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Two-phase Stokes flow by capillarity in the
plane: The case of different viscosities

Bogdan—Vasile Matioc and Georg Prokert

Abstract. We study the two-phase Stokes flow driven by surface tension
for two fluids of different viscosities, separated by an asymptotically flat
interface representable as graph of a differentiable function. The flow is
assumed to be two-dimensional with the fluids filling the entire space.
We prove well-posedness and parabolic smoothing in Sobolev spaces up
to critical regularity. The main technical tools are an analysis of nonlin-
ear singular integral operators arising from the hydrodynamic single and
double layer potential, spectral results on the corresponding integral op-
erators, and abstract results on nonlinear parabolic evolution equations.
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1. Introduction

In the context of boundary value problems involving elliptic constant-coeffi-
cient PDE’s like the Laplace equation or the Stokes system, it is often nat-
ural to consider two-phase problems in unbounded domains, where the same
equation has to be solved on both sides of the boundary, and the boundary
conditions typically are of “transmission” type, i.e. they relate limits of the so-
lutions from both sides. The method of layer potentials is a classical technique
which is intrinsically suited to such settings. Typically, this method reduces
the boundary value problem to a linear, singular integral equation (or system
of such equations) on the boundary of the domain, on the basis of well-known
jump relations for these potentials across the boundary.

The first applications of layer potentials in the analysis of moving bound-
ary problems of the type described above are from the 1980s, for problems of
Hele-Shaw or Muskat type [8] (see also the recent surveys [13,14] on further
developments) as well as for Stokes flow problems [5]. In these applications, the
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interfaces are represented as graphs of a time dependent function [f — f(t)],
with f(¢) € C(R), for which an evolution equation can be derived. This equa-
tion involves singular integral operators originating from the layer potential,
depending nonlinearly and nonlocally on f(¢). However, in suitable geome-
tries this nonlinearity can be described rather explicitly, and technicalities
resulting from transforming the problem to a fixed reference domain can be
avoided. More precisely, the operators determining the evolution belong to a
class discussed in Sect. 3 below, and results are available concerning mapping
properties, smoothness, localization etc. of the operators in this class.

After reducing the moving boundary problem to an evolution equation
for f, this equation has to be analyzed. Initially, various approaches have
been used that necessitated rather restrictive assumptions on the initial data.
Recently, however, more general, in some sense optimal existence, uniqueness,
and smoothness results have been obtained. One of the crucial tools for this has
been the meanwhile well-developed and versatile abstract theory of nonlinear
parabolic evolution equations, cf. [2,17,22].

This paper discusses, along the lines sketched above, the moving bound-
ary problem of two-phase Stokes flow in full 2D space driven by surface tension
forces on the interface between the two phases. More precisely, we seek a mov-
ing interface [t — I'(t)] between two liquid phases Q% (¢), and corresponding
functions

vE(t) - QF(t) — R? and pE(t): QF(t) — R,
representing the velocity and pressure fields in Q% (t), respectively, such that
the following equations are satisfied:

ptAvt —Vpt =0 in QF (1),
divet = 0 in QF (1),

[v] = onI'(¢),
[T.(v,p)|7 = —ok onT(t), (1.1a)
(v*,p)(z) =0 for|z| — oo,
V., = vE -0 onl(t).

Here 7 is the unit exterior normal to 9Q~(¢t) and & denotes the curvature
of the interface. Moreover, T),(v,p) = (T,.,ij(v,p))1<s, j<2 denotes the stress
tensor that is given by

Tpij(v,p) == —pdi; + (0505 + 0jv;), (1.1b)

and [v] (respectively [T}, (v,p)]) is the jump of the velocity (respectively stress
tensor) across the moving interface, see (2.3) below. The positive constants p*
and o denote the viscosity of the liquids in the two phases and the surface
tension coefficient of the interface, respectively. We assume that

L(t) =00t () =09 (t), QT(t)UQ (t)UT(t) =R? TI(t) = graphf(t)

so that T'(t) is a graph over the real line and Q% () (resp. Q7(¢)) is the
unbounded domain above (resp. beneath) the graph T'(t), cf. (2.1). Equa-
tion (1.1a)g determines the motion of the interface by prescribing its normal
velocity V,, as coinciding with the normal component of the velocity at I'(t),
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i.e. the interface is transported by the liquid flow. The interface I'(¢) is assumed
to be known at time t = O:

f(0) = fo. (1.1c)

In the previous paper [20], the authors considered Problem (1.1a) in the
case of equal viscosities u* = p. In that case, the solution to the fixed-time
problem (1.1a);—(1.1a)5 can be directly represented as a hydrodynamic single-
layer potential [16] with density —c&P, and the resulting evolution equation
represents the time derivative of f as a nonlinear singular integral operator
acting on f.

If u* # p~ this is not feasible. Instead, we first transform the unknowns
such that the same equation holds in both phases, introducing thereby a jump
across the interface for the transformed velocity field. In Proposition 5.1, we
show that the corresponding fixed-time Stokes problem is uniquely solvable,
and we represent the solution by a sum of a hydrodynamic single layer and a
double layer potential. While the single layer potential is generated by the same
density as in the case of equal viscosities, the density § for the double layer
potential is found from solving a linear, singular integral equation of the second
kind, cf. (5.8). As I'(¢) is unbounded we cannot rely on compactness arguments
to show the solvability of this equation. Instead, we modify arguments from [7,
10] to obtain the necessary information on the spectrum of the corresponding
integral operator via a Rellich identity. Moreover, we also rely on a further
Rellich identity used in [18] in the study of the Muskat problem.

