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Global boundedness of the immune
chemotaxis system with general kinetic
functions

Wenhai Shan and Pan Zheng

Abstract. In this paper, we study the following reaction-diffusion-
advection system

uy = DyAu — xV - (uVo) + f(u), (z,t) € 2 x (0,00),
v = Dy Av + syuw — 1,0, (z,t) € Q x (0, 00),
wt = DwAw + Sy — Apuw — ppw, (z,t) € Q x (0, 00),

in a smoothly bounded domain 2 C R", which describes a directed move-
ment of immune cells toward chemokines during the immune
process, where D.,, Dy, Dy, Sv,y Swy Aw, Mo, fhw, X are positive parameters,
and f € C([0,00)) is a kinetic function. When n > 1, if there exist
positive constants o and 6y such that sup,<,{f(s) +as} < oo and
fs) | _
2 -

s

lim,— o inf{— : o € (0o, 0], then the solution of the system is

global and uniformly bounded. In particular, when n = 2 and
f£(0) > 0, the condition of f(u) could be improved as follows: if there exists
a > 0 such that sup,~,{f(s) + as} < co and one of the conditions that
limSﬁminf{—%} = puc (ﬂ%,oo] or w < D,
holds, then the solution of the system is still global and uniformly bounded,
where m; is a positive constant given by below, Can > 0 is the Gagliardo-
Nirenberg inequality’s constant and C, represents the uniform upper

4
bound of w. Moreover, when f = 0 and w < D,, the
global and uniform boundedness of solutions can also be established.
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1. Introduction

In this paper, we consider the following immune system induced by chemotaxis
in [21] with general kinetic functions

uy = DyAu — xV - (uVo) + f(u), (z,t) € Q x (0,00),

v = Dy Av + Spuw — Uy, (z,t) € 2 x (0,00),

Wi = Dy AW + Sy — ApUW — [y W, (z,t) € Q x (0,00), (1.1)
Oou Ov Ow

5_5_5_07 (:c7t)€69><(07oo),

u(,0) = uo(z), v(z, 0) = vo(z), w(z,0) = wo(z), zeQ,

where Q@ C R™ (n > 1) is a smoothly bounded domain, the kinetic function f
belongs to C'*([0, +00)) and the initial data ug(z), vo(), wo(x) are nonnegative
functions satisfying

Ug € CO(Q),’UO S Cl(ﬁ),’wo S Co(ﬁ) (12)

Moreover, the unknown functions u, v and w represent the density of immune
cell, the concentrations of chemokine and antigen, respectively. D,,, D, and
D,, respectively denote the diffusion coefficients of the three elements and p,,,
1 Tepresent their own decline rates. The constant antigen s,, > 0 represents
source of persistent infection and s,uw indicates that immune cells secrete
chemokines based on the quality of the antigen. The term —\,uw represent
the depletion of phagocytosis. In addition, the source f(u) of immune cell
includes its own decay and regulatory depletion. The chemosensitivity x > 0
in the advection term contributes to the movement of immune cells towards
the chemokine gradient.

In recent years, the researches on the immune system with chemotaxis
have attracted many biologists and mathematicians (see [8,9,12,13,30,30,32]).
Among them, the chemotactic system describes the directional movement of
individual organisms in response to chemical signals, which is important in the
immune system (see [7,46]). More specifically, during immunity, immune cells
secrete chemicals called chemokines at the site of inflammation. The eukaryotic
cells then sense the gradient of chemokines by the polarization distribution of
the receptor as they move toward a relatively high concentration of the chem-
ical (chemical attraction) or in the opposite direction (chemical repulsion). To
describe the above mentioned chemotactic movement of cells, the well-known
minimal Keller-Segel chemotaxis model is proposed in [18]. However, a striking
feature of this minimal Keller-Segel model is that the solution may blow up in
finite or infinite time, depending largely on the spatial dimension. Therefore,
in order to suppress this phenomenon, the following Keller-Segel model with
source term has been proposed and studied by many authors

%:Au—xv-(qu)Jrf(u), x €Q,t>0, (13)
T%:AU—U+U7 x € Q,t>0, '
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where 7 > 0, x > 0, f(u) is a logistic source and 2 C R" is a bounded domain
with smooth boundary 9. For the case f(u) = 0 in (1.3), there exists a finite-
time blow-up solution for system (1.3) in the higher-dimensional case n > 2
(see [16,40]). However, some rigorous results of (1.3) are shown that logistic
source can prevent the occurrence of blow-up. In particular, in two-dimensional
smooth bounded domain, Xiang [43] proved that the sub-logistic source f(u)
can prevent the blow-up of solutions. When f(u) < a—bu®,a,b > 0 and o = 2,
Winkler [37] proved the global existence and boundedness of solutions to (1.3)
in a convex bounded smooth domain € C R™(n > 2). The finite-time blow-up
of solutions for (1.3) is still possible if n and « are chosen in certain way [38].
Moreover, the global existence, asymptotic behavior or blow-up of solutions in
more general quasilinear parabolic-parabolic chemotaxis systems with source
term have been studied extensively (see [2,6,17,33,41,44]).

Nowadays, some authors have also proposed the variants of (1.3) and ob-
tained many interesting results (see [11,14,15,24,27,47-49]). It is worth men-
tioning that in theoretical immunology, scholars often describe the evolution
of virus populations by using the following chemotaxis May-Nowak model

uy = DyAu—V - (uf(u)Vo) —glw)w +r —u, x € Q, t >0,
vy = Dy Av + g(u)w — v, xeQ t>0, (1.4)
wy = Dy Aw + v — w, x e, t>0,

where 2 C R” (n > 1) is a smoothly bounded domain and the parameters
Dy, Dy, Dy, r are positive. When f(u) = x and g(u) = u, Stancevic [31] re-
vealed Turing-type instabilities to system (1.4) for suitably large x by numer-
ical simulations. If f(u) = (1 +u)~® and g(u) = u, Winkler [39] proved that
whenever « > —1 inn =1 and o > Z—:f in n = 2,3, the solutions to system
(1.4) are global and uniformly bounded. When f(u) = 1 and g(u) < Kju®
with Ky > 0, Fuest [10] proved that whenever o < 2, the solutions of sys-
tem (1.4) exist globally and are bounded. When f(u) = Kf(1 4+ u)~* and

g(u) = Kyu” with K; € R, K,,, 3 > 0, Pan et.al [29] proved that the global

boundedness of solutions is shown if a > max {%, g, nésig)ﬂ + %} Besides,

some interesting results have also been derived in [3,4,20,34].
Recently, in order to describe a cross-talk between antigens and immune
cells via chemokines, Lee [21] proposed a reaction-diffusion-advection system

ug = DyAu — xV - (uVv) + 8, — Aguw — pyu, x € Q>0
v = Dy Av + syuw — iy, zeQt>0 (1.5)
Wy = Dy Aw + Sy — AUt — [y, reQt>0

where D, Dy, Dy, Su, Sus Sws Auy Mws s Hos faw, X are positive parameters. Lee
[21] analyzed the stability and instability that appeared in (1.5), and found
that instability occurs when the chemosensitivity coefficient y is suitably large;
Yoon et.al [45] verified the global boundedness of solutions to system (1.5) in
one and two dimensions. In the one-dimensional space, without being restricted
by x or the initial conditions, the global boundedness of solutions can be
obtained. However, in the two-dimensional case, the global boundedness of
solutions is obtained under some constraints of initial conditions and x. In
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addition, the stability of the non-constant steady state and the existence of
periodic orbits are obtained, and the numerical results are given.

Moreover, the following chemotaxis model with indirect signal production
and general kinetic function

ug = Au— xV - (uVv) + f(u), z€Q,t>0
vy =Av— v+ w, e t>0 (1.6)
Twe + Aw = g(u), e t>0

has been studied by Li [22] in a bounded domain 2 C R"(n < 3) with smooth
boundary 0f2, where x, T, A are given positive parameters, f and g are known
functions. Li found several explicit conditions involving the kinetic function
f,9, the parameters x, A and the initial mass [[ug| ;1o to ensure the global-
in-time existence and uniform boundedness for the corresponding 2D/3D
Neumann initial-boundary value problem.

To the best of our knowledge, there are still some gaps that need to
be studied, such as the global existence and boundedness of the solutions for
system (1.1) in higher dimensions. Inspired by [22], we consider the effect of
the general kinetic function f(u) on the global boundedness of solutions for
(1.1) in higher dimensions. Our main results are stated as follows.

Theorem 1.1. Let Q2 C R™, n > 1 be a bounded domain with smooth boundary.
Suppose that the nonnegative initial data (ug,vo,wo) satisfies (1.2) and the
kinetic function f belongs to C1([0,+00)). Assume that there exists 6y > 0
such that the following condition holds:

\ o fls)] _.

Ja > 0, s.t.sup{f(s) + as} < o0, lim inf < — [T € (6p, ).

>0 S§—00
Then system (1.1) has a unique global-in-time classical solution (u,v,w) €
(C%(Q x [0,00) NC%LQ x (0,00)))3, which is uniformly bounded in the sense
that there exists C > 0 such that

(s )l Lo @) + (s Ollwree @) + w8 < € for allt € (0, 00).

Remark 1.1. When n = 3, this result of Theorem 1.1 is similar to that of [22],
but we can cancel the restriction of dimensions. In fact, we use the result of
Lemma 2.3 in [35] to derive the boundedness of ||u(-, )|+ (), and combine the
well-known LP — L9 estimate to obtain the boundedness of |[v(-,t)|[w1.(q),
which allows us to get rid of the dimensional limitation of the Gagliardo-
Nirenberg inequality. However, since 6y = stC’u,%Cs (p)ﬁ > 0 for p > 1,
where Cy, > 0 represents the uniform upper bound of w(z,t), the constant
Cs(p) is produced by the maximal Sobolev regularity estimate in Lemma 3.1,
which depends on p in a fairly intransparent manner, then two different cases
arise: if C’s(p)ﬁ — Cg, as p — oo for some constant Cg, > 0, the condition
is simplified to p € (xs,CwCls,, 0] for sufficiently large p; if Cg(p)ﬁ — 00
as p — 00, then the value of y needs to be large enough or even p — oo
for p — oo. In addition, this result implies that when f(u) = pu(l — ) with
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1 is sufficiently large in the multi-dimensional space, the solution is globally
bounded in system (1.1).

In particular, when n = 2, the condition of f(u) could be improved by
using some new estimates as follows.

Theorem 1.2. Let Q) C R? be a bounded domain with smooth boundary. Suppose
that the nonnegative initial data (ug,vo,wo) satisfies (1.2) and f belongs to
CL([0,4+00)) satisfying f(0) > 0. Assume that one of the following conditions
holds:

1 v w
(1) oo > 0, s.t. sups>o{f(s) + as} < oo, SILH;O inf{—%} =u€ (\/§XSDC ,00],
4
(4) o > 0, s.t. sups>o{f(s) + as} < oo, ZﬁxsngleCw < Dy,
4
(i) = 0, Y20 ConmCu

where Cgn > 0 is the Gagliardo-Nirenberg inequality’s constant given in
Lemma 2.2, my is given in (2.4) and C,, represents the uniform upper bound
of w(x,t) given in Lemma 2.1. Then system (1.1) possesses a unique global-
in-time classical solution (u,v,w) € (C°(Qx [0,00)NC*1(Qx (0,00)))3, which
is uniformly bounded in the sense that there exists C' > 0 such that

luls )l Lo @) + [[0Cs Dllwree @) + [[w( D[ L) < C for all t € (0,00).

Remark 1.2. When n = 2, the condition (i) is similar as in [22], but there
exists a difference that the range of pu has nothing to do with the initial data
l|uol|L1(q) in Theorem 1.2. Moreover, the condition (i) implies that the order
of f(u) can ensure the boundedness of the solution in system (1.1). For ex-
ample, when f(u) = pu(l — u) with any g > 0 in two-dimensional space (see
[26,28],etc), which can establish the boundedness of solutions in (1.1). Further-
more, it’s worth mentioning that when f(u) = —,ulfu with sufficiently large
1, the global boundedness of solutions can be obtained by () in Theorem 1.2,
but it cannot be obtained by Theorem 1.1, which means that the condition of
f(u) has been improved. Apart from this, the conditions (i) and (ii¢) imply
that when f =0 or f(u) = —au for any a > 0, if the diffusion coefficient D,,
and D, are sufficiently large, the boundedness of solutions in (1.1) can also be
established.

The rest of the article is organized as follows. Section 2 gives some pre-
liminary lemmas. In Sects. 3 and 4, we shall prove Theorem 1.1 and Theorem
1.2 respectively. In addition, we let u(-,t) = u(x,t) and omit the sign dz during
integrating throughout this paper.

2. Preliminaries

In this section, we first give some preliminaries.
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Lemma 2.1. Let Q C R™(n > 1) be a smoothly bounded domain. Assume that
the function f = 0 or f belongs to C1([0,4+00)) and the nonnegative initial
data (ug, v, wo) satisfies (1.2). Then there exist Tmax € (0,00] and a uniquely
determined triple (u,v,w) with

u € CVQ X [0, Trnax)) N C*HQ x (0, Thax)),

v € C%Q % [0, Tinax)) N C*H(Q x (0, Trnax))s

w € CY(Q % [0, Tinax)) N C*H(Q x (0, Tnax))s
such that (u,v,w) solves problem (1.1) classically in Q x (0, Tiax). Moreover,
if Tmax < 00, then

sup [|u(-,t)||pe (@) — 00, ast /" Thax- (2.1)

In addition, there exists a positive constant C., such that

0 <w(w,t) <Cyp for(z,t) € Qx (0, Thnax)-

Proof. By Amman’s well-established parabolic theory introduced in Theorem
7.3 of [1], we can obtain the local existence, uniqueness and blow-up criterion
(2.1). By the standard comparison principle for parabolic equations (cf. Lemma
2.1 of [45] for details), we ensure the boundedness of w(z,t). O

Lemma 2.2. (see [25]) Let Q2 C R™, n > 1 be a bounded domain with smooth
boundary, and let p > 1, ¢ € (0,p). Then there exists a constant Cgn > 0
such that

[l o) < Can(||Vull)

(Q)Hu”Lq?Q) + [|ullLr @),

n_n

where r > 0 is arbitrary and ¢ = 5= € (0,1).
2 ' q

Lemma 2.3. Assume that f =0 or f satisfies
sup{f(s) + as} < oo, (2.2)
s>0

with some positive constant «, then the solution component u of (1.1) satisfies
uC, )1 ) < ma, (2.3)
where
._ {maX{luolLl(Q), supszo{ffj)+a5}‘§2| } L if sup,so{f(s) + as} < oo,
e |[uol |1 (@), if flu)=0

(2.4)

Proof. By integrating the first Eq. (1.1) with respect to x € 2, we have

d
dt u = / f fOI‘ all t € (O ﬂnax)

If f(u) satisfies ( ) we have

dt/u—i—a/u—/ )+ au) <sup{f( )+ as}Q| for allt € (0, Tiax),
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which implies that (2.3) holds by using the ODE argument.
If f(u) =0, then the mass of solution component u of (1.1) is conserved,
ie,

[[u(-,t)[|L1 ) = lluol|L1(q) for allt € (0, Thax).

The proof of Lemma 2.3 is complete. 0

3. Proof of theorem 1.1

In this section, we shall prove the uniform boundedness of the solution of
(1.1) in the space dimension n > 1. To do this, we need the following maximal
Sobolev regularity estimate.

Lemma 3.1. (See Lemma 2.3 in [35]) Let & C R™(n > 1) be a smoothly
bounded domain, and let 0 < tg < Tinax < 00 and p € (n, +00). Assume that
each zg € W2P(Q) with 9,29 = 0 on 9Q and h € LP ([0, Tyax); LP(Q)), then
the problem

2 =D, Az —pz+h, (Qf,t) €1 x (Ovaax)v

0z
% =0, (.’E,t) € 00 x (O,Tmax)v
Z(,O) = 20, z €,

exists a unique solution z € W7 ([0, Tiax); LP(2)) " L? ([0, Timax); WP(R)),
where D, and p, are positive constants. Moreover, there exists Cs(p) > 0 such

that
t
/ep'r/ |Az(,7)[PdT
to Q

t
<Cs) [ e [ o)l + Colp)er|Ax( )l
0 Q

¢
for any t € (to, Tmax)-
Lemma 3.2. Let Q@ C R"(n > 1) be a smoothly bounded domain and the kinetic

function f belongs to C1([0,+00)). Assume that there exists 6y > 0 such that
the following condition holds:

Ja > 0, s.t. sup{f(s) + as} < oo, lim inf {f(;’)} =: p € (0, 0.
) 5—00 S

Then for any p > 1, there exists C > 0 such that

/ ’U,p(',t) S C fOT’ allt € (OmiaX)'
Q
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Proof. Testing the first Eq. (1.1) by puP~! for all p > 1, we obtain

d

B B 4 :Dup/ up*lAufxp/ up*1V~(qu) +p/ upflf(u)
dt QO 0 Q

4D,
= pi/\VuQF—&-xp( —1)/up 'Vu- Vo (3.1)
Q

+p/ﬂup_1f(u).

Applying Young’s inequality to the second term on the right of (3.1), we de-
duce

xp(p — 1)/ uP ™'V - Vo = —x(p — 1)/ u? - Aw
Q Q

<x(p-1) [ wiav (32
< e/ uPt 4+ e (p pH/ | AP,
Q
where € > 0 shall be determined later and ¢ = (p_‘_l’;%lep. By combining (3.1)

with (3.2), we have

d 4D, —1 p

L

dt Jo p Q (33)

< e/ uP T+ eoxP T (p — 1)p+1/ | Ay [Pt +p/ uP~ f ().
Q Q Q

By using Lemma 2.2, Lemma 2.3 and Young’s inequality, there exist positive
constants Cy, Cy and C3 such that

P
J R
Q

<mWwW@mmmg+cmw

@ (3.4)
< CQHVUEH (Q) + Cy
4Dy, p(p / 9
PP ) [ Vb + G,
- (p+ 1) Vet + G5
np_n
where ay := —2—2- € (0,1) for any p> 1 and n > 1.
=5+
Combining (3.3) and (3.4), we obtain
d
pn P+ (p+1) [ o
& & (3.5)

< e/ W +csxp+1(p—1)p+1/ |Av|p+1—|—p/ uP~ L f(u) + Oy,
Q Q Q



NoDEA Global boundedness of the immune chemotaxis Page 9 of 24 29

where Cy = (p + 1)C3. Integrating (3.5) from to to ¢, we derive

¢
/up(~,t) <eef(p+1)t/ e(erl)T/ uP (-, T)dr
Q B to Q

—i—cﬁxp'*‘l(p—l)pﬂe_(p"’l)t/ e(p-irl)T/ |Av|p+1( T)dr

to

t
+p€—(p+1)t/ e(p+1)7/up_1f(u)(~,7')dr

to Q

t
+ ettt / uP (-, t0) + C4ei(p+1)t/ e+ (3.6)
0

to

t

See*(zﬂrl)t/ e(p+1)T/up+1(~,T)dT
to Q

+C€Xp+1(p_1)p+1€—(p+1)t/ (p+1)T/ |Av|PHE (-, ) dr

to

t
+pef(p+1)t/ e(p“)T/u”flf(u)(yT)dT—i—ng,

to Q

for any fixed time ty € (0, Tinax) and t € (to, Tinax), where C5 = [, uP(-,to) +
c
i

Applying Lemma 3.1 to the second Eq. (1.1) and combining the bound-

edness of w(-,t) in Lemma 2.1, there exists a positive constant Cg(p) such
that

/ (p+1)7/|Av|p+1 ,7)dT
to

t
< Cs(p)/ e(p“)T/Q(svuw)”HdT—i—Cg( )e@ Do | Ay, t0)||Lp+1(Q)
to

t
SK(]?)/ 6(p+1)7/up+1(~,7')d7+03( )6(p+1)t0||A’U( tO)HLerl(Q)v
to Q

(3.7)
where K (p) = Cg(p)sbT™ CPFL. Substituting (3.7) into (3.6), we derive

t
/ WP(-1) < (e + co? M (p — DPHE (p))e D! / eMT/ WL, T)dr
Q t Q
t ’ (3.8)
+pe*<p+1>t/ e(pH)T/ uP ™ f(u) (-, 7)dT + C,

to Q
where Cg = Cs + coxP (p — 1)PH1Cs(p)e®+Dio||Av (-, to)Hiﬂl(Q). Setting

Fi(e) =€+ CEXP+1(p - 1)p+1K(p)7 (3'9>

it follows from ¢, in (3.2) and some simple calculations that Fj(e) can attain

the minimum value
1

min £ (€) = x(p — 1) K (p) 77, (3.10)
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1
o I T . .
when € = mx(p — 1)K (p)»+1. With this €, we can derive

t
[t <xtp- K@) Fre @ [ [
Q

to Q

, (3.11)
+pe_(p+1)t/ e(p“)T/ u?~ ! f(u) (-, 7)dr + C.
to Q
Let
Fy(s) == x(p — DK (p) 7 sP+ + pst~L f(s), (3.12)

it follows from limg_, o inf{—%} =: u € (0, o0] for 6y = stprp%ng (p)ﬁ
> 0 that

1
lim inf —=F5(s) = x(p — 1)K(p)# —pp <0, (3.13)
§—00 sp+1

so that
ds1 >0, s.t. Fa(s) <0 foralls > ;.

Therefore, we have

t

€= DK@ Fre 0 [ [
to Q

t
+p6_(p+1)t/ e(”+1)7/up—1f(u)(~,7)d7'

to Q

= eteer [t [y Gy 4 ]

to Q
t

:ef(p+1)t/ e(p+1)f/ Fo(u)(-, 7)dr (3.14)
to {u<s1}

t
+e—(p+1)t/ e(p+1)f/ Fy(u)(-, 7)dr
to {u>s1}

¢
Se_(’”‘l)t/ e(p-H)T/ Fy(u)(-, 7)dr
to {u<s1}

1
< —— sup [F2(9)]|9] < 0.
< g o (B

Substituting (3.14) into (3.11), we derive
/up(~,t) <c (3.15)
Q
for all t € (0, Tinax)- O

Lemma 3.3. Let the conditions of Lemma 3.2 hold, then there exists C' > 0
such that the solution component v of (1.1) fulfills

Hv('ﬂt)||W1’°°(Q) < Cforallt € (Ovaax)' (316)
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Proof. With the uniform boundedness on w(-,t) in Lemma 2.1, we can repre-
sent the second Eq. (1.1) via the heat Neumann semigroup as follows

t
v(t) = et (Dud—pn) gy +/ e(t—‘l’)(DuA—Mu)svuw(.’T)d,]_
’ (3.17)

¢
< et DvA—pin) gy 4 sUCw/ e(t_T)(D“A_“")u(-, T)dT
0

for all t € (0, Tinax)-

Now, by the well-known L? — L7 estimate in [36], we can deduce the
following results:

(i) By Lemma 1.3 (i) of [36], there exist positive constants C7 and Cg
such that

[v(s )l Lo (22)

t
< |t P AR yo | Lo o +sv0w/ e = PoA=b) gy (- 7)|| Lo oy dT
0

t
< Crllvol| Lo (o) + C7/ [14 (t —7) "2 ]e” PoMFw) =Dy 7)|| ooy dr
0
<y

t € (0, Tinax), Where )\ is the first positive eigenvalue of the Laplace operator
—D,A in  and we have used the fact that —2% > —1 by selecting the same
p in Lemma 3.2 with p > 2.

(ii) By Lemma 1.3 (ii), (iii) of [36], there exist some positive constants
Cy and C4g such that

V(- )|l ()

t
< Ve P A oy + 8, Co [T PAT U ) g
0

t _1l_n_ —r
SCgHVUoHLoo(Q)—FCQ/ [1+(t—T) 3 2,,]6 (DyX1+p,)(t )||u(-,T)||Lp(Q)dT
Jo
< Cio

for all t € (0, Tinax), where A is the first positive Neumann eigenvalue of the
Laplace operator —D,A in  and we have used the fact that —% — Qn—p > —1
by selecting the same p in Lemma 3.2 with p > n. The proof of Lemma 3.3 is
complete. O

By Lemma 3.2 and Lemma 3.3, we can complete the proof of Theorem
1.1.

Proof of Theorem 1.1. It follows from Lemma 3.2 and Lemma 3.3, as well
as Moser-Alikakos iteration (Appendix A of [33]) that there exists a constant
C > 0 such that

()| 1y < € for allt € (0, Tanax). (3.18)

This in conjunction with Lemma 2.1 proves Theorem 1.1. U
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4. Proof of theorem 1.2

In this section, we can improve the conditions of f(u) in the space di-
mension n = 2. Firstly, we give the coupled estimate of [, ulnw and [, [Vv|?.

Lemma 4.1. Let (u,v,w) be a solution ensured in Lemma 2.1. Then the solu-
tion (u,v,w) of (1. 1) satisfies

2
d{/ wlnu+ —2% |v |2}+D / ‘VU| /uln“+ \f,uvx|v ‘2
dt Q \[ O Q stw (41)

S\/ﬁxsgiw/uQ—&—/ fw)(Inu+ 1)+ My for allt € (0, Trax),
v Q Q

where My = sup,~g {slns - \/gxsgﬂsz} |Q| < 0o and C,, is given in Lemma
2.1.

Proof. Testing the first Eq. (1.1) by Inu + 1 and using Young’s inequality, we
have

;;/Qulnu—i—D / Vel _ _ /uAv+ Fu)(Inwu + 1) -

/u +—/|Av\2 /f J(Inw+ 1),

where € > 0 shall be determined later. In order to deal with the integral
Jo [Av]? in (4.2), we multiply the second Eq. (1.1) by —Auw, then integrate by
parts over 2 and use Young’s inequality to get

D,
535 JLI7oF +a [ V0P + / Auf? <

Since w( ) is bounded due to Lemma 2.1, we obtain

|W\2+ |W\2 |Av|2 Cusy UP (4.4)
2dt H =D, ' ‘

By a combination (4.2) + ﬁx (4.4), we derive

il oo B e
g( 4€D2 )/ /f (Inw+1).

K(e) := sup{slns — es*},
>0

(uw)Q. (4.3)

Setting

then we have
slns < es® + K(e) forall e > 0.

Since

 slns—es?
im ——— = —e <0,
5—00 52
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we obtain
K(e) < oo forall e > 0.

Thus, by adding [, uInu to both sides of (4.5), we can obtain

d 2 " 2
dt{/gulnu }JrD /|Vu| /QulnqugngVv\z

2 2.2
<(2e+ Z:z()j >/ /f (Inw+ 1)+ K(e) 9.

02
4eD?

(4.6)

Let

F5(e) :=2e+

i for all € € (0,00),

it follows from the elementary inequality that F5(e) can attain the minimum
value

min Fs(e) = \/ixsvcw

e>0 DU

Therefore, by choosing this e and setting M,

58 ) ||, we can obtain (4.1). 0

Lemma 4.2. Let n =2 and f(0) > 0. Assume that one of the following condi-
tions holds:

1 v w
(7) Ja > 0, s.t. st>110){f(s) +as} < oo,sllrgo inf{—%} = Q€ (\/istC , 0],

2v/2x 5, Co nmi Chy

(#3) Ja > 0, s.t. sup{f(s) + as} < oo, < D,
$>0 D,
4
(ii) f =0, Qﬁxs“gmmlcw < D,

where Cay is given in Lemma 2.2, my is given in (2.4) and Cy, is given in
Lemma 2.1. Then there exists C' > 0 such that

/ ulnu+/ |Vu|2 < C  for allt € (0, Tnax)- (4.7)
Q Q

Proof. (i) Setting

P(s) = f(s)Ins+ \@ijgcw 82,

v

since lim,_, o inf{—£) l“} =:p € (V2X% 0], we deduce

Jdso > 1, s.t. D(s) <0 for alls > so.
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Therefore, we have

X5uC 2
\/ﬁiDv /Qu —i—/Qf(u)(lnu—i—l)

_ 4.8
/{ O /{ OE | 1w (4.8)
< sup [D(s)]|Q] +sup f(s)|Q| < oo for allt € (0, Tiax),

0<s<s2 s>0

due to the conditions that f € C*([0,+00)), f(0) > 0 and sup,- f(s) < oo
implied by (2.2).
Let

t):= [ ulnu+ ——— /Vv2—|—elﬁ, 4.9
)= [ fs,, Vof? + e[l (1.9
then y(¢t) > 0 due to slns > —e~!. Moreover, it follows from (4.1) and (4.8)
that y(t) satisfies

y'(t) + c1y(t) <o for allt € (0, Tiax),

where
¢ :=min{1,2u,},

o i ( sup [B(s)] + sup f(s) + ) Q] + Mo.
s>0

0<s<s2

(4.10)

By the ODE comparison argument, we have

y(t) < max {y(O)7 22} for all ¢t € (0, Tiax),
1

which implies (4.7).
(73) We further consider the effect of diffusion. It follows from n = 2,
Lemma 2.2 and Lemma 2.3 that

1 1
/Q @ = [Vatllay < {Can IVl o IV Val 22y + 1Vl 20}

< 8CEN (IIVull 20y IV VUl F2 0y + VUl 12 0)

(4.11)
< 8Cen (Il IVVal[ 20y + [Jull71 )

Vu|?
<204 / NVl | g m2,
O u
where Cgny and m; are given in Lemmas 2.2 and 2.4, respectively.

According to the elementary inequality
l<lns+1<s foralls>1,
and the conditions f(0) > 0 and (2.2), we have

0 <sup f(s) < oo,
5>0

which implies

(Ins+1)f(s) < (Ins+ 1)sup f(s) < ssup f(s) foralls > 1.
>0 5>0
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Therefore, the two integrals on the right-hand side of (4.1) can be estimated
as follows:

S\/§M J(Inw u)(Inw+1
/ /{u<1} ’ )+/{u21} ol o
<\fXS“C /u + sup[f(u)(Inw + 1)] |Q|+?i%f(s)/nu

u<l

(4.12)

< \/§X$D7w/ u? + sup[f (u)(Inw + 1)] || + sup f(s)m
v Q

u<l s>0
Setting

My = sup[f(u)(Inu + 1)] |Q| + sup f(s)m;1 < oo,

u<l s>0
we can combine (4.1), (4.11) as well as (4.12) to deduce

d Vul® L V20X
= 1 2r+ Dy 1 . ?
dt {w/Qu nu+ fSQ) 'UJ|v | } + \/Q u +[2u e SUC |v ‘

v w v 2
<V2 st (QCéle / % + 8C§§Nmi) + M, + M.
Q

v

o
Thanks to the condition W}w < D,,, we have

% {/Qulnu+ ﬂ%vclJVvF + 619|} —|—/Qu1nu—|— \CZUX|V |?
- 8v2x8,C& ym3C,y,
< D.
Thus, this along with the ODE comparison argument once again then yields
(4.7).

+ My + My for all ¢ € (0, Tynax)-

(ii7) If f = 0, it implies my = ||ug||11(q). By the same argument as in
the proof of (ii), we can conclude that the condition
QﬂXSUCéleC’w <D,
D, -
is enough to ensure (4.7). The proof of Lemma 4.2 is complete. O

Lemma 4.3. Let the conditions of Lemma 4.2 hold, then for any ¢ € (2, 00),
there exists C' > 0 such that the component v of (1.1) fulfills

(- B)|lwray < C for allt € (0, Tax)- (4.13)

Proof. Firstly, we prove the boundedness of ||u(-,t)||12(q). Testing the first Eq.
(1.1) by wu, it follows from Young’s inequality that

1d
— D 2
L u /\Vu| +x/uVu Vv—l—/f

< —§D1L/Q|Vu|2 + E/ﬂuﬂvm? + mysup f(s).

s>0

(4.14)
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By using Vv - VAv = £A|Vv|? — |D?v|?, and combining with the second Eq.
(1.1) we have

4
4dt/|w‘
D o|Vl?
-= vw”+—”/ Vv27—Dv/ Vo|?| D?v]?
5[ 5 [Pt [ 190l D
—uv/ |Vv|4—sv/uw|Vv|2Av—sv/quv-V|Vv|2. (4.15)
Q Q Q

By using the estimate that oIvul® < ¢3]Vo|? on 99 with some c3 > 0 (see

Lemma 4.2 in [23]), and the trace inequality (see Lemma 3.4 in [42]), there
exists ¢4 > 0 such that
D, / ‘28|Vfu|2 D, a(|Vv|?)?
4 v

DU
/|V|Vu| LI </ Vv|2)

By using Young’s inequality on the last two terms of (4.15) and combining the
pointwise inequality |Av|? < n|D?v|?, we obtain

(4.16)

—sv/uw|Vv\2Av—sv/quv~V|VU\2
Q Q

< sv/ uw|Vo|?|Av| +Sv/ uw|Vv| - | V|Vl
Q Q

ns2C2  2s2C2 D,
< (e 2 [@Vep+ 0, [ VepIDtP + 22 [ OIvepr

Combining this with (4.14)—(4.16), we obtain

d Dy
a{a feeg [} 52 [wups B [ woe
Q
§c5/u2\Vv|2+c5,
Q

with some ¢5 > 0. Next, invoking an extended interpolation [5], Lemma 2.3
and Lemma 4.2, then for each € > 0 we can pick some c¢g(¢) > 0 and c7(e) >0
such that

(4.17)

lullZs ) < ellVullZz o) llulnul |2y @) + cs(€) ([|ull7i o) + 1)

< e/ Vul? + er(e) for allt € (0, Toa).
Q

By using the Gagliardo-Nirenberg inequality and Lemma 4.2 we have

2 2 2
Vol 75y < eslIVIVOP 720 VO] L1 @) + esll V0] 1310

4.18
g@/ VIV + co (4.18)
Q
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with some cg > 0 and ¢g > 0. Due to Holder’s and Young’s inequalities, there
exists ¢1g > 0 such that

e /Q W21V < esllul By | 1V017 Lo

<c5cg{ /\Vu|2+07 } {/ |V|Vv|2|2+1}
<2t {/ |V|V1}|2|2+1}+c10{ /|Vu|2—|—67( )}

By choosing € := we thus conclude from (4.17) that there exists ¢17 > 0

such that

d 4 u 2 DU 212
+ — V V —_— VIV < .
dt{ /u /‘ ,U| } /Q| u| + 6 /Q‘ ‘ 1)| ‘ < c11

Next, since the Gaghardo—Nlrenberg inequality and Young’s inequality, there
exist some constants ¢1o > 0 and ¢;3 > 0 such that

[orcea{ [war a1} ma [ <o { [ wiwapp e},
Q Q Q Q

Then, we have

d (1 9, 1 4 D, (1 / 2 D, (1 / 4
Bl e - U -1 v
dt {Q/QU +4/Q\Vv| }+ 4 (Clz Qu - 16 \ c13 IVel™ =

<cn.
1 1
y(t) :== §/QuQ—i— Z/Q Vo4,

Let
we can obtain that y(¢) satisfies
y'(t) + cray(t) < e1s for allt € (0, Thax),

. [ Dy D,
C =min<g ——
14 2012’ 4C13 ’

c c —|—D +D—
15 = C11 1 16

By using the ODE comparison argument, we can obtain the boundedness of
[u, )]l L2 (0)-

D,
4c10”

where

Thus, it follows from the boundedness of |[ul|z2(q) and w(-, ) in Lemma
2.1 that |[uwl|2(q) is bounded. By using the parabolic regularity (Ref. Lemma
4.1 of [16] and Lemma 1 of [19]) when n = 2, we can obtain (4.13). The proof
of Lemma 4.3 is complete. ]

Lemma 4.4. Let the conditions of Lemma 4.2 hold, then for all p > 1 there
exists C' > 0 such that

/ u? < C  for allt € (0, Tiax)-
Q
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Proof. Multiplying the first Eq. (1.1) by puP~! and integrating by parts, we

see
d P p—2 2
a/u +Dup(p—1)/u |Vl
@ @ (4.19)
=xp(p—1)/up_1Vu-Vv+p/up‘lf(U)
Q Q

By using Young’s inequality to the first term on the right of (4.19) and com-
bining Lemma 4.3, then for all ¢ > 0 there exist some positive constants ci4
and cy7 such that

Xp(p—l)/up_1Vu-Vv
Q

_ 2 _
< Dup(p 1) / up—2|vu|2+ X p(p 1) / up|Vv|2
Q Q

= 2 8D, (420)
Dyp(p —1) p—2 2 p+1 2(p+1) .
< — s | u [Vul*+¢e [ uP™ +ci6 | |[VY
Q Q Q
Dup(p—1
< #/ uP 2| Vul? +e/ Pt ey
Q Q

When f satisfies (2.2), there exists a positive constant c;g such that
p [ s =p [ )+ au - au)
Q Q
< psup(f(s)+ as)/ uP™t — ap/ uP
5>0 Q Q
< i / uf + ¢15.
2 Jao
This in conjunction with (4.19) and (4.20) then yields

d Dup(p—1
%/ uf + 7“17(5 ) / uP | Vul? + %/ u?
@ @ @ (4.21)

Se/u”+1+cl7+clg.
Q

By applying Lemma 2.2 and Lemma 2.3, we get

1 p 2(p+1)
YR
Q L P
2(p+1) p, 2 p » 2(p+1)
< (2C, P uzl||? Vuz||? + [|uz P
< @Con) " W17y IV ) + I )
2(p+1) P 1 4.22
= 206n) " (il @ IV oy + ullztly) (422

2(p+1) y2
< (2Cen) " 7 (m]|Vu? 1720y +m0 )

2(p+1)

a2
= (2CgNn) 7 ( Zp /Qup_Q\Vu|2+m’1’+1).
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Therefore, we can choose € = %(QCGN) =5 i (4.21) to obtain
d ap
S+ 22w < 42
dt o ut + 9 /Qu = C19, ( 3)

where c19 > 0. By the ODE comparison argument, we have

/ uf < ¢y,
Q

On the other hand, when f = 0, we combine (4.19) and (4.20) to deduce
that there exists a positive constant cs; such that

d D.p(p—1
— [ uP+ L)/ uP 2| Vul? < 6/ uP 4 coy. (4.24)
dt Jo 2 Q )

where ¢y > 0.

Adding fQ uP to the both sides of (4.24) and combining Young’s inequality, we

obtain
d D,p(p—1
— up—ﬁ—/up—i—ip(p )/up*2|Vu|2
dt Jq Q 2 Q

< / uP —|—e/ uP T 4 ey (4.25)
Q Q
< 26/ uPt 4 e,
Q

— —=2(p+1)
where coo > 0. By using (4.22) again, we can choose € = M@C’GN) Gt

pm
in (4.25) to obtain that there exists ca3 > 0 such that

d
— | P —|—/ uP < cog. (4.26)
By using the ODE comparison argument again, we get

/ uP < ey for allt € (0, Tmax),
Q

where cog4 > 0. The proof of Lemma 4.4 is complete. O
By means of Lemmas 4.3 and 4.4, we can complete the proof of Theorem
1.2.
Proof of Theorem 1.2. By combining Lemmas 4.3 and 4.4, we can use the
Moser-Alikakos iteration (Appendix A of [33]) to derive

||u(,t)||Loc Q) < C forallt e (07Tmax>7 (427)

where C' > 0. This in conjunction with the extensibility criterion of Lemma
2.1 proves Theorem 1.2. O



29 Page 20 of 24 W. Shan and P. Zheng NoDEA

Acknowledgements

The authors would like to deeply thank the editor and anonymous review-
ers for their insightful and constructive comments. Pan Zheng thanks for
the friendly hospitality of The Chinese University of Hong Kong during the
postdoctoral research. The work is partially supported by National Natural
Science Foundation of China (Grant Nos.: 11601053, 12271064), the Science
and Technology Research Project of Chongqing Municipal Education Commis-
sion (Grant No. KJZDK202200602), Natural Science Foundation of Chongging
(Grant No. cstc2019jcyj-msxmX0082), China-South Africa Young Scientist
Exchange Project in 2020, The Hong Kong Scholars Program (Grant Nos.:
XJ2021042, 2021-005),Young Hundred Talents Program of CQUPT in 2022-
2024 and Chongqing Postgraduate Research and Innovation Project in 2022
(Grant Nos: CYS22451).

Declarations

Conflict of interest The authors declare that they have no conflict of interest.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive
rights to this article under a publishing agreement with the author(s) or other
rightsholder(s); author self-archiving of the accepted manuscript version of
this article is solely governed by the terms of such publishing agreement and
applicable law.

References

[1] Amann, H.: Dynamic theory of quasilinear parabolic equations II. Reaction-
diffusion systems. Differ. Integr. Equ. 3(1), 13-75 (1990)

[2] Bellomo, N., Bellouquid, A., Tao, Y., Winkler, M.: Towards a mathematical
theory of Keller—Segel models of pattern formation in biological tissues. Math.
Mod. Meth. Appl. Sci. 25, 1663-1763 (2015)

[3] Bellomo, N., Painter, K.J., Tao, Y., Winkler, M.: Occurrence vs. absence of
taxis-driven instabilities in a May—Nowak model for virus infection. STAM J.
Appl. Math. 79(5), 1990-2010 (2019)

[4] Bellomo, N., Tao, Y.: Stabilization in a chemotaxis model for virus infection.
Discr. Contin. Dyn. Syst. Ser. S. 13, 105-117 (2020)

[5] Biler, P., Hebisch, W., Nadzieja, T.: The Debye system: existence and large time
behavior of solutions. Nonlin. Anal. 23, 1189-1209 (1994)

[6] Chaplain, M.A.J., Tello, J.I.: On the stability of homogeneous steady states of a
chemotaxis system with logistic growth term. Appl. Math. Lett. 57, 1-6 (2016)



NoDEA Global boundedness of the immune chemotaxis Page 21 of 24 29

[7] Devreotes, P., Janetopoulos, C.: Eukaryotic chemotaxis: distinctions between
directional sensing and polarization. J. Biol. Chem. 278, 20445-20448 (2003)

[8] Eftimie, R., Gillard, J., Cantrell, D.A.: Mathematical models for immunology:
current state of the art and future research directions. Bull. Math. Biol. 78,
2091-2134 (2016)

[9] Fishman, M.A., Perelson, A.S.: Modeling T cell-antigen presenting cell interac-
tions. J. Theor. Biol. 160, 311-342 (1993)

[10] Fuest, M.: Boundedness enforced by mildly saturated conversion in a
chemotaxis—May—Nowak model for virus infection. J. Math. Anal. Appl. 472,
1729-1740 (2019)

11

Gajewski, H., Zacharias, K.: Global behavior of a reaction-diffusion system mod-
elling chemotaxis. Math. Nachr. 195, 77-144 (1998)

[12] Gereda, J.E., Leung, D.Y.M., Thatayatikom, A., Streib, J.E., Price, M.R.: Re-
lation between house-dust endotoxin exposure, type 1 T-cell development, and
allergen sensitisation in infants at high risk of asthma. The Lancet. 355, 1680—
1683 (2000)

[13] GroB, F., Fridolin, M., Behn, U.: Mathematical modeling of allergy and specific
immunotherapy: Th1-Th2-Treg interactions. J. Theor. Biol. 269, 70-78 (2011)

[14] Horstmann, D.: The nonsymmetric case of the Keller—Segel model in chemotaxis:
some recent results. Nonlin. Differ. Equ. Appl. 8, 399-423 (2001)

[15] Horstmann, D., Wang, G.: Blow-up in a chemotaxis model without symmetry
assumptions. Eur. J. Appl. Math. 12, 159-177 (2001)

[16] Horstmann, D., Winkler, M.: Boundedness vs. blow-up in a chemotaxis system.
J. Differ. Equ. 215(1), 52-107 (2005)

[17] Ishida, S., Seki, K., Yokota, T.: Boundedness in quasilinear Keller—Segel systems
of parabolic-parabolic type on non-convex bounded domains. J. Differ. Equ. 256,
2993-3010 (2014)

[18] Keller, E.F., Segel, L.A.: Initiation of slime mold aggregation viewed as an in-
stability. J. Theor. Biol. 26, 399-415 (1970)

[19] Kowalczyk, R.: On the global existence of solutions to an aggregation model. J.
Math. Anal. Appl. 343, 379-398 (2008)

[20] Lai, X., Zou, X.: Repulsion effect on superinfecting virions by infected cells. Bull.
Math. Biol. 76, 2806-2833 (2014)

[21] Lee, S., Kim, S., Oh, Y., Hwang, H.J.: Mathematical modeling and its analysis
for instability of the immune system induced by chemotaxis. J. Math. Biol. 75,
1101-1131 (2017)

[22] Li, X.: Global existence and boundedness of a chemotaxis model with indirect
production and general kinetic function. Z. Angew. Math. Phys. 71, 1-22 (2020)



29 Page 22 of 24 W. Shan and P. Zheng NoDEA

izoguchi, N., Souplet, P.: Nondegeneracy of blow-up points for the parabolic

23] Mi hi, N., Souplet, P.: Nond f bl ints for th boli
Keller-Segel system. Ann. Inst. H. Poincaré Anal. Non Linaire. 31, 851-875
(2014)

[24] Nagai, T., Senba, T., Yoshida, K.: Application of the Trudinger—-Moser inequality
to a parabolic system of chemotaxis. Funk. Ekva. 40, 411-433 (1997)

[25] Nirenberg, L.: An extended interpolation inequality. Ann. Scuola Norm-Sci. 20,
733737 (1966)

[26] Osaki, K., Tsujikawa, T., Yagi, A., Mimura, M.: Exponential attracktor for a
chemotaxis-growth system of equations. Nonlin. Anal. 51, 119-144 (2002)

[27] Osaki, K., Yagi, A.: Finite dimensional attractors for one-dimensional Keller-
Segel equations. Funkcial. Ekvac. 44, 441-469 (2001)

[28] Osaki, K., Yagi, A.: Global existence for a chemotaxis-growth system in RZ.
Adv. Math. Sci. Appl. 12, 587-606 (2002)

[29] Pan, X., Wang, L., Hu, X.: Boundedness and stabilization of solutions to a
chemotaxis May-Nowak model. Z. Angew. Math. Phys. 72, 1-16 (2021)

[30] Pigozzo, A.B., Macedo, G.C., Santos, R.W.D., Lobosco, M.: On the compu-
tational modeling of the innate immune system. Bio. Med. Central. 14, 1-20
(2013)

[31] Stancevic, O., Angstmann, C.N., Murray, J.M., Henry, B.I.: Turing patterns
from dynamics of early HIV infection. Bull. Math. Biol. 75, 774-795 (2013)

[32] Su, B., Zhou, W., Dorman, K.S., Jones, D.E.: Mathematical modelling of im-
mune response in tissues. Comput. Math. Methods Med. 10, 9-38 (2009)

[33] Tao, Y., Winkler, M.: Boundedness in a quasilinear parabolic-parabolic Keller—
Segel system with subcritical sensitivity. J. Differ. Equ. 252, 692-715 (2012)

[34] Wang, W., Ma, W., Lai, X.: Repulsion effect on superinfecting virions by infected
cells for virus infection dynamic model with absorption effect and chemotaxis.
Nonlin. Anal. RWA. 33, 253-283 (2017)

[35] Wang, W., Zhang, M., Zheng, S.: Positive effects of repulsion on boundedness
in a fully parabolic attraction-repulsion chemotaxis system with logistic source.
J. Differ. Equ. 264, 2011-2027 (2018)

[36] Winkler, M.: Aggregation vs. global diffusive behavior in the higher-dimensional
Keller-Segel model. J. Differ. Equ. 248(12), 28892905 (2010)

[37] Winkler, M.: Boundedness in the higher-dimensional parabolic-parabolic chemo-
taxis system with logistic source. Commun. Partial Differ. Equ. 35, 1516-1537
(2010)

[38] Winkler, M.: Blow-up in a higher-dimensional chemotaxis system despite logistic
growth restriction. J. Math. Anal. Appl. 384, 261-272 (2011)



NoDEA Global boundedness of the immune chemotaxis Page 23 of 24 29

[39] Winkler, M.: Boundedness in a chemotaxis-May-Nowak model for virus dynam-
ics with mildly saturated chemotactic sensitivity. Acta Appl. Math. 163, 1-17
(2019)

[40] Winkler, M.: Finite-time blow-up in the higher-dimensional parabolic-parabolic
Keller—Segel system. J. Math. Pures Appl. 100, 748-767 (2013)

[41] Winkler, M.: Global asymptotic stability of constant equilibria in a fully par-
abolic chemotaxis system with strong logistic dampening. J. Differ. Equ. 257,
1056-1077 (2014)

[42] Wu, S.: Global boundedness of a diffusive prey-predator model with indirect
prey-taxis and predator-taxis. J. Math. Anal. Appl. 507, 125820 (2022)

[43] Xiang, T.: Sub-logistic source can prevent blow-up in the 2D minimal Keller—
Segel chemotaxis system. J. Math. Phys. 59, 081502 (2018)

[44] Xiang, T.. Boundedness and global existence in the higher-dimensional
parabolic-parabolic chemotaxis system with/without growth source. J. Differ.
Equ. 258, 4275-4323 (2015)

[45] Yoon, C., Kim, S., Hwang, H.J.: Global well-posedness and pattern formations
of the immune system induced by chemotaxis. Math. Biosci. Eng. 17, 3426-3449
(2020)

[46] Zhelev, D.V., Alteraifi, A.M., Chodniewicz, D.: Controlled pseudopod extension
of human neutrophils stimulated with different chemoattractants. Biophys. J.
87, 688-695 (2004)

[47] Zheng, P., Mu, C., Hu, X.: Persistence property in a two-species chemotaxis
system with two signals. J. Math. Phys. 58, 111501 (2017)

[48] Zheng, P., Mu, C., Mi, Y.: Global stability in a two-competing-species chemo-
taxis system with two chemicals. Diff. Integ. Equ. 31, 547-558 (2018)

[49] Zheng, P., Xing, J.: Boundedness and large-time behavior for a two-dimensional
quasilinear chemotaxis-growth system with indirect signal consumption. Z.
Angew. Math. Phys. 71(3), 71-98 (2020)

Wenhai Shan and Pan Zheng

College of Science

Chongqging University of Posts and Telecommunications
Chongging 400065

People’s Republic of China

e-mail: mathshanwenhai@163.com

Pan Zheng

Department of Mathematics

The Chinese University of Hong Kong
Shatin New Territories

Hong Kong

and



29 Page 24 of 24 W. Shan and P. Zheng

School of Mathematics and Statistics
Yunnan University

Kunming 650091

People’s Republic of China

e-mail: zhengpan52@sina.com

Received: 11 January 2022.
Accepted: 2 January 2023.

NoDEA



	Global boundedness of the immune chemotaxis system with general kinetic functions
	Abstract
	1. Introduction
	2. Preliminaries
	3. Proof of theorem 1.1
	4. Proof of theorem 1.2
	Acknowledgements
	References




