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Phase transitions in porous media
Chiara Gavioli® and Pavel Krejci

Abstract. The full quasistatic thermomechanical system of PDEs, describ-
ing water diffusion with the possibility of freezing and melting in a visco-
elasto-plastic porous solid, is studied in detail under the hypothesis that
the pressure-saturation hysteresis relation is given in terms of the Preisach
hysteresis operator. The resulting system of balance equations for mass,
momentum, and energy coupled with the phase dynamics equation is
shown to admit a global solution under general assumptions on the data.
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Introduction

A model for fluid flow in partially saturated porous media with thermome-
chanical interaction was proposed and analyzed in [2,4]. The model was sub-
sequently extended in [15] by including the effects of freezing and melting of
the water in the pores. Typical examples in which such situations arise are re-
lated to groundwater flows and to the freezing-melting cycles of water sucked
into the pores of concrete. Due to the specific volume difference between water
and ice, this process produces important pressure changes and represents one
of the main reasons for the degradation of construction materials in buildings,
bridges, and roads. The model of [15] still neglects the influence of changes of
microstructure, as for example the breaking of pores, but the main thermome-
chanical interactions between the state variables are taken into account.

The model is based on the assumption that slow diffusion of the fluid
through the porous solid is a dominant effect, so that the Lagrangian descrip-
tion is considered to be appropriate. It is assumed that volume changes of the
solid matrix material are negligible with respect to the pore volume evolution
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during the process. The pores are filled with a mixture of HoO and gas, and
H5O itself is a mixture of the liquid (water) and the solid phase (ice). That
is, in addition to the standard state variables like capillary pressure, displace-
ment, and absolute temperature, we need to consider the evolution of a phase
parameter y representing the relative proportion of water in the HoO part and
its influence on pressure changes due to the different mass densities of water
and ice.

The resulting system consists of mechanical balance equation for the de-
formations of the solid body, mass balance equation based on the Darcy law
for the fluid diffusion with interaction terms similar to the Biot system stud-
ied, e.g., in [20], a differential inclusion for the phase fraction x of relaxed
Stefan type as in [22] and governing the water-ice phase transition, and the
energy balance equation derived from the first and the second principles of
thermodynamics with heat sources due to viscosity, plasticity, diffusion, and
phase transition.

The present paper develops the ideas of [15] in the sense that the effects
of capillary hysteresis, which is assumed to be of Preisach type in agreement
with the results of [6], shear stresses, and elastoplasticity are considered in full
generality. This represents an enormous increase of mathematical complexity.
While the momentum balance in the shear-stress-free case in [15] can be re-
duced to an ODE, here, we need to exploit deeper results from the theory of
PDEs to control the interactions between individual components of the system,
as well as a generalized Moser iteration scheme from [8]. Additional difficul-
ties are due to the effects of the three heat sources produced by mechanical
hysteresis dissipation (plasticity, capillarity, phase transitions).

The paper is divided into five sections. In the next Sect. 1, we briefly re-
call the principles of the model introduced in [15], taking into account capillary
hysteresis and elastoplastic hysteresis effects as in [4]. Section 2 is devoted to
a short survey of the Preisach hysteresis model. In Sect. 3, we state the math-
ematical problem, the main assumptions on the data, and the main Theorem
3.3, the proof of which is split into Sects. 4 and 5. The steps of the proof are
as follows. In Sect. 4, we first cut off some of the pressure and temperature
dependent terms in the system by means of a cut-off parameter R, regularize
the mass balance equation with a fourth order term depending on an addi-
tional small regularizing parameter 1, solve the related problem employing a
Galerkin approximation scheme, and pass to the singular limit 7 — 0 in the
regularizing term. Then, in Sect. 5, we derive a series of R-independent esti-
mates like the energy estimate, the so-called Dafermos estimate (with negative
small powers of the temperature), Moser-type and then higher-order estimates
for the capillary pressure and for the temperature which allow us in Sect. 6
to pass to the limit in the cut-off system as R — oo, which will conclude the
proof of the existence result.
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1. The model

Consider a bounded domain Q C R3 of class C1:! filled with an elastoplastic
solid matrix material with pores containing a mixture of HoO and gas, where
we assume that HoO may appear in one of the two phases: water or ice. We
state the balance laws in referential (Lagrangian) coordinates. We have in
mind construction materials where large deformations are not expected to
occur. This hypothesis enables us to reduce the complexity of the problem
and assume that the deformations are small in order to avoid higher degree
nonlinearities. We denote for x €  and time ¢t € [0, T

p(x,t) ... capillary pressure;
u(z,t) ... displacement vector in the solid;

g(x,t) = Vyu(z,t) ... linear strain tensor, (Vyu);; := 3 (g;? + gZ]),
J i

O(x,t) ... absolute temperature;
x(x,t) € [0,1] ... relative amount of water in the HoO part.

The model derived in [15] aims at coupling the effects of capillarity, in-
teraction between a deformable solid matrix material and HoO in the pores
which may undergo water-ice phase transitions, and energy exchange between
the individual components of the system. Hysteresis is included following the
modeling section of [4]. The full system consists of equations describing mass
balance (1.1), mechanical equilibrium (1.2), energy balance (1.3) and phase
evolution (1.4) in the form

(Ox+p" (1=x))(Glp] + divu)), = div (u(p)Vp), :
— div (BVsut + P[Vsu]) + V(p(x+p*(1—x)) + 50 — 6.)) = g, (1.2)
Cy(0); — div (k(0)VO) = BV uy : Vaus + p(p)|Vpl? + | Dp[Vsule«

. L .
+ (x+0" (1=X)IDalih] + (0, divu)x? — -0x0 — A0 div ey, (13)

=6, v+ (1= ) (Gl - Ul + piva) + L (-~ 1) € 0l (0.
(1.4)

We refer to [15] for the details of the physical arguments. Let us just mention
that the mass balance (1.1) is derived from Darcy’s law, and u(p)Vp is the
specific liquid mass flux. The constant p* € (0,1) is the ratio between ice and
water mass densities, whereas the symbol G describes the pressure-saturation
curve and, following [2,4], is of the form

Glp| = f(p) + Golp].

Here f is a bounded monotone function satisfying Hypothesis 3.1 (vi) below,
whereas G is the Preisach hysteresis operator from Sect. 2. The momentum
balance (1.2) is derived by assuming that the process is quasi-static, so that
the inertia term is negligible. Here B is a positive definite viscosity matrix,
P the constitutive operator of elastoplasticity defined below in (3.6), g is
the thermal expansion coefficient, 6. is the melting temperature at standard
pressure and g is a given volume force (gravity, e.g.). The term p(x+p*(1—x))
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represents the pressure component due to the phase transition. Finally, the
energy balance (1.3) and the inclusion (1.4) for the evolution of the phase
parameter are derived from the principles of thermodynamics with the aid of
the energy balance for both the plasticity and the pressure-saturation operator

Ple] :er = Uplele + | Dplelell«,  Glplip = Ualple + [Dalpld, (1.5

where Up,Uqs and Dp, Dg are the potential and dissipation operators, and
| - |« is a seminorm in the space R2%? of symmetric 3 x 3 tensors. In (1.3),
Cv(0) is the caloric component of the internal energy, #(6) is the heat con-
ductivity coefficient, L is the latent heat, I|o 1j is the indicator function of the
interval [0, 1] and 01 y) is its subdifferential, v(6, div u) is the phase relaxation
time (which we assume to explicitly depend on both § and div u for technical
reasons).

Note that the values of G have to be naturally confined between 0 and
1, so that the system is degenerate in the sense that we do not control a priori
the time derivatives of p in (1.1). Another difficulty is related to the lack of
spatial regularity of . The temperature field is problematic as well: Eq. (1.3)
contains high order heat source terms, which are difficult to handle and prevent
the temperature from being regular.

We complement the system (1.1

~—
|

—~

—_

.4) with initial conditions

4
g2
w(z,0) = u’(x
0(2.0) = 0°(x) in Q, (1.6)
x(z,0) = x°(z)
and boundary conditions
u=20
1(p)Vp-n = afz)(p* —p) pon 99, (L.7)

K(O)VE -n = w(x)(0* —0)

where p* is a given outer pressure, 6* is a given outer temperature, o : 9§) —
[0,00) is the permeability of the boundary and w : 9Q — [0,00) is the heat
conductivity of the boundary.

The solution to (1.1)—(1.4) was only constructed in [15] under the as-
sumption that shear stresses in the momentum balance Eq. (1.2) as well as all
hysteresis effects are neglected. Then (1.2) turns into an ODE for the relative
volume change div u, which considerably simplifies the analysis. Here we prove
existence of a global solution for the full problem under suitable hypotheses.

2. Hysteresis in capillarity phenomena

The operator G is considered as a sum

Glp] = f(p) + Golp], (2.1)

where f is a monotone function satisfying Hypothesis 3.1 (vi) in Sect. 3 below,
and G is a Preisach operator that we briefly describe here.
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For a given input function p € W11(0,T) and a memory parameter r > 0
we define the scalar function &, (¢) as the solution of the variational inequality

{|p<t> ~&Gml<r vt € 0,7], 22)
(&)e(p(t) — & () —2) >0 a.e. Vz € [-r7],

with prescribed initial condition

¢-(0) = max{p(0) — r,min{0, p(0) + r}}. (2.3)
We have indeed for all » > 0 the initial bound
£-(0) < [p(0)]. (2.4)

The mapping f. : W(0,7) — W11(0,T) which with each p € W(0,7)
associates the solution &, = f.[p] € W1(0,T) of (2.2)—(2.3) is called the play.
This concept goes back to [10], and the proof of the following statements can
be found e.g. in [12].

Proposition 2.1. For each r > 0, the mapping f,. : WH1(0,T) — WH(0,7)
is Lipschitz continuous and admits a Lipschitz continuous extension to f, :
C[0,T] — C[0,T] in the sense that for every pi,p2 € C[0,T]| and every t €
[0,T] we have

[fr[pa] () = fr[p2]()] < max [py(7) — pa(7)]- (2.5)

T7€[0,t]

Moreover, for each p € WH1(0,T), the energy balance equation

1
Frlplep = 5 (F2lp]), = Irfielple] (2.6)
and the identity

e [plip = (Frlple)? (2.7)
hold a.e. in (0,T).

Given a nonnegative function ¢ € L'((0,00) x R), called the Preisach
density, we define the Preisach operator GGy as a mapping that with each
p € C[0,T] associates the integral

fr[p](t
Golp|(t / / (r,v)dvdr. (2.8)

Hence,
Go[pl(t) / / Y(r,v)dvdr=:C}, —Golp(t) / / Y(r,v)dodr=:Cy
(2.9)
for all p € C[0,T] and all ¢ € [0,7T], and we assume
1
0<Cy < o8 (2.10)

From (2.6)—(2.8) we immediately deduce the Preisach energy identity
Golplip — Uolple = | Do[p]:] a-e., (2.11)
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provided we define the Preisach potential Uy and the dissipation operator Dy
by the integrals

oo rflp](t) ()
Uo[p](t) :/ /f - vi)(r,v) dvdr, Dolp](t / / ' (r,v)dvdr.
o Jo

(2.12)
The energy identity in (1.5) then holds with the choice

Uslp] = pf(p) — / " f(z)dz 4 Ulpl, Dalpl = Dolp. (2.13)

With the notation

@p)—/opﬂz)dz, V(p) = pf(p /f eds (214)

we can also write
Uclpl = V(p) + Uolp], (2.15)
thus separating the hysteretic from the non-hysteretic part.
For our purposes, we adopt the following hypothesis on the Preisach
density.

Hypothesis 2.2. There exists a function 1* € L'(0,00) such that for a.e.
(r,v) € (0,00) X R we have 0 < ¢(r,v) < ¢*(r) and

Cy = /000(1 +r2)*(r) dr < oo.

A straightforward computation shows that Gy (and, consequently, G) are
Lipschitz continuous in C[0,T]. Indeed, by (2.5) and Hypothesis 2.2 we obtain
for p1,p2 € C[0,T] and t € [0, T that

fT [p2](t)
GalplO-Golpl =| [ [ Cotro)avar] < 65 mas i) (o).
[pl (t) TE[O,t]
(2.16)

Moreover, the Preisach potential is continuous from L?(2; C[0,T]) to L'(; C
[0,77), as it holds

*

C
|Uolpa) () — Uolpa] ()] < —- max, P2 = pa|(7) (Ip2(O)] + [P ()] +2) . (2.17)

2 relo,t]
From Hypothesis 2.2 and identity (2.7) for the play we also obtain
0<Uolp] < CL(L+1p))%,  [Dolplel < Clpel. (2.18)

The Preisach operator admits also a family of “nonlinear” energies. As a con-
sequence of (2.7), we have for a.e. ¢ the inequality

fr[ple(p — frlp]) > 0
hence

frlple(h(p) = R(f:[p])) = 0

for every nondecreasing function h : R — R. Hence, for every absolutely
continuous input p, a counterpart of (2.11) in the form

Goplth(p) — Unlplt > 0 a.e. (2.19)
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holds with a modified potential

fr P](t)
Unlp)(t / / Y(r,v)dvdr. (2.20)

This is related to the fact that for every absolutely continuous nondecreasing

function & : R — R, the mapping G;, := Ggo h is also a Preisach operator, see
[13].