The solution to the fixed-time problem is then used in the formulation of
an evolution equation for f

df
cf. (5.9), (5.17), (5.18), whose investigation will yield the following main result.

Here and further, H*(R) := W3 (R) denotes the usual Sobolev spaces of integer
or noninteger order.

Theorem 1.1. Let s € (3/2,2) be given. Then, the following statements hold
true:
(i) (Well-posedness) Given fo € H*(R), there exists a unique maximal solu-
tion (f,v®,p*) to (1.1) such that
o f=f(:fo) € C(0,T), H*(R)) N CH([0,T), H*(R)),
o vE(t) € C3(QF() N CHQE(), p*(t) € CHQF () N C(Q(1)) for
all t € (0,T4),
° Q)(t)ihﬂ(t) o Ef(t) S H2(R)2 fOT’ allt € (0,T+),
where T = T (fo) € (0,00] and Ey)(£) := (£ f(1)(£)), E €R.
Moreover, the set

M= {(t, fo) | fo € H*(R), 0 <t <Ty(fo)}

is open in (0,00) x H*(R), and [(t, fo) — f(t; fo)] is a semiflow on H*(R)
which is smooth in M.
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(ii) (Parabolic smoothing)
(ila) The map [(t,€) — f(£)(E)]: (0,T4) x R — R is a C*®-function.
(iib) For any k € N, we have f € C=((0,T4), H*(R)).
(iii) (Global existence) If
sup |[f(#)[lms <00
[O,T]H[O,T+(f0))
for each T > 0, then T4 (fo) = oo.

Remark 1.2. Observe that the complete problem (1.1) is encoded in the time
evolution of f. Besides, if f is a solution to (1.1), then, given A > 0, also the
function [t — fx(t)] given by

WD) = AT (A,

is a solution to (1.1). This identifies F3/2(R) as a critical space for the evolution
problem (1.1). Hence, Theorem 1.1 covers all subcritical spaces. To our knowl-
edge, this result is stronger than those found in the literature on the related
problems with bounded liquid domain, e.g. [11,12,15,23]. More generally, if
the problem is treated using the general strategy described in [22], higher reg-
ularity demands on the initial interface are needed than in the approach used
here. To be more precise, the authors of [15] establish the local well-posedness
of the one phase problem for a bounded fluid domain in R? for H*t!-data
with s > s1, where s is the smallest integer that satisfies 1 > 3+ (d —1)/2.
Moreover, it is shown in [15] that balls are exponentially stable under H**1-
perturbations. The exponential stability of balls for the one-phase problem has
been also established in R? for H’-initial data, see [12], and in R? for HS-initial
data, see [11]. The local well-posedness for C3T“-data, with a > 0, in three
space dimensions has been investigated in [23], and the same author has justi-
fied in [24] the quasistationary Stokes flow as a limit of the Stokes flow when
the Reynolds number vanishes. Finally, the local well-posedness and stability
properties for the two-phase Stokes flow (with or without phase transitions)
in a bounded geometry in R?, d > 2, have been studied in [22] in a Wp2+”72/p—
setting with 1 > > (d + 1) /p.

1.1. Outline

The paper is structured as follows: In Sect. 2 we discuss a two-phase Stokes
problem with equal viscosities in both phases where the normal stresses are
continuous across the interface and the velocity has a prescribed jump there.
In fact, the problem is solved by the hydrodynamic double layer potential
generated by that jump. Although the boundary behavior of this potential is
well-known, we prove the results on this in Appendix A as they do not seem
directly available in the literature for our unbounded geometry.

As we rely on the solvability of singular integral equations of the second
kind arising from the hydrodynamic double-layer potential, the spectrum of
the corresponding operator is investigated in Sects. 3 and 4, first in Lo(R)?
and then in H*"1(R)2, with s € (3/2,2), and H?(R)2. The main technical
tools in the latter cases are shift invariances and commutator properties for
singular integral operators of the type discussed here. In Sect. 5 we reformulate
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the moving boundary problem (1.1) as a nonlinear and nonlocal evolution
equation problem, cf. (5.17). Finally, in Sect. 6 we carry out the linearization
of (5.17) and locally approximate the linearization by Fourier multipliers. This
enables us to identify the parabolic character of the evolution equation and to
prove our main result by invoking abstract results on equations of that type
from [17].

1.2. Notation

Slightly deviating from the usual notation, if Fy,..., Eg, F', k € N, are Ba-
nach spaces, we write £¥(Ey,..., Ey; F) for the Banach space of k-linear
bounded maps from [[, E; to F. Given two Banach spaces X and Y, we
let £5,(X,Y) C L¥(X,...,X;Y) denote the space of bounded, k-linear, and
symmetric maps A : X* — Y. Moreover, C~1(E, F') will denote the space
of locally Lipschitz continuous maps from a Banach space E to a Banach
space F. Given k € N, we further let C¥(R) denote the Banach space of func-
tions with bounded and continuous derivatives up to order k and CKT<(R),
with « € (0, 1), is its subspace consisting of functions with a-Holder continuous
kth derivative whose a-Holder modulus is bounded.

