Sa,).

VAR A
\ \

1 i i+1 nn+l  2m-i 2n- i+l 2n

FIGURE 6. U; € B(@n).
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FIGURE 7. Uy € B(@L).

FIGURE 9. Y; € B(C,,).

\/

i n o nH 2n-i 2n

=

Ficure 10. Y; € B(én).

7. Commutative subgroups of affine braid groups

The cleanest proof of our quadratic transformations requires the construction of
nonstandard commutative subalgebras of affine Hecke algebras. It turns out that there
is a natural construction that associates a commutative subgroup of an extended affine
braid group to each chamber of the associated finite Weyl group.

More precisely, to each chamber we may associate an injective homomorphism A —
B(W). We first consider a related construction which associates a map W — B(W) to

each alcove of W. For the standard alcove this is just the map
w — U(w)
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used to define B(W). More generally, we define
Uw, (w2) 1= U(w) " U (wiws).
Note that if we multiply w; on the right by an element of length 0 that this has no

effect on U (w1 ), which is therefore a function only depending on the associated alcove.
More precisely, we have the following.

Lemma 7.1. Let Ay denote the standard alcove of the extended affine Weyl group w.
Then for any simple reflection s of W and any element w € W,

The sign is positive if and only if the simple root corresponding to s is positive for the
alcove Ay . For any length 0 element o,

Uwp(o) =o.
Proof. By definition, we have
Uw(s) = U(w) U (ws).
If £(ws) > £(w), then U(ws) = U(w)U(s), and thus Uy (s) = U(s); otherwise, U(w) =
U(ws)U(s) and Uy (s) = U(s)~!. Since ¢(ws) > £(w) if and only if s is positive for the
alcove Ay, the claim follows.

For length 0 elements, we find that {(wo) = f(ow) = ¢(w), and the claim follows.
O

With this in mind, we will also write
Ua (w) =Uuw, (’LU),

where A is the alcove Aj4.
We also trivially have:

Lemma 7.2. For any element w € W and any alcove A,
Ua(w) ™' = Upw(w™).
Similarly, for any elements wy, wo € W and any alcove A,
Ua(wiws) = Ug(wy)Upw: (w3).

We can thus describe U4(w) as follows: Take any expression (reduced or not) for w
in terms of simple reflections, say

W = 8182...85,0.
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Then by iterating the second lemma, we obtain

UA(U)) = UA(Sl)UAS1 (SQ)UA5152 (83) s UAS1“‘Sn_1 (Sn)O' (71)

=U(s1)F U (s2)% - U(sn)tlo, (7.2)

where each sign is given by the sign of the given simple root on the current choice of
alcove.

So far everything we have been saying could apply just as well to any (extended)
Coxeter group. In the case of an extended affine Weyl group, we have the additional
structure of the associated finite Weyl group W. In particular, in addition to the alcoves
of W, we may consider the chambers of W.

__Using the natural quotient map W — G we may associate to each simple root of
W a root of G and may thus sensibly talk about the sign of a root with respect to a
chamber. Thus given a chamber C' of the finite Weyl group W and a simple reflection
of W, we can define

Uc(s) = U(s)*",

with positive sign precisely when the corresponding root is positive for C; that is, when
the corresponding half-space contains C. Then, for any word w =

SnSn—1-...810 in the generators of W, we define
UC(’UJ) = Uc(sl)U051 (52)U05152 (83) s UC‘Sl"'Snfl (Sn)d

Theorem 7.3. Let W be an extended affine Weyl group, and let C' be a chamber
of the associated finite Weyl group W. Then, for any word w in the generators of

W, there exists a vector vy, such that, for any alcove A C vy, + C,
Ua(w) = Ug(w).
In particular, Uc(w) depends on w only via its image in W, and
Uc(wiwe) = Ug(w1)Ugw: (w2).

Proof. We restrict our attention to the case W =Wk Aop; the general case is analogous.
Write w = s1 ... s,, and consider

Uc(w) = U(sy)TL - U(s,) T

For 1 < ¢ < m, let H;(w) denote either the half-space corresponding to s; or its com-
plement (the former precisely when U(s;)*! occurs with positive sign), and define a
sequence of convex sets D;(w) by

Dy (w) = Hy(w), (7.3)
D;(w) = Dit1(w)® N Hi(w). (7.4)
We claim that the following is true for 1 <i < n:
(a) The set D;(w) is nonempty, and satisfies
D;(w) + C* %=t = Dy (w).
(b) For any alcove A C D;(w),

Ua(si---sn) =Ugs1sic1(8; - 8p).
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Indeed, a simple induction argument reduces to the case n = 1, in which case (a) and
(b) are immediate.

Thus any choice v,, € D1(w) proves the first claim of the theorem. The remaining
claims follow from the corresponding results for alcoves. [

The point of using chambers rather than alcoves is that chambers are left invariant
by translations. As a result, if A denotes the translation subgroup of W, we find the
following.

Corollary 7.4. For any chamber C, Uc induces a homomorphism Uc : A — B(W).
The homomorphisms associated to different choices of C' are conjugate, in the sense that

Ucw (1) = Uo(w) U (wr,w™ U (w)

for arbitrary w € w.

Proof. The first claim is immediate. For the second claim, we write
Uc(wr,w™t) = Us(w)Ucw (1,)Ucw (w™t). O

Remark. Note more generally that for each chamber C' we can extend this homomor-
phism to a homomorphism from the stabilizer of C' to B(W).

We will define Y, = Uq(7,,) accordingly, and write Y, = Y,“°. Note the Y,¢ commute
(as A is commutative).

It was observed by Cherednik [2, 1, p. 265] that such alternate Y,* exist. Our appli-
cation appears to be the first in which these alternate Y,¢ play a major role.

In addition to the relevance of alternate chambers to our vanishing results, note also
that with respect to our standard inner product for S, it lets us express the adjoint to
the standard Y, as cho , where C' is the opposite chamber to the standard one.

Theorem 7.5. Suppose the weight A\ is dominant for the chamber C, that is, A € C.
Then
YE = U(ry).

In general, if we write A = A\t — X\~ with \* € C, then

Y = U(rae)U(ma-)
Proof. Let w be a word expressing 7, in terms of the generators of W, and choose vy,
accordingly. In particular, we can choose v,, to be a dominant weight A\’ for C. We thus

find
Y/\C =Usg+x (T)\) = U(T)\T/\/)U(TN)il'

But since both A and X are dominant for C, it follows that
U(ra) + U(1n) = UTasn),

and thus
U(matyn) = U(m)U (7 );

the result follows. 0O

In particular, we find that Y, agrees with the standard construction of a commutative
subgroup of B(W).
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Theorem 7.6. Let H(W) be the Hecke algebra corresponding to W, and let Y,C denote
the image in H(W) of the corresponding element of B(W'). Then, for any weight A € Ao,

the sum
>

HEAW

over the W-orbit of X is a central element of H(W) independent of the choice of chamber
C.

Proof. If we write C' = Cy’, then

SNV =Uw)" Y YuU(w),

nEAW HEAW

and thus the claim follows from the standard fact that

>y,

HEAW

is central. O

Remark. For general A € A, this element commutes with all of the generators, but might
act nontrivially on scalars. .
For each X in the root lattice of W, we can thus define nonsymmetric Macdonald
polynomials E{ by
Eg < U(w) ' Ey-1y,

where C' = C¥, and the constant is chosen to make the coefficient of x* in Eg equal
to 1.

References

[1] 1. Cherednik, Double Affine Hecke Algebras, London Mathematical Society Lecture Note
Series, Vol. 319, Cambridge University Press, Cambridge, 2005.

[2] 1. Cherednik, Quantum Knizhnik—Zamolodchikov equations and affine root systems,
Comm. Math. Phys. 150 (1992), no. 1, 109-136.

[3] J. F. van Diejen, Applications of commuting difference operators to orthogonal polyno-
mials in several variables, Lett. Math. Phys. 39 (1997), no. 4, 341-347.

[4] P. 1. Etingof, A. A. Kirillov, Jr., On the affine analogue of Jack and Macdonald polyno-
mials, Duke Math. J. 78 (1995), no. 2, 229-256.

[5] R. A. Gustafson, A generalization of Selberg’s beta integral, Bull. Amer. Math. Soc. (NS)
22 (1990), no. 1, 97-105.

[6] T. H. Koornwinder, Askey—Wilson polynomials for root systems of type BC, in: Hy-
pergeometric Functions on Domains of Positivity, Jack Polynomials, and Applications
(Tampa, FL, 1991), Contemp. Math., Vol. 138, Amer. Math. Soc., Providence, RI, 1992,
pp. 189-204.

[7] 1. G. Macdonald, Symmetric Functions and Hall Polynomials, Oxford Mathematical
Monographs, The Clarendon Press, Oxford University Press, New York, 2nd ed., 1995.
With contributions by A. Zelevinsky, Oxford Science Publications.



VANISHING INTEGRALS OF MACDONALD, KOORNWINDER POLYNOMIALS 759

[8] A. A. Oblomkov, J. V. Stokman, Vector valued spherical functions and Macdonald—
Koornwinder polynomials, Compos. Math. 141 (2005), no. 5, 1310-1350.

9] E. M. Rains, FElliptic Littlewood identities, in preparation.
(9] , Ellip , in prep
[10] E. M. Rains, BCy-symmetric polynomials, Transform. Groups 10 (2005), no. 1, 63-132.

[11] E. M. Rains, Limits of elliptic hypergeometric integrals, arXiv:math.CA/0607093, Ra-
manujan J. (to appear).

[12] E. M. Rains, BCy,-symmetric Abelian functions, Duke Math. J. 135 (2006), no. 1, 99-180.