3. Statement of the problem
We introduce the spaces

X=W2(Q), Xo={peW( QR ¢|,,=0}, Xp=W"(Q)
(3.1)
for some ¢* > 2 that will be specified below in Theorem 3.3. Taking into
account the boundary conditions (1.7), we consider (1.1)—(1.4) in variational
form

[ (e = ) @) + Golpl + div), ode + /ﬂ () Vp - Véde

S~

(3.2)

a(z)(p” —p) pds(z),
oN

/Q(P[Vsu] +BV,u) : Vetpdz — / (p(x+p (1 =x))+ B0 —0.)) dive da

Q
~ g0,
Q

/Q (Cv(G)t — BVaur : Vaur — | Dp[Vsule|l« — u(p)|Vpl* = (x+p" (1-x))| Do[pl:|

(3.3)

— (6, divu)x; + (9£Xt + B div ut> 9>Cd:c + / Kk(0)VO - V¢ dx
c Q

— [ e - 0)¢dn,
o
(3.4)
(0, divu)xe + 0,1 (x) 3 (L = p")(®(p) + pGo[p] — Volp] + pdivu)

) (93 - 1) ac. (3.5)

for a.e. t € (0,T) and all test functions ¢ € X, ¢ € X and ¢ € X,-. Note that
we split the capillary hysteresis terms in hysteretic and non-hysteretic part
according to (2.1), (2.13)-(2.15). This is done in view of the regularization
performed in Sect. 4, where only the non-hysteretic part will be affected by
the cut-off.

We assume the following hypotheses to hold.

Hypothesis 3.1. There exist constants A” >0, B” >0, 6 > 0 such that
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(i) A., Ay, B are constant symmetric positive definite fourth order tensors
such that A € : € > AP|E2, Ay € - &> APE)2, BE - € > B°|E? for all
f c R3><3;
(i) g € L>=(0,T; L3(Q;R3)) N WH2(0, T; L?(;R?)) is a given function and
there exists a function G € L*(Q x (0,T)) such that g = —VG;
(iii) @ € W>(0Q), a(z) > 0 a.e. and [, a(z)ds(z) > 0; w € L>®(9Q),
w(x) >0 a.e and [,,w(x)ds(z) > 0;
(iv) p* € L>=(0Q x (0,T)) and p; € L?>(0Q x (0,T)), 0* € L>(9 x (0,T)),
07 € L2(09Q x (0,7)), 0*(x,t) >0 a.e.;
(v) p¥ € L=®(Q) N W22(Q), u’ € Xo N WHA(Q;R3), 09 € L>(Q) N WH2(Q),
0°(x) >0 a.e., x° € L=(Q), x°(z) € [0,1] a.e.
We also assume that there exist constants f* > f* >0, v € (0,1/2], W >0,
A>d>012<b<b<l,wt>K >00<a<l-ba<ac<
(8+3a+2b)(14b)
7—2b
conditions:
(vi) Glpl = f(p) + Golp] where f: R — (C, 1~ C’:[f) with C’i from (2.10)
is a continuously differentiable function, f(1 + [p|)~'=" < f'(p) < f*
for all p € R, and Gy is the Preisach operator from Sect. 2 with density
function satisfying Hypothesis 2.2 and with potential Uy and dissipation
Dy as in (2.12);
(vii) p: R — R is a continuous function, u(p) > p’ for all p € R;
(viii) Cy : [0,00) — [0,00) is a continuously differentiable function, Ci,(0) =:
cv () is such that (14 6°) < cy(0) < c*(1 +6°) for all 0 > 0;
(ix) & : [0,00) — [0,00) is a continuous function, x’(1 + 011%) < k(0) <
KF(1+ 0'F%) for all 0 > 0;
(x) v :[0,00)x[0,00) — [0,00) is a continuous function, 7°(1+0-+| divu|?) <
(0, divu) < A1+ 60 + |divu|?) for all § > 0, u € R3;
(xi) P:C([0,T];RE3) — C([0, T};RE%3) is the constitutive operator of elasto-

plasticity with dissipation operator Dp defined below in (3.6)—(3.9).

.t > 2% > 0 such that the nonlinearities satisfy the following

Remark 3.2. In this remark we comment on the more technical hypotheses.

(vi) The growth condition for f is in agreement with the physical require-
ment that f’ has to degenerate when p — +oo. The specific form of the
lower bound will play a substantial role in the Moser iteration argument.

(viii) The growth condition for ¢y will be of fundamental importance in Sect.
5.6 where, in order to estimate divu, in L7(0,7;L?*(2)) with an ex-
ponent ¢ > 4, we will need a higher integrability (in space) for the
temperature than simply L>(0,T; L*(Q)).

(ix) The tangled bound

i< (8+3a+2b)(1+0b)
7—2b
for the growth exponent of the function « is required in Sect. 5.9, where

we apply an iterative method in order to derive higher order estimates
for the temperature.
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(x) The dependence of the relaxation coefficient v on both 6 and divw is
uncommon but crucial for obtaining estimates (4.34) and (5.45).

We model the elastoplasticity following [17]. We assume that a convex
subset 0 € Z C ngxn?l’ with nonempty interior representing the admissible
plastic stress domain is given in the space ngxni’ of symmetric tensors, and
that the constitutive relation between the strain tensor € and the stress tensor
o involves two fourth order tensors A (the kinematic hardening tensor) and

A, (the elasticity tensor). We define the constitutive operator P by the formula
Ple] = Ape + o?, (3.6)

where o is the solution of the variational inequality
o € Z, (es—A; oY) : (6P—2) >0 a.e. Vz€Z, oP(0)=Qz(e(0) (3.7)

for a given e € Wh1(0,T;R3%3), where Q7 : R3%X3 — Z is the orthogonal

sym sym
projection onto Z. The variational inequality (3.7) has a unique solution o? €
W0, T;R2%3) and the solution mapping

Sym
P:wh0,T; R;‘yﬁ) — Wl’l(O,T;ngXrg) te—oP
is strongly continuous, see [12]. It holds

Pl < Jedl- (3.8)

The energy potential Up and the dissipation operator Dp associated with
P are defined by the formula

1 1
Uple] = §Ahs te+ iAe_lap 0P, Dple] = — AJ'o?. (3.9)

Let Mz« denote the Minkowski functional of the polar set Z* to Z. The energy
identity

Ple] : e, — Uple]y = | Dplelell, a. e., (3.10)
where || - || = Mz-(-) is a seminorm in R2*3, and the inequalities
A
Uplel 2 —-lel®,  IIDplelell, < Clet] (3.11)

hold for all inputs € € WH(0, T;RZ%3).
The operator P can be extended to a continuous operator in the space
C([0,T); R2%3) in the sense that if {&,,,; m € N} is a sequence in C([0, T]; R2X3),

sym sym
then

li m(t)—e(t)| =0 li Plen,|(t)—Ple](t)] = 0. (3.12
Jm ma e (6)-<()] =0 = lim  max |Ple]()- PEI(®)]| = 0. (312
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For two inputs e1,e2 € WH1(0, T; R3%3) we denote o; = P[g;], i = 1,2. Then

(01— 02) : ((e1)t — (e2)r)

> %%(Ah(el —e9):(e1 — &) + A (o —aB) i (of — aé’)) a. e, (3.13)
01(t) — 0a(1)] sc(el<o>—52<o>|+ 0 |<sl>t—(s2>t|mdf) vt € 0,7)

(3.14)

with a constant C' depending only on Ay and A..
For inputs e € L*(Q; Wh!(0,T;R2%3)) we obtain from (3.14) similarly

as in [4, Formula (6.25)] the inequality

t
Vo (z,t)] <C (|V€(m,0)| —i—/ [Vey(z, )| dT) a. e. (3.15)
0
The main result of the paper reads as follows.

Theorem 3.3. Let Hypothesis 3.1 hold. Then there exists a solution (p,u,0,x)
to the system (3.2)—(3.5) with initial conditions (1.6) with the regularity
e pe L>=(Q x (0,T)), pr € L*>(Q x (0,T)), M(p) € L*(0,T; W?2(Q)) with
M(p) given by (5.43);
o u; € LU0,T; Xo N WHI(QR?)) for all g < GH32DUR) " 4 e L2((;
([0, T7; R3X3>);

sym

o 0 LIQ x (0,7)) for all ¢ < EFLEL) gy ¢ [2(Q x (0,T);R?),
0, € L2(0,T; W19 (Q)) with ¢* > 2 given by (5.66);

o x € LI C[0,T]), x¢ € LU x (0,T)) for all g € [1,00), x(,t) € [0,1]

a. €.

The reason why we do not specify the precise value of ¢* here is that
it relies on a certain number of intermediate computations that cannot be
detailed at this stage. The proof of Theorem 3.3 will be divided into several
steps. In order to eliminate possible degeneracy of the functions f and p, we
start by regularizing the problem by means of a large parameter R. Then we
prove that this regularized problem admits a solution by the standard Faedo—
Galerkin method: here the parameter R will be of fundamental importance
in order to gain some regularity. Once we have derived suitable estimates, we
pass to the limit in the Faedo—Galerkin scheme. The second part of the proof
will consist in the derivation of a priori estimates independent of R, which will
allow us to pass to the limit in the regularized system and infer the existence
of a solution with the desired regularity.

In what follows, we denote by C' any positive constant depending only on
the data, by C'r any constant depending on the data and on R and by Cgr,,
any constant depending on the data, on R and on 7, all independent of the
dimension n of the Galerkin approximation. Furthermore, we denote by |v|,
the L"(Q2)-norm of a function v € L™(Q) or v € L™(Q;R3) for r € [1, 00], and
the norm of a function v € W (Q) will be denoted by |v|;.,.. We systematically
use the Korn’s inequality (see [19])
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/Q|VS’LU|2((£) dx Z CHU)”%/VLZ(Q;RS) (316)

for every w € Xy with a constant ¢ > 0 independent of w. We will also often
use the Poincaré inequality (see [9,16]) in the form

|v|i2§c< [ vek@ar+ [ Qv(xﬂvﬂw)ds(x)) (3.17)

for functions v € W12(Q2) provided v € L>(9Q) is such that v > 0 a.e. and
Joq (@) ds(z) > 0. Finally, let us recall the Gagliardo-Nirenberg inequality
(see [3,9]) for v € WH(Q) on a bounded Lipschitzian domain Q C R in the
form

[vlg < Clols=ols, (3.18)

with r < N, s < ¢ < (rN)/(N —r) and with a constant C' depending only on
q,r, S, where

W =

| =
S

+ =
2|~

4. Cut-off system

We choose a regularizing parameter R > 1, and first solve a cut-off system
with the intention to let R — oo.
For z € R we denote by

Qr(z) = max{—R,min{z, R}} (4.1)

the projection of R onto [—R, R]. Then we cut-off some nonlinearities by set-
ting

f(p) for [p| <R
frp) = f(R)+ f(R)(p— R) for p>R | (4.2)
f(=R)+ f'(=R)(p+R) for p<—R
bulr) = | " Ir(=)de, Vi) = pfa) - Br() = / C fe)= s,
(4.3)
1(p) for [p| <R
1r(p) = MQr(p) = ¢ WR) for p>R (4.4)
uw(—=R) for p<—R
Yr(p, 0, divu) = y(Qr(07) + (p* — R*)*T, divu) (4.5)

for p, 0, divu € R. Note that by Hypothesis 3.1 (vi) we deduce that |fr(p)| <
|£(0)] + f*|p|, from which

Fr@l<CO+ip), (2@ <C(1+p7), (bl =1) < Valp) < P,
(4.6)
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and also, from Hypothesis 3.1 (x),

~y° (1 +Qr(OT) + (p* — RH)™ + | div u|2)
< 7r(p, 0, divu)
<A (1+Qr(07) + (»* — R*)T +|divul?). (4.7

We replace (3.2)—(3.5) by the cut-off system

/ﬂ ((x+ 2" (1 = X)) (fr(P) + Golp] + divu)), ¢dz + /ﬂ wr(p)Vp - Védz
:/ a(z)(p” — p) pds(z), (4.8)
oQ
[ (PIV.u + BY.u) s Vo) da
Q

—/ (PO + o™ (1= %)) + BQr(0) — 0.)) divwdx=/ g-da,
Q Q

/Q (Cv(9)t —BV.ut : Vsur — ||Dp[Vaeulell« — pr(p) Qr(IVDl?) — (x+0* (1=X))|Dol[pl:|

—vr(p, 0, divu)x? + (0£Xt + Bdiv Ut) QR(9+)>Cd$ + / K(QRr(OT))VO - V(dx
c Q

= [ w(@)(0* —0)Cds(x),

Jaa
(4.10)
Yr(p, 0, divu)xt + 010 1)(x)

4.11
S (1— o) (®r(p) + pGolp] — Uolp] +p diva) + L (%ﬁ ~1) aee (4.1

for all test functions ¢,¢ € X and ¢ € Xj. For the system (4.8)—(4.11) the
following result holds true.

Proposition 4.1. Let Hypothesis 3.1 hold and let R > 1 be given. Then there
exists a solution (p,u,0,x) to (4.8)—(4.11), (1.6) with the reqularity

e pe LI(Q;C[0,T)) for all q € [1,6), Vp € L2(Q2x (0,T); R3), p, € L*(Q x
(0,7));

® U € L2(O,T;X0), Vsut S L4(Q X (O,T),Rg;n%),

e € L?(Qx (0,T)), VO € L>(0,T; L*(;R?)), 0, € L*(Q x (0,7));

o x € L1(Q;C[0,T)), xt € LI(2 x (0,T)) for all g € [1,00).

