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Abstract

Let Agn be the Kohn Laplacian on the Heisenberg group H" and let Q =
2n+2 be the homogeneous dimension of H". In this note, completing a recent
result obtained with E. Lanconelli [9], we prove that, if IT is a halfspace of

H", then the critical Dirichlet problem
Q+2

*) —Agnu =u®-2 inII, u=0 in OII,
has no nontrivial nonnegative weak solutions. This result enables to improve
a representation theorem by Citti [2], for Palais-Smale sequences related to

the equation in (*).

1 Introduction

In a recent paper with E. Lanconelli [9] we have proved the following uniqueness
result. Let u be a nonnegative weak solution of the following boundary value

problem
—Agnu = u% in II
u>0 in IT (1.1)
u=0 in OII

where Agr denotes the Kohn Laplacian on the Heisenberg group H", @ = 2n + 2
is the homogeneous dimension of H" and II is a halfspace with boundary parallel
to the center of H". Then u = 0.

In this note, by means of a different technique, we extend this result to the
other halfspaces: the ones with boundary transverse to the center of H™. Therefore,
we are able to state the following theorem which completely extends to the context
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of the Heisenberg group a result by Esteban and P.L. Lions related to the classical
Laplacian in RY [4].

Theorem 1.1 Let IT be an arbitrary halfspace of H™. Then the Dirichlet problem

Q+2
{—AHnu =ue-—2 nll

u € S§(10) (1:2)

has no nontrivial nonnegative weak solutions.

While we refer to section 2 for the notation used in Theorem 1.1 and throughout
the paper, here we only recall that

2 N +2
% is the critical exponent for Ay~ as well as e

N -2

is the critical exponent for semilinear Poisson equations in RY, N > 3. As proved
by Citti in [2], the non-existence result of Theorem 1.1 plays a crucial role in the
characterization of the Palais-Smale sequences related to the equation —Agnu =
w82 on bounded domains of H*. Additional remarks and further references can be
found in [9]. Other non-existence results related to subcritical equations on cones
of H™ have been recently proved by Birindelli, Capuzzo Dolcetta and Cutri[1].

We would like to stress that the techniques employed in [9] are not applicable
to the halfspaces II of the type {t > 0} considered here. Moreover, unlike in [9], in
our case the boundary JII contains characteristic points: as a consequence, a more
careful analysis of the behavior of the solution u at the boundary is required.

Our approach is based on a systematic use of cylindrically symmetric barrier
functions. The starting point is the following result on the asymptotic behavior of
a solution u to (1.2), proved in [9]:

u(§) = O(I'(§)), asd(§) — oo, { €Il = {t >0}

(see (2.4) and (2.5) for this notation). From this estimate we first deduce a behavior
at infinity of the trace of d;u on OIl;:

[Bru(z,0)| = O(I2*79), as |z] — cc.

Then, by comparison with suitable barrier functions and by exploiting the fact
that Ag» and 0; commute, we are able to extend the above estimate inside IT; and
obtain

0ru(&)| = O(I'(€)),  as d(§) — oo, & €.

In a similar way we study the behavior of u at the origin, where the regularity may
fail due to the characteristic nature of 0 for OII;. The main steps of our scheme
are the proofs of propositions 3.2, 3.8, 3.9 and 3.15. The proof of Theorem 1.1
easily follows from these propositions by using, as in [9], the Rellich-Pohozaev
type identity proved by Garofalo and Lanconelli in [7].

We thank Prof. E. Lanconelli for his continuous interest in this work.
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2 Notation

The Heisenberg group H", whose points will be denoted by £ = (z,t) = (z,y,t),
is the Lie group (R?"*! o) with composition law defined by

§od =(+2t+t+2(('y) — (,9)) (2.1)

where (, ) denotes the inner product in R™. The Kohn Laplacian on H" is the
operator

n
Agn = Z(Xj2 +Y;?) where X;=0,,+2y;0, Y;=0, —2x;0

j=1
for all j € {1,... ,n}. We set
Var = (X1,..., X0, Y1,...,Y,).
A natural group of dilations on H"™ is given by
(&) = (A2, \%) , A>0. (2.2)
The Jacobian determinant of § is A9 where
Q=2n+2

is the homogeneous dimension of H". The operators Vg~ and Ayn are invariant
w.r.t. the left translations 7 of H" and homogeneous w.r.t. the dilations 6 of
degree one and of degree two, respectively. More precisely, if we set

() =€0¢ (2.3)
we have
Vi (wote) = (Vamu) oTe , Van(uo b)) = A(Vunu) o6y,
Agn(uote) = (Amnu) oTe , Apn(uody) = N (Agnu) o y.

A remarkable analogy between the Kohn Laplacian and the classical Laplace
operator is that a fundamental solution of —Ag~ with pole at zero is given by [5]

cQ
') = —=%— 24

where cq is a suitable positive constant and
d(&) = (|o* + )1, (2.5)

Moreover, if we define d(£, ') = d(€'~" o €), then d is a distance on H™ (see [3]
for a complete proof of this statement). We shall denote by By(€,r) the d-ball of
center £ and radius 7.
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A basic role in the functional analysis on the Heisenberg group is played by
the following Sobolev-type inequality:

lelldy- < BollVenolls Vo € C5°(H") (2.6)

where

2Q
Q-2
and Bg is a positive constant whose best value has been determined by Jerison
and Lee in [8]. If  is an open subset of H", we shall denote by S(£2) the Sobolev
space of the functions u € L9 (Q) such that Vygnu € L?(Q). The norm in S*(Q)
is given by

Q= (2.7)

[ulls) = lulle- + [IVEnulla- (2.8)

We denote by Sa(€) the closure of C§°(£2) with respect to (2.8). By means of (2.6),
this norm is equivalent in S(Q) to that generated by the inner product

(wo)sy = [ (Vv Vo).
Q

A nonnegative weak solution of the Dirichlet problem (1.1) is a function
u € S§(2), u > 0, such that

/(VHnu,VHn@ = /uQ*_lgo Vi € S5(Q). (2.9)
) Q

We explicitly remark that, for every u, p € S§(£2), u > 0, we have u%go € LYQ).
Indeed ¢ € L%(Q), ud ¢ L%(Q) and Qz—gf + (’*22—52 = 1. We also remark that
every classical solution of (1.1) satisfies the integral identity (2.9) since X7 = — X
and Y = -Yj, forj=1,...,n.

We conclude by recalling that a boundary point £ of a smooth domain 2 is

called characteristic if the vector fields X1,...,X,,Y1,...,Y, are all tangent to
0N at €.

3 Proof of Theorem 1.1

We know from [9] that Theorem 1.1 holds when OII is parallel to the t-axis. Then,
we only have to study the other case. It is not restrictive to assume

I=1I, := {{ = (2,t) e H" | £ > 0}. (3.1)
Indeed, for every halfspace II with boundary transverse to the t-axis, there exists a

left translation 7¢, such that either IT = ¢, (II;) or II = 7¢, (—II;). Moreover, setting
o(z,y,t) = (y,x,—t), we have —II; = o(II;) and the operators Ag» and |Vyn| are
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invariant with respect to o, i.e. Agn(f 0o 0) = (Agnf) oo and |Vgn(f o 0)| =
Vi floo.

Throughout this section we will then assume (3.1) and denote by u a (fixed)
nonnegative weak solution of (1.2). Moreover we define

wZF*(u%);H”_)R
w(f) = /F(f,g’)u(g')%dg (3.2)
Hn
and
V=w—U in II. (3.3)

In (3.2) we have set u = 0 outside II and denoted T'(€,£") = I'(¢'~" o £). Many
properties of the above introduced functions were established in [9] for arbitrary
halfspaces, then, in particular, for IT = II;. The following proposition collects the
ones we will need here.

Proposition 3.1 1) u is a classical solution of

—Agnu = u% in 11
u>0 m I, (3.4)
u =0 in OI1
u€ C®(II\ {0})NnC(I) (3.5)
and
u(§) = O0(I'(€)), asd(§) — oo, {€lL (3.6)

Moreover, if we continue w on H™ by setting u = 0 outside 11, there exist By €]0,1]
and M > 0 such that

u(€) —u(€)] < Md(§, &)™ vEE el (3.7)

(i.e., following Folland-Stein [6], u belongs to the Hélder space T% (H™)).
2) w has the following properties:

w > u, (3.8)

w e CHH™), (3.9)

w(§) = O((€)), asd(§) — oo, (3.10)
0w (&) = OI'(£)), as d(§) — oo. (3.11)
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3) v is a classical solution of

—Agrv=0 Il

v>0 in II (3.12)
v =w in OI1
and
v(€) = O0((&)), asd(&) — oo, £l (3.13)

The proof of these statements is contained in [9]. See: Remark 2.10, Proposition
2.9, Theorem 1.1, Corollary 2.8, (3.9), (3.25), Proposition 3.2, Proposition 3.4,
(3.8), respectively.

The first step of our approach consists in finding an estimate of the normal
derivative of u at the boundary of II.

Proposition 3.2 We have |0yu(§)] = O(T(€)), as d(§) — oo, £ € JII.

We will make use of the following cylindrically symmetric barrier functions. For
every R > 1 we set

Ap={{=(zt)eH"|0<t < 1,|z| > R}
and for every a > 0 and ( €]0, 1] we define
(sint)®

2|

Fa,ﬁ:A1HR+7 Fa,ﬁ(z?t):

We also set
Fy = a,l-

Remark 3.3 If ®(z,t) = o(|z],t) = @(r,t) is a cylindrically symmetric regular

function, then, as it has been noticed by Garofalo-Lanconelli in [7], we have

Q-3

Agn® = 0%p + e+ 4r29% . (3.14)

Lemma 3.4 For every 3 €0, 1] there exist 63 > 0 and Rg > 1 such that

_AHHFQ’B Z (Sﬁ m ARﬁ. (315)
Moreover, for every a > 0 there exists Ry > 1 such that
sint .
—AHnFa 2 W m ARQ. (316)

Proof We set 6g =45(1 — ). Using formula (3.14) a computation yields

6 4 int)8
—AunFlop(z,t) = % n <4ﬂ2 _a(a Tz|4 Q)) (|Szl|rlt)2

 |z|*2(sint

] , a2\ (sint)?
> 167 - 27)
= Jzlo2 +< s R1) |zfo-2

(3.17)




Vol. 6, 1999 A non-existence theorem for a semilinear Dirichlet problem 197

for every (z,t) € Ar. If @ =2 and 8 €]0, 1] then 63 > 0 and, choosing Rg > ﬁ,
from (3.17) we get (3.15). On the other hand, if = 1 then 6g = 0 and, choosing
Ry > Va, (3.17) gives (3.16).

Lemma 3.5 For every a €]0,Q — 2] and R > 1 there exists M > 0 such that
u<MF,3 in0ArU {0} Vg €]0,1]. (3.18)

Proof Since u = 0 in JII and u — 0 at infinity (see (3.4) and (3.6)), we only
need to prove (3.18) in &1 = {t = 1,|z| > R} and 0, = {0 <t < 1,|z| = R}. From
(3.6) it follows that for every £ = (z,1) € 9; we have
c c c
< < < —
0= gge SR <R
sin1
<M== MF,(§) < MF, 5().

L

On the other hand, (3.5) implies O;u € C(02). Hence for every £ € 0,
u(€) = u(z,t) —u(z,0) < (max|dyul )t

(sint)®
ROt

< CR(Sth)ﬁ = MR,a = MFDé,ﬁ(g)'

Q
We now exploit the equation —Agnu = w8 and compare u with the functions
F, . Since % > 1 we will be able to perform a kind of boot-strap process.

Lemma 3.6 There exist R > 1 and M > 0 such that

Proof We set
Q-2
B==—=
Q+2

Since u € L*(II) (see Proposition 3.1), from (3.15) and (3.18) we deduce the
existence of R > 1 and M’ > 0 such that

Q+2
Q_

u< M'F;p in 0Ag U {0}
—Agru =u?-2 < M'bg < —Agn(M'F3) in Ap

Hence, the maximum principle for Agn yields
u S M/Fgﬂ in AR/. (320)
We now define for every a > 0

(P)o = (3Ro > 1 IM,, > 0 such that u < M, F, in Ag,).
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From (3.16), (3.18) and (3.20) we can deduce (P)s. In deed (3.20) and (3.16) yield

1 e sint .
—Agnu =u? < M'PF, 5= C|T < csint < —Agn (M2 Fy)
, 212

in Ag,, for Ry large enough, and (3.18) gives
u < MyFs in 8AR2 U {OO}

since @) > 4. Hence, by the maximum principle, (P)s holds. We now set, for every
a>0,a =min{Q — 2,a + 6}. Since (P)3 holds, it is sufficient to prove that

(Pla = (P)w  VYa>0

and we will get (3.19)=(P)g—2. Let us then fix @ > 0 and assume (P),. We have

4

~Agou=wu@? < MoFau?  (by (P)a)
sint

—_ b, .

<ermg (v (36)

< c% < —Aga(MaFy)  (by (3.16))

in Ag_,, for R large enough. Moreover, by (3.18), we can choose M, such that
u < Ma/Fa/ in 8ARu, U {OO}

Therefore, from the maximum principle (P), follows.
Proof of Proposition 3.2 Since v > 0 in IT and v = 0 in 911, from (3.19) we
get
0 < u(z,t) —u(z,0) _ u(z,t) < MFQ,Q(z,t) < M
= t t = t — |]Q2

for |z| > R and 0 < ¢ < 1. Letting ¢ — 0 and recalling (3.5) we finally obtain

yo MM
2102 = d(z,0)@2

0 < dyu(z,0 for |z| > R.

Now, we want to estimate d;u in a neighborhood of the origin, the only
characteristic point of OII. We recall that d,u is smooth up to the boundary at
any non-characteristic point (see (3.5)). We define

1
A={§=(z,t)€H"|O<t<1,|z|<5},

Lemma 3.7 There exists M > 0 such that u(z,t) < Mt for every (z,t) € A.
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Proof For every 3 €]0,1] we define
P)s = (3Ms > 0 such that u < Mst? in A).
B B B

From the Holder continuity of « (see (3.7)) we obtain

Bo

w(t) = [u(z) — u(z,0)] < Md((2,1), (2 0) = Mt¥,
i.e. (P)p, holds. Therefore it is sufficient to show that, setting 3’ = %B,
2
(P)sr = (P)s VB €]0,1]
and we will get (P); and prove the lemma. Let us then fix 8 €]0,1] and assume

(P)g . We set
F: AR, F(zt)=tlexp{—|2*}.
Using formula (3.14) a computation yields
|22
—AgnF = (2Q — 4 — 4|2]*)F + 48(1 — g)t_QF,
Hence

so that, from (P)g we obtain

—Apgnu = uss < (Mﬁ/tﬁ')% =’ <cF < —Agn (MaF) in A.

On the other hand, using (3.5) it is easily seen that Mg can be chosen such that
u g MBF in OA.
Therefore, from the maximum principle (P)s follows.

Proposition 3.8 There exists M > 0 such that |Oyu(z,0)] < M for every z €
R2™ such that 0 < |z| < 3.

Proof It is an immediate consequence of (3.4), (3.5) and Lemma 3.7.
The next step is to extend inside II the estimates obtained in propositions
3.2 and 3.8. We first evaluate the behavior of J;u at infinity.

Proposition 3.9 We have |0;u(§)] = O(T'(€)), as d(§) — oo, & € I1.

To prove Proposition 3.9 we need some lemmas. Let us define

o: I —RT, (3.21)

t
o(z,t) = ———————.
|z + /t + |2]?

Lemma 3.10 For every £ € II we have

Ba(&,0(€)) CH{(z',t') e H" |0 < t' <2t} CII (3.22)
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Proof We fix £ € II and for sake of brevity we set o0 = g(£). Let £ € By4(&, 0)
and let us denote ¢ = (h, k) = (x — a2,y —y') =2 — 2, s =t —t'. We have (see
(2.1) and (2.5))
o' > d(g " o)t = ¢+ (s+2((x—h,y) — (z,y—k)))® = [¢|*+ (s+2(z, (k, —h)))*.
Hence |¢| < ¢ and

|s] < Is + 2(z, (k, =h))| + 2[2[[¢] < 0® +2|z]e.

On the other hand (3.21) yields o2 + 2|z|¢ = t. Therefore |t — /| = |s| < t.
We now consider the function v defined in (3.3). Since Agnv = 0 in IT (see (3.12))
and (3.22) holds, we can give an estimate of the derivatives of v in terms of v and

0.
Lemma 3.11 There exists ¢ > 0 such that for every & € II we have

C
|VHW(§>|S@BJZI,1@)|U| (3.23)
00(€)] < === sup || (3.24)

o(§)* Ba(€,%5))

Proof It follows from the Apr-harmonicity of v. We refer to [10], Proposition
2.1, for a complete proof.
We define

D={{=(zt) €eH"|0 <t <[z, |2] > 1},
E={{=(zt) eH" [t > |z], t > 1}.
From (3.13), (3.21) and (3.24) the next lemma easily follows.
Lemma 3.12 There exists M > 0 such that

M
|0sv] < MT in E. (3.26)

We now set, for every R > 1,
Dr={{=(t) eH"|0<t<|z], 1 <|z| < 2R —t}.
We also set 3 = %, o =2+ ( and define
8
(2R — |2])>
Lemma 3.13 There exist M > 0 and Ry > 1 such that for every R > Ry we have
|Ow] < M(T + Gr) in Dg. (3.27)

(;'1{:D12—>]R+7 GR(Z7t):
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Proof Using (3.14) it is not difficult to verify that, for large R,
—ApgnGr >0 in Dg.
Since Agn(0v) = O (Amnv), by (3.12) Oyv is Agn-harmonic in II. Then, if we
prove that
|Opw| < M(T 4+ GRr) in ODg, (3.28)

(3.27) will follow from the maximum principle. From (3.11) and Proposition 3.2
we get
|Ow| < |Opw| + |Opu| < MT in 0Dg N O1IL.

On the other hand (3.25) yields
M .
|8tv|§t—2:MGR in 0D N{|z| = 2R — t}
and (3.26) gives
|Opv] < MT in 9Dr N{|z| =t}

where M is a constant not depending on R. Moreover |0;v| is a continuous function
on the set {0 <t <1, |z| = 1}. Therefore (3.28) holds.

Corollary 3.14 We have |0;v(§)| — 0, as d(€§) — oo, £ € II.
Proof From (3.27) it follows that, for R large enough,
|0v] < M(T + GRr) in DN{|z| = R}.
Then, if £ = (z,t) € D and |z| is sufficiently big, we have
D@ < M(T(€) + W) < M(T()+ ‘Z%).
Hence |0;v(€)| — 0, as d(§) — oo, € € D. Keeping in mind (3.26), the corollary is
proved.

Proof of Proposition 3.9 We set II = IT \. B4(0,1). Due to (3.11), (3.12) and
Proposition 3.2 we have B
|Ow| < MT  in 010

and N
AHH (at'l)) = 8t(AHn'U) =0= AHTL (MF) in II.

Then, by using Corollary 3.14 and the maximum principle, we get
|8,v| < MT  in II.

This estimate and (3.11) finally give |dyu| < MT in IL.
We now examine the behavior of Vyru and dyu at the origin. We shall prove
the following statement.
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Proposition 3.15 We have |Vgnu

, || € L°(I1 N By(0, 1)).

Let us define
K={=(zt)eH"|0<t <1, |2| <1}

Lemma 3.16 There exists M > 0 such that
|Vinu| < M n K, (3.29)

M

The function o has been defined in (3.21).
Proof We fix { € K and define
vg = v — v(20,0).

For sake of brevity we also set ¢ = 0(&y) and B = By(&, 0). For every £ € B we
have

[vo(§)] = [w(&) — w(20,0) — u(§)]

( max |Vw|) 1€ — (20,0)| + u(€)  (see (3.9))
Bd(0,3)
c(|z — zol +t) +ct (by Lemma 3.7)

clo+to)  (by (3.22).

IN

<
<

Hence
s%p lvo| < c(o+ to).

Since vy is Agn-harmonic as well as v, (3.23) and (3.24) hold also replacing v with
vo. Therefore we obtain

c t
[Vise v(60)| = [Visnvo(€0)] < sup fvo] < e(1+ 50> <c

and

|3t11(§0)| = |atvo(§0)

c c
< —supvg| < -,

0 B 0
where ¢ is a positive constant not depending on &y. Recalling (3.9) we finally get
(3.29) and (3.30).

We now fix 8 €]0,1] and set a = 2+ § and v = 45&;5)). Moreover for every

e €]0, 1[ we define
K.={{=(zt)eH"|e<|z| <1, 0<t<vlz|(|z] — &)}

and
cl=0B¢8

1
U, : K. — RY, Ve(z,t) = e + W
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Lemma 3.17 There exists M > 0 such that
1
|Ow] < MY, in K, Ve €]0, 5[ (3.31)

Proof Using (3.14) it is easy to check that
— AP, >0 in K..
Then, since Agn (0pv) = 0y (Agnv) = 0, if we prove that
|Opv] < M, in 0K, (3.32)
the maximum principle will give (3.31). From (3.9) and Proposition 3.8 we get
|0wv] < |Oww| + |Ou| < M < MV, in 0K, N oIl
Moreover

|0pv] < {0<t£ria>|(Z|:1} |0gv] < MU, in 0K, N{|z| = 1}.

On the other hand from (3.9) and (3.30) it follows that
|Opv| < MU, in 0K, N{t =~|z|(]z| — &)},

with M not depending on e. Indeed, keeping in mind the very definition (3.21) of
the function g, if ¢ = v|z|(|z| — €) and € < |z| < 2e, we have

1 2| gl=ht8
—w Sc-Scer——og < eV (§).

o§) =t 7 (7l —e)
Moreover, if t = v|z|(|z| — €) and 2e < |z] < 1, then

1 E
—<e¢

o€ ~ t

< < C\I]s(g)

(LI

Therefore (3.32) holds.

Corollary 3.18 We have |0;v(§)| = O(ﬁg)% as d(§) — 0, £ e I1.

Proof From (3.31) it follows that for every £ €]0, 1]
0] < MU, in{|z] =2 0<t< %|z|2}.
This means that for every £ € K N {t < %|z[*} we have

c c

0w ()] < MW - (€ 2] = d(¢)

2M | 2|1 Bt8
I
E

|2

On the other hand (3.21) and (3.30) give

<——  inKn{t> %|z\2}.
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Proof of Proposition 3.15 Thanks to (3.29) and (3.9) we only need to prove
that |0yv| € L>°(B), B = 1IN By4(0, 1). From Proposition 3.8 it follows that there
exists M > 0 such that

|0ww] < M in OB~ {0}.
Moreover, by Corollary 3.18, for every € > 0 we have

girr(l) (M + el — |0pv]) (&) = +o0.

Since Agn (Opv) = 0 = Aga (M + T') in B, the maximum principle gives |Opv| <
M + €T in B. Letting € — 0 we finally obtain |0;v| < M in B.
Proof of Theorem 1.1 We only sketch the proof which is similar to that of
Theorem 1.2 in [9] for the halfspace {z; > 0}. It follows from Proposition 3.9 and
Proposition 3.15, by using the Rellich-Pohozaev type integral identity proved in
[7].

We assume IT = II; (see (3.1)) and, as usual, denote by & = (z,t) the point
& € H™. The outer unit normal to 011 is

N = (0,-1). (3.33)
Let P be the vector field
P=-0,=(0,-1). (3.34)

Then (P, N) =1 on JII and II is 7-starshaped with respect to (0, —1) (see Defini-
tion 2.2 in [7]). We also remark that, in the notation of [7], P = P~V We set
B, = B4(0,r) for every r > 0 and Br . = Bgr \ B; for every R > ¢ > 0. Recalling
(3.5), using the integral identity (2.7) of [7] and proceeding as on page 83 of the
same paper, we obtain

|Vinul>do = / |Vinu|*(P, N)do
BR,enan BR,EﬂaH
2
= [ (Vi = P - 24V Pu) o,

HQBBR,E
(3.35)

Here v = :I:% is the outer unit normal to 0BRr ¢, o denotes the surface measure

and A is the matrix which allows us to represent A~ in the divergence form
Agn = div(AV). Since

Vi (0, 1), d(§) (=, 1)) 1
((Pr)(E)] = ‘<P’ |w><f)’ Vd(©)] = QVAE)]

and
(AVu, V)| [(Viou, Vind)| _ [Vl
A - - <
[(AVe, v Vd vd N
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(3.34) and (3.35) yield

VHnu 2 + UQ* |VHHU||atu‘
Vanu|?do < ‘—d / ———do.
|Varnul“do < ¢ / v o+c Nz o
BR,EW‘?H Hﬂ@BR,E HﬂaBR’E
(3.36)
By Federer’s coarea formula, for every g € L'(H") we have
“+ o0
g
= odor ) dr. 3.37
o= [ ([ o) 337
H» 0 0B,

2 + 4@, (3.37) implies that there exists a divergent sequence

Letting g = |Vgru
(Rk)keN such that

[Vinul2 +u@ /1 ‘
/ Tdd = O(R—k), as k — +oo. (3.38)
HﬂaBRk

Moreover, letting g be the characteristic function of the set B,., (3.37) yields

T

O/(/é—iu)d@—]g[df_ﬂ@

0B,

and, by differentiation,

/ Ao _ a1, (3.39)

By means of Proposition 3.9 and Proposition 3.15, choosing a sequence e, — 0,
from (3.36), (3.38) and (3.39) we finally obtain

1
|VHnu|2dU < 0<?) 12

BRk,EkFWBH k
c |Vinul|? 3 1 3 Q-1
+—R§_2( / N do) ( / —|Vd|d0) + ceyf
Hﬂ@BRk HﬂaBRk
1 1\\z @ 1
<ol)+ ——= o =— R % =o0(1)+ —o0(1).
W)+ 5= (o)) ™ = ot =

Since @ = 2n + 2 > 2, as k goes to infinity we obtain Vgnu = 0 in OII \ {0} and,
as in [7], we can conclude that v = 0 in II.



206 Francesco Uguzzoni NoDEA
References
[1] I. BIRINDELLI, I. CAPUZZO DOLCETTA, A. CUTRI, Liouville theorems

[10]

for semilinear equations on the Heisenberg group, Ann. Inst. H. Poincaré,
Anal. Non Linéaire, to appear.

G. CITTI, Semilinear Dirichlet problem involving critical exponent for the
Kohn Laplacian, Ann. Mat. Pura Appl. 169, 375-392 (1995).

J. CYGAN, Wiener’s test for the Brownian motion on the Heisenberg group,
Collog. Math. 39, 367-373 (1978).

M.J. ESTEBAN, P.-L. LIONS, Existence and non-existence results for semi-
linear elliptic problems in unbounded domains, Proc. Roy. Soc. Edinburgh,
Sect. A 93, 1-14 (1982).

G.B. FOLLAND, A fundamental solution for a subelliptic operator, Bull.
Amer. Math. Soc. 79, 373-376 (1973).

G.B. FOLLAND, E.M. STEIN, Estimates for the 9, complex and analysis
on the Heisenberg group, Comm. Pure Appl. Math. 27, 429-522 (1974).

N. GAROFALO, E. LANCONELLI, Existence and nonexistence results for
semilinear equations on the Heisenberg group, Indiana Univ. Math. J. 41,
71-98 (1992).

D. JERISON, J.M. LEE, Extremals for the Sobolev inequality on the Heisen-
berg group and the CR Yamabe problem, J. Amer. Math. Soc. 1, 1-13 (1988).

E. LANCONELLI, F. UGUZZONI, Asymptotic behavior and non-existence
theorems for semilinear Dirichlet problems involving critical exponent on un-
bounded domains of the Heisenberg group, Boll. Un. Mat. Ital., to appear.

F. UGUZZONI, E. LANCONELLI, On the Poisson kernel for the Kohn
Laplacian, Rend. Mat. Appl., to appear.

Received January 19, 1998



