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The asymptotic behaviors of normalized
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Abstract. In this paper, we study the relation between the least energy
levels and between the minimizers of the following minimization problems

s 1 2 1 2a+2‘/ 2
Bolp) =int {5 [ Vol =g [ | [ et =)

and
Z(p):inf{l/ \Vw|271/ wQIngQ‘/ wzzp}.
2 JgN 2 JrN RN

We show that as o — 07, the minimizers for E,(p), after rescaling,
converge to the minimizers of Z(p). Besides, we also give estimates for
E,(p) and the corresponding Lagrange multiplier when o is small.
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1. Introduction

The aim of this work is to explore the asymptotic behaviors of the minimizer
and the least energy level to the following minimization problem with L2-
constraint:

_ 1 2, 1 2042 1(pN 24 _
Eg(p)—lnf{2/RN [Vw|“dz 2U+2/RN |w| dm‘wGH (RY), ]szw de=p7p,
(1.1)

where N > 1, p > 0, and the power o satisfies the so-called L2-subcritical
condition that 0 < o < £ (see [5]). By the classical results from [1,2,5,

8,10], for each p > 0, we know that E,(p) is achieved at some w,(x) =
we(]2|) > 0 depending on o and p. Moreover, the minimizer w,(x) is unique
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up to translations, decreases in r = |z|, and decays exponentially at infinity.
The Euler-Lagrange equation corresponding to problem (1.1) is as follows:

— Aw + pw = |w|*?w, in RY,

| ) (1.2)
lim w(x) :07/ wdz = p,
|z|— o0 RN

where 1 = u,(p) € R appears as a Lagrange multiplier depending on o and p.
Solutions with prescribed L?-norms are known as normalized solutions. w, is
a normalized ground state solution of (1.2), since it is a nontrivial solution to
(1.2) having the least energy F,(p). Problem (1.1) and (1.2) are motivated in
particular by the search for stationary states in nonlinear Schrédinger equation,
that is, the following time-dependent nonlinear Schrédinger equation

)\
i%(t,x) + AU(t,z) + |U(t, )7 V(t,x) =0, (t,z) ERx RV,

which appears in nonlinear optics and the theory of Bose-FEinstein condensates
(see [7,9,15]). The constraint [,y w?dz = p in the stationary problem is in-
troduced due to the mass conservation property of the time-dependent nonlin-
ear Schrodinger equation. In applications, the prescribed mass represents the
power supply in nonlinear optics or the number of particles in Bose-Einstein
condensates. The problem (1.2) also appears in the Mean Field Games the-
ory in Lasry and Lions [11] as a case of the mean field limit equations in a
stationary setting.

The present paper is invoked by [19] that uncovers a relation between
power-law nonlinear scalar field equations and logarithmic-law scalar field
equations. In [19], Wang and Zhang consider the following power-law non-
linear Schrodinger equation:

—Av+ o= [[f~?v inRY,

| l‘im v(z) =0, (1.3)
and logarithmic-law nonlinear Schrédinger equation:
— Av =) vloglv] inRY,
| llim v(z) = 0. (14)

They show that as p | 2, the ground state solutions of (1.3), after a unique
rescaling, converge to the ground state solutions of (1.4). The logarithmic non-
linear Schrodinger equation was introduced as an important model in quan-
tum physics. It admits plenty of applications related to quantum mechanics,
quantum optics, nuclear physics, transport and diffusion phenomena, theory of
superfluidity and Bose-Einstein condensation, see [3,4,16,17,19] and the ref-
erences therein. d’Avenia-Montefusco-Squassina[6] and Troy[16] have proved
that the ground state solution of (1.4) is unique up to translations and is given
by

Ux) = ez el
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Therefore, it is easy to see that the L2-constrained minimization problem

1 1
Z(p) = inf {/ \Vo2dx — 7/ v? logv?da|v € Hl(RN),/ vida = p}
2 RN 2 RN RN
(1.5)
is achieved at

N _|=z|?

vo(x):p%ﬂféle 2,

The logarithmic nonlinear Schrodinger equation corresponding to prob-
lem (1.5) is as follows:

— Av+ X v =vlogv? inRY,

1.6
lim v(z) = O,/ v?dr = p, (1.6)
ol —oo RN

here A € R appears as a Lagrange multiplier dependent of p. It is obvious that
v%(z) is a normalized ground state solution of (1.6). A direct calculation shows
that the Lagrange multiplier is

N
A= )(p):=logp— N — ) log ,
and the least energy to (1.6) is

ANp o p
2 2
These explicit formulas give clear information about the Lagrange multiplier
and the ground state energy to (1.6). In contrast, very little is known about i,
and E, of (1.2) except for some obvious knowledge that, as ¢ — 0, Es(p) —
—p/2 and p, — 1. Further information is rather difficult to obtain.
In order to establish the relation between the two L?-constrained mini-
mization problems (1.1) and (1.5), and give estimates on E,(p) and u,(p), we
are dedicated to proving the convergence of w, () to v%(z) as o — 0.

N
Z(p) = <N—|—2log7r—logp).

Theorem 1.1. Let v, (z) = o~ 2<21VUN>wU(U_ 7=oW x). Then, as o — 0, it holds
that v, — v strongly in H*(RY) and in C**(RY) for any a € (0,1). More-
over, we have

o N N
pf’zfﬁ,ug(p) =1+ Eologa —0 (N-‘r 210g77> +00(U)7

20 1 oN N+1 Nlogm

—1-52¢ __+t_ oV
p TN B, (p) 5 1 loga+< 5+t >0+00(U).

In comparison to the recent and interesting work [19] by Wang and Zhang,
the major novelty here is given by the mass constraint, that was not considered
in [19]. In [19], the authors study the asymptotic behaviors of the least energy
level and ground state solutions of probelm (1.3) with a prescribed \. After a
scaling u,(x) = /\_p%’é’vp(\/%)(see [19], Theorem 1.1), as p | 2, they derive
the convergence of u,(z) to U. However in this paper, n € R appears as a
Lagrange multiplier, which varies as ¢ — 0F. So it is difficult to use the result
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in [19] to obtain the asymptotic behaviors of (e, ws) solving Eq.(1.2). We
introduce a new scaling in which u does not appear to achieve these behaviors.

Remark 1.1. We remark that p~ N po(p), p '™ oN E,(p) are quantities in-
dependent of p, see (2.4) and (2.7). Moreover, when p belongs to a compact
subset of (0, +00), there hold

N N
o (p) =1+ Ealogofa <N+ Elogﬂ logp) + 0,(0),

1 N N+1 NI
E,(p) = <— — Glogo’) p+ ( + 08T —plogp) o+ o0s(0).

2 4 2 4

The paper is organized as follows: In Sect. 2, we establish the work space
and give some preliminaries which will be used in the proof of the main theo-
rems; Sect. 3 is devoted to the proof of Theorem 1.1.

2. Preliminaries

Throughout this paper, we use the following notations:

e H'(RY) is the usual Sobolev space with the following inner product and

norm

(u,v) = VuVo +uvde, |u] = /(u,u), Yu,v € H (RN).
RN

H}! ,(RY) denotes the space {u € H'(RV)|u(z) = u(|z])} .

o LP(RY) (1 < p < o0) is the Lebesgue space with the norm lul, =

1
(Jr [ulPdz) ™.
® 0,(1) denotes an infinitesimal with 0,(1) — 0 as o — 0.
e C(ay,as,...,a,) denotes any positive constant that depends on aq,as,
ey Gy
e For R > 0, Bg(0) denotes the ball of radius R centered at 0. B%(0)
denotes the set RV \ Br(0).

Consider I, : H'(RY) — R defined by
1 1

I,(w) = f/ |Vw|?dx —

2 Jan % +2

We will perform some scaling on w so that we can approach the limit
functional J : H'(RY) — R U {+oc} given by

1 1
J(v) = */ |Vo|?dz — f/ v?logvide, wve HY(RY).
RN 2 RN

/ lw|?**2dz, we H'(RY).
RN

2
First, following [19], for w € H*(RY) and |w|3 = p, set u(x) = w(ﬁx)
2 N
Then we get |u|3 = poz and

_n (1 1 _ -
Iy(w) =0'"2 (2 /RN |Vul|?dz — 20+2/RN0 Hul? +2dx>. (2.1)
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Next, we use a re-scaling that shifts the L? norm of functions and pre-
serves some homogeneity on the functional (see also [18,20]). For each s > 0,
. 1 _o
letting u(x) = s2-sNv(s2-°N z), we have
2 _ 2 2 lg2eg 2 2042 _ A+52%5 . 120+2
lulz = slvl3, [Vulz=s"27"7|Vol3, [ul3005 =5 27" |ul3715.

Setting s = 02, we have [v|2 = p. By (2.1), we arrive at

20 1 1
Ia(w) = 0.1—% . 0-%(1-"-2,201\1 ,/ ‘V’U|2d.’lﬁ _ / 0'_1|’U|2(7+2d.’17
2 RN 20+ 2 RN

o 1 1
= 0—1+2iV0N 7/ |Vv\2dx— / O'_1|’U|2J+2d$
2 RN 20 4 2 RN

= %N (chg(v) B > ,

20 +2
(2.2)
where
1 1 2042 _ ,,2
Jo(v) = f/ |Vo|?de — / id Y dz.
2 RN 20 +2 RN g
Note that in (2.2)
v(x) =0~ ey w(cr*?flvN x).
Remark 2.1. If we set s = po 2, then |v|2 = 1 and
o o 1
I, = Ity priow J(v) — )
(w)=p o 0Jo(v) = 575
Setting M, = {ve HY(RN)||v3=p}, we introduce another L>-

constrained minimization problem
[u[20+2 — 2

— 1 2 — 1
Za(p).—mf{2/RN|Vv dx 20+2/RN . dx‘vEMP}.
(2.3)

Then, by (2.2) and Remark 2.1, it is clear that

o o o 1
Ea(p) = 0'2—57VN (O’Za(p) P ) = p1+2_2,7N O-z—fyvN (0-20(1) ) .

2042 S 2042
(2.4)
Since for any ¢ € C§°(RY),

[v]?7v — v 1
J! = VoVpdr — —pdr — —— dex, 2.5
sop= [ ovede— [ BT todr— —— [ pds (25)

the minimizer corresponding to problem (2.3) satisfies:

20,, _
—Avt A= TR,

7 (2.6)

lim v(x) = 0,/ v?dx = p.
|z]— 00 RN
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Here A\, = A\, (p) € R appears as a Lagrange multiplier. From [20, Lemma 2.1],
we know (A,,v,) is unique up to translations. So A, depends only on N, o
and p. It is easy to verify that

Ho(p) = 070N (0Xg (p) +1) = p=om 07508 (06X, (1) + 1), (2.7)

In the sequel, we will compare the above equation (2.6) with the loga-
rithmic Schrédinger equation (1.6).

Note that I, and J, are C? functionals but J is not continuous(see [6]

or [17]). In fact, by using the following standard logarithmic Sobolev inequal-
ity(see Lieb and Loss [12])

2
/ w?logu?dz < S|Vl + [log|ul3 — N (1+1logc)] [ul3, we H'(RY)
RN 7T

and ¢ > 0, (2.8)

|z

where the equality holds if and only if u(x) = e” 22, it is obvious that
Jan u?logu?dz < +oo for all u € H'(RY). Indeed there exists u € H*(RY)
such that [y u?logu®dz = —oco (see [13]). Thus, in general, the functional
J fails to be finite and lacks C'-smoothness on H*(RY). However as in [17],
the L?-constrained minimization problem (1.5) can also be considered in the
following space

D= {u € Hl(RN)\/ |u? log u?|dz < +oo}
RN

z{ueHl(RN)| |u210gu2|dx<—|—oo}.
lu|<1

In addition, we give some important notations:

Definition 2.1. (1) We say C5°(RY) is dense in D in the following sense: for
any v € D, there exists a sequence ¢, € C5°(RY), such that

llon —v]| = 0 and / 2 log p2dx — v? log v?dz.
RN RN

(2) For v, € D, we define

J (v)p = VoVedr — / vo(1 + logv?)dx
RN RN
(3) We say v € DN M, is a critical point of J on D N M, if and only if
J'(v)p = 0 for every ¢ € C§°(RY) such that [ ve = 0.

Remark 2.2. Note that v € DN M, is a critical point of J on D N M, if and
only if there is A € R such that

J'(v)p = /\/ vy for every o € C5°(RY).
RN
Moreover, A = p~1J'(v)v.

The following lemma (see [19, Lemma 2.1]) describes the behavior of the
nonlinear term as o near 0.



NoDEA The asymptotic behaviors of normalized Page 7 of 12 44

Lemma 2.1. (i) For any o’ > 0, there exists C(c’) > 0 such that
|

o
holds for all o € (0,0") and x > 0.
(ii) Let s >0, o > 0, then
x%(x? — 1)

o

as o — 0, where m is the largest integer with m < s, and o € (0, s —m).

’

S C(o_/)xQG'

—2°logz in  C}r"[0,400)

3. Proofs of the main results
We first consider the case p =1 and write Z, = Z,(1).
Lemma 3.1. Z, is achieved at

vo(x) = aiﬁwg(afﬁx) € M.

71HUU|2U+2 o

Moreover, as 0 — 07, Z,, |v,||, and [pn o v2] are bounded.

Proof. Recalling (2.2), for w € H*(RY) and |w|2 = 1, by rescaling

U(JJ) =0 2(2iv<7N) w(a_ —— x))

we derive that |v]3 =1 and

2 1 No
1, =02~ J, — 2-oN
(w) = 55 Iy (o) = 5
Then,
1 No
i f IO' = 2*201\7 1 f JO_ — . 2—oN
wlel}\/l] (w) g Uér.}\/ll (/U) 20' + 2 7
implying that
2 1 No
FE, (1) =027 (1) — -02oN,
1) =0 e

and E,(1) is attained at w, if and only if Z,(1) is attained at v,.

We next prove that Z, is bounded as ¢ — 0F. Fixing any v € C§°(RV)\
{0} satistying [y |v|*dz = 1, from Lemma 2.1(ii), one gets J,(v) — J(v) as
o — 0. Therefore, Z,(1) is bounded from above.

Applying Lemma 2.1(i) and Gagliardo-Nirenberg inequality

’ ’ ’ 7
[v]5. 55 < C(o”, N)|Volg M [of37 277,

where o’ is a fixed constant such that 0 < ¢’ N < 2, we obtain

1 /
Zs f/ Voo |*dae — C(O'/)/ [vo |27 T2 da
2 Jon v

\%

o'

21/ Voo |*dz — C(o’, N) (/ |VUU|2dx) ’ (/ |vg\2dx)
2 Jp~ RN RN

s

1/ Voo |?dz — C(o’, N) (/ |V1}g|2d1’) ’
2 RN RN

20/ 4+2—0'N

2

2

(3.1)
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Then (3.1) implies that Z, is bounded from below. Thus, Z, is bounded.
In addition, the boundedness of Z, and (3.1) assert that |Vou,|2 is bounded.
Together with |v,|3 = 1, we derive that ||v,|| is bounded. By the Sobolev
embedding H'(RY) — LP(RYN) for p € (2,2%), where 2* = 2% for N > 3
and 2* = 400 for N = 1,2, we have

2042 _ 2 , ’
/N (|U0| - Ug)+ dz < C(U’)|’UU gg/ig < C(O'/,N)HUU||2U +2
R

By

1
Zy = 7/ |V, |2da
2 RN

S R TP il RO
20’+2 RN RN

o o
we know [on 07 ([vg]*7 2 —vZ)_ is bounded. Thus, [,y 0~ |ve[?7 12 — 02| is
bounded. Then we complete the proof. O

Theorem 3.1. As 0 — 0T, we have \, — \°, Z,(1) — Z(1), and v, — v°
strongly in H*(RY).

Proof. Since v, satisfies (2.6) with p =1, i.e.

_ |UU|2UUU — Vs

— Avg + AUy =
7 (3.2)
lim v, (x) = 0,/ vidr =1,
|| —o0 RN
by Lemma 3.1, we know that
2042 _ 2
|/\U| = / |Uo| UUdl‘ _/ |V’l}g|2dl‘
RN g RN (33)

< [ o oo a2l + o
RN

is bounded.
We next re-scale v, in order to avoid the possible difficulties that A, < 0
poses to the subsequent proofs. Setting ¥, = av,, from (3.2), we can get

—20(|5 205 _ 5
— Ay + proy = LTl = %) (3.4)
o
where
—20 __ 1
P S S —— (3.5)
o
Since
—20 __ 1
a4 — —2loga,
o

we can fix a > 0 sufficiently large such that p, > 1 for every small o. By
Lemma 3.1 and (3.3) and (3.5), ||0,|| and p, are both bounded. Then up to a
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subsequence, we assume
By — ¥ weakly in H(RY),
v, — 0 strongly in LY (RN),p € (2,2%),

loc

Uy — ¥ a.e. in RY,

and p, — p € [1,+00). If N > 2, then by the radial lemma of Strauss [14],
Uo(x) < 1, |z| > R for some R independent of o. If N = 1, we have 9, — 0 in
Cloc(R). Then we also get 9, (z) < 1 when |z| > R for some R independent of
0. Hence for N > 1, , satisfies —Ad, + 7, < 0 in RY \ Bz(0). By comparison
theorem, we obtain

b (x) < Ce™®l |z| > R,
for C, ¢ > 0 independent of . Necessarily,
Uy — © strongly in LP(RN),p € [1,2%).
Especially,
|60 275 — o

(v, — ) — 0 strongly in L*(RY).
o

Multiplying (3.4) by v, — ¥ and integrating, we get

—20 ()7 |20, _ .~
/ VeV (Vs — ) + pioVs (U, — 0)dx = / 0" (U |"70 — U) (Vy — 0)dz.
RN RN o
(3.6)
Taking limits as o — 07, we get
V|3 — [VoI3.
It follows that lim,_ g+ [|U5 | = ||#]|. Combining with v, — @ in H*(RY), we

deduce that v, — ¥ strongly in H*(RY). Up to a translation, we can assume
9(0) = maxg~ . Since (u°, ) solves
—AD+ p’0 = dlogd?,  |0]3 = d?,
we conclude that (u° ) is unique. Therefore, the convergence (pi,,v,) —
(u°, ) is independent of subsequences.
By uniqueness of the solution to (2.6), we derive that u® = \° + 2loga
and © = av’. Thus, A\, — A°, and v, — v° strongly in H'(R™Y). O

Proof of Theorem 1.1. Combining (2.2) with Lemma 3.1, one can show that

14 No

2
E, =02 N/, — 2-oN
(p)=0o (P) = 5075

)

and Z,(p) is attained at v, (x) = a_ﬁwg(a_ﬁx) € M,,. By arguments
similar to those in the proof of Theorem 3.1, we also have A\, — A\’ and
vy — v¥ strongly in H'(RY) as 0 — 0. By regularity theory, it follows that
vy — v? in C%2*(RYN), a € (0,1). Applying Lemma 2.1(ii) again, we deduce
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that J,(v,) — J(v°) as o0 — 0. That is, Z,(p) — Z(p) as ¢ — 0. Hence, by
(2.7), one gets

- - N
P g (p) = 075 (90 (1) + 1) = 9X(1) + o log o + 1+ 0, (0)

N N
=1+ EUIOgJ - (N + Elogﬂ-)o—’_o"'(a)’
and by (2.4),

20

o 1
p () = 05 (02,01 )

20 +2

o 1
= g75ow (aZU(l) ~3 + % + 00(0')>

1 oN o
1 oN N+1 Nlogm
=—3 Tlogo—&—( 5 + 1 Yo + 0, (0).

O
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