We split the proof of Proposition 4.1 in two steps. First, in Sect. 4.1, we
further regularize the system by means of a small parameter n > 0 in order to
obtain some extra-regularity for the gradient of the capillary pressure. Then,
in Sect. 4.2, we solve this new problem by Galerkin approximations. Here the
extra-regularization will be of fundamental importance in order to pass to
the limit in the nonlinearity Qr(|Vp™|?), where n is the dimension of the
Galerkin scheme. As a last step, we let n — 0.
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4.1. W22_regularization of the capillary pressure

We define the functions
p 0
Mg(p) :== / wr(z)dz, Kgr(0) := / K(Qr(zT))dz (4.12)
0 0

for p,0 € R, and introduce the new variables v = Mg(p), z = Kr(0). We then
choose another regularizing parameter n € (0,1) and consider the following
system in the unknowns v, u, z, x:

(O + 0" (1= X)) (FR(ME " (v)) + Go[ME " (v)] + divu)), ¢ de

S—

(4.13)
+ [ (- Vot ntoad) do= [ a@)p - M @) ods(a),
Q o0
/ ((P[Vsu] + BVsuy) : Votp) da
Q
- /Q (M () (x + p* (1= X)) + BQR((KRH(2)T) — 60)) dive de (4.14)
Q
/Q (Cv(KRl(Z))t — BVsut : Vsut — ||Dp[v5u]t||*
— ur(M7 @) Qr(V (M7 ()[?)
— (9" (1 = X)IDo[ M7 @)]e] - vr(M7 ), K7 (2), divu)x? (4.15)

+ (9£Xt+ﬁdivut) QR((KRI(Z))+)>C(1$+ Vz-V(dz
c Q

- /8 ()"~ Kz (2) Cdso),
YR(Mg' (v), K5 (2), divu)x: + 01jo,1)(x)
5 (1) (@R(Mz" () + My (v) GolMz (0)] ~ Uo[Mz ()] + My (v) div)

+L(@R<<K5:<z>>*>_1>

(4.16)

with test functions ¢ € W22(Q), ¢ € X and ¢ € X.

4.2. Galerkin approximations

For each fixed R > 1 and n € (0,1), system (4.13)—(4.16) will be solved by
Faedo—Galerkin approximations. To this end, let W = {e; : i =0,1,2,...} C
L?(Q2) be the complete orthonormal systems of eigenfunctions defined by

—Aei = )\iei in Q, Vei 0

'n|a§z =
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with Ag = 0, A\; > 0 for ¢ > 1. Given n € N, we approximate v and z by the

finite sums
n

o™ (z,t) = Zvi(t)ei(ac)7 2 (x,t) sz
k=0

=0

where the coefficients v;, z : [0,7] — R and u(™ | (™ will be determined as
the solution of the system

/ (X +p* (1= XN (fr(P™) + Go[p™] + divu™)), e; dz+ (\i + A7) vi
JQ
- / a(@)(p* — p™) e: ds(x),

oN

(4.17)
/Q (PIVaul™] +BV.u™) : Vg de

= [ (B 5@ =) + BQR(O) )~ 00)) divide = [ g-was,
; RENVRT)

/(CV(G("))t—BVsu( :Voul™ — [|Dp[Vaul™i]le — ur(™)Qr(IVD™?)
Q
— (x™ 4 p* (1 = X)) [Dolp™]e| — yr(P™, 0, divau™)|x{™)|?

+ ((f (")—I—ﬁdlvu(”)) Qr((6™)F > ekdx+Akzk:/m w(z)(0* — 0™ ey, ds(z),
(4.19)

YR(P™, 00, divul™)x{™ + a0 17 (™)
51— p*)<<I>R(p(")) + " Go[p™] — Uo[p™] + pt™) div uw) (4.20)

for i,k = 0,1,...,n and for all ¥ € X, and with p(® := Mlgl(v(”))7 o) .=
Kz'(2™). We prescribe the initial conditions
i(0) = [, Mr(p®(x)) ei(x) dz,
u™(2,0) = u®(z)
2(0) = Jq KR(QO( ) ex(x) da,
X" (x,0) = X°(x).

This is an ODE system coupled with a nonlinear PDE (4.18). It is non-
trivial to prove that such a system admits a unique strong solution. We proceed
as follows. For a given function w € L"(2 x (0,T")) consider the equation

(4.21)

/QBVSut(x,t) : Vap(z) dx+/Q P[Vul(z,t) : Veip(x) dx:/Qw(x,t) div ¢ (z) do
(4.22)
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which is to be satisfied for every ¢ € Xg a.e. in (0,T) together with an initial
condition u(x,0) = u%(z), u® € Xo N WHT(Q;R™) and boundary condition
u =0 on 0.

Step 1. As an application of the L"-regularity theory for elliptic systems
in divergence form (see e.g. [21]) we can conclude that for every w € L™( x
(0,T")) with some r € [2,00) the problem

/ BVui(z,t) : Vep(z)de = / w(z,t) divey(z) de
Q Q

has for a.e. t € (0,T) a unique solution such that Vu(-,t) € L"(Q;R3%3),
and it holds

/ |Vsu" (z,t) de < C/ |w|"(z,t)dx for a.e. t € (0,T).
Q Q

Integrating over ¢ € (0,T') we obtain that Vsu; € L™(Q x (0,T); R3%3).

sym
Step 2. Let us define the convex and closed subset U,. := {weL"(0,T; Xy) :
Vsw; € L™(Q2x(0,T); R3X3), w(x,0)=u’(x) a.e.} CL"(0,T; X(ﬂWl”"(Q;R?’)).

sym
Note that the trace operator is well defined on this space, so that the initial
condition makes sense. Let 4 € U,., and let u be the solution of the equation

/ P[Vsi](x,t) : Vsp(z) da —|—/ BVui(x,t) : Vsp(z) da = / w(z,t) divy(x) de,
Q Q

Q

the existence of which follows from Step 1. We prove that the mapping u; — uy
is a contraction with respect to a suitable norm.

Indeed, let 41, uo be given, and let uq, us be the corresponding solutions.
The difference 4 = u; — us is the solution of the equation

/Q BY i1y (1,1) : Vatb(r) da = — / (P[V.in] — P[V,a])(,1) : V() da
According to Step 1, we have
/Q|Vsat|r(x,t) dz < C’/Q |P[Vsin] — P[Vstg]|"(z,t)dz  a.e. (4.23)
By inequality (3.14) we have for a.e. (z,)
|P[Vsin] = P[Vsig]|(z,t) < C'/Ot Vs (@ — t2)|(z,7)dT

with a constant C' > 0. Hence, by Holder’s inequality,

/QIP[VSM — P[Vis]|" (2,t) dz < c/ﬂ (/Ot V(g — tig)e| (2, 7) m)r da

t
gCtH/ / V(1 — t2)¢|" (2, 7) da dr.
0o JQ

(4.24)

Now, set

w t) = /Q ‘Vs(ul - u2)tlr($,t) dz, W(t) = /Q IVS(al - ’0,2)t|r(£,t) dz.
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It follows from (4.23) and (4.24) that

W(t) <cot! /t W (r)dr.
0

ct”

We now multiply both sides of the above inequality by e~“* , and after an

integration over ¢ € [0, 7] we obtain from the Fubini Theorem

T T 1 T r r 2 1 T T_a
/ e YW () dt < f/ (e_CT —e T )W(T) dr < f/ e W (t) dt.
0 P Jo P Jo
This means that the mapping 4; — u; is a contraction in L"(0,T; Xy N

WL (Q; R3)) with respect to the weighted norm

T 1/r
el = ( | e IVsut|T(a:,t)dxdt> ,
0 Q

hence it has a unique fixed point which is a solution of (4.22).

Step 3. The mapping which with a right-hand side w € L"(2 x (0,T))
associates the solution u; € L"(0,T; Xo N W17 (€;R?)) of (4.22) is Lipschitz
continuous. Indeed, consider wi,ws and the corresponding solutions wq, us,
and set as before w = wy —wa, & = u1 — ug. As a counterpart of (4.23) we get

/ V| (z,)de < C | (|P[Vsur] — P[Vaus]|” + @) (z,¢)dz  a.e.,
Q Q

and the computations as in (4.24) yield
t
/ Vo] (2, 1) da < th—l/ / IV (2, 7) da dr + c/ @[ (2, 8)dz a.e.
Q 0o Ja Q

We obtain the Lipschitz continuity result when we test by e~ 7" and integrate
over t € [0, 7], similarly as in Step 2.

Now, coming back to our Eq. (4.18), we see that it is of the form (4.22)
with w(z, ) = 0 (,8) = P (™ + p*(1 — x™)) + HQr((OM)*F)

~

0.)(x,t) + @(x, t), where G is from Hypothesis 3.1 (ii). Therefore, denoting by
S:w™ — uﬁ”) its associated solution operator, we conclude that (4.17)—(4.20)
give rise to a system of ODEs with a locally Lipschitz continuous right-hand
side containing the operator S.

Thus system (4.17)-(4.20) has a unique strong solution in a maximal
interval of existence [0,7},] C [0,7]. This interval coincides with the whole
[0, T, provided we prove that the solution remains bounded in [0, T5,).

We now derive a series of estimates. Note that we decompose the auxiliary
variables v and z instead of p and € into a Fourier series with respect to the
basis W because we are going to test Eqs. (4.17) and (4.19) by nonlinear
expressions of p and 6, namely, by their Kirchhoff transforms (4.12). Indeed, the
Galerkin method allows only to test by linear functions and their derivatives.

Moreover, we do not discretize the momentum balance equation because
considering the full PDE is the only way to deduce compactness of the sequence
{Vsugn) }, which is needed in order to pass to the limit in some nonlinear terms.
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Indeed, we will not be able to control higher derivatives of u(™), and this will
prevent us from applying the usual embedding theorems.

4.3. Estimates independent of n
Estimate 1. We test (4.17) by v; and sum up over ¢ = 0,1,...,n, and (4.18)
by ¢ = u§”>. Then we sum up the two equations to obtain

/Q(X(") + 0" (1 = x") fr(P™): Mp(p™) dz
[0 47 (L= X)) Galp ™ M)
Q
+/ (Bvsut’” Vo™ + Up[Vu™], + ||Dp[Vsu(")]t||*> dw
Q
[ (VP nla0F) ot [ a@)e® - p)Ma@") ds(o)
Q o
=- / (1= 0" (Fr(™) + Golp™] + divul™ ) Mp(p™) dz
Q
+ /Q(x(”) +p (1= x™)) div (p(”) - MR(p(”))) da

+ [ BQa(0)) ~ 0 aivufPar+ [ g0
) ) (4.25)

where we exploited also the energy identity (3.10). We now define

P
Varr(p) == / Sa(2)Mp(2) dz
so that

/ ™ 4 (1= X)) (™) Mp(p™) dz
Q

d n * n n * n n
= L X)) o = [ (1 0 Vi)

and introduce the modified Preisach potential as a counterpart to (2.20)

oo rfrp]

Unt,r[P] ::/0 ; Mg (v) ¥ (r,v)dvdr > 0

which satisfies

Golpls Mr(p) — Un,r[ple > 0 a.e.

according to (2.19). Note that (4.2) and (4.3) together with Hypothesis 3.1 (vi)
and (vii) yield
2 2
crp” < Vm,r(p) < Crp (4.26)
for all p € R, with some positive constants cg,Cr depending only on R.
Moreover, the estimate

Unr.rlp] < Cr (1+ |p])? (4.27)
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holds as a counterpart of (2.18). By the definition of v(™ and Hypothesis
3.1 (vii) we deduce

/ o] dz = / (™) VM de > (1) / VPP e, (4.28)
Q Q Q

Moreover, thanks again to Hypothesis 3.1 (vii), the boundary term is such that
| a@ - 5)r() asta)
oQ
— [ alel™EMRE™) dso) ~ [ allpp M) ds(o)
oQ

a0
>4 [ a@lp™ P ds(o) ~ Cr | ala)lpp™]ds(o)
a0 a0
where for p € R we set

<. ) Mgr(p)/p for p # 0,
Malp) = {MI/{(O) for p = 0.

Young’s inequality and Hypothesis 3.1 (iii), (iv) give

b
[ a@@") = p)Ma(p™) ds(@) = 5 [ a@)lp P ds(a) - Cn. (429)
[2}9) [2}9)

Moreover, by Holder’s inequality and Hypothesis 3.1 (ii),

/Q(g . u§n>)(x,t) dz < C </Q |“En)\2(x,t) dx>1/2

T ([

B
<C+ o / Voul™|? d (4.30)
Q

where in the last line we used first Korn’s inequality (3.16) and then Young’s
inequality. Neglecting some lower order positive terms on the left-hand side,
exploiting estimates (4.6), (4.26) and (4.27), and the fact that p* < (x +
p*(1—x)) <1 forall x €[0,1], from (4.25) and the subsequent computations
we obtain

d
at Jo (O 07 XN Var ™)+ Unlp ™)+ Up[ V™)) da
Bb
_|_/ (Vp(n)|2+77|AU(n)|2—|—2|Vsutn)|2> dx—l—/ oz(x)\p(")\st(a:)
Q o0

< Cr (14 [ (IR + 1 v a1+ [p7F) ao
Q

(4.31)
where we used also Hypothesis 3.1 (i), Young’s inequality and the pointwise
inequality

|divu|?(z,t) < 3|Vsul?(z,t) forall (z,t) € Q x (0,7) (4.32)
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to absorb | div u§">| on the left-hand side together with the term coming from
(4.30).

We need to control [y!™|. To this aim note that (4.20) is of standard
form, namely,

Xgn) + 0Ijp q (x™) > F™

with
(1—p") (Pr(p™) + p™ Go[p™] — Uo[p™] + p'™ div u™)
L 6N+, — 1
V(™ , 00, divu()
or, equivalently,
XM ef0,1], (F™—x{f")(x™ —%) >0 ae Vxel01].
This yields, thanks to (2.18), (4.6) and (4.7),
C 1+ [p™?) + |divu™|?/2+ L 6N+ /6, — 1
) ¢ CEFPED B2 L@ /0 1] ¢,
Y (14 (Qr((0™)+) + (Ip™]2 = R2)* + [ divu(™|?)
(4.34)

for a.e. (x,t) € Qx (0,T,). We now come back to (4.31) and integrate in time
fOT dt for some 7 € [0,7},]. The initial conditions are kept under control thanks
to (3.7), (3.9), (4.26), (4.27) and Hypothesis 3.1 (v). Hence Young’s inequality
yields

/ (1" + 1Vout 2) (2, 7) da
Q
+/ / (VP2 4 0202 + V0™ 2) (2,1) ot
0 Q

’ a(@)|p™ ] (z s(x
[ a@ ™R .o ds(e) d

<Cr (1+/ /(|p<”>|2+|divu(">|2) (:c,t)dxdt).
0 Q

Using (4.32) and Grénwall’s lemma, we thus obtain

sup ess / (\p(m|2 + |V5u<n)|2) (z,7)dz < Cg, (4.35)
TE(0,Tn) JQ

/OTn</Q (|Vp(n>|2 + |V5u§")|2)(x7t) dz + /BQ a(@)|p™ 2(z, 1) ds(m)) dt < Cn,
(4.36)

and also
T, Cr
/ /|Av(")|2(:c,t)dasdt§—. (4.37)
0 Q n

Now, in terms of the variable v(™ = MR(p(”)), the boundary condition is
nonlinear. By the spatial W2 2-regularity result for parabolic equations with
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nonlinear boundary conditions on C*' domains stated and proved in [14, The-
orem 4.1], we see that

CR
n

This, together with the Sobolev embedding W12(Q) — L5(Q), yields

1/3
/ (/|Vp xtdz) dt<%
n

and since W16(Q) — C(Q) we also get

IMe(P™) 7201, w22 (0)) < (4.38)

T CR
/ supess [p™|?(z, 1) dt < = (4.39)
0 €N n

Estimate 2. We test (4.17) by v; and sum up over i = 0,1,...,n. We get
/ (" 49 (1= X" NERG™) + Golp™] + divu™)), Ma(p™ ) dz
Q

+/ (Vv(n) -Vvt(n) + nAv(”)A'ut(n)) dz = / a(z)(p* — p™ )Y Mr(p™): ds(x).
Q o0

(4.40)
Defining

i) i= [ Mp2)zdz = [ uno)za

for p € R, we can rewrite
[ @ — 5)r(™); ds(o)
o0
= [ a@(@ne™) =" Mato™), ds(e) + [ alalpi Ma(p™) ds(a)
a0 a0

Hence, computing the time derivative in the first summand and rearranging
the terms, we can rewrite (4.40) as

% </Q % <|Vu(")‘2 +17 |AU(")‘2) dz + /aQ a(@) (g (p™) *p*MR(p(n)))ds(a:)>

+ / ™+ (1= X)) (Fr@™)e + G ™) Mr(p™): da
JQ
= [ =" (F™) + Golp ™)+ diva™) Ma(p™)r do
Q

= [ X)) dival M) do — [ alalpi Me(p™) ds(a).
) 09
(4.41)
Combining (2.8) with the identity (2.7) for the play, we see that it holds

Golp™]s Mr(p™): = Go[p™]: pi™ pr(p™) > 0.
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Hence by (4.2), (4.3) and Hypothesis 3.1 (vi), (vil) we obtain the pointwise
lower bound

O+ 7 (1= X)) (Fr™)e + Golp™]:) Ma(p™),

> p* fr(@™) ur(™) [PV > Cr pi™|2.

We now integrate (4.41) in time [ d¢ for some 7 € [0, T,). Note that fiz(p) >
u’ p?/2 for all p € R. Hence, arguing as for estimate (4.29) with p(™) Mz (p(™)

replaced by [ R(p(”))7 we obtain that the boundary term on the left-hand side
is such that

b

| @) =0 Map ) . r) ds(@) 2 i [ al@)lp® (o) dsta) ~Co
(4.42)

Concerning the initial conditions, we employ Hypothesis 3.1 (iv) and (v). Thus,

exploiting also (4.28) and (4.34), we get

[ (9™ 4 180 R) (@7 o
Q
+ [ @™ P nds@) + [ [ 0P ded:
o 0 Q
< Cr (1 [ (v I+ 1)+ i1 da
0 Q

[ el ast ar).

Young’s inequality, Hypothesis 3.1 (iii) and (iv), and estimates (4.32), (4.35),
(4.36) give

sup ess (/Q [Vp™ 2 (z, ) dx—&—/{m o(2)[p™ | (2, ) ds(x)) < Cr, (4.43)

T7€(0,Ty)
sup ess / |AV™ 2 (2, 7) da < @, (4.44)
T€(0,T,) JQ n
T,
/ ™[ (2, t) dw dt < Cr. (4.45)
o Ja

Estimate 3. We test (4.19) by 2, and sum over k = 0,1,...,n. We obtain

/ (CVW”))t—Bvsuim Vol — | Dp[Vu™] |~ ur(p™)Qr(IVD™[?)
Q
= (™ 4 p* (1 = X)IDo[p™i| = (™, 07, divul™)[x ("2

L n . n n n n n
+ (0X£ )—I—ﬁdlvug )>QR((9( ))+)>KR(9( ))tdx—&-/ \Z3 )-Vzt( ) dz
c Q

B / w(x) (0" = 0" Kr(0™), ds(z).
00
(4.46)
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Defining
0 0
)= / Ky(2)zdz = / K(Qr(z1))zdz
0 0
for 8 € R, we can rewrite
l/ w(@) O™ — ) KR(6™), ds(x)
20
:i/ w@ﬂ@RwWUA%?KmeUdezy+/‘w@%ﬁKmequx)
0 o0
Hence, rearranging the terms in (4.46), we obtain
1
d (/ |Vz(")\2 dz —|—/ w(x) (/%R(g(n)) _ H*KR(Q(n))) ds(x))
dt \2 Jg o0
+ [ C6™) n@Qu((0™) )l do
Q
/s (Bv " Vo™ + | Dp [V + pr(™)Qr(IVP™?)
)
+ (™ + " (1= XN Do[p™ ] + va(p™, 00, div ul™)|x{"
B (9 ¢ pdiva” )QR«e("))*))n(QR<<e<">>+>>9§”> da
-:/ o(2)0 K (0™ ds(z).
o0

We now integrate in time [ dt for some 7 € [0,T},). By Hypothesis 3.1 (viii)
and (ix) it holds

‘/\vémﬁdwz(nh{/\vmmﬁd%
Q Q

| [ ev @) m@n@ e Pasar=éw [ [ 0P asar
0 Q 0 Q

Note also that &g (#) > x* 62 /2 for all § € R. Hence, using Young’s inequality
as in (4.29) we obtain

/ ) (R(0™) — 0 Kr(6™)) ds(x)
o0

b
zi/meWMm—%/w@WWWMm
2 Joa 09
b
zi/w@WW®m—%.
4 o
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Concerning the initial conditions, we employ Hypothesis 3.1 (iv) and (v). Thus,
exploiting also (2.18), (3.11), (4.7) and (4.34), we get

/|V9(”)|2(x,7)dw+/ w(@) |02 (z, 7) ds(x / /|9
Q o0

< Cn <1+/ / (1722 + |pi” |—|—|p(")|2+|divu(")\2) 107 d it

[0 wwloromlastoar)
(4.47)

We see that the approximate solution remains bounded in the maximal interval
of existence [0,7},,]. Hence the solution exists globally, and for every n € N we
have T,, = T.

We further need to estimate the terms Vsugn)7 p™, divu(™ in the norm

of L*(Q x (0,T)). Note that (4.43), (4.45) entail Vp(™) € L>=(0,T; L?(9;R?)),

(") € L%(Q x (0,7)) independently of n. Thus by the anisotropic embedding

formulas ([3, Theorem 10.2] on p. 143 of the Russian version, see also [1,5]) we
deduce

T
/ / P |} (2, t) dedt < Cr. (4.48)
0 Q

Now, let us consider (4.18) rewritten in the form
/ PV u™)(z,t) : Vab(x) da +/ BV, u\") (z,t) : Vob(z) dz
Q Q
= / w™ (z,t) divy(z) de, (4.49)
Q

where

w (1) == p (™ + p* (1 = x™)) + BQR(O™)F) = be) (@, ) + Gz, 1)

according to Hypothesis 3.1 (ii). By the already mentioned L"-regularity (with
some r € [2,00)) for elliptic systems in divergence form and by (3.8) we deduce,
arguing as for (4.24),

/|v u(z, t)dx<C’/ V™[ (2,0) dz + C~ 1/ / Voul™|" (2, 7) da dr

+C/ lw™|"(z,t)dz  a.e.
Q

(4.50)
By (4.48) and Hypothesis 3.1 (ii) we see that

/ lw™ |4 (z,t) dedt < Cg (1+/ / p™ [z, 1) dxdt) < Cp.
0 Q

Therefore, choosing » = 4 in (4.50) and using also Hypothesis 3.1 (v), by
Gronwall’s lemma we obtain

/ /|vsu§”>|4(x,t)dmdt§cR,
0 Q
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from which we deduce a bound also for the term divu(™ since Vsugn) is

dominant. Thus, coming back to (4.47) and using Hypothesis 3.1 (iii), (iv) and
estimate (4.45), we finally obtain

/|v0<"| (, T)dl‘Jr/ w(2)|0™?(z, 7) ds(z / /|e(”’| (2,t) dz dt
<OR<1+/ /m ()]0 2 (, t) ds(x )dt).

Applying Gronwall’s lemma and Poincaré’s inequality (3.17) we finally obtain
the estimates

sup ess (/ (|9(n)\2 + |V0(n)|2) (z,7)dx +/ w(z)0™)? (2, 7) ds(x)) < Cg,
Q o0

T7€(0,T)
(4.51)

T
/ /|9§”>\2(x,t)dxdt§cR. (4.52)
0 Q

4.4. Limit as n — oo

For the moment we keep the regularization parameters n and R fixed, and let
n — oo in (4.17)—(4.20). From estimates (4.35), (4.36), (4.38), (4.43), (4.44),

(4.45), (4.51), (4.52), we see that there exists a subsequence of {(p(™,0(™) :
n € N}, which is again indexed by n, and functions p, 6 such that

pﬁ") — pt,eﬁn) — 0 weakly in L2(Q x (0,T)),

von) — v weakly-star in L°°(0, T; L?(£2; R?)),

p(™ —p strongly in L4(Q; C[0,T7) for ¢ € [1,6) and in L2(82 x (0,T)),
vp(™ — Vp strongly in L2(Q x (0,7T);R3),

g(n) 5 9 strongly in L2(Q2 x (0,7)) and in L2?(09 x (0,T)),

where the strong convergences are obtained by compact embedding, see [3].

We also need strong convergence of the sequences {V,u(™} and {Vsu,gn)} in

order to pass to the limit in some nonlinear terms. Taking the difference of

4.49) for indices n and m, and testing by ¥ = = u{™ — ™ we obtain, arguing
t t

as for Step 3 of the existence part,
/ |V5u§n) - Vsugm)|2(z,7') dz < C’/ lw™ — w™(z, 7) dz
Q Q

<¢C (/ (141 =2 4 [p ™ P = X2 0 — 00 (2, 7) da
Q

(4.53)
a.e. in (0,T). The L'-Lipschitz continuity result for variational inequalities
(see [11, Theorem 1.12]) tells us that

™ = x|(z,7) < / ™ =™ () dt < 2 / [P — FO|(2, 1) dt
0 0
(4.54)
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with the notation of (4.33), where we have by virtue of (2.16) for a.e. z € Q
that

/ [P0 — FOm)| (g4 dt
0
<Cg (1 + m[gx] Ip™ — p(™)|(x, ) —|—/ (| divu™ — divu™)|
se|0,7 0
+ 10 — ™) Y, ) dt).
For t € [0,T] put
Ut) = / IVu™ — Vul™?(z,t) de,
Q
W(t) = / |V5u§n) - Vsugm)|2(x7t) dz,
Q
m(t) =1+ supess|p™[*(x, 1),
€N
t
II(¢) :/ m(s)ds,
0
o) = [ (14 max 157 = 5P (2,9 100~ 0P (0,0 )
Q s€[0,t]

Note that by (4.39) II is bounded above independently of n. We further have
t
uit)y<c (1 —|—/ W (s) ds) )
0
and (4.53) is of the form

Wir) < Cr (ur) 420 [ (w0 + [ Wis) s) ).

