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Non-radial solutions for higher order
Hénon-type equation with critical exponent

Yuxia Guo, Yichen hu and Dewei Li

Abstract. We consider the following polyharmonic equation with critical

exponent
(=A)"™u = K(Jy)u™ ~',u>0 in By(0),
u € 75"*(B1(0)),
where m > 0 is a integer, m™ =: N zm’ B1(0) is the unit ball in RY,

N > 2m+4, K : [0,1] — R" is a bounded function, K’(1) > 0 and
K" (1) exists. We prove a non-degeneracy result of the non-radial solutions
constructed in Guo and Li (Calc Var PDEs 46(3-4):809-836, 2013) via
the local Pohozaev identities for N > 2m + 4. Then we apply the non-
degeneracy result to obtain new existence of non-radial solutions for N >
6m.

Mathematics Subject Classification (2020). 35B33, 35J40, 35G30.

1. Introduction

In this paper, we consider the following polyharmonic equation with critical
exponent:

(=A)"u = K(Jy))u™ ~*,u>0 in By(0), (1)
u € 75" (B1(0)), '
where m* = 22— with m > 0 being a integer. B;(0) is the unit ball in R¥,

N >2m+4, K : [0,1] — R is a bounded function, K'(1) > 0 and K" (1) exists.
2%(B,(0)) denotes the closure of C§°(B(0)) with respect to the norm:

] = { |AZ uly, if m is even,

1.2
VAT u|2, if m is odd, (12)

where | - |5 denotes the L? norm on By (0).
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When m = 1, K(Jy|) = |y|*, « > 0, problem (1.1) is reduced to the
classical Hénon equation:

(1.3)

—Au = |y|*uP,u >0 in B1(0),
u=0, on 0B1(0).

Problem (1.3) was first introduced by Hénon in the study of astrophysics,
see [18]. From the view point of mathematics, we are more interesting in the
existence of solutions. In the subcritical case, that is p < %, the existence of
a solution for the problem (1.3) can be proved easily by variational methods.

For the critical case, that is, p = §%2, the loss of compactness from H{ (B (0))

to L%(Bl(())) makes the problem getting more difficult to study. Ni [25]
observed the influence of the non-autonomous term |y|* and proved that it
possesses a positive radial solution when p € (1, %)
It is natural to ask whether (1.3) has a non-radial solution. When N = 2,
Smets-Su-Willem [25] showed that the ground state solution is non-radial when
N+2

a is large. When N > 3, Cao-Peng [7] considered the problem with p = =5 —¢

for € is small, they proved that the mountain pass solution is non-radial and
N+2

blow up as ¢ — 0. For the critical case, that is p = 55, using a variational
method, Serra [24] proved that (1.3) has a non-radial solution for N > 4 and «
is large. Later on, using reduction arguments, Wei-Yan [27] proved there exists
infinitely many non-radial solutions for N > 4 and any « > 0.

For more any other related results on Hénon equations in the cases of
near critical or subcritical, we refer readers to [1,2,9,19,20,22,26] and the
references therein.

In this paper, we are concerned with the higher order Hénon type equa-
tion. Indeed, the problem with higher order operators have long been of interest
due to their application in conformal geometry and elastic mechanics. For ex-
ample, the conformal covariant operator Py(m = 2) was first introduced by
Paneitz in 1983 when studying smooth 4-manifolds, and the application of Py
was generalized to any N—manifold by Branson [6] in 1993. We point out that
problems relating to polyharmonic operators present new challenges. We refer
the reader to [3-5,8,11,12,23] and the references therein for more interesting
results related to polyharmonic operators.

In particular, we see that Guo, Li and Li [14] proved that there are infin-
itely many nonradial solutions for (1.1). The aim of the present paper is two
aspects: we first discuss the non-degeneracy of the bubble solution constructed
in [14]. Then as an application we prove the existence of new type of non-radial
solutions for Eq. (1.1). We would like to mention that the non-degeneracy of
the solution is very important for the further study on the construction of new
solutions or the existence of positive solution for the problem (1.1) without
symmetry assumptions on the curvature function K(y). Moreover, it will be
also important in the study of the Morse index of the non-radial solution. We
believe our method can be used to construct nonradial solutions for other el-
liptic problem with higher order operators. Before the statement of the main
results, let us first introduce some notations.
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It is well known (see [13]) that a family of positive solutions to the fol-
lowing problem

(=A)"u=u™"', w>0, nRY, win 2"2(RY), (1.4)

are given by
Npam AT
{UI’A(y) =P (1+ A2y — zf2) ="
where P, n = HZL:__lm(N + 2h) is a constant, A > 0 is the scaling parameter

and z € RY. We call U, 5 is single-bubble centered at the point z.
N—-2m+1

We define the scaling parameter pg :=k ¥-=2m | N > 2m + 4.
Define

xGRN,A>O},

Hg:={u:uisevenin y,,h=2,...,N, and u(y,y") = u(e
g c Rij// c RN_2}.

Choose {z;}%_, as the k vertices of the regular k—polygon inside By (0), where

= (reeo (970 ) e (2507 0).

0cRN =2 rpe(1— 2, 1—5), rg > ry are positive constants.

For a function u € H,NZ)"?(B1(0)), we define the norm ||, as follows:

k N—2m -1

Hy 2
[ull« == sup —5m u(y)l-
YEB1(0) ; (1+ pgly — ) =4

The nonradial solutions constructed in [14] are stated as following: let
PUy; Ay, denote the solution of the following problem on B (0),

{ (_A)m(PUmijkltk) = 2,*1\7;;% in B1(0),
PijvAkMk € ‘@67%2(31(0»7
where Lo < A < Ly, then we have

(1.6)

Theorem A. Suppose N >2m + 2. If K(1) > 0, K'(1) > 0 and K" (1) exists,
then there exists an integer kg > 0 such that for any integer k > ko the
boundary-value problem (1.1) has a solution

k
u‘k = E PUIj,Akpk +wk‘7

j=1

where wy, € Hy, ||wk|lLo(B,(0)) — 0 as k — oo, and Ly < Ay < Ly for some
large constants Lo, L1 > 0. In fact there exists an integer kg > 0 such that for

each k > ko,
1\27°
wk*sc() 7
Mk

where o > 0.
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Note that the solutions wu; has k bubbles located on the circle in
(y1, y2)—plane with radius near 1. In fact we can also construct solution, for
example, namely u,, which has n bubbles located on the circle in (y3, y4)—plane
with radius near 1. One of the aims of the present paper is to get a new solution
to (1.1) with main term wug + u,, where k and n are large integers. However,
by careful analysis, we see that it is almost impossible to get the desired solu-
tions with main term as uj + u, by using variational method. In this paper,
follow the idea in [16], we using a reduction arguments by gluing the n bubble
solutions to the k£ bubble solutions. For this purpose, we need first to prove
the non-degeneracy of the k bubble solutions uy.

We denote the linear operator around uy by

Lig = (=A)"¢ = (m* = DK (|y)ui’ €.
Our first result is the following.
Theorem 1.1. Suppose that K(1) > 0, K'(1) > 0 and K"(1) exists. If N >
2m+4, then there exists a large constant Ky > 0, such that for any integer k >

Ky, the positive bubble solution uy obtained in Theorem A is non-degenerate in
the sense that if € € Hs N .@6”’2(31 (0)) is a solution of the following equation.:

Lk§ = O7 m B1 (O),
then £ = 0.
A direct consequence of Theorem 1.1 is the following.

Theorem 1.2. Under the assumptions in Theorem 1.1 and N > 6m. Let uy
be the solution in Theorem A with a large fized even number k > 0. Then
there exists an integer ng > 0, depending on k, such that for any even number
n > ng, (1.1) has a solution with the form

n
Up = Uk + E PUpn,j,)\n + wn,
j=1

where
wn € X, N 257 (B1(0)),  llwalln(s1 0y — 0,

2(5—1 2(5—1
Dn.j :(0,0,tncosu,tnsinuﬂ) eRY j=1,...,n,
n n

N—2m+41
and Ay, ~n N-2m t, € (1— %,1 - %), Lo > L1 > 0 are some constants,

the definition of X is in (3.1).

The paper is organized as follows. Section?2 is devoted to the proof of
Theorem 1.1 by contraction arguments. We will construct a new type of bub-
bling solutions by reduction method in Sect. 3. And some important identities
for polyharmonic operators and the estimates for the modified Green function
are attached in Appendices. We believe the results obtained in this part are
also independent of interesting and will be useful to other related problems
involving polyharmonic operators.
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2. The non-degeneracy of the solutions

In this section, we first establish a fine estimate on the k-bubbling solution uy
obtained in Theorem A. Then with the help of the local Pohozaev identities,
we prove a non-degeneracy result by using a contradiction argument.

We introduce the following norms by:

N—2m

-1
full. = s futo) =)
y€B1(0) Z 1+uk|y—:ckj|)N22 +7

and

N+2m

1
fllee = sup ( ) ,
VEB(0) Z 1+uk|y—:ckj|>”*f +

201w

. 2(j—1
where xj; = (1) cos == 7y, 5110(]7)7r

,0), and 7 is any ﬁxed number in
—2m+1

(%, 14 0), 6 > 0 is a small constant. Noting that u; = k “N2Ens and

the choice of z;, ; and 7, by definition we find

zk: <CkTZi<Clk<C/
= /Lk|1'k1*$kj|) e A T .
Let
_ y',0) xp, 7
Q; = {yGBl(O):y(y’,y”)GRQxRN ? <(y,),|xk?>2cosk},
k.l
]:17' 7k

First, we will need the following two results.

Lemma 2.1. Assume N > 2m + 2. Then, for any constant o € (0, N — 2m),
there is a constant C' > 0 such that

/ dz - C
ey [y — 2N 72 (14 [2])2mte = (1 + [y])7

Let prj, A, denote the solution of the following Dirichlet problem on
Bﬂk (0):

m /D m* =1
{(—A) (PUs, ) = U2 5L in By, (0), (2.1)

PUs, n, € 5" (B, (0)).

Lemma 2.2. Assume N > 2m+ 2,7 € (0,2). Then there exists a small > 0
such that
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_4m

WN 2m( ) k 1

/ Z Ty v Z

— 2N o — ) = Ly — )T

where Wy a, () = 21 PUs, i ():
The proofs of the above two lemmas can be found in [13].

Lemma 2.3. There exists a constant C > 0 such that for all y € B1(0),

k
lu(y)] < Z

N—-2m

Proof. Let uiy, = i, ° ug(py'y), then

{(—A)% — K(u'y)@y ", in B, (0),

N2m

(1+ ukly — x5 )N 2m

i € Hy' (B, (0)). 22

Denote G(y, x) is the Green function of (—A)™ in By (0) with Dirichlet bound-

ary condiction. By [17] we have

_ S 1
Auly) = / Gy K (up 2 M2z, |Gly2)| < —
1ir (0) ly — z|

Recall that uy = ZPUIJ,M + wy, with |jwk|]« = O( > for some o > 0,

l
3t
233

j=1
then
mw) <C [ @ (x)d
=
k
</ )"z
|Z*l/|N szzj 1+\fok]|) AT
k 1
SC/ _
4m
k N—2m
Z dz
— 1+\Z—J$k3|)

k

1 1
< C/RN [z — y[N—2m Z EICEE) dz

N+277L
=t (L+ [z — @k 4]) T

where 2y, ; = prpar,j, and 7 € (NNT%&,T). Noting that

N —2m At —1) N—2m+
2 TN om 2 o
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N—2m _
we can choose 71 such that ﬁ is not an integer. Let n = %\(77—7221) and
Nezm N—2m
| = [+A=5"|, then we have
N—-2m
<oy 1
A+ y =By T
Continuing this process, we have
- 1
lue(y)| < C TS
2 (L ly = ) 7o
where m, € (NNT%, 7+ n). We can choose 75 such that w =1, then
we have
& 1
‘ak(y” S OZ ~ N—2m *
o Uy = Tgy)) = T
Repeating this process, we have
<0y :
uk y — —~ N—2m T N
oAy =Ty
So
ue(y)| < C Z ! dz
FI= RN |2 — |N Zm (1+1]z— §k7j|)N+22m+T+l77+n

Z 1+|y—$k N=2m

O

We prove Theorem 1.1 by using contradiction arguments. Suppose that
there are k,, — +00, satisfying

{sn e T (Bi(0)), 23

but &, # 0. Without loss of generahty, we may assume ||&, ||« = 1 and obtain
the contradictions by the following steps. Define

Eny) = (M) 7 &M in,) "y + 1), Mg € [LoyLa] (24)

Lemma 2.4. It holds

En — bo®o + b1 @1, (2.5)
uniformly in CY(Bgr(0)) for any R > 0, where by and by are some constants,
oUy Uy .
By = Z0m) g, = T0L N
0 a |p.—1a 8:1/1 1
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Proof. In view of \§n| < C, we may assume that En — & in O (RY). Then £
satisfies

(~A)"¢ = (m" = UGy ' m RY, (2.6)
which gives
N
= bhid; (2.7)
i=0
Since &, is even in y;, i = 2,..., N, it holds b; =0, ¢ = 2,..., N. The results
follows. 0

We decompose

b OPU.

kn OPU, A
= by, Thp g s DNon Per by, -1 Tk g kn P *
R S L M
(2.8)
where & satisfies
m—2 aprkn M ke ke,
Thp 50N kpy By, B §
B1(0) Kk,
o Um*72 8PUIkn,ijknlLkn 5* _ 0
B B1(0) g N bt or S
By the lemma 2.4 know that by ,, and b; , are bounded.
Lemma 2.5. It holds
1€n s < Cuk -, (2.9)

where o > 0 is a small constant.
Proof. Since Ly, &, = 0, we first calculate
Ly, &5
= (=A)"E, = (m* = DK (ly)up! ¢,
= (m* = D(E(|y|) = Duyy’

kn
wkn Ak ke, —1 ankn, PNy ke,
(bo nhk, Wrtns Mt _ binpy, — A

=1 8%” or
kr
* m*—2 m*—2
+(m” —1) Z (uk —Usy, A, Mkn)
=1
b sy, j Aky i _b 1 Uy, 5 Miy i
0,nHk, 8Mkn 1 n,ukn or

—(m* = DE(jyluy

k
n o 5
Z (bO,nﬂkn W — b nM_l W)

Jj=1
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=J1+ Jo + Js,
where ’l/)z’)\ = Ux’)\ — PUL)\.
In the following, we will estimate J;, ¢ = 1,2, 3. Without loss of generality,

we may assume y € .
First, we have

5 m*—1
TR (TXORSN D SU A L e
j=1 *%
and
5 m*—1
( ‘y| —1) Ulkn,ijknﬂkn '
Jj=1
kn 71\’ 2m N+2m
(K (lyl) — 1)[py, : N=2m
(L+ iy — oy )N 72 = (L e, |y — xkn,gl)N am
= Il + 12.
N=2m - 1 we have
NA42m N+2m
2 =T
|12| < C Mkn N+t2m <kn>
(L4 gk, [y — @r, 1)) 72+ \ ks
N+2m
o, 1
< C n
B 1+ Pk, ly — xkn71|) B ulg’f21m+1(N+22m )
N+2m "
c oy,

n

> 71 Nt2m .
g T (U o,y — @, )T
Now, we turn to consider I7. We split the slice 1 into two parts, namely,
) )
1= {y € | llsl =i, > b and iz 2= {y € | Iyl = e, | < 11
n

where § > 0 is a fixed small constant.
In the region Q11, we have

)
1y = @raal 2 |yl = |z, 1l 2
n

which leads to

NJ;& N+2m
n|<c a3 (’“”) i
T (U iy ly — w1 )T Nk
N+2m
c My’

'

N+27n+7_ :

T (L ly — @, al)
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In the region Q15, noting that

C
ol =11 < Iyl = i, + I, =11 < 1
then
1
-1 =0(-—].
(o) ~11=0( ;)
As a result,
N+22m,
C H
‘Il|§ 1 b N+2m+_’_
pz " (Ut |y = g, 1)

For the second term Jy, we denote

Wy A ik

-1 aUmkn 5o Nk Bk,
Ok,

hn,j = bO,nlffkn - bl,nﬂkn or

Case 1, N > 6m, then m* < 3. We have

kn m*—2
m*—2
’ (( § : Uikn,jﬁAknﬂkn> - kang,/\knmn ) B
j=1

V1
m*—2
< CUmkn 1oMhen § :Umkna.j’Aknp‘kn

N+2m

L p) kn 1
<cC e o o
(L + ik, |y — e, )27 Jz: (ttk, y — i, )27
N+2m
C . 2

n

L+ pn, |y — 2k, 1)

N+2m+7_ °

= 11,
T
Case 2, 2m 4+ 4 < N < 6m, then m* > 3. We have

kn m*—2
§ : m*—2

‘ (( Uzkn=j7Akniu‘kn> B U:Ekn,laAankn>hn7l
Jj=1

kn kn m*—2
m*—2 §
< CUTk n,1sMky Umknv]'7Ak7L Hkep, + Ckan«l’Akn Hknp < Uzknwj 7Ak‘n iu’kn)
Jj=2 Jj=2
N+2m

C Ky, *
1
7 (U e, ly = 2, 0)

IN

Nt2m :
3 tT
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So for all N > 2m + 4, we have

kn m*—2
> U —ym 2 h
Thpy i Ny Bk Thp 15Nk Bk n,1

j=1

N+4+2m
C 1,
< —
W (U gy — i)

n

N+22m+7_ N

On the other hand, we have

kn kn m*—2
m*—2
E : (( E : U“”kn iy Mkn) - kankn,j,l\kn ,Ukn> hnvj

=2
kn kn m*—2
m*—2
<C Z (kan,h/\kn Holop, + (Z kan»i7Aknukn> )Ulkn,ijknukn
j=2 =2
m*—1
kn k"
m *—2 § §
S C LTk, 11Ak:n)u'kn Umknvj’Akny’kn + C Umknvj*Akny’kn
Jj=2 Jj=2
N+2m
C Ky,

n

N+2m+7_ :

— 1
7 (Ut i, Jy = o, )

Combining the above two reuslts, we obtained

m*—2
E § m*—2
(< kan z;Aankn) - UJ;kn,ijankn>hn7j

*%

i=t 2.11
o (2.11)
<5
1,

For y € £, we have

kn m*—2 kn
‘ < : : kanvj Ak by, > : : wzkn 5J ’Akn LY
Jj=1 Jj=2
N+2m
C K,

n

N+2m N
3 tT

~ 1.,
i 7 (U e, ly = 2, )

For y € Bs (xk, 1), from Lemma A.1 we have

5
Tn
kN72m

wzk‘nrl 7Akn#kn (y) = O %7—2777, )
P, ”

n
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which leads to

kn m*—2
‘ ( E :U"I»‘kn,j»Ak’n Hkn> d)xkn,l,Akn ko

j=1
kn m*—2 kN,Qm
< O(Zkan,jaAknukn) N
j=1 Mkn2
2
S C Um 2A -
B O
C N+2m
Hy °
= - (L pie, [y — @k, 1)
L+ gy — Tpp 1) 2T
N+2m
Cuy, *

n

N+2m 4T

(1 + pe, [y — op, 1)) 2

N—-—2m 4
(Lt ey ly — xp ) 2 2N (

N+2m
C Nknz
S lJrU N+27‘n,+7_7
pi (Ut kg y = @, 1))

where 1 > 1 is a constant.
For y € Q1 N B% (xg, 1),
kn

m*—2

k’?’L
‘ Z Usk,, j Mk, 1k, Vg, 108k, ik,
j=1

2
Hhy

kn

<cC Um*—2

Tl 1Mk, Bk,

N+42m
C Cﬂkn 2
pi

N+2m

14 pry |y — T al) - 2 17

So we have proved

krn
H § : Uz, g iy iy,
Jj=1

m*—2

4—__4n
(1 ok [y = @1 [) 7 N2 Mk

kn
§ : ¢$kn,1a/\knﬂkn
j=1

(

) N—2m+

Fon
ik,

4n
N—2m

__4n
> N—2m
N—2m

5 —2—T (

Pk,

* 3k

NoDEA

N-—-2m
ks,

N—2m

2
Hr,,

>N2m

N—-2m
Uz 1Ak bk,
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Moreover, for N > 6m, we have

m*—2

kn
U _ um*72 ho
Thepy i Dby, Bk, n n,j
i=1
m*—3
Z (Z Uzkn PNy, Mkn>

j=1

"Vl

(wkn - § :wzk‘nmj’/\kn/‘l’kn>Uzk"nvj’AknlJ’k"n
j=1

m*—2

k’n/
< CH( E Uzkn,uAknllkn> Wk,
i=1

m*—2 kn

kn
+ H ( E :kan,j,l\knukn> E :¢$kn.jaAknltkn
J=1 j=1

*k

EES

ok

*%
< .
< Cllo, 1 + —
K.,
C
= T 1, -
7+0-
Pk,
The penultimate term follows the fact that
4m
k., N—227n N—2m k., N-—2m
Z Hk,, Z M,
_ YN —2m N—2m
=1 1+,U/k kaJD =1 (1+,U/kn|y—$kmj ) = T
N+2m
ILL 2
<cC T =g
(1+ e, [y — g, 1 YN 2w w5547
N+42m
2
—-C H,,
- N+21n N+2m
+74+2m— NN ~—2m
(1 + ke, |y = T, 1)
N+42m
2
Ky,

<CZ

)N+22m+7_7

(1 + ok, |y — o, 5

where 7 = ]\,Nfg:il and the last inequality follows from the fact that 2m —
niEER > (.
As for 2m + 4 < N < 6m similar to the proof of (2.12), we have

m*—2

c

n

k:Tl,

kn
Z Uz, My i, ( Z Vi, 5 Ny b, )
j=1

Jj=1

ok
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So

kn m*—2
< CH(Zka uAknukn> Wy
kn
+C Z Ufﬂkn,ivAankn (wkn)m -2

i=1
kn

kn
+C § :Umkn,ja/\kn%n < § :wﬂck?L,ijkr,Mk?L)
=1

=1
kn m*—2 kn

+C <§ :Uﬂfkn,jv/\knukn> § :dJﬂﬂkn,ijknukn
Jj=1 Jj=1

. 1,
< C(Hwknn* o |72 )

C

+a’
K,

*ok

EES

m*—2

(2.13)

*ok

*ok

IN

The inequality (2.13) follows from

4m
- N 22m N—2m ko w
Z P,
_ N—-2m
(1 + g, Iy ) o (Ut e, |y = @,

o>~

]

)N—22m+7_

j=1

N+42m
2

kn
<02 -
~ N+22m +7

(L4 i, |y = e, 51)

and

N—2m N—2m Nam
krn 3 3

D

Jj=1

kn,
(1+ p, |y*Ikn,J|>N72m Z:: (14 g, \y kaj|)N‘f’”+f

N+4+2m
2
H,
N+2m

(1 + e, [y — Th, 1)V TV

N+2m

<CZ b )N+22m+7_7

(1 + pg, |y Tk, j

n

<C

since N > 2m + 4. As a consequence, for N > 2m + 4, we have proved

m*—2 C
(O N

7j=1 M

n
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So combining (2.11) and (2.14), we have

C
2] lex < —7-
2
Fk,
Similar to the proof of (2.12), we can obtain
C
15l < —=7-
kn
Combining (2.10), (2.15) and (2.16), we have
. C
1Lk, &nllen < ——-
2
Hk,,

On the other hand, from

/ mt 2 ankn Nk Bk &
T i Ny ke,
By “rmi Pkn Opu,

o / Um*—2 aUzkn,ijkn/ikn *
- Ty ,5 s Nk ke
Bl (O) n»J n n afr‘

and Lemma 2.3, we can see that there exist p > 0, such that

Lk, Enllx > plIER]]-
Thus, the result follows.

As before G(y, x) is the Green function of (—A)™
boundary condiction.
Denote

oG e
0;G(y,z) = a—y(y,x), VG(y, x) = o
J

Then we have the following lemma.

Page 15 of 50 56

(2.15)

(2.16)

O

in By (0) with Dirichlet

Lemma 2.6. For a small constant 6 > 0 fized, we have ¥V y € 33% (Tk, 1)

A kn 1
Uk, () = N O G Th, ) +O<m)v (2.17)
A pib,) 2 =1 T E
O) ur, (y) i G(y Tk 5)
(8)2111 s (a)ly]}\(r (Aknﬂkn) 2 j=1 . (a)
+o( e ) (2.18)
U
By
Enl(y) =bon————x—5m Z G(Y, Thyp,j)
(Aky prky,) 2
kn
CnN .
+b1,n —  N—2mt2z (COS 0;V1G(Y, Thy,,5) +8in0; V2 G(y, wkn,j)>
(Ao i) 2 j=1
1
+0(W>, (2.19)

Ky,
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and
(9)"&n O)" Gy, Ty, ;)
i i = bO*" m 7
@)y - ()N (Aknu‘kn) N o2 Z )y1 NI
Cn ( (0)"G(y, xk,, )
+bl,n—2m2 B»L COS@'Vl_ii«k
(Aky, k) ——— ]:z:l e ()N (2.20)
) (0)"G(y, zk, ,5)
T o o)
Y1 - YN
ky,
+ O(T u)
Hiy, ’
where
Ax = [ U @do, By = (m* =) [ U @) Bo(a)de,
RN RN
and

Cn = (m* — 1)/ Ug”’ffz(x)fbl(x)xldx,
RN

i+ i =T

Proof. First we give the proof of (2.17). We have
w, )= [ Gy K (), (@),
B1(0)
Without loss of generality, we assume y € €y, divide the integral by areas

uk, (y) = Gy, ) K (x)uy, (2)™ " dz

n

/(Bd(y)UBd(aCk,l 1))

+ Z/ Gy, 7)K (z)ug, (z)™ ~tdx

= (@Th ,5)

kn
+ Z/ Gly, z)K (z)uy, (z)™ ~'dzx
Q \B ) (zkw ])

+/ G(y,x)K (z)uy, (x)m*_ldx
1\(Ba(y)UBa(xk,, 1))

=0+ Iy + I3 + 14,

|y—xkn,
2

where d = 1l We estimate one by one:

N+2m
LR iy )
(14 pgy, |z — g, 1 |)NH2M
N+2m

|14 <C

Q\(Ba(y)UBa(ay, 1)) [T —ylN—2m

+C

Q\(Ba(y)UBa(ax, 1)) |7 —le 2m Z 5 (1 +ukn\x—xk sHN+2m
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1 1
e
= N—_2 N+2m
QN\Ba@)UBalwry,) [T YN T N2
kn 1 1
+C < ) / N—2m Nizm
Phn /- Ja\(Baw)UBa(ak, 1) 12— Yl w2 e — @y N2
c
S N N—2m >
N}i\; 2m+1 2

where we choose £H2™ < < N + 2m.

N+2m
2
H,

N=2m /Qj\Bké(zkn ) (Lt pg, |z — 2,

|I5] < C’Z or

kn

1
+ CZ N-—2m

j=2 |xkn;] xknvl

nsd — Lhn,l

)N+2m

N+42m
/ Py Y
QB 5 (an, ;) (LF Bk, [T = g, G)NT2m=0 " g
kn
C
< — N _N—2m
Mk 27n+1 2
By Taylor expansion, for z € B% (2k,.;), we have
N
G(y,z) = Gy, x1,5) + Y ViG(y, 2k, ;) (@ — Tk, ;)i
i=1

|z =z, 417
O .
- <|$kn,1—$kn, N=amt2
Thus
/ Gy, x)uy, (x)m*fld:r
B%(mkn,j)

N
/ (G(ya ) + O ViGly,ap, ) (@ — l’kn,j)i) ug, (@)™
B s (Tky,j)

i=1
wo ! [ @)
— nyJ n
|k, — T, |V T2H2 B s (Thp )
1 m*—1 1
=Gy, xk, ;) W NU0,1 dx + O T
kn My, R /J’k;n m+
N
1 1
V.G(y, N~ 7
2 IViGw o

i=1 L,

n
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1 1
N—2m
e e M’T"Q
n

+0

On the other hand, we have

‘/B 5 @) Gy, 2)(K () = Dug, ()"~ dz

1 1 1
= O JE— gy
|2k, 1 — x| N2 ke, #:n%
So
o 1
Z T Noam G(%»’Ckﬂ,j)/ Ugly e+ O | ——smr—v—ar
:2 Ak Mk, ) 2 RN MN—2m+1 p)
Now we compute I1,
/ Gy, 2) K (x)uy, (2)™ " da
Ba(y)
N+4+2m
<C 1 < Msz
= Ja ly = 2N (U4 g, o — 2, 1)V
N+42m

+ P :
(L g, |2 = g, A[JNF2m vais
kn

1

N N—-2m ’
N—2m+1

.,

=0

and

[ G, @
Bg(zg, 1)

N
= / (G(y, Tk, 1) + Z ViG(y, vk, 1)(x — $kn,1)i) g, (z)™ 71
Bg(k,,1)

i=1

|x_.'L'k .1|2 *_1
Ba(zk, 1) |d|N
G( )( ! / Ul +o< ! ))
= y Ll T N_—m X —
St (Aknﬂkn)N; RY O R

My
a 1 1
+ O(Z ‘Vz‘G(yﬂkn,lNW T )

n

+—2m
i=1 /J/kn N-—-2m-+1
1 1
+0 | - T N-—2m o
aN N-2m 15

kn
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By simple calculation,

. 1 1 1
[ 6@ - Du, @ e =0 R

n AN—2m kn =

Bg(xyg,, 1
So
1 e 1
L = ————55.Gy, T, 1) Uy 7 de+0 | v~ | »

(Aknﬂkn)T RN ’ N—om¥i 2z

kq

then (2.17) is proved.
Similarly, by

0,ui, (y) = / 0,Gy, ) K (x)ug, (z)™ ~\dz,
B1(0)

we can have (2.18).
Now we compute &,.

€n :/ (m* - I)G(y’z)K(z)ukn (z)m*72£”dx
( JUB(Zky, 1)

i Z / (m” = 1)Gly, @) K (@)u, ()™ *Enda

= (@kyy,5)

kn
+ Z/ (m* — 1)G(y,x)K (z)ug, (;U)m*_zgnda:
QU\B 5 (Tky,j)

+ [ (m — )Gy, 2)K (), ()™ nda
2\ (Ba(y)UBa(xk, 1))
=:J1 + Jo + J3 + Jy,

Similar to the calculation for uy, , we have

1 1
J3=0| —F—5 = | L=0|—F—F=|>
MIZ:QM_H 2 M’i\;—’hnﬁ-l 2
bo, _
Jy = n( N zm ZG Y, Tk, / Uy tda
(Akpire,) 2 RN

k

b1 n(m*—1 a .

(A 1,M(m) N721’?+2 Z (COS valG(y, kaj) 4+ sin GjVQG(y, kaj))
ke Hkey, 2 =2

/ U(Tl _2@1I1dx
RN

1
+O N-—2m+2_N-2m
N—2m+1 2
kn

56
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bon(m* —1 m—
Ji :L&G(y,kal)/ UO,l Yda
(Mg, e, )2 RN
bip(m* —1
+ S ( N72'rr?+2 VIG(yamkn,l)
(A, pig, )2
m*—2 1
Ugy " P1r1de + O | —3=mm v o0 |
RN N—-2m+1 2
Ky,
_ 2(-Dm

where 0 = =5—=, j=1,... k.

Combining the estimates of Jy, Ja, Js, Jy, for the same reason, (2.19) fol-
lows.

Noting that

—,(8)T§”, = —(a)TG(y’:”) m* — DK (2)u™ ~2(2)&,(2)de
T O~ Do @ o ™ VO

(2.20) can be proved similarly. O
Lemma 2.7. &, — 0 uniformly in C*(Bg(0)) for any R > 0.
Proof. Step1: First we prove by, — 0.

When m is even: We apply the first Pohozaev identity in lemma B.1 with
B=Bs (xk,.1) then we have

me—1, OK(|y|)
U Ty
B%(mknyl) yl
-/ Ko e~ | Ay, A%y,
5 (Thp 1 S (Tkp,1
OB s ( ) c’)B,c ( )

T
Bl ' H2NI—I¢

+ / Am—zukn L
(oo e

, | (2.21)

B / DA™ty OAITE,

OB 5 (a,.1) v oy

2A1—1

+ / am—ig, T Uk,

0B 5 (k1) 0y, 0v
B / dAm-ig, BAi_lukn>

OB 5 (zn,1) OV oy '

5
En
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Note
I (u,v,d) == —/ AZuAZ vy
OBa (K, 1)
z QPN AMm—iy, AL
+Z(/ Amﬁluu,/ a Ua v
=1 \JoBa(zk, 1) Oy 0v OBaar, 1) OV o
moi, O2AT / DA™y aAilu)
+ A — = o v 7

OBa(xk, 1) Oy, 0v 8Ba(zr, 1) ov oy

we have
* 0K 1
/ Uk, _1£’LM =0 — 1,
B s (k1) oy .
and
m*—1 1
Ko 6 =0 | —
83%(@%,1) //[/k:n7 mE
By Lemmas 2.6 and B.3 we have:
0
Il,l(ukn,gn, k7n)
AnBnbo 5

- Wﬂ(Ilﬁl(G(%fkn,l),G(y7ka1),

kn
> Gl s) 1)) +0 <1>

M,

3 )+ 201 (Gy, 2, 1),

kn

_ 2AxBybo, OH aG
(Mg, g, )N 2 Oy (@, @) + Z Oy (@ 15 T 1)

1
+O|
Hi,,

N Jew Uy

the last equal comes from Proposition 3.1 of [14], which says

Fk,
k
1 oH N 0G
(A o V-2 (3y1 (Thop 15 Thep 1) — ; E (ickn,bffkml)>

=2

. (2.22)
(N = 2m)K"(1)  fuw UGS )

=- g O )-

2N (Jon Ud Bk on

Thus by (2.21) we have by ,, — 0, as for m is odd, we have same result.
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Step2:

NoDEA

Now we prove by ,, — 0. We apply the second Pohozaev identity of Lemma

B.1

/ uﬁ*71§”<VK(|yD7y _majkn,1>
B s (Trn,1)

-/ Ky 6n vy — 22r, 1)
OB s (xp,,1)

m
2

A

uknA%§n<V7y - xlkn,1>

I
S— }

BB%(xk'n,l)

3Am*iuk .
—— ATV Y — 2y 1)
</aB s @) v v Ty, 1

'Mws

=1

+ / Am_iuk" 8Ai_1<v€n7 Yy — x:pkn71>
33%@%,1) v
OA™TE,
7/ TfAZ 1<vuk‘n’y7‘xmkn,l>
BB%(a:kml) v
i 6Ai_1 vuknvy — Ty 1
+/ Am an < a kn> >)
BB%(I;WJ) v
N —2m & aAie,
P B ([ e B
2 = OB 5 (aip.1) ov
aAz 1
Am Zf n
/ B 5 (Tkp,1) ! I
7%
/ DA™~ Zukn A’ 1§n /
OB 5 (T, 1) v 9B 5 (Tky,1) v
kEn kn
We note:
1211(’(1,, v, d)

= 7/ AZL’LLA 2 U< zzkn,1>
OB4(Tk, 1)

m

2 OA™ iy
—Z (/ 5 A’ 1(Vv,y—x$kn)1)
i=1 OBi(Tky, 1) v
 ONT NV, y —ag, 1)

A"y
/Bd(Tk" 1) v

_|_

OA™ iy

Ai_1<Vu,y—xm 1)
dBa(zx, 1) v n

OA™TiE,

(2.23)

Ai_lukn> .
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+ / Am_ivaAi—1<Vu, y— %km1>)
OBa(zk,,1) v
N -2 £l oAl
R I
2 i=1 8Bd(zkn)1) 8V

) Aifl
+ / Amil’ua u
0Bq(Try,,1) o

_/ aAm_iuAi_lv—/ aAm_iUAi_1u>.
OBg(xgy, 1) v 0Ba(zk,,1) v

We estimate both sides of the equation separately: direct computation
shows that

/ L (VK (1)), 5 — 2o 1)
s (®Try,,1)

n

b1, K'(1) / _q 1
e L S um (I)lyl +0 - |- (2.24
Aknﬂkn RN 0,1 ,U}C: )

Let’s estimate the right-hand side of the equation. A direct calculation leads
to

n

1
/ K(lyhup” " &n(v,y — 2ay, 1) = O <1+0> :
OB 5 (2,.1) My

According to Lemma B.3 we have
kn k'n« 5
12,1(2 (Y, Tr,.5) 7ZG ) k)
j=1 j=1
)
= 12,1 G(:‘kan,l)a G y"rkrwl F
kr 5
+ 212,1 < y7 Tk, ,1 7; G y? xkn,ﬂ k) (225)
kn kn 5
#3060, ) ST )

Jj=2 J

kn
— (N~ 2m) (Ho:kn,l,askn,l) -y G(xkn,hxkn,»).

Jj=2

From Proposition 3.1 in [14] we have

k
1 = 1

m (H(xkn,lzxkn,l) - Z G(xkn,lﬂxk'/nj)) = O( 1+U>
ko H, =2 H,
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which leads to

k k
n n 5 1
IQ,l(ZG(yvxkn J ,ZG Ys Tk, 5)s k;> =0 <M—N+2m+1+a—> » (2.26)
j=1

Jj=1

n

and

k
= oG oG é
o (35 60010, 35 030, 2 g, 00,2 0, 0, )

i=1 i=1 "

oG o
=l (G(ywk 1) Er — (Y, Tk, 5)s % )

k
- oG oG 0
+12,1<G(y733kn,1)7j§‘3056] (¥; @k, ,5) + sinb; om1 (U Tk 5, ) (2.27)

on oG 5
+ 12,1 ZG(y:xkn,j) (yv Thy,,1)s 7 .

=2

k
OH ~ G

:(N_2m+1)(7a (Ikn,l’mkn,l)_ E 7($kn,lvmkn,1)>'
Y1 =0

By (2.22) we get

k k
= = oG oG 6
12 1<ZG y7 Tk, J ZCOS@ 8£E (y7 Tk, J) +Sln0 8 (y’ Tk, J) k >

= = . (2.28)
(N—2m+ 1)(N —2m)K'(1)  Jan Ugh N-2m N—2m—q
= 5 A +0
IN Uon U3 _1)2( o Hokey,) (b, ).
Combining (2.17), (2.19), (2.26) and (2.28) we have
)
[2,1(“/]@"75717 H)
AnByb & o 5
NBNbon
k
ANCnD1p - 0G
(A, fire, )N =21 21(203/’33/%,] ZCOSHJa (Y Tk, ) (2.29)

i=1 Jj=1

oG g 1
-+ sin ojaixl(yvkaj% k) + O(W)
n k

ANCN(N —2m+1)(N —2m)K' (1) Jun UZY 1
= m*7—1 b1 n + O 1to | -
Ay, N (Jan Ugy )2 M
Combining (2.23), (2.24) and (2.29):

m*— CnN—2m+1 N_2m Um*
[/ Uos 1@1191] bin = [ ( )( ) Jun USh }blm
RN

N Jan UG !
1
+0 (4= |
(uif )
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Compare the coefficients of b; ,, on both sides of the equation where
CN = (m* — ].) U(T)?l*72q)1y1’
RN
we will need this classical integration

/m - 10(—5+ 08— 3a)l (30 + 3)
o (

mdrzi () , 280—a>1

Then the ratio of coefficients will be
(N +2m)(N = 2m + 1) fon UFy @1yt fon UG
Jan U$1*71®191 Jan U(;tlltl
=2(N —2m +1)
# 1.

since Qar,n isn’t a transcendental number, where w2 is. When m is odd we
can get almost the same expression, the ratio of coefficients will become

Pynm® 7% #£1

where Pjs ny isn’t a transcendental number. Then b; , — 0. O

Now, we give the proof of Theorem 1.1.

Proof. With the aid of the above lemmas, it is sufficient to get a contradiction
with [|€,]]« = 1.
In fact, we have

6n(9)] < (m* — 1) /B . W[M mo2()e (2)dz (2.30)

and
1 X
| v K (2)up "2 (2)&n(2)dz]
Bi(0) |2 —y[N—2m Fn "
1 .
§C\|§n||*/ mK(Z)UZZ *(2)
B (0)
kn N 22m
= o —dz
j=1 (1 + pr, ‘Z Lk, J|)N22 T
N—2m
k 2
< Cllénll- Z - o
"’ (1 + e, ly — @, )2 F7H0
for some 6 > 0. So we obtain
N727n
kn My,
>t .
€0 (y)] I=1 g ly—any s 2 7H0
- N—227n S CHgn”* Hon B TI;V ]2m
kn P, k_7n Ukn
2% (It ly—arg ) 2 F7 254 (Tt ly=zi ) 20 H
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Since &, — 0 in Bga,, u,. )~ (Tk,, ;) and [|§,[|« = 1, we know that

[6n(y)]

N—2m

S Do
=1 N—2m
I=0 Uty ly—ah, 52 17

attains its maximum in RV \ U “ 1 Breay, e, )1 (Tk, ). Thus

1€nlls < o(D)[[Enll+-

So [|€n]l« — 0 as n — +oo. This is a contradiction to ||&,]]. = 1. O

3. Construction of new bubbling solution

Let ug be the k-bubbling solution in Theorem A with a large even integer
k > 0. Then uy, is even in each component y;, ¢ = 1,..., N and uy is radial in

y" = (ys,--- yn)-
Let n > k be a large even integer. Let

2(7—1 2(7—1
Pn7j=(0707tn0057(3 )W,tnsiniw )W,O)GRN,jzl,...,n,
n n

where ¢, € (1 —<1,1 —
Define

%), for some constants C7 > Cqy > 0.

ng{u'uEHs,uiseveninyh, h=1,...,N,
27y
w(yr, ya, teos(d + 2 ) tsin(6 + Tj),y*) = u(y1,y2,tcosf, tsin0,y*)}, (3.1)

where y* = (ys,...,Yn).
In this section, we are devoted to construct a solution of (1.1) with the
form

Uy = U, + ZPUPn,jv)‘n + wy,
j=1
where w, € X, N 27"%(B1(0)) is a small perturbed term.

We first introduce the weighted norms:
-1

n N—Q'm,
> : u(y)|
el = - u(y)l,
" yGBl(O) j=1 ]. + )\ |y pngl) = 22 +
and
N+2m -1
n
| llwn = sup — | 1w,
" yemi0) ; 1+ A, Iy pngl)Nt‘Q o
where 7 is any fixed number satisfying + M <T1T<14+mn,1n>0Iis asmall
constant.
Let
OPU, .\ OPU, .\
Ziqg = ——bmiln g, = Pmiln i,
7,1 5tn s 43,2 a)\n y J ) y TV
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Consider the following linearized problem of (1.1) around

Uk + Z PUpm%)\"

Jj=1
(=A)"wy, — (m* — 1)K (|y|) (ux + Z PUpnyj’)\n)m*_mun
Jj=1
7hn+2an,ZU;"n;2 Zj,i, in B1(0), (32)

i=1
wn € X, ﬂjg”(Bl(O)), / U™ 2 Ziwn =0, i=12, j=1,...,n,
Bi(0) T
for some numbers a,, ;, depending on w,.

Lemma 3.1. Assume w,, solves the problem (3.2) for h = hy. If ||hplsxn — 0
as n — +00, 50 does ||wp|«n-

Proof. We argue by contradiction. Suppose that there exist p, j, An, hn, wy
satisfying (3.2), A\, = 400, ||hn|lssen — 0 and ||wy||«.n > co > 0. Without loss
of generality, we may assume ||wp ||« = 1.

We write

n
Lkwn = (m* - 1)K(‘y|) [(ukf + ZPUpn,jv)‘n)m*72 - UZL _Q]wn + hn
Jj=1

n
-2 5
+Z i 2 Uy 2
Then by Proposmon C.1, we have

wa (@)
n m*—2
<o |Gy ((ZPUPM,A,) wal + 1]

B1(0)
m*—2
Sz )
j=1
m*—2
R 2m((ZPUpm, ) [wnl =+ [

B1(0) ‘y
jsi )dy-

Z an. Z Upr o2
Then, similar to the computatlon in Proposition 2.3 in [14], we can obtain
-1
n

— 1+A|y pnjl)N327"+T

N 2m
2

|wn (y)]

n 1
=t (1+/\n‘y7pn,j|) ||w ||
an 1 nil*,n )

-1 N—2m
(I+Anly=pn 1)~ 2 +

N—227n+7_+9

< C | Nhnllven +
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for some 6 > 0 small enough.
From (3.3) and |lwpl|/+«,» = 1, we obtain that there exists L > 0 large
enough such that
_N-2m
A2 wnllees () = €0 >0, (34)
for some 4. Furthermore, the dilation @, (y) = A, e Wn (A Yy + pni) con-
verges uniformly on any compact set to a solution u of the following equation:

(—A)™u — (m* — D)UY, "2u=0, in RY.

On the other hand, noting the orthogonality in (3.2), we have that u is
perpendicular to the kernel of this equation. As a result, u = 0, which is a
contradiction to (3.4). O

With the help of Lemma 3.1, similar to Proposition 4.1 in [10], we have
the following proposition.

Proposition 3.2. There exist ng > 0 and a constant C' > 0, independent of n,
such that for all n > ng and all h € L=(RY), problem (3 2) has a unique
solution w = Ly, (h) with ||Ln(h)|lxn < CllAllesns |an.i] < /\,” [P ssms © = 1,2,

where ny = 1,7_12 =-—1.

Now we consider the following perturbed problem of (1.1):

n
(a7 (un+ 3 PUp, o, +)
=1

n m*—1 2
= K(ly) (uk +> PUp, ja, + wn) + Z ani Y U J—fn Zji4, in B1(0),
j=1 —1 j=1

wnGXSOQS"‘Q(Bl(O)), / U;" ]_f Zjiwn =0, i=1,2, j=1,...,n,
JBio) T

(3.5)

for some numbers ay, ;.
Noting that the problem (3.5) can be rewritten as

n m*—2
(=A)"wy,, — (m* — 1)K(|y|)<uk + Z PUIH,,,;‘J\n) Wn

j=1
n

2
= Falwn) +ln+ Y ani 3 UP "2 Zyi, in Bi(0), (3.6)

i=1 =1

wn € Xs N 25%(B1(0)), / ( )Ug’; jjfnzj’iwn =0, i=1,2, j=1,...,n,
B1(0 ’

where

n m*—1
Fulwn) =K(|y]) <uk + Y PUp, i, + Wn)

Jj=1

n m*—1
~ K () (uk 'y PUpn,j,M)

Jj=1
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n m*—2
*
o = DR (4 PO )
j=1

and

n m*—1
L, = K(|y|) (uk + ZPUM,A") — K(ly)uy 1 Z ur ;1

j=1
A standard argument leads to

Lemma 3.3. || F,, (wn)|lssn < C\\wnlli‘}i{‘{’"**l’Q}-

Next, we estimate [,,.

_C
Azt

n

Lemma 3.4. ||l,|[sen <
Proof. Define

D, ;= {y € B1(0):y= (v, ys3,v4,y") € R? x R? x RN 74,

<(0,0,y37y4a707"'70) Pn,j >2COS W}.
n

(Y3, ya4)] " Pnjl
We have
n m*—1 n m*—1
Iy K(|y|)<<uk+ZPUpn1j,An) —u? -1 _ (ZPUP"J’A") )
Jj=1 j=1
n m*—1 n
+ (ZPUpn,ijn) - UZ:T:L,]_?Aln
= =1
m*—1
() (Er)
= jl + JQ + J3.

We will estimate these terms one by one.

For Jp, in the case y € Uj—1(Dn,j N Bs(pn,j)), where § > 0 is a small
constant. Without loss of generality, we may assume y € Dy 1 N Bs (pn,1),
then

up, < CPUp, | -
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We have
m*—2
n
Al <C | Y PU, A, U,
j=1
< m( ! )’“< n )"W‘”
" N+ Ay = poa )V An
)\2m
<cC n_ (3.7)
(]_ + )\n|y — pn,1|) M= N—2m+1
C )\N+227n
< i, = Ni2m
)\fl (1+)\n|y_pn,1|) 2
o n )\N+22m
S 1 - N+2m N
AT ; (L+XAaly = pugl) ™2 17

In the case y ¢ UJ_(Dn,j N Bs (pn,j)), without loss of generality, we may
assume y € D,, 1\Bs (pn,1), then

s

n n m*—1
BA <Cuzl**2 ZPUIMWA” + C<ZPUan7>\n>

j=1 j=1
N+2m
> : :
<C N+2m N—6m
(1+ A Iy Pagl) 2 TN (LA Anly = payl) 2T
)\N+22m N+42m _r (38)
n n :
e — ()
(1+)\n|y_pn 1|)N+22 + A"
C n N+27n.
1, Nt2m )
S e
where 1 > 1 is a constant. Combining (3.7) and (3.8), we have
C

HJl”**,n S )\54‘0 .

For Jy, we may assume y € Dy. For y € Bs (pp,1), from Lemma A.1 we

have
nN—Qm >
b)

N—2m
2

wpn’l’)\n = O (
A

n
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which leads to

m*—1
|j2| S CPUm _2 (ZPUpn _]))\ +wpn 1, n) +C<ZPUP7L J: n)

12 Jj=2

+WW§+CZW%1

PrjsA

N+2m n

An 2 1
SC N+2m N+2m
(14 Anly — Pt )5 +§:3 alpng — o)) 25
N+2m
An 2

N+2m
5 tT

(1 + )\n|y - pn,1|)

n 1 m*—1
(z T 5)

2 /\ lpnj pn,1|

N+2m Zm N
n A 2

Lo n n O “om
(AS?”) (L4 Anly = pna)™ <A:;/>

N+4+2m

C An ?
< —
)\E+U (1+)\n‘y_pn,l‘)

N+2m+7_ :
(3.9)
For y ¢ Bs (pn,1), we have

N+2m

B A2 n m*—1
- n P nz *—1
|b|_0(1+AMy—pmﬂV“”m%C<§: U““&> A%CEZ oA

=2

N+4+2m

_c A2
AT (L Ay — paa]) TEET

(3.10)

Combining (3.9) and (3.10), we have

c
AT

n

1 2llex.m <

For J3, we assume y € Dy. For y € Bs (py1), noting that

K@)—1=O<i)

B C )\TIL\I«EZWL C n m*—1
J3| <— + — PU,, .
| 3‘ =n (1 +)\n|y 7pn71|)N+2m n (; pn,]:)\n)

N+2m

C Ap 2
)\éJrU (1 + >\n|y - pn,l')

we have

(3.11)

<

N+2m+7_ :
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For y ¢ Bs (pn,1), similar to (3.10), we have

N+42m
J: An (3.12)
J3| < —. )
- AZTT (L4 Anly = paa) 7247
Combining (3.11) and (3.12), we have
. C
||J3H**,n < %-Q—a.
Combining the above estimates, the result follows. O

With the help of Proposition 3.2, Lemmas 3.3 and 3.4, a standard argu-
ment with the Fixed Point Theorem leads to the following proposition:

Proposition 3.5. There exist ng > 0 and a constant C > 0, independent of n,
N—2m+41 N—-2m+41 C C
such that for alln > ng, Ay € [Agn” ¥=2m  Ayn N=2m | £, € (1=, 1—%2),

where Ay > Ag > 0 and C; > Cy > 0 are some constants, problem (3.5) has a
unique solution wy, for some constant a_;, satisfying

c
A3 +Rito’

”wn”*,n < ) |an,i| <

Azto
where o > 0 small enough.

Then we check energy expansion. The idea of the energy expansion comes
from the observation that the nonlinear energy can be approximated by a linear
combination of simple terms with the parameters t,, and \,,.

Define

F:R? >R, F(ty )= I(ug+ Y PUp, 5, +wn),
j=1

where w,, is the function obtained in Proposition 3.2, and I is the functional
of problem (1.1), that is

1]/ o1 .
= [A2ul? — - / K(|y|)|ul™ m even,
2 JBy(0) (m)* Jp

1(0)
1 wet o1 .
- VA 2 u|* — ” K(ly])|u™ m odd.
2 /By (0) m* JB (o)
(3.13)

To obtain a solution with the form w; + Z?’Zl PU,, ; x, +wn, we just need to

find a critical point of F(t,,),) in the domain [I — 1,1 — £2] x |
N—2m+1 N—-—2m+1

Agn ¥=2m Agn N=2m |, where 0 < Ag < A; < oo and C; > Cy > 0 are
some constants.

I(u) =

Proof of Theorem 1.2. When m is odd,

n 1
F(tn, An) = I(Uk; + ZPUP7L.j;>\n) + nO <A1+0'> 5 (314)

Jj=1
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and by symmetry,

I (uk +> PU,, . M)

j=1
I(uy +I<ZPUPM n) JrZ/ Upmm_i
1 .
K<|y|>( et 3 PU,. o
m* B1(0) ( ; Pn,j )
_ uzn) (3.15)

n
Z : PUpn,j An
J=1

= I(uy) +I<ZPUPM >+n/ U 3
j=1 B1(0)
1 " .
K(|y|)((uk+ PU,. )
m* JB,(0) ;::1 b

~ (PO, )" - u}f)
j=1

We can check
)\N+227n
L=l [ :
‘/Bl(o) Prog B_a_(pn1) (14 Ay = ppa|)N+2m
)
N+2m
An 2 }

“
BN\B1_(pn1) (1 Anly = paa)VH2m

For y € RN\ UJ_; (Dy 5 N B%(pn,j)) we have
AR

. n "
m
An) — Ug

(uk +ZPUpny_j,)\n>m - <ZPUpn,,_1,
— =

J=1
n n m*—1
m*—1 § §
< Cuk Upn,ja)\n + C( Upn,pkn) uk’

j=1

(3.16)

j=1
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*

K(|y|) ((uk +> PU, )"
j=1
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which leads to

‘ ‘/Bl (())\U;'lzl(Dn,ijL1 (Pn,1))
AR
m*
m*> ‘

A2

n
- Z PUpn,j;)\n - uk
j=1
n
1
S C uzl Z Upn,j,)\n
RN\U;LZI(D”JOB%(pn,l) j=1
)
n m*—1
+o (Xtn)
RN\U7=1(Dn,jﬂB;r(Pyl,1) j=1
AR
N+2
- Cn n / 1 An 2
S Tr o, TN N_2 — _Niom
A2 Do \B_1_ (o) (LHUDYT2 (14 Ay — p ) V2 w2l
A2
Cn Cn 1
< N—om T N+2m __N+2m N—+2m— Nt2m
)\n ) >\n 2 N—2m+1 RN\B%(an) Iy_pn,ll N—2m+1
A2
n
An 2
‘We have
n
m
/ (o) (o + 30 PO )
U;-”_l(Dn JQB%(Pn,l =1
A2
m*
n
(X —a)
j=1
—n [ Ko | |+ 32 PUp o,
Dn,lnBﬁ,(pn,l) j:l
A2
m*
n
- ZPUpn,j1)\n - u;n
j=1
Noting that
m* 1
K(lyDup® =0 — )
Dy 1NB_1_(pn,1) A2
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and
/ (D (0 + 3 POp0.)
Dnt%(pn,l) j=1
AR
m*—1
<cf (Stnn)” wre
D, 1NB_1_ (pn,1) D, 1NB_1_ (pn,1)
T T
A2 7
N+2m
<C / An ? . C
- D, 103%(1771,1) (1+ Ay _pn71|)N+2m*4N Adam A3
AR
() / 1 C
S N o T
Ao ® B @ (L VAR
AT'L
C
S N—-2m
An 2
we obtain
K([yl) uk + Z PUp,, ;A - Z PUp, ; 2, - Uzn*
B1(0) =1 i
n
= O(N2m)
An 2
Then we have
I<uk. +> Up,,, ) = I(uy, +I<Z o, ) (Nm> (3.18)
=1 =1 )\n 2
Combining (3.14), (3.18) and a standard procedure as in [14], we obtain
F(t7l7 A'r’L)
= 1)+ 1 XU ) + 057 )
j=1
B1H (pn,1,Pn (3.19)
I(Uk) + n<A + % + BQK/(].)(]. — tn)
"~ B3G(pnj,Pn,1) 1
N Z AN —2m +n0 AFo
j:2 n
where A, B;,i € {1,2,3} are some positive constants, ¢ > 0 is a small constant
Then similar to the argument as in [14], we can find a critical point of
F(ty, A\n), the result follows. The process is similar when m is even, therefore
O

n)s
we have proven Theorem 1.2
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Appendix A. The estimate of U-PU

In the following, we always assume that

2(7—1 2(5—1
mj:(rcos (]k )ﬂ-,rsin (]k )W,O>, j=1,...k,

r € [p(l—52),u(l = ). Let z; = ixj, G(z,y) be the Green function of
(=A)™ in B1(0) with homogenous Dirichlet boundary condition, and H (z,y)
be the regular part of Green function. We use PU,; a,,, to denote the solution
of (1.6) and r3 = min(rg, 1).

Forl=1,...,N, denote

OPU, U,
OPU, A, = 879#@), Uz ap = #(y) ;
for l =N +1, we set
PU, x,Ap
Py = DD el

Lemma A.1. Assume N > 2m + 4, foranyi=1,...,k, if y € B%(%) and
j # 1, then

U;L'i,Au(y) - PUaci,Au(y)

An.mH (x5, 1 2m
_ N,m (:17 y) -‘,—O( + k ) s
o

A pN=2m N=2m +2|g, — y|N-2m+2 MN*QZT” |z; — y|N—2m

(A1)
3le7;,Au(y) - 8ZPU:ci,A,u(y)
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_ ANmOH(x4,y) 10 < 1 " 2m Tl )

- N—2m N—2m N—2m N+2m
AT o2 I Pay —yN-2m43 T gy -y N2
forl=1,...,N, (A.2)

and
ON+1Uz, ap(y) — ON11PUL, ap(y)

= 2AN;277zMN;2m+1 +3|$i _ y‘N72m+2

+ L ) ; (A.3)

Nwﬂm — y|N-2m

N—2m

where Ay m s a constant only depend on N and m.
If y € Burs (x;), then

AN H (23, y N —2mt2
Uri,/\#( ) PUL,A#( ) N—2m (N—27r? +O< N—2m 5 ) (A4)
A= poz
AN O H (x;,
alU:vi,Ay,< ) 8lPUw“Au( ) ANN 2nlL z(v 2my)

1
k‘N 2m—+3
and
—(N —2m)AN . H(x;,y
8N+1Um7Au(y) - aN+1PUwi7Au(y) = ( 2AN2237, ]YV’;zm_i(_l )
kN—2m+2
o (u”‘f’"+3) ' o
Proof. By the potential theory,
Uxi,A,u - PUxi,A;L (y)
_ / C’1,N,m 02 N, m(A,u) N+22m
ey |7 = yIN T2 (1 4 (Apfa — 24))?) T
C . A N+27n
_/ G(.’I,‘,y) 2.0, ( M) 2m
_ / Civm cszmu)“f*"
RN\ B; (0) ‘l‘ _ y|N—2m (1 + (Aﬂll' _ -Tz|)2) N+22m
O . A N+2m
+/ H(x,y) 2.0, L( IU) Nizm
B1(0) (1+ (Aplz — z:])?)

— My + M,.
Case 1:y € Bra (x;), it is easy to check

kN
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and
o (A )N+2m
m 3
M2 = / H(a?,y) 2,N, L Niz2m
‘31(0)\3%(9&') (14 (Ap|z — z])2) 2
c A N+2m
3
JF/ H(z,y 27N’m( #) Nt2m
Jary ) L+ (Al — 2,2 5>
c A N+2m
3
:/ H((E.“y) 27N’m( M) N+2m
By (L4 (Ala — a,))2) 5
o (A )N+2m,
3
fO | [ o= ol IVt - ),y 2
Bro ) I+ (Aplz —z4])?) 2
EN AN mH (x5, y) EN—2m+2
+O< N+2m> = —+~Zsm w~—am TO N-2m 5 |- (A9)
no2 AN 2 u 2 uwoo2
So,

AnmH (i, y N —2m
Ufbi-,A;Uf(y) - PUxi,Au(y) = % +0 (’\’2m+2 - (A10)
A= p = o2

Case 2: y € Bry(x;), where j # 4. In this case, it is easy to check

I3
8k

1 k2m
My =0 m m
P =gVt |y — N2,

and

N+2m
Co Nm(Ap) 2
N+2m

Mo :/ H(z,y
B1(O\B |y, (i) (1+ (Aplz —z;])2) " 2
Tz

c (A ) N+2m
2
+ H(x y 2,N,m M —

( 9
IBiyay 0@ (Ut (Ao — 1))
2 Ti
N+4+2m
_ CoNym(Ap) 2
= H(Iiay) Ni2m
B (1 + (Aplz —z;])?)" 2

55 (2)

N+2m
2

. C. A
e s — 22|V H(xs + i — 2, y)|— 2N 2
Bl At (Al — zi])?) ™5

c (A )N+2m
3
+0 /B |H(z,y)| 2N.m 2 Nt2m
|

y—x| (Ii)\Bg%(zi) (14 (Aplz —z4])?) 2
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ANnmH (4, y) 1 k2m
= SNmITLY) L o .
AT ! <MN22m+2|$i —y|N=2mt2 ’ nE e —y|N2m>
(A.11)
So
Uzi,A,u.(y) - PUzi,,A,u(y)
AN,mH (24, y) 1 k2
= —=5—~—>5—+0 .
A (;L”‘f””m Sy yN—2m>
(A.12)
Since for [ =1,..., N + 1,
(=A)" O PUs, pp(2) = 01 (U, pp ()™, in Bi(0), (A13)
PU,, ap(z) =0, x € 0B1(0). )
Similar to (A.1), (A.2), we can prove (A.4)—(A.6). O

For the completeness of the proof, we supplement the estimation of the
derivative of H. In area B1(0) the Green function for the Dirichlet problem is
positive and given by

[zy]

1 =yl (’U2 _ 1)m—1
G(z,y) = km,NW/1 N1 W

where

T
[zy) = ||zly — =] ykm, N = m((m —1)H?,

wy, is the n-dimensional unit sphere surface area. Using the following identity

/°° (v2—1)m—1d o 2m i (m—1)!
L ot TN 2 (N —2m)

and (B.13) we can get the expression of H

1 ges) (’U2 _ 1)m71
H(w,y) = Dayy) = Glesy) = b N [ iy [on St (AL4)
[e—yl

we have

Lemma A.2. The above function H is satisfied
| 8(XH<$7 y) C'm,N

Fom, oy S gm0 artootac=a (AL)
Proof. By definition after a variable substitution, we have

2 I:v*y\“’)mq

i, N e (v° - [zy]?
H(x,y) :[a?y]N_zm/ oN—1 dv

km, N > 1
< [zy]N—2m /1 oN—2m+1 dv

1
< -
SO
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repeated derive the function and similarity calculation lead us to the result.
O

Appendix B. Pohozaev indentities and the estimates of Green’s
function

In this part, we will establish the Pohozaev indentities for polyharmonic op-
erator in the small domain B 5 (xk 1), where 0 > 0 is a small fixed constant.

And then we give some expressmn related to Green’s function. We will use the
same notations as before.
Recall that the equation and its linearized equation read as:

(=A)™u = K(ly)u™ ", in By(0); (B.1)
and

(—A)"€ = (m* = DE(Jy)u™ ~*¢, in B1(0). (B.2)

Lemma B.1. If m is even and B C B1(0) is a smooth area, then

* K * m m
/ u™ 71578 (yD =/ K(Jy))u™ ~tevs —/ A2 uA2 v
B 9ys 9B oB

m

2 . . 82Ai71§ C Ay, 8Ai71&-
+ / ATy - (B.3)
;( aB OysOv o Ov Oys
g2 i1 m—i i—1
n Am7158 A u_/ OA £ O0A u)7
9B AysOv o  Ov Oys

and

/“”"*aVKum> ~ z0)

= [ Kb ey o) - [ AFuat ey -
OB
m— z i—1 _
_ Z < aA Az 1<V§, o 1,0> + Am—iuaA <V§7y ZL'()>
OB 31/
OA™TIE iy / i ONTH Yy — x0>>
— — A" (Vu,y — xg) + AT
\/aB 8V < 0> 8B 8V
N—2m & QAIIe I
- - A Al
+ 2 ;( 0B “ ov + 9B 5 ov
OA™ iy QA"
_ o Al 2= SAC 1u>,
/BB 81/ 9B 81/
(B.4)
where xg € B1(0), v is the out-of-unit normal derivative of B, s = 1,...,N

and v is the s-th component of v.
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Lemma B.2. If m is odd and B C B1(0) is a smooth area, then

m—1, 0K (|y])
/u oy, 0y

/ K(ly))u 1,51/8—/63<vﬂzlu VA

1n

I

3
i~

/ i 82A1’—1§ 2 / 8Am—iu 8Ai—1§ (B.5)
ATy — > —_—
0B dysOv o Ov ys

S‘ﬁ‘
[N

82Az Ty 2 aAm—ig aAi—lu
_ Am Z + _—
Z /63 39 v ; o OV ys

and

[ TRy - w0)
JB

* m—1 m—1
— [ Ky ety —a0) — [ (VAT 0, VAT €y~ o)
oB oB
m+41 m—1
2 OA™ "y 2 . OATTH(VE y — x0)
Azfl v _ _ At ’
* 1:21 /{)B v (V&y — o) 1:21 9B “ v
m—1
m—i . 2 . i—1 _
. OA £A1_1<Vu,y—a:0) _ Z Am_zgaA (Vu,y — xo)
9B ov - Jom ov
m—1
_ 2 ) i1 ] i1
_ N-2m Z ( Am_luaA 13 n Am_zgaA u>
2 -1 oB ov JOB v
m-+41
2 . m—1i . 3 m—1 .
n N —2m (/ OA uA271£7 OA gA“lu),
= OB ov 9B  Ov
where xg € B1(0), v is the out-of-unit normal derivative of B, s = 1,...,N

and vg is the s-th component of v.

The proof of the above two lemmas are similar. We only give the outline
of proofs. For the first lemma, we multiply the two Egs. (B.1) and (B.2) by
% and ay"s respectively; for the second part, we multiply the two Eqgs. (B.1)
and (B.2) by (V&,y — x0) and (Vu,y — xo) respectively, finally use integral by
parts to get the result. For specific details, please refer to [15] Lemma 2.1 and
2.2.

Next, let us discuss the following identities involving Green function,
which is very important when proving non-degenerate properties. We add def-
initions for N is odd:

Lo(u,v,d) = K(ly)u™ Lory — / (VA" u, VA" v)i
aBd aBd
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m—1 ) m41 ) )
B Z amoiy PAT Z / DA™y A1y
— Jon, oypov  — Jop, OV o

m—1 m+41

2 ) 82Az’—1u 2 8Am_i1} aAi_lu
_ Am-iy PO / |
; /33d 9yr0v ; o, OV o

Iop(u,0,d) = / K(lylu™ "ol — 2o, 1)
0By

7/83 <VAm2_1U,VA%_I’U><V,y7Imkn71>

m—41
2 QAT .
M / 7uAl_1<VU7y - mlkn71>
= Jon, OV
ey ANV, y — a,
B N e\ J R
OBy 81/
OA™ iy
7Az—1 -z,
+~/BBd B (Vu,y z kn,1>
B i AmiivaAFl(VU, Y— Ty 1)
i—1 OB4 aV
S i1 i1
N —2m ( Amﬂ-uaA v n Amﬂ‘vaA u)
2 =1 9By ov OBy ov
n N — 2m (/ O0A Al_lv _/ OA™~ UAi_1u>.
2 1 OBy I/ OBy 81/

3

Lemma B.3. For any d € (0, %), where § > 0 is a fixed small constant, we

have
L1 (Gy, 2k, 1), Gy, ke, 1), d) = 11 2(G(y, 2, 1), G(Ys Tk, 1), d)
oH
= *QTyl(xkn,hkal)a (B.6)
kn kn
51 (G(y, @k,.1) ,ZG (Ys Tk, j), d) = 11 2(G(y, T, 1) ,ZG (Y Tk, 5)
j=2 j=2

C)

kn
;87 Thy 1 Thy g ) (B.7)

L1 (G ( n,l) G(y, vk, 1), d) = L2 2(G(y, 2k, 1), G(Y, Tk, 1), d)
= (N —2m)H (zx, 1, Tk, 1), (B.8)
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kn kn
1271(G(y7xk:m1)5 G(y,llfkmj),d) = 122 y7xkn,1 aZG yazkn,]
j=2 j=2
N 2m
= ZG Tk, 1717%,]) (B.Q)
6G oG
I 1 (G(y, Tk, 1), Tm(y’xk”’l)’ d) = I 2(G(y, zx, 1), aTcl(ywk”,l),d)
OH
=(N-2m+ 1)8—%(avkml,gckml)7 (B.10)
o oG
I 1 (Gy, Tk, 1 ,Z 0059 kal,xk,’“]) + sind; i g — Tk 15 Tk, 5)), )
j=2

k
= oG
= L2(G(y r,.1). ) 0059 xkn,lwkn,y)+8m9 i g > (k1 Tk, ), d)
j=2

N—2m oG

= —T a (kal,l‘km]) (Bll)

and

k k,
- oG - oG
1 (Z G(y,kan,j) ’Tm(yvmkml)vd):IQ,? (Z G(yawkn,g) 7871(11,7%1,1)@)
j=2

(B.12)

k
N —2m + 2 <= 0G
=—— E: D1 (Th,15 Tk, )

Proof. We give the proving process of (B.6), (B.8) and (B.10). The rest can be
deduced similarly. In the first place, in the domain Bg(xg, 1)\Be(xk, 1),0 <
€ < d, we have

Il,l(G(y7 iEkn,l)a G(ya mk,,,,l)a d) - Il,l(G(ya xkn,l)a G(ya xkn,l)a 6)

oG
-/ )Gy ) g (3 7k,1)
Ba(2ky,,1)\Be(®k,,,1) Y1

- oG
+ (A" Gy T g) = (U T 1)
1
=0.
Thus
Il,l(G(ya 'Tkrml)’ G(ya xkﬁml)v d) = gg% Il,l(G(y7 xkn71)7 G(y7 $kn71)7 6),

while noting that G(y, z) = I'(y, z)—H (y, z), where I'(y, z) is the foundamental
solution:

F(yv SC) = Fm,N(ya I)
1

= NN ) (N~ 2m)(m Dy —avEm (B3
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and H is a regular function. Then by the linear of I; j,4,j € {1,2} and the
symmetry of the integration region we have

1171(G(y7 xkn,l)a G(ya zkn,l)a 6)
- Il,l(]-—‘(yawkml) - H(yamkn,l)vr(ya*xkn,l) - H(y,wkn,l),e)
=Ly, xr, 1), Ty 2k, 1) €) — 201 (D(y, g, 1), H(Y, Tk 1), €)

+ Il,l(H(y7Ik:n,1)a H(y,kal),e)
OH

= *Qafm(kalaxkn,l) + 0c(1).
Let € — 0, I1 1 (G(y, zk, 1), Gy, Tk, 1), d) = —22—;{(:@"71, Tk, .1),by the exactly
same way we can have I o(G(y, 2k, 1), G(y, T, 1), d) = —Qg—g(kal, Tk, 1) SO

(B.6) is proved.
We start to prove (B.8), a direct calulation leads to

IQ,l(G(y, :L'kn,l)a G(ya xkn,l)a d) - G(ya xkn,l), G(y, xkn,l)7 6)

- / (D)™ Gy, 20, 1) (VG (g, 2, 1oy — i)
Ba(zk, ,1)\Be(zk,,1)

+ (A)" Gy, o1, VG 1,1), ~ 71,0
Ba(zk, 1)\Be (k1)

+ (V= 2m) [ (A)" Gy, 21, )Gy, an,.1)
Ba(zkp,1)\Be(®k,,,1)
=0.
We still have
I2,1<G(y7 xk",l)a G(l/» xk:",l)a d) = 251(1) 1271(G(y7 ajkrn,l)7 G(y7 xkn,1)7 6),
using the same calculation method,
I (G(y, 2k, 1), Gy, g, 1), d) = (N —2m)H (xp, 1, Tp,, 1)-

As for the I o(G(y, 2k, 1), Gy, Tk, 1), d) = (N—2m)H (2, 1, Tk, 1) is directly
availble. In the following, we give a brief calculation process of (B.10). For I5 1:
by (B.13) and the symmetry of the area By(z) and the regularity of H we have:

oG
12,1(G(y, xkn71)7 Tm(yv wk",l); E)

o —H
= B (P2, — Hze,), 25— (g, 2,00,

or OH
= 12,1(F(y7xkn,1)7 7(2/7 xkn,l)a 6) - 12,1(1—\(%5519,“1)» 7(% xkn,l)v 6)

ox1 o0x1
or OH
= (H(y,2k,,1)s 53— (¥, %k, 1), €) + L2 (H (Y, Tk, 1), 75— (Y5 Tk, 1) €)
0x1 or1

OH or
= _1271(1—‘(:[/7'%16,,“1)7 aim(y7 xkn,l)v 6) - 1271(H(y7x1€n,1), 671,1(% xk‘n,l)v 6) + 05(1)7
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By direct computations,

oOH
Ia(T(y, Tk, 1), 3731(117 Ty 1)5€)

-5 Maﬂ( Tk, 1) +0c(1)
= 2 OBe(xk,,,1) ov 8331 Y, Tk, 1 B
N —2m 0H

- Aol (1),
5 On (T, 1, Tk, 1) +0c(1)

since for m is even we have

/ OA™IT
OB (wk,, 1) v

For the second one:
or
IZ,l(H(yvxk 1)7 a (yvxk 1) )

OA™— 1((96’1")
=- ———(VH,y — 1)
/an o oy

+/ am-1( 9L or )8<VH Y — Th, 1)
Be(ﬂckn,ﬂ 81’1 (91/
N —2m A or )aH N —2m
2 Be(zk, 1) 5‘x1 ov 2

OA™~ 1( )
[om
Be (g, 1) v

we will need the following basic results:

—1)m-1 OA™~IT
Amilr = ( s / = (71)77’1,
(N = 2wy|y — x|N—2 @ Ov
OA™ Y (FE) 1y (N = 1)(y — 25, 1)1
ov wyly — xg, 1[N
A direct calculation shows
AA™—1(IL —10H
_A ( ) TB“<VH,]/ — Ikm1> = — N ay ({I,‘kml,kal) + 06(].)7
Thy 1
/ Am— 1(81")3<VHy—mk 1>:
Be(zk, 1) 6l‘1 ov
(y —ap,.1)3 OH
- S — (Y, 2, 1) + 0e(1
/Be(wkn,ﬂ |y - xk:n71|2 83/1 (y g 1) ( )

1 OH

= Nay (xkn,1>ka1)+oe(1)~
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therefore we have

oG
]271(G(y7xkn,1)7Tm(y,xk,L,l)7e)
B <N72m N-1,1, N-2m (1 N71)> OH

2+N+N

- (1
N W o —— Tk, 15 Thyy 1) + 0c(1)

oH
=(N—-2m+ 1)*(361%,1,%4",1) +0e(1).
oY1

Let € — 0 we get (B.10) for m is even. As for m is odd, similar calculations
show that:

N —2m OH

A ok ) = = NP I 1, 1)+ 0c(1),

LT (y, ok, 1)

or
IZ,Z(H(y,Ikm )78 (yvxk 1) )

HA™ 1,00
[T
B (K, ,1)

ov
7/ AT 1(6F O(VH,y — xk, 1)
Be(zg, 1) 8x1 al/
N —2m m—1, 0  OH N —
_Nzam AT Nz am
2 B(mk 1) 8;171 (91/ 2
HA™ 1,07
/ %H_’_Oe()
Be(Zk, 1) v
o l—N_N—Qmi_i_i_N—le— aH(x . )+ oc(1)
“\UN 2 N N 2 S A

SO

oG
L2 (G(y, k1), 87(?/7 Tk, ,1)5€)

or oOH
= L2 (D(y, Tk, 1 )’8 (Ys Thon,1)s €) — L2,2(0 (Y, T 1 )’8 (Y, Tk, ,1)5 €)

I oOH
= I22(H(y, Tk, 1) (Ys Thon1)y €) + L2,2(H (Y, Tk, 1 )’8 (Y, Tk, )5 €)

1s)

e
OH or

= —I2(T(y, Tk, 1), 871@’ Thy 1), €) — T22(H (Y, Tk, 1), Tm(y’ Tk, 1) €) + 0e(1)

OH
= (N = 2m + 1) 5

(B.10) is proved. O

Thyp 1 Theyy 1) + 0e(1).

Appendix C. Green function

In this part, we give the estimate of modified Green function Gy, which is used
in Lemma 3.1. It’s necessary for the construction of new bubble solutions.



NoDEA Non-radial solutions for higher order Hénon-type equation Page 47 of 50 56

In general, for any function f defined in RY, we define its corresponding
function f* € H, as follows. We first define A; as

29 2
Ajz = (rcos <9+?:) ,7sin <9+‘]]:) z”), j=1,...,k,

where z = (2/,2") € RN, 2/ = (rcosf,rsinf) € R?, 2 € RVN=2 while

BiZ:(Zl,...,Zi_l,—Zi,Zi+1,...,ZN), 221,,N
Let
_ 1
fly) =2 f(45),
j=1
and
1 K1,
fy) = ngé(f(ny(Bly))

Then one can easily check that f* € H;.
In the following, we discuss the Green’s function of Lj. Since ¢, is not in
the space H,, we consider

Liu= 6% in By(0), we HyN27*(B1(0)). (C.1)

The solution of (C.1) is denoted as Gy, (y, x), which we call it the Green function
of L. Let

N k k
= v g (i e )

We have

Proposition C.1. The solution Gi(y,x) satisfies

c 1< c
|Gk(y,x)|§T+IZ( Zw Ax|N om ng BiAz|N- 2m>

Proof. Let v1 = G(z,y) be the Green’s function of (—A)™ in B;(0) with
Dirichlet boundary condition, which can constructed the solution of following
polyharmonic equation

{ (—A)™u = f, in Bi(0)

D%ulpq =0, for |af <m — 1.

(C.2)

f is a datum in a suitable functional space and w is the unknown solution,
then

ulz) = /B L, Gy, a<o
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holds ture. As before we denote [zy] = ||x|y — 77| for domain By (0), we have

[zy]

lz—yl|
G(z,y) = km n|x — y\z’”_N/ ' (v? = 1) Ny,
1

d(x)™d(y)™

~ _ 2m—N :
Gla,y) =~ o — g™ mm{le_m%

}, where d(x) = dist(xz,0B1(0)).

Let vy be the solution of
(—A)™0 = (m* — 1)K (y)u]” “2vy, in By(0),
D%v|gq =0 for || <m — 1.

Then vo > 0 and

w@%=/ Gz, y)(m" — Dl 2K (y)oy
B4 (0)

1 1
<C dz.
Bi(0) |y — 2N 72 |z — g|N—2m

We can continue this process to find v;, which is the solution of
(=A)™0 = (m* — Duf” “2K(y)v;_1, in Bi(0),
D*v|pq =0 for |a] <m — 1.

And satisfies
0 <v;(y)

=/ Gz y)(m* — Dl 2K (y)viy
B (0)

1 1
<C —d
= o Ty =¥ e = e

C

= |y _ x|N72mi !

Let 4 be large so that v; € L>°(B1(0)). Define

v = Zvl and w = Gg(y,z) — v",
1=1
We then have

{Lkw =f, in Bl(o)v (C3)

w =0, on 0B1(0),
where f € L>°NH,. By Theorem 1.1, (C.3) has a solution w € H,NZ"*(B,(0)).
By the regularity results of polyharmonic Dirichlet boundary conditions
(Theorem 2.20 of [17] ), we have
lwll Lo (B, (0)) < Cllf L (B (0))-

Thus the conclusion is proved. ]
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