2. An auxiliary fixed-time problem

As a preparation for solving the boundary value problem (1.1a);—(1.1a); for
fixed time, in this section we consider the related Stokes problem (2.4) with
equal viscosities normed to 1. The unique solvability of (2.4) is established in
Proposition 2.1 below and in Appendix A. In this section, f € H3(R) is fixed.
We introduce the following notation:

Qi = Q‘:}: = {(1'17.’172) € R2|.’II2 2 f(xl)}a
=Ty = 00% = {(& [(9))| € € R}.
Note that I' is the image of R under the diffeomorphism
= Ef = (idR, f)

Further, let v and 7 be the componentwise pull-back under Z of the unit
normal 7 on I' exterior to 2~ and of the unit tangent vector 7 to I', that is

vi=vp = 2(=f, D', == %(Lf/)T, w:=wys = (14 f2)12
(2.2)

(2.1)

[1]

We indicate the dependence of the functions defined in (2.2) on f only where
necessary. For any function z defined on R? \ T' we set 2T := z|q+ and if zF
have limits at some point (¢, f(£)) € T we will write 2% (¢, £(€)) for the limits,
and we set

[2(€, (&) = 2" (& f(&)) — =7 (& f(€))- (2:3)

For notational brevity we introduce the function space X := Xy by setting
w* € C2(QF,R?) N CHOQE,R?) }

Xs:=< (w,q) : RE\T — R? xR _
d {( 7R ¢t € C1(Q*) N C(OF)
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For given 8 = (1, 32) " € H?(R)? we seek solutions (w,q) € X to the Stokes
problem

Awt — Vgt =0 in QF,
divw® =0 in Q*F,
[w] = Bo="1 onT, (2.4)
Ty(w,)(vo= 1) =0  onl,
(w*, ¢F)(x) — 0 for |z| — oo.

For the construction of the solution to (2.4), let us first point out that for
any smooth solution (U, P) : E — R? x R to the homogeneous Stokes system

AU—VP:O,} E,

divU =0 (2:5)

where E is a domain in R?, the functions (W% Q%) : E — R? xR, i = 1,2,
given by
W/ =T (U P)=—Pdj;+0;U; +9;U;, j=1,2, and Q' =20;P
are solutions to (2.5) as well. In particular, if £ = R?\ {0} and
(U,P) = U* P*):R2\ {0} — R*xR, k=1,2,

are the fundamental solutions to the Stokes equations (2.5), given by

1 1 i .
= (s ) o

Am Yl (2.6)
1y '
P = —grp Y= nw) €RT\{0),

we obtain a system (W"F Q%) : R2\ {0} — R? x R, 4,k = 1, 2, of solutions
to the homogeneous Stokes equations given by
i Lyiyiye
; 1 9; i
Q) =20 ) = 1 (~ 25 +220) e R\ (o)
[yl [l
We are going to show that (w,q) := (w, q)[5] given by

3

wj(z) = /1“W;k(x = 9)7i(y)Br(y1) dl'y
N Awé’k<r>ui<s>ﬁk<s>w<s> ds, j=1,2, (2.7)
q(z) == /F Q" (& — y)ii(y) Br(y1) dTy

_ /R Ok (1) (5) B () w(s)ds (2.8)

for z € R? \ I and with r := r(z,s) := 2 — (s, f(s)) solves (2.4). Here and
further, we sum over indices appearing twice in a product. We write this more
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explicitly as
I
—f'r1 4+ "z g,
4 2 ﬂ S,
|r| 7'17'2 T35
(—f" 1 1"1 — r2 2r17‘2 Bds.
|r|4 2r17o 1"2 — Tl

The solution (w, ) is the so-called hydrodynamic double-layer potential gen-
erated by the density 30 ="' on T, see [16].

(2.9)

Proposition 2.1. The boundary value problem (2.4) has precisely one solu-
tion (w,q) € X. It is given by (2.7), (2.8). Moreover, w*|r o 2 € H?(R)?.

Proof. The uniqueness of the solution can be shown as in the proof of [20,
Theorem 2.1]. Observe that w and ¢ are defined by integrals of the form

= /]R K(z,s)5(s)ds

where for every a € N? we have 02K (x,s) = O(s™1) for |s| — oo and locally
uniformly in o € R?\ I'. This shows that w and ¢ are well-defined by (2.7)
and (2.8), and that integration and differentiation with respect to  may be
interchanged. As (W%* Q%F) solve the homogeneous Stokes equations, this
also holds for (w, q).

To show the decay of ¢ at infinity we obtain from the matrix equality

2
2riry 5 — 1

! r? —r2 2rr
Y ( 2rirs 13- 22) =—20,(P(r) —P();
via integration by parts

1 1
q(z) = 2/(’P2 —PYH(r) 3 ds = = / T (=2 1) ds.
R ™ Jr |7l
In view of this representation, [18, Lemma 2.1] implies ¢(x) — 0 as |z| — oo.
In order to prove the decay of w we rewrite

1 [ —f 1 (r2—¢2
U}(l'): fw([_i_(rl ) %T1T2)>ﬁds

or Jg |72 7|2 \ 2rirp 13 —r?