Thus, from Fubini’s theorem and Gronwall’s lemma we obtain

[ winar <o [ om-neo (oot [Fora) o

T
< CR< / CCALD - ()
0

+ /0 ' ( /t " e ne dr) (1) dt>

T
S CR,n/ y(T) dTa
0
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that is,
/supess|Vsu — Vo™ P (z, 7 d:c</ / Veuf™ = Voul™ (@, 7) dz dr
Q 7€(0,T)
< Chry (1 —|—/ < max_[p™ — p{™ }(z, 5) —|—/ 10 — 6™ 2 (2, 1) dT) dx) .
Q SE[O T] 0
(4.55)

The sequences {p(™} and {#(™} are Cauchy in L?(©;C[0,T]) and L?(92 x
(0,T)), respectively, hence {V,u(™} and {Vsugn } are also Cauchy sequences
in L2(Q; C([0, T|; RESS)) and in L*(Q x (0,T); R3%3), respectively. Thus we
conclude

Vo™ — Vo strongly in L2(Q; C([0, T]; R3X3)),

sym
Voul™ — Vo,  strongly in L2(Q x (0,T); R3X3).

sym

This is enough to pass to the limit in the nonlinearities by virtue of [7, Theorem
12.10], and we obtain

fr@™) — fr(p), ®r(P™) — r(p) strongly in L*(Q x (0,7)),
Go [p(")] — Golp] strongly in L? (Q;Clo0, 1Y),
G’o[p(")]t — Golplt weakly in L2(Q x (0,T)),
|Do[p™]e| — |Dolpl:| weakly in L*(Q x (0,T)),
Ug[p(")] — Uy [p] strongly in LI(Q; Cl0,77),
P[Vsu™] — P[Vu] strongly in L*(Q; C([0, TI; R2)E)),
IDp[Vsu™]lls — IDp[Vsulell« weakly in L2(Q x (0,T)),
Bvsuﬁ") : Vsugn) — BVus : Vauy strongly in L'(Q x (0,7)),
Cv(0) — Cy (0) strongly in L?(Q2x(0,T)) for all g€ [1, ﬁ] ,

Qr(IVP™ ) = Qr(IVpI*)
pr(@™) — pr(p)
Qr((0)T) = Qr(6h) strongly in L?(2 x (0,T)) for all ¢ € [1,00),
1 1

yr(p(), 0 divu(™) - Yr(p, 0, divu)
from which

frR®@™)y — fr(p):t, Cv(00))y — Cv (), weakly in L2(2x(0,T)),
yr(P), 00" divu(™) — ygr(p,d, divu) strongly in L2(2x(0,T))
for all ¢ € [1,00).

The convergence of the Preisach hysteresis terms Go[p(™], Up[p™] and
| Do[p(™)]¢] follow from (2.16), (2.17) and (2.11), respectively. The convergence
of the plasticity terms P[V,u(™] and ||Dp[Vsu(™];|. follows from (3.12) and
(3.10), respectively. We now prove that the sequences {x(™}, {X,E”)} converge
strongly in appropriate function spaces. Inequality (4.54) yields

T
/ sup ™ — x™|(z,7) de < / / ™ — x| (e, 1) da dt
Q 7€[0,T] 0o Ja

T
§2/ /|F(")—F(m)|(az,t) dz dt
0 Q

where, due to the above convergences, F(™) — F strongly in L'(Q x (0,T)).

Hence we conclude that {x(")(z,t)} and {th) (z,t)} are Cauchy sequences in
LY(Q;C[0,T]) and in L*(Q x (0,T)), respectively. Moreover, since both |y(™)|
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and | Xt )| admit a uniform pointwise upper bound (see (4.34)), we can use the
Lebesgue dominated convergence theorem to conclude that

x™ — x  strongly in L(Q; C[0,T)) for all ¢ € [1,00),

Xi”) — xt strongly in L9(2 x (0,T)) for all ¢ € [1,00).
Passing to the limit as n — oo in (4.17)—(4.20) we see that (p,u,6,x) is a
solution to (4.13)—(4.16), (1.6) with the regularity stated in Proposition 4.1.

4.5. Limit asn — O

Let us denote by (v, w20 () the solution to (4.13)-(4.16). Note that
estimate (4.44) is preserved in the limit as n — oo, hence the limit function
v satisfies the inequality

Supess/ |AV 2 (2, 7) dz < —
7€(0,T) n

We now choose ¢ € W22(Q) such that ¢|aﬂ = 0, and integrate by parts in
equation (4.13) to obtain

/Q((x(")er*(l— MNFrME! (@) + Go[Mp! (0)] + divu)), ¢ da

+ / (—Av(") ¢+ nAv(”)Aq{)) dz = 0.
Q

(4.56)
Introducing the new variable 0" = Av™ | we rewrite (4.56) in the form

/ o (¢ — nAg) da = / R ¢ da (4.57)
Q Q

where

R = (X + p" (1 = X)) (Fr(M" () + Go[Mz" (v™)] + divu™)), .

Note that the term Go[p™]; is of order p(n) by (2.7) and (2.8). Hence by
estimates (4.34), (4.35), (4.36), (4.45) we see that h(W € L*(Q x (0,T)), and
its L2-norm is bounded independently of 7.

Consider now the system {éj : k € N} of eigenfunctions of the negative
Laplace operator with zero Dirichlet boundary conditions

—Aép = vplr, e, =0, /\ék(x)|2dx: 1.
Q

They form a complete orthonormal system in Lz(Q) with 0 <11 <1y <3<
. The functions A, (" admit the expansions

R (z, 1) Z h{" (1) 0 (1) = > 0" (1) éxx)
k=1

with coefficients h(n) 0,T] — R, v,(c " : [0, 7] — R. Choosing ¢ = éj in (4.57)
we obtain

I (#)

1+nu’

o) =
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hence

T T o0
/ / 16 (2, )% dz dt :/ ST (1) dt
o Jao (i

T T
< [ S mPora= [ [ 0P < o

(O 0o Ja
(4.58)

for some positive constant Cr independent of 7. The estimate (4.45) is pre-
served in the limit n — oco. Thus we get for a subsequence n — 0 that

Vo — Vv strongly in L?(Q x (0,T); R?),
nAv(M — 0 strongly in L?(Q x (0,7)),
from which, by definition of Mp in (4.12) and Hypothesis 3.1 (vii),
VMg (v'™M) — VMz'(v) strongly in L*(Q x (0,7); R?),

Qr(VM' (")) — Qr(IVMg'(v)*) strongly in L4(Q x (0,T))
for all g € [1, 00).

Also the estimates (4.35), (4.36), (4.43), (4.51), (4.52) are preserved when
n — oo. Since they are independent of 7, by letting n — 0 we obtain for v("
and 0 the same convergences as before.

Note that as a side product, from (4.58) we get that the estimate

T
/ / |AMR(p)|*(x,t) dz dt < Cr
o Ja
holds also in the limit as 7 — 0. Hence, arguing as for (4.38) we get

IMR(0)1720.7mw220)) < Cr-
This, by Sobolev embedding, yields
1/3

/OT (/Q |Vp|® (2, 1) dx) dt < Ck, (4.59)

T
/ supess [p™|?(z,t) dt < Ck.
0 €N

as well as

But then we can argue as in Sect. 4.4 and obtain an inequality similar to (4.55),
but with a constant independent of 7. This entails the strong convergence of
the sequences V,u(™ and vsu@. The rest of the convergence argument follows
exactly as at the end of Sect. 4.4, and this concludes the proof of Proposition
4.1.

5. Estimates independent of R

We now come back to our cut-off system (4.8)—(4.11). We are going to derive
a series of estimates independent of R. More precisely, after proving that the
temperature stays away from zero, we will perform the energy estimate and the
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Dafermos estimate in order to gain some regularity for the temperature. Sub-
sequently, a key-step will be the derivation of a bound for p in an anisotropic
Lebesgue space. Then an analogous estimate based on the particular struc-
ture of Eq. (4.9) is obtained for Vsu,. We finally show that this is sufficient
for starting the Moser iteration and obtain an L* bound for p. After deriving
some higher order estimates for the capillary pressure and for the temperature,
we will be ready to let R tend to oo in (4.8)—(4.11).

5.1. Positivity of the temperature
For every nonnegative test function ¢ € X we have, by virtue of (4.10),

[ (€v @)+ mQr®)VE-VC) do+ [ wl(@)(® - 07)¢ ds(a)
Q o0
= /Q (BVsut : Veur+ || Dp[Vsule|ls+pr(p)Qr(IVDI®) + (x40 (1 — X)) Dolpl:|

L
+vr(p, 0, divu)xi — (H*Xt + B div Ut) QR(9+))de

Bt L
> / (?| divue|® +9°x7 — (O*Xt + ﬁdivut>QR(9+)) (dz,
Q c

where in the last line we used Hypothesis 3.1 (i) together with inequality (4.32),
and also estimate (4.7). Then, by Young’s inequality,

A(CV(G)tCJF’i(QR(eJF))VG'VC) de
w(x —0* s(x — +1)2 T
+ [ oo 0)0dsta) = -C [ (Qu(o7)P¢a

with a constant C' depending on L, 6., 3, B, 7°. Let now ¢(t) be the solution
of the ODE

LCv(pl) + () =0, p(0)=0

with @ from Hypothesis 3.1. Then ¢ is nondecreasing and positive. Taking into
account the fact that Cy (¢); = —Cp? and Vi = 0, for every nonnegative test
function ¢ € X we have in particular

[ (v (0) = (), + R(@n ) V(e =0)-9¢) do+ [ wla)(0-7)Cds(a)

oN

<c [ ((@a)? - ") ca.

Consider now the following regularization of the Heaviside function

0 for z<0,
H.(z) = g for 0 < z <e¢,
1 for z > ¢,
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for e > 0, and set ((x,t) = H:(o(t) — 0(x,t)) which is an admissible test
function. This yields

| (evi)—cv(®), Ho-oyar <o

By the Lebesgue Dominated Convergence Theorem we can pass to the limit
in the above inequality for ¢ — 0, getting

/Q (Cv(p) — Cr(6)), H(p — 0) dz < 0,

that is, by the monotonicity of Cy,

d

@ ), Cv@—CvE)T de <0 (Cr(p) ~Cr(0)"(,0) =0

which unphes (Cv(p) — Cv(0))" = 0. Owing again to the monotonicity of Cy
and ¢, we conclude that, independently of R,

O(z,t) > (t) > o(T) =:0r >0 for all z and . (5.1)
We now pass to a series of estimates independent of R.

5.2. Energy estimate

Since we proved that the temperature stays positive, from now on we will write

Qr(07) = Qr(0).
We test (4.8) by ¢ = p, (4.9) by ¢ = uy and (4.10) by ¢ = 1. Summing
up the three resulting equations we obtain
[ (G o7 (1= 20) () + Golpl + div), pda + [ jan(o)| Vol ds
+ [ (P[Vsu]+BVus) : Veuy d:rf/ <p (x+p*(1— X))Jrﬁ(QR(@)ch)) div us dz
Q Q
+ /Q <CV(9)t_BVsut : Voue— | Dp[Vsulell« — pr()Qr(IVp|?)

— (" (1= ) Dolple] — 1R (., divu)x%) dot / <9£x +ﬂdivut)QR(e> de

:/BQ a(z)(p* —p)pds(:v)—k/ﬂyutdx—i-/ w(x)(0* — 0)ds(x).

oQ

Note that some of the terms cancel out. Moreover, recalling the notation in-
troduced in (4.3) and the energy balance (2.11), the identities

/Q((Xer (1 — ) fa(®), pdz

=5 [ r 0= 0Wa)de+ [ (1= 5 utalr) de,

/(<x+p< ))Gou)pdw/(wp( ) Dolple] de
Q

(5.2)

=5 [t o @0t de + [ (1= Golpl - Uolp) da
(5.3)



NoDEA Phase transitions in porous media Page 31 of 55 T2

hold true. Hence we obtain, using also (3.10) and (4.11),

d

i o (v O+ Dx g0 divat ot p* (1= X)) (Va(p) + Uolp)) + Up[Viu] ) da

+ [ un@) (15 = @a(1veR) ) o+ [ (a@)p=p7)p-+ ()0 - 07)) ds(a)
jt/ g- udx—/ gt - udx.
(5.4)

We now integrate in time fOT dt. On the left-hand side Young’s inequality,
(3.11) and (4.32) entail

Ab
Up[Vsu] + 30, divu > §|vsu|2 - C. (5.5)

By the definition of Qg in (4.1), it holds |Vp|? > Qr(|Vp|?). The boundary
term is such that

/OT /BQ (a(x)(p —p*)p+ w(@)(0 — 9*)) ds(z) dt
> /OT /m <oé(:c)][;2 + w(m)0> ds(z)dt — C (5.6)

thanks to Young’s inequality and Hypothesis 3.1 (iii) and (iv). Concerning the
right-hand side of (5.4), the time integration gives

/Q(g-u)(x,r)dx—/gg(x,O)-uo(ac)da:—/oT/Q(gt~u)(a:,t)d33dt,

where the term containing the initial conditions is controlled by using Holder’s
inequality and observing that

/Q|gz<x,o>dx—/Q|g2<x,7)dx—2/07/9<g.gt><x,t>dmdt.

Hence by Young’s inequality and Hypothesis 3.1 (ii), (v) we deduce

/Q(g-u)(x,T)dx—/ g(z, d:c—/ / gt - u)(x, t) de dt
< 16/|Vsu| mT)dm—i-C(l—l-/ /|Vsu| xt)dxdt)

where we used also Korn’s inequality (3.16). The first term in the last line is
absorbed by (5.5). Finally, the initial conditions are kept under control thanks
o0 (2.18), (3.9), (4.6) and Hypothesis 3.1 (v). Hence what we eventually get is
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/Q(CV(O)—FVR( )+ |Vsul?) (2, 7) dm+/ /an z)p° + w(z )9)(m7t)ds(a:)dt

gc(1+/0 /Q|Vsu\ (ac,t)dmdt),

and applying Gronwall’s lemma we finally obtain the estimates

swm/«m>+m@+wwﬂmﬂmza (5.7)
T€(0,T)
/ / 2)p? + w(z )9) (z,t) ds(z) dt < C. (5.8)
o0
Estimate (5.7) also gives
supess/ 0]+ (2, 7) dz < C, (5.9)
7€(0,T

where b is from Hypothesis 3.1 (viii).

5.3. Dafermos estimate
We set 0 := Qr(0) and test (4.10) by ¢ = —0~%, with a from Hypothesis 3.1.
This yields the identity

/Q <Cv(9)t —BVur : Vaur — [|Dp[Vsultll« — ur(@)Qr(IVPI*) — (x+p* (1-x))| Dolplt|

£Xt +ﬁdivut> é)(fé_“)der/ﬂn(é)VH V(=67 da

= vR(p,0, divu)xi + ( J

=/ w(@)(0* = 6) (=0~ %) ds(z).
oQ

o B d
A@wwﬁ>M——aAa@m

(5.10)
It holds

where

and by Hypothesis 3.1 (ix) also
/ K(O)VO - V(=07 dx = / k(0)af="1V0 - VO dr > ar’ / |VA|? dz.
Q Q Q

Hence from (5.10) we get, using also Hypothesis 3.1 (i) and inequalities (4.32),
(4.7),

B’ - A
/ <—|divut|2+'ybxf>9_“dsc+anb/ |Vé)? dz
o\ 3 Q

g/ <0£Xt+[3divut> élfada:+/ w(a:)(@—@*)é’ads(;r)-i-%/ Fa(6) da,
Q c oQ Q
(5.11)
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where we neglected some positive terms on the left-hand side. Young’s inequal-
ity yields

L - g B A A

e+ Bdivag ) 070 < [ Ly + 2| divue? ) 670 + ¢,

0. 2 4
with a constant C' depending only on L, 6., 3, B, 4”, whereas the boundary
term is such that

/89 w(2)(0 — 070~ ds(z) < C (1 + /dQ ()0 ds(m))

by (5.1) and Hypothesis 3.1 (iii), (iv). Note also that F,(f) < Cy(#) for all
6 > 0. Thus, integrating (5.11) in time fOT dt for some 7 € [0, T] and neglecting
some other positive terms on the left-hand side we obtain

/Or/Q|Vé|2($,t)dxdt§C<1+/OT/§Zé2_a(x7t)dxdt) (512)

thanks to estimates (5.7), (5.8). Now, owing to estimate (5.9), we can apply
the Gagliardo-Nirenberg inequality (3.18) with the choices s = 1+ b, r = 2
and N = 3 obtaining, for t € (0,7,

6@, < C (1+ 90013

(5—b)g

with § = 9@=1=%) 514 for every 1+b < ¢ < 6. In particular, since d- 1) =

(5-b)q
2, this and (5.12) yield

T\ (G-b)/3(a-1-b) T
/ (1012 T a<c (1 +/ |V6(t)|§dt>
0 0

<C (1 + /T 10(t)>—2 dt) . (5.13)
0

Let us now choose ¢ = 2 —a, which is admissible in the sense that 1+b < 2—a
thanks to Hypothesis 3.1. Since 3(15:;),;,) > 1, we can apply Young’s inequality
on the right-hand side getting

T ~
| gz
0

Substituting in (5.13) entails

T A

/ |VO]*(z,t)dzdt < C. (5.14)
0o Ja

Coming back to (5.13) again and choosing ¢ = 8/3 4 2b/3, we also get

T
/ /és/?’”b/?’(%t) dzdt < C. (5.15)
0 Q
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5.4. Mechanical energy estimate

In order to estimate the capillary pressure in a suitable anisotropic Lebesgue
space, we first need to find a bound for divu; in L?(Q x (0, 7)), independently
of R. To this purpose, we test (4.8) by ¢ = p, (4.9) by ¥ = u; and sum up to
obtain, with the notation of the previous subsection,

[ (Gt 07 (L= 0)(o) + Golpl + div ), pda + | pn(o)] Vol ds
+ / (P[Vsul+BVsut) : Vsug dx—/ (p()(—&—p"(l—x))—&—ﬁ(é —0.)) divug dz
Q Q

=/ma<z><p*—p)pds<w>+/§zg-utdw.

Note that some terms cancel out. Owing to (5.2) and exploiting also the energy
identity (3.10), what we eventually get is

% /Q ((x +p"(1 = x))(Vr(p) + Uo[p]) + Up[vsu]) dz + /Q 1r(p)|Vp|? dz
+/ BVsu : Vsug do + / (1—p")xt (Pr(pP) + pGolp] + p divu — Us[p]) dz
Q Q

+/ a(z)(p—p*)pds(z) < / B0 —6.) divu da:—l—/ g - upde.
aQ Q Q
Now, (4.11) yields

(1= p")x¢ (®r(P) + pGolp] + p divu — Uo[p))

, 0
= FYR(pa 07 le U)X? - LXf ( - 1)

Oc
= vr(p, 0, divu)x? — (p, 0, divu) -t é—1
YR\P, VU, Xt YR\D, U, Xt ’yR(p’e, le u) ec
1 A
> Lyalp.6. divupd - C(1+6) (5.16)

where in the last line we used Young’s inequality and (4.7), and where the
constant C is independent of R. Moreover, from the pointwise inequality (4.32)
and arguing as for (4.30) we get

R . b
/5(9—06) divutdx<C<1+/92dx> —|—B—/ |V suy)? da,
Q Q 4 Jao

Bb
/g~utdx§0+—/|vsut|2dx.
Q 4 Jo
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Hence we obtain, exploiting also Hypothesis 3.1 (i) to absorb the terms coming
from the two estimates above,

i Jo (6270 =) (Vo) + Tolp]) + UplVo])

Bb
+ub/ |Vp|2dx—|——/ |V sy | da
Q 2 Jo

1 1 A
+ f/ Yr(p, 0, divu)x? dz + f/ afz)p?ds(z) < C (1 —|—/ 62 dx)
2 Ja 2 Joa Q

where the boundary term was handled as in (5.6). We now integrate in time
fOT dt for some 7 € [0, T]. The right-hand side is bounded thanks to estimate
(5.15), whereas the initial conditions are kept under control thanks to (2.18),
(3.7), (3.9), (4.6) and Hypothesis 3.1 (v). Hence, neglecting some already esti-
mated positive terms, we finally obtain

T
/ / (IVpl* + |Vow?) (z,t)dzdt < C (5.17)
0 Q

independently of R. This, together with (5.8) and Poincaré’s inequality (3.17),
yields

HPHQL?(O,T;WLZ(Q)) <C. (5.18)

5.5. Estimate for the capillary pressure
We choose an even function A : R — (0, 00) such that X'(p) > 0 for p > 0 and

pA(p) € X. Then we test (4.8) by ¢ = pA(p). We obtain
/Q (¢ + 0" (L= x))(fr(p) + Golp] + diva)), pA(p) da
+ / Hr(P)AP) + PN ()| Vp[? da (5.19)
Q

= [ )" - p)pAr) dsla).
o0
The term under the time derivative has the form

/Q ((x+p* (1= x))(fr(p) + Golp] + divu))tp)\(p) dz
- /Q (1= p*)xe (Fr(p) + Golp] + divu) pA(p) de
+ [0 5 (=0 o oA p) o
Q

+/<x+p (1 - X)) Golpl pA(p >dx+/<x+p (1 - X)) diva pA(p) .

(5.20)
We now define
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so that
/ (x4 p°(1— ) Fp)pr pAp) da

[+ 01— 0V () d - / (1= p ) Van(p) de,

T 0

and introduce the modified Preisach potential as a counterpart to (2.20)
o fr(p]
= / / vA(v) ¥(r,v)dvdr
o Jo

Golple pA(p) — Urlplt > 0 a.e.

according to (2.19). Note that Vy r(p) > 0 and Uy[p] > 0 for all p # 0. Then
(5.20) can be rewritten as

which satisfies

/ﬂ ((x + 71 = X)) (fr(p) + Golp] + divu)), pA(p) dz

> 5 [t 1=0) G n)+ U dat [ (ot 9" (1=20) div e pA(p) do

+ [ = () +pGolpl + 0 dive) Ap) = Vi, (o) = Ul
Q

(5.21)
Defining

Vi.r(p) == Ve(P)A(p) — Var(p),
we see that from (4.3) and (4.11) it holds

(1= p")xe ( (fr(p) + pGolp] +p divu) A(p) = Va.r(p) — Uxlp))

= (1=p")x¢ ((@R(P)+p Golp]~Uolpl +p dive) \(p)+¥x, r(p)+Uo[pIA(p) — Ux[p)

(71%(13,9 divu)x7 —Lx: (:—1>> AP)+(1—=p")xt (¥x,r(p) + Uo[p]\(p) — Ux[p]) -

Now, using Young’s inequality as in (5.16) we obtain

(wz(p, 0, divu)x; — Lx: (; — 1)) Ap)

> ~r(p, 0, divu)xi A(p) — C(1+0) A(p),

DN | =

and similarly

|(1 = p*)xe (®a,r(p) + Uslp]A(p) — Uxp])|

Ux,z(p) + Uo[p]A(p) — Ualp))®
vr(p, 0, divu) A(p) ’

< 1.6, divu Ap) + C

| =
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so that (5.21) entails

A«ww( ) (fr(p) + Golpl + divu)), pA(p) de
2% (x+p (1 —=x)) (Va,r(p) + Uxlpl) dz
+/kx+p< V) divu pA(p) da (5.22)
+i/ﬂﬂm(p,9, divu)xi A(p) de

5 (U, z(p) + Us[plA(p) — Ualp])?
,C/Q ((1+9) Np) + S e AG) ) dz.

Note that

for all p € R, hence
(Lr.r(p) + UolpAp) — Ualp)* _ (Ve(®) + Uolp)’
(L +p*) r(p,0, divu) X2(p)  — (14 p*)vr(p, 0, divu)
; 2
(V(p) + 5 = R+ Uo[p]) e
PR+ -
independently of R. From (5.22) we conclude

[ (Gt 570 =20 nlo) + Golpl + diva), pAp) o

> T Q(X+p*(1 —x)) (Vx r(p)+Uxlp)) deri/Q'yR(p,G, divu)xf A(p) dx

7(1/ (1 + [p|| div uy| +é+p2) A(p) dz,
Q

so that (5.19) and a time integration [ dt for some 7 € [0, 7] yields
LLW+ﬁO—MMWﬂ@+UWMWJNI
/ /NR p) +pN(p)| Vo (z,t) de dt
/ / YpA(p)(x,t) ds(x) dt (5.23)
o0
iv uy ) 2 z,t)dx
SC/O /Q 1+ [p||divu] +6+p ))\(p)( t)dxdt
; / (Va,r(p) + Un[p)) (2,0) da.
Q

Now that we got rid of x; and derived a manageable estimate, we choose A(p) =
|p|?* with k > /2 which will be specified later. Here v is as in Hypothesis 3.1.
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Note that this is an admissible choice, that is, pA(p) € X. Indeed, by estimates
(4.45), (4.59) and by the anisotropic embedding formulas, see [3], we have

p € L0, T;C(Q)) (5.24)

for any ¢ € [1,4). The bound also depends on R, but for a fixed R and each
k > 0 the function p|p|?*(-,t) belongs to X for a.e. t € (0, 7).
With this choice (5.23) takes the form

l}x+fu—x»@%@ruﬁwnumwu
+<1+2k{/7/"uR@onHVpPuawdxdt
//‘ 2)(p — p*) plp|? (2, £) ds(z) dt
vy 142k ) 2k 142k , T
<o [ [ (iaivudsP 2 + 0+ DI + ol ) o0y o
+/ (VE(p) + U*[p)) (2,0) de
Q

where, from Hypothesis 3.1 (vi),
k et 2k P ik 2k
Vi (p)(z,t) ::/ fr(2)z|z|*" dz > / ——— z|z|*" dz
r 0 f o (L+[z])+

> /p f—b 2|2 dz
~Jo 2max{l, [z[}!*V

fb 1 P
= (/ 2|2| % dz+/ 2|z|?k 17 dz)
2 \Jo 1

>f7b| |1+2k—u_C
—14+2k-— ’

oo pielpl(a.t)
U"[p)(w,t) := / / o|v)?* ¢ (r,v) dv dr > 0.
0 0

Note also that, from Hypothesis 3.1 (vi) and an analogous version of (2.3),

0

PI) ﬁ
%@mm=A el de <

0 2+2k
< Sl @,

oo frr [p() (z)
UMl 0) = [ [T el o) dvdr < €l (@) P
o Jo
Moreover

p|**|Vp|* = S IV (plpl™) .

1
(1+k)
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. ) . . . 242k
Finally, by Young’s inequality with conjugate exponents (1 or 2+ Qk),

see that the boundary term is such that

/OT /BQ a()(p—p") plp[** ds(x) dt
- /OT /69 (@) [p[F2* ds(z) dt — /OT /{m @) sl (@, ) ds() dt

1 T 242k 1 /T/ . 242k
> - .
297 2k/o /69 a(x)|pl ds(x)dt 35 % Jy Joo a(z)|p”| ds(z)dt

Hence, using also Hypothesis 3.1 (vii), we obtain

1+ 2k
T 14+2k— l/d b 2d dt
1+2k /IpzTI +p a+he //IVplpl )|° dx
2+2/€/ /asz lpf*** ds(z) dt

2+2kd dt O 2+2kd
_2+2k/ /m P ds(a) +(2+2k >/| ) de

w0 [0 (1aivulpf 2 (4 0) 1+ ) ) o
0 Q

From Hypothesis 3.1 (iv) and (v) it follows that the above inequality is of the
form

/\px )12 ”dm—i—/ /|v (plpl* |2dxdt—|—/ / J{p?2* ds(z) dt
<can(ct+ [ [ et asar)
0 Q

with a constant C' > 1 independent of R and k and with

(5.25)

h=1+0+|divu|+ |p|. (5.26)
We have h € L2( x (0,T)) and
||B||L2(Q><(O,T)) <C

independently of R by virtue of the estimates (4.32) and (5.17) for div ug,
(5.15) for 6 and (5.18) for p.

Since we deal with anisotropic spaces L4(0,T; L"(Q2)), g # r, it is conve-
nient to introduce for the norm of a function v € L7(0,T; L"(€2)) the symbol

T 1/q
[Vllrsq == </0 lv(t)|2 dt) . (5.27)

wk(ﬂﬁ,t) :p($7t)‘p(xat)|k (5'28)

For the function
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we obtain from (5.25) using Holder’s inequality and Poincaré’s inequality (3.17)
that

T T 1/2
sup ess [wy (7)[3F +/ lwe(t)F.odt < C(1+k) [ CF + (/ lwg (2)] 2 dt)
0 0

7€(0,T)
(5.29)
for all 7 € [0, 77, with
. 1+2k—v 2 + 4k
Tt E 1+k
and with a constant C' independent of 7, R and k. We now show that for
a suitably chosen k, the right-hand side of (5.29) is dominated by the left-

hand side, which will imply a bound for the left-hand side. By the Gagliardo—
Nirenberg inequality (3.18) with ¢ = g, s = s, r = 2 and N = 3 we have

qr =

1 _ 1
i)l < Clon® 7 wn @)y, 8= 2—%. (530
Sk 6

We now choose k in such a way that dxqr = 2, that is, 3gx = 6 + 2s;, which
yields

3(1—v) 6 —4v
k:l— = — =
V7 Sk 2—V ) qk 2_]/7
21 —v) 2
1— = —2:7:7 .
ar(1 = 0k) = q 5, — 3%

By Hypothesis 3.1 we have s > 1. Hence, by (5.30),

T T
/ |'Ll}k(t)|g: dt < C'sup ess |wk(7)|§i/3)sk / |1Uk(t)|%-2 dt.
0 7€(0,T) 0 '

Since k < 1, we conclude from (5.29) that there exists a constant C' indepen-
dent of R such that, in particular,

T
supess |w(7)]s, < C, / Jw ()2 dt < C'.
7€(0,T) 0

Invoking (5.28), we obtain for p the estimates

T
supess p(r)lsay <€, [ p(oliidr<C. (5.31)
7€(0,T) 0

We now distinguish two cases: v < 1/3 and v > 1/3. For v < 1/3 (that is,
3(1 —v) > 2) we have

supess |p(T)]2 < C. (5.32)
7€(0,T)

For v > 1/3 (that is, 3(1 — v) < 2) we use again the Gagliardo—Nirenberg
inequality (3.18) with ¢ =2, s =3(1 —v), r =2 and N = 3, obtaining

_dv—1
o l+v

p(®)l2 < Clp(t)l5° ) @12, 6

3
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so that for
_2(1+v)
Yo 3v—1
we have
. 1/q. T /aqv
< / p(1)]3" dt) < Csupess [p(t)[5,",, ( / p(t) 13,2 dt)
0 te(0,T) 0
Hence by virtue of (5.18), (5.27), and (5.31) we obtain
[1Pll25, < C (5.33)

with a constant C' > 0 independent of R, according to the notation (5.27).

Note that ¢, > 6 thanks to Hypothesis 3.1 with v < 1/2.

5.6. Further estimates

Now that we have obtained a suitable estimate for the capillary pressure in
(5.33), we derive an analogous estimate for divu;. To this aim we test (4.9)

by 1 = uy, which yields

/(Bvsut : Vug)(z,t) do
Q

< / (=PIVsu) = Vot + ol divuel + 518 = 00l div ] + lgl ] ) (2,1) da.
Q

By (3.8), Hypothesis 3.1 (v) and (5.17) we have

T
IPWwWWJMxSC<Lﬁ/U/Wwfwﬁkmw>§0
Q 0 Q

hence using Hypothesis 3.1 (i) and Young’s inequality as in Sect. 5.4 we con-

clude that the estimate

/Q |V ue|? (2, ) de < C (1 +/Q <p2 + é2) (z,1) dx) (5.34)

holds for a.e. t € (0,T) with a constant C' > 0 independent of R. We want
to find and estimate for Vu, in the norm of L4(0,T; L?(Q2)) for a suitable g.
To this aim we apply the Gagliardo—Nirenberg inequality (3.18) to 6 with the
choices ¢ = r = 2, s = 1 4+ b (with b from Hypothesis 3.1) and N = 3. We

obtain that, for t € (0,7,

) ) —81) 3—3b
B(1)]2 < COMERIOWDR 5= F—
so that for
_2(-0)
B =33
we have

1/av

T T 1/qp
( / |é(t)§bdt) < Csupess|6(t)[1 73 ( / |9(t)f;2dt> .
0 te(0,T) 0
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Hence by virtue of (5.9) and (5.14) we get
161244, < C (5.35)
independently of R. Note that our hypotheses on b imply ¢, > 6. Thus, coming
back to (5.34) we have obtained that there exists ¢ := min{q,, gy} > 6 such
that, thanks to (5.32) or (5.33) and (5.35),
[Vsuill2sq < C (5.36)

independently of R, according to the notation (5.27).

We continue our analysis with the inequality (5.25) again. Unlike in Sect.
5.5, we do not keep the exponent k bounded, but we let £k — oo in a controlled
way. As in (5.28), we define auxiliary functions wy = p|p|* and rewrite (5.25)
fork>1—vas

/|wk(ac,7)|2“’“ dx—f—/ /|Vwk|2dxdt+/ / v(z)|wg|* ds(z) dt
Q 0o Ja 0 Jog
g(l—i—k)maX{CHk,/ /|i~z||wk|2b" dxdt}
0 Jo

(5.37)
with a constant C' > 1 independent of k, with h given by (5.26), and with
C142%-v 142k
T ko 0 T 2g ek

It follows from (5.32) or (5.33), (5.35), and (5.36) that h € LS(0,T; L%*())
and

17]l256 < C.

Repeating exactly the argument of the proof of [8, Proposition 6.2] we obtain
the following result.

Proposition 5.1. Let Hypothesis 3.1 hold and let (p,u,0,x) be a solution of
(4.8)—(4.11) with the regularity from Proposition 4.1. Then the function p ad-
mits an L>°-bound independent of R, more precisely,

p(z,t)] < C ((,;H)a/(ﬁ(a—n)Ua/(a(a—1)2)) =: R, (5.38)

for a.e. (z,t) € Q@ x (0,T) with c = 19/18, H = rnax{l, ||iLH2.)6}, and with
positive constants v, C depending only on the data.
The main consequence of Proposition 5.1 is that, since we aim at taking

the limit as R — oo in (4.8)—(4.11), we can restrict ourselves to parameter
values R > R,, with R, from (5.38), so that the cut-off (4.2), (4.3), (4.3)
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is never active and vg(p, 0, divu) = v(f, divu). Hence we can rewrite (4.8)-
(4.11) in the form

[ (Ot 97— DU @) + Golp) + diva)) 6o+ [ —u(p)Vp- Voda
JQ Jo PW
= [ @ - sas(e), (5.39)
o BQ "
PVt + BY ) Vaisda = [ (oot 7 (1)) + 50 = ) div o
= / g da, (5.40)
Q

/Q (cv(e)tun(é)ve.vc) dz+/mw(x)(e—e*)gds(x)

= /Q (BVSM : Voue + | Dp[Vsulell« + piwu(p) Qr(IVp?) + (x + p* (1 = x))|Dolp]:|
+~(8, div u)x? — <9£Xt + ﬁdivut> é)gdz, (5.41)
v(6, divu)xs + 0lj.1)(x) 3 (1 = p*) (2(p) +p Go[p] — Uolp] + p div u)

+L (9‘9 - 1) ae. (5.42)

for all test functions ¢,¢ € X, ¢ € Xo, with § = Qr(0) and with initial
conditions (1.6). In order to pass to the limit as R — oo, we still need to
derive some higher order estimates.

5.7. Higher order estimates for the capillary pressure
Let us define

M(p) = /0 ’ () dz (5.43)

for p € R, so that p(p)Vp = VM (p). We would like to test (5.39) by ¢ =
M(p)¢ = u(p)pr which, however, is not an admissible test function since p; ¢ X.
Hence we choose a small h > 0 and test by ¢ = + (M(p)(t) — M(p)(t — h)),
where

1

$z,t) = 5 (M(p)(t) = M(p)(t - h))(z) :=

with the intention to let h — 0. We obtain

(M(p(x,t)) = M(p(z,t = h))),

==

[ 0+ 50— 005 0) + Golpl + diva), 3 (M) = M) 1) da

# [ )9 (5 )0 - M) - ) do
= | a@®" =) 5 (1G)O - M) 1) ds(e).
(5.44)
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Concerning the second summand on the left-hand side of (5.44), note that

VM(p)(z,t)-V (flL (M(p)(z,t) — M(p)(z,t — h)))

Z%ﬂVM@W@J%ﬂVM@WQJ—m)
We now deal with the boundary term. It holds
b (@,0) 3 (M(p)(a,1) ~ M(p) (a1~ 1)
= 0 ) M) 1) — " (.t — DM (p) a1 )
1

y (07 (@,8) = p" (2, ¢ = h)) M(p)(z,t = h),

To handle the term p + (M (p)(t) — M (p)(t — h)), we use the inequality F(y)—
F(z) < F'(y)(y—z) which holds for every convex function F and every y, z. We
interpret M (p)(t) asy, M (p)(t—h) as z and F'(y) = M~ (M(p(t))) = M~ *(y).
The function M ! is increasing, hence its antiderivative F' is convex. Thus

M (p)(t) p(t)

M~ (2)dz = / EM'(€)de.

p(t—h)

p(M(p)(t) — M(p)(t — h)) > /

M(p)(t—h)

Defining

i) = [ s

for p € R, we obtain

Pl ) 3 (M), 6) = Mp) st — ) 2 1 (W), 0) — Ap) (st = ).

Thus (5.44) and the above estimates entail
0+ = XD Be + Golplo) ) § (M), t) = M)t = 1) do
1 1

T oow Joh (IVM(p)*(z,t) — VM (p)|*(z,t — b)) da

<~ [ = () + Golpl + diva(a.t) 3 (M(p)(art) ~ M(p)ast ) d
Q

(M(p)(z,t) — M(p)(z,t — h)) dx

S| =

- /Q (x + 5" (1= %)) divue(z, £)

_/ o(z) % (0" (@, 8) — " (&t — h)) M(p)(z,t — ) ds(x).
o0

We are now ready to integrate in time from h to some 7 € (0,7") and then let
h — 0. Note that estimate (4.45) entails that the function M (p): = u(p)p: is
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in L2, so that the convergence is strong in L?. We obtain

Ai/u+ﬁa—mxmm+ammmmmma

VM(p x—i/ VM(p
2PW/| 2pw |

+/cMNmm—ﬂM@M%ﬂ®W

oN
—l;a@NmﬁM@—pﬁme@%@Ddd@
jf/ﬂ—ﬂmﬁ@+%w+&WM@mM&

//X+p (1—x)) divu; p(p)pe da dt— // p) ds(zx) dt.
a0

Combining (2.8) with the identity (2.7) for the play, we see that it holds
( )Go[p]tpt > 0 thus

fb
2max{1l, R, }1t¥

thanks to Hypothesis 3.1 (vi), (vii) and estimate (5.38). Hence there exists a
constant ¢ > 0 such that for every ¢ € (0,7) we have

T 2 (Mb)Q 2 Ni 2
c |pe|*(z,t) de dt + |Vp|*(z,7)da + a(z)p®(x, 7) ds(z)
0o Ja 2pw Jo 2 Jaq

(x +p*(1 = X)) (f(0)e + Golple) uP)pe > p*1° pe|?

sc@+//kmu+mmmm+mwwmnww
0 Q

w [ mmma>a>

thanks to Hypothesis 3.1 (v), (vi) and (vii), where we handled the boundary
term on the left-hand side as in (4.42). Arguing as for estimate (4.34), we
obtain

(1= ") (@(p) + p Golp] — Uolp] +p dive) + L (9/6. — 1)

- <C
~(0, divu)

Xt (2, 1)] <

(5.45)
for a.e. (z,t) € Qx(0,T), this time independently of R thanks to (5.38). Thus,
employing also Young’s inequality, estimates (5.7), (5.8), (5.17) and Hypothesis
3.1 (iii) and (iv), we conclude that

Sup ess </Q |Vp|?(z,7)dx + /69 ofx) p*(z,7) ds(m)) <C, (5.46)

T€(0,T)

T
/1/ﬁ@®M&§G (5.47)
0 Q



72 Page 46 of 55 C. Gavioli and P. Krej¢i NoDEA

By (5.7), (5.17), (5.18), (5.47) and by comparison in equation (5.39), we see
that the term AM (p) is bounded in L?(Q2x (0, T)) independently of R. In terms
of the new variable p = M(p), the boundary condition in (1.7) is nonlinear,
and from considerations similar to those used in the proof of [14, Theorem 4.1]
it follows

||M(p)||%2(o,T;W2,2(Q)) <C. (5.48)
We thus may employ the Gagliardo—Nirenberg inequality (3.18) with s = r =
2, N = 3 obtaining

IVM(p)(t)ly < C (IVM(p)()]2 + VM (p)(6)l,~°|AM (p)(1)]3) |

1
s=3(3-3):

which holds for all 2 < ¢ < 6. Elevating to some power s such that s = 2 and
integrating in time yield
/T|V @®Irdt<C f € (2,6) d 1+2 !
or and -4+ — ==
| VPt dt < q€ (2 33

thanks to estimates (5.46), (5.48) and Hypothesis 3.1 (V11). In particular, for
s=4,q=3and s=q= % we obtain, respectively,

[IVpllss4 < C, IVpllio/s < C, (5.49)

according to the notation (5.27).

5.8. Higher order estimates for the displacement
Let us consider Eq. (5.40). Setting

w(z,t) = p(x + p*(1 = X)) + B0 — 0c)(w,t) + G(x,1)

and arguing as for (4.50) we deduce

/|Vut| xtdx<C/|Vu x)dz + Ct™™ 1//\Vut| (x,7)dzdr

+C’/\w|r(x,t)dx a.e.
Q

(5.50)
Thus, by choosing r = 8/3 4+ 2b/3 (with b € [1/2,1) from Hypothesis 3.1) in
the above inequality we obtain from (5.15), (5.38), Hypothesis 3.1 (ii), (v) and
Gronwall’s lemma

IVsutlls/z+20/3 < C. (5.51)

We now derive an estimate for Vg u; in a suitable anisotropic Lebesgue space.
To this aim we need to derive first an additional estimate for 6. We use
Gagliardo—Nirenberg inequality (3.18) with the choices s = 1+ b, » = 2 and
N = 3 obtaining, for ¢t € (0,7,

A A A 1 1Y\ 6(1+0b)

0t <C(9t o) 0|V ) §=(-—0 = :
)1, < € (100) s + O TIVADS (t-5) 55

q
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which holds for all 1+ b < ¢ < 6. This yields, elevating to some power s such
that ds = 2 and integrating in time,

1, 5-b 1
q 3s(1+b) 1+b

T
/|é(t)|;dtgc forqe(1+b,6) and
0

thanks to estimates (5.9), (5.14). In particular, for ¢ = 12&:1;1’) and s = 4 we
obtain

|\é||12(1+b)/(7+b)+4 <C. (5.52)
Note that

12(1 +b) 8 2b
— < -t — & — 2
b <3 3 T<b<2V b>5,

12(14b)

which is certainly true under our hypotheses. Therefore, choosing r = == o

in (5.50) we obtain, thanks to (5.51) and Hypothesis 3.1 (v),
/ |Vsut\12(1+b)/(7+b) (z,t)dz < C (1 +/ |w\12(1+b)/(7+b) (z,t) d:c)
Q Q

for a.e. t € (0,T). Hypothesis 3.1 (ii) and estimates (5.38), (5.52) then yield

IV sutlli20148)/(r40)2a < C (5.53)

independently of R.

5.9. Higher order estimates for the temperature

Note that (5.40) with ¢ = u; and (5.42) entail, respectively,

/ BV, u; : Vouy do = —/ P[Vgsu] : Vsug da
Q Q

+/ (p(X-l—p*(l -x)) +ﬁ(é — 90)) divug dz
Q

+/g-utdx,
Q

Y0, divu)y? = (1= p)xi (®(p) + p Golp] — Uolp] + p dive)

0
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Plugging these identities into (5.41) we obtain

/Q (CV((‘?)t ¢+ k(O)VE - V() dx +/a w(@)(0 — %) ¢ ds(z)

Q

N /Q ( — P[Vu] : Vsug + (p(x + p*(1 = X)) — 86c) divu, + g~ u
+IDp (Tl + () Qa(VHP) + (x+ (1 = ) Dalgl|
xe (=0 @) + Gl = ol +p diva) - L) o

_. /QF(x,t) Cdz (5.54)
for every ¢ € X, where I'(z,t) has the regularity of the worst term. Estimates
(5.38), (5.45), (3.16), (3.8), (3.11), (2.18) yield

IT| < CO+[Voul* + [Vou|* + VDI + p]),
which from (5.47), (5.49), (5.51), (5.53) implies
ITlla/346/3 < C, ITl61+b) /(74022 < € (5.55)

independently of R, with b as in Hypothesis 3.1.
Assume now that for some pg > 8/3 + 2b/3 we have proved

101],,, < C. (5.56)
We know that this is true for pg = 8/3 + 2b/3 by virtue of (5.15). Set
1+9b
To = mpm (5.57)

and set ¢ = 07 in (5.54). We obtain

/Q (cv(e)téro + 1(0)V0 - vém) dx+/

aﬂw(x)(ﬁ—e*) 0™ ds(z) = / romdae.

Q
(5.58)
It holds

/ Cv(0), 07 do = 4 / F,,(0)dz
Q dt Jo

where

0
FMQ:ACMMQwWM&

Observe that

) fro+1+b
F, >
o(0) = ro+1+b

by Hypothesis 3.1 (viii). Moreover, Hypothesis 3.1 (ix) entails

/ K(O)VE - VO™ do = / k(0) 10077V - VO dx > ror” / go+e|vh|? dz.
Q Q Q
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Concerning the boundary term, we use Young’s inequality with exponents
("0“ ro + 1) and obtain

/GQw(x)(G —6%)0" ds(z) > /{mw(ﬂa’)é’mJrl ds(x) — /(mw(x)@’kﬁm ds(x)
w(z)fo+ ds(z) — —2 w(z)fmo T ds(z
> [ w@irtase) - L [ it st
- [ @ s

/ w(x)dot ds(z) — C
o0

>
T ro+1

by Hypothesis 3.1 (iii) and (iv). We now integrate (5.58) in time [ dt for some
7 € [0,T]. Thanks to the choice (5.57) and Holder’s inequality with exponents

(% , %2), the right-hand side is such that

/ / 4™ dy df — / / T (70) 40/ g dt < ||T| (g3 070 < C

by estimates (5.55), (5.56). Hence we have obtained

m/ Gro+i+h (5 1) da + ro/ /Qéro+a|vé|2(x,t) dz dt -
T0+1/ /89 ()07 (z,t) ds(z) dt < C.
We now denote
r:1+r0;a, 5:%1+b, v=0"
and rewrite (5.59) as
/Q [v|*(x, 7)dz + /OT/Q |Vol?(z,t) dedt < C(rg + 1 +b). (5.60)

We now apply Gagliardo-Nirenberg inequality (3.18) to v(t), t € (0,7T), with
r =2 and N = 3. Choosing ¢ in such a way that d¢ = 2, that is, ¢ = %S + 2,
and integrating in time from 0 to 7" we obtain

[vllq SC< sup _|v(t)]s + S v(t )|gq—2>/Q||VU||§/‘I>
te[0,7) te[o,T

<C ( sup [v(t)]s + ||Vv||2) :

te[0,7)
Estimate (5.60) yields

sup |v(t)]s < Clro 4+ 14 b)'/°, |Volla < C(ro + 1+ b)/2,
t€[0,T]
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so that ||v||q < C(ro + 1+ b). Coming back to the variable 0, we have proved
that

5(1 + b)po

||@Hp1 <C(ro+1+b) for py =rq = 301+ b)

+§+a+2fb
3 37

We now proceed by induction according to the rule

. 5(1 + b)pj 8 2b . (1 + b)pj
Pit = 3agy T3ttt T T aa)

We have the implication

(8430t 20)(4+D)
P 7— 2

— Dj+1 > Dj-

Hence, the sequence {p;} is increasing and lim; ... p; = W%. It

follows that choosing p = p; for some j sufficiently large we obtain

1+op _ .
= 5.61
TE (5.61)
with @ from Hypothesis 3.1 (ix), and using also (5.59) we obtain
16115 + sup ess |6(t) 1145 < C (5.62)
te(0,7)

with p arbitrarily close to W. We now come back to (5.54), which

we test by ¢ = 6 (note that this is an admissible choice by Proposition 4.1). It
holds

d 0(x,t)
/QCV( )eb(z, t)dx—/gcv(ﬁ)@@t(z,t)dx: Fr A </0 cV(s)sds> dz,

hence from Hypothesis 3.1 (ix) and (5.55) we obtain, after a time integration,

/92+b x,T dx—l—/ / 0)|V0|?(z,t) dz dt

(5.63)
/ /aﬂ 92 (z,t)ds(z)dt < C (1 + ||0||(4+b)/(1+b)) .

Using the Gagliardo—Nirenberg inequality (3.18) again with ¢ = ﬁg, s=1+b
(note that 1+ b < 4ib < 6 under our hypotheses), r = 2 and N = 3 we have

that, for each fixed ¢ € (0,7T),

10(t)|(a45)/(145) < C (1 +]VO()]3)
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6(3 b2 —b)

(440b)/(1 + b) and integrating fOT dt we get

- 52
101 a0y /(1 40) < C 1+</ /Q|Vt9|2d:cdt>
0
52
<c 1+(// dedt)

Plugging this back into (5.63) and using Young’s inequality we deduce

/””x, daz+// 6)|ve|? xtdxdt—i—// 0%(z,t) ds(z)dt < C.
Q Q 1219

(5.64)
This enables us to derive an upper bound for the integral fQ V(‘) V(dz,
which we need for getting an estimate for ; from equation (5.54). By Holder’s
inequality and Hypothesis 3.1 (ix) we have that

and where we used estimate (5.9). Raising to the power

/|m(é)V0-VC|dx=/ |Y2(6)Vo - k2(0)V(| da
Q Q

R 1/2 o 1/2
gc(/ K(9)|V9|2dx) (/ max{1791+a}|VC|2da:) .
Q Q

(5.65)

Let us now choose ¢ > 1 such that (1 +a)§ = 1+ 7 + b, where 7 is defined in
(5.61). Note that such a § exists since 1 +7+b > 14 a+ b > 1+ a. Defining
x 2q 2

= =2 2 .
q -1 +(j—1> , (5.66)

we get from Holder’s inequality with conjugate exponents (q, 5 ) that

I o i s ¢ Lo\ ~ LN/
/91+“|vg|2dx§ (/ 61+T+bda:) (/ |v¢l|e dx) gc(/ |v¢| dx)

by virtue of (5.62). Inequality (5.65) then yields the bound

R 1/2 1/q"
/|n V6 - VC|da:<C</ H(9)|V9|2dw> (/ vele da:) .
Q Q

Hence, by (5.64),

/ /|ﬂ- )V - V(| dzdt < ClIC) 2o mavsa )-

From (5.55) it follows that testing with ¢ € L?(0,T; W9 (Q)) is admissible,
in the sense that the term I'C is integrable. This is obvious if ¢* > 3. For ¢* < 3
the space W14 (Q) is embedded in L95(Q) with

1 1 1 1 1

@ ¢ 3 6 2
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so that 4%_1) + % < 1. We thus obtain from (5.54) that

T
/ ‘/Qethl' dt < C”C”LQ(O,T;WL‘J* Q)" (567)
0

6. Passage to the limit as R — oo

In this section we conclude the proof of Theorem 3.3 by passing to the limit
in (5.39)—(5.42) as R — oo. Most of the convergences can be handled as at the
end of Sect. 4.3, hence we focus here on the main differences.

Let R; /" oo be a sequence such that R; > R,, with R, as in (5.38), and
let (p,u, x,0) = (p®,u®, x @) be solutions of (5.39)(5.42) corresponding
to R = Ry, with § = 0@ = Qg, () and test functions ¢,¢ € X, 1) € Xo. Our
aim is to check that at least a subsequence converges as ¢ — 0o to a solution
of (3.2)—(3.5) with test functions ¢ € X, ¢y € X and ¢ € X-.

First, for the capillary pressure p = p(*) we have the estimates (5.38),
(5.46), (5.47), (5.48) and (5.49), which imply that, passing to a subsequence if
necessary,

pgi) —py  weakly in L2(2 x (0,7)),
P —p strongly in L?(Q; C[0,T]) for all ¢ € [1,00),
Vp® — Vp  strongly in LI(Q x (0,T);R3) for all ¢ € [1, ?) ,

by compact embedding. We easily show that

QRi (

VpW|?) — |Vp|? strongly in L9(Q x (0,T); R?) for all ¢ € [1, 2) .

(6.1)
Indeed, let ng) C 2 x (0,T) be the set of all (z,t) € Q x (0,T) such that
|Vp (x,t)> > R;. By (5.49) we have
T ,
c> / / Vp (2, 6)/% de dt > / / VPO @, )10 dade > 04 |R,
0o Ja o

hence |Q¥)| <CR; 5% For q < 5 we use Holder’s inequality to get the estimate

T
0 Q
:// ’Ri—|Vp(i)|2‘qdafdt§// 1Vp® 2 d dt
QP P

3q/5
- <// | Ioppers dxdt) QP < oy OO,
ay

and (6.1) follows.

. . q
Vp(’)|2) - |Vp(l)\2‘ do dt



NoDEA Phase transitions in porous media Page 53 of 55 T2

For the temperature § = 09 we proceed in a similar way. By estimates
(5.64) and (5.67) we obtain

VO® — VO  weakly in L2(Q x (0,T);R?),
0 =0,  weakly in L2(0, T; W—14"(Q)),
0@) — @  strongly in L?(Q x (0,T)),

where for the last convergence we exploited [18, Theorem 5.1] and the embed-
ding W~597(Q) — W~12(Q) (recall that ¢* > 2). Furthermore, estimate
(5.62) entails that #() are uniformly bounded in L4(Q x (0,T)) for every

q < W%. Hence a similar argument as above yields that

0 = Qg (0)) = 6  strongly in LI(Q x (0,T))
(8 + 3a + 20)(4 + b)
7T—2b '

forall g € |1,

Estimate (5.48) and the Sobolev embeddings yield an inequality similar to
(4.55), but with a constant independent of both 1 and R. This is enough to

obtain that V,u® — V,u, Vo' — Vu, strongly in L2(Q; C([0, T]; R3X3))

Sym
and in L*(€2 x (0,T);R3%3), respectively. The strong convergences X =,
Xﬁ’) — x: then follow as at the end of Sect. 4.2, as well as the convergence of
the hysteresis terms.

Therefore the limit as ¢ — oo yields a solution to (3.2)—(3.5), and the
proof of Theorem 3.3 is completed.
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