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Hénon-type equation with critical exponent
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Abstract. We consider the following polyharmonic equation with critical
exponent {

(−Δ)mu = K(|y|)um∗−1, u > 0 in B1(0),

u ∈ Dm,2
0 (B1(0)),

where m > 0 is a integer, m∗ =: 2N
N−2m

, B1(0) is the unit ball in R
N ,

N ≥ 2m + 4, K : [0, 1] → R
N is a bounded function, K′(1) > 0 and

K′′(1) exists. We prove a non-degeneracy result of the non-radial solutions
constructed in Guo and Li (Calc Var PDEs 46(3–4):809–836, 2013) via
the local Pohozaev identities for N ≥ 2m + 4. Then we apply the non-
degeneracy result to obtain new existence of non-radial solutions for N ≥
6m.
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1. Introduction

In this paper, we consider the following polyharmonic equation with critical
exponent: {

(−Δ)mu = K(|y|)um∗−1, u > 0 in B1(0),
u ∈ Dm,2

0 (B1(0)),
(1.1)

where m∗ = 2N
N−2m with m > 0 being a integer. B1(0) is the unit ball in R

N ,
N ≥ 2m+4, K : [0, 1] → R is a bounded function, K ′(1) > 0 and K ′′(1) exists.
Dm,2

0 (B1(0)) denotes the closure of C∞
0 (B1(0)) with respect to the norm:

‖u‖ =

{ |Δm
2 u|2, if m is even,

|∇Δ
m−1

2 u|2, if m is odd,
(1.2)

where | · |2 denotes the L2 norm on B1(0).
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When m = 1, K(|y|) = |y|α, α > 0, problem (1.1) is reduced to the
classical Hénon equation:{

−Δu = |y|αup, u > 0 in B1(0),
u = 0, on ∂B1(0).

(1.3)

Problem (1.3) was first introduced by Hénon in the study of astrophysics,
see [18]. From the view point of mathematics, we are more interesting in the
existence of solutions. In the subcritical case, that is p < N+2

N−2 , the existence of
a solution for the problem (1.3) can be proved easily by variational methods.
For the critical case, that is, p = N+2

N−2 , the loss of compactness from H1
0 (B1(0))

to L
2N

N−2 (B1(0)) makes the problem getting more difficult to study. Ni [25]
observed the influence of the non-autonomous term |y|α and proved that it
possesses a positive radial solution when p ∈ (1, N+2+2α

N−2 ).
It is natural to ask whether (1.3) has a non-radial solution. When N = 2,

Smets-Su-Willem [25] showed that the ground state solution is non-radial when
α is large. When N ≥ 3, Cao-Peng [7] considered the problem with p = N+2

N−2 −ε
for ε is small, they proved that the mountain pass solution is non-radial and
blow up as ε → 0. For the critical case, that is p = N+2

N−2 , using a variational
method, Serra [24] proved that (1.3) has a non-radial solution for N ≥ 4 and α
is large. Later on, using reduction arguments, Wei-Yan [27] proved there exists
infinitely many non-radial solutions for N ≥ 4 and any α > 0.

For more any other related results on Hénon equations in the cases of
near critical or subcritical, we refer readers to [1,2,9,19,20,22,26] and the
references therein.

In this paper, we are concerned with the higher order Hénon type equa-
tion. Indeed, the problem with higher order operators have long been of interest
due to their application in conformal geometry and elastic mechanics. For ex-
ample, the conformal covariant operator P4(m = 2) was first introduced by
Paneitz in 1983 when studying smooth 4-manifolds, and the application of P4

was generalized to any N−manifold by Branson [6] in 1993. We point out that
problems relating to polyharmonic operators present new challenges. We refer
the reader to [3–5,8,11,12,23] and the references therein for more interesting
results related to polyharmonic operators.

In particular, we see that Guo, Li and Li [14] proved that there are infin-
itely many nonradial solutions for (1.1). The aim of the present paper is two
aspects: we first discuss the non-degeneracy of the bubble solution constructed
in [14]. Then as an application we prove the existence of new type of non-radial
solutions for Eq. (1.1). We would like to mention that the non-degeneracy of
the solution is very important for the further study on the construction of new
solutions or the existence of positive solution for the problem (1.1) without
symmetry assumptions on the curvature function K(y). Moreover, it will be
also important in the study of the Morse index of the non-radial solution. We
believe our method can be used to construct nonradial solutions for other el-
liptic problem with higher order operators. Before the statement of the main
results, let us first introduce some notations.
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It is well known (see [13]) that a family of positive solutions to the fol-
lowing problem

(−Δ)mu = um∗−1, u > 0, in R
N , u in D1,2(RN ), (1.4)

are given by{
Ux,Λ(y) = P

N−2m
4m

m,N

Λ
N−2m

2

(1 + Λ2|y − x|2)N−2m
2

∣∣∣∣ x ∈ R
N ,Λ > 0

}
,

where Pm,N = Πm−1
h=−m(N + 2h) is a constant, Λ > 0 is the scaling parameter

and x ∈ R
N . We call Ux,Λ is single-bubble centered at the point x.

We define the scaling parameter μk := k
N−2 m+1

N−2 m , N ≥ 2m + 4.
Define

Hs := {u : u is even in yh, h = 2, . . . , N, and u(ȳ, y′′) = u(e2π i
k ȳ, y′′),

ȳ ∈ R
2, y′′ ∈ R

N−2}.

Choose {xj}k
j=1 as the k vertices of the regular k−polygon inside B1(0), where

xj =
(

rk cos
(

2(j − 1)π
k

)
, rk sin

(
2(j − 1)π

k

)
,0

)
, (1.5)

0 ∈ R
N−2, rk ∈ (1 − r0

k , 1 − r1
k ), r0 > r1 are positive constants.

For a function u ∈ Hs∩Dm,2
0 (B1(0)), we define the norm ‖u‖∗ as follows:

‖u‖∗ := sup
y∈B1(0)

⎛
⎝ k∑

j=1

μ
N−2m

2
k

(1 + μk|y − xj |)N−2m
2 +τ

⎞
⎠

−1

|u(y)|.

The nonradial solutions constructed in [14] are stated as following: let
PUxj ,Λkμk

denote the solution of the following problem on B1(0),{
(−Δ)m(PUxj ,Λkμk

) = Um∗−1
xj ,Λkμk

in B1(0),

PUxj ,Λkμk
∈ Dm,2

0 (B1(0)),
(1.6)

where L0 ≤ Λk ≤ L1, then we have

Theorem A. Suppose N ≥ 2m + 2. If K(1) > 0, K ′(1) > 0 and K ′′(1) exists,
then there exists an integer k0 > 0 such that for any integer k ≥ k0 the
boundary-value problem (1.1) has a solution

uk =
k∑

j=1

PUxj ,Λkμk
+ ωk,

where ωk ∈ Hs, ‖ωk‖L∞(B1(0)) → 0 as k → ∞, and L0 ≤ Λk ≤ L1 for some
large constants L0, L1 > 0. In fact there exists an integer k0 > 0 such that for
each k ≥ k0,

‖ωk‖∗ ≤ C

(
1
μk

) 1
2+σ

,

where σ > 0.
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Note that the solutions uk has k bubbles located on the circle in
(y1, y2)−plane with radius near 1. In fact we can also construct solution, for
example, namely un which has n bubbles located on the circle in (y3, y4)−plane
with radius near 1. One of the aims of the present paper is to get a new solution
to (1.1) with main term uk + un, where k and n are large integers. However,
by careful analysis, we see that it is almost impossible to get the desired solu-
tions with main term as uk + un by using variational method. In this paper,
follow the idea in [16], we using a reduction arguments by gluing the n bubble
solutions to the k bubble solutions. For this purpose, we need first to prove
the non-degeneracy of the k bubble solutions uk.

We denote the linear operator around uk by

Lkξ := (−Δ)mξ − (m∗ − 1)K(|y|)um∗−2
k ξ.

Our first result is the following.

Theorem 1.1. Suppose that K(1) > 0, K ′(1) > 0 and K ′′(1) exists. If N ≥
2m+4, then there exists a large constant K0 > 0, such that for any integer k >
K0, the positive bubble solution uk obtained in Theorem A is non-degenerate in
the sense that if ξ ∈ Hs ∩Dm,2

0 (B1(0)) is a solution of the following equation:

Lkξ = 0, in B1(0),

then ξ = 0.

A direct consequence of Theorem 1.1 is the following.

Theorem 1.2. Under the assumptions in Theorem 1.1 and N ≥ 6m. Let uk

be the solution in Theorem A with a large fixed even number k > 0. Then
there exists an integer n0 > 0, depending on k, such that for any even number
n ≥ n0, (1.1) has a solution with the form

un = uk +
n∑

j=1

PUpn,j ,λn
+ ωn,

where

ωn ∈ Xs ∩ Dm,2
0 (B1(0)), ‖ωn‖L∞(B1(0)) → 0,

pn,j = (0, 0, tn cos
2(j − 1)π

n
, tn sin

2(j − 1)π
n

, 0) ∈ R
N , j = 1, . . . , n,

and λn ∼ n
N−2m+1

N−2m , tn ∈ (1 − L0
n , 1 − L1

n ), L0 > L1 > 0 are some constants,
the definition of Xs is in (3.1).

The paper is organized as follows. Section 2 is devoted to the proof of
Theorem 1.1 by contraction arguments. We will construct a new type of bub-
bling solutions by reduction method in Sect. 3. And some important identities
for polyharmonic operators and the estimates for the modified Green function
are attached in Appendices. We believe the results obtained in this part are
also independent of interesting and will be useful to other related problems
involving polyharmonic operators.
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2. The non-degeneracy of the solutions

In this section, we first establish a fine estimate on the k-bubbling solution uk

obtained in Theorem A. Then with the help of the local Pohozaev identities,
we prove a non-degeneracy result by using a contradiction argument.

We introduce the following norms by:

||u||∗ = sup
y∈B1(0)

|u(y)|
( k∑

j=1

μ
N−2m

2
k

(1 + μk|y − xk,j |)N−2m
2 +τ

)−1

,

and

||f ||∗∗ = sup
y∈B1(0)

|f(y)|
( k∑

j=1

μ
N+2m

2
k

(1 + μk|y − xk,j |)N+2m
2 +τ

)−1

,

where xk,j = (rk cos 2(j−1)π
k , rk sin 2(j−1)π

k , 0), and τ is any fixed number in
( N−2m

N−2m+1 , 1 + θ), θ > 0 is a small constant. Noting that μk = k
N−2 m+1

N−2 m and
the choice of xk,j and τ , by definition we find

k∑
j=2

1
(μk|xk,1 − xk,j |)τ

≤ Ckτ

μτ
k

k∑
j=1

1
jτ

≤ C1k

μτ
k

≤ C ′.

Let

Ωj :=
{

y ∈ B1(0) : y = (y′, y′′) ∈ R
2 × R

N−2,

〈
(y′, 0)
|y′| ,

xk,j

|xk,j|

〉
≥ cos

π

k

}
,

j = 1, . . . , k.

First, we will need the following two results.

Lemma 2.1. Assume N ≥ 2m + 2. Then, for any constant σ ∈ (0, N − 2m),
there is a constant C > 0 such that∫

RN

dz

|y − z|N−2m(1 + |z|)2m+σ
≤ C

(1 + |y|)σ
.

Let P̃Uxj ,Λk
denote the solution of the following Dirichlet problem on

Bμk
(0):

{
(−Δ)m(P̃Uxj ,Λk

) = Um∗−1
xj ,Λk

in Bμk
(0),

P̃Uxj ,Λk
∈ Dm,2

0 (Bμk
(0)).

(2.1)

Lemma 2.2. Assume N ≥ 2m + 2, τ ∈ (0, 2). Then there exists a small θ > 0
such that
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∫
RN

k∑
j=1

W
4m

N−2m

rk,Λk
(z)

|y − z|N−2m(1 + |z − xj |)N−2m
2 +τ

dz ≤ C

k∑
j=1

1

(1 + |y − xj |)N−2m
2 +τ+θ

,

where Wrk,Λk
(y) =

∑k
j=1 P̃Uxj ,Λk

(y).

The proofs of the above two lemmas can be found in [13].

Lemma 2.3. There exists a constant C > 0 such that for all y ∈ B1(0),

|uk(y)| ≤ C

k∑
j=1

μ
N−2m

2
k

(1 + μk|y − xk,j |)N−2m
.

Proof. Let ûk = μ
− N−2 m

2
k uk(μ−1

k y), then{
(−Δ)mûk = K(μ−1

k y)ûm∗−1
k , in Bμk

(0),
ûk ∈ Hm

0 (Bμk
(0)).

(2.2)

Denote G(y, x) is the Green function of (−Δ)m in B1(0) with Dirichlet bound-
ary condiction. By [17] we have

ûk(y) =
∫

Bμk
(0)

G(y, z)K(μ−1
k z)ûm∗−1

k (z)dz, |G(y, z)| ≤ 1
|y − z|N−2m

.

Recall that uk =
k∑

j=1

PUxj ,μk
+ ωk with ||ωk||∗ = O

(
1

μ
1
2+σ

k

)
for some σ > 0,

then

|ûk(y)| ≤ C

∫
RN

1
|z − y|N−2m

|ûm∗−1
k (z)|dz

≤ C

∫
RN

1
|z − y|N−2m

(
k∑

j=1

1

(1 + |z − x̂k,j |)N−2m
2 +τ

)m∗−1dz

≤ C

∫
RN

1
|z − y|N−2m

k∑
j=1

1

(1 + |z − x̂k,j |)
N+2m

2 +τ+
4(τ−τ1)
N−2m⎛

⎝ k∑
j=1

1
(1 + |z − x̂k,j |)τ1

⎞
⎠

4m
N−2m

dz

≤ C

∫
RN

1
|z − y|N−2m

k∑
j=1

1

(1 + |z − x̂k,j |)
N+2m

2 +τ+
4(τ−τ1)
N−2m

dz

where x̂k,j = μkxk,j , and τ1 ∈ ( N−2 m
N−2 m+1 , τ). Noting that

N − 2m

2
+ τ +

4(τ − τ1)
N − 2m

>
N − 2m

2
+ τ,
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we can choose τ1 such that
N−2m

2 −τ
4(τ−τ1)
N−2m

is not an integer. Let η = 4(τ−τ1)
N−2 m and

l = [
N−2 m

2 −τ
4(τ−τ1)
N−2 m

], then we have

|ûk(y)| ≤ C
k∑

j=1

1

(1 + |y − x̂k,j |)N−2m
2 +τ+η

.

Continuing this process, we have

|ûk(y)| ≤ C
k∑

j=1

1

(1 + |y − x̂k,j |)
N−2m

2 +τ+η+
4(τ+η−τ2)

N−2m

,

where τ2 ∈ ( N−2m
N−2m+1 , τ + η). We can choose τ2 such that 4(τ+η−τ2)

N−2 m = η, then
we have

|ûk(y)| ≤ C

k∑
j=1

1

(1 + |y − x̂k,j |)N−2m
2 +τ+2η

.

Repeating this process, we have

|ûk(y)| ≤ C
k∑

j=1

1

(1 + |y − x̂k,j |)N−2m
2 +τ+lη

.

So

|ûk(y)| ≤ C

∫
RN

1
|z − y|N−2m

k∑
j=1

1

(1 + |z − x̂k,j |)N+2m
2 +τ+lη+η

dz

≤ C

k∑
j=1

1
(1 + |y − x̂k,j |)N−2m

.

�

We prove Theorem 1.1 by using contradiction arguments. Suppose that
there are kn → +∞, satisfying{

Lkn
ξn = 0

ξn ∈ Dm,2
0 (B1(0)),

(2.3)

but ξn �= 0. Without loss of generality, we may assume ||ξn||∗ = 1 and obtain
the contradictions by the following steps. Define

ξ̂n(y) = (Λkn
μkn

)− N−2m
2 ξn((Λkn

μkn
)−1y + xkn,1), Λk ∈ [L0, L1] (2.4)

Lemma 2.4. It holds

ξ̂n → b0Φ0 + b1Φ1, (2.5)

uniformly in C1(BR(0)) for any R > 0, where b0 and b1 are some constants,

Φ0 =
∂U0,μ

∂μ
|μ=1, Φi =

∂U0,1

∂yi
, i = 1, . . . , N.
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Proof. In view of |ξ̂n| ≤ C, we may assume that ξ̂n → ξ in Cm
loc(R

N ). Then ξ
satisfies

(−Δ)mξ = (m∗ − 1)Um∗−1
0,1 ξ in R

N , (2.6)

which gives

ξ =
N∑

i=0

biΦi. (2.7)

Since ξn is even in yi, i = 2, . . . , N , it holds bi = 0, i = 2, . . . , N . The results
follows. �

We decompose

ξn(y) = b0,nμkn

kn∑
j=1

∂PUxkn,j ,Λknμkn

∂μkn

− b1,nμ−1
kn

kn∑
j=1

∂PUxkn,j ,Λknμkn

∂r
+ ξ∗

n,

(2.8)

where ξ∗
n satisfies∫

B1(0)

Um∗−2
xkn,j ,Λknμkn

∂PUxkn,j ,Λknμkn

∂μkn

ξ∗
n

=
∫

B1(0)

Um∗−2
xkn,j ,Λknμkn

∂PUxkn,j ,Λknμkn

∂r
ξ∗
n = 0.

By the lemma 2.4 know that b0,n and b1,n are bounded.

Lemma 2.5. It holds

||ξ∗
n||∗∗ ≤ Cμ

− 1
2−σ

kn
, (2.9)

where σ > 0 is a small constant.

Proof. Since Lkn
ξn = 0, we first calculate

Lkn
ξ∗
n

:= (−Δ)mξ∗
n − (m∗ − 1)K(|y|)um∗−2

kn
ξ∗
n

= (m∗ − 1)(K(|y|) − 1)um∗−2
kn

kn∑
j=1

(
b0,nμkn

∂Uxkn,j ,Λknμkn

∂μkn

− b1,nμ−1
kn

∂Uxkn,j ,Λknμkn

∂r

)

+ (m∗ − 1)
kn∑

j=1

(
um∗−2

kn
− Um∗−2

xkn,j ,Λknμkn

)
(

b0,nμkn

∂Uxkn,j ,Λknμkn

∂μkn

− b1,nμ−1
kn

∂Uxkn,j ,Λknμkn

∂r

)
− (m∗ − 1)K(|y|)um∗−2

kn

kn∑
j=1

(
b0,nμkn

∂ψxkn,j ,Λknμkn

∂μkn

− b1,nμ−1
kn

∂ψxkn,j ,Λknμkn

∂r

)
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= J1 + J2 + J3,

where ψx,λ := Ux,λ − PUx,λ.
In the following, we will estimate Ji, i = 1, 2, 3. Without loss of generality,

we may assume y ∈ Ω1.
First, we have

‖J1‖∗∗ ≤
∥∥∥∥(K(|y|) − 1)

⎛
⎝ kn∑

j=1

Uxkn,j ,Λknμkn

⎞
⎠

m∗−1 ∥∥∥∥
∗∗

, (2.10)

and

∣∣∣∣(K(|y|) − 1)

⎛
⎝ kn∑

j=1

Uxkn,j ,Λknμkn

⎞
⎠

m∗−1 ∣∣∣∣
≤ C

|(K(|y|) − 1)|μ
N+2m

2
kn

(1 + μkn
|y − xkn,1|)N+2m

+ C

( kn∑
j=2

μ
N−2m

2
kn

(1 + μkn
|y − xkn,j |)N−2m

)N+2m
N−2m

:= I1 + I2.

Noting that N−2m
2 − τ N−2m

N+2m > 1, we have

|I2| ≤ C
μ

N+2m
2

kn

(1 + μkn
|y − xkn,1|)N+2m

2 +τ

(
kn

μkn

)N+2m
2 −τ

≤ C
μ

N+2m
2

kn

(1 + μkn
|y − xkn,1|)N+2m

2 +τ

1

μ
1

N−2m+1 ( N+2m
2 −τ)

kn

≤ C

μ
1
2+σ

kn

μ
N+2m

2
kn

(1 + μkn
|y − xkn,1|)N+2m

2 +τ
.

Now, we turn to consider I1. We split the slice Ω1 into two parts, namely,

Ω11 := {y ∈ Ω1 | ||y| − rkn
| >

δ

kn
}, and Ω12 := {y ∈ Ω1 | ||y| − rkn

| ≤ δ

kn
},

where δ > 0 is a fixed small constant.
In the region Ω11, we have

|y − xkn,1| ≥ ||y| − |xkn,1|| ≥ δ

kn
,

which leads to

|I1| ≤ C
μ

N+2m
2

kn

(1 + μkn
|y − xkn,1|)N+2m

2 +τ

(
kn

μkn

)N+2m
2 −τ

≤ C

μ
1
2+σ

kn

μ
N+2m

2
kn

(1 + μkn
|y − xkn,1|)N+2m

2 +τ
.
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In the region Ω12, noting that

||y| − 1| ≤ ||y| − rkn
| + |rkn

− 1| ≤ C

kn
,

then

|K(|y|) − 1| = O

(
1
kn

)
.

As a result,

|I1| ≤ C

μ
1
2+σ

kn

μ
N+2m

2
kn

(1 + μkn
|y − xkn,1|)N+2m

2 +τ
.

For the second term J2, we denote

hn,j := b0,nμkn

∂Uxkn,j ,Λknμkn

∂μkn

− b1,nμ−1
kn

∂Uxkn,j ,Λknμkn

∂r
.

Case 1, N ≥ 6m, then m∗ ≤ 3. We have

∣∣∣∣
(( kn∑

j=1

Uxkn,j ,Λknμkn

)m∗−2

− Um∗−2
xkn,1,Λknμkn

)
hn,1

∣∣∣∣
≤ CUm∗−2

xkn,1,μkn

kn∑
j=2

Uxkn,j ,Λknμkn

≤ C
μ

N+2m
2

kn

(1 + μkn
|y − xkn,1|)N+2m

2 +τ

kn∑
j=2

1

(μkn
|y − xkn,j |)N+2m

2 −τ

≤ C

μ
1
2+σ

kn

μ
N+2m

2
kn

(1 + μkn
|y − xkn,1|)N+2m

2 +τ
.

Case 2, 2m + 4 ≤ N < 6m, then m∗ > 3. We have

∣∣∣∣
(( kn∑

j=1

Uxkn,j ,Λknμkn

)m∗−2

− Um∗−2
xkn,1,Λknμkn

)
hn,1

∣∣∣∣
≤ CUm∗−2

xkn,1,μkn

kn∑
j=2

Uxkn,j ,Λknμkn
+ CUxkn,1,Λknμkn

( kn∑
j=2

Uxkn,j ,Λknμkn

)m∗−2

≤ C

μ
1
2+σ

kn

μ
N+2m

2
kn

(1 + μkn
|y − xkn,1|)N+2m

2 +τ
.
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So for all N ≥ 2m + 4, we have

∣∣∣∣
(( kn∑

j=1

Uxkn,j ,Λknμkn

)m∗−2

− Um∗−2
xkn,1,Λknμkn

)
hn,1

∣∣∣∣
≤ C

μ
1
2+σ

kn

μ
N+2m

2
kn

(1 + μkn
|y − xkn,1|)N+2m

2 +τ
.

On the other hand, we have

∣∣∣∣
kn∑

j=2

(( kn∑
i=1

Uxkn,i,Λknμkn

)m∗−2

− Um∗−2
xknkn,j ,Λknμkn

)
hn,j

∣∣∣∣
≤ C

kn∑
j=2

(
Um∗−2

xkn,1,Λknμkn
+

( kn∑
i=2

Uxkn,i,Λknμkn

)m∗−2)
Uxkn,j ,Λknμkn

≤ CUm∗−2
xkn,1,Λknμkn

kn∑
j=2

Uxkn,j ,Λknμkn
+ C

⎛
⎝ kn∑

j=2

Uxkn,j ,Λknμkn

⎞
⎠

m∗−1

≤ C

μ
1
2+σ

kn

μ
N+2m

2
kn

(1 + μkn
|y − xkn,1|)N+2m

2 +τ
.

Combining the above two reuslts, we obtained

∥∥∥∥
kn∑

j=1

(( kn∑
i=1

Uxkn,i,Λknμkn

)m∗−2

− Um∗−2
xkn,j ,Λknμkn

)
hn,j

∥∥∥∥
∗∗

≤ C

μ
1
2+σ

kn

.

(2.11)

For y ∈ Ω1, we have

∣∣∣∣
( kn∑

j=1

Uxkn,j ,Λknμkn

)m∗−2 kn∑
j=2

ψxkn,j ,Λknμkn

∣∣∣∣
≤ C

μ
1
2+σ

kn

μ
N+2m

2
kn

(1 + μkn
|y − xkn,1|)N+2m

2 +τ
.

For y ∈ B δ
kn

(xkn,1), from Lemma A.1 we have

ψxkn,1,Λknμkn
(y) = O

⎛
⎝kN−2m

n

μ
N−2m

2
kn

⎞
⎠ ,
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which leads to∣∣∣∣
( kn∑

j=1

Uxkn,j ,Λknμkn

)m∗−2

ψxkn,1,Λknμkn

∣∣∣∣
≤ C

( kn∑
j=1

Uxkn,j ,Λknμkn

)m∗−2
kN−2m

n

μ
N−2m

2
kn

≤ C

(
Um∗−2

xkn,1,Λknμkn
+

μ2
kn

(1 + μkn
|y − xkn,1|)4− 4η

N−2m

(
kn

μkn

) 4η
N−2m

)
kN−2m

n

μ
N−2m

2
kn

≤ Cμ
N+2m

2
kn

(1 + μkn
|y − xkn,1|)N+2m

2 +τ
(1 + μkn

|y − xkn,1|)N−2m
2 −2−τ

(
kn

μkn

)N−2m

+
Cμ

N+2m
2

kn

(1 + μkn
|y − xkn,1|)N+2m

2 +τ

(1 + μkn
|y − xkn,1|)

N−2m
2 −2−τ+ 4η

N−2m

(
kn

μkn

)N−2m+ 4η
N−2m

≤ C

μ
1
2+σ

kn

μ
N+2m

2
kn

(1 + μkn
|y − xkn,1|)N+2m

2 +τ
,

where η > 1 is a constant.
For y ∈ Ω1 ∩ Bc

δ
kn

(xkn,1),

∣∣∣∣
⎛
⎝ kn∑

j=1

Uxkn,j ,Λkn μkn

⎞
⎠

m∗−2

ψxkn,1,Λkn μkn

∣∣∣∣

≤ C

⎛
⎝Um∗−2

xkn,1,Λkn μkn
+

μ2
kn

(1 + μkn |y − xkn,1|)4− 4η
N−2m

(
kn

μkn

) 4η
N−2m

⎞
⎠Uxkn,1,Λkn μkn

≤ C

μ
1
2+σ

kn

Cμ
N+2m

2
kn

(1 + μkn |y − xkn,1|) N+2m
2 +τ

.

So we have proved

∥∥∥∥
⎛
⎝ kn∑

j=1

Uxkn,j ,Λknμkn

⎞
⎠

m∗−2
kn∑

j=1

ψxkn,j ,Λknμkn

∥∥∥∥
∗∗

≤ C

μ
1
2+σ

kn

. (2.12)
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Moreover, for N ≥ 6m, we have

∥∥∥∥
kn∑

j=1

(( kn∑
i=1

Uxkn,i,Λknμkn

)m∗−2

− um∗−2
kn

)
hn,j

∥∥∥∥
∗∗

≤ C

∥∥∥∥
kn∑

j=1

( kn∑
i=1

Uxkn,i,Λknμkn

)m∗−3

(
ωkn

−
kn∑

j=1

ψxkn,j ,Λknμkn

)
Uxkn,j ,Λknμkn

∥∥∥∥
∗∗

≤ C

∥∥∥∥
( kn∑

i=1

Uxkn,i,Λknμkn

)m∗−2

ωkn

∥∥∥∥
∗∗

+
∥∥∥∥
( kn∑

j=1

Uxkn,j ,Λknμkn

)m∗−2 kn∑
j=1

ψxkn,j ,Λknμkn

∥∥∥∥
∗∗

≤ C||ωkn
||∗ +

C

μ
1
2+σ

kn

≤ C

μ
1
2+σ

kn

.

The penultimate term follows the fact that

⎛
⎝ kn∑

j=1

μ
N−2m

2
kn

(1 + μkn
|y − xkn,j |)N−2m

⎞
⎠

4m
N−2m

⎛
⎝ kn∑

j=1

μ
N−2m

2
kn

(1 + μkn
|y − xkn,j |)N−2m

2 +τ

⎞
⎠

≤ C
μ

N+2m
2

kn

(1 + μkn
|y − xkn,1|)(N−2m−η) 4m

N−2m + N−2m
2 +τ−η

= C
μ

N+2m
2

kn

(1 + μkn
|y − xkn,1|)

N+2m
2 +τ+2m−η N+2m

N−2m

≤ C

kn∑
j=1

μ
N+2m

2
kn

(1 + μkn
|y − xkn,j |)N+2m

2 +τ
,

where η = N−2m
N−2m+1 and the last inequality follows from the fact that 2m −

η N+2m
N−2m > 0.

As for 2m + 4 ≤ N < 6m similar to the proof of (2.12), we have

∥∥∥∥
kn∑

j=1

Uxkn,j ,Λknμkn

( kn∑
j=1

ψxkn,j ,Λknμkn

)m∗−2∥∥∥∥
∗∗

≤ C

μ
1
2+σ

kn

.
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So ∥∥∥∥
kn∑

j=1

(( kn∑
i=1

Uxkn,i,Λknμkn

)m∗−2

− um∗−2
kn

)
hn,j

∥∥∥∥
∗∗

≤ C

∥∥∥∥
( kn∑

i=1

Uxkn,i,Λknμkn

)m∗−2

ωkn

∥∥∥∥
∗∗

+ C

∥∥∥∥
kn∑
i=1

Uxkn,i,Λknμkn
(ωkn

)m∗−2

∥∥∥∥
∗∗

+ C

∥∥∥∥
kn∑

j=1

Uxkn,j ,Λknμkn

( kn∑
j=1

ψxkn,j ,Λknμkn

)m∗−2∥∥∥∥
∗∗

+ C

∥∥∥∥
( kn∑

j=1

Uxkn,j ,Λknμkn

)m∗−2 kn∑
j=1

ψxkn,j ,Λknμkn

∥∥∥∥
∗∗

≤ C

(
||ωkn

||∗ + ||ωkn
||m∗−2

∗ + μ
− 1

2−σ

kn

)

≤ C

μ
1
2+σ

kn

.

(2.13)

The inequality (2.13) follows from⎛
⎝ kn∑

j=1

μ
N−2m

2
kn

(1 + μkn
|y − xkn,j |)N−2m

⎞
⎠

4m
N−2m

⎛
⎝ kn∑

j=1

μ
N−2m

2
kn

(1 + μkn
|y − xkn,j |)N−2m

2 +τ

⎞
⎠

≤ C

kn∑
j=1

μ
N+2m

2
kn

(1 + μkn
|y − xkn,j |)N+2m

2 +τ
,

and⎛
⎝ kn∑

j=1

μ
N−2m

2
kn

(1 + μkn
|y − xkn,j |)N−2m

⎞
⎠

⎛
⎝ kn∑

j=1

μ
N−2m

2
kn

(1 + μkn
|y − xkn,j |)N−2m

2 +τ

⎞
⎠

4m
N−2m

≤ C
μ

N+2m
2

kn

(1 + μkn
|y − xkn,1|)N− N+2m

N−2m+1

≤ C

kn∑
j=1

μ
N+2m

2
kn

(1 + μkn
|y − xkn,j |)N+2m

2 +τ
,

since N ≥ 2m + 4. As a consequence, for N ≥ 2m + 4, we have proved∥∥∥∥
kn∑

j=1

(( kn∑
i=1

Uxkn,i,Λknμkn

)m∗−2

− um∗−2
kn

)
hn,j ||∗∗ ≤ C

μ
1
2+σ

kn

. (2.14)
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So combining (2.11) and (2.14), we have

||J2||∗∗ ≤ C

μ
1
2+σ

kn

. (2.15)

Similar to the proof of (2.12), we can obtain

‖J3‖∗∗ ≤ C

μ
1
2+σ

kn

. (2.16)

Combining (2.10), (2.15) and (2.16), we have

||Lkn
ξ∗
n||∗∗ ≤ C

μ
1
2+σ

kn

.

On the other hand, from∫
B1(0)

Um∗−2
xkn,j ,Λknμkn

∂Uxkn,j ,Λknμkn

∂μkn

ξ∗
n

=
∫

B1(0)

Um∗−2
xkn,j ,Λknμkn

∂Uxkn,j ,Λknμkn

∂r
ξ∗
n = 0

and Lemma 2.3, we can see that there exist ρ > 0, such that

||Lkn
ξ∗
n||∗∗ ≥ ρ||ξ∗

n||∗.
Thus, the result follows. �

As before G(y, x) is the Green function of (−Δ)m in B1(0) with Dirichlet
boundary condiction.

Denote

∂jG(y, x) =
∂G

∂yj
(y, x), ∇iG(y, x) =

∂G

∂xi
(y, x).

Then we have the following lemma.

Lemma 2.6. For a small constant δ > 0 fixed, we have ∀ y ∈ ∂B δ
kn

(xkn,1),

ukn (y) =
AN

(Λknμkn )
N−2m

2

kn∑
j=1

G(y, xkn,j) + O

(
1

μ
1+σ− N−2m

2
kn

)
, (2.17)

(∂)rukn (y)

(∂)
i1
y1 . . . (∂)

iN
yN

=
AN

(Λknμkn )
N−2m

2

kn∑
j=1

(∂)rG(y, xkn,j)

(∂)
i1
y1 . . . (∂)

iN
yN

+O

(
kr

n

μ
1+σ− N−2m

2
kn

)
, (2.18)

ξn(y) = b0,n
BN

(Λknμkn )
N−2m

2

kn∑
j=1

G(y, xkn,j)

+b1,n
CN

(Λknμkn )
N−2m+2

2

kn∑
j=1

(
cos θj∇1G(y, xkn,j) + sin θj∇2G(y, xkn,j)

)

+O

(
1

μ
1+σ− N−2m

2
kn

)
, (2.19)
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and

(∂)rξn

(∂)i1
y1 · · · (∂)

iN
yN

= b0,n
BN

(Λknμkn )
N−2m

2

kn∑
j=1

(∂)rG(y, xxkn,j )

(∂)i1
y1 . . . (∂)

iN
yN

+ b1,n
CN

(Λknμkn )
N−2m+2

2

kn∑
j=1

∂i

(
cos θj∇1

(∂)rG(y, xkn,j)

(∂)i1
y1 . . . (∂)

iN
yN

+

sin θj∇2
(∂)rG(y, xkn,j)

(∂)i1
y1 . . . (∂)

iN
yN

)

+ O

(
kr

n

μ
1+σ− N−2m

2
kn

)
,

(2.20)

where

AN =
∫
RN

Um∗−1
0,1 (x)dx, BN = (m∗ − 1)

∫
RN

Um∗−2
0,1 (x)Φ0(x)dx,

and

CN = (m∗ − 1)
∫
RN

Um∗−2
0,1 (x)Φ1(x)x1dx,

i1 + · · · + iN = r.

Proof. First we give the proof of (2.17). We have

ukn
(y) =

∫
B1(0)

G(y, x)K(x)ukn
(x)m∗−1dx.

Without loss of generality, we assume y ∈ Ω1, divide the integral by areas

ukn
(y) =

∫
(Bd(y)∪Bd(xkn,1))

G(y, x)K(x)ukn
(x)m∗−1dx

+
kn∑

j=2

∫
B δ

kn

(xkn,j)

G(y, x)K(x)ukn
(x)m∗−1dx

+
kn∑

j=2

∫
Ωj\B δ

kn

(xkn,j)

G(y, x)K(x)ukn
(x)m∗−1dx

+
∫

Ω1\(Bd(y)∪Bd(xkn,1))

G(y, x)K(x)ukn
(x)m∗−1dx

:=I1 + I2 + I3 + I4,

where d = |y−xkn,1|
2 . We estimate one by one:

|I4| ≤C

∫
Ω1\(Bd(y)∪Bd(xkn,1))

1

|x − y|N−2m
(

μ
N+2m

2
kn

(1 + μkn |x − xkn,1|)N+2m
)

+ C

∫
Ω1\(Bd(y)∪Bd(xkn,1))

1

|x − y|N−2m

kn∑
j=2

μ
N+2m

2
kn

(1 + μkn |x − xkn,j |)N+2m
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≤C

∫
Ω1\(Bd(y))∪Bd(xkn,1)

1

|x − y|N−2m

1

μ
N+2m

2
kn

|x − xkn,1|N+2m

+ C

(
kn

μkn

)η ∫
Ω1\(Bd(y))∪Bd(xkn,1)

1

|x − y|N−2m

1

μ
N+2m

2 −η

kn
|x − xkn,1|N+2m−η

≤ C

μ
N

N−2m+1 − N−2m
2

kn

,

where we choose N+2m
N−2m < η < N + 2m.

|I3| ≤ C

kn∑
j=2

1
|xkn,j − xkn,1|N−2m

∫
Ωj\B δ

kn

(xkn,j)

μ
N+2m

2
kn

(1 + μkn
|x − xkn,j |)N+2m

+ C

kn∑
j=2

1
|xkn,j − xkn,1|N−2m

∫
Ωj\B δ

kn

(xkn,j)

μ
N+2m

2
kn

(1 + μkn
|x − xkn,j |)N+2m−η

(
kn

μkn

)η

≤ C

μ
N

N−2m+1− N−2m
2

kn

.

By Taylor expansion, for x ∈ B δ
kn

(xkn,j), we have

G(y, x) = G(y, xkn,j) +
N∑

i=1

∇iG(y, xkn,j)(x − xkn,j)i

+ O

( |x − xkn,j |2
|xkn,1 − xkn,j |N−2m+2

)
.

Thus∫
B δ

kn

(xkn,j)

G(y, x)ukn
(x)m∗−1dx

=
∫

B δ
kn

(xkn,j)

(
G(y, xkn,j) +

N∑
i=1

∇iG(y, xkn,j)(x − xkn,j)i

)
ukn

(x)m∗−1

+ O

(
1

|xkn,1 − xkn,j |N−2m+2

∫
B δ

kn

(xkn,j)

|x − xkn,j |2ukn
(x)m∗−1

)

= G(y, xkn,j)

⎛
⎝ 1

(Λkn
μkn

)
N−2m

2

∫
RN

Um∗−1
0,1 dx + O

(
1

μ
N−2m

2 + 2m
N−2m+1

kn

)⎞
⎠

+ O

⎛
⎝ N∑

i=1

|∇iG(y, xkn,j)| 1

μ
N−2m

2 + 2m
N−2m+1

kn

1
kn

⎞
⎠
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+ O

⎛
⎝ 1

|xkn,1 − xkn,j |N−2m+2

⎛
⎝ 1

μ
N−2m

2 +2

kn

⎞
⎠

⎞
⎠ .

On the other hand, we have∣∣∣∣
∫

B δ
kn

(xkn,j)

G(y, x)(K(x) − 1)ukn
(x)m∗−1dx

∣∣∣∣
= O

⎛
⎝ 1

|xkn,1 − xkn,j |N−2m

1
kn

1

μ
N−2m

2
kn

⎞
⎠ .

So

I2 =
kn∑

j=2

1

(Λkn
μkn

)
N−2m

2

G(y, xkn,j)
∫
RN

Um∗−1
0,1 dx + O

⎛
⎝ 1

μ
N−2m+2
N−2m+1− N−2m

2
kn

⎞
⎠ .

Now we compute I1,∫
Bd(y)

G(y, x)K(x)ukn
(x)m∗−1dx

≤ C

∫
Bd(y)

1
|y − x|N−2m

(
μ

N+2m
2

kN

(1 + μkn
|x − xkn,1|)N+2m

+
μ

N+2m
2

kN

(1 + μkn
|x − xkn,1|)N+2m−η

1

μ
η

N−2m+1
kn

)

= O

⎛
⎝ 1

μ
N

N−2m+1− N−2m
2

kn

⎞
⎠ ,

and∫
Bd(xkn,1)

G(y, x)ukn
(x)m∗−1dx

=
∫

Bd(xkn,1)

(
G(y, xkn,1) +

N∑
i=1

∇iG(y, xkn,1)(x − xkn,1)i

)
ukn

(x)m∗−1

+ O

(∫
Bd(xkn,1)

|x − xkn,1|2
|d|N ukn

(x)m∗−1

)

= G(y, xkn,1)
(

1

(Λkn
μkn

)
N−2m

2

∫
RN

Um∗−1
0,1 dx + O

(
1

μ
N−2m

2 + 2m
N−2m+1

kn

))

+ O

( N∑
i=1

|∇iG(y, xkn,1)| 1

μ
N−2m

2 + 2m
N−2m+1

kn

1
kn

)

+ O

⎛
⎝ 1

dN

⎛
⎝ 1

μ
N−2m

2 +2

kn

⎞
⎠

⎞
⎠ .
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By simple calculation,

∣∣∣∣
∫

Bd(xkn,1)

G(y, x)(K(x) − 1)ukn
(x)m∗−1dx

∣∣∣∣ = O

⎛
⎝ 1

dN−2m

1
kn

1

μ
N−2m

2
kn

⎞
⎠ .

So

I1 =
1

(Λkn
μkn

)
N−2m

2

G(y, xkn,1)
∫
RN

Um∗−1
0,1 dx + O

⎛
⎝ 1

μ
N−2m+2
N−2m+1− N−2m

2
kn

⎞
⎠ ,

then (2.17) is proved.
Similarly, by

∂jukn
(y) =

∫
B1(0)

∂jG(y, x)K(x)ukn
(x)m∗−1dx,

we can have (2.18).
Now we compute ξn.

ξn =
∫

Bd(y)∪Bd(xkn,1)

(m∗ − 1)G(y, x)K(x)ukn
(x)m∗−2ξndx

+
kn∑

j=2

∫
B δ

kn

(xkn,j)

(m∗ − 1)G(y, x)K(x)ukn
(x)m∗−2ξndx

+
kn∑

j=2

∫
Ωj\B δ

kn

(xkn,j)

(m∗ − 1)G(y, x)K(x)ukn
(x)m∗−2ξndx

+
∫

Ω1\(Bd(y)∪Bd(xkn,1))

(m∗ − 1)G(y, x)K(x)ukn
(x)m∗−2ξndx

=:J1 + J2 + J3 + J4,

Similar to the calculation for ukn
, we have

J3 =O

⎛
⎝ 1

μ
N

N−2m+1− N−2m
2

kn

⎞
⎠ , J4 = O

⎛
⎝ 1

μ
N

N−2m+1− N−2m
2

kn

⎞
⎠ ,

J2 =
b0,n(m∗ − 1)

(Λkn
μkn

)
N−2m

2

kn∑
j=2

G(y, xkn,j)
∫
RN

Um∗−1
0,1 dx

+
b1,n(m∗ − 1)

(Λkn
μkn

)
N−2m+2

2

kn∑
j=2

(
cos θj∇1G(y, xkn,j) + sin θj∇2G(y, xkn,j)

)
∫
RN

Um∗−2
0,1 Φ1x1dx

+ O

⎛
⎝ 1

μ
N−2m+2
N−2m+1− N−2m

2
kn

⎞
⎠ .
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J1 =
b0,n(m∗ − 1)

(Λkn
μkn

)
N−2m

2

G(y, xkn,1)
∫
RN

Um∗−1
0,1 dx

+
b1,n(m∗ − 1)

(Λkn
μkn

)
N−2m+2

2

∇1G(y, xkn,1)

∫
RN

Um∗−2
0,1 Φ1x1dx + O

⎛
⎝ 1

μ
N−2m+2
N−2m+1− N−2m

2
kn

⎞
⎠ ,

where θj = 2(j−1)π
kn

, j = 1, . . . , kn.

Combining the estimates of J1, J2, J3, J4, for the same reason, (2.19) fol-
lows.

Noting that

(∂)rξn

(∂)i1
y1 . . . (∂)iN

yN

=
∫

B1(0)

(∂)rG(y, x)
(∂)i1

y1 . . . (∂)iN
yN

(m∗ − 1)K(x)um∗−2
kn

(x)ξn(x)dx,

(2.20) can be proved similarly. �

Lemma 2.7. ξ̂n → 0 uniformly in C1(BR(0)) for any R > 0.

Proof. Step1: First we prove b0,n → 0.

When m is even: We apply the first Pohozaev identity in lemma B.1 with
B = B δ

kn
(xkn,1) then we have

∫
B δ

kn

(xkn,1)

um∗−1
kn

ξn
∂K(|y|)

∂y1

=
∫

∂B δ
kn

(xkn,1)

K(|y|)um∗−1
kn

ξnν1 −
∫

∂B δ
kn

(xkn,1)

Δ
m
2 ukn

Δ
m
2 ξν1

+

m
2∑

i=1

(∫
∂B δ

kn

(xkn,1)

Δm−iukn

∂2Δi−1ξn

∂y1∂ν

−
∫

∂B δ
kn

(xkn,1)

∂Δm−iukn

∂ν

∂Δi−1ξn

∂y1

+
∫

∂B δ
kn

(xkn,1)

Δm−iξn
∂2Δi−1ukn

∂y1∂ν

−
∫

∂B δ
kn

(xkn,1)

∂Δm−iξn

∂ν

∂Δi−1ukn

∂y1

)
.

(2.21)
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Note

I1,1(u, v, d) := −
∫

∂Bd(xkn,1)

Δ
m
2 uΔ

m
2 vν1

+

m
2∑

i=1

(∫
∂Bd(xkn,1)

Δm−iu
∂2Δi−1v

∂y1∂ν
−

∫
∂Bd(xkn,1)

∂Δm−iu

∂ν

∂Δi−1v

∂y1

+
∫

∂Bd(xkn,1)

Δm−iv
∂2Δi−1u

∂y1∂ν
−

∫
∂Bd(xkn,1)

∂Δm−iv

∂ν

∂Δi−1u

∂y1

)
,

we have ∫
B δ

kn

(xkn,1)

um∗−1
kn

ξn
∂K(|y|)

∂y1
= O

(
1

μσ
kn

)
,

and

∫
∂B δ

kn

(xkn,1)

K(|y|)um∗−1
kn

ξnν1 = O

⎛
⎝ 1

μ
2m

N−2m+1
kn

⎞
⎠ .

By Lemmas 2.6 and B.3 we have:

I1,1(ukn
, ξn,

δ

kn
)

=
ANBNb0,n

(Λkn
μkn

)N−2m

(
I1,1

(
G(y, xkn,1

)
, G(y, xkn,1),

δ

kn

)
+ 2I1,1

(
G(y, xkn,1

)
,

kn∑
j=2

G(y, xkn,j),
δ

kn

))
+ O

(
1

μσ
kn

)

=
2ANBNb0,n

(Λkn
μkn

)N−2m

(
− ∂H

∂y1
(xkn,1, xkn,1) +

kn∑
j=2

∂G

∂y1
(xkn,1, xkn,j)

)

+ O

(
1

μσ
kn

)

=
(N − 2m)ANBNb0,nK ′(1)

N

∫
RN Um∗

0,1∫
RN Um∗−1

0,1

+ O

(
1

μσ
kn

)
,

the last equal comes from Proposition 3.1 of [14], which says

1
(Λkn

μkn
)N−2m

(
∂H

∂y1
(xkn,1, xkn,1) −

kn∑
j=2

∂G

∂y1
(xkn,1, xkn,1)

)

= − (N − 2m)K ′(1)
2N

∫
RN Um∗

0,1

(
∫
RN Um∗−1

0,1 )2
+ O(μ−σ

kn
).

(2.22)

Thus by (2.21) we have b0,n → 0, as for m is odd, we have same result.
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Step2:
Now we prove b1,n → 0. We apply the second Pohozaev identity of Lemma

B.1∫
B δ

kn

(xkn,1)

um∗−1
kn

ξn〈∇K(|y|), y − xxkn ,1〉

=
∫

∂B δ
kn

(xkn,1)

K(|y|)um∗−1
kn

ξn〈ν, y − xxkn ,1〉

−
∫

∂B δ
kn

(xkn,1)

Δ
m
2 ukn

Δ
m
2 ξn〈ν, y − xxkn ,1〉

−
m
2∑

i=1

(∫
∂B δ

kn

(xkn,1)

∂Δm−iukn

∂ν
Δi−1〈∇ξn, y − xxkn ,1〉

+
∫

∂B δ
kn

(xkn,1)

Δm−iukn

∂Δi−1〈∇ξn, y − xxkn ,1〉
∂ν

−
∫

∂B δ
kn

(xkn,1)

∂Δm−iξn

∂ν
Δi−1〈∇ukn

, y − xxkn ,1〉

+
∫

∂B δ
kn

(xkn,1)

Δm−iξn

∂Δi−1〈∇ukn
, y − xxkn ,1〉

∂ν

)

+
N − 2m

2

m
2∑

i=1

(∫
∂B δ

kn

(xkn,1)

Δm−iukn

∂Δi−1ξn

∂ν

+
∫

∂B δ
kn

(xkn,1)

Δm−iξn
∂Δi−1ukn

∂ν

−
∫

∂B δ
kn

(xkn,1)

∂Δm−iukn

∂ν
Δi−1ξn −

∫
∂B δ

kn

(xkn,1)

∂Δm−iξn

∂ν
Δi−1ukn

)
.

(2.23)

We note:

I2,1(u, v, d)

:= −
∫

∂Bd(xkn,1)

Δ
m
2 uΔ

m
2 v〈ν, y − xxkn ,1〉

−
m
2∑

i=1

(∫
∂Bd(xkn,1)

∂Δm−iu

∂ν
Δi−1〈∇v, y − xxkn ,1〉

+
∫

∂Bd(xkn,1)

Δm−iu
∂Δi−1〈∇v, y − xxkn ,1〉

∂ν

−
∫

∂Bd(xkn,1)

∂Δm−iv

∂ν
Δi−1〈∇u, y − xxkn ,1〉
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+
∫

∂Bd(xkn,1)

Δm−iv
∂Δi−1〈∇u, y − xxkn ,1〉

∂ν

)

+
N − 2m

2

m
2∑

i=1

(∫
∂Bd(xkn,1)

Δm−iu
∂Δi−1v

∂ν

+
∫

∂Bd(xkn,1)

Δm−iv
∂Δi−1u

∂ν

−
∫

∂Bd(xkn,1)

∂Δm−iu

∂ν
Δi−1v −

∫
∂Bd(xkn,1)

∂Δm−iv

∂ν
Δi−1u

)
.

We estimate both sides of the equation separately: direct computation
shows that ∫

B δ
kn

(xkn,1)

um∗−1
kn

ξn〈∇K(|y|), y − xxkn ,1〉

=
b1,nK ′(1)
Λkn

μkn

∫
RN

Um∗−1
0,1 Φ1y1 + O

(
1

μ1+σ
kn

)
. (2.24)

Let’s estimate the right-hand side of the equation. A direct calculation leads
to ∫

∂B δ
kn

(xkn,1)

K(|y|)um∗−1
kn

ξn〈ν, y − xxkn ,1〉 = O

(
1

μ1+σ
kn

)
.

According to Lemma B.3 we have

I2,1

( kn∑
j=1

G(y, xkn,j),
kn∑

j=1

G(y, xkn,j),
δ

kn

)

= I2,1

(
G(y, xkn,1), G(y, xkn,1),

δ

kn

)

+ 2I2,1

(
G(y, xkn,1),

kn∑
j=2

G(y, xkn,j),
δ

kn

)

+ I2,1

( kn∑
j=2

G(y, xkn,j),
kn∑

j=2

G(y, xkn,j)
δ

kn

)

= (N − 2m)
(

H(xkn,1, xkn,1) −
kn∑

j=2

G(xkn,1, xkn,j)
)

.

(2.25)

From Proposition 3.1 in [14] we have

1
ΛN−2m

kn
μN−2m

kn

(
H(xkn,1, xkn,1) −

kn∑
j=2

G(xkn,1, xkn,j)
)

= O

(
1

μ1+σ
kn

)
,
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which leads to

I2,1

( kn∑
j=1

G(y, xkn,j),
kn∑

j=1

G(y, xkn,j),
δ

kn

)
= O

(
1

μ−N+2m+1+σ
kn

)
, (2.26)

and

I2,1

( kn∑
j=1

G(y, xkn,j),

kn∑
j=1

cos θj
∂G

∂x1
(y, xkn,j) + sin θj

∂G

∂x1
(y, xkn,j),

δ

kn

)

= I2,1

(
G(y, xkn,1),

∂G

∂x1
(y, xkn,j),

δ

kn

)

+ I2,1

(
G(y, xkn,1),

kn∑
j=2

cos θj
∂G

∂x1
(y, xkn,j) + sin θj

∂G

∂x1
(y, xkn,j),

δ

kn

)

+ I2,1

( kn∑
j=2

G(y, xkn,j),
∂G

∂x1
(y, xkn,1),

δ

kn

)

= (N − 2m + 1)

(
∂H

∂y1
(xkn,1, xkn,1) −

kn∑
j=2

∂G

∂y1
(xkn,1, xkn,1)

)
.

(2.27)

By (2.22) we get

I2,1

( kn∑
j=1

G(y, xkn,j),

kn∑
j=1

cos θj
∂G

∂x1
(y, xkn,j) + sin θj

∂G

∂x1
(y, xkn,j),

δ

kn

)

=
(N − 2m + 1)(N − 2m)K′(1)

2N

∫
RN Um∗

0,1

(
∫
RN Um∗−1

0,1 )2
(Λknμkn )N−2m + O(μN−2m−σ

kn
).

(2.28)

Combining (2.17), (2.19), (2.26) and (2.28) we have

I2,1(ukn
, ξn,

δ

kn
)

=
ANBNb0,n

(Λkn
μkn

)N−2m
I2,1

( kn∑
j=1

G(y, xkn,j),
kn∑

j=1

G(y, xkn,j),
δ

kn

)

+
ANCNb1,n

(Λkn
μkn

)N−2m+1
I2,1

( kn∑
j=1

G(y, xkn,j),
kn∑

j=1

cos θj
∂G

∂x1
(y, xkn,j)

+ sin θj
∂G

∂x1
(y, xkn,j),

δ

kn

)
+ O

(
1

μ1+σ
kn

)

=
ANCN (N − 2m + 1)(N − 2m)K ′(1)

Λμkn
N

∫
RN Um∗

0,1

(
∫
RN Um∗−1

0,1 )2
b1,n + O

(
1

μ1+σ
kn

)
.

(2.29)

Combining (2.23), (2.24) and (2.29):[ ∫
RN

Um∗−1
0,1 Φ1y1

]
b1,n =

[
Cn(N − 2m + 1)(N − 2m)

N

∫
RN Um∗

0,1∫
RN Um∗−1

0,1

]
b1,n

+O

(
1

μ1+σ
kn

)
.
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Compare the coefficients of b1,n on both sides of the equation where

CN = (m∗ − 1)
∫
RN

Um∗−2
0,1 Φ1y1,

we will need this classical integration∫ +∞

0

rα

(1 + r2)β
dr =

1
2

Γ(− 1
2 + β − 1

2α)Γ( 1
2α + 1

2 )
Γ(β)

, 2β − α > 1

Then the ratio of coefficients will be

(N + 2m)(N − 2m + 1)
∫
RN Um∗−2

0,1 Φ1y1

∫
RN Um∗

0,1∫
RN Um∗−1

0,1 Φ1y1

∫
RN Um∗−1

0,1

= 2(N − 2m + 1)
�= 1.

since QM,n isn’t a transcendental number, where π
N
2 is. When m is odd we

can get almost the same expression, the ratio of coefficients will become

PM,Nπ
N
2 − 1

2 �= 1

where PM,N isn’t a transcendental number. Then b1,n → 0. �

Now, we give the proof of Theorem 1.1.

Proof. With the aid of the above lemmas, it is sufficient to get a contradiction
with ||ξn||∗ = 1.

In fact, we have

|ξn(y)| ≤ (m∗ − 1)
∫

B1(0)

1
|z − y|N−2m

K(z)um∗−2
kn

(z)ξn(z)dz, (2.30)

and

|
∫

B1(0)

1
|z − y|N−2m

K(z)um∗−2
kn

(z)ξn(z)dz|

≤ C||ξn||∗
∫

B1(0)

1
|z − y|N−2m

K(z)um∗−2
kn

(z)

kn∑
j=1

μ
N−2m

2
kn

(1 + μkn
|z − xkn,j |)N−2m

2 +τ
dz

≤ C||ξn||∗
kn∑

j=1

μ
N−2m

2
kn

(1 + μkn
|y − xkn,j |)N−2m

2 +τ+θ
,

for some θ > 0. So we obtain

|ξn(y)|
∑kn

j=1

μ
N−2m

2
kn

(1+μkn |y−xk,j |) N−2m
2 +τ

≤ C||ξn||∗

∑kn

j=1

μ
N−2m

2
kn

(1+μkn |y−xkn,j |) N−2m
2 +τ+θ

∑kn

j=1

μ
N−2m

2
kn

(1+μkn |y−xkn,j |) N−2m
2 +τ

.
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Since ξn → 0 in BR(Λknμkn )−1(xkm,j
) and ||ξn||∗ = 1, we know that

|ξn(y)|
∑kn

j=1

μ
N−2m

2
kn

(1+μkn |y−xkn,j |) N−2m
2 +τ

attains its maximum in R
N \ ∪kn

j=1BR(Λknμkn )−1(xkn,j). Thus

||ξn||∗ ≤ o(1)||ξn||∗.
So ||ξn||∗ → 0 as n → +∞. This is a contradiction to ||ξn||∗ = 1. �

3. Construction of new bubbling solution

Let uk be the k-bubbling solution in Theorem A with a large even integer
k > 0. Then uk is even in each component yi, i = 1, . . . , N and uk is radial in
y′′ = (y3, . . . , yN ).

Let n ≥ k be a large even integer. Let

pn,j = (0, 0, tn cos
2(j − 1)π

n
, tn sin

2(j − 1)π
n

, 0) ∈ R
N , j = 1, . . . , n,

where tn ∈ (1 − C1
n , 1 − C2

n ), for some constants C1 > C2 > 0.
Define

Xs = {u : u ∈ Hs, u is even in yh, h = 1, . . . , N,

u(y1, y2, t cos(θ +
2πj

n
), t sin(θ +

2πj

n
), y∗) = u(y1, y2, t cos θ, t sin θ, y∗)}, (3.1)

where y∗ = (y5, . . . , yN ).
In this section, we are devoted to construct a solution of (1.1) with the

form

un = uk +
n∑

j=1

PUpn,j ,λn
+ ωn,

where ωn ∈ Xs ∩ Dm,2
0 (B1(0)) is a small perturbed term.

We first introduce the weighted norms:

‖u‖∗,n = sup
y∈B1(0)

⎛
⎝ n∑

j=1

λ
N−2m

2
n

(1 + λn|y − pn,j |)N−2m
2 +τ

⎞
⎠

−1

|u(y)|,

and

‖f‖∗∗,n = sup
y∈B1(0)

⎛
⎝ n∑

j=1

λ
N+2m

2
n

(1 + λn|y − pn,j |)N+2m
2 +τ

⎞
⎠

−1

|f(y)|,

where τ is any fixed number satisfying N−2 m
N−2 m+1 < τ < 1 + η, η > 0 is a small

constant.
Let

Zj,1 =
∂PUpn,j ,λn

∂tn
, Zj,2 =

∂PUpn,j ,λn

∂λn
, j = 1, . . . , n.
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Consider the following linearized problem of (1.1) around

uk +
n∑

j=1

PUpn,j ,λn
:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

(−Δ)mωn − (m∗ − 1)K(|y|)(uk +

n∑
j=1

PUpn,j ,λn )m∗−2ωn

= hn +

2∑
i=1

an,i

n∑
j=1

Um∗−2
pn,j ,λn

Zj,i, in B1(0),

ωn ∈ Xs ∩ Dm,2
0 (B1(0)),

∫
B1(0)

Um∗−2
pn,j ,λn

Zj,iωn = 0, i = 1, 2, j = 1, . . . , n,

(3.2)

for some numbers an,i, depending on ωn.

Lemma 3.1. Assume ωn solves the problem (3.2) for h = hn. If ‖hn‖∗∗,n → 0
as n → +∞, so does ‖ωn‖∗,n.

Proof. We argue by contradiction. Suppose that there exist pn,j , λn, hn, ωn

satisfying (3.2), λn → +∞, ‖hn‖∗∗,n → 0 and ‖ωn‖∗,n ≥ c0 > 0. Without loss
of generality, we may assume ‖ωn‖∗,n = 1.

We write

Lkωn = (m∗ − 1)K(|y|)[(uk +
n∑

j=1

PUpn,j ,λn
)m∗−2 − um∗−2

k

]
ωn + hn

+
2∑

i=1

an,i

n∑
j=1

Um∗−2
pn,j ,λn

Zj,i.

Then by Proposition C.1, we have

|ωn(x)|

≤ C

∫
B1(0)

|Gk(y, x)|
(( n∑

j=1

PUpn,j ,λn

)m∗−2

|ωn| + |hn|

+
∣∣∣∣

2∑
i=1

an,i

n∑
j=1

Um∗−2
pn,j ,λn

Zj,i

∣∣∣∣
)

dy

≤ C

∫
B1(0)

1
|y − x|N−2m

(( n∑
j=1

PUpn,j ,λn

)m∗−2

|ωn| + |hn|

+
∣∣∣∣

2∑
i=1

an,i

n∑
j=1

Um∗−2
pn,j ,λn

Zj,i

∣∣∣∣
)

dy.

Then, similar to the computation in Proposition 2.3 in [14], we can obtain⎛
⎝ n∑

j=1

λ
N−2m

2
n

(1 + λn|y − pn,j |)N−2m
2 +τ

⎞
⎠

−1

|ωn(y)|

≤ C

⎛
⎝‖hn‖∗∗,n +

∑n
j=1

1

(1+λn|y−pn,j |) N−2m
2 +τ+θ∑n

j=1
1

(1+λn|y−pn,j |) N−2m
2 +τ

‖ωn‖∗,n

⎞
⎠ ,

(3.3)
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for some θ > 0 small enough.
From (3.3) and ‖ωn‖∗,n = 1, we obtain that there exists L > 0 large

enough such that

||λ− N−2m
2

n ωn||L∞(B L
λn

(pn,i)) ≥ c0 > 0, (3.4)

for some i. Furthermore, the dilation ω̃n(y) = λ
− N−2 m

2
n ωn(λ−1

n y + pn,i) con-
verges uniformly on any compact set to a solution u of the following equation:

(−Δ)mu − (m∗ − 1)Um∗−2
0,1 u = 0, in R

N .

On the other hand, noting the orthogonality in (3.2), we have that u is
perpendicular to the kernel of this equation. As a result, u = 0, which is a
contradiction to (3.4). �

With the help of Lemma 3.1, similar to Proposition 4.1 in [10], we have
the following proposition.

Proposition 3.2. There exist n0 > 0 and a constant C > 0, independent of n,
such that for all n ≥ n0 and all h ∈ L∞(RN ), problem (3.2) has a unique
solution ω = Ln(h) with ‖Ln(h)‖∗,n ≤ C‖h‖∗∗,n, |an,i| ≤ C

λ
n̄i
n

‖h‖∗∗,n, i = 1, 2,
where n̄1 = 1, n̄2 = −1.

Now we consider the following perturbed problem of (1.1):
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

(−Δ)m

(
uk +

n∑
j=1

PUpn,j ,λn + ωn

)

= K(|y|)
(

uk +

n∑
j=1

PUpn,j ,λn + ωn

)m∗−1

+

2∑
i=1

an,i

n∑
j=1

Um∗−2
pn,j ,λn

Zj,i, in B1(0),

ωn ∈ Xs ∩ Dm,2
0 (B1(0)),

∫
B1(0)

Um∗−2
pn,j ,λn

Zj,iωn = 0, i = 1, 2, j = 1, . . . , n,

(3.5)

for some numbers an,i.
Noting that the problem (3.5) can be rewritten as

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

(−Δ)mωn − (m∗ − 1)K(|y|)
(

uk +
n∑

j=1

PUpn,j ,λn

)m∗−2

ωn

= Fn(ωn) + ln +
2∑

i=1

an,i

n∑
j=1

Um∗−2
pn,j ,λn

Zj,i, in B1(0),

ωn ∈ Xs ∩ Dm,2
0 (B1(0)),

∫
B1(0)

Um∗−2
pn,j ,λn

Zj,iωn = 0, i = 1, 2, j = 1, . . . , n,

(3.6)

where

Fn(ωn) =K(|y|)
(

uk +
n∑

j=1

PUpn,j ,λn
+ ωn

)m∗−1

− K(|y|)
(

uk +
n∑

j=1

PUpn,j ,λn

)m∗−1
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− (m∗ − 1)K(|y|)
(

uk +
n∑

j=1

PUpn,j ,λn

)m∗−2

ωn,

and

ln = K(|y|)
(

uk +
n∑

j=1

PUpn,j ,λn

)m∗−1

− K(|y|)um∗−1
k −

n∑
j=1

Um∗−1
pn,j ,λn

.

A standard argument leads to

Lemma 3.3. ‖Fn(ωn)‖∗∗,n ≤ C‖ωn‖min{m∗−1,2}
∗,n .

Next, we estimate ln.

Lemma 3.4. ‖ln‖∗∗,n ≤ C

λ
1
2+σ
n

.

Proof. Define

Dn,j :=
{

y ∈ B1(0) : y = (y′, y3, y4, y
∗) ∈ R

2 × R
2 × R

N−4,〈
(0, 0, y3, y4, , 0, . . . , 0)

|(y3, y4)| ,
pn,j

|pn,j |
〉

≥ cos
π

n

}
.

We have

ln = K(|y|)
((

uk +
n∑

j=1

PUpn,j ,λn

)m∗−1

− um∗−1
k −

( n∑
j=1

PUpn,j ,λn

)m∗−1)

+
( n∑

j=1

PUpn,j ,λn

)m∗−1

−
n∑

j=1

Um∗−1
pn,j ,λn

+
(

K(|y|) − 1
)( n∑

j=1

PUpn,j ,λn

)m∗−1

:= J̄1 + J̄2 + J̄3.

We will estimate these terms one by one.
For J̄1, in the case y ∈ ∪n

j=1(Dn,j ∩ B δ
n
(pn,j)), where δ > 0 is a small

constant. Without loss of generality, we may assume y ∈ Dn,1 ∩ B δ
n
(pn,1),

then

uk ≤ CPUpn,1,λn
.
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We have

|J̄1| ≤ C

⎛
⎝ n∑

j=1

PUpn,j ,λn

⎞
⎠

m∗−2

uk

≤ λ2m
n

(
1

(1 + λn|y − pn,1|)N−2m−η

)m∗−2(
n

λn

)η(m∗−2)

≤ C
λ2m

n

(1 + λn|y − pn,1|)4m− 4m
N−2m+1

≤ C

λ
1
2+σ
n

λ
N+2m

2
n

(1 + λn|y − pn,1|)N+2m
2 +τ

≤ C

λ
1
2+σ
n

n∑
j=1

λ
N+2m

2
n

(1 + λn|y − pn,j |)N+2m
2 +τ

.

(3.7)

In the case y /∈ ∪n
j=1(Dn,j ∩B δ

n
(pn,j)), without loss of generality, we may

assume y ∈ Dn,1\B δ
n
(pn,1), then

|J̄1| ≤Cum∗−2
k

n∑
j=1

PUpn,j ,λn
+ C

( n∑
j=1

PUpn,j ,λn

)m∗−1

≤C
n∑

j=1

λ
N+2m

2
n

(1 + λn|y − pn,j |)N+2m
2 +τ

1

λ2m
n (1 + λn|y − pn,j |)N−6m

2 −τ

+ C
λ

N+2m
2

n

(1 + λn|y − pn,1|)N+2m
2 +τ

(
n

λn

)N+2m
2 −τ

≤ C

λ
1
2+σ
n

n∑
j=1

λ
N+2m

2
n

(1 + λn|y − pn,j |)N+2m
2 +τ

,

(3.8)

where η > 1 is a constant. Combining (3.7) and (3.8), we have

‖J̄1‖∗∗,n ≤ C

λ
1
2+σ
n

.

For J̄2, we may assume y ∈ D1. For y ∈ B δ
n
(pn,1), from Lemma A.1 we

have

ψpn,1,λn
= O

(
nN−2m

λ
N−2m

2
n

)
,
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which leads to

|J̄2| ≤ CPUm∗−2
pn,1,λn

( n∑
j=2

PUpn,j ,λn
+ ψpn,1,λn

)
+ C

( n∑
j=2

PUpn,j ,λn

)m∗−1

+ Cψm∗−1
pn,1,λn

+ C

n∑
j=2

Um∗−1
pn,j ,λn

≤ C
λ

N+2m
2

n

(1 + λn|y − pn,1|)N+2m
2 +τ

n∑
j=2

1

(λn|pn,j − pn,1|)N+2m
2 −τ

+ C
λ

N+2m
2

n

(1 + λn|y − pn,1|)N+2m
2 +τ( n∑

j=2

1

(λn|pn,j − pn,1|)N−2m− N−2m
N+2m ( N+2m

2 +τ)

)m∗−1

+ O

(
nN+2m

λ
N+2m

2
n

)
+

λ2m
n

(1 + λn|y − pn,1|)4m
O

(
nN−2m

λ
N−2m

2
n

)

≤ C

λ
1
2+σ
n

λ
N+2m

2
n

(1 + λn|y − pn,1|)N+2m
2 +τ

.

(3.9)

For y /∈ B δ
n
(pn,1), we have

|J̄2| ≤C
λ

N+2m
2

n

(1 + λn|y − pn,1|)N+2m
+ C

( n∑
j=2

PUpn,j ,λn

)m∗−1

+ C

n∑
j=2

Um∗−1
pn,j ,λn

≤ C

λ
1
2+σ
n

λ
N+2m

2
n

(1 + λn|y − pn,1|)N+2m
2 +τ

.

(3.10)

Combining (3.9) and (3.10), we have

‖J̄2‖∗∗,n ≤ C

λ
1
2+σ
n

.

For J̄3, we assume y ∈ D1. For y ∈ B δ
n
(pn,1), noting that

K(y) − 1 = O

(
1
n

)
,

we have

|J̄3| ≤C

n

λ
N+2m

2
n

(1 + λn|y − pn,1|)N+2m
+

C

n

( n∑
j=2

PUpn,j ,λn

)m∗−1

≤ C

λ
1
2+σ
n

λ
N+2m

2
n

(1 + λn|y − pn,1|)N+2m
2 +τ

.

(3.11)
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For y /∈ B δ
n
(pn,1), similar to (3.10), we have

|J̄3| ≤ C

λ
1
2+σ
n

λ
N+2m

2
n

(1 + λn|y − pn,1|)N+2m
2 +τ

. (3.12)

Combining (3.11) and (3.12), we have

‖J̄3‖∗∗,n ≤ C

λ
1
2+σ
n

.

Combining the above estimates, the result follows. �

With the help of Proposition 3.2, Lemmas 3.3 and 3.4, a standard argu-
ment with the Fixed Point Theorem leads to the following proposition:

Proposition 3.5. There exist n0 > 0 and a constant C > 0, independent of n,
such that for all n ≥ n0, λn ∈ [Λ0n

N−2 m+1
N−2 m ,Λ1n

N−2 m+1
N−2 m ], tn ∈ (1− C1

n , 1− C2
n ),

where Λ1 > Λ0 > 0 and C1 > C2 > 0 are some constants, problem (3.5) has a
unique solution ωn for some constant an,i, satisfying

‖ωn‖∗,n ≤ C

λ
1
2+σ

, |an,i| ≤ C

λ
1
2+n̄i+σ

,

where σ > 0 small enough.

Then we check energy expansion. The idea of the energy expansion comes
from the observation that the nonlinear energy can be approximated by a linear
combination of simple terms with the parameters tn and λn.

Define

F : R2 → R, F (tn, λn) := I(uk +
n∑

j=1

PUpn,j ,λn
+ ωn),

where ωn is the function obtained in Proposition 3.2, and I is the functional
of problem (1.1), that is

I(u) =

⎧⎪⎪⎨
⎪⎪⎩

1
2

∫
B1(0)

|Δm
2 u|2 − 1

(m)∗

∫
B1(0)

K(|y|)|u|m∗
m even,

1
2

∫
B1(0)

|∇Δ
m−1

2 u|2 − 1
m∗

∫
B1(0)

K(|y|)|u|m∗
m odd.

(3.13)

To obtain a solution with the form uk +
∑n

j=1 PUpn,j ,λn
+ ωn, we just need to

find a critical point of F (tn, λn) in the domain [1 − C1
n , 1 − C2

n ] × [
Λ0n

N−2 m+1
N−2 m ,Λ0n

N−2 m+1
N−2 m ], where 0 < Λ0 < Λ1 < ∞ and C1 > C2 > 0 are

some constants.

Proof of Theorem 1.2. When m is odd,

F (tn, λn) = I(uk +
n∑

j=1

PUpn,j ,λn
) + nO

(
1

λ1+σ
n

)
, (3.14)
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and by symmetry,

I

(
uk +

n∑
j=1

PUpn,j ,λn

)

= I(uk) + I

( n∑
j=1

PUpn,j ,λn

)
+

n∑
j=1

∫
B1(0)

Um∗−1
pn,j ,λn

uk

− 1
m∗

∫
B1(0)

K(|y|)
((

uk +
n∑

j=1

PUpn,j ,λn

)m∗

−
⎛
⎝ n∑

j=1

PUpn,j ,λn

⎞
⎠

m∗

− um∗
k

)

= I(uk) + I

( n∑
j=1

PUpn,j ,λn

)
+ n

∫
B1(0)

Um∗−1
pn,1,λn

uk

− 1
m∗

∫
B1(0)

K(|y|)
((

uk +
n∑

j=1

PUpn,j ,λn

)m∗

− ( n∑
j=1

PUpn,j ,λn

)m∗
− um∗

k

)
.

(3.15)

We can check

∣∣∣∣
∫

B1(0)

Um∗−1
pn,j ,λn

uk

∣∣∣∣ ≤C

[ ∫
B 1

λ

1
2
n

(pn,1)

λ
N+2m

2
n

(1 + λn|y − pn,1|)N+2m

+
∫
RN \B 1

λ

1
2
n

(pn,1)

λ
N+2m

2
n

(1 + λn|y − pn,1|)N+2m

]

≤ C

λ
N−2m

2
n

+
Cλn

λ
N+2m

2
n

= O

(
1

λ
N−2m

2
n

)
.

For y ∈ R
N\ ∪n

j=1 (Dn,j ∩ B 1

λ

1
2
n

(pn,j)) we have

∣∣∣∣
(

uk +
n∑

j=1

PUpn,j ,λn

)m∗

−
( n∑

j=1

PUpn,j ,λn

)m∗

− um∗
k

∣∣∣∣
≤ Cum∗−1

k

n∑
j=1

Upn,j ,λn
+ C

( n∑
j=1

Upn,j ,λn

)m∗−1

uk,

(3.16)
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which leads to∣∣∣∣
∫

B1(0)\∪n
j=1(Dn,j∩B 1

λ

1
2
n

(pn,1))

K(|y|)
((

uk +
n∑

j=1

PUpn,j ,λn

)m∗

−
⎛
⎝ n∑

j=1

PUpn,j ,λn

⎞
⎠

m∗

− um∗
k

)∣∣∣∣
≤ C

∫
RN \∪n

j=1(Dn,j∩B 1

λ

1
2
n

(pn,1)

um∗−1
k

n∑
j=1

Upn,j ,λn

+ C

∫
RN \∪n

j=1(Dn,j∩B 1

λ

1
2
n

(pn,1)

( n∑
j=1

Upn,j ,λn

)m∗−1

uk

≤ Cn

λ
N−2m

2
n

+ n

∫
Dn,1\B 1

λ

1
2
n

(pn,1)

1
(1 + |y|)N−2

λ
N+2

2
n

(1 + λn|y − pn,1|)N+2m− N+2m
N−2m+1

≤ Cn

λ
N−2m

2
n

+
Cn

λ
N+2m

2 − N+2m
N−2m+1

n

∫
RN \B 1

λ

1
2
n

(pn,1)

1

|y − pn,1|N+2m− N+2m
N−2m+1

= O

(
n

λ
n−2m

2
n

)
.

We have∫
∪n

j=1(Dn,j∩B 1

λ

1
2
n

(pn,1))

K(|y|)
((

uk +
n∑

j=1

PUpn,j ,λn

)m∗

−
⎛
⎝ n∑

j=1

PUpn,j ,λn

⎞
⎠

m∗

− um∗
k

)

= n

∫
Dn,1∩B 1

λ

1
2
n

(pn,1)

K(|y|)

⎛
⎜⎝

⎛
⎝uk +

n∑
j=1

PUpn,j ,λn

⎞
⎠

m∗

−
⎛
⎝ n∑

j=1

PUpn,j ,λn

⎞
⎠

m∗

− um∗
k

⎞
⎟⎠ .

(3.17)

Noting that ∫
Dn,1∩B 1

λ

1
2
n

(pn,1)

K(|y|)um∗
k = O

(
1

λ
N
2

n

)
,
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and∫
Dn,1∩B 1

λ

1
2
n

(pn,1)

K(|y|)
((

uk +
n∑

j=1

PUpn,j ,λn

)m∗
− ( n∑

j=1

PUpn,j ,λn

)m∗
)

≤ C

∫
Dn,1∩B 1

λ

1
2
n

(pn,1)

( n∑
j=1

Upn,j ,λn

)m∗−1

uk + C

∫
Dn,1∩B 1

λ

1
2
n

(pn,1)

um∗
k

≤ C

∫
Dn,1∩B 1

λ

1
2
n

(pn,1)

λ
N+2m

2
n

(1 + λn|y − pn,1|)N+2m− N+2m
N−2m+1

+
C

λ
N
2

≤ C

λ
N−2m

2
n

∫
B

λ

1
2
n

(0)

1

(1 + |y|)N+2m− N+2m
N−2m+1

+
C

λ
N
2

≤ C

λ
N−2m

2
n

,

we obtain

∫
B1(0)

K(|y|)

⎛
⎜⎝

⎛
⎝uk +

n∑
j=1

PUpn,j ,λn

⎞
⎠

m∗

−
⎛
⎝ n∑

j=1

PUpn,j ,λn

⎞
⎠

m∗

− um∗
k

⎞
⎟⎠

= O

(
n

λ
N−2m

2
n

)
.

Then we have

I

(
uk +

n∑
j=1

Upn,j ,λn

)
= I(uk) + I

( n∑
j=1

Upn,j ,λn

)
+ O

(
n

λ
N−2m

2
n

)
. (3.18)

Combining (3.14), (3.18) and a standard procedure as in [14], we obtain

F (tn, λn)

= I(uk) + I

( n∑
j=1

Upn,j ,λn

)
+ O

(
n

λ1+σ
n

)

= I(uk) + n

(
A +

B1H(pn,1, pn,1)
λN−2m

n

+ B2K
′(1)(1 − tn)

−
n∑

j=2

B3G(pn,j , pn,1)
λN−2m

n

)
+ nO

(
1

λ1+σ
n

)
,

(3.19)

where A,Bi, i ∈ {1, 2, 3} are some positive constants, σ > 0 is a small constant.
Then similar to the argument as in [14], we can find a critical point of

F (tn, λn), the result follows. The process is similar when m is even, therefore
we have proven Theorem 1.2. �
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Appendix A. The estimate of U-PU

In the following, we always assume that

xj =
(

r cos
2(j − 1)π

k
, r sin

2(j − 1)π
k

,0
)

, j = 1, . . . k,

r ∈ [μ(1 − r0
k ), μ(1 − r1

k )]. Let x̄j = 1
μxj , G(x, y) be the Green function of

(−Δ)m in B1(0) with homogenous Dirichlet boundary condition, and H(x, y)
be the regular part of Green function. We use PUxj ,Λkμk

to denote the solution
of (1.6) and r3 = min(r0, 1).

For l = 1, . . . , N , denote

∂lPUx,Λμ =
∂PUx,Λμ(y)

∂xl
, ∂lUx,Λμ =

∂Ux,Λμ(y)
∂xl

;

for l = N + 1, we set

∂lPUx,Λμ =
∂PUx,Λμ(y)

∂μ
, ∂lUx,Λμ =

∂Ux,Λμ(y)
∂μ

.

Lemma A.1. Assume N ≥ 2m + 4, for any i = 1, . . . , k, if y ∈ Bμr3
8k (xj) and

j �= i, then

Uxi,Λμ(y) − PUxi,Λμ(y)

=
AN,mH(xi, y)

Λ
N−2m

2 μN−2m
+ O

(
1

μ
N−2m

2 +2|xi − y|N−2m+2
+

k2m

μ
N+2m

2 |xi − y|N−2m

)
,

(A.1)
∂lUxi,Λμ(y) − ∂lPUxi,Λμ(y)
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=
AN,m∂lH(xi, y)

Λ
N−2m

2 μ
N−2m

2

+ O

(
1

μ
N−2m

2 +2|xi − y|N−2m+3
+

k2m+1

μ
N+2m

2 |xi − y|N−2m

)
,

for l = 1, . . . , N, (A.2)

and

∂N+1Uxi,Λμ(y) − ∂N+1PUxi,Λμ(y)

=
−(N − 2m)AN,mH(xi, y)

2Λ
N−2m

2 μ
N−2m

2 +1
+ O

(
1

μ
N−2m

2 +3|xi − y|N−2m+2

+
k2m

μ
N+2m

2 +1|xi − y|N−2m

)
, (A.3)

where AN,m is a constant only depend on N and m.
If y ∈ Bμr3

8k
(xi), then

Uxi,Λμ(y) − PUxi,Λμ(y) =
AN,mH(xi, y)

Λ
N−2m

2 μ
N−2m

2

+ O

(
kN−2m+2

μ
N−2m

2 +2

)
, (A.4)

∂lUxi,Λμ(y) − ∂lPUxi,Λμ(y) =
AN,m∂lH(xi, y)

Λ
N−2m

2 μ
N−2m

2

+O

(
kN−2m+3

μ
N−2m

2 +2

)
, for l = 1, . . . , N, (A.5)

and

∂N+1Uxi,Λμ(y) − ∂N+1PUxi,Λμ(y) =
−(N − 2m)AN,mH(xi, y)

2Λ
N−2m

2 μ
N−2m

2 +1

+O

(
kN−2m+2

μ
N−2m

2 +3

)
. (A.6)

Proof. By the potential theory,
Uxi,Λμ − PUxi,Λμ(y)

=
∫
RN

C1,N,m

|x − y|N−2m

C2,N,m(Λμ)
N+2m

2

(1 + (Λμ|x − xi|)2)N+2m
2

−
∫

B1(0)

G(x, y)
C2,N,m(Λμ)

N+2m
2

(1 + (Λμ|x − xi|)2)N+2m
2

=
∫
RN \B1(0)

C1,N,m

|x − y|N−2m

C2,N,m(Λμ)
N+2m

2

(1 + (Λμ|x − xi|)2)N+2m
2

+
∫

B1(0)

H(x, y)
C2,N,m(Λμ)

N+2m
2

(1 + (Λμ|x − xi|)2)N+2m
2

= M1 + M2.

(A.7)

Case 1: y ∈ B r3
8k

(xi), it is easy to check

|M1| = O

(
kN

μ
N+2m

2

)
, (A.8)
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and

M2 =

∫
B1(0)\B r0

2k
(xi)

H(x, y)
C2,N,m(Λμ)

N+2m
2

(1 + (Λμ|x − xi|)2)
N+2m

2

+

∫
B r0

2k
(xi)

H(x, y)
C2,N,m(Λμ)

N+2m
2

(1 + (Λμ|x − xi|)2)
N+2m

2

=

∫
B r0

2k
(xi)

H(xi, y)
C2,N,m(Λμ)

N+2m
2

(1 + (Λμ|x − xi|)2)
N+2m

2

+O

⎛
⎝∫

B r0
2k

(xi)

|xi − x|2|∇2H(xi + t(xi − x), y)| C2,N,m(Λμ)
N+2m

2

(1 + (Λμ|x − xi|)2)
N+2m

2

⎞
⎠

+O

(
kN

μ
N+2m

2

)
=

AN,mH(xi, y)

Λ
N−2m

2 μ
N−2m

2

+ O

(
kN−2m+2

μ
N−2m

2 +2

)
. (A.9)

So,

Uxi,Λμ(y) − PUxi,Λμ(y) =
AN,mH(xi, y)

Λ
N−2m

2 μ
N−2m

2

+ O

(
kN−2m+2

μ
N−2m

2 +2

)
. (A.10)

Case 2: y ∈ B r3
8k

(xj), where j �= i. In this case, it is easy to check

M1 = O

(
1

μ
N+2m

2 |xi − y|N
+

k2m

μ
N+2m

2 |xi − y|N−2m

)
,

and

M2 =

∫
B1(0)\B |y−xi|

2
(xi)

H(x, y)
C2,N,m(Λμ)

N+2m
2

(1 + (Λμ|x − xi|)2)
N+2m

2

+

∫
B |y−xi|

2 (xi)
∩B1(0)

H(x, y)
C2,N,m(Λμ)

N+2m
2

(1 + (Λμ|x − xi|)2)
N+2m

2

=

∫
B r3

8k
(xi)

H(xi, y)
C2,N,m(Λμ)

N+2m
2

(1 + (Λμ|x − xi|)2)
N+2m

2

+O

⎛
⎜⎝∫

B |y−xi|
2 (xi)

|xi − x|2|∇2H(xi + t(xi − x), y)| C2,N,m(Λμ)
N+2m

2

(1 + (Λμ|x − xi|)2)
N+2m

2

⎞
⎟⎠

+O

⎛
⎜⎝∫

B |y−xi|
2 (xi)

\B r3
8k

(xi)

|H(x, y)| C2,N,m(Λμ)
N+2m

2

(1 + (Λμ|x − xi|)2)
N+2m

2

⎞
⎟⎠

+O

(
1

μ
N+2m

2 |xi − y|N

)
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=
AN,mH(xi, y)

Λ
N−2m

2 μ
N−2m

2

+ O

(
1

μ
N−2m

2 +2|xi − y|N−2m+2
+

k2m

μ
N+2m

2 |xi − y|N−2m

)
.

(A.11)

So

Uxi,Λμ(y) − PUxi,Λμ(y)

=
AN,mH(xi, y)

Λ
N−2m

2 μ
N−2m

2

+ O

(
1

μ
N−2m

2 +2|xi − y|N−2m+2
+

k2m

μ
N+2m

2 |xi − y|N−2m

)
.

(A.12)

Since for l = 1, ..., N + 1,{
(−Δ)m∂lPUxi,Λμ(x) = ∂l(Uxi,Λμ(x))m∗−1, in B1(0),
PUxi,Λμ(x) = 0, x ∈ ∂B1(0).

(A.13)

Similar to (A.1 ), (A.2), we can prove (A.4)–(A.6). �

For the completeness of the proof, we supplement the estimation of the
derivative of H. In area B1(0) the Green function for the Dirichlet problem is
positive and given by

G(x, y) = km,N
1

|x − y|N−2m

∫ [xy]
|x−y|

1

(v2 − 1)m−1

vN−1
dv,

where

[xy] =
∣∣|x|y − x

|x|
∣∣, km,N =

1
wn4m−1

((m − 1)!)2,

wn is the n-dimensional unit sphere surface area. Using the following identity∫ ∞

1

(v2 − 1)m−1

vN−1
dv =

2m−1(m − 1)!
(N − 2) . . . (N − 2m)

,

and (B.13) we can get the expression of H

H(x, y) = Γ(x, y) − G(x, y) = km,N
1

|x − y|N−2m

∫ ∞
[xy]

|x−y|

(v2 − 1)m−1

vN−1
dv, (A.14)

we have

Lemma A.2. The above function H is satisfied

| ∂αH(x, y)
∂α1x1 . . . ∂αN xN

| ≤ Cm,N

[xy]N−2m+α
, α ≥ 0 α1 + · · · + αs = α. (A.15)

Proof. By definition after a variable substitution, we have

H(x, y) =
km,N

[xy]N−2m

∫ ∞

1

(v2 − |x−y|2
[xy]2 )m−1

vN−1
dv

≤ km,N

[xy]N−2m

∫ ∞

1

1
vN−2m+1

dv

≤C
1

[xy]N−2m
,
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repeated derive the function and similarity calculation lead us to the result.
�

Appendix B. Pohozaev indentities and the estimates of Green’s
function

In this part, we will establish the Pohozaev indentities for polyharmonic op-
erator in the small domain B δ

kn
(xkn,1), where δ > 0 is a small fixed constant.

And then we give some expression related to Green’s function. We will use the
same notations as before.

Recall that the equation and its linearized equation read as:

(−Δ)mu = K(|y|)um∗−1, in B1(0); (B.1)

and

(−Δ)mξ = (m∗ − 1)K(|y|)um∗−2ξ, in B1(0). (B.2)

Lemma B.1. If m is even and B ⊂ B1(0) is a smooth area, then∫
B

um∗−1ξ
∂K(|y|)

∂ys
=

∫
∂B

K(|y|)um∗−1ξνs −
∫

∂B
Δ

m
2 uΔ

m
2 ξνs

+

m
2∑

i=1

(∫
∂B

Δm−iu
∂2Δi−1ξ

∂ys∂ν
−

∫
∂B

∂Δm−iu

∂ν

∂Δi−1ξ

∂ys

+

∫
∂B

Δm−iξ
∂2Δi−1u

∂ys∂ν
−

∫
∂B

∂Δm−iξ

∂ν

∂Δi−1u

∂ys

)
,

(B.3)

and∫
B

um∗−1ξ〈∇K(|y|), y − x0〉

=
∫

∂B

K(|y|)um∗−1ξ〈ν, y − x0〉 −
∫

∂B

Δ
m
2 uΔ

m
2 ξ〈ν, y − x0〉

−
m
2∑

i=1

(∫
∂B

∂Δm−iu

∂ν
Δi−1〈∇ξ, y − x0〉 +

∫
∂B

Δm−iu
∂Δi−1〈∇ξ, y − x0〉

∂ν

−
∫

∂B

∂Δm−iξ

∂ν
Δi−1〈∇u, y − x0〉 +

∫
∂B

Δm−iξ
∂Δi−1〈∇u, y − x0〉

∂ν

)

+
N − 2m

2

m
2∑

i=1

(∫
∂B

Δm−iu
∂Δi−1ξ

∂ν
+

∫
∂B

Δm−iξ
∂Δi−1u

∂ν

−
∫

∂B

∂Δm−iu

∂ν
Δi−1ξ −

∫
∂B

∂Δm−iξ

∂ν
Δi−1u

)
,

(B.4)

where x0 ∈ B1(0), ν is the out-of-unit normal derivative of B, s = 1, . . . , N
and νs is the s-th component of ν.
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Lemma B.2. If m is odd and B ⊂ B1(0) is a smooth area, then∫
B

um∗−1ξ
∂K(|y|)

∂ys

=
∫

∂B

K(|y|)um∗−1ξνs −
∫

∂B

〈∇Δ
m−1

2 u,∇Δ
m−1

2 ξ〉νs

−
m−1

2∑
i=1

∫
∂B

Δm−iu
∂2Δi−1ξ

∂ys∂ν
+

m+1
2∑

i=1

∫
∂B

∂Δm−iu

∂ν

∂Δi−1ξ

∂ys

−
m−1

2∑
i=1

∫
∂B

Δm−iξ
∂2Δi−1u

∂ys∂ν
+

m+1
2∑

i=1

∫
∂B

∂Δm−iξ

∂ν

∂Δi−1u

∂ys
,

(B.5)

and

∫
B

um∗−1ξ〈∇K(|y|), y − x0〉

=

∫
∂B

K(|y|)um∗−1ξ〈ν, y − x0〉 −
∫

∂B
〈∇Δ

m−1
2 u, ∇Δ

m−1
2 ξ〉〈ν, y − x0〉

+

m+1
2∑

i=1

∫
∂B

∂Δm−iu

∂ν
Δi−1〈∇ξ, y − x0〉 −

m−1
2∑

i=1

∫
∂B

Δm−iu
∂Δi−1〈∇ξ, y − x0〉

∂ν

+

∫
∂B

∂Δm−iξ

∂ν
Δi−1〈∇u, y − x0〉 −

m−1
2∑

i=1

∫
∂B

Δm−iξ
∂Δi−1〈∇u, y − x0〉

∂ν

− N − 2m

2

m−1
2∑

i=1

(∫
∂B

Δm−iu
∂Δi−1ξ

∂ν
+

∫
∂B

Δm−iξ
∂Δi−1u

∂ν

)

+
N − 2m

2

m+1
2∑

i=1

(∫
∂B

∂Δm−iu

∂ν
Δi−1ξ −

∫
∂B

∂Δm−iξ

∂ν
Δi−1u

)
,

where x0 ∈ B1(0), ν is the out-of-unit normal derivative of B, s = 1, . . . , N
and νs is the s-th component of ν.

The proof of the above two lemmas are similar. We only give the outline
of proofs. For the first lemma, we multiply the two Eqs. (B.1) and (B.2) by
∂ξ
∂ys

and ∂u
∂ys

respectively; for the second part, we multiply the two Eqs. (B.1)
and (B.2) by 〈∇ξ, y − x0〉 and 〈∇u, y − x0〉 respectively, finally use integral by
parts to get the result. For specific details, please refer to [15] Lemma 2.1 and
2.2.

Next, let us discuss the following identities involving Green function,
which is very important when proving non-degenerate properties. We add def-
initions for N is odd:

I1,2(u, v, d) =
∫

∂Bd

K(|y|)um∗−1vν1 −
∫

∂Bd

〈∇Δ
m−1

2 u,∇Δ
m−1

2 v〉ν1
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−
m−1

2∑
i=1

∫
∂Bd

Δm−iu
∂2Δi−1v

∂y1∂ν
+

m+1
2∑

i=1

∫
∂Bd

∂Δm−iu

∂ν

∂Δi−1v

∂y1

−
m−1

2∑
i=1

∫
∂Bd

Δm−iv
∂2Δi−1u

∂y1∂ν
+

m+1
2∑

i=1

∫
∂Bd

∂Δm−iv

∂ν

∂Δi−1u

∂y1
,

I2,2(u, v, d) =
∫

∂Bd

K(|y|)um∗−1v〈ν, y − xxkn ,1〉

−
∫

∂Bd

〈∇Δ
m−1

2 u,∇Δ
m−1

2 v〉〈ν, y − xxkn ,1〉

+

m+1
2∑

i=1

∫
∂Bd

∂Δm−iu

∂ν
Δi−1〈∇v, y − xxkn ,1〉

−
m−1

2∑
i=1

∫
∂Bd

Δm−iu
∂Δi−1〈∇v, y − xxkn ,1〉

∂ν

+
∫

∂Bd

∂Δm−iv

∂ν
Δi−1〈∇u, y − xxkn ,1〉

−
m−1

2∑
i=1

∫
∂Bd

Δm−iv
∂Δi−1〈∇u, y − xxkn ,1〉

∂ν

− N − 2m

2

m−1
2∑

i=1

(∫
∂Bd

Δm−iu
∂Δi−1v

∂ν
+

∫
∂Bd

Δm−iv
∂Δi−1u

∂ν

)

+
N − 2m

2

m+1
2∑

i=1

(∫
∂Bd

∂Δm−iu

∂ν
Δi−1v −

∫
∂Bd

∂Δm−iv

∂ν
Δi−1u

)
.

Lemma B.3. For any d ∈ (0, δ
kn

), where δ > 0 is a fixed small constant, we
have

I1,1(G(y, xkn,1), G(y, xkn,1), d) = I1,2(G(y, xkn,1), G(y, xkn,1), d)

= −2
∂H

∂y1
(xkn,1, xkn,1), (B.6)

I1,1(G(y, xkn,1),
kn∑

j=2

G(y, xkn,j), d) = I1,2(G(y, xkn,1),
kn∑

j=2

G(y, xkn,j), d)

=
kn∑

j=2

∂G

∂y1
(xkn,1, xkn,j), (B.7)

I2,1(G(y, xkn,1), G(y, xkn,1), d) = I2,2(G(y, xkn,1), G(y, xkn,1), d)
= (N − 2m)H(xkn,1, xkn,1), (B.8)
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I2,1(G(y, xkn,1),
kn∑

j=2

G(y, xkn,j), d) = I2,2(G(y, xkn,1),
kn∑

j=2

G(y, xkn,j), d)

= −N − 2m

2

kn∑
j=2

G(xkn,1, xkn,j), (B.9)

I2,1(G(y, xkn,1),
∂G

∂x1
(y, xkn,1), d) = I2,2(G(y, xkn,1),

∂G

∂x1
(y, xkn,1), d)

= (N − 2m + 1)
∂H

∂y1
(xkn,1, xkn,1), (B.10)

I2,1(G(y, xkn,1),
kn∑

j=2

(cosθj
∂G

∂x1
(xkn,1, xkn,j) + sinθj

∂G

∂x2
(xkn,1, xkn,j)), d)

= I2,2(G(y, xkn,1),
kn∑

j=2

(cosθj
∂G

∂x1
(xkn,1, xkn,j) + sinθj

∂G

∂x2
(xkn,1, xkn,j)), d)

= −N − 2m

2

kn∑
j=2

∂G

∂y1
(xkn,1, xkn,j), (B.11)

and

I2,1

⎛
⎝ kn∑

j=2

G(y, xkn,j

⎞
⎠ ,

∂G

∂x1
(y, xkn,1), d)=I2,2

⎛
⎝ kn∑

j=2

G(y, xkn,j

⎞
⎠ ,

∂G

∂x1
(y, xkn,1), d)

= −N − 2m + 2

2

kn∑
j=2

∂G

∂y1
(xkn,1, xkn,j).

(B.12)

Proof. We give the proving process of (B.6), (B.8) and (B.10). The rest can be
deduced similarly. In the first place, in the domain Bd(xkn,1)\Bε(xkn,1), 0 <
ε < d, we have

I1,1(G(y, xkn,1), G(y, xkn,1), d) − I1,1(G(y, xkn,1), G(y, xkn,1), ε)

=
∫

Bd(xkn,1)\Bε(xkn,1)

(−Δ)mG(y, xkn,1)
∂G

∂y1
(y, xkn,1)

+ (−Δ)mG(y, xkn,j)
∂G

∂y1
(y, xkn,1)

= 0.

Thus
I1,1(G(y, xkn,1), G(y, xkn,1), d) = lim

ε→0
I1,1(G(y, xkn,1), G(y, xkn,1), ε),

while noting that G(y, x) = Γ(y, x)−H(y, x), where Γ(y, x) is the foundamental
solution:

Γ(y, x) = Γm,N (y, x)

=
1

ωN2m−1(N − 2) . . . (N − 2m)(m − 1)!|y − x|N−2m
, (B.13)
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and H is a regular function. Then by the linear of Ii,j , i, j ∈ {1, 2} and the
symmetry of the integration region we have

I1,1(G(y, xkn,1), G(y, xkn,1), ε)

= I1,1(Γ(y, xkn,1) − H(y, xkn,1),Γ(y, xkn,1) − H(y, xkn,1), ε)

= I1,1(Γ(y, xkn,1),Γ(y, xkn,1), ε) − 2I1,1(Γ(y, xkn,1),H(y, xkn,1), ε)

+ I1,1(H(y, xkn,1),H(y, xkn,1), ε)

= −2
∂H

∂y1
(xkn,1, xkn,1) + oε(1).

Let ε → 0, I1,1(G(y, xkn,1), G(y, xkn,1), d) = −2 ∂H
∂y1

(xkn,1, xkn,1),by the exactly
same way we can have I1,2(G(y, xkn,1), G(y, xkn,1), d) = −2 ∂H

∂y1
(xkn,1, xkn,1) so

(B.6) is proved.
We start to prove (B.8), a direct calulation leads to

I2,1(G(y, xkn,1), G(y, xkn,1), d) − G(y, xkn,1), G(y, xkn,1), ε)

=
∫

Bd(xkn,1)\Bε(xkn,1)

(Δ)mG(y, xkn,1)〈∇G(y, xkn,1), y − xkn,1〉

+
∫

Bd(xkn,1)\Bε(xkn,1)

(Δ)mG(y, xkn,j)〈∇G(y, xkn,1), y − xkn,1〉

+ (N − 2m)
∫

Bd(xkn,1)\Bε(xkn,1)

(Δ)mG(y, xkn,1)G(y, xkn,1)

= 0.

We still have

I2,1(G(y, xkn,1), G(y, xkn,1), d) = lim
ε→0

I2,1(G(y, xkn,1), G(y, xkn,1), ε),

using the same calculation method,

I2,1(G(y, xkn,1), G(y, xkn,1), d) = (N − 2m)H(xkn,1, xkn,1).

As for the I2,2(G(y, xkn,1), G(y, xkn,1), d) = (N−2m)H(xkn,1, xkn,1) is directly
availble. In the following, we give a brief calculation process of (B.10). For I2,1:
by (B.13) and the symmetry of the area Bd(x) and the regularity of H we have:

I2,1(G(y, xkn,1),
∂G

∂x1
(y, xkn,1), ε)

= I2,1(Γ(y, xkn,1) − H(y, xkn,1),
∂(Γ − H)

∂x1
(y, xkn,1), ε)

= I2,1(Γ(y, xkn,1),
∂Γ

∂x1
(y, xkn,1), ε) − I2,1(Γ(y, xkn,1),

∂H

∂x1
(y, xkn,1), ε)

− I2,1(H(y, xkn,1),
∂Γ

∂x1
(y, xkn,1), ε) + I2,1(H(y, xkn,1),

∂H

∂x1
(y, xkn,1), ε)

= −I2,1(Γ(y, xkn,1),
∂H

∂x1
(y, xkn,1), ε) − I2,1(H(y, xkn,1),

∂Γ

∂x1
(y, xkn,1), ε) + oε(1),
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By direct computations,

I2,1(Γ(y, xkn,1),
∂H

∂x1
(y, xkn,1), ε)

= −N − 2m

2

∫
∂Bε(xkn,1)

∂Δm−1Γ
∂ν

∂H

∂x1
(y, xkn,1) + oε(1)

= −N − 2m

2
∂H

∂x1
(xkn,1, xkn,1) + oε(1),

since for m is even we have∫
∂Bε(xkn,1)

∂Δm−1Γ
∂ν

= 1,

For the second one:

I2,1(H(y, xkn,1),
∂Γ
∂x1

(y, xkn,1), ε)

= −
∫

Bε(xkn,1)

∂Δm−1( ∂Γ
∂x1

)
∂ν

〈∇H, y − xkn,1〉

+
∫

Bε(xkn,1)

Δm−1(
∂Γ
∂x1

)
∂〈∇H, y − xkn,1〉

∂ν

+
N − 2m

2

∫
Bε(xkn,1)

Δm−1(
∂Γ
∂x1

)
∂H

∂ν
− N − 2m

2∫
Bε(xkn,1)

∂Δm−1( ∂Γ
∂x1

)
∂ν

H + oε(1),

we will need the following basic results:

Δm−1Γ =
(−1)m−1

(N − 2)wN |y − x|N−2
,

∫
∂Bε(x)

∂Δm−1Γ
∂ν

= (−1)m,

∂Δm−1( ∂Γ
∂x1

)
∂ν

= (−1)m (N − 1)(y − xkn,1)1
wN |y − xkn,1|N+1

.

A direct calculation shows

−
∫

Bε(xkn,1)

∂Δm−1( ∂Γ
∂x1

)
∂ν

〈∇H, y − xkn,1〉 = −N − 1
N

∂H

∂y1
(xkn,1, xkn,1) + oε(1),

∫
Bε(xkn,1)

Δm−1(
∂Γ
∂x1

)
∂〈∇H, y − xkn,1〉

∂ν
=

−
∫

Bε(xkn,1)

(y − xkn,1)21
|y − xkn,1|2

∂H

∂y1
(y, xkn,1) + oε(1)

= − 1
N

∂H

∂y1
(xkn,1, xkn,1) + oε(1).
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therefore we have

I2,1(G(y, xkn,1),
∂G

∂x1
(y, xkn,1), ε)

=

(
N − 2m

2
+

N − 1

N
+

1

N
+

N − 2m

2

(
1

N
+

N − 1

N

))
∂H

∂y1
(xkn,1, xkn,1) + oε(1)

= (N − 2m + 1)
∂H

∂y1
(xkn,1, xkn,1) + oε(1).

Let ε → 0 we get (B.10) for m is even. As for m is odd, similar calculations
show that:

I2,2(Γ(y, xkn,1),
∂H

∂x1
(y, xkn,1), ε) = −N − 2m

2

∂H

∂x1
(xkn,1, xkn,1) + oε(1),

I2,2(H(y, xkn,1),
∂Γ

∂x1
(y, xkn,1), ε)

=

∫
Bε(xkn,1)

∂Δm−1( ∂Γ
∂x1

)

∂ν
〈∇H, y − xkn,1〉

−
∫

Bε(xkn,1)

Δm−1(
∂Γ

∂x1
)
∂〈∇H, y − xkn,1〉

∂ν

−N − 2m

2

∫
Bε(xkn,1)

Δm−1(
∂Γ

∂x1
)
∂H

∂ν
+

N − 2m

2∫
Bε(xkn,1)

∂Δm−1( ∂Γ
∂x1

)

∂ν
H + oε(1)

=

(
1 − N

N
− N − 2m

2

1

N
− 1

N
+

N − 2m

2

1 − N

N

)
∂H

∂x1
(xkn,1, xkn,1) + oε(1),

so

I2,2(G(y, xkn,1),
∂G

∂x1
(y, xkn,1), ε)

= I2,2(Γ(y, xkn,1),
∂Γ

∂x1
(y, xkn,1), ε) − I2,2(Γ(y, xkn,1),

∂H

∂x1
(y, xkn,1), ε)

− I2,2(H(y, xkn,1),
∂Γ

∂x1
(y, xkn,1), ε) + I2,2(H(y, xkn,1),

∂H

∂x1
(y, xkn,1), ε)

= −I2,2(Γ(y, xkn,1),
∂H

∂x1
(y, xkn,1), ε) − I2,2(H(y, xkn,1),

∂Γ

∂x1
(y, xkn,1), ε) + oε(1)

= (N − 2m + 1)
∂H

∂x1
(xkn,1, xkn,1) + oε(1).

(B.10) is proved. �

Appendix C. Green function

In this part, we give the estimate of modified Green function Gk, which is used
in Lemma 3.1. It’s necessary for the construction of new bubble solutions.
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In general, for any function f defined in R
N , we define its corresponding

function f∗ ∈ Hs as follows. We first define Aj as

Ajz =
(

r cos
(

θ +
2jπ

k

)
, r sin

(
θ +

2jπ

k

)
, z′′

)
, j = 1, . . . , k,

where z = (z′, z′′) ∈ R
N , z′ = (r cos θ, r sin θ) ∈ R

2, z′′ ∈ R
N−2, while

Biz =
(
z1, . . . , zi−1,−zi, zi+1, . . . , zN ), i = 1, . . . , N.

Let

f̄(y) =
1
k

k∑
j=1

f(Ajy),

and

f∗(y) =
1

N − 1

N∑
i=2

1
2
(
f̄(y) + f̄(Biy)

)
.

Then one can easily check that f∗ ∈ Hs.
In the following, we discuss the Green’s function of Lk. Since δx is not in

the space Hs, we consider

Lku = δ∗
x, in B1(0), u ∈ Hs ∩ Dm,2

0 (B1(0)). (C.1)

The solution of (C.1) is denoted as Gk(y, x), which we call it the Green function
of Lk. Let

δ∗
x =

1
N − 1

N∑
i=2

1
2

(1
k

k∑
j=1

δAjx +
1
k

k∑
j=1

δBiAjx

)
.

We have

Proposition C.1. The solution Gk(y, x) satisfies

|Gk(y, x)| ≤ C

N − 2m + 1

N∑
i=2

(1
k

k∑
j=1

C

|y − Ajx|N−2m
+

1
k

k∑
j=1

C

|y − BiAjx|N−2m

)
.

Proof. Let v1 = G(x, y) be the Green’s function of (−Δ)m in B1(0) with
Dirichlet boundary condition, which can constructed the solution of following
polyharmonic equation{

(−Δ)mu = f, in B1(0)

Dαu|∂Ω = 0, for |α| ≤ m − 1.
(C.2)

f is a datum in a suitable functional space and u is the unknown solution,
then

u(x) =
∫

B1(0)

G(x, y)f(y)dy, x ∈ Ω,
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holds ture. As before we denote [xy] =
∣∣∣∣|x|y − x

|x|

∣∣∣∣ for domain B1(0), we have

G(x, y) = km,N |x − y|2m−N

∫ [xy]
|x−y|

1

(v2 − 1)m−1v1−Ndv,

G(x, y) � |x − y|2m−N min
{

1,
d(x)md(y)m

|x − y|2m

}
, where d(x) = dist(x, ∂B1(0)).

Let v2 be the solution of{
(−Δ)mv = (m∗ − 1)K(y)um∗−2

k v1, in B1(0),
Dαv|∂Ω = 0 for |α| ≤ m − 1.

Then v2 ≥ 0 and

v2(y) =
∫

B1(0)

G(z, y)(m∗ − 1)um∗−2
k K(y)v1

≤ C

∫
B1(0)

1
|y − z|N−2m

1
|z − x|N−2m

dz.

We can continue this process to find vi, which is the solution of{
(−Δ)mv = (m∗ − 1)um∗−2

k K(y)vi−1, in B1(0),
Dαv|∂Ω = 0 for |α| ≤ m − 1.

And satisfies
0 ≤vi(y)

=
∫

B1(0)

G(z, y)(m∗ − 1)um∗−2
k K(y)vi−1

≤C

∫
B1(0)

1
|y − z|N−2m

1
|z − x|N−2m(i−1)

dz

≤ C

|y − x|N−2mi
.

Let i be large so that vi ∈ L∞(B1(0)). Define

v =
i∑

l=1

vl and w = Gk(y, x) − v∗,

We then have {
Lkw = f, in B1(0),
w = 0, on ∂B1(0),

(C.3)

where f ∈ L∞∩Hs. By Theorem 1.1, (C.3) has a solution w ∈ Hs∩Dm,2
0 (B1(0)).

By the regularity results of polyharmonic Dirichlet boundary conditions
(Theorem 2.20 of [17] ), we have

||w||L∞(B1(0)) ≤ C||f ||L∞(B1(0)).

Thus the conclusion is proved. �
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Hénon equation with a critical exponent. Proc. R. Soc. Edinb. Sect. A: Math.
147(2), 371–396 (2017)

[15] Guo, Y., Yi, H.: Non-degeneracy of bubble solutions for higher order prescribed
curvature problem. Adv. Nonlinear Stud. 22(1), 15–40 (2022)

[16] Guo, Y., Hu, Y., Liu, T.: Non-degeneracy and new existence of nonradial solu-
tions for the Henon equation with critical growth. Print



56 Page 50 of 50 Y. Guo et al. NoDEA

[17] Gazzola, F., Grunau, H.C., Sweers, G.: Polyharmonic Boundary Value Problems:
Positivity Preserving and Nonlinear Higher Order Elliptic Equations in Bounded
Domains. Springer Science and Business Media (2010)
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