1 —f'ritrs iy 75

S T+ 0, d
o . ( oo o (0 ) ) e
1 —f'rit+ry L (rre 13\

= — [ — —_ d
27 /]R ( 7|2 b |2 T3 —rire s 5

where I € R?*? is the identity matrix. In view of [18, Lemma 2.1] and [20,
Lemma B.2] we conclude that indeed w(z) — 0 for |z| — oo.

The boundary conditions (2.4)3 and (2.4)4 together with the properties
that (w,q) € X and w*|p o Z € H?(R)? are shown in Appendix A. O
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3. The Ly-resolvent of the hydrodynamic double-layer potential
operator

In this section we study the resolvent set of the hydrodynamic double-layer
potential operator D(f), with f € C!(R), introduced in (3.5) below, which we
view in this section as an element of £(Lz(IR)?). The main result of this section
is Theorem 3.3 below which provides in particular the invertibility of A — D(f)
for A € R with [A] > 1/2.

To begin, we introduce a general class of singular integral operators suited
to our approach via layer potentials, cf. [19,20]. Given n, m € N and Lipschitz
continuous functions aj,...,am, b1,...,b, : R — R, we let B, ,, denote the
singular integral operator

Bn,m(a’la BERE) am)[bly SERE) bn7 h}(&)
_ PV/ he—mn)  IT: Oenbi/n) 7 (3.1)
R TIR [+ (Begai/n)’]

where PV [, denotes the principal value integral and dj¢ , u := u(§) —u(& —n).
For brevity we set

B?L,m(f) ::Bn,m(fw-'f)[f?---afa']' (32)

In this section we several times use the following result.

Lemma 3.1. There exists a constant C' = C(n, m, max;—1,._m ||a;]|c) with

[Br,m(a1, ... am)[bi, - bn, -l cmam)) < OH 116l oo -

i=1
Moreover, By, ., € C— (WL (R)™ E;lym(Wolo(R),L(LQ(R)))).
Proof. See [19, Remark 3.3]. O
As we are concerned exclusively with boundary integral operators in this
section, it will be convenient to slightly change notation and write

ri= (’/‘1,’/‘2) = T(fa 3) = (f, f(g)) - (Sv f(S)), §seR. (33)

Given f € CY(R), we introduce the linear operators D(f) and D(f)*
defined by

T1Tr2 7“2

DIBl(E) = rpv [ P (1 T g
1

—rif'(§) + 72 T T (34)
D)l = 2Py [ IR (11 T s
where £ € R and 3 € Ly(R)?. We note that D(f) is related to the B, ., via
Bg o (f) BY o(f ) (f 51)
Dl = = () ) (i .

(/
)
- (it mih) (3)
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for 3 = (B1, B2) ". Therefore, as a consequence of Lemma 3.1, D(f) is bounded
on Ly(R)2. Moreover, up to the sign and the push-forward via =, D(f)[5](¢)
is the “direct value” of the hydrodynamic double-layer potential w generated
by 8 in (&, f(§)) € T, cf. (2.9);. One may also check that D(f)* is the Lo-
adjoint of D(f).

Using the same notation, we define the singular integral operators By (f)
and Ba(f) by

By (£)[0]( ipv/ _“|J:~|2+TQ ds
B/ = 1PV [ T L?f

where 6 € Lo(R). The operators B;(f), ¢ = 1, 2, play an important role also
in the study of the Muskat problem, cf. [18]. Lemma 3.1 implies in particular
that also B;(f) ¢ = 1, 2, is bounded on Ly(R). Moreover, By (f)[6](¢) is the
direct value of the double layer potential for the Laplacian corresponding to
the density 6 in (&, f(§)) € T.

We are going to prove in Theorem 3.3 below that the resolvent sets of
D(f) and D(f)* contain all real A with |[A| > 1/2, with a bound on the resolvent
that is uniform in A away from 4+1/2, and in f as long as || f'||eo is bounded.

Oriented at [7,10], we obtain this property on the basis of a Rellich iden-
tity for the Stokes operator. While eventually the result for ID(f) is needed, it
is helpful to consider D(f)*, as this operator naturally arises from the jump
relations for the single-layer hydrodynamic potential generated by 3, cf. (3.13)
below.

We next derive the Rellich identity (3.14), and based on it we establish
an estimate that relates the operator D(f)* to the operators By (f) and By(f)
introduced above.

Lemma 3.2. Given K > 0, there exists a positive constant C, that depends
only on K, such that for all § € Ly(R)?, X\ € [-K, K], and f € CY(R) which
satisfy || f']lco < K we have

CIA =D )BlI208ll2 > [(A = $BL(fN[w ™' 8- v] — 3B2(f)lw 8- 7]Il5

+m\) w573,
(3.6)
where w, v, and T are defined in (2.2), and with

m)=max (A5 (-2 0~ H(A+D). 6D

Proof. Let first f € C°(R) and 8 = (81,52)" with B € C(R), k=1, 2.
We define the hydrodynamic single-layer potential u with corresponding pres-
sure II by

- / UF(x — (5, £(5)))Bi(s) ds
- /R PR — (5, £(5)))Bi(5) ds
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for # € R? \ ', where and U*, P* defined by (2.6). Using the fact that 3 is
compactly supported, is is not difficult to see that the functions (u,II) are
well-defined and smooth in QF and satisfy

Ay — VII = O, . +
dive — 0 } in Q*, (3.8)
as well as
I, Vu = O(|z| 1) for || — oc. (3.9)

Moreover, [6, Lemma A.1] and the arguments in the proof of [20, Lemma A.1]
show that II|g+ and u|g+ have extensions IT* € C(QF) and u* € C1(QF),
and, given £ € R, we have

—Bivt +viig v
2w

diui 0 E(§) = PV / QU (1) By, ds +

£ 0 5(¢) = —PV/P’“ kdsj:ﬁ—wy(f) (3.10)

B v
2w

(5)7

= §B1(f)[wilﬂ'y}(€) + §Bz(f)[w*15~ﬂ(§) L (&),
1

where v = (v!,12) and r = r(£, s) are defined in (2.2) and (3.3). In particular,

dout 0 E(€) = T(/)BI(E) F
where T(f) is the singular integral operator given by
1 1 (=13 —3r2rg r —rir3 I}
T()[B)(¢) = EPV/RW ( oyl fé) (52) ds.
Observe that T(f) is skew-adjoint on Lo (R)?, i.e. T(f)* = —T(f), and therefore
(T(HIBIIB)2 = 0. (3.12)

Here (-|-)2 denotes the inner product of Ly(IR)?.
Moreover, for the normal stress at the boundary we find

(&), (3.11)

w(Ti(w,* 02y = (5 5 = D(f)")[8). (3.13)
For convenience we introduce the notation
Tij = (T1(u,1T));; = —1I16;5 + Oju; + Dju, i,j=1,2,
and observe that due to (3.8)
Omi; =0 inQF j=1,2, and  §;0u; =0  inQ*.
The latter identities lead us to the following identities in Q*:

2
1
(‘)i(nﬁguj) = Tijaiag’u]‘ = (81UJ + 8jui)628iuj = 1 Z 82(6iuj + ajui)2.

i, j=1
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In view of (3.9) we may integrate the latter relation over QF and using Gauss’
theorem and (3.13) we get

/w Z (O5u) + Ou;)? dr—4/7ja,-azujidr
r

i1 (3.14)
=4((F 5 - D)8 ot o)
where @ := wo =71,

To estimate the term on the left we observe that the Cauchy-Schwarz
inequality and || =1 yield

2 2

2
S (0w + 05uf)? = (0w + 05uf)ig)? = (ri5v; + TE5;)*  onl.
=1

i, j=1 i=1

This inequality, the estimate ||B;(f)| z(L,m®)) < C(K), i = 1,2, cf. Lemma 3.1,
and the representations (3.10) and (3.13), now yield

/ Z@u T out)rd

> %(; 5~ D))+ (T o2
1 1 2

SR N PSR

w 2

> [-L(ns 1)5 + (BT84 SBa(Pl8 ) 20

2w 2

20Dl - o= DBl 81
2

. 1 .
> (At 5) o873+ | (= 5Ba(D) 8]~ SBa(Dlw 7|
= Cl =D Bl12111151l2
for any A € [-K, K].
We next consider the term on the right of (3.14). As a direct consequence

of Lemma 3.1 we note that | T(f)||z(z,®)2) < C = C(K). This bound together
with (3.11) and (3.12) implies

(75 - D)) 18| druos)

- 4<(A—D(f)*)[ﬁ] - (Ai %)ﬂT Al (62. T2)T>2

< Ol =BGl = 2 (A + 5 ) w8 713,
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For f € C*(R), the estimate (3.6) follows from (3.14) and the latter estimates
upon rearranging terms and a standard density argument. For general func-
tions f € C1(R) we additionally need to use the continuity of the mappings

[f = D(f)]: CY(R) — L(L2(R)?),
[f = Bi(f)] : C'(R) — L(L2(R)), i =1, 2,
which is a straightforward consequence of Lemma 3.1, together with the density
of C*(R) in C}(R). O
Based on Lemma 3.2 we now establish the following result.

Theorem 3.3. (Spectral properties of D(f) and D(f)*) Given ¢ € (0,1), there
exists a constant C = C(0) > 0 such that for all X € R with |A\| > 1/2 + 6
and f € CY(R) with || f'||c < 1/5 we have

A =D()")Bllz = CllBll2 for allf € La(R)*. (3.15)
Moreover, A — D(f)*, X — D(f) € L(La(R)?) are isomorphisms for all A € R
with || > 1/2 and f € C*(R).

Proof. In order to prove (3.15) we assume the opposite. Then we may find
sequences () in R, (fi) in C*(R), and (8x) in L2(R)? with the property that
Al > 1/2+96, || fillo < 1/6, and ||Bk||2 = 1 for all k € N, and

(Ae = D(fx)")[Be] — 0 in Ly(R)?.
Given k € N, we set vy, := vy, , Ty := Ty, and wy, := wy,, cf. (2.2). As the op-
erators D(fx)* are bounded, uniformly in k € N, in £(Lz(R)?), cf. Lemma 3.1,
the sequence (MA;) is bounded. Observing that for the constant m = m(\)
from (3.7) we have m(A,) > §(2+6) > 0 for all k € N, we get from Lemma 3.2
that
w;lﬁk cTe — 0, ()\ — %Bl(fk))[wglﬁk . I/k} - %Bg(fk)[wglﬂk 'Tk} — 0
in Lo(R). As the operators Ba( fx) are bounded, uniformly with respect to k € N,
in £(L2(R)?), cf. Lemma 3.1, this implies
(e = 3B1(fi))[wy "B vi] = 0 inLa(R).
Let A(f) := By(f)*. Since |2Ag] > 1, it follows from the proof of [18, Theo-
rem 3.5] that the operator 2\, — A(fx) € L(L2(R)), k € N, is an isomorphism
with
122 = AC)) ™ oy < C6).

This implies that also 2\, — B1(fr) € L(L2(R)), k € N, is an isomorphism
and

-1
||()‘k - %Bl(fk)) ||L(L2(]R)) < C(9).
Thus w;lﬂk v — 0 in Lo(R), so that

Or = wg (wk_l(ﬁk . Vk)Vk + w;l(ﬁk . Tk)Tk) — 0 inLg(R)z.
This contradicts the property that ||Gx|l2 = 1 for all k € N and (3.15) follows.
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To complete the proof we fix f € C(R) and \g € R with |\g| > 1/2 and
we choose ¢ € (0,1) such that |Ag| > 1/2+4 ¢ and || [/ < 1/6. As D(f)* is
bounded, A — D(f)* € L(L2(R)?) is an isomorphism if || is sufficiently large.
The estimate (3.15) together with a standard continuity argument, cf. e.g. [3,
Proposition 1.1.1.1], now implies that A\g — D(f)* is an isomorphism as well.
The result for D(f) is an immediate consequence of this property. O

4. The resolvent of the hydrodynamic double-layer potential
operator in higher order Sobolev spaces

The main goal of this section is to establish spectral properties for D(f), par-
allel to those in Theorem 3.3, in the spaces H*"1(R)?, s € (3/2,2), and in
H?(R)2. The latter are needed when solving the fixed-time problem (5.1), see
Proposition 5.1, and the former are used to derive and study the contour in-
tegral formulation (5.17) of the evolution problem (1.1).

For this purpose, we first recall some further results on the singular inte-
gral operators B, ,, introduced in (3.1).

Lemma 4.1. (i) Let n > 1, s € (3/2,2), and ay,...,an € H*(R) be given.
Then, there ezists a constant C, depending only on n, m, s, and
maxi<i<m ||ail| =, such that

1Bum (@, ... am)lbr, ... bay iz < Clloallg Al s [T Ibillee (4.2)
i=2
for all by, ... b, € H*(R) and h € H*"}(R).
Moreover, [(a1,...,am) — Bpm(ai,...,am)] is locally Lipschitz contin-
uous as a mapping from H*(R)™ to
LMY(HY(R), H¥(R), ..., H*(R), H* 1 (R); Ly(R)).

(ii) Given s € (3/2,2) and ay,...,am € H*(R), there exists a constant C,
depending only on n, m, s, and maxi<i;<m ||| g=, such that

IBnm(ar, s am)[br, ., by | e < CllA = [T 10l e
i=1
for all by, ... b, € H*(R) and h € H*"}(R).
Moreover, By m € C'(H®(R)™, LL,(H*(R), L(H*~(R)))).
(i) Let n > 1, 3/2 < ¢ < s < 2, and a1,...,a,, € H*(R) be given.
Then, there exists a constant C, which depends only on n, m, s, s,
and maxi<i<m ||a;|| s, such that

||Bn7m(a1, e ,am)[bl, ey bn, h] — th_Lm(al, ey am)[bg, ey b’ru bll]HHs—l
hllgre— T 10l ere

i=2
for all by,...,b, € H(R) and h € H*"*(R).

< ol g
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Proof. The claims (i) is established in [18, Lemmas 3.2], while (ii) and (iii) are
proven in [1, Lemma 5 and Lemma 6. O

For ¢ € R we define the left shift operator 7 on Ls(R) by the rela-
tion Teu(x) := u(x + &) and observe the invariance property

TeBrm(at, ..., am) b1, ... by, h) = By m(Tear, ..., Team) [Tebr, . .., Tebp, Tehl.
(4.2)

Differences of B,, ,,, with respect to the nonlinear arguments a; can be repre-

sented by the identity
anm(al, ag ... ,am)[bl, ceey bn, ] — Bmm(&l,aQ ey am)[bl, ceey bn7 ] (4 3)
= Bpiomyi1(@i,a1,a2. .. am)[b1,..., by, a1 +a1,81 — ar, . .

We will also use the interpolation property

[H*°(R), H**(R)]g = HA=D50+0s1(R) 9 e (0,1), —00 < 59 < 51 < 00,
(4.4)

where [, ]y denotes the complex interpolation functor of exponent 6.

Theorem 4.2. Given 6 € (0,1) and s € (3/2,2), there exists a positive con-
stant C' = C(6, s) such that

[(A=D(NIBN =1 = Cl|B] a1 (4.5)

for all X € R which satisfy |\| > 1/2+ 06, f € H*(R) with ||f|lg- < 1/0, and
all B € H71(R)2.

Moreover, A\ — D(f) € L(H*"Y(R)?) is an isomorphism for all A € R
with |A\| > 1/2 and f € H*(R).

Proof. Given f € H*(R), the relation (3.5) and Lemma 4.1 (ii) combined imply
that D(f) € L(H*1(R)?). In order to prove the estimate (4.5), let A € R with
[A| >1/2+6 and f € H*(R) with || f||g= < 1/ be fixed. Theorem 3.3 together
with the embedding H*(R) — L. (R) implies there exists C = C'(§) > 0 such
that [|(A=D(7ef)) " 2(zom)2) < C for all € € R. It is well-known there exists
a constant C' > 0 such that

_ 2 1/2
Blaes = I~ 6 #1010 = o [ 0T d) ™ = (o

where F[f] is the Fourier transform of 3. Together with (4.2) we then get

S e

<C,/HA D(/ l@ﬁ?@“”mwm@% .

/u ﬂngwlm%) |
i m1+0/” MHZ e NIAR g
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The term ||(D(f) —D(7¢ f))[5]]]2 can be estimated by a finite sum of terms
of the form

(B 2(f) = Bpo(ref)[Billlz - and || By 5 (f)[f'Bi] = By o (7e /)(re f)Bi]ll2,

where 0 < n < 3 and i € {1,2}. Let s’ € (3/2,s) be fixed. We first consider
terms of the second type and estimate in view of Lemma 3.1

1B 2(HIF'Bi) = By o (e )[(re £)Bi) 12
< I(Bp o (f) = B o(re NI Billla + 1B o (re (e f = 1Bl (4.7)
< |(Bp 2(f) = Bpalre Nf Billlz + Cllre f — F'll2l1Bl| g1

Furthermore, using (4.3), we have

BY ,(f) — BY (7ef) ZBM LD, otef f—Tef foeeo i fo]
¢/—1 times

+Bn+2,3(7—§f7f7f)[7—£f7"'7T€f77-€_f77-§f+f7']
+ B2 s(tef,mef, Dlrefs - mefimef = firef + fo0],

and together with Lemma 4.1 (i) (with s’ instead of s), we conclude that the
operator B ,(f) — By 5(7¢ f) belongs to L(H* ~'(R), Ly(R)) and satisfies

1B 2(f) = Ba2 (e Nl cire -1y, o)y < CIF = 7ef i wy

Combining this estimate with (4.7) we get

2

and by (4.6) and the interpolation property (4.4) we arrive at

ﬁ”?{s’fl)

813 < C (1A = BB + I1813) + 31813

Finally, using Theorem 3.3 again, we obtain the estimate (4.5). The isomor-
phism property of A — D(f), with A € R with |A\| > 1/2 and f € H*(R), follows
by the same continuity argument as in the Lo result. 0

For the H? result we need an additional estimate for the operators Byom
with higher regularity of the arguments.

Lemma 4.3. Letn, m € Nanday,...,a,, € H*(R) be given. Then, there exists
a constant C, depending only on n, m, and maxi<i<m ||ai|| g2, such that

| Brm(a1, ... am)[b1,-..,bn, Al < C||h|| g1 H (16| 72 (4.8)
i=1
for all by, ... b, € H*(R) and h € H*(R).
Moreover, By, m € C1=(H?(R)™, L2 (H?(R), L(H(R)))).

sym
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Proof. We first show that the function ¢ := By, n(a1,...,am)[b1,...,bn, Rl
belongs to H!(R). Recalling that the group {7¢}eer C L(H"(R)), r > 0, has
generator [f — f'] € L(H"TH(R), H"(R)), it suffices to prove that the quotient
D¢y := (1e0 — ) /€ converges in Lo(R) when letting § — 0. In view of (4.3)
we write

Dg(p = ZBn,m(Tgal, .. .,Tgam)[bl, .. .7bi717D£bi’TEbi+l7 N ,Tgbnﬂ'gh]

i=1

+ Bn,m(Tgal, .. .,Tgam) [bl, cey ,bn,Dgh]
- ZB71;+2,m+1(5) [blv c '7bn7D£aivT§ai + aivh]a
=1

where By, 5 1 1(€) = Bniomi1(Tear, ..., Teai, a;, ... am) for 1 < i < m.
Lemma 3.1 and Lemma 4.1 (i) enable us to pass to the limit £ — 0 in Ly(R)
in this equality. Hence, ¢ € H(R) and

¢ =Bpm(al,...,am)b1,... 05, 1']

+ Bnﬁm(al, R 7am)[b1, .. .,bifl,bg,bi Tyeo- bn,h]
> : (4.9)

— 2 ZBn+27m+1(a1, ey gy Ay e ,am)[bl, ey bn,a/i,ai, h]
i=1
The estimate (4.8) is a consequence of Lemma 3.1 and Lemma 4.1 (i). The local

Lipschitz continuity property follows from an repeated application of (4.3) and
(4.8). g

As a consequence of Lemma 4.3 and (4.9) we obtain the following result.

Corollary 4.4. B, ,, € C'=(H3(R)™, L2, (H3(R), L(H*(R)))) for n, m € N.

sym
Theorem 4.5. The operator A\ — D(f) € L(H*(R)?) is an isomorphism for all
f € H3R) and X € R with |\| > 1/2.

Proof. Fix f € H3(R). We then infer from (3.5) and Corollary 4.4 that we
have D(f) € L(H?(R)?). Recalling (4.9), we further compute

DB =DNHIB" = TiwlBl, B e H(R)? (4.10)

where each component of Tj,¢[0] is a linear combination of terms

Bn,m(fv'">f>[fl7f/7f7"'7fa(f/)kﬁi]7 B’I’L7m(f7"-7f)[f7'-';f;f/”ﬁi]7
Bnﬂ’ﬂ(f""’f)[f/5f7'"af’((f/)kﬁi)/]’ Bmm(f?"'7f)[f”vfa"'7f7(f/)k6i]7

where n, m € N satisfy 0 < n, m < 7 and k € {0, 1}. From Lemma 3.1 and
Lemma 4.1 (i) (with s = 7/4) we conclude that

1 Tos[B)ll2 < CllBllas, B € HA(R)™ (4.11)

Given A € R with |A\| > 1/2, we pick § € (0,1) such that |A\| > 1/2+ ¢ and
additionally ||f'||oc < 1/6. Since [|(1 — D(f)) " || z(zm)zy < C for all p € R
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with |p| > 1/2 + 9, cf. Theorem 3.3, we deduce from (4.10), (4.11), and (4.4)
that

18llz2 < CI8"]I12 + 18l12) < C(ll( = D())B N2 + [18ll2)
< C(Il(n =D 2 + 1 Tiot 812 + 111]2)

[
< C(ll(n —D(f ))[5]"”2 + IIBIIHI)
< 5l1Bllz= + C (Il - }”IIQ +118ll2)
< 5l1Bllz= + C (Il - [B]"ll2 + [1( = D)) [Bl2),

hence

1Bl < Cll( = D))B]l 2

for all 8 € H?(R)? and p € R with || > 1/2 + 4. The result follows now by
the same continuity argument as in the proof of Theorem 4.2. 0

5. The contour integral formulation

In this section we formulate the Stokes evolution problem (1.1) as an nonlinear
evolution problem having only f as unknown, cf. (5.17).

Based on the results established in Sect. 2, Sect. 4, and Appendix A we
start by proving that for each f € H3(R), the boundary value problem

ptEAvt —Vpt =0 in QF,

divet =0 in QF,
[v] =0 onT, (5.1)
[T,(v,p)]p = —ckv onT,
(v, pt)(z) — 0 for|z| — oo

has a unique solution (v, p) € X; with the property that v*|r 0o Zy € H?(R)2.
This is established in Proposition 5.1 below, where we also provide an implicit
formula for v*|r in terms of contour integrals on T'. This representation allows
to recast the kinematic boundary condition (1.1a)g in the form (5.17).

With the substitution 9% := pgv®, Problem (5.1) is equivalent to

At —Vpt =0 in QF,

divot =0 in QF,
Pt —ppo— =0  onl, (5.2)
[Ty (0,p)]p = —okv onT,
(o%,p%) = 0 for |z| — oo.

We construct the solution to (5.2) by splitting

(5,}7) = (ws, QS) + (wd7 Qd)



54 Page 18 of 34 B.—V. Matioc and G. Prokert NoDEA

where (ws, ¢s), (wa,qa) € Xy satisty
AwE —VgE =0 in QF,

divwf =0 in QF,
wi —w; =0 onT, (5.3)
[Tl (wsa qs)}]7 = —OokV OnF,
(wF, qF) — 0 for |z| — oo
and
ij[ — i =0 in QF,
divwy; =0 in QF,
powy — prwy = (ppg — p-)ws onT, (5.4)
[T (wa,q4)]7 = 0 onl,
(Wi, q5) — 0 for |z| — oo.

The system (5.3) has been studied in [20]. According to [20, Theorem 2.1 and
Remark A.2], there exists exactly one solution (ws,qs) := (ws(f),¢s(f)) € X
o (5.3). It satisfies

w, € CP°(RA\T)NCHR?) and ¢F € C®(QF) N C(QF).

Moreover, recalling (3.2) and [20, Eqns. (2.2), (2.3), (A.2)], the trace ws(f)|r
can be expressed via

ws(f)lr 0 E = G(f) := (G1(f), G2(f)), (5.5)
with
dno T Gy (f) = (382( £) = Bo(or(f) + f'é2(f)]
Vo(NBF61(f) = d2(N)] + B3 (NI 61(f) + ¢2(f)];
Ano " Ga(f) = (B?,Q( ) = Bo ()1 () + F'é2(f)]
— BYo (DI 61(f) + ¢2()] + B () 61(f) = 32(f)];

(5.6)
where ¢;(f) € H*(R), i € {1, 2}, are given by
S I
ay=t ma =L 6:7)

We point out that Corollary 4.4 yields G;(f) € H?(R), i € {1, 2}.

It remains to show that the boundary value problem (5.4) has a unique
solution (wq,qq) € X; with wi|r o 2 € H?(R)?. To construct a solution, we
use the ansatz (w4, qq) = (w,q)[3], where 8 € H*(R)? and (w, ¢)[3] is defined
by (2.7), (2.8). We recall from Proposition 2.1 that (w,q¢)[f] is the unique

solution to (2.4) in X;. In view of Lemma A we have

(uwlB* = