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Introduction

0.1. Motivation

Let G be a reductive group. The purpose of this paper is to show that a certain remark-
able abelian category A can be realized in (at least) three seemingly different contexts
as a category of representations of some sort. This abelian category has a significance,
since it can be thought of as a “local geometric Langlands” category, corresponding
to an unramified local system. Let us try to explain this point, even though the local
geometric Langlands correspondence has not yet been properly formulated. As a result,
the discussion in this subsection will not be rigorous.

Let us recall that the global geometric Langlands correspondence aims to attach to a
local system o: m(X) — G (here X is a smooth and complete curve) a perverse sheaf
F, on the stack Bung, classifying principal G-bundles on X; one requires F, to satisfy
the Hecke eigenproperty with respect to G.

The perverse sheaf F, should be thought of as a “higher” analogue of an unramified
automorphic function f, with Langlands paramaters given by o (the latter makes sense,
of course, only when the ground field is finite). To simplify the discussion, let us assume
that the unramified automorphic representation 7, containing f,, lies discretely in the
corresponding Lo space and, moreover, that all of its local components are irreducible
unramified principal series representations.

Let us now fix a point = € X, and instead of just one automorphic function f, let
us consider the subspace (7, ), C 75, consisting of vectors invariant with respect to
1.2, G(Os). This is a representation of the locally compact group G(X;) (here for
a place ¥’ € X, O, and X, denote the local ring and the local field at this point,
respectively).

According to the Langlands philosophy, (7). should be completely determined by
the local Galois representation o,. Since o was assumed unramified, o, boils down
simply to the conjugacy class of the image of the Frobenius element in G.

Let us now try to guess what a geometric analogue of the vector space (), might
be. Let *°Bung be the moduli stack of principal G-bundles on X with a full level
structure at z. We propose that there should exist an (abelian) category A, acted on by
G(X;) by functors (here G(X,) is understood as the corresponding group ind-scheme),
and a functor from A to the category of perverse sheaves on “°Bung, whose image
consists of perverse sheaves that satisfy the Hecke eigenproperty with respect to ¢ on
X — z.' Let us note that in the geometric situation we lose the Frobenius conjugacy
class o,; instead, as we shall see, the category A carries an action of the group G by
autoequivalences.

The above considerations on the function-theoretic level suggest the following candi-
date for A. Namely, this should be the category of perverse sheaves on the affine Grass-
mannian Grg = G(X,)/G(0,) that satisfy the Hecke eigenproperty (cf. Section 1.3.6
for the precise definition).

Recall now that (7, ), could also be realized as an (irreducible, spherical) principal
series representation. Therefore, it is tempting to realize the category A in terms of

! This, rather crude, form of the guess for what the local geometric Langlands correspondence
might be, has been voiced independently by many people, and we by no means claim primacy
in this matter.
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perverse sheaves on the semi-infinite flag manifold G(X,)/N(X,) - T(O,). This is the
point of departure for the present paper.

Before we proceed to the description of the concrete problem that is posed and solved
here, let us mention one more incarnation of the category A. Namely, the Beilinson—
Drinfeld construction of Hecke eigensheaves, via quantization of the Hitchin integrable
system, suggests that the category A should also be equivalent to the category of mod-
ules over the affine algebra at the critical level, with a fixed central character, corre-
sponding to some oper on the formal disk around =z.

This category of representations can indeed be connected to A. In the forthcoming
work [FG] a functor is defined from the D-module version of category A to a certain
category of modules over the affine Kac—-Moody algebra at the critical level with a
fixed central character. It is conjectured in [FG] that this functor is an equivalence of
categories. Moreover, it is proved that it is fully faithful, and in the next paper the
authors of [FG] will show that it is indeed an equivalence of categories when resricted
to the Iwahori equivariant subcategories.

What is unfortunately unavailable at the moment, is a direct link between critical
level representations and the category of sheaves on G(X;)/N(K;) - T(04). Such a
link, which was foreseen by Feigin and Frenkel in [FF] as a localization-type theorem
for sheaves on G(X,)/N(X,) - T(0,), was the source of many people’s interest in the
study of both categories.

0.2. The present work

The goal of this paper is to connect the category of Hecke eigensheaves on the affine

Grassmannian, denoted Hecke(Grg,G) (or rather its graded version, denoted

L]

Hecke(Grg, G‘)), to the category of perverse sheaves on the semi-infinite flag manifold.
An immediate problem that one runs into is that the latter category does not a priori
makes sense.

The semi-infinite flag manifold, thought of as G(X,)/N(X.) - T(0,), does not carry
an algebro-geometric structure that would allow for the theory of perverse sheaves, or
D-modules, in the way that it is known today.

We get around this difficulty as follows. We define an “artificial” category Perv (5‘"1%)
that possesses the natural properties that one expects from the yet nonexisting cate-
gory of perverse sheaves on G(X,)/N(X;) - T(0,). The approach to the definition of
Perv(f}“l%), developed in this paper, was initiated in [FM], and it uses a geometric
object, denoted Bun -, introduced by Drinfled.

The space Buny - is a finite-dimensional (or, rather, ind-finite-dimensional) approx-
imation to G(X;)/N(X;) - T(O4), and it has as an input a global curve X. By defi-
nition, Buny- classifies principal G-bundles on X endowed with a possibly degenerate
reduction to the maximal unipotent subgroup N, and it contains the stack Bunp -,
classifying N ~-bundles on X as an open substack.

The realization of Perv (971 §) via Buny- is natural from the geometric Langlands

perspective as well: the space Buny- is used to define geometric Eisenstein series
by taking the direct image under the natural projection to Bung (cf. [BG]). Therefore,
such incarnation of Perv (fﬂ%) implies the existence of a functor from A to the (derived)
category of perverse sheaves on *° Bung.
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Having defined the category Perv (fﬂ%), we have at our disposal a naturally defined

® ~
functor from Hecke(Grg,G) to it. However, we do not have any real evidence as to
whether this functor should be an equivalence. Quite possibly, to make this functor
an equivalence, one has to modify both categories by imposing some Noetherianness

condions on the Hecke(Grg, G) side, and restrictions on the behaviour “at the boundary”
on the Perv (3'77) side.

The problem arising here is similar to the one in the definition of the Schwarz space
on G(X;)/N(X,) in the function-theoretic context in [BK]. Identifying the image of

Hecke(Grg, G‘) inside Perv(f}“l%) appears to be an interesting problem, and it is closely
related to giving a geometric definition of Fourier-transform functors of [BK].

However, if instead of the entire Hecke(Grg, G) and Perv(ff"l%) we work with the

® ~ o)
subcategories, denoted Hecke(Grg, G)I0 and Perv (CFZT)IO, respectively, consisting of
Iwahori-monodromic objects, the required Noetherian and boundary conditions are easy
to spell out, simply by requiring that our objects have finite length.

Thus, the main result of this paper, Theorem 6.1.6, states that the category, de-

noted Hecke(Grg,G)frt, consisting of Artinian and Iwahori-monodromic objects in
Hecke(Grg, G‘), is equivalent to the subcategory of Artinian objects in Perv (971%)]0.

The method of proof of Theorem 6.1.6 relies rather heavily on the specifics of the
Iwahori-monodromic situation. Namely, we use the fact that both categories are hered-
itary (i.e., in many ways similar to the usual category O). In particular, they both have
standard and costandard objects, numbered by elements of the extended affine Weyl
group Wag, etc.

The hereditary structure on Perv (9-~ 1% ) I ig evident basically from the stratification of

® ~
G(X;)/N(X,) - T(0,) by Iwahori orbits. However, for Hecke(Grg, G)/I:rt this structure
is not so evident, and it comes from another crucial ingredient of this paper, namely,

L]
the equivalence between Hecke(Grg,G‘)frt and the regular block of the category of
representations of the small quantum group, corresponding to GG, at an even root of
unity.

The latter equivalence results by combining the main result of [ABG] that links
representations of the big quantum group and perverse sheaves on Grg, and [AG],
where an explicit relation between the categories of representations of the big and small
quantum group is established.

We should point out, however, that the present paper relies formally on neither
[ABG], nor [AG]. We supply purely geometric proofs for all the statements needed to

L]
establish the hereditary property of Hecke(Grg, G‘)frt. But these statements would be
rather hard to guess, had we not had the equivalence with the quantum group as a
guide.
As a result, we also obtain that the category of Artinian objects in Perv (fﬂ%)[o is
equivalent to the category 1.14 -mody—the above mentioned regular block in the category
of ﬁg—modules. This is our Theorem 6.1.7, which concludes the project of proving such
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an equivalence, initiated and advanced almost to the end by M. Finkelberg.?

0.3. Contents

Let us now discuss the organization and contents of the present paper.

Section 1 reviews the theory of modules over the big and small quantum groups.

In Section 1.1 we recall the basic definitions related to corresponding categories of rep-
resentations, and the quantum Frobenius homomorphism. In Section 1.2 we recall the
realization of the category of representations of the small quantum group as represen-
tations of the big quantum group, satisfying the Hecke eigenproperty. In Section 1.3
we recall the [ABG] equivalence between the regular block of the category of repre-
sentations of the big quantum group and the Iwahori-monodromic perverse sheaves on
the affine Grassmannian; we also introduce the category of Hecke eigensheaves on the
Grassmannian and discuss its relation to the category of representations of the small
quantum group.

Section 2 reviews some basic properties of Iwahori-equivariant perverse sheaves on
the affine Grassmannian. In Section 2.1 we give a geometric proof of an irreducibility
result on convolution of certain perverse sheaves, which translates by means of [ABG] to
the Steinberg-type theorem for representations of the quantum group; some ingredients
of the proof will be used later on for a crucial irreducibility result in Section 5.3. In
Section 2.2 we discuss the baby Whittaker category on the affine Grassmannian and its
relation to a certain Serre quotient category of Perv(Grg)! 0; the discussion here largely
repeats the one in [AB]. In Section 2.3 we apply the results of the previous subsection
to establish a crucial result about cosocles of some costandard objects in Perv(Grg)! 0;
this result will be essential for the proof of the main theorem.

Section 3 is devoted to the study of baby (co)Verma modules over the small quantum
group, which are the building blocks of the category of its representations. In Section
3.1 we translate the properties of baby co-Verma modules into properties of the cor-
responding modules over the big quantum group, satisfying the Hecke eigenproperty.
In Section 3.2 we reprove the corresponding facts (often by different methods) in the
context of Iwahori-monodromic perverse sheaves on Grg.

In Section 4 we discuss the main object of study of this paper, namely, the category
Perv(EFl %), which is a surrogate for the nonexisting category of perverse sheaves on

In Section 4.1 we discuss the underlying geometric object — the stack Buny- — along
with its numerous variants. In Section 4.2 we finally introduce the category Perv (fﬂ%),
the main technical ingredient being the factorizability property, observed in [FFKM]; we
show that Perv (fﬂ %) by and large behaves in the way one expects from the analogy with
G(X3)/N(Xy) - T(0z). In Section 4.3 we study the most basic objects in Perv(ff"l%),
namely, the spherical ones, and show that the resulting category is semisimple. Finally,
in Section 4.4 we discuss the Iwahori-monodromic subcategory of Perv(S‘“l%)7 and prove

2An equivalence between 1.15 -modg and the would-be category of Iwahori-monodromic per-
verse sheaves on G(KXz)/N(Kz) T(0) has also been guessed independently by several people,
among them, Lusztig and Feigin—Frenkel, but we could not find a precisely formulated con-
jecture in the literature. Our formulation as well as the strategy of the proof are due to
Finkelberg.
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some results that are parallel to the corresponding assertions about Iwahori-monodromic
sheaves on Grg.

As was mentioned above, the category Perv (?l %) must be acted on by the group
ind-scheme G(X,) by autofunctors. A rigorous incarnation of this phenomenon is the
action of perverse sheaves on G(X,) by Hecke functors (the latter are defined on the
level of the corresponding derived category). In Section 5 we study this convolution
action in our realization of Perv (fﬂ%) via Buny-.

In Section 5.1 we define the convolution action and show that it indeed respects the
category Perv(f}“l%). In Section 5.2 we establish a crucial semismallness result that
allows us to pass from perverse sheaves on Grg to Perv (fﬂ%) (this is largely borrowed
from [FM] and [BG]). In Section 5.3 we refine the discussion of the previous subsection
and show that certain convolution diagrams give rise to small (vs. semismall) maps,
thereby implying certain irreducibility properties. In Section 5.4 we establish another
important technical result that describes the convolution of standard objects.

Finally, in Section 6 we state and prove the equivalence between the subcategories

L]
of Artinian objects in Hecke(Grg, G‘)IO and Perv(f}“l%)lo. In Section 6.1 we define the
required functor. In Section 6.2 we show that this functor is exact, and reduce the
equivalence assertion to a computation of the image of baby co-Verma modules. In
Section 6.3 we perform the required calculation using some information on cosocles of
costandard objects in both categories.

The conventions adopted in this paper regarding the quantum group follow those
of [AG]. Conventions and notation concerning the affine Grasmannian and Drinfeld’s
compactifications follow those of [BG]. To fix the context we will work with varieties
and stacks over the ground field C, and holonomic D-modules (but we will still call
them perverse sheaves). If Y is a smooth variety, Cy will denote the (cohomologically
shifted) D-module, corresponding to the constant sheaf on it.

Acknowledgments. As was mentioned earlier, the problem solved in this paper was
posed (and the method of solution was suggested) by M. Finkelberg back in 1998, when
the authors were at TAS, Princeton, for the special year on geometric representation
theory. We are grateful to him for permission to publish many of his results and ideas.

We would also like to thank A.Beilinson, V.Drinfeld, B.Feigin, E.Frenkel, and
D. Kazhdan for sharing their ideas and stimulating discussions.

It is an honor for us to dedicate this paper to Vladimir Drinfeld. Along with numerous
other things in modern mathematics, the three main objects of study in this paper—
quantum groups, Hecke eigensheaves, and Bun - — were invented by him.

1. Background: modules over the big and small quantum groups

1.1. Basics of quantum groups

1.1.1. Root data. Let G be a reductive group with connected center. Let G be its
Langlands dual; by assumption the derived group of G is simply connected.?

We will denote by T (respectively, T') the Cartan group of G (respectiveily,vG), and
by W the Weyl group. We fix Borel subgroups B, B~ C G (respectively, B, B~ C G)

3For what follows we could replace G by an isogenous group such that [G,G] is simply
connected. In this case GG also has connected center.
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and think of T (respectively, T') as a subgroup of G (respectively, G) equal to their
intersection.

We will denote by A (respectively, A) the coweight (respectively, weight lattice) of G;
by At (respectively, AT) we will denote the subset of dominant coweights (respectively,
weights). We will denote by (-, -) the pairing between the two. We will denote by Wag
the extended Weyl group W x A.

Let J be the set of vertices of the Dynkin graph of G; for » € J we will denote by
&, € A (respectively, a, € A) the corresponding simple coroot (respectively, root). We
will denote by AP©s (respectively, AP°%) the subsemigroup spanned by positive coroots
(respectively, roots).

Let (-,-): Span{o,} ® Span{a,} — Z be the canonical inner form. In other words,
[low||* = 2d,, where d, € {1,2,3} is the minimal set of integers such that the matrix
(an, ) :==d, - (v, &) is symmetric.

We choose a symmetric W-invariant form (-,-)s: A ® A — Z, such that there exists
a sufficiently large positive even integer £, divisible by all d,, such that

(dza)\)é = 61 ' <aza>‘>7

for all A € A, where ¢, = ¢/d,.
We will denote by ¢, the resulting map A — A, and also the map T'— T..

1.1.2. The big quantum group. As was mentioned earlier, our conventions regarding
representations of the big quantum group follow those of [AG]. Let Uy-mod be the
category of representations of the big quantum group, corresponding to G and ¢. By
definition, objects of this category are finite-dimensional vector spaces, acted on by the
algebraic group 7', and the operators F,, F,, Ez(m, Fz(m, that satisfy the well known
relations. The category Uy-mod has a natural monoidal structure.

We will denote by Uy-mod the ind-completion of Uy-mod. In other words, this is
the category of infinite-dimensional vector spaces, acted on by the same set of operators,
which can be represented as unions of finite-dimensional subrepresentations.

Let B, -mod be the category of representations of the “negative quantum Borel”.
That is, objects of this category are finite-dimensional vector spaces, acted on by the
algebraic group T', and the operators F;, Fz(e’), which satisfy the same relations. This
is also a monoidal category and there exists a natural forgetful monoidal functor

Resgf : Uy-mod — B, -mod.
e

This functor admits a right adjoint, denoted by Indgf.
4

In addition there exists a natural functor Rep(7') — B, -mod, where we let the

operators F;, Fl(m act trivially on the corresponding vector space.
For A € A we let W» € U;-mod be the dual Weyl module defined as Indgf (CH),
4

where C* is the one-dimensional representation of T', corresponding to A. It is known
that W # 0 if and only if A € A*. It is also known that W?* admits a unique
irreducible submodule, denoted L*, and this establishes a bijection between AT and the
set of irreducibles in U, -mod.
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As every Artinian category, Uy -mod splits into a direct sum of indecomposable Ar-
tinian categories, called blocks. Slightly deviating from the accepted conventions, we
will denote by Uy -modg the direct summand of U, -mod that contains the irreducibles
L for A of the form

w(p) = p+ ¢e(N),
weW, e A.
We will denote by Uy -mody the ind-completion of U, -mody, which is a direct sum-
mand in Uy - mod.

1.1.3. Quantum Frobenius homomorphism. Let Rep(G) denote the category of finite-
dimensional representations of G. Following [Lul] there exists a monoidal functor

Fr: Rep(G) — U;-mod,

defined as follows. For V € Rep(G), the representation Fr(V) occurs on the same

underlying vector space, denoted V', and the action of T is given via ¢y: T — T. The

operators F,, F, act trivially, and Ez(m, Fz(m act via the Chevalley generators e,, f, € g.
It is known that the functor Fr is fully faithful. Moreover, for A € AT,

Fr(VY) ~ L),

where V* denotes the corresponding irreducible representation of G.
Let us recall that a dominant weight A is called restricted if for all 2 € J

N\ &) < ¢,

We have the following fundamental result:

Theorem 1.1.4. If A € AT is restricted, then for every fi € AT,
Fr(V[‘) QL ~ LA ()

Since every A € AT can be written as M + Ay with A; restricted and Ay in the
image of A*, the above theorem describes all irreducibles in Uy-mod. (Note that the
decomposition of a weight as above is unique modulo elements v € A, orthogonal to all
roots, i.e., those for which L” is one-dimensional.)

Corollary 1.1.5. The functor M +— Fr(V) @ M: Up-mod — Uy-mod preserves
Uy -modyg.

1.1.6. The graded small quantum group. We define the category of representations of
the graded small quantum group 1.1@ -mod to consist of finite-dimensional vector spaces,
acted on by the algebraic group T" and the operators F,, F,, satisfying the usual relations.
This is also a monoidal category, and we have a monoidal forgetful functor

L ]
ResI,J‘ : Up-mod — uy-mod.
Up
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In addition, we have a fully-faithful functor Rep(T) — 1.14 -mod. By a slight abuse of
notation we will denote by C# the one-dimensional module over {le, corresponding to
e A.

Let b, -mod be the category of representations of the corresponding “graded small

negative Borel subgroup”. That is, this is the category of finite dimensional vector
spaces acted on by T and the F,’s, satlsfylng the same relations. We will denote by

Res”’-’ the forgetful functor 1, -mod — be -mod and by Ind”’Z (respectively, Comd”’Z )
b, b, b,

its right (respectively, left) adjoint. We also have a functor Rep(7") — b, -mod.

Lemma 1.1.7. Both functors Ind‘:“Z and Coindi“ are exact and faithful and for a char-
b, b,
acter A of T, ‘ ‘
Indi (CY) = Coind (CA~#:(7)+2¢),
b, b,

We will denote the module Ind{“i (C*) by J\.J * and call it the baby co-Verma module

12

of highest weight A\. One easily shows that the socle of each ]\.4 A is simple. We will

L]
denote the corresponding irreducible by L*. Thus we obtain a bijection between A and

the set of irreducibles in 1.1@ -mod.
For i € A, we have

MAJrrbe(u) ~Cltg M)‘ and L>\+¢z(u) ~Clt @ L)‘
In addition, we have the following result.
Proposition 1.1.8. If A\ is dominant and restricted,

A ~ ResT*(LY).

Uy

Being Artinian, the category L.lg -mod also admits a decomposition into blocks. We
will denote by 1.1@ -modg the direct summand of L.lg -mod that contains the irreducibles

L* for A of the form w(p) — p+ ¢e(N), w € W, X € A.
Lemma 1.1.9. The subcategory Uy-mody C Uy-mod is the preimage of 1.14 -mody C

7:14 -modg under the forgetful functor Res?*
w

Finally, we will denote by ﬁg—mod (respectively, ﬁg—modo) the ind-completion of
1.1@ -mod (respectively, 1.1@ -mody).
1.1.10. The nongraded small quantum group. We define the category uy-mod to consist

of finite-dimensional vector spaces, acted on by the group

Ty :=ker(¢e: T — T),
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and the operators K, - E,, F,, subject to the usual relations. Note that u,-mod is not
a monoidal category; however, we have a well defined functor of tensor product on the

right by an object of L.Lg -mod:

N € us-mod, M € tg-mod — N @ Resﬁﬁ (M).

The following proposition describes the relation between the small quantum group
and the quantum Frobenius homomorphism.

Proposition 1.1.11.
(1) For M € {iy-mod and X € A,

Resii (Cj‘ @ M) ~ Resif_; (M).

(2) For M as above the mazimal trivial sub- (respectively, quotient-) object N' of
Res,! (M) comes from a sub- (respectively, quotient-) object M' of M, which is

in the image of the functor Rgp(T) — L.Lg -mod.
(3) For M € U;-mod, V € Rep(G),

Res?* (Fr(V) @ M) ~ @ C” @ ResY* (M) @ V(v),
Uy U Ug
where V() denotes the v-weight space of V, and C” denotes the corresponding

one-dimensional representation of {le.

(4) For an object M € Uy-mod the maximal trivial sub- (respectively, quotient-)
object N' of ReSuU; (M), comes from a sub- (respectively, quotient-) object M' of
M, which is in the image of the functor Fr.

Let b, -mod be the category consisting of finite-dimensional vector spaces, acted
on by the group T, and the operators F,, satisfying the usual relations. We have the
evident functor Rep(7}) — b, -mod, such that the analogue of Lemma 1.1.7 holds. For

a character X\: Ty — C* we will denote by M> the module Ind:e, (CH).
We have ‘

Lemma 1.1.12. For a character A\ € A we have:
(1) Resy!(M?*) ~ M*, where X is the restriction of A to Ty.

(2) The module L* := Resﬁﬁ (b) depends only on the class of X modulo ¢¢(A), and
is irreducible. Moreover, these are all the irreducibles in uy-mod.

Let uy-mody be the direct summand of 1y -mod, that contains the trivial representa-
tion.

Lemma 1.1.13. The subcategory 1.1@ -modgy C L.Lg -mod is the preimage of uy-mody C
ug-mod under the forgetful functor.

We will denote by uy-mod (respectively, uy-modp) the ind-completion of u,-mod
(respectively, ug -mody).
In the sequel we will need the following assertion:
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Proposition 1.1.14. There exists a fully-faithful functor Frg- : Rep(B‘)—>B; -mod,
such that:

(1) We have a commutative diagram of functors,

Rep(G) — . U,-mod

. u
G Res ¢
Resj_ l esBZ l

Rep(B™) SRL-EN B, -mod

I I

Rep(T) —%— Rep(T)

(2) For N € B, -mod the maximal sub- (respectively, quotient-) space of N, on
which b, acts trivially, is a sub- (respectively, quotient-) module, which lies in
the image of the functor Frp.

1.1.15. Weyl group action. Following Lusztig, to every element w of the Weyl group
we can attach an invertible operator acting functorially on the vector space underlying
every object of Uy-mod, or which is the same, an automorphism of the forgetful functor
Uy -mod — Vect. This automorphism is well defined modulo elements of T'.

This construction can be reformulated as follows. To every w € W we attach a

self-functor
Fu: Up-mod — Uy-mod,

that commutes with the forgetful functor to vector spaces, and an isomorphism

We - IdUg -mod = Fu.

Restricting these data to the subcategory Rep(G) C Uy -mod we obtain that the pair
(Fw,wy) gives rise to an element wx € G that normalizes T
Lemma 1.1.16.

(1) There exists a monoidal self-equivalence F,,: 1.14 -mod — {le -mod that commutes

with the restriction functor Uy-mod — 7:14 -mod.
(2) There exists a self-equivalence F,,: uy-mod — up-mod, compatible with the func-

tor tensor product functor uy-mod X 1.14 -mod — uy-mod.
We will return to the discussion of functors F,, in Section 1.2.5.

For an element w € W let b,”" be the corresponding subalgebra of 1.1@. Let us denote

by “M?* the ﬁg—module induced from the b, -character C*. For w = 1 we recover M*.
We have . .
UMY~ F, (M).

As in Lemma 1.1.7,

WAL 2 Coindle (w0020 -20))

0, —
b,
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In particular, the module “oMA~¢¢(20)+2¢ is jsomorphic to what is usually called

the baby Verma module with highest weight A. Since all Coindy* (C*) have simple
by
cosocles, we deduce that all twisted baby co-Verma modules also ﬁave simple cosocles.

1.2. Modules over uy as Hecke eigenmodules over Uy

1.2.1. The Hecke categories. Following [AG], we introduce the category Hecke(U,, G)
to consist of pairs

(M € Ug-mod, {ay, VV € Rep(G)}),

where each ay is a map of Uy-modules

ay: r(V) @M - MV

(for V € Rep(G), the notation V stands for the underlying vector space), such that:
e For V =C, ay: M — M is the identity map.
e For a map V3 — Vs, the diagram

V) oM —s MeV,

| !

()M —2 MoV,

commutes.
e A compatibility with tensor products holds in the sense that the map

aV1®V2
Fr(W)@Fr(Vo) oM — Fr(Vi@Wh)oM —— MeVi@ Vs — MeVieV,
equals

id Rav, avy

Fr V) @Fr(Va) @M —— F(WV) oMo Vs ~ MV ® Va.

It was shown in [AG] that the maps ay are necessarily isomorphisms.

Morphisms in this category between (M,ay) and (M’,af,) are Up-module maps
M — M’ preserving the above structures. Evidently, Hecke(Uy, G) is an abelian cate-
gory.

The main result of [AG] is the following theorem:

Theorem 1.2.2. The category Hecke(Uy, G‘) is naturally equivalent to ugy - mod.

We recall that the functors Hecke(Uy, G) = uy-mod are defined as follows. To
N € uy-mod we attach the object in Uy-mod by taking InduUe" (N). This satisfies the
Hecke eigencondition due to Proposition 1.1.11.

Vice versa, given an object M of Hecke(Uy, G), the restriction Resyf (M) is acted on
by the algebra Ox, and the corresponding object of u, -mod is by definition the tensor
product Res}i’Z (M) 6@ C, where C; is the skyscraper at 1 € G.

G
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A typical example of an object of Hecke(U,, G) is obtained by taking Fr(Rs) @ M,

where Ry is the algebra of functions on G, regarded as a representation of &, and
M € Uy-mod.

We say that an object of Hecke(Uy, G) is finitely generated if it admits a surjection
from an object of the above form for M € Uy-mod. Evidently, the subcategory of

finitely generated objects of Hecke(U,, ), denoted Hecke(Uy, G) ., transforms under
the equivalence of Theorem 1.2.2 to uy-mod. In particular, this subcategory is Artinian,

and Hecke(Uy, G) is the ind-completion of Hecke(Uy, Gt .

Consider the subcategory Hecke(Uy, G)o of Hecke(Uy, G), equal to the preimage of
Uy -mody under the forgetful functor. According to [AG], the equivalence of Theo-
rem 1.2.2 induces an equivalence between Hecke(Uy, G)O and u;-mody. We will denote

by Hecke(Uy, G)o s.¢. the intersection of Hecke(Uy, G)o with Hecke(Uy, G); g ; this cat-
egory is equivalent to i, -mody.

1.2.8. Hecke categories, graded version. We define the category Hecke(Uy, G) as follows.
Its objects are A-graded objects M = P My of Up-mod, each endowed with a collection

of grading-preserving maps ay, V V € Rep(G)

FV)oM~MeV

(where the grading on the left-hand side is induced from that on M, and on the right-
hand side is diagonal with respect to the action of T' on V'), which satisfy the same

conditions as in the definition of Hecke(Uy, G).
Maps in this category are grading preserving maps in Uy-mod that intertwine the
corresponding avy’s. We have the following graded version of Theorem 1.2.2.

Theorem 1.2.4. The category Hecke(Uy, G) is equivalent to L.Lg—mod. The forgetful
functor Hecke(Uy, G) — Hecke(Uy,, G) identifies under this equivalence with Resiﬁ.

We will denote by M — M{j} the functor on Hecke(Uy, G) given by the shift of
grading by fi € A. Under the equivalence of Theorem 1.2.4 this functor transforms to
the functor N — C# @ N.

Let Hecke(Uy, G‘)o be the preimage in Hecke(Uy, G‘) of Uy-modg under the obvious
forgetful functor. This subcategory goes over under the equivalence of Theorem 1.2.4
to 1.14 -mody.

Let R be the algebra of functions ova' , regarded as a A-graded representation of G
(the grading comes from the action of G on itself on the right). A typical example of

an object of Hecke(Uy, G) is Fr(Rs) ® M for M being a A-graded object of Uy -mod.

. . .
We will denote by Hecke(Uy, G)t .. (respectively, Hecke(Uy, G)o t.¢.) the correspond-

ing subcategories of finitely generated objects. These subcategories transform under the

equivalence of Theorem 1.2.4 to L.lg -mod and 1.1@ -mody, respectively.

1.2.5. Action of the dual group. Note that the equivalence of Theorem 1.2.2 makes it

explicit that the category u,-mod carries an action of the dual group by autoequiv-
alences. The latter means that to every N € uy-mod we can attach a family N of
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objects of uyz-mod, parametrized by G, such that the natural associativity condition
holds.

The corresponding family is defined in the language of Hecke(Uy, G) as follows. For
(M, {ay}) € Hecke(Uy, G) its fiber at g € G is (M, {g - a'}), where each g - ay is the
composition of o with the automorphism induced by g on V. We will use the notation
N — 8N for these functors.

—_— ° ~
Consider now the case of 1y - mod ~ Hecke(Uy, G). In this case we do not have
an action of the entire GG on the category, but rather of the normalizer of the Cartan
subgroup 7', due to the grading condition.

Lemma 1.2.6. For a pair (Fy,we) as above, the functors F,,
ug-mod — uy-mod  and 1.1@ -mod — 1.1@ -mod,

are naturally isomorphic to the functors N — &N, where wg is the corresponding
element in the normalizer of T in G.

1.2.7. Compatibility with duality. Recall that both categories Uy -mod and 1.1@ -mod carry
a canonical self-anti-equivalence (contragredient duality), M ~ MV, compatible with

the forgetful functor ResY?. We would like to express the duality functor on L.lg -mod in
Ug

terms of Hecke(Uy, G)t ..
Thus, let N be an object of lty-mod and M € Hecke(Uy, G) the object corresponding

. . .
to it under Theorem 1.2.4. Since M € Hecke(Uy, G)tq., it can be represented as the
cokernel of an arrow

@ Fr(Re) © MMt} — @ Fr(Re) © M2{ji2},

where the indices 7 and j run over some finite sets, and Mil, M J2 are objects of Uy -mod.
An arrow as above comes from a system of maps in Uy -mod

M} — B (V) @ M2 @ (V) (72 — i),

1 J

where V%7 are some finite-dimensional representations of G. By adjunction, we obtain
a system of maps
Fr((V)") @ M} @ V™ (i — i) — M3,

and applying the duality,
(M2)Y — Fe(((V))Y) @ (M) © () (22 — ).
Note that for a representation V of G,

VY (j1) = V().



SMALL QUANTUM GROUP AND SEMI-INFINITE FLAG MANIFOLD 293
Hence, if we set U*J = ((Vi’j)*)v, we obtain a system of maps map
(MJQ)v — Fr(U™) @ (Mjl)v ® (U™)* (g — fiz),
which in turn gives rise to a map in I:Iecke(Ug, G):

@ Fr(Re) © (M2)V{i2) — @ Fr(Ra) ® (M})¥ {al).

J

Then NV corresponds to the object in Hecke(U,, G) equal to the kernel of the latter
map.

1.3. Realization via the affine Grassmannian

1.3.1. Let Grg ~ G((t))/G][[t]] be the affine Grassmannian corresponding to G, and let
Perv(Grg) denote the category of perverse sheaves on it.

Let Sphy denote the category of G[[t]]-equivariant perverse sheaves on Grg. We
recall that Sph, is naturally a monoidal category that acts on Perv(Grg) by convolution
functors:

F € Perv(Grg), 8 € Sphg — FxS8.

Moreover, Sph, possesses a natural commutativity constraint, and as a tensor cat-
egory it is equivalent to Rep(G). We will denote this equivalence by V' € Rep(G) +—
V € Sphg. Under this equivalence, the irreducible representation VA goes over to

VA = IC5 G+ Where the latter is the IC sheaf on the closure of the orbit Gr;\G = G[[t]]- A

1.8.2. For k € N we will denote by G* the corresponding congruence subgroup in
G][t]], and by Perv(GrG)Gk the category of G¥*-equivariant perverse sheaves on Grg.
For k = 0 we recover Sphg; for k > 0 this is a full subcategory of Perv(Grg), stable
under extensions, since G¥ is pro-unipotent.

Let I (respectively, I°) be the Iwahori subgroup of G (respectively, its unipotent
radical). We will denote by Perv(Grg)!, Perv(Grg)!’, D(Grg)!, D(Grg)! the corre-
sponding categories of equivariant perverse sheaves and triangulated categories.

Recall that I-orbits on Grg are parametrized by Wag /W, which we will identify with
the set of elements in W,g, right-minimal with respect to W. Any such element @ can
be uniquely written as

W=w- A\,

where w € W, A € A*. The condition of being right-minimal with respect to W implies
that whenever for some 1 € J, we have (a,, \) = 0, then w(a,) € AP,

For @ as above we will denote by IC4 gr, the IC sheaf on the closure of the cor-
responding I-orbit. By W*¥ (respectively, W"?) we will denote the corresponding
costandard (respectively, standard) objects corresponding to the extension by * (re-
spectively, !) of the constant perverse sheaf on this orbit.

Since I-orbits and I%-orbits on Grg coincide, the irreducibles in Perv(Grg)! are the
same as in Perv(Grg)? .

In the sequel we will also need some notation pertaining to the affine flag variety
Flg = G((t))/I. We will denote by Perv(Flg) (respectively, Perv(Flg)!) the category
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of perverse (respectively, I-equivariant) sheaves on Flg, and by D(Flg) (respectively,
D(Flg)!) the corresponding triangulated category.

The category D(Flg)! has a natural monoidal structure, and it acts by convolution
on D(Flg). In addition, we have a natural convolution functor

D(Flg) X D(Grg)I — D(Grg).

For @ € W,g we will denote by j. » (respectively, ji.4) the costandard (respectively,
standard) object in Perv(Flg)! attached to the corresponding I-orbit on Flg. We have
Jwon * Jugie = Jrgin-we  ANd Jupy * Ly = i i
whenever [(w;) + [ (w2) = I(07 - w2), where I(-) is the length function on W,g. Morover,

if w is right W-minimal,
Jen * 01,Gre ™ W*?  and Jiw * 01,Gre W,

1.3.3. According to [KT] combined with [KL] (or, alternatively, by [ABG], adapted to
the even root of unity case), we have the following;:

Theorem 1.3.4. There exists an equivalence of categories

Loc: Uyp-modg — Perv(Grg)IO,
such that the functor

U, -mody x Rep(G) — Uy-mody: M,V — Fr(V) @ M
identifies with
Perv(Grg)IO x Sphg — Perv(Grg)IO: S8,V —8xV.

Moreover, the contragredient duality functor on Ugz-mod goes over to Verdier duality
on Perv(Grg)™’.

Let us describe the image of irreducibles under this equivalence. If A € AT is such
that L* € Uy-mody, we can uniquely write

A= 60N +w " (p) — p,
where A € A. In this case @ := w - A\ € Wag is right W-minimal. Then
Loc(L*) ~ICs.are  and  Loc(W?) o~ W%,

Note also that a weight \ as above is restricted if and only if the pair (A, w) satisfies
the following:

(i, A) =0 if w(ay) € AP,
(i, Ny =1 if —w(ay) € AP,

Hence, for each w, the corresponding element A is well defined modulo characters of
G/[G,G] (which are the same as cocharacters of Z(G)). We will make such a choice
and denote the corresponding irreducible in Perv(Grg)! by L%. We will assume that
for w = 1, LY = §1,Grg. Note that L% ~ ICy,. Gre, Where p is some element of A,
for which (o, p') =1 for V2 € J. Such g’ exists due to the assumption that the center
of G is connected. Note that 2" is not in general equal to 2p, the latter being the sum
of positive coroots.

The following is a corollary of Theorem 1.1.4 combined with the equivalence of The-
orem 1.3.4.
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Theorem 1.3.5.

(1) For any w and ji € A*, the convolution LY %1Cj arg is irreducible and isomor-
phic to ICw'(;\-H't)aGrc’ Zf LY = ICw~5\,GrG'

(2) Any irreducible object of Perv(Grg)! has the form LY xICj e, for unique w
and [i.

For completeness, in the next section we will give a purely geometric proof of this
result.

1.3.6. Hecke categories. Let Perv(Grg) denote the ind-completion of Perv(Grg). Let

Hecke(Grg, G) denote the category, whose objects are pairs
(8 € Perv(Grg), {av |V V € Rep(G)}),

where each ay is a map
SxV—V®S,

such that the collection {ay } satisfies the same compatibility conditions as in the defi-
nition of Hecke(Uy, G) As in the case of the quantum group, one shows that the maps
ay are then automatically isomorphisms.

Morphisms between (81, {al,}) and (82, {a2}) are maps 8! — 82 that intertwine the
data of ay. The category Hecke(Grg, G) is evidently abelian.

Let R be an ind-object of Sphg, corresponding under the equivalence Rep(G‘) ~

Sphg to Re. A typical example of an object of Hecke(Grg, G‘) is obtained by setting
8= 81 * RG‘

for 8! € Perv(Grg), where the Hecke eigenproperty isomorphisms come from the cano-
nical isomorphisms
RG‘ * V>V ® fRG.

As in the case of Hecke(Uy, G), the category Hecke(Grg, G) is naturally acted on by
the group G.

We say that an object of Hecke(Grg, G) is finitely generated if it admits a surjection
from an object of the form 8' x R~ with 8! € Perv(Grg). This condition is equivalent
to the fact that the functor of Hom from this object commutes with direct sums.

Conjecture 1.3.7. A sub-object of a finitely generated object of Hecke(Grg, G‘) is fini-
tely generated.

We will denote by Hecke(Grg, G)C" (respectively, Hecke(Grg, G)°, Hecke(Grg, G)1)
a version of the above category, where 8 is assumed to be an object of the ind-completion
of the corresponding category Perv(GrG)Gk (respectively, Perv(Grg)!’, Perv(Grg)!).

As we shall see shortly, a particular case of Conjecture 1.3.7, concerning Perv(Grg)Io,
follows easily from Theorem 1.3.5.

We introduce a graded version Hecke(Grg, G) of Hecke(Grg, @) analogously to the

definition of Hecke(Uy, G): its objects are pairs (8, {ay }), where 8 is a A-graded object
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of Perv(Grg), and the maps Qay preserve the gradings on both 51des Similarly, we

introduce the categories Hecke(Grg, G)G Hecke(Grg, &), and Hecke(Grg, Gl
All of these categories are acted on naturally by the normahzer of T in G.

Let fRG denote the same thing as R, where we regard it as graded via the right-action
of G on Rg. A typical example of an object of I:Iecke(Grg, G) is obtained by taking
8t x J.QG{[L} for 8! € Perv(Grg), where {ji} denotes the shift of the grading functor.

In what follows we will state the results explicitly for I:Iecke(GrG, G') and its versions;

the transcription to the case of Hecke(Grg, G‘) is straightforward.

1.3.8. Consider now the category Hecke(Grg, G')IO. Combining Theorem 1.3.4 with
Theorem 1.2.4 we obtain

° - .
Theorem 1.3.9. The category Hecke(Grg, G)IO is equivalent to {lg—modo.
In particular, we obtain
Corollary 1.3.10.

(1) The irreducibles in Hecke(Grg, &)’ are of the form LY*Re{p} for somew € W
and i € A.
(2) Ewvery finitely generated object in Hecke(Grg, G')IO is Artinian.

We will now give a geometric proof of this fact, using Theorem 1.3.5.

Proof. Let us first see that any map 8§ — L™ x R {1} is necessarily a surjection. (This
would imply that L% x Rs{fi} is irreducible.)

L] L]
With no restriction of generality, we can assume that § has the form 8’ « R={p’} for

some 8’ € Perv(Grg)!’, i’ € A. Moreover, we can assume that 8" is itself irreducible.
Then, by Theorem 1.3.5, 8’ ~ L% *1C5 g, for some w' € W, A € AP°%, Hence,

8" x Re{ii'} = @ LY * R + v} @ VA(). (1)
Again, by Theorem 1.3.5, the existence of a map
L xR {47} @ VD) — L x Re{p)
forces w' = w and i/ + 7 = f1, and the map in question corresponds to a functional
VA (@) — C. Such a map is clearly surjective.
The same argument shows that any irreducible object of Hecke(Grg, G)’ ’ admits a

map from some L¥ « Rs{/i}. This establishes the first point of the corollary.

L]
To prove the second point, it suffices to show that the objects of the form 8’ xRx5{},

8" € Perv(Grg)! ° have finite lengths. For that we can assume that 8’ is irreducible, and
our assertion follows from (1). O
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Let Hecke(Grg,G‘)f;rt denote the subcategory of Artinian (or, equivalently, finitely
° ~

generated) objects of Hecke(Grg, G)IO. By Theorem 1.3.9, it is equivalent to the cate-

gory L.lg -mody. Hence, it also carries a duality functor, denoted .
Explicitly, this functor is determined by the fact that it is exact;

D(S' * R {ja}) = D(S') * Res (i}

it is extended to the entire Hecke(Grg, G‘){;t by the procedure described in Section 1.2.7.

This functor goes over to the functor N — NV on 7:14 -mody, since the equivalence of
Theorem 1.3.4 transforms contragredient duality to Verdier duality.

2. Some results on Perv(Grg)

2.1. A geometric proof of Theorem 1.3.5

2.1.1. Tt clear that point (1) of the theorem implies point (2). Indeed, for any
ICw.,;,Ger S Perv(Grg)I define J C J to be the subset of simple roots, for which
w(ay,) € AP%. Define

Nom v =S i) = Y (i) — 1),
J€d

1€J—7

where w, are (some choice of) fundamental coweights.
Then w - X' is left-minimal with respect to W, and

~ [W -
ICU}'X/,GI"G —= L *577,GYG’

where 7) is a co-character of Z(G) and d;,Gr is the d-function at the corresponding
point of Grg.
By point (1),
LY % (IC;,_ 5 Grg *0—5,Gra) = [Cuw.p,Grg -

2.1.2. The assertion of point (1) is equivalent to the fact that End(L"  IC; gre) =~ C.
By adjunction, this is equivalent to the fact that it L =1IC,, 5 , . then

Hom(ICw,XGrG , ICw,;\Grc *1C; arg *IC—wo(ﬂ),Grc) ~ C.

By decomposing ICj grg *IC_y(1),are @8 @ sum of irreducibles, we arrive to the con-
clusion that it is enough to show that

Hom (ICu.5,Gre: ICy 5 ey *1Ch.Gre) #0 = 7= A+ . (2)
Note that this would automatically imply that
Hom(ICw/.D’GrG,ICw,XGrG *ICﬂ,GrG) =0 forw #w, (3)

a fact that will be used later on.
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2.1.3. We will establish (2) by analyzing the convolution diagram. First, we need to
recall why the convolution functor Perv(Grg) x Sphs — Perv(Grg) is exact.

Let

Grg+xGrg ~ G((t)) x Grg
GI[t]]
be the convolution diagram, which we think of as fibered over Grg by means of pro-
jection to the first factor, with typical fiber Grg, and which we think of as the second
factor. We will denote by 7 the map Grg * Grg — Grg given by multiplication. This
ind-scheme is acted on by G((t)), and the map 7 is evidently G((t))-equivariant.

For G[[t]]-orbits Grly', Grly? C Grg we will denote by Griy' « Grly? the corresponding
locally closed subset in Grg x Grg, which is fibered over GrﬂG1 with typical fiber Grﬂcf.
We will denote by (GrG *Grg)u (respectively, (GrﬂG1 *Gréz)“) the preimage of Gré in
Grg + Grg (respectively, Grg1 * Gr?) under the map .

We recall the following dimension estimates:

dim(Gré) = (2p, 1), dim((Grg1 *Gr’éf)ﬂ) = {p, fir + fiz + fi)- (4)
Hence, the dimension of the fibers of the map
w517ﬂ2 : (Gr’é} *Grg?)ﬂ — Gré

is < (p, fu + fiz — f1). N
For 8§ € Perv(Grg), F € Sph, we will denote by 8§ X F the corresponding perverse
sheaf on Grg * Grg, and by definition,

SxF=m(8 XTF).

To prove the exactness of convolution, by Verdier duality, it suffices to show that
the x-restriction of 8 ¥ F to every (Gré1 *Gréz)“ lives in the cohomological degrees
— < (p,fin + fiz — f1). B ) )

It is evident that the *-restriction of 8§ M F to Grfs' x Gri lives in the cohomological
degrees < 0. Moreover, § X Flait , qpiz is a pull-back of a complex on the base Gr‘é}.

G G

Observe now that the constant sheaf C ( ) », thought of as a complex on

Guré1 *GTZ?
Grit « Grf? | is universally locally acyclic (ULA) with respect to m. Indeed, it is G[[t]]-
equivariant, and this group acts transitively on the base. Hence,

8®ﬂ< 5 8 MF| g, gz ®C

Gré} * Grré2 ) (Gré} * Grré2 ) g

lives in the cohomological degrees
< - codim((Grg1 *Grgz)ﬂ, Grg1 *Grg2> < —{p, 1 + fr2 — 1),

which is what we needed. )

The same argument also proves the following. Let Y C Grf, be a locally closed
subscheme. In order for § x F|y to have a nonzero Oth perverse cohomology, it is
necessary that there exist ;1! and ji2, such that the fibers of the map

supp (1 (8l ) BA(Flcyp)) 1 (e, ) (9) = ¥

are of dimension equal to {p, fi1 + fi2 — [1), i.e., saturating the upper bound given above.
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2.1.4. Thus, to prove (2), we must show that the fibers of the map
77_1(([- (w - 17))) N ((I (w- \)) *Gré) — (I- (w - 17))

have dimensions < (p, A\ + fi — ) unless 7 = A + fi. (In the latter case the map in
question is clearly one-to-one.)
Consider the orbit of the group Ady.u, (N((t))) in Grg passing through the point
w - V. Its preimage in
(I-(w-N)xGrfy C GrgxGrg

is the union over the parameters 7’ of schemes

each of which is fibered over
(N((£)) - wo(#")) N (Ad ()2 (I) - wo(N)) C Grgy, (5)

with the typical fiber Ady.. N((t)) - (w - (7 — ') N Grl,.

Since the intersection Ady.w, N((t)) - (w - 7) NI - (w - ) consists of a single point,
namely, w- A, the preimage of this point in (I (w- X)) Gl injects into the variety (5).
The dimension of this variety is a priori less than or equal to

<p,71)/+5\> =(p, A+ i—v)— <p7/271)+1)/>'
The nonemptiness condition on (Ady.w, N((t)) - (w - (7 — '))) N Grf, implies that
(p,i—v+7") 2 0, and the equality is achieved only for 7 — ' ence, it is sufficient

=p. H ¢
to prove that the variety in (5) has dimension equal to (p, —’ + A) only for ' = A.
Note that the condition on A implies that

Ad(urwg)*l (I) ’ wO(j‘) c Nﬁ[[t]]/ ) '(1}0(5\),

where N~ [[t]]" is the preimage under N~[[{]] — N~ of [N",N7] C N~. Let ¥, be a
nondegenerate character on N~ ((¢)) with conductor 0. Again, by the condition on A,

Ad_ (5 (N7[[t]]") C ker(¥y).

Hence, the required assertion follows from the next result.

Proposition 2.1.5. The intersection
(N(®) - 5) N (ker(Wo) - Targ) € (N((6) - )N (N (1) - Lar) € Gra

has dimension < {(p, 1) unless i = 0.
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2.1.6. Proof of Proposition 2.1.5. The assertion of the proposition is equivalent to the
fact that the character ¥y is nontrivial on every connected component of the intersection

(N((®) - ) N (N7(()) " Lre)-

Let A € At be large. Then, then it is well known that
(N(0) - (o4 ) 0 (N (1) - §) = G (N ((1)) - 4).

Hence, it is sufficient to show that a character U5 on N~((t)) with conductor X is
nonconstant on every connected component of the intersection Gréﬂ‘ (N=((2)) - ).
But the latter readily follows from the top cohomology part of the Casselman—Shalika
formula, [FGV, Section 7.1.7].

2.2. The baby Whittaker category
2.2.1. Let us denote by I~ the group Ad,,(I°) C G[[t]], and let ¥: I~ — G, be a

nondegenerate character. We introduce the (baby Whittaker) category Perv(Grg)! ¥
as that of (I~,%)-equivariant perverse sheaves on Grg.*

If 8 € Perv(Grg)! ¥ and A € A*, both % and !- restrictions of 8|5 can be nonzero
G
only if X\ is regular. Mogeover, in this case, these restrictions are supported on the
I~ -orbit of the point wy(A) € Grg.

For A € AT we will denote by IC;ZJ Cro the Goresky—MacPherson extension of the
(I~,4)-character sheaf on the I~ -orbit of wo(A + ') € Grg. It is easy to see that the
ICEA[’ Gr.. S are the irreducibles of Perv(Grg)! ¥.

,Gra
We will denote ICg”GrG simply by ICérG. It is easy to see that ICg”GrG is in fact

a clean extension of the corresponding character sheaf on I~ - wo(p’) (the latter is,
by definition, the unique up to isomorphism, one-dimensional (I, )-equivariant local

system on this orbit). Indeed, all G[[t]]-orbits in the closure of Gr% correspond to
non-regular coweights.
Using the same argument as in the proof of Theorem 1.3.5, one shows:

Theorem 2.2.2. IC&G *IC;\’GYG ~ ICE\[iGrc_

The same argument as in [FGV, Section 6], then implies the following;:
Corollary 2.2.3.

(1) The category Perv(Grg)! ¥ is semisimple and equivalent to Sphg by means of
F — ICE,  *J.

(2) IC? Gro equals both the |- and x-extension of the corresponding character sheaf
on I~ -wo(A+ 7).
2.2.4. Let D(Grg)! ¥ denote the (I~,)-equivariant derived category on Grg. The

forgetful functor Perv(Grg)! ¥ — Perv(Grg) admits natural left and right adjoints,
denoted Av, ;- , and Av, ;- ,, respectively.

4The term “baby Whittaker” refers to the fact that we are imposing equivariance with
respect to I, rather than with respect to the group ind-scheme N~ ((t)).
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Proposition 2.2.5. The functors Av, ;- ,[—dim(n)] and Av, ;- ,[dim(n)], when re-
stricted to D(Grg)lo, are isomorphic. Both these functors are exact.

Proof. Note that the character 1 factors through the map I— — N~; we will denote by
the same symbol 1) the resulting character of N~. Let ¢y- denote the corresponding
character sheaf on N .

It is clear that the restrictions of Av, ;- ,, and Av, ;- 4 to D(GrC;)G1 are the functors

$— - xS[dim(n)] and 8 ¢y [~ dim(n)],
respectively, where alc and * are the two convolution functors
D(G) x D(Grg)® — D(Grg)C .
In particular, we have a map of functors

AV!,If,’L[J[_dim(n)HD(Grc)Gl — AV*,I*,¢[dim(n)]|D(Grc)Gl '

To show that the above map of functors is an isomorphism, when restricted further
to D(GI‘G)IO7 it is sufficient to prove the corresponding fact for D(Grg)!.?

Let Perv(G/B)N ¥ (respectively, D(G/B)" %) be the corresponding (N ~, )-equi-
variant category on G/B. We will denote by ¢/ its only irreducible, i.e., the clean
extension of the (N, )-character perverse sheaf on N~ - 1¢/p.

For 8§ € D(Grg)! we have

! ! * *
’lef * & ~ wG/B*S and wa * 8 ~ wG/B*S7
but the map
! *
Ya/B*8 — YPg/Bp* S
is an isomorphism, since the convolution map 7r: G[[t]] x Grg — Grg is proper.
I
!
The exactness assertion follows as well, since the functor 8§ — - * 8 is left-exact,

and 8 — Y- * 8 is right-exact. O

Henceforth, we will denote the functor

AV!J— W [—dlm(ﬂ)] |D(Grc)10 ~ Av*,177¢ [dlm(ﬂ)] |D(Grc;)10
simply by Avr- .

2.2.6. Partial integrability. We say that an object of Perv(Grg)I0 (respectively,
Perv(Grg)?, Perv(Flg)Io, Perv(Flg)?) is partially integrable if it admits a filtration,
such that each subquotient is equivariant with respect to some parahoric, contained
in G[[t]], and strictly containing I. (The latter condition is equivalent to demand-
ing that this subquotient is equivariant with respect to some subminimal parabolic

5 A more efficient proof of this fact is given in [BBM].
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P, ¢ G C GJ[t]].) Let us denote the resulting Serre subcategories by £ZPerv(Grg)!"
(respectively, ©1Perv(Grg)!, PIPerv(Flg)IO, Plpery(Flg)?!).

Note that an irreducible IC,, 5 ¢, € Perv(Grg)” ° is nonpartially integrable if and
only if w = wo. Similarly, IC,, ¢,p € Perv(G/B) is partially integrable unless w = 1.

Let /Perv(Gra)”’ (respectively, fPerv(Grg)?, fPerv(Flg)!, fPerv(Flg)?) be the re-
sulting quotient abelian category of Perv(Grg)! ° (respectively, Perv(Grg)?, Perv(Flg)! O,
Perv(Flg)?), and let fD(GrG)IO (respectively, /D(Grg)?, fD(Flg)IO, ’D(Flg)!) be the
corresponding quotient triangulated category.

The convolution functor descends to functors

ID(Flg)" x D(Grg)" — D(Gre)”” and D(Flg)’ x D(Gre)’ — fD(Gre)’.
Proposition 2.2.7. The functor
Avi- - Perv((}rg)[0 — Perv(Grg)! ¥
factors through TPerv(Gre)’ | and the resulting functor f Perv(Grg)! — Perv(Grg)!

is exact and faithful.

Proof. The fact that Av;- , annihilates all partially integrable objects follows from the
observation that the direct image of ¥, p to any partial flag variety G /P, is zero.

The fact that fPerv(Grg)IO — Perv(Grg)! ¥ is exact follows from the exactness
statement of Proposition 2.2.5. To show that it is faithful, it is enough to prove the
corresponding fact for /Perv(Grg)?. We argue as follows.

Let Avy jo: D(Grg) — D(Grc)lo (respectively, D(G/B) — D(G/B)Y) be the functor,
left adjoint to the tautological embedding. Let us denote by = the object

Z:= Avy jo[-dim(n)](¥q,5) € D(G/B)". (6)
We have, tautologically,
Lemma 2.2.8. The composition

Av, jo[—dim(n)]

Av,— _
Perv(Grg)” - Perv(Grg)! ¥ — Perv(Grg) Perv(GrG)IO

s isomorphic to the convolution functor
F—=2xF.

It is known that = is the longest indecomposable projective in Perv(G/B)~ . (This can
be seen by noting that the functor Hompen, /5~ (E, -) is exact, and that it annihilates
all the irreducibles in Perv(G/B)N but §1.Grg.) Therefore it is tilting [BBM], i.e., it
admits two filtrations: one whose subquotients are the standard objects ji ., w € W,
and another, whose subquotients are the costandard objects ji ..

Note, however, that the arrows j. ., — Jj«,1 and ji1 — ji become isomorphisms in
fPerv(G/B)P C /Perv(Flg)!. Hence, the image of = in /Perv(G/B)¥ is isomorphic to
the extension of [IW|-many copies of 4, /5. Hence, the convolution with Z, viewed as
a functor fPerv(Grg)! — /Perv(Grg)!’, is faithful. O



SMALL QUANTUM GROUP AND SEMI-INFINITE FLAG MANIFOLD 303

Remark 2.2.9. One can strengthen Proposition 2.2.7 and prove the following more pre-
cise assertion:

Let h° be the algebra of functions on the scheme-theoretic preimage of 0 under
h* — b*/W. It is known that hg is isomorphic to the algebra of endomorphisms of E.

For an abelian category € we will denote by € ® h® the category of objects of €,
endowed with an action of h°.

Then the category /Perv(Grg)!” is equivalent to Perv(Grg)! ¥ @ hO ~ Sphy, ® hO.

2.3. Cosocles of costandard objects

2.3.1. In this subsection we will prove the following assertion.

Proposition 2.3.2.

(1) For a regular dominant element \ € A, the cosocle of W** € Perv(Grg)! is
simple and is isomorphic to 1C

(2) The kernel of W** — IC

T,U()'S\,GTG °

wo-A.Grg 1S partially integrable.

Proof. First, we claim that if we have a surjection from W** to an irreducible 8, then
this 8 must be nonpartially integrable. Suppose the contrary, and let + € J be such
that 8 is equivariant with respect to the corresponding subminimal parahoric. Then the
convolution ji ¢, x 8 lives in the cohomological degree +1. However, js, jx W*A o W#siA
is still perverse. Hence, Homp gy 7 (Js, 1 * W*A g 5, x8) = 0, which is a contradiction,
since the convolution with j,, is an autoequivalence of D(Grg)?.

To finish the proof of the proposition, it suffices to show that IC,, 5 g, is the only

nonpartially integrable irreducible that appears in the Jordan—Holder series of WA,
Since the natural map

S m _— Y A
W™ o Gy A % 01,Gra — Jlwo * Jan * 01,Grg = WHH0

becomes an isomorphism in /Perv(Grg)?, by Proposition 2.2.7, it suffices to show that
the map )
AV]— 7 (W*’WOIX) — AV]— ’w(ICwO.AyGrG)
is an isomorphism.
By Proposition 2.2.5, it would be sufficient to show that Avlf,w(W*’“""S‘) is an irre-
ducible object of Perv(Grg)! ¥. However, evidently,

AV, 1 (W0 ) [dim(n)]

is the x-extension of the corresponding character sheaf on I~ - X\. Hence, we are done,
by Theorem 2.2.2(2). O

2.3.3. We will now prove the following:
Proposition 2.3.4. If A € At is large, the object WHwo X gdmits IC;\_2ﬁ7GrG as a

quotient.

The rest of this subsection is devoted to the proof of this result. Let Avy gy 1 be

the functor Perv(Grg)! — Perv(Grg)ClHl o~ Sph, left adjoint to the forgetful func-
tor Perv(Grg)ClU) — Perv(Grg)!. Note that since G[[t]]/I = G/B is compact, the
corresponding right adjoint Av, g/ is isomorphic to Avy gy)/1(2 dim(n)].
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For a regular A € AT, let us denote by embéGr G,embi’Gr . the mnatural functors

D(G/B) — D(Grg), along with its I- and I%equivariant versions. Evidently, these
functors commute with Avy g/ in the natural sense. Therefore,

Avi gy f(WH0 ) = emb? .. (Cgy 5[2 dim(n))). (7)

*,Grg

In particular, we obtain that the object embi’Gr -(ICq/p) lives in the cohomological

degrees < dim(n). Therefore, Hompe,ﬂ,(Gm)z(\/\7*’“’0')‘7 IC5 _95.ar) identifies with

Homper, (Geg)oten (R (emb? ¢, ICq/5)), IC5 _y5.are) -

Thus, we have to show that the top = dim(n)-degree cohomology of embiGr +(ICq/B)
has a quotient (or, which in this case is the same, a direct summand) isomorphic to
IC5 _9p.Grg- Set 1 = A —2p.

Consider the cohomology

H (N((t)) - wo (i), emby o, (ICG, B) N ()0 () ) »

where, as usual, we regard N((t)) - wo(ft) as a sub-indscheme in Grg. By [MV] (and
duality) it would suffice to show that the above cohomology in degree —dim(n)—(2p, i)
is one-dimensional if i’ = fi, and is 0 for i < i’ < A.

By base change, the above cohomology can be rewritten as

HéQp,X—ﬂ%dim(n) ((N((t)) ~wo(fi)) N Gré,@)-

Since A was assumed large, the intersection (N((t)) - wo (') N Gr;\G equals

(N((t) -wo (i) N (N (1) - wo(N)) = (N(()) - Laxe) N (N7 (1)) - wo(A = i1))).
Hence, our assertion follows from Corollary 4.3.8.

Corollary 2.3.5. For A large, the map WA - 1C
WP % ICK_y rs-

lifts to a map WA

T,U()'S\,GTG

Proof. The existence of the map in question is equivalent, by adjunction, to the existence
of a map J wo-(—wo(5')) * WA — IC5_ 5 aro- Note that —wo(p') = 2p — /. Hence, the
assertion follows from the above proposition, since

; A g P ~ ] . ~ WHEAH20—
Jrswor2p—p) %W 2 J o (25— ) ¥T 5, 3*01,Gre ™ T wg- (25— ) *01,Grg = W . O

3. A study of baby Verma and co-Verma modules
3.1. Baby co-Verma modules via Uy
8.1.1. Let 1\./1/\ be the object of I:Iecke(Ug, G‘), corresponding to ]\.4)‘. Our present goal
is to describe it explicitly. First, we will describe 1\./1/\ as an object of Uy-mod. By

definition, M = 69;26]\ Mg, where each Mf; is given by

IndY(C™7 @ M*) ~ IndV¢ (M),
u u

£ £
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Hence, it is sufficient to describe the modules of the form IndY*(M?*).

u
By construction, ‘
Ind?¢ (M) ~ nd?*(C),
Uy b;
which, in turn, is isomorphic to
IndY” (Ind‘?? (ck)) ~ TndY* (cA ® Ind>" ((C)). (8)
B, o B, o

By Proposition 1.1.14, Ind>* (C) =~ Frp-(0p- /7).
by

Proposition—Construction 3.1.2. As a B~ -module, OB*/T s isomorphic to the di-
rect limit § . §
lim Res? (VM) @1,

—

AeA+

where I* denotes the highest weight line of Vj‘, regarded as a one-dimensional represen-
tation of T' (and, hence, also of B™).

Proof. By adjunction, to specify a map of B~-modules
ResG_ (VM) @1 — 05, (9)

is equivalent to giving a map (K)‘)* — ([;\)*7 compatible with the T-action. The latter
corresponds to the natural embedding of ™ into v
_ To define the inductive system, we choose a compatible system of isomorphisms
N @ # ~ M Such a system fixes the maps V* @ V# — VA (which are otherwise
defined up to a scalar).

Suppose that i € At is another dominant weight of G. We define the map

ResG_ (V)*) @ 1 — ResG_ (VAMH)*) @ A
as the composition
Resg, ((VA)*) QP — Resg, ((Vj‘ V) @' * Resg, ((VS‘H‘)*) ® P+ (10)

where the first arrow comes from the map of B~ -modules (#)* — Resg, ((V#)*), and
the second arrow comes from the map (V* ® V#)* — (VA#)*. These maps define the
inductive system stated in the Proposition—Construction.

By construction, the map of (10) is compatible with the maps of (9) for A and f.
Hence, the resulting inductive limit maps to O - i The fact that this map is an
isomorphism is an easy verification. [

8.1.3. From the above proposition we obtain the following description of M3.
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Corollary 3.1.4. Choose a trivialization of the T-torsor given by {[5‘}. Then

M) =~ lim Fr((VY)*) @ WATo:(=0),

AeA+
where the maps in the inductive system are given by

Fr(V)* @ WA A=) Fr(VA)* @ Fr(VA)* @ WATe i)
. Fr(VS‘H‘)* ® W)“"WO‘H‘_D),
where the first arrow comes from the canonical map
Fr(VFA) @ WAHoeG=n) _ Whtoe(ti—r),
8.1.5. Hecke eigenproperty. Let us now describe how the Hecke eigenproperty isomor-
phisms

Fr(V)® Mg — @ M), V()

veEA+

look like in terms of the identification of Corollary 3.1.4.
For a coweight A € AT, large with respect to the weights of V, we have a canonical
isomorphism of G-modules

VoVt @V e V().
Hence, we obtain a map of B~ -modules
V— @V g (VN @ V(D) — (VM @ M7 o V(D).
Applying the functor Indgf, for A € AT, we obtain a map in U, -mod,
4

FI‘(V) ® W —, @ FI‘((V;\)*) ® W/\+¢é(5\+ﬁ) ®K([;)

Proposition 3.1.6. The Hecke eigenproperty morphisms for M* are equal in terms of
the inductive system to

Fr(V) @ Fr(V)*) @ Wt =
— @ B ((VY) @ (V)) @ WG i) g 1 ()

— P Fr((V;\Jr;\’)*) ® WAHoe (AN —jiti) V(D).
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Proof. By the construction of the isomorphism in Corollary 3.1.4, it suffices to show
that the isomorphism

ResG (V) ® 0y /5 — D Op )7 @V(7)

looks like, in terms of the identification given by Proposition—-Construction 3.1.2, a
system of morphisms

ResS_ (V)@ (VA)) @V — @ Res§_ (VV)" ® (V)) @ M+ @ V(»)

N @ Resg, ((VXJrZ\’)*) Q@ PN+ o V().

The latter is a straightforward verification. [J

3.1.7. Baby co-Verma as a quotient. Let us briefly discuss another realization of M?*
L]
(or, equivalently, M*) in terms of the big quantum group.

~ o - - - -
For an element i € A*, let V* be the hyperplane in V*# orthogonal to [7# C (VH#)*.
This subspace is preserved by B™ and, in particular, it admits a well defined weight

decomposition with respect to T
For A € A* consider the canonical map of Us-modules: Fr(V#) @ WA — WA+oe(#)

After the restriction to L.Lg, it gives rise to a map

Ue

P C” @ ResP* (W) @ V7 (i7) — ResVt (WA ee(),
1 Uy

For A € A* consider the canonical map ResY* (WA T0e(m)) — NpA+oe(n),
Uy

Proposition 3.1.8. The composition

D C” © ResV* (W) @ Vi (i) — ResVr (WHAoe()) s N+
P U

Ue

vanishes. For a fixred A and all sufficiently large [i the complex
v U (WA 2 V(5 Ul (A e (4 X)
DC’® Resf”Z (WAteel) @ V(D) — ResL,”Z (W )
v (11)
L M)

is exact for all sufficiently dominant X.

Proof. The first assertion of the proposition is evident. To prove the second one we
proceed as follows. Let Cz_ be the skyscraper coherent sheaf at the point B~ in the
flag variety G/B~. It admits a left resolution of the form

0 — Paimc/-r41 — Paimc/e-) — Paim@c/s-)-1 — -

—>Tl —W:PO—’(CBf—’O,
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where Py ~ Og, -, and the sheaves P; for i = 1,... ,dim(G/B~) are isomorphic to
O(—f1;) ® V¥ for ji; € At; Vi are some vector spaces. Moreover, the weight fi; may be

o ~
chosen arbitrarily large; and the vector space V! surjects by construction onto V1,
By pulling back this complex from G/B~ to G, this gives rise to a complex

P — C Faim@/5) ® Resgf (Re) @ yaim@/BT)
— CM @Resf (Rg) 0V — -
— C M ®@Res$ (Rg) ®@ V' — Res$_ (Rg) — Ryp- — 0

of B~-modules, where R 5 denotes the regular representation of B~. By construction,

(]gin(é/éi)H(RB, , P) vanishes.
Let us tensor this complex with the B, -module C/\er’@([“*j‘), where X is such that
all the weights of the form A 4 ¢¢(ji1 + A — fi;) become dominant. Then,

the arising element in Ext

R Indgt (GO =) @ B (Res$_(Rg)))

~ . i Tnd P Atde(Ain—jni)) —
~ Fr(Rg) © R Indg* (C GrOFi=ii)) =

for i > 0.
Hence, we obtain that the sequence of Uy-modules

FI“(RG) ® WA+¢£(;\) ® ‘O/M N FI‘(RG) ® W/\+d>e(ﬂ1+5\)

. Indgf (CA+¢z(ﬂ1+ﬁ) ®Rs ) —0
£

is exact. However, the above sequence of maps is obtained from (11) for i = fi1 by

applying the functor IndY¢ o Resﬁf;, which is exact and faithful. O

Ug

3.1.9. The case of twisted baby co-Verma modules. For w € W let F,, we, wz be as in
Section 1.1.15. From Section 1.2.5 we obtain the following description of the object

MY of the category Hecke(Uy, G), corresponding to ¥ M®»X):

Corollary 3.1.10. As an object of Uy-mod, “’M}f()‘) is isomorphic to Mf‘u(m. The
Hecke eigenproperty morphisms

Fr(V) 0 "My — @ MY @ v(v)
are obtained from those of Mf‘u(m by applying the element wy: V(v) — V(w(v)).

In addition, we have an analogue of Proposition 3.1.8. Let YV be the subspace of

~ o ~
V*# obtained by translating V# by means of w.
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Corollary 3.1.11. We have a complex

PC’ e ResY? (WMW(X)) ® wﬁﬂ(p) — Res?* (W/\+¢e(ﬂ+5\)) N w]h’w()\+¢z(,u+5\)) -0,
12 te

Ue

which is exact when, for a fized \, the coweights ji and X are large enough.
3.1.12. The nongraded version. For A € A recall that M* denotes the restriction of

M? to uy (the small, nongraded quantum group). Let M* be the corresponding object
of Hecke(Uy, G). From Corollary 3.1.4 we obtain a description of M* as an object of
Uy -mod. Namely,

M ~ @ lim Fr((Vj‘)*) ® WAV +oe (i), (12)
" AeA+
The Hecke eigenproperty isomorphisms for M* are given by disregarding the grading
L]
in the isomorphisms for M*, given by Proposition 3.1.6.
In addition, we can realize M* as a quotient of modules, restricted from Uy, using
Proposition 3.1.8,

M?* ~ coker (Resfjl (WM"MX)) @ VF* — ResP* (W”HW(’H}‘))). (13)
u

Uy €

3.1.13. G-action on baby co-Verma modules. By Section 1.2.5, to any g € G we can
attach a module 8M?* € uy,-mod. Explicitly, 8M?* corresponds to the object 8M* €
Hecke(Uy, ), where the latter is obtained from M?* by modifying the Hecke eigen-
property isomorphism using g acting on V for V € G-mod. Equivalently, 8M* can be
realized as

coker (Res?e (WM“M}‘)) ® gﬁ’l — RGSPZ (WA+¢;;(;2+X))>, (14)

Up Uy
o _ o _ -
where 8V# is the g-translate of V# inside V*. § §
By Section 1.2.5 if g belongs to the normalizer of the torus 7' C G, 8 M is isomorphic
to Resy’ (“M™»X) for the corresponding w € W.
Proposition 3.1.14. If g € B—, then 8M* is isomorphic to M. For A =0 the above
condition is “if and only if”.

Proof. The description of 8M?* given by (14) makes it clear that if g € B~ then
8M* ~ M*. To show the inclusion in the opposite direction we argue as follows.

It is easy to see that the subset of elements of G, which stabilize the isomorphism
class of M?, is a Zariski-closed subgroup of G. Hence, we must show that this subgroup
does not contain any parabolic strictly containing B~. Therefore, it is enough to show

that none of the modules Resﬁﬁ (wJ\.4 V) for w # 1 is isomorphic to M. This is equivalent
to MO being nonisomorphic to w e for peh1#4weW.

Note that the socle of “ M%) is isomorphic to C?¢(#). Hence, if w o) ~ ]\.40,
then i = 0. However, it is clear that w]\.4 Y is nonisomorphic to ]\.4 0. because, for example,

—d¢(2p) + 2p, which appears as a weight of M?, is not among the weights of *M°. O
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One can show that the condition of the proposition is in fact “if and only if” for any
A belonging to the regular block. This is because, as we shall see later, baby co-Verma
modules with the same w, but different parameters A, can be obtained from one another
by (invertible) convolution functors.

3.2. Baby co-Verma modules via perverse sheaves on the affine Grassmannian

3.2.1. For an element w € Wag, let A € A be the corresponding weight in the regular
block. That is, if @ = w - A, then X\ = ¢p(\) + w=(p) — p.

Let M? = @ﬂ Mg’ be the object of Hecke(Grg, G)IO, corresponding to the object
M* € Hecke(Uy, ). By Corollary 3.1.4, as an object of Perv(Grg)IO,

Myt = lim W OIS TC 0y are - (15)

NeA+
The maps in this inductive system come from the canonical maps

w,w- 1 ~ . * N\
W S 1CK arg = Jrwir * 105 Grg — Jeywr * W

. . . , . ~! 5\/
= ot ¥ Ju i % O1Gr 2 (e ae) % O1,Grg = WA,

The Hecke eigenproperty morphisms, MZ’ *V—-@P, V() e Mg’f,; for V e G -mod,
are given by translating the morphisms of Proposition 3.1.6 into the geometric context.
Namely, let A be a weight large compared to V. Then the sought-for morphism is

Wwrw (N =) IC_wO(Z\/),GTG <V
» W*,w(}\/*ﬂ) N (IC;\,Grc *V) * (IC_wo(;\),Grc * IC_wo(;\'),Grc)
~ W (V=) (Gl? V@) ® IC5\+0,GrG) * (Icfwo(X)’GrG * IC*wO(m’Gm)
— GDBM(D) ® W*,w(5\+;\'*ﬂ+f’) * (IC—wo()\)’GrG * IC_wO(S\ILGrc)

. G?M(f/) ® W*,w()\Jr,\’,[Hrf/) * IwaO(S\Jr}\’),GrG .
Evidently, if w = w- A is such that for some w’ € W, [(w') +(w) = I(w’ - w), we have

o * MT = M (16)

that is, the objects M® for different @ are obtained from one-another by convolution.
Note also that for A, i € A with i dominant and A dominant and regular,

Hw- - w ) +1(w- ) =1(w- (i + ).

Hence, we obtain



SMALL QUANTUM GROUP AND SEMI-INFINITE FLAG MANIFOLD 311

Corollary 3.2.2. For [i € At there are canonical isomorphisms
L] < L] N - L] -
j*,wﬂ'w*l *M’WIA = Mw~()\+,u) = Mw.)\{fﬂ}a

respecting the Hecke eigenproperty isomorphisms.

Asst}me now that w € W, X, ji € A are such that w - (5\ + ft) is right W-minimal, i.e.,
Wew A+8) is well defined. By (15), we have a map

W Gt 3(/[%&’

(17)
such that, for i/ € A, the diagram

< o
j*,w*Lﬂ“w*W*’w'(/\-i_M) E— j*,w—l.ﬂ/.w*ME);{‘

| |

wrw i)

commutes.
Convolving (17) on the right with IC, gr, we obtain the map

W) 4 1C Gr — MU % 10w Gre = @), Y () @ ML

The above description of the Hecke eigenproperty morphisms also implies the follow-
ing:
Corollary 3.2.3.

(1) The diagram
W OH) & ICsr G ——— Ww (i +3)

l l

. L] ', L] ',
EDBV” (7) ® MED/\—[L - Mqi]ﬁ\'—ﬂ
commutes, where the bottom horizontal arrow is the projection on the direct
summand, corresponding to U = [i’.

(2) The object M¥* € Hecke(Grg,G‘)I0 is universal with respect to the properties
that:
(a) it satisfies Corollary 3.2.2,
(b) it receives a map as in (17) for some fi,
such that (a) and (b) render that the above diagram is commutative.

If we put w = 1 and fi = —\, the map in (17) identifies with

01,Grg — MiA (18)
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o
Thus, we obtain a characterization of M* in terms of 01,Gre -

~ ~ ° ~
Finally, we note that the normalizer of the torus 7' C G acts on Hecke(Grg, G)I0 by
self-equivalences, modifying the Hecke eigenproperty morphisms. The functors, corre-
sponding to elements of T are (noncanomcally) isomorphic to identity. For w € W we

will denote by “’M“’ the obJect of Hecke(GrG7 aH! I° obtained in this way from M“’ this

corresponds to the object “’Mw()‘) S Ug -mod.

3.2.4. We will now list several facts about the objects M™, most of which are formal

L]
consequences of the corresponding properties of M*, but we will give geometric proofs
for completeness.
Let w = w - /i be an element of Wag, and let A be such that LY ~ IC, 5 g, In

particular, w - \ is restricted. Then we have
° _ . .
Proposition 3.2.5. The socle of M™ is isomorphic to LY x Rs{\ — ii}.

Proof. By Section 1.3.8, every irreducible in Hecke(Grg, G)!" is of the form LY xR { '}

for some w’ € W and i/ € A. Suppose that such an irreducible maps to M¥#. By
adjunction, this means that we have a map

L s W WD IO S e

in Perv(Grg)!" for some X' € AT
The latter can be rewritten as an element in

Hom(L“’l *1C5, W*’w'(;\/""l"'"‘/)).

,Grg?
By Theorem 1.3.5, and taking into account that the socle of Wrw (ViR §g isomorphic
t0 IC,, (x4 ji4j17),Grg» this implies w =wand g =\ — fi.
L ~
We also obtain that the above Hom is one-dimensional. That is, L% x Rs{X — i} is

the only irreducible that can map to M™, and it appears in the socle with multiplicity 1.
O

Proposition 3.2.6.

(1) The object M' € Hecke(Grg, G)! is finitely generated.® Its cosocle is isomorphic

to LY xRa{p'}. Moreover, all the constituents in ker(M' — LYo xRs{p'}) are
partially integrable.

(2) There exists a surjection M™° — R~{2p}.

Using (16), from part (1) of Proposition 3.2.6 we obtain

L]
SHere and in the sequel, the superscript “1” in M! stands for the unit element in Watt-
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Corollary 3.2.7. Every M® is finitely generated (as an object of Hecke(Grg, G)T).

Before giving the proqf of Proposition 3.2.6, we neoed to introduce the following
construction. Consider a A-graded object of Perv(Grg)!  given by

RC;I = @ h_r)n ICX*[L,GTG * IC*wo(j\),GrG7
" Rek+

where the maps in the inductive system are given as follows. If ' = A+ i, v € A+,

Icifﬂ,GrG *IC*wo(i)yGTG‘
—_— (chfﬂ,GrG *ICIJ,GrG) * (IC—wO(f/),Grc *Icwa(Z\),GrG)

chfﬂJrD,GrG * Icfwo(fNrj\),GrG .

L]
Proposition—Construction 3.2.8. The object Rz’ is a Hecke eigensheaf and, as such,
it is canonically isomorphic to Re.

Proof. Since all the appearing perverse sheaves are spherical, we can work in the tensor
category of Rep(G) instead of Perv(Grg)! °. The Hecke eigenproperty morphisms are
given as follows. Let A € AT be large compared to V. Then the sought-for map is the
composition

VeV e (V) —vevie vV ie (VV) e (V)
— @ (V;\L[L ® V5\+f/) ® ((Vj‘l)* ® (V;\)*) ®V(v)

— @VANTIR g (VA @ V(v).

To see that Ry’ is isomorphic to R, it is enough to notice that
Hom(V, lim VA% @ (VA)*) = lim Hom(V @ V*, VA~#),
AeA+

When ) is large with respect to V, the latter inductive system stabilizes to (V)*(j).
g

Now we are ready to prove Proposition 3.2.6.

L]
Proof. First, we claim that M! cannot map to any partially integrable object of the
. . .
category Hecke(Grg, G)! ’ Indeed, if 8§ were partially integrable and we had a nonzero
L] L]

map M! — §, we would have a nonzero map in Perv(Grg)?:

WA & ICs are — 4
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for some \, i € AT and 8’ € P! Perv(Grg)!. By adjunction we would then have a map
WA — 8 % IC_ o ().re = 8,

with 8” being also partially integrable. But the latter is impossible by Proposition
2.3.2(1).

L] L]
Let us now construct a map M" — £° x R5{4'}. According to Proposition 2.3.2(1)
and Theorem 1.3.5, for every dominant and regular A\ we have a canonical map

W*,;\ - ICwO_;\ ~ ICwO.,;/ * IC;\fﬁ/,GrG .
In addition, for i € A, the diagram

WA 5 IC ) Gre - WA+

l l

ICwO.ﬁ/ * (IC;\—p",GrG *IC[L,GrG) —_— ICwO.ﬁ/ * ICX—}-[L—p",Grc

is easily seen to commute.
This defines the map between the inductive systems:

My, = Im WA PR IC 5 — Bm LY % (IC5 ;5 #IC 05 g )

— —

A A

L]
and the latter identifies with £ x R~{p'}, by Proposition-Construction 3.2.8.
It is straightforward to check that the above map respects the Hecke eigenproperty
IO

® ~
morphisms, i.e., we obtained the desired map in Hecke(Grg, G) Moreover, from

Proposition 2.3.2(2) it follows that the kernel of the map M — L% xR~ {p'} is partially
integrable.

To finish the proof of the first part of the proposition, it remains to show that the
map

W*’)\ * Ré{j\} — Ml (19)

is surjective for some (and, in fact, every) regular \. By construction, the composition
N . . . .
WA x Re{A} — M — LY xRz {p'}

is surjective. Hence, by the above, the cokernel of (19) is partially integrable and, hence,
is zero.

To prove the second assertion of the proposition, recall from Proposition 2.3.4 that,
for A large, we have a map

WA 15y, (20)
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defined up to a scalar. Moreover, from the construction of this map one deduces that
the square
W*’wo';\*ICﬂ Cro W wo- (A+ii)

I l

IG5 o5 *ICuare — 105 ;95 Gro

commutes (up to a scalar). We can normalize the maps in (20) to make such diagrams
commutative.
This gives us a map of inductive systems

y W . *, . X—] .
Mﬂo ~ h_II}W wo - (A—ft) *ICin(;\)yGrG — h_n} IC;\—;}—2ﬁ*IwaO(;\),GrG’
A A

and the latter identifies with R~{2p}. O

8.2.9. A dual description. Recall that over the small quantum group, the baby Verma
modules can be expressed through the baby co-Verma modules and a twist by elements
of the Weyl group. We would like to establish this fact geometrically as well. By (16),

L]
it suffices to consider the case of just M?.

Proposition 3.2.10. We have an isomorphism

D(A') = (“ON"){25}.

Since the convolution functors commute with Verdier duality, from (16), we obtain

Corollary 3.2.11.
]D)(J\./[w'ﬂ) ~ ng\./tw~w0~(w0(;2)+2p').

Combining this with Proposition 3.2.5, we also obtain

\d ~
Corollary 3.2.12. The cosocle of every MY * is simple and isomorphic to

ICIU'U}()'}\,GI‘G *RG{U}O(}\) - ,[L + 2/3},

where A € At is such that w - wg - \ is restricted.

Proof. By Proposition 3.2.6(1) and Proposition 3.2.5, it is enough to construct a map

M — D((“0NM=0){27}), (21)

such that the composition

R — M — D(("M){27}) (22)
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equals (up to a scalar) the map, obtained by duality from Proposition 3.2.6(2), and such
that the composition

M — DN ){25}) — £ {5} xR (23)

equals the map of Proposition 3.2.6(1).
By Corollary 3.2.2 and duality

Jrwny * D((ON){25}) = D((“0N"0) {25}) {wo (1)}

Hence, by Corollary 3.2.3, to construct a map as in (21), we must construct a map
Re — D(("oM™0){2p}) and check the commutativity of the corresponding diagram.

By duality, the above amounts to a map (“°M"°){2p} — Rs. By the definition of the
twisting functors, the existence of the latter map follows from Proposition 3.2.6(2). We
need to check the commutativity of the following diagram:

(N {25+ 3) Gk (M) {25)) ——  jisxRe

! !

L]
~

DV (7) @ (M) 25+ 7} —— (“OM){2p} x1C5 g, — Re*1Cx g, -

Recalling the definition of the arrows, we arrive to the following diagram, defined for
large:
JaxWowet s —— gy s % 1Ch 25, Grg

| l

W*7w0.(ﬂ+w0(5\)) - IC[“+’LU0(X)*2137GFG7

where the right vertical arrow is the composition
Jis ¥ 1Ca—25.Gr¢ — 105 G ¥ 102,606 — 1C; 100 (5)—2p,Gre

where the second arrow is obtained by adjunction from

1C)i-2p,Gr¢ — IC—wo(;\),GTG * Icﬂ+wo(;\)—2ﬁ7Grc :

The commutativity of the latter diagram follows from the construction of the arrow in
Proposition 2.3.4.

By construction, the condition on the composed map from (22) is satisfied. It remains
to verify the condition in (23). The latter amounts to showing that the arrow

IC s W w0 o G <k WHEOR sy <k ICa_ 9, Gre

wo-(i+wo(N)),Gra
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equals (up to a scalar) the map

ICw0~([¢+w0(;\)),Grc = ICwO'ﬁQGTG * IC;2+wo(5\)—p",Grc
— ICug-.Gro * (IC5_pr Gre * IC—2p.Grc)

~1Cy 5.are * ICa-2p.Gr¢ — J15* ICs2.Gro>

where the last arrow comes by duality from Proposition 2.3.2; and the second arrow is
obtained by adjunction from

G two () —pGra * IO wy(R)two(5),.are — 1Ci-2p,Grc -

By construction, both these maps are nonzero. Now our assertion follows from the
fact that IC,, 5 g, is the only nonpartially integrable constituent of W' which implies
that ICwO,(ﬂ Fwo(N)),Grg APPears with multiplicity one in the Jordan—Holder series of
Jix ¥ 1Ca—25,Gro-

8.2.18. Nongraded version and presentation as a quotient. Our present goal is to prove
L]

geometrically that M¥ can be presented as a quotient, as in Section 3.1.7. For that it will
be convenient to consider the corresponding nongraded version, M? € Hecke(Grg, G‘)I .
If o =w-\and @ =w- N, then, evidently, M? ~ M?".

For g € G we will denote by 8M% the corresponding twist of M?: forg =w € W we
recover the objects “M?. We will denote by “M® the universal family of 8M? over O .

Lemma 3.2.14.
(1) As an object of Perv(Grg)!, M? admits a unique action of the algebraic group
B~, such that: o
o Ifw=mw-M\ in terms of (15), the image of WA i M? transforms
according to the B~ -character —\'.
o The Hecke eigenproperty isomorphisms

MP %V =~V @M?

intertwine the action of B~ on the left-hand side, obtained by the trans-
port of structure and the diagonal action of B~ on the right-hand side.
(2) The following isomorphism holds

—i G Y 7 (A
Homp_ (C™" ® Res%_ (VM), M?) =~ WY A7) IC_,,3v).are

if w- (AN 1) € Wag is right W-minimal, and 0 otherwise.
Note that the action of T C B~ on M? as an object of Perv(Grg)! comes from the
A4 ~
grading on M™Y.
The first assertion of the lemma means that, as an object of Hecke(Grg, G), M? is
B~ -equivariant, i.e., that the 0 s-family GMY acquires a B~ -action, covering that on
O. Alternatively, a structure of a B~ -equivariant object on some N € Hecke(Grg, aQ)!

is a B~ -action on N as an object of Perv(Grg)!, which is compatible with the Hecke
eigenproperty morphisms in the natural sense.
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Let us denote this category by Hecke(Grg, G)g
Hecke(Grg, G)é of G-equivariant objects of Hecke(Grg, G); this is canonically equiva-
lent to Perv(Grg)!.
Let us now recall the following general construction. Let N be an object of

Hecke(Grg, G)%f. We claim that this gives rise to a functor

_. Let us also consider the category

QCoh(G/B™) — Hecke(Grg, G)'.

Indeed, given X € QCoh(G/B™), which we will view as a B~ -equivariant O -module,
consider the tensor product X @, GN. This is an object of Hecke(Grg, G)I, endowed
with an action of B~, and we set

KN = (K @0, N)P

The underlying object of Perv(Grg)! is given by (X ® N)B™.
Suppose now that X is an object of QCoh(G/B™)gs. Then, by construction X * N
belongs to Hecke(Grg, G)%, ~ Perv(Grg)'.

Lemma 3.2.15. The functor N— Qg5 *N : Hecke(Gra, G)L - — Perv(Grg)! is the
right adjoint of the forgetful functor

Perv(Grg)! ~ Hecke(Grg, G)~

¢ — Hecke(Grg, G‘)%,

Note that the functor N +— Og/p- * N: Hecke(Grg,G‘)%f — Perv(Grg)! can be

tautologically rewritten as N — NB™. The following is a translation of the Borel-Bott—
Weil theorem:

Proposition 3.2.16. Assume that W is right W-minimal. Then OG/B* * M? ~ WD
and for v >0,

R'(B~,M") =0
Proof. The first assertion of the proposition is immediate from Lemma 3.2.14(2). To
prove the second assertion, note that if N is any Artinian B~ -equivariant object of
Hecke(Grg, G)!, there exists i € AT large enough so that R’ (B‘,Cﬂ ® N) = 0 for
i > 0. This follows from the fact that the functor of derived B~ -invariants has a finite

cohomological dimension, and any Artinian object of Hecke(Grg, G)%f admits a left

resolution, whose terms are of the form Fx R5 ® U where F € Perv(Grg)!, and U is a
finite-dimensional representation of B~.
Hence, for a given w € W and A\ € AT large enough,

Rinv(B~, M¥ ) o Wowt,

Note that the functor RInv(B~,-): D(Hecke(Grg, G)éf) — D(Grg)! commutes with
the action of D(Flg)! by convolutions. It suffices to remark that if N —Xe At then
MYA 2y iyt % M@ and if w - A is right W-minimal, then also W** ~

Gt Goiywmt * WA O
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Corollary 3.2.17. Let w € Wag be right maximal with respect to W. Then for i #
dim(n), HY(B~,M%) =0, and

Hdim(n) (Bi, Mﬂ;) ~ W!,u’wwg.

Proof. Let w = w- X, and let i € AT be such that w- (X—i—ﬂ) is left minimal with respect
to W. Then

H.(BivMﬁ))gj!,w-( w*l*H.(Biva.(j\Jrﬂ)) Zj!,w'(
The latter is isomorphic to
Jri % 01.are =~ WHEW0 [—dim(n)]. O

Now let --- — P; — Py — Cj- be a left resolution of the skyscraper on G/B_, as
in Section 3.1.7, where each P; has the form O(—ﬂiz ® U, where U? are vector spaces.

Let @ be w - A\. Tensoring by the line bundle O(\’), we can ensure that A + A" — fi;
are such that w - (A + X — fi;) is right W-minimal for ¢ = 0, ..., dim(n). We obtain that
the complex

(P1@ON)) *M? — (Po@O(N)) * M? — Cpo + M” — 0
is exact. However, Cpz_ * M? ~ M?, and
O(f) * MY ~ \/\7*’“"(’“&)7

by Proposition 3.2.16, provided that w - (& + 5\) is right W-minimal. Thus, we arrive to
the same conclusion as in Proposition 3.1.8.

- « WHw (i)

—i)- —f1)-

3.2.18. Hereditary property. In this subsection we will prove the following:

Theorem 3.2.19. Ext}, . . &

)10 (DMP), M®") =0 for i >0 and any 0, 0" € Wag,
and Hom(D(M®), M%) is zero if w # @', and one-dimensional otherwise.

This theorem follows immediately from Theorem 1.3.9 due to the corresponding prop-
erty of baby co-Verma modules over the small quantum group. Here we will discuss a
geometric proof of this fact, which the rest of this subsection is devoted to. In the course
of the proof we will introduce another important object — the Wakimoto sheaf.

Let Hecke(Grg, G)g be the category of B-equivariant objects in Hecke(Grg,G‘)IO.

By Proposition 3.2.10, D(M®¥) is naturally an object of Hecke(Grg, G‘)é0

For & = w - i consider the following object Wak™ of Hecke(Grg, G')g . It is defined
as th W () R (),

vel
where the maps in the inductive system, defined for 7/ — 7 = A € AT, are given by
W T+ e R (7} — WO ) 4 R0+ 3} @ V()
— W) VA R {4 XY — WO RN R L4 A

Note that the forgetful functor Hecke(Grg, G')g — Hecke(Grg, G)!” admits a natural
right adjoint given by N — Op ®o, GN. Similarly, the functor Hecke(Grg, G')%O —
I:Iecke(Grg, G‘)IO admits a right adjoint N +— Oy ®o, an.
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Lemma 3.2.20.

Wak? ~ 05 ®o, ¢(M7).
Hence, we obtain

Ethlqecke(Grg,G)IO (D(M%), M™") =~ EXt:—Iecke(Grc, o (D(M?), Wak™).

By the Artinian property and taking into account Corollary 3.2.11, to prove Theo-
rem 3.2.19, it is sufficient to show that

Ext woypur it W ), R AXY) =0, (24)

Lecke(Grg,é)go(
unless i = 0, w’ = w - wo and /i’ = wo(2) + 2p, whenever A is deep in AT,
Lemma 3.2.21. For N € Hecke(Grg,G‘)g and F € Hecke(Grg, G)IO,

RHom 10 (N, F 5 Rs) 2 RHOMY gy 05,30 (RCoinv(B,N), F).

Hecke(Grg,G

Proof. Tt is sufficient to prove the assertion in the case when N ~ ' x R @ U, where U
is a representation of B. In this case, it amounts to the following adjunction, which is
a corollary of the Serre duality on G/B:

RHom (U, Resg(V)) ~ RHom (RCoinv(B,05 ® U),V). O
Lemma 3.2.22. For A deep in the dominant chamber,
RCoinv (B, (oM™ F){—1}) ~ WhewoO-wo(@)+27),
Proof. First,
RCoinv(B, (“°M“#){—A}) =~ RCoinv(B~, M“*{—wo(A)}).

Note that for N € Hecke(Grg, G)g,,
RCoinv(B~,N) =~ RInv(B~,N){25}[dim(n)].
Hence, the expression in the lemma is isomorphic to
RInv(B~, M *{~wo(A) + 2})[dim(n)] = Whe-wo (wo(i)+3+2p),
by Corollary 3.2.17. O

Thus, we obtain that the expression in (24) is isomorphic to

Ext (W!,w-wO(Xero(ﬂ)JrQﬁ),W*,w’.(p"JrX)),

7
Hecke(Grg,G)1°

for which the vanishing assertion is manifest.
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8.2.28. An application: two-sided BGG resolution. We will use the geometric interpre-
tation of baby co-Verma modules to prove the following result:

® ~
Theorem 3.2.24. There exists an evact compler B of objects of Hecke(Grg, G),
whose nth term is

D N,

BEWage I T (0)=n

We recall that for @ = w - A € Wag, its semi-infinite length 1% (w) is defined as
l(w-(A+fr)) — I(jz) for some (or all) large i € A™T.
Of course, using the equivalence between Hecke(Grg, G)I and 1.14 -mod, we obtain the

corresponding exact complex consisting of baby co-Verma modules over L.Lg. The rest of
this subsection is devoted to the proof of this theorem.

Let Bay be the Cousin complex on Grg. That is, this is an exact complex of perverse
sheaves on Grg, living in positive degrees, whose nth term is given by

W*,'LD
WEWags /Wl (w)=n

For /i € AT consider the complex Bg,.. *1C_ o (),Gre [1(2)]. This complex is acyclic,
since convolution with IC_,, (4) are is an exact functor.

We claim that for i’ = ji + © with 7 € AT we have a map of complexes
Barg * 1C_wo(),are [[(7)] — Barg * 1C _wy(u),arg LA
For w - A € Wag /W, the map
Ww- (M) IC_ o (2).Gres — Ww (A+i') o 1C_ o (7). Cres

has been constructed in the definition of the inductive system that defines M.

To check that this map respects the differential, we must show the following. Let
W =w-\and @' = w -\ be such that [(@') = I() + 1, and the orbit I - is in the
closure of I -1'. Then we claim that for i € A, the orbit I - (w - (\ 4 f1)) is in the
closure of I - (w- (N + f1)), and the square

3 X/
WA % ICh Grg —— WY N % IC; Grg

l l

WHsw-(A+1) Wsw'- (N +2)

commutes, where the horizontal arrows are the canonical maps, corresponding to ad-
joining orbits.

Lemma 3.2.25. If [ -w C I -w’, then, as elements of Wog, w < w'.
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Proof. We need to show that I - wg, C I - u?%lc, where the subscript g, means that
we are dealing with an orbit in Flg (vs. Grg).

Since the projection Flg — Grg is proper, there exists some w1 € Wag, such that
w; < W', and W, = wmod W. We have

1) < 1) < L(@') — 1.

Since l(w) = I(w’) — 1, we obtain that w; =w. O
Jr

Note that by the lemma, we obtain that w - (5\
have a containment

i) < w' - (N + ji), and hence we do

I-(w- (A @) CT-(u - (X + o).

Also, by the lemma, the map WwswA WA g ohtained from the map

j*,ur}\ - j*,w/~5\’ (25)

by convolving with 61,Gr,. Note that the map j, ,,.(x44) = Jew.(vp) IS obtained from
(25) by convolving on the right with j, ;.

To prove the commutativity of the above diagram, it suffices to notice that the left
vertical arrow is equal to the composition

*w-X ~ s i *,
w * IC[MGTG = T A X IC[MGTG Jww-A* WeH
. . . w-( A
= J*,w-x *]*712 * 611GTG = J*,w-(XJr[L) * 617GTG = W* w +H),

and similarly for the right vertical arrow.

4. Sheaves on semi-infinite flags

4.1. Drinfeld’s spaces and factorization
4.1.1. Let X be a global curve. Let Bung denote the moduli stack of principal G-
bundles on X. Let us recall the definition of the Drinfeld space Buny-.”

First we define a bigger space Bun;\,f that classifies the data of a G-bundle Pg on
X, and its generalized reduction to N7, i.e., a collection of nonzero maps defined for
each A € AT,

K Vg))‘G — Ox,

where V? is the corresponding Weyl module over G and Vgi‘c is the associated vector
bundle. The collection x* is required to satisfy the Pliicker relations, cf. [FM], [BG].
We will denote by p the tautological projection B—unle — Bung.

We have a natural action of T on Buny-: an element ¢ € T multiplies each x* by
A(t). Tt is easy to see that the map %},/T — Bung is proper.

If [G, G] is simply-connected, then Bunle is the sought-for Drinfeld space Buny-.
Otherwise we proceed as follows:

"The exposition in this section substantially relies on the results of [BG], [BFGM], and
[FGV], and a certain familiarity with these papers will be assumed.
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Lemma 4.1.2. Let Gy — G5 be an isogeny, i.e., a homomorphism, whose kernel
is contained in Z(G1) and whose image contains [Ga,Gz]. Then the natural map

Buny_ (G1) — Buny_ (Gs) is a closed embedding.

Proof. First, it is easy to see that if we have a short exact sequence

1—G —G—T —1,

where T" is a torus, then M’N, (G — M’N, (G) is an isomorphism. This reduces
the assertion of the lemma to the case when G; — (5 is surjective with finite kernel.
Let k be the index if Ay in As.

Since each of B—ung\,f (G;)/T;, i = 1,2, is proper over Bung,, the map

Buny_ (G1)/Ti — Buny_ (G2)/Ts

is proper. Hence, it remains to see that the map Bumy (Gy) — Buny (G2) is injective
on the level of S-points for any base S.

Let (Pg,,{x3}) be an S-point of m/]\,f(Gg), and let (Pg,,{x1}) be its lift to a
point of mle (G1). Then the image of k7 in VT?GI is fixed by the condition that

MOk _ kAL kA o Tk
(k)" =Ry " Vg = Vo — Ox.

Hence, when Pg, is fixed, any two choices of systems {x7} differ by an element of
Ty 9 := ker(T1 — T3) ~ ker(G1 — G2). However, two such lifts are isomorphic as points

of Bunle (Gy), via the automorphism of P¢, given by the same element of 77 5.
Finally, if Py, is another principal Gi-bundle that reduces to G2, there exists a

Ty,2
principal Ty o-bundle Pr, ,, such that Py, ~ Pg, x Pr, ,. Then, for every A as above,
PR 72 A
V(P/Gl B Vﬂ)Gl ® iPTlﬂ’

where ij‘Tl , is the line bundle associated with Pz, , and the character \.

However, the data of k7 for V)‘/G identifies the line subsheaf
1

(P17 C (V)5 ® (P2, ,) 7"

with Ox, thereby giving a trivialization of P, ,. [

For an arbitrary group G we can find a group G’ with a surjective isogeny G’ — G,
such that (a) ker(G’ — @) is connected, and (b) [G’, G’] is simply connected.

We define Buny— as the image of Buny- (G’) = Buny- (G') in Buny- under
Buny_ (G') — Buny_ (G).

By the above lemma, this is a closed substack of Bun;\,f, and it is easy to see that it
does not depend on the choice of G’.
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4.1.8. Variants. We fix a point x € X. For a coweight v, let gDB—unle denote a version
of mle, where we allow each x* to have a pole at z of order < (), /).

For G’ as above, due to the fact that the kernel of G’ — G is connected, we can find
a preimage ¥’ of 7 in the coweight lattice A’ of G’, and we define <;Buny- C gf,B—unle
as the image of gg/B—unle (G') under

< Buny_(G') — <, Buny_. (26)

As in Lemma 4.1.2 one shows that the map in (26) is a closed embedding. Moreover,
its image is easily seen to be independent of the choice of ¢’ for a fixed G’, and of G’
itself.

If 7 — 5 € AP we have a natural closed embedding @2%% — gglme. We
define o Buny- as

lim (<7Buny-)
vEA

with respect to the natural ordering on A and the above closed embeddings.

By definition, . Buny- splits into connected components, numbered by the quotient
of A by the coroot lattice.

Let DB—unle is an open substack of gDB—un;\F corresponding to the condition that
each k* has a pole of order exactly (\, ) at x. Set

- , -
sBuny- = ;Buny - ﬂ <pBunpy-.

One easily shows that ;Buny— equals the image of ;Buny_ (G) under the map of (26).
According to [FGV], a point of ;Buny- gives rise to a well defined N ~-torsor over
the formal neighborhood of z in X. By considering trivializations of this torsor, we
obtain that over ;Buny - there exists a canonical N ~[[t]]-torsor, which we will denote
by »N. We will denote by XN the induced N~ ([t]/t*)-torsor.
We will denote by i< (respectively, i;) the closed (respectively, locally closed) em-
bedding of <;Buny- (respectively, ;Buny-) into o.Buny-. We have

,;BUHN— = gg,Buan — U g,;lBuan.

U <v

We let ; Buny- denote the open substack of ;Buny-, where we demand that the

maps «* have no zeros away from x. This substack is isomorphic to Bung- x pt,
BunT

where the map pt — Bung corresponds to the point P%(i7 - z). We will denote by i,
the locally closed embedding of ; Buny- into Buny-; by [FGV, Section 3.3], the
morphism ¢, is affine.

Let T’ :=},...,z}, be acollection of points on X, distinct from z. Let ooBunEZQE be
the open substack of oo Buny- defined by the condition that the maps £* have no zeros

at «f,...,z,,. Asin [FGV, Section 3.2], one shows that over ooBun?\}ZJf there exists a

natural torsor with respect to the group-scheme [[,_, ,, N7[[t}]], denoted NT' | where
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t; is a local coordinate at x; Moreover, NT' carries an action of the group-indscheme
[li=1,m N ()

For an integer k let * Bung denote the principal G¥-bundle over Bung corresponding
to choosing a structure of level k at z in a G-bundle. We will denote by ¥ Buny - the
Cartesian product o Buny- XBung k Bung.

We will denote by ’%DBuan, KBuny-, ¥ Buny- the corresponding stacks obtained

by base change. By a slight abuse of notation, we will use the symbols i<y, iy and i,
for the embeddings of these stacks into ¥ Buny-. Similary, we introduce the stacks

n.z.z’

F Buny- ", N7 as Cartesian products.
Note that there is a natural isomorphism

- N™([t]/t%)
MBuny- ~ G([t]/t") X K
In particular, we obtain a natural map
ev,: KBy — (G/N7)(1)/t) — (G/B7) (/).

The restriction of this map to l’iBunN7 denoted ev;, is smooth.

4.1.4. For i € A let Buné be the corresponding connected component of Bung. We
recall that Bun’é can be interpreted as the stack classifying the data of a principal G-
bundle P on X, a T-bundle Pr, such that each associated line bundle P2, has degree
—(\, 1), and a collection of bundle maps

A,— . DA A
KR .:PT—’V?G,

defined for A € A*, which satisfy the Pliicker relations. (Here P7. denoted the line
bundle associated with Pr and the character \: T — G,;,.)

Note that if 7 is such that («, 1) > (29 — 2) for all positive roots «, then the map
p~: Bun’,_ — Bung is smooth.

Consider the Cartesian product - Bun - X Bung Bun’é. We will denote by o, Z# the
corresponding Zastava space, i.e., the open substack of the above Cartesian product,
defined by the condition that the reductions to N~ and B are transversal at the generic
point of the curve. This means that the composed maps

A, — A
K K
Py Vi, S 0x

are nonzero for all A € AT,

We will denote by * 2/ the stack obtained by adding a structure of level k to the
G-bundle Pg at x. All of the above stacks are acted on by the group T.

Let us denote by ’%,;Zﬂ (respectively, K27 ¥2/) the preimage in ¥ Z# of the substack

’%DBuan (respectively, KBuny—, *Buny- = ’%OBuan) of ¥ Buny-. Note that ’%,;Zﬂ

is empty unless 7 + i € AP, By k27 we will denote the open substack of ¥Z# equal to
the preimage of & Buny-.
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For ji € AP let X* be the corresponding partially symmetrized power of the curve.
By definition, X# classifies the data of a principal T-bundle P7 and its generic trivi-
alization, such that for A € A" the resulting maps P} — Ox are all regular and the
divisor of zeros has degree (A, f1).

For v € A, let <»XH be a version of X#, where the maps P} — Ox are allowed to
have poles at z of order < (\,7) for A € A*. This space is empty unless ji + 7 € Apos,
If o4 — 5 € AP we have a natural closed embedding

<in XF = <o XN
We define .o X* as the ind-scheme
OOX[L = lim (gf,Xﬂ)
vEA
with respect to the usual ordering on A and the above closed embeddings. This space
also splits into connected components numbered by the quotient of A by the coroot

lattice.
By construction, we have a natural map

008 o — G XP.

We will denote the restriction of o5 to <zZ" (respectively, ZF = <oZF) by <ys"
(respectively, s#). Note that <;s” maps to <, X".
We will denote by ¥ s# the composition of 5" and the forgetful map % 2" —  2A,
and similarly for £ s#, Fs/.
o o .
Let X denote the open curve X — x, and let X* be the corresponding open subset
of X*. For ji1, ji» we will denote by (Xﬂ1 X <><>X[‘2)disj the open subset in the product

X x X2 corresponding to the condition that the two divisors have disjoint support.
As in [BFGM], we have

Lemma 4.1.5. For i1 + fio = fi there exist natural isomorphisms

2l x (XM x o XF2) e (20 xkgin) k(XM x o XT)

X disj X1 x oy X2 disj”

Let 2/ be any point of the curve, and for i € AP, let i - 2’ be the corresponding
element of X#. Then, by [BFGM], we have

(s") "M (- 2') = (N(()) - ) N (N~ ((#)) - Ler), (28)

where t’ is a local coordinate at x’.
In the same way we obtain that for an arbitrary element fi € A and the point
-2 € o XP,

L§ = (L) () = (V) - 4) x Gl(0)/G" (20)
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4.1.6. For an integer m, let Jets™ (T)™ be the group-scheme over X (M) whose fiber
over a divisor > mj - zj, where the points z; are distinct, is [, T'[[t}]]. More precisely,
for a test-scheme S and an S-point ¢ of X (™ its lift to an S-point of Jets™ (7)™ is an
X () _map

ﬁp — T,

where ﬁp C S x X is the formal neighborhood of the preimage I', of the incidence
divisor in X(™) x X under ¢ x id.

If i, 7 € A are two elements with i+ € AP, we have a natural map < XP — X (m)
where m = [(ji + ), and let < Jets™ (T)” be the resulting group-scheme on <, X",

Proposition—Construction 4.1.7. The group-scheme < Jets(T)* acts naturally on
< ZM.

Proof. To simplify the notation, we will assume that 7 = 0, and we will work with the
“usual” Zastava space Z".

According to [BFGM, Section 2], given an S-point of Z#, the resulting G-bundle Pg
on S x X acquires a trivialization on § x X —I'y,, where ¢ is the composition of the
initial map to Z* and

b, xh ., x(m)

As usual in this situation, given a map gg: ﬁp — @, we can produce a new G-bundle
> by declaring it to be the same as P on S x X —T'y, and Iy, and changing the gluing
data on the formal punctured neighborhood of I', by means of gs.

If g5 was a map ﬁp — T, then the data of k* and ™~ for Pg give rise to well defined
data of (x*)" and (k7)) for P}. Thus, we obtain a new point of Z#. [

Note that <y Jets+(T)[‘ contains as a direct factor, the constant group-subscheme
with fiber T'. Its action on <;Z# coincides with the “global” one, mentioned above.

Let us consider now ’%DZ[L. One can show that the above action of < Jets™ (T')"
on <yZ" does not lift to an action of ’%DZ’l. However, we do have an action fiberwise
over each point of <, X#. For example, the action of T'[[t]] on kF# is given in terms of
isomorphism

P8 (N(() - 0 (N=((#)) - (=7))) =& G((1)/G",
ra
by the natural action of T'((¢)) on G((¢)) by left multiplication.
We will use the following construction. Let us choose an identification T' ~ G, and
a point y € X — z. For a string of positive integers m = my,...,m,, consider the
affine space consisting of r-tuples of functions (X — y) — Al whose value at x is 1,

and the pole of the ith function at y is of order < m;. We will denote this space by
Maps(X,T)™.

The Abel-Jacobi map gives rise to a morphism Maps(X, 7)™ — X™ := [, X (™),
and we have a natural morphism



328 S. ARKHIPOV ET AL.

where (X mx X ) disj © X™ x X has the same meaning as before-the complement to the

incidence divisor. (This morphism explains the notation Maps(X,T)™ for the above
scheme.)

Proposition—Construction 4.1.8. We have a natural map

(o)

acty: (Maps(X,T)™ x £,27)  x (X7 x < XH) .. — 28

o . disj
XX <y X P

Proof. We retain the notation from the proof of the previous proposition—construction.
The difference now is that the map gg is defined on a Zariski-open of S x X that contains
I', and S x . In particular, the restrictions of P and P, to the formal neighborhood
of x are identified. Hence, P{; is also equipped with a structure of level k at . O

4.2. A category of perverse sheaves

4.2.1. For an integer k we define the category Perv (fﬂ%)ck to be the full subcategory
of the category of T-equivariant perverse sheaves on ¥ Buny-, consisting of objects

satisfying the following three properties:

(1) For a finite collection T =z, ..., z,, of points on X distinct from x, the pull-back
of F to *NT' is equivariant with respect to the group-indscheme [T W N7((#))

(2) The factorization property.

We say that a perverse sheaf 3 on ¥ Bun - is factorizable if for any jiy, jiz, satisfying
(o, fi;) > (29 — 2) and fiz — fi; € AP°, the retsriction of the pull-back p~#2*(F) onto
the left-hand side of

~ (Zﬁz—ﬂl % lgozjn) % ()O(ﬂz—ﬂl % OOXﬂl)

o
k of2 fio —fi1 a1
OOZ < (X XOOX ) XHh2=R1 x X1

” disj disj
o X A2 ) )

is isomorphic (up to a cohomological shift by the corresponding relative dimensions) to
the restriction onto the right-hand side of the external product

ICZnQﬂzl gp—,ﬂl*(‘rf).

(Note that both complexes in question are perverse sheaves, since the maps p~#i,
i = 1,2, are smooth by assumption.)

(3) If F is supported on ’%DBuan, then for o € A, satisfying («, i) > (29 — 2), the
pull-back of F on ’%DZEL is Maps(X, T)™-equivariant for any m. The latter means that
there exists an isomorphism between two pull-backs of (p["*)”‘(f}“)|12 gn to

o

(Maps(X,T)™ x ]%f/z’ﬂ) X (X x <'>X[)disj’

)O(Wx <o XA
which induces the identity map on the further restriction of both sides to the unit point
of Maps(X,T)™.
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Remark 4.2.2. As we shall see, imposing property (1) is in fact superfluous, i.e., it fol-
lows formally from the factorization property (2). In addition, some portion of property
(2) follows from (1).

In addition, if £k =1 (which is the main case of interest for this paper), property (3)
follows automatically.®

In general, we shall see that property (3) is equivalent to imposing the condition that
cither the #- or l-restriction of p*~*(F)|x_zx to kF# is TY[t]-equivariant.

In the sequel we will formulate a conjecture, from which it follows that the category
Perv(S‘“l %)Gk is independent of the curve X, and possesses the symmetries expected
from “the category of G*-equivariant sheaves on FIT = G((t))/N~((t)) - T[[t]]”, in
particular, it will carry an action of the lattice A ~ T'((¢))/T'[[t]] by translation functors.

4.2.8. Our present goal is to describe the irreducibles in Perv(fﬂ%)ck. Recall the

isomorphism (27), which realizes ¥Buny - as a fibration over the base G /N~ ([t]/t*) with
typical fiber XN. (In fact, £Buny- is a principal N~ ([t]/t*)-bundle over the product
G/N_ ([t]/tk) X l—,B—uan )
In particular, for a perverse sheaf ¥ on (G/N~)([t]/t*), we can form the twisted
external product B
F' W ICxy € Perv(;Buny-).

Up to a cohomological shift, it is isomorphic to the pull-back of

FRIC 5= € Perv(G/N—([t]/t*) x ;Buny-).

»Bun -

Proposition 4.2.4.

(1) For F € Perv(f}“l%)Gk, all perverse cohomologies of the restriction i,(F) are of
the form F' ® ICky, where F' is a perverse sheaf on (G/N7)([t]/t*), that comes
as a pull-back from a perverse sheaf on (G/B™)([t]/t*).

(2) The perverse sheaf (respectively, each perverse cohomology of) (ip)1s(F X ICey)
(respectively, (iy))(F' K ICky)) for I as above is an object of Perv(&"l%)Gk.

(3) The irreducible objects of Perv(f}“l%)ck are in bijection with perverse sheaves of
the form (iy) (' X ICry) for those F' as above that are irreducible.

The rest of this subsection is devoted to the proof of the proposition. Note, however,
that point (3) is a formal corollary of points (1) and (2).

The factorization isomorphisms of Lemma 4.1.5 respect the substacks l’%i;ﬂ, k2h, ’%,;Zﬂ
of ¥ Z/. Hence, it makes sense to introduce the category ;Perv(ﬂ“l%)Gk, which is a full
subcategory of Perv(’;m]\p), consisting of objects satisfying the same conditions (1),
(2), and (3) as in the definition of Perv(?l%)Gk.

It is clear that for F; € Perv(fﬂ%)ck, the perverse cohomologies of the restric-
tion i, (%) are objects of ;Perv(?l%)Gk, and vice versa: for Fy € ’VPerv(ff"l%)Gk,

8We remark also that property (3) has to do with the fact that our category Perv (?l%)Gk
models perverse sheaves on G((t))/N~ ((t)) - T[[t]] rather than on G((t))/N~((t)).



330 S. ARKHIPOV ET AL.

the perverse sheaf (respectively, each perverse cohomology of) (i, )i(F2) (respectively,
(iy)1(F%)) belongs to Perv(&"l%)Gk.
Therefore, the assertion of the proposition reduces to showing that the functor ¥ —

F X ICDTMN, defines an equivalence

Perv((G/B™)([t)/t*)) — | Perv(F17 )",

First, we claim that every object of ! Perv (fﬂ %)Gk is the Goresky—MacPherson ex-
tension of its restriction to the open substack ; Buny. Indeed, if it were not, we would
be able to find fi; and jis large enough, so that either the !- or *-restriction of F to the
closed substack

i Zi) x k gz X XF2 5 XP2)
(( ) 00 )X‘“LlXOOXﬁl ( oo )dlS_]
would have nonzero perverse cohomologies in positive (respectively, negative) degrees.
However, this contradicts the factorizability property (2).

Let us denote by ;Perv (fﬂ%)ck the corresponding full subcategory of Perv (l’f Buan)
consisting of perverse sheaves, satisfying (1) and (3). We are reduced to showing that

F — F R IC,p : Perv((G/B7)([1]/tF)) — ,Perv(FIT)C"

is an equivalence. Note that the latter functor is isomorphic, up to a cohomological
shift, to the pull-back functor under the smooth map

p Buny- =% (G/N7)([1/t*) — (G/B7)([t)/t). (30)

The fact that the functor in question is fully faithful is clear, since the map in (30)
has connected fibers. Hence, it remains to show the essential surjectivity.

First, let us show that any F € Perv (’,f Buan) is the pull-back under ev; of some
perverse sheaf ¥ on (G/N)([t]/t*).

For any nonempty collection of points T’, distinct from x, consider the pull-back
of F to ¥ Buny- kBuxl kNT' By property (1), it is equivariant with respect to the

pOUl y—

group-indscheme [],_,  N7((t})).

This implies our assertion, since the above group-indscheme acts transitively along
the fibers of the composed map

=/

FBuny-  x PN — (G/NT)([t]/t). (31)

K
sBun, —

Thus, it remains to show that condition (3) on F implies that the perverse sheaf F’
on (G/N7)([t]/t*) comes as a pull-back from a perverse sheaf on (G/B~)([t]/t*). That
is, we have to show that F” is equivariant with respect to T'([t]/t*). Note that the equiv-
ariance with respect to the subgroup T C T'([t]/t*) follows from the assumption that
F on £ Buny- was T-equivariant. Thus, it remains to check the equivarince property
with respect to the unipotent subgroup ker(T'([t]/t*) — T).
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For i such that i + 7 € AP°, consider the composed map
3" — (G/NT)([/tY), (32)

o _ o .
where E# is the fiber of X2% over i - & € o X". The above map is equivariant with
respect to T'[[t]] acting on the two sides. Moreover, it is surjective if & was chosen large
enough.

Let k' > k be such that the action of T[[t]] on 5F# factors through T([t]/t*"). Let m
be large enough, so that the map Maps(X,T)™ — T([t]/t*"), given by Taylor expansion
at x, is surjective.

o ~ ’
Property (3) for this m implies then that the restriction of F to £g# is T'([t]/t")-
equivariant. This implies that F is also equivariant with respect to this group.

4.2.5. 'We will now investigate the mutual dependence of conditions (1) and (2). For a

° ~— ° v n.z.
natural number m consider the product X" x ]goBuan, and let (Xm X ’;OBuan) '
denote the open subset, corresponding to the condition that the zeros of the maps x*
are away from the m marked points of X™. In other words, the fiber of this space over

n.z.x’

o

a given T € X™ is the stack that we denoted by ¥ Buny-

Over X™ we have a group-scheme, denoted Jetst(N~)™, whose fiver over & =
{z,... 25, } is [T N7[[t}]], where the product is taken over distinct points among the
z}’s. In addition, we have a group-indscheme, denoted Jets(N~)™, whose fiber over the
same collection of points is [[ N~((#;)). Since N~ is unipotent, this group-indscheme
can be represented as a union of its closed group-subschemes.

Finally, over (Xm xk Buny- )n‘z‘ there exists a canonical Jets™ (N ~)™-torsor, which
we will denote by ¥N™. The action of Jets™(N~)™ on *N™ extends to an action of
Jets(N—)™.

Lemma 4.2.6. Let F be a perverse sheaf on ® Buny -, which satisfies property (1) of
Section 4.2.1. Then the pull-back of F to *N™ is equivariant with respect to Jets(N~)™.

This follows from the fact “fiberwise equivariance” implies “equivariance” for a unipo-
tent group-scheme.

Remark 4.2.7. Arguing as in [FGV, Section 6.2], one can show that condition (1) is
equivalent to the following, seemingly weaker, condition. Namely, it is sufficient to
impose the N~ ((¢'))-equivariance condition for just one fixed point &’ distinct from x.

Let us say that a perverse sheaf ¥ on ¥ Buny- has a weak factorization proper-
ty if, in the notation of Section 4.2.1, the isomorphism between p—#2*(F) and
ICy sy M p—A1*(F) holds over the open subset

o _ - - o - -
(Zr=m x kzm) Xhami X

XHR2=R1 x o X1 disj

Since Z#2~f1 is smooth, this condition is equivalent to the restriction of p=—#2*(F) to
the above open subset being constant along the first factor.
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Proposition 4.2.8. For a perverse sheaf F on * Buny -, property (1) is equivalent to
the weak factorization property.

Before giving a proof let us make the following observation: we have two maps

— — Jetst(NT)™ & &
hn-,hy-: Jets(N7)™ X N™ — T Buny-,

the first being the tautological projection, and the second is given by the action of
Jets(N~)™ on knm o 1f [i1, iz € A are two elements, with fio — i3 € AP® such that

m = l(ji2 — fi1) there is a natural projection X™ — X#27/1 and a map
- o . - - o
Zm) X (XF2mh ) o XF) x X™

oy : disj
H2—H] 1 o . -
D' Xoo X Sig—in1

(Zuz—ul % I;O

JetsT(N)™ i
— Jets(N)™ X N, (33)

such that its composition with Ay is the projection

(2#12*#1 Xf;z[n) % (Xuzfm XOOXMI)

o - —_
oox XM l;oZ‘“ — ];oBuan,
XA2=1 x X A1 disj o

XA2—A1
and its composition with h y identifies via Lemma 4.1.5 with

]

m k [LQ k
X X" — 2 — J Buny-.
XA2—A1

o
k o fi2 fio—fi1 1
e ;((;12 (X X 00X )disj

Now let us prove the proposition.

Proof. Assume first that F satisfies property (1) and, hence, by Proposition 4.2.6, its

pull-back to *N™ is Jets(N ~)™-equivariant. We obtain that the restrictions of h%,_ (F)
— Jetst(N7)™
and h%,_(F) to any finite-dimensional subscheme of Jets(N ™)™ X kN™ are
isomorphic. Then the weak factorizability of F follows from the properties of the map
from (33) above.
To prove the implication in the opposite direction, we reverse the steps. We have
to show that for a given finite collection of distinct points T = {zf,...,2!,}, the
— - JetsT(N7)™
restrictions of h - and hy- to the fiber of Jets(N~)™ X kN™ over 7' €
X™ are isomorphic over every finite-dimensional subscheme of this ind-scheme. Since
each N~ ((¢})) is a union of pro-unipotent subgroups, it is sufficient to show that the
isomorphism holds after the base change with respect to

(ZOZﬂ X Oo(X—T’W) —k Buny-
o X P

for i large enough.
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Note that the above fiber, base-changed to ’goz,ﬂ, is isomorphic to

(hz7 x Oo(Xff')"‘)xH(N‘((t}))-lGrG).

Our assertion follows now from (28), since N~ ((#})) - Lar, can be exhausted by affine
subspaces, each of which contains as a dense subset the intersection

(N(@) - ") (N7 ((#)) - Lae)
for some /. O

As a corollary of the first assertion of the proposition, we obtain the following:

Corollary 4.2.9. Let 0 — F; — F — F5 — 0 be a short exact sequence of objects
of Perv(*_ Buny )T, with F1,F satisfying properties (1) and (2) of the definition of
Perv(f}“l%)Gk. Then F also satisfies properties (1) and (2).

Proof. Since the group N~ ((¢')) is (ind)-pro-unipotent, the only non-trivial condition
to check is the factorizability property. For & as above, its pull-back to

(e} (e}
k op2 fi2—fi1 A1 fo—fn ok o fin fiz—fi1 i1
x (X X 00X o~ (Z X2 Z X X X 00X .
e e] X2 ( )dISJ ( oo )Xﬁ2ﬂ11 N ( )dlSJ
is the Goresky—MacPherson extension from the open subspace

(%’22_’21 x K zm) x ()0(’22_’21 X oo XF)

X P21 x oo X 1 disj

(o)

However, the latter is constant along the Z#2~f1_factor because of property (1),
Lemma 4.2.6, and Proposition 4.2.8. Along the ¥ Z/1 factor it is isomorphic to p~#1*(F)
as follows from the existence of the map in (33). O

4.2.10. Our present goal is to establish the following;:

Proposition 4.2.11. The category Perv(f}“l§)Gk, as a subcategory of the category of
T -equivariant perverse sheaves on &Buan, is stable under extensions.

The rest of the present subsection is devoted to this proposition. In view of Corol-
lary 4.2.9, we have to show that if 0 - F; — F — F5 — 0 is a short exact sequence in
Perv(® Buny- )T with F1, %, € Perv(S‘"l%)Gk7 then F satisfies property (3).

Consider the pull-back

acty ((p77)"(F)) € PerV((MapS(X, )™ x &27) - x (X7 x @Xﬂ)disj)'

o -
){7‘”'><<,7)(M

Since Maps(X,T)™ is isomorphic to the affine space, it is sufficient to show that
the restriction of the above pull-back to the fiber over every geometric point z :=
(Pa, {k*}, {k"7}) € £ 27 is a complex with constant cohomologies.
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By the factorization property, it is sufficient to consider the case when the point
k s/(z) € oo X" equals ji - x. In this case, the map act’ factors through the action of
ker(T[[t]] — T) on * ~.

Hence, it is sufficient to check that the restriction of F to ¥ F# is ker(T[[t]] — T)-
equivariant. But the above restriction is an extension of the restrictions of ¥F; and
F,. Since for 7 large enough the map Maps(X,T)™ — ker(T|[[t]] — T) is surjective
with connected fibers, the fact that F; and Fy satisfy property (3) implies that their
restrictions to % §# are ker(T[[t]] — T)-equivariant. This proves our assertion, since
ker(T[[t]] — T) is pro-unipotent, and hence the equivariance property is stable under
extensions.

Thus, Proposition 4.2.11 is proved. As a by-product we obtain the following alterna-
tive way to spell out condition (3):

Corollary 4.2.12. Let F € Perv(* Buny )T be a perverse sheaf, satisfying properties
(1) and (2) from the definition of Perv(f}“l%)Gk. Then following are equivalent:
(1) F also satisfies property (3);
(2) the - (or !-) restrictions of F to every kK Buny- are such that their perverse
cohomologies are pull-backs from T([t]/tF)-equivariant perverse sheaves on

G/N=([t]/t"); ] i
(3) the - (or !-) restrictions of (p~)*(F) to every X F* are T|[t]]-equivariant.

4.2.13. Recall that for 7 € A, we have introduced the category
;Perv(?l%)Gk C Perv(¥Buny - ),

which is equivalent to
g,Perv(ff"l%)Gk C Perv(¥ Buny).

Proposition 4.2.14. Let ¥ € /Perv (Fl%)Gk be such that (i5)1(F") is a perverse sheaf.
Then, for F € Perv(&"l%)Gk, the canonical map

Ext, 5— (@) (F),F) = Exty g ((i)1(F),F)

k k
k Bun, — k Bun, -

18 an isomorphism.

Note that due to Proposition 4.2.11, the above proposition can be reformulated as
follows:

1 - 1 A

tierv(ﬂ%)ck ((25)1(F),F) ~ R Homy g, (F,15(5)).

Proof. The fact that the map in question is injective is evident, since (i;)(F') surjects
onto (iz)1(F"), and F has no sub-objects supported on ¥Buny- — % Buny-.

To prove the surjectivity we can replace ¥ Buny- by its open substack ’;DBun N—»
which is obtained by removing from * Buny- all ’;D/Buan for ¥/ < . Evidently,
];Buan is closed in ’;DBuan.

Let

0—F —F — (ix(F)—0
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be an extension. We have to show that it is induced from an extension of (ip)1(F")
by F. Let F1 be the perverse sheaf on ’;DBuan obtained as a Goresky—MacPherson
extension of the restriction of F; to the open substack

I;I;Buan — (*Buny- — ¥ Buny-).
We claim that F is the desired extension. Namely, we have the maps
F Ty — (i) (F),

and we claim that this is a short exact sequence. R
To check this, by Proposition 4.2.4(3), it is enough to show that F; is an object

of the corresponding category >,;Perv(3"l§)Gk. However, properties (1) and (3) are
automatic, and the factorization property (2) follows by combining Proposition 4.2.8
and the definition of the Goresky—MacPherson extension. [

The 5-lemma yields
Corollary 4.2.15. For F as in the proposition, the natural map

2 = 9 1
EXtPerv(‘}"l%)Gk ((ZD)! (3’”)7 9') —R Homg Buny (EFI, Zp(?))

18 1njective.

Remark 4.2.16. From Proposition 4.2.14 one can formally deduce that the maps

Xt:’erv(ﬁ"l%)c’C ((;,;)|(9'~/)’ 9:) I RZ HOII]& Buny (3:/71;7(9:))

are isomorphisms for all 4.

4.3. The spherical case

4.8.1. Let Perv(?l%)G[[t” denote Perv(ﬂ“l%)Gk for k = 0; this is a full subcategory in
~Buny-. For 7 € A we will denote by IC; the corresponding irreducible, i.e.,

I1Cy = (i5)1x (IC, Buny) = (1)1 (IC 50 -

These are the irreducible objects of Perv(f}“l%)G[[t”.

Proposition 4.3.2. The category Perv(f}“l%)G[[t” is semasimple.

Proof. It would be enough to show that if 1C;, and 1C;, are two simple objects of
Perv(ﬂ“lT)G[[t”, whose support is contained in some ¢yBuny-, then over some open

substack of <;Buny—, Ext*(IC;,,1Cz,) is zero.

Let 1,05 be two elements of A. In order for EX’cl(ICf,17 ICs,) to be nontrivial , the
support of one sheaf must be contained in the closure of the support of the other. This
means that either 77 < 5 or U5 < 1. By Verdier duality we can assume that 74 < s.

Consider the open substack of @m ~- obtained by removing the closed substack
<nBuny- — 5, Buny. As in [FGV, Section 6.1.4],

Eth (lC,;l, |C,;2) — Eth

<o Buny— <wgBuny - —(gp, Buny - —p; Buny)

(Icffla |C,;2),
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so it is enough to show that the latter is 0. Since
» Buny C <y Buny- — (<p Buny- — 5, Buny)
is closed, the latter Ext! is isomorphic to
R'Hom , Buny (IC,, Buny iy, (IC,, Buny)) -

There are two cases: if 71 < I, then we are done by [BFGM], since iy, (IC,, Buny)
lives in the cohomological degrees > 2.

If ¥ = 14 = Dy, then the assertion follows from the fact that ; Buny is simply-
connected, cf. [FGV, Section 6]. O
4.8.3. Consider the object of D(sBuny-) equal to @)!(Icﬁmw ). This is a complex

that lives in nonpositive cohomological degrees, and each of its perverse cohomologies
is an object of Perv(fﬂT)G[[t”, by Proposition 4.2.4.

Theorem 4.3.4. The —kth perverse cohomology of (ff,)!(ICDmNi) is isomorphic to
the direct sum over collections of k distinct positive roots {1, ..., Bk} of
1Cooy g,
7
Corollary 4.3.5. The complex (gf/)!(ICpmN,) (respectively, (f,;)*(ICDmNi)) lives

in the cohomological degrees [—dim(n),0] (respectively, [0,dim(n)]) and its —dim(n)-
(dim(n)-) degree cohomology is isomorphic to 1C;_5.

The rest of this subsection is devoted to the proof of the above theorem. For fi € Apos
consider the stack gDBunfﬁ, fibered over X*#, classifying pairs (D € X*#, {x*}) such

that each x> factors as

Vs,

G

—>Ox()\(9-x—D)) — Ox.

Let » Bun%, be the open substack of g,;Bunf,[i, corresponding to the condition that
the maps Vi — Ox (M(# - = — D)) above are bundle maps.

It is easy to see that ; Bun” _ is smooth over X#. The projection gl-,Buan[i — X
is ULA (universally locally acyclic) with respect to the IC sheaf on this stack, by [BG,
Section 5.2].

We let i~ (respectively, i#) denote the natural maps from the above stacks to
<wBuny-. By [BG], i~ s finite (and, in particular,v proper), and i# is a locally
closed embedding. Moreover, by [FGV, Section 3.3], i is affine. In particular, ev-
ery 44 (IC_p..» ) is a perverse sheaf.

» Bun’
The following is a reformulation of the main result of [FFKM] and [BFGM]:

Theorem 4.3.6. The kth cohomology of (i®)*(1C;) is isomorphic to the direct sum over
the set of partitions B,

i=Y mi B A, Y my =k,
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where (3'’s are positive Toots of the direct images of the shifted by [k] constant perverse
sheaves on each

X% x ,Bunf _,
X

where X% o~ Hj Xm3)  that maps naturally to X*.
For each partition P8 as above let g be the perverse sheaf on X#, equal to the

direct image under X¥* — X*# of the irreducible perverse sheaf obtained by taking the

external product over j of the one-dimensional local systems on each X (") — Diag with
monodromy —1 around the diagonal. By the ULA property of gl-,B—un]%/z over X#, the
tensor product IC@mii ® Eqp[—k] is a perverse sheaf.

The usual Koszul complex argument yields the following:
Corollary 4.3.7. Irreducible constituents of (i,)1(IC, puny) are the perverse sheaves
fff‘ (IC<V—<,1 ® Ecp[fk]) for all i € A and partitions B, each appearing once.

»Bun;[
Recall that ;" denotes the fiber of <;2# over fi-x € . X#. By [BFGM], we have
HC(@?gﬂ’ Icgozﬂ |<03‘1) = U(ﬁ)ﬂ-i-f/a (34)

in particular, the above cohomology is concentrated in cohomological degree 0.
Combining this result with Corollary 4.3.7, and taking into account that the restric-
tion of &g to the diagonal divisor is 0 unless all m; = 1, we obtain the following:

Corollary 4.3.8. The cohomology group
H* (<08, (iu)!(IC“%ﬂ)lgp:eﬂ)

is the direct sum over A € AP of U(fl)ﬂ-irf/—ﬂ’ each appearing the same number of times
equal to the number of partitions of A as a sum of k distinct positive roots.

Let us note that the intersection ;F# := oF” N zZ* is isomorphic to
(N((®) - (7 + @) N (N((1) * Lare) -
Thus, Corollary 4.3.8 gives an expression for
H M@ ((N((1) - 2) 0 (N (1)) - (=), C)
~ H. " (<", (i) (IC, 20|, 52).  (35)
Now we can finish the proof of Theorem 4.3.4, essentially by reversing the logic. We

have to show that the multiplicity my(A) of IC,_5 in the —kth perverse cohomology

of (ED)!(ICDBiunN,) equals the number of partitions of A as a sum of k distinct positive
roots, i.e., dim(A¥(n)5). 5

We will argue by induction on A, SO we can assume that the assertion is known for
all ¥ < A. Consider the cohomology in (35) for & = A — . By (34), the contributions

of different constituents do not cancel out, and we obtain an equality:
> dim(AF(n)5) - dim(U(n)s_5) = Y dim(A¥(n)y,) - dim(U(n)5_5) + mk(N).
N €Apos N<A

This implies the desired equality.
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4.4. The Iwahori case

4.4.1. Note that the stack ¥ Buny- is acted on by the group G([t]/t*). In particular,
we have the convolution functors:

D(G([t]/t*)) x D(*.Buny-) — D(* Buny-): 8,F — $%F and 8,F — S 7.
Moreover, these functors are defined on each of the subcategories
D(él;Buan), D(ﬁBuan), and D(ff Buny-),

so that the *-convolution commutes in the natural sense with the functors

(KD)*; (7;17)*’ (iﬂ)*v (iﬁﬁ)!a (iﬂ)!a (if/)!a (ev,;)‘,

and the !-convolution commutes with the functors

i<o)", (1n)", (15)", (evy)”

—
-~
IN
S
~
—
-~
IN
R«
N
*
—
<
i
N
—
~
S
~
—

Lemma 4.4.2. For §F € Perv(f}“l%)Gk and any 8 € D(G([t]/t*)), the perverse coho-
mologies of both 8 *F and 8 7'\' F belong to Perv (?Z%)Gk.

Proof. This follows immediately, since the action of G([t]/t*) extends to ¥ Z#, respects
the factorization isomorphisms, and commutes with the action of the group-schemes
involved in the definition of Perv (fﬂ%)Gk. g

In what follows we will be interested in the case &k = 1.

4.4.3. Let us denote by I Buny- (respectively, c{ZBuan) the quotient stack of
L Buny- by B C G (respectively, N C G).
We will denote by

Perv(f}“l%)l C Perv(! Buny-) and Perv(&"l%)lo - Perv(iZBuan)

the full subcategories, consisting of objects, whose pull-back to éome belongs to
Perv(F1% )", k= 1.

For 7 € A, let us denote by IBuny- (respectively, ll,oB—uan) the corresponding
locally closed substack of £ Buny - (respectively, C{Z%M), and by ev; the map from
it to B\G/N~ (respectively, N\G/N ™).

For an element w € W,g, written as w - ¥ with w € W, we will denote by fDB—uan
(respectively, gme) the preimage under ev; of the Schubert cell

B\(B-w-N7)/N- Cc B\G/N™.
et - Bunpy- (respectively, - Buny-) be the preimage of the same Schubert cell under
L fUB ivel QOB be th i f th Schub 11 und

the map ev,: L Buny — B\G/N~. We will denote by i3 and iy the corresponding
locally closed embeddings.



SMALL QUANTUM GROUP AND SEMI-INFINITE FLAG MANIFOLD 339

We will denote by IC; € Perv(! Buny-) the intersection cohomology sheaf on
TIDBuan. In other words,

ICq =~ (i5)1x (ICu, /5 W ICiy),

in the notation of Proposition 4.2.4. In particular, we see that ICy; is an object of
Perv(S‘"lT)I , and these sheaves are all the irreducibles of the categories Perv(S‘“lT)I

and Perv(f}“l%)lo.
For w = w - i as above, let us denote by V; and Ay the complexes

('L’D)!(j!,ww[) @ ICl{,N) and (g,;)*(j*7w.w0 @ ICl{,N)a

respectively, where ji ., (respectively, j.w.w,) is the perverse sheaf on G/B~ cor-
responding to the same-named perverse sheaf under the isomorphism G/B~ — G/B,
given by the right multiplication by wy.

According to the above, we can act by objects of D(G/B)? (respectively, D(G/B)Y)
on objects of Perv (9’l§)1 and obtain complexes, whose cohomologies belong to

Perv(ﬂ“l%)l (respectively, Perv(?l%)fo). Evidently, we have

Jrws * Vi, = Vw0 Juwy * Dy =~ Ay (36)
provided that [(wq - we) = l(w1) + l(wa).
Proposition 4.4.4. Both Vg and Ag are perverse sheaves.
From Proposition 4.2.4 we obtain
Corollary 4.4.5. Both Vg and Ag are objects of Perv(&"l%)l.
Proof. Evidently, we have
Vi ~ (fu;);(IC{DmJW ).

We claim that the morphism i is affine. Clearly, this would imply the proposition. To
simplify the notation we will assume that 7 = 0; the proof in the general case is the
same.

For an element w € W we can find a weight A\ and B-stable subspaces

V) Ve c v,

with dim(V;}/’V}) = 1, such that a point of G/B~, thought of as a quotient line
0 « VA belongs to B-w - B~ /B~ if and only if the composition

Ivlﬁ N VA 4’6)\

is zero, and V) — V* — (* is nonzero.
Then, fDBuan, as a substack of éOBuan, corresponds to those x*, for which the
map

(Vi)pe. — (Vig)e — 0z = C (37)



340 S. ARKHIPOV ET AL.

is zero, and

(V)2 — (Vig)a — 0o =C (38)
is nonzero. Note that (V,2)p. . and ('V,))p, , make sense as subspaces of (V. )., since
a part of the data of a point of gome is the reduction of the fiber Pg , of Pg at z
to B.

Hence, the closure of LBuny- is contained in the closed substack of éOB—uan,
consisting of all those points, for which the composition in (37) vanishes. The locus of
the nonvanishing of (38) is the complement to a Cartier divisor in this closed substack.
O

4.4.6. We will work with the abelian category Perv (?l %)I ® and its derived category,
denoted D(F17)™".
By Proposition 4.2.11, for F1, %5 € Perv(?l%)fo,

Ext!

Perv(?l%)m(gl’S:Q) ZEthgi (9:179:2)Ta

Bun,, -
where the subscript T' stands for the T-equivariant category. Hence, the map

2 2
ElXtPerv(S‘l%)I0 (9:1’ 9:2) - EXtégmN7 (971, 3TQ)T

in injective. .
From Corollary 4.2.15, and using the fact that each L Buny is contractible, we obtain

Corollary 4.4.7. Ext’ (1% )0 (Va,Ag) =0 fori=1,2 and any 0,0 € Wyg.

Perv
Remark 4.4.8. From Corollary 4.4.7 one can formally deduce that
EXt’L (gl%)lo (V'JJ) A’J)/)

Perv
vanishes for all ¢ > 0 and any w,w’ € Wog. More generally, for F € Perv (fﬂ %)I 0,

i i(1°
Ext (%) (Va, F) = H'(j; Buny, F|0

Perv BunN).

Note that by Proposition 4.2.4, the !-restriction of any F € Perv (fﬂ%)[o to g) Buny is

a complex with constant cohomologies. Since fbo Buny is contractible, H*® ({DO Buny,C) ~
C, so the above expression for Ext’ amounts to taking stalks of F on the stratum
I’ Bun

o Buny.

4.4.9. The baby Whittaker case. Let Perv( Buny-)" ¥ be the category of (N~,)-
equivariant perverse sheaves on ! Buny-. We introduce the category

Perv(&"l%)r’w C Perv({,Buny-)n- 4

as the full subcategory, consisting of objects which belong to Perv (?l%)Gk, k=1, when
regarded merely as objects of Perv(l Buny-). This category is stable under extensions
by Proposition 4.2.11.
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By Proposition 4.2.4 we can produce objects in Perv (H’Z%)F ¥ starting from objects

of Perv(G/B~)N -¥. We will denote by tq/p- the unique irreducible in the latter
category, which corresponds to g, p under

Perv(G/B™)N ¥ ~ Perv(G/B)N .
For v € A, set B _
ICY = (io)(thg/p- B IC1y),
and B B B B
VY = (i) (ap- BICy), A = (ip). (e p- B IC1y).

Since the embedding of the corresponding locally closed subset into }Buny - is affine
(cf. the proof of Proposition 4.4.4), both V:f and A}f’ are perverse sheaves and, hence,

by Proposition 4.2.4, are objects of Perv (5‘"1%)]7’“’. In Section 5.3.4 we will prove the
following:

Theorem 4.4.10. The canonical maps V:f — IC}f’ — A}f’ are isomorphisms.

Thus, the extension of ¢g,p X ICDTMN, under i; is clean and V:’f ~ A:’f is irre-

ducible. Hence, the category Perv(?l %)I “¥ is semisimple and equivalent to T -mod.

4.4.11. Let us denote by
. 1 B 1 Ban I~
AVLN—’w7AV!7N—7,¢,. D(OOBUDN—) I D(OOBUDN—)
the functors which are left and right adjoint, respectively, to D(} Buny-)! ¥ —

D(*, Buny-). As in Proposition 2.2.5 we obtain

Lemma 4.4.12. There exists an isomorphism of functors

AV N pl—dim)]|p g ) — AV [dimW)][proEgs -

Moreover, the resulting functor Avy- - DL Buny-) — D(,Buny-)! ¥ is ezact.

Let us call an object of Perv(S‘“l %)I ’ partially integrable if all of its irreducible sub-
quotients are of the form 1C,.;, w # wg. Thus, the only irgeducibles that are not
partially integrable are 1C,,.;. Let us denote by / Perv(S‘“l 7)1 the resulting quotient
abelian category.

The following is parallel to Proposition 2.2.7.

Proposition 4.4.13.
(1) The functor
Avi e Perv(fﬂ-‘l%)l0 — Perv(&"l§)r’d’
factors through fPerv(S-“l%)IO.
(2) The resulting functor

fPerv(971§)IO — Perv(&"l%)r’w
1s faithful.
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Proof. To prove the first statement we have to show that Av;- ,(ICy.5) = 0 for w #
wg. This is nearly evident: such an irreducible is a pull-back from the quotient stack
P\ Buny-, where P, is some subminimal parabolic in G. Our assertion follows from
the fact that the direct image of ¢,/ under G/B — G/P, vanishes.

To prove the second statement, it suffices to show that

AV 4 (1ICu,.) = 1CY.
We know that the left-hand side is a perverse sheaf, and the isomorphism over the open

part of the support, namely (Buny-, is evident. The fact that the left-hand side is
a Goresky—MacPherson extension from this substack follows from the exactness of the

—% <!
functor Av;- ., and the fact that it commutes with all 7;, and 4. [

Corollary 4.4.14.

(1) The kernel of Vyy.o — 1Coy.p s partially integrable.
(2) 1Cyy.» is the cosocle of Ay and socle of V.
(3) For any w € W, 1Cy,.» is the only nonpartially integrable constituent of V..s.

Proof. Evidently, we have
AV]—ﬂ[,(vwo.,)) >~ V}f

Combining this with Proposition 4.4.13 and Theorem 4.4.10, we arrive at the assertion
of point (1). Point (3) follows from point (1) by (36). Finally, point (2) follows from
point (1) in the same way as in the proof of Proposition 2.3.2. O

We will now introduce one more object of Perv(?l%)fo. For 7 € A set
M= (i) (ERICgg ) and IL = (i) (E R ICrgg ),
where = is the perverse sheaf on N\G/B~, corresponding to the same-named perverse
sheaf on G/B.
Theorem 4.4.15. The canonical map I, ; — I1, ; is an isomorphism.

Proof. Consider the convolution with = as a functor Perv(ﬂ“l%)l — Perv(?l%)fo. As
usual, this functor annihilates all partially integrable objects.
Evidently,
I ) 2% Vo p and Iy @ Ex Ay, .

Our assertion now follows from Corollary 4.4.14, which implies that the cone of the
map V5 — Ay, is partially integrable. O

4.4.16. We will now establish the following fact, parallel to Proposition 3.2.6(2).

Proposition 4.4.17. For i € A there exists a nonzero map
Ayy.v — 1Co_2p,

where 1Cy_gp € Perv(&"l%)a[[tﬂ is thought of as an object of Perv(&"l%)l.
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Proof. As in the proof of Proposition 2.3.4, we have the functor
Avig/p: D(!_Buny-) — D(soBuny-)
left adjoint to the forgetful functor. By definition,

HomPerv(S‘l%)I (Awo.,;, |C,;,2ﬁ) ~ HomD(mmN,)(AV!7G/B(AWO'D)7 |C,;,2;3). (39)

However, since G/B is proper,
AV!,G/B (Awo.,;) ~ (E{,)* (ICDmN7 )[dlm(n)]

Hence, the assertion of the proposition follows from Corollary 4.3.5. O

5. Convolution

5.1. Definition of convolution
5.1.1. Consider the Hecke stack for G at x:

— —

Bung he He o he, Bung,
and for two integers ki, ko let *1*23(5 . denote its base change with respect to

k1 Bung x k2 Bung — Bung x Bung .

By a slight abuse of notation we will continue to denote by h¢g, hg the projections of
kl’kzﬂ{gﬁz on ¥ Bung and *2 Bung, respectively.

We can regard kl””ﬂfcﬂ over *2 Bung as the space associated with the canonical
G*2-torsor G*2 over ¥2 Bung and the G*2-space G((t))/G*:

GF2
Fkag(s . =~ G((1))/GM x G2

We also have a symmetric picture:

GF1
Mok . ~ G(() /G x Gk
Recall now that there exists a canonical equivalence of derived categories
8+ 8P Dy (G((t))/G*?) ~ Dgra (G((1))/G™).

This is defined as follows.

First of all, it is clear that G*1-invariant subschemes of G((t))/G*? are in bijection
with G*2-invariant subschemes in GF1\G((t)). For 8§ € D, (G((t))/G*2), let Y be
the corresponding finite-dimensional subscheme of G¥1\G((t)). There exists an integer
k; >>0, such that if we denote by Y’ the preimage of Y in GF1\G((t)), the map Y —
G((t))/G** is well defined. The pull-back 8 of 8 to Y is a G¥' /G*i-equivariant, and,
hence, descends to a well defined G*2-equivariant object of D(G*1\G((t))).

Finally, the desired functor is obtained by applying the inversion on G((t)).
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5.1.2. Asin [BG] we have a commutative diagram, in which both squares are Cartesian

S Y Py S
k G k1,k G k
oéBuan — ¥ 2:}(G,N*,z — OgBuan

T |

—

h h
k1 Bung PERLIC kl’kzj{G,z _ G ke Bung .

For a complex F on ¥2Buny- and a G¥i-equivariant complex 8§ on G((t))/G*? let
8°P K F be the corresponding complex on k17k29{G7N77£. We set

— ~

$5F = (h:).SPRF), S+F:=(h)i(SPRF) € D(*:Buny- ).

Evidently, when k; = ko = k, and § is supported on G[[t]]/G* C G((t))/G*, we
arrive to the functors discussed in Section 4.4.1.
The following is straightforward from the definitions:

Lemma 5.1.3. For 8§ € Dgw, (G((t))/G*2) the functor
F > 8% F: D(%2Buny-) — D(Buny-)
is the left adjoint of
51 D(S%) 457 D(Buny-) — D(2Bwny- ).

The above picture admits the following variants. First, we can replace the equivari-
ance condition on § € D(G((t))/G*?) with respect to G* by that of I°, I, or (I™,%).
In this case the target will be the corresponding category D(L Buny-), D(L Buny-),
or D(L, Buny- )N ¥,

Second, instead of D(G((t))/G*2) we can consider D(Fl¢) or D(Gr¢). We obtain the

convolution functors
D(Flg)kaD(éoBuan) — D(* Buny-) and D(GrG)kaD(OOBuan) — D(* Buny-).

In both these cases, the *-convolution coincides with the !-convolution, since Flg
and Grg are ind-proper. We will denote the resulting functor simply by x. Here again
the equivariance condition with respect to G* can be replaced by any of I°-, I-, or
(I~ ,%)-equivariance conditions.

5.1.4. We will now show that the convolution functors essentially preserve our category

Perv (EF = ) .

Proposition 5.1.5. If F € Perv ((Tl%)G]Q, then the perverse cohomologies of both SxF
! =]

and 8 xF belong to Perv (CFZT)le .

The rest of this subsection is devoted to the proof of this proposition. First, let us
notice that if F satisfies condition (1), then so do the complexes (h{).(8°P XF) and
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(hip)h (8P X JF). Hence, by Lemma 4.2.6 and Proposition 4.2.8, these complexes satisfy
the weak factorization property. Hence, to show that their perverse cohomologies satisfy
the full factorization property, it is enough to show that their pull-backs to

(Z[@*ﬂl % ’;ézﬂl) % (Xuzfm % OOXM)

o disj
XHA2=R1 x X1

can be written as extensions of complexes, each of which has the form ICyn,-5, X F,
where F” is some complex on K121,
Let us denote by Y# the Cartesian product

klzﬂ % kl’szHGN;c
00 N,
’;}BunN,

As in Lemma 4.1.5, we have a canonical isomorphism
~ o ~ ~ ~ ~ ~ ~ o ~ ~ ~
Yz s (XReR XY (ZRRycYi) o (XRaR )

_ disj disj”
o XH2 5.(}12*}11 X oo X 1

We claim that the pull-back under

Yz x (XFain s  XP)

X, s Yhz  Rukagen
0o B2

disj

of P X F is an extension of complexes, each of which has the form ICyny—n; XF”,
where F is some complex on Y#1. This would clearly imply our assertion.

Note that Y# can be represented as a union of locally closed substacks ,Y# for 7 € A,
where a point (Pg, {k*}, {s*}) belongs to ;Y* if and only if each k™~ has a pole of
order (\,7) at .

Note that we have a natural map ;Y# — ¥2Z/+7 that covers the map

-
Ik ko
hg: ™" Ha Nz — 2Buny-.

Moreover, the diagram

[e]
Dldlb X (X[u—[tl X ooXﬂl) o N Z 2= Dyﬂl
o XF2 disj

l l

o
iz o fio 4 fio— i i1+
ka Zf2 X (X2 x Xt

R me—ﬂl X I;gzﬂl-i-f/
OC)([t2+17

disj

is commutative. Hence, our assertion follows from condition (2) imposed on F.

It remains to show that the perverse cohomologies of $%F and 87!%5‘" satisfy condition
(3) of Corollary 4.2.12. Since we have to check an equivariance condition with respect
to a unipotent group-scheme, it is enough to show that their pull-backs to ’;Zﬂ can be
written as extensions of complxes satisfying this equivariance condition. This follows in
the same way as above, by subdividing the stack Y# into the locally closed substacks

sy
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5.2. Exactness and smallness

5.2.1. Consider the convolution functor
D(Grg)?" x Perv(F1F )1 — D(* Buny ).
Since Perv (fﬂ%)c[[t” is semisimple, it is enough to evaluate the above functor on the

objects of the form IC;, 7 € A.
Theorem 5.2.2. The functor

$ — 8% ICy: D(Grg)® — D(* Buny-)

s exact.

Proof. Since the situation is self-dual with respect to the Verdier duality, it is sufficient
k
to show that, for § € Perv(Grg)Y", the convolution 8§  IC; is supported in nonpositive
=%
cohomological degrees. For this it is sufficient to show that i,(8 «1C;) is supported in

nonpositive cohomological degrees for every ji € A.

Consider the preimage (h{;)~! (gBuan) C #9% n .. This admits a decomposition
into locally closed pieces

—

(he) ™ (FBuny-) N (k)" (wBuny-) N*OHE v, (40)
for i’ € A and A € AT, where k’OU{éNﬂ is the preimage of the corresponding locally

closed substack in Hg ..
The statement of the theorem would follow once we prove the following;:

(1) The dimension of fibers of the map
hg: (hg)  (5Buny-) N (k)™ (wBuny-) N*°HG v, — FBuny-

is < (' — i+ X, p)-
(2) The *-restriction of 8P K IC,, to

(7)™ (“Buny-) N (hie) ™ (Buny-) NP9 v,

lives in the cohomological degrees < —(ji’ — ji + A, p).

The first assertion follows from the identification of the locally closed substack from

40), projecting to EBuny- by means of h’,, with
f G

(Gl AN~((1) - (i~ 1)) *EN, (41)

where EN is the N~ [[t]]-torsor over EBuan introduced above.
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To prove the second assertion let us view the locally closed substack of (40) projecting
to pBuny- by means of hi; it identifies with

_ —wo (X _ o NI
pkl(GrG NN (1) - (5" = M)) X @ N,

where py. is the projection G((t))/G* — Grg.
The *-restriction of 8°P X I1C;, to it identifies with

op - 5 - -
Sl (g0 an (- —my) B Bon

Hence, it is enough to show that the *x-restriction of 8°P to

i (G ™ AN () - (7 — 1))

lives in the cohomological degrees < —(ji’ — i + A, p).

First, the restriction to pgl(Gréwo()‘)) lives in nonpositive degrees, since § was as-
sumed perverse. By assumption, this complex is G[[t]]-equivariant and, hence, uni-

’Lug(j\)

versally locally acyclic over Grg , since the latter is a G[[t]]-homogeneous space.

Since . .
codim(Grg"™ ANT(() - (&' — 1), Grg"* ™) > (1 — i+ A, p),

our assertion follows. O

5.2.8. Convolution in the spherical case. We will now study a particular case of the
above situation, when the functor we consider is

Sphg; x Perv(F17 )Gl — Pery (517 ) ClIH1.
Proposition 5.2.4. ForV € Rep(é) and v € A, there exists a canonical isomorphism

V * IC,) ~ @ ICf/-‘,—[L ®K(ﬂ)
I

Moreover, for V,U € Rep(G), the diagram

(U V) %1C, e D UxICpy) ® V(1)

I

PICosp@ U V)(3) —— @ ICoppr @UE") @ V(i)

— N
commutes.

Before giving the proof let us recall that, for V € Rep(G) and the corresponding
object V € Sph, we have a canonical isomorphism

V(i) ~ Hy ™ (N=((8) - 1, VIn-((1))5)- (42)
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Proof. Note first that the result of the convolution VxIC; is an object of Perv (?Z%)G[[t”,
and hence, is semisimple. (Alternatively, semisimplicity follows from the decomposition
theorem, since every V € Sph, is a direct sum of intersection cohomology sheaves.)

By the proof of Theorem 5.2.2,

Hom(ng_,_ﬂ,V* |Cf,) ~ H;@ﬂ,ﬂ) (Ni((t)) . ﬂ, V|N*((t))~p,);

which is exactly the expression that appears in (42).
The second assertion of the proposition follows from the definition of the structure

of the tensor functor on V +— V: Rep(G) — Sphg, cf. [MV] or [BG1]. O

The commutativity of the following two diagrams also follows from (42):

IC}\,GrG * |C[, — IC;\,GrG * IC[L,GrG * IC—wO(ﬂ),GrG * |C,;

| | (43)

ICD+X — ICX,GIG * IC[L,GTG * ICD_ﬂ’

where the left vertical arrow comes from taking the direct summand corresponding to
KA(X), and the right vertical arrow comes from taking the summand corresponding to
V—wo(ﬂ) (_ﬂ)

For the following diagram, V is an object of Rep(é) and \ is a coweight large com-
pared to V:

Vx IC, — (ICinO\)’GrG* IC;\,GYG*V)* 1Cy
@ ICD+ﬂ ® K(:D’) @ Icfwg(j\),GrG * IC}\Jr[/,,GrG * ICD ® K(:D’) (44)
fi fi

| l

@ 1Coyp @V (i) —— @ IC_ o (x).are * 1Cagmgn ® V().

f f
5.3. Convolution with Perv(Grg)!
5.53.1. We will now consider the convolution functor

Pervg i (Fla) x Perv(F1% )Gl — Perv(F17) .
Recall the objects L™ € Perv(Grg)! defined for w € W. We will prove
Theorem 5.3.2. If LY =1C, 5 g, then
LY % IC,; ~ ICw(X-‘rl'/)

The rest of this subsection is devoted to the proof of this theorem. We will retrace
the argument proving Theorem 5.2.2 and show that the map defining L% x IC;; is small
(vs. semismall).
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First, to calculate the top (=0th ) cohomology of L* x IC; we only need to consider
the locally closed substack of I’OU{GJ\F@, isomorphic to

N

e
0, ><[H]

I
DNa

and the constant perverse sheaf on it, where Qg is the open G[[t]]-orbit in the support

of (L) on Flg. Its intersection with the preimage of |, ;Buny- under h{, can be
described as follows.
Note that the pull-back i,,ﬂBuan x N of the N~ [[t]]-torsor ;N to fu,,ﬂBuan

leunN,
admits a reduction to the subgroup N~ [[t]] N Ad(,-1(I). Then the above intersection
identifies with the total space of the bundle associated with the N~[[t]] N Ad(yry-1(1)-
space

N=((#) - (7 = 7) N (Adgury (1) - (@)™ w(R)) € N((#) - (3= 7) 1 Grgy. (45)

Evidently, when /i = A + 7 and w’ = w the above intersection is the point-scheme.
This means that ICw,( Xt5) indeed appears as a direct summand in the convolution

L% % ICy. Tt remains to show that if i # X\ + 7 or w’ # w, then the scheme in (45) is of
dimension strictly less than (7 — i + X, p).

We will deduce this from Theorem 1.3.5. Let us take fi; to be a large dominant
coweight and set 77 = 11 + i — . We will show that if the dimension of (45) violated
the above inequality, the perverse sheaf IC,, .5, gr, Would appear as a direct summand
of ICw,;\GrG *1C;, ,are- To that end, it is sufficient to show that the fiber of

(I-(w-N)*Grt

over the point w’ - 7 is of dimension > (7 — i + A, p). We claim that the above fiber
contains a subscheme isomorphic to scheme (45).

Consider the orbit of the group Ad,, N~ ((t)) passing through v’ -, € Grg. Its
preimage in (I - (w- \)) * Grf is the union over parameters 7} of the schemes

(Aduw N=((1) - (' - 54)) 1 (1 - (w- )))
* (Adw N7((t) - (W' - (1 — 1)) N Grld ), (46)

each of which is fibered over

(Adw N7((1) - (w' - 74)) N (T (w- X)) (47)
with a typical fiber

(Adw N7((#)) - (w - (1 — 7)) N GrlZ'.

Let us take 7 = 1 — fi;. We claim that the intersection of (46) with the preimage
of the point w’ - in (I - (w - A)) * Grfy' surjects onto the scheme in (47). This would
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imply our assertion, since schemes (45) and (47) are isomorphic for the above choice of
“!
vy

This amounts to showing that the subscheme

(=01 (@)™ - (Adw N7((#) - (W' (2 = 2))) 0 (1 (w- X))
is contained in Grawo(ﬂl).
Let N7 be the group-subscheme of N~((t)), such that

(Ady N((8) - (' (fi = 7)) N (I (w- })

=<

is contained in

(Adwr(N7) - (- (= 2))) O (I - (w- N)).
We have to show that

(=) N'- (i — ) € Grg"™ ™),

which is equivalent to
Ad_s, N* - (=jir) € Grg"*t™) |

However, the latter containment is valid, whenever ©; is dominant enough so that
Ad_;, (N") Cc N7[[t]].

Remark 5.3.3. Let us note that the fiber of (I - (w - A)) % Crlt over w' - 7y is in fact
entirely contained in the subscheme (46) with 7} = 4 — fi1, and it maps to scheme (47)
isomorphically.

To prove the first assertion note that there are only finitely many }’s, for which the
base (47) is nonempty. For any ©; other than ; — i3 the subscheme

(=1 - (W)Y (Adw N=((1) - (@'~ 7)) N (I - (w- )))

will have an empty intersection with Gréw"(ﬂ 1), because eventually

(Ad_s, (N7) - (7 — 1)) N Crg™ ™) = &,

The second assertion is evident, since every fiber of m: Grgx Grg — Grg embeds
into the base Grg.

5.8.4. The baby Whittaker case. Our present goal is to prove Theorem 4.4.10. By Verdier
duality, it is sufficient to show that the map

Vg’ — |C:’~,b

is an isomorphism. Suppose it is not, and let us look at the quotient perverse sheaf;
let &/ be the maximal element of A, such that this quotient is nonzero when restricted
to L, Buny-. Then this restriction (either - or !-) is a perverse sheaf, and its further
restriction onto the locally closed substack of L, Buny-, equal to (evy ) H(N™ - wyp), is
a local system.
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Hence, we deduce that the Euler characteristic of the %-restriction of 1CY to some
(evy )"H(N~ -wp) with ¥ # ¥ is nonzero. We are going to show that this is impossible
by comparing the present situation with the one for Perv(Grg)! ¥,

Let us recall that for any i € AT, the perverse sheaf IC&G *1C; are 1s irreducible
and is isomorphic to the clean extension of the character sheaf on the I~ -orbit of the
point wo - (ft + p') € Grg, by Theorem 2.2.2.

We have the convolution functor

Perv(Grg)! ¥ x Perv(&"l%)c[[t” — Perv(&"l%)r’w.
P _1c¥
Theorem 5.3.5. ICg,  * ICy = ICDJFﬁ/.

We omit the proof, since it essentially repeats the proof of Theorem 5.3.2, where
instead of the fact that L* x IC; qr. is irreducible for i € AT, we use the above
mentioned fact about IC&G *x1Cy.are, € Perv(Grg)! .

We claim that the fiber of ICng %1C; at a point of (evy) 1 (N~ -wp) can be written
as an extension of certain complexes X;~, and the fiber of IC&G *1C;, qre at a point
of I7 - (wo - (' + p')) for v — ¥/ = i — i/ can be written as an extension of the same
complexes.

This would imply our assertion about Euler characteristics, since the fibers of the
convolution IC&G *ICj Gre over I - (wo - (i’ 4+ p')) are zero unless i/ = fi by cleanness.

For " the complex K is defined as the fiber of the direct image under

hlys (hi) ™ (L Buny- ) N (hly) ! (s Buny- ) N 037

r—
GN-x o Buny-

of the *-restriction of IC&G X IC; to the above substack.
Hence, K is the cohomology with compact supports along the scheme

N((t) - wo - (7 — ") I™ - (wy - ') C Gr?,

of the complex equal to the tensor product of the character sheaf along I~ - (wg - ¢’) and
the constant complex equal to the stalk of IC; on 5+ Buny-.

Let us now calculate the fiber of ICng *1Cj are at a point of I~ - (wp - 1) for i large
and v — ' = i — /. For this we will intersect the fiber of the convolution diagram over
wy - i’ with the subschemes of the form

(I~ (wo-p)) *Grit’
As we saw above, each of these intersections is isomorphic to
N((#) -wo - (' = ") NI~ - (wo - p) C Grfy .

For each such " the complex that we have to integrate is the tensor product of the
character sheaf along I~ - (wp - p') and the stalk of ICj ., at Grf .

We set up the bijection between 7" and fi” so that 7" —7' = [i" —i’. Our assertion fol-
lows from the fact that for A small comared with fi and o the stalk of IC; on ,_5 Buny-
is isomorphic to the stalk of IC; v on IC;_5 q,,- This follows by combining [FFKM],

[BFGM] with [Lu], [Soe].
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5.4. Action of convolution on standard objects
5.4.1. We will now prove the following assertion, parallel to Corollary 3.2.2.

Proposition 5.4.2. If X is dominant there is a canonical isomorphism
hx*x Ve =V 5.

Proof. Using Proposition 5.1.5, it is sufficient to show that the stalk of j, ; * V5 is 0 on

any L, Buny for @' # A+ 7, and that it is canonically C in the latter case. This follows
in a rather straightforward way from the definition of convolution.
Consider the stack

(i) (L, Buny-) 0 (ki) (L, Buny- ) N 1196,

-,z

projecting to i/,l,/Buan by means of hy,. In the above formula, J{XG,N,;C is the locally
closed substack of I’[J-Cg N- . corresponding to the [-orbit [ - A C Flg.
The fiber of the above stack over a point of ;,_D,Buan is isomorphic to

(N=((#) - (/ =) w )N ((w) ' 1-X) CFlg. (48)

Set w = 1, and we claim that the above intersection is empty unless 7 = 7 + A and
w’ = 1, and that in the latter case, this is a point-scheme.
The latter assertion is evident. To prove the first one, we will use the following:

Lemma 5.4.3. For \ dominant,
N((@®) - B[[t]] o Adx (1) € B[[t] - N7 ((1))-
Using the lemma, it is enough to show that
(w' (7 =) - N=((£)) 0 (NF((1)) - A) € G((1))
is nonempty only if w’ = 1 and ¥’ — 7 = A, which is evident from the Bruhat decompo-
sition. O

5.4.4. Let us now exhibit a compatibility relation between the isomorphisms of Propo-
sitions 5.4.2 and 5.2.4. Namely, we claim that, for A € AT, the diagrams

ICGrc,j\* |C[, — j*’x*lc,; — j*yj\*A,;

Nl Nl (49)

@ICH,;@KA([U — 1G5 —— Ay
m

and
j*’;\ * |C,; e j*}\ * IC[L,GI‘G * IC—wO(ﬂ),GrG * |C[,

! |

j*,S\* Ay j*’;\* ICﬂ,GrG*K:[,f[L (50)
Apps — Juson* 1Comp
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are commutative. This follows from the definition of the isomorphisms in both cases.
Note that Proposition 5.4.2 implies that, for 7 dominant,
It * Vg 22 Vg (5 —wo (#))
and, hence,
Jar * Vgt = Vg (97 4wo (9) - (51)
Consider now the morphism
ICy — Vwo-(wrzﬁ), (52)

obtained by Verdier duality from Section 4.4.16. By construction, the space of such
morphisms for every U is a one-dimensional vector space, canonically independent of .
From the construction one infers the following:

Lemma 5.4.5. For v € A, \,i € AT, the diagrams
ICX,GT@* IC,; _— ‘]*,X * |C,; _— j*75\* VwO~(l7+2ﬁ)

G_IBICH:;' ®KA(9') - ICD+wg(5\) — Vi (5254w (1)

and
j*,;\ *1Cy j*,j\ * ICEMGTG * Icfwg(ﬂ),GrG * 1Cy
T3 * Vag-(9+2p) Jex * 1Cs,ara *1Co—wo(a)
V- (r+2p+wo(3)) Jo i * 1Comwo(a)

are commutative.

6. The equivalence

6.1. The functor

6.1.1. Let 8 be an object of Hecke(Grg, G)Gk. We attach to it a covariant functor on
Perv(?l %)Gk as follows (here Perv (971 %)Gk denotes the ind-completion of the category
Perv(?l%)ck). To an object F € Perv(fﬂ%)ck we assign the set of collections of
morphisms 85 x IC5 — F, such that for any V' € Rep(é) and fi € A, the diagram

Sy x VHICs_, @ (V(1) —— (85, @ V(7)) *1C5_, @ (V)"
85 +1C; @ V(i) © (V)" 83 n % 1G5,

| !

é;\*|C5\ E— F
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commutes, where the upper horizontal arrow is given by the Hecke eigenproperty mor-

phism for 8, and the left vertical arrow by Proposition 5.2.4.
It is easy to see that the above functor is representable by

co—eq(ﬂa 85 xVxICs_, ® V(1) = @SD * ICD>,
XV v

where the two arrows correspond to the two circuits of the above commutative diagram.

We denote the resulting functor Hecke(Grg, G')Gk — Perv (fﬂ%)ck by Conv'ieeke By

Hecke

construction, Conv is right-exact.

Proposition 6.1.2. For 8§ = 8§ x Rs{i} € Hecke(Grg, G)G" the object Conv'eeke(8) s
canonically isomorphic to 8§ x 1C_.

Hecke (8)

L]
Proof. For a morphism Conv — J, by taking its component §_; x IC_; — TF,

we obtain a map § x IC_; — J, since

S_i 28+ Re{p}t—n = 8% (Rs)o,
and it contains § as a direct summand. § §
Vice versa, having a map 8§ x IC_; — F, for every V' € Rep(G) and A, we define a
map §
(S*x VeV (A+p)*ICy — F
by
(8*xVRV* (A + ) *IC5 — 8xIC_, @V (-A— ) @ V* (A + 1) — §*IC_ — F.
The fact that the resulting system of maps satisfies the defining condition follows

from the second assertion in Proposition 5.2.4. [

We also have the following assertion that follows from Proposition 5.2.4(2):
Lemma 6.1.3. For § € Hecke(Grg, G‘)Gk and ji € A,
Conv'eke(8) ~ co—eq(@ 8u*xVHIC; @V (0)" = 85 * ICﬂ).
14

6.1.4. We propose the following:
Conjecture 6.1.5. The functor

Cony'ecke. Hecke(Grg,G)Gk — Perv(f}“l%)Gk
is exact and fully-faithful.

In fact, we think that Convi®® is very close to be an equivalence of categories. Un-
fortunately, we cannot formulate a precise conjecture, due to our lack of understanding
of Noetherian properties of both categories. In any case, we think that one can express

Perv(ﬂ“l%)ck completely in terms of Hecke(Grg, G)Gk, which would then supply a local
(in particular, independent of the global curve X) description of Perv (fﬂ %)Gk.

In what follows we are going to discuss a version of the above conjecture, where
instead of the level G* we take I°. In this case it would be possible to formulate and

prove a more precise result.
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Theorem 6.1.6. The functor

Cony'ecke. Hecke(Grg,G‘)ID — Perv(fﬂ-‘l%)lO

is exact, and it defines an equivalence between the subcategories of Artinian objects on
both sides.

Since the subcategory Hecke(Grg,G‘)/]{)rt of Artinian objects in Hecke(Grg, G)IO is

. o .
equivalent to uy-mody, as a corollary, we obtain

Theorem 6.1. 7 The category Ug -mody is equivalent to the category of Artinian objects
n Perv(?l 2 )

6.1.8. Here we would like to add the following observation.

As we saw above, the category Hecke(GrG, G')IO is acted on by the group Wag by
self-equivalences: the elements of A act by shlftmg the grading, and w € W by the

twisting functors S — “’S (which on the level of - mod correspond to the functors Fy,).

Evidently, these functors preserve the subcategory Hecke(Grg, G) Art, and, hence, they
carry over to the category of Artinian objects in Perv(?l%)lo.
Let us describe how these functors act on the irreducibles of Perv(f}“l%)lo. For

we Wlet LY =1IC, 5 g, be the corresponding “restricted” irreducible in Perv(Grg)!.
By Theorem 5.3.2 and Proposition 6.1.2,

Conv e e (LW x R {i}) ~ 1Co i) (53)

Hence,
(1Cu-p) {12} 2 1Cor. ()
and

Fur (1C,. o)) 2 1Co (G () (54)

Recall that the C-linearized Grothendieck group of the category of Artinian objects in
Perv(?l 2 ) identifies with Lusztig’s periodic module over the affine Hecke algebra (cf.
[FFKM]),” and hence, also with the space of Iwahori-invariant functions in the Schwarz
space of [BK]. Equation (54) implies that the maps on the Grothendieck group, induced
by the functors F,,, are equal to the Fourier transform operators introduced in [BK].

The rest of this paper is devoted to the proof of Theorem 6.1.6.

6.2. Proof of the equivalence

6.2.1. As a first step we prove the following;:

9For this to be formally true we have to pass to the category of mixed D-modules of Hodge—
oo 0
Tate type in Perv (?ZT)I
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Proposition 6.2.2. The functor

Conv®?: Hecke(Grg, G)!" — Perv(F1%) "
15 exact.

By combining this with Proposition 6.1.2 and Theorem 5.3.2 and Corollary 1.3.10,

we obtain that the functor Conv'lecke 10

indeed maps Artinian objects in Hecke(Grg, G)
to the subcategory of Perv(&"l§)10, consisting of Artinian objects.

The present subsection is devoted to the proof of this proposition.

Since Hecke(Grg, G)I ° is the ind-completion of the subcategory of its Artinian ob-

Hecke

° ~
jects, it is sufficient to prove that Conv restricted to Hecke(Grg, G){;rt is exact.

Let

0—>é1—>é2*>é—>0

° ~
be a short exact sequence of objects of Hecke(GrG,G)frt. We have to show that

Conv’®*¢(8,) — Conv"°*°(8,) is injective. For that we may assume that § is sim-
()

ple. By Section 1.3.8, § is then isomorphic to 8  R{ji} for § € Perv(Grg)!’.
We can find an object 8’ € Perv(Grg)IO with a surjection 8 — §, and a map

§ — (ég),ﬂ in Perv(Grg)IO, such that the diagram

(82)—pp —— (é)—ﬂ

| I

§ — 8

L] () ()
is commutative. Hence, we obtain a map 8 * Rs{fi} — 82. Let 8, be the Cartesian

product of 83 and 8 x Rs{f1} over 8 x Rs{fi}. We have a commutative diagram:

0 0
| I

0 81 S5 —— SkRa{i}) —— 0
al [ I

0 él .’2 — 8’*33@{!1} — 0

| |

8" % Refn) —4 8% R (i)

I I

0 0.
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It is enough to show that the map
Conv"*® (8, ® 8" x Rez{ji}) — Conv'ee(8})

L] L] [ ]
is injective. However, by construction, 8/ splits as a direct sum 81 & 8’ x R {ji}. Hence
it is enough to show that the map

ConvH1eeke(87 4 R - {j1}) — Convieeke(8/ x R {i1})

is injective. But the latter results from Proposition 6.1.2 combined Woith Theorem 5.2.2,
since the map in question comes from a map 8" — 8’ in Perv(Grg)? .

6.2.3. Recall that the Verdier duality functor D is defined on Hecke(Grg, G)f\ort. In
this subsection we will prove the following;:

Hecke

Proposition 6.2.4. The functor Conv commutes with the Verdier duality.

Recall that if § € Hecke(Grg, G)4 , is an object represented as

COker(Sl *Ré{ﬂl} — 89 *RG{[LQ}),

then ID(8) is described as follows.

The map 81 xRps{fu} — §2*Ré{ﬂ2} comes from a map a: 81 — Sex VRV ™ (fiz — f11)
defined for some V' € Rep(G). By adjunction, we have a map

81 xD(VP) @ V(jix — fiz) — 82,
and applying the Verdier duality we obtain a map

D(a): D(Sg) — ]D)(Sl) *VOP ®K*(ﬂ2 — /21)

Recall that the functor V — D(V°P) corresponds on the level of Rep(G) to the
dualization functor V' +— V*  whereas V — D(V) corresponds to the contragredient
duality V + VV. In particular, V(i) ~ V°P(—p).

We then obtain a morphism

D(82) * Res {fiz} — D(S1) * Resin .

whose kernel is D(8).

Hecke (8)

L]
For § as above, by Proposition 6.1.2, Conv ~ coker(3), where § is the map

81 * |C_ﬂ1 — (82 *V % IC—[M) ®K*(ﬂ2 — /3/1)
— 82 * |C7[L2 ®Z([L1 - ,[LQ) ® Z*([LQ - [Ll) i 82 * |C,ﬂ2.
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By Proposition 6.2.2, Conv**°(ID(8)) ~ ker(7), where 7 is the map

D(82) ¥ 1€, — (D(81) x VP +1C_p,) @ V" (fig — fin)
— D(Sl) * |C7p,1 ® KOP([LQ - [Ll) ®K*([L2 — [Ll) — D(Sl) * |C7ﬂ1.
To prove the proposition it remains to see that the morphisms g and  are trans-
formed into one-another by Verdier duality. This is evident when V is the trivial
representation. By transitivity, this reduces the assertion to the case when 8§, =~
S2x V@ V" (fi2 — fin)-
In the latter case, both arrows D(5) and ~ are obtained from the corresponding

arrows for 8y replaced by d1,Gr by convolution with 8. The case 83 = §1,gr IS a
straightforward verification.

6.2.5. We will now state a crucial result, from which we will deduce Theorem 6.1.6.

Theorem 6.2.6. For w e W and i € A,

Convtlecke (MYH) = Ay
We will now deduce Theorem 6.1.6 from Theorem 6.2.6. Consider now the following
general set-up:

Let € be an abelian Artinian category; let A be the set parametrizing its irreducibles;
for a € A we will denote by L% the corresponding object. Assume also that for each
a € A there exist objects V@ and A%, such that £ is the cosocle of V® and the socle of
A®. Assume, moreover, that Exti(Val,Aa”) =0fori=1,2 and Hom(Val, A“N) =0
unless @’ = d”, and in the latter case it is one-dimensional (which implies that any
element in Hom(V*!, A®) factors through £%).

Let now C; and Cy be two such categories with the same set of irreducibles A. Let
G: €1 — C2 be an exact functor, such that G(L]) ~ Lg, G(V{) ~ V4, G(A}) ~ Ag.

Lemma 6.2.7. Under the above circumstances, G is an equivalence of categories.

Theorem 6.1.6 follows from this lemma, using Corollary 4.4.7, Lemma 3.2.19, Propo-
sition 6.2.2, equation (53), and Propositions 6.2.6 and 6.2.4.

6.2.8. Proof of Lemma 6.2.7. Note first of all that the assumption implies that G is
faithful.

Step 1. For a,a’ € A consider the long exact sequences
0 — Hom(L¢, A%") — Hom(V¢,A%) — Hom(ker(V¢ — L), A%)

— Ext!' (L2, AY) — Ext' (V¢ AY) =0
for i = 1,2. Since Hom(V%, A%) — Hom(V%, A4') is an isomorphism, comparing the
two, we infer that Ext*(L£¢, A?) — Ext'(L£%, AY) is injective.

Step 2. Consider now the long exact sequence
0 — Hom(L§,L1) — Hom(L{, AY') — Hom(L, Af /L)
— Ext! (L4, L) — Ext!(Lf, A7) — Ext' (L1, Af /L1
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for i = 1,2. Hom(LY, A‘f/) — Hom(Lg, Ag/) is an isomorphism and, using Step 1, we
find that Ext'(L¢,L9") — Ext!'(Lg, L% ) is injective.

Step 3. Let F' be any object of C;. Using Step 2, by induction on the length of ¥,
we find that the map Hom(L§,F') — Hom(L5, G(F")) is an isomorphism.

Step 4. Returning to the long exact sequence of Step 1, we find that the map
Ext'(L¢,AY) — Ext'(L4,AY) is an isomorphism.

Step 5. Again, by induction on the length, using Steps 2 and 3, we show that the
map Ext'(L¢,5") — Ext'(L4, G(F")) is injective.

Step 6. By the exact sequence of Step 2, from Steps 4 and 5 we find that Ext! (L9, L‘f/)
— Ext!(£%,L4") is an isomorphism.

Step 7. Let F be an object of C;, and F some other object. By induction on
the length of &, from Step 5 we obtain that Hom(F,F) — Hom(G(F),G(F')) is an
isomorphism.

Hence, G is fully-faithful. To finish the proof of the lemma, we have to show that G
induces isomorphsims on the level of Ext! ().

Step 8. By induction on the length of F, from Steps 5 and 7 we obtain that
Ext'(F,F) — Ext'(G(F),G(F")) is injective.

Step 9. For a,a’ € A consider the long exact sequences

...0 = Ext} (V¢ A%) — Ext! (ker(V¢ — L£2), AY)
— Ext?(L%, AY) — Ext*(V4, AY) =0

for i = 1,2. From Step 8 we infer that Ext?(L%, A¢) — Ext?(L4, AY') is injective.

Step 10. Consider the long exact sequence

Ext!'(L%,L%) — Ext'(L%, AY) — Ext' (L%, AY /L%)
— Ext?(L§,L8) — Ext?(Lf,AY) — Ext*(L8, AY /LY).

By Steps 4, 8, and 9, the map ExtQ( 4 L‘f') — ExtQ( S,Lg/) is injective.

Step 11. By induction on the length, from Step 6, we obtain that Ext'(L¢, ) —
Ext' (L4, G(F)) is an isomorphism.

Step 12. Again, by induction on the length, from Steps 10 and 6, we obtain that the
map Ext?(L¢,F") — Ext?*(L4, G(F")) is injective.

Step 13. Finally, by induction on the length of F, from Steps 11 and 12 we infer that
the map Ext'(F,F) — Ext'(G(F), G(F)) is an isomorphism.
6.3. Identification of the image of baby co-Verma modules

6.3.1. In this subsection we will prove Theorem 6.2.6. Note that it suffices to show
that

CODVHeCke(J\./El) ~ AO;
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since all other isomorphisms will then hold by equation (16), Corollary 3.2.2, and Propo-
sition 5.4.2.
We construct a map

Conveke(\h) — A (55)
as follows. We need to construct the maps
rg)nj*}\-i-ﬂ * IC—wo(;\),Grc * IC*ﬂ — Ay
X

for every fi.
For A € AT as above we have a map

Gt ¥ 1C g (3).Gre * 1€ 2 @D s % 1Cr @ V7 (7)

— Juan *1C i — dasgn * A s = Ao

fi—
The fact that these maps are compatible with the maps in the inductive system that

defines M!, follows from the commutativity of the diagrams (49) and (50). The fact
that the resulting system of maps

ML *1C; — Ag

factors through Conv°(M?1) follows from (44).

()
6.3.2. Now we claim that the map Conv?®**(M') — A constructed above is nonzero

in the quotient category /Perv (3’1%)[0. Using Proposition 4.4.13, it is enough to show
that the map

Avn- (ConVHECke(J\./[l)) — Avy- 4 (Ao)

is nonzero. The latter reduces to showing that for A dominant and regular, the map
Jia*1Co — Ay
gives rise to a nonzero map
Avi (W) %1Cs — Avn 4(Axyy):

However, the latter is straightforward from the definition of convolution.

In particular, by Corollary 4.4.14(2), we obtain that the map of (55) is surjective.
Moreover, it is an isomorphism in the quotient category / Perv(fﬂ-‘l%)l0 by Proposi-
tion 3.2.6(1).

We claim that in order to finish the proof of the theorem, it suffices to show that
there exists a nonzero map

Ao — Conviecke(ze). (56)
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Indeed, if such a map exists, its image in fPerv(ffl%)IO cannot be 0 by Corol-
lary 4.4.14, and hence the composition

Ay — ConVHeCke(J\./El) — Ay

is nonzero. Then the above composition is the identity map on Ay, up to a scalar.

L]
Hence, it would remain to show that Conv'®* (M) is indecomposable. We claim
that it, in fact, does not admit irreducible quotients besides the canonical map

Conviecke (M) — Conveke(Lu0 xR {5'}).

This is so because Conv®*®(M!) cannot map to any partially integrable irreducible
object of Perv(S‘“l%)IO by the same argument as in the proof of Proposition 2.3.2,

L]
and by Corollary 3.2.6(1), Conv®™(L®o x R5{/'}) is the only nonpartially integrable
constituent of Conv e e (M),
6.3.3. Thus, our goal is to construct a map as in (56). By Propositions 3.2.10 and 6.2.4,
it suffices to construct a map

CoanECke((w‘)J\./Ewo){Qﬁ}) — Vo,

or, equivalently, a map
Conv™eRe (M) {2p}) — Vi,

Consider the inductive system that defines ((“°M'){24})y, viewed as an object of
Perv(Grg)IO:
Enj*,X+ﬁ’7wo(ﬂ)+2ﬁ * IC*’UJQ(X),GI‘G :
A

For every such i and A, we define the map

j*,Z\fwo(ﬂ)+2ﬁ * Icfwg(j\),GrG *Cpi — Vuy,

as the composition
. . X .
T g (425 * 1w (), Gre * 1€ = D 525 wo () * 1Citw @ (7)(2)
14

— e st 2p—wo (i) X 1Ca—wo (%)
- j*,x+2p—wo(ﬂ) * vwm(ﬂ—wo(ﬁ)-fzﬁ) >~ Vi,
where the third arrow comes from (52), and the last arrow comes from (51).
The fact that these maps for various A are compatible with the maps in the inductive
system follows from Lemma 5.4.5. The fact that the resulting map

Conv (("N"){25}) — V.,

factors through ConVHeCke((w"Ml){2p}) — Vau, follows from (44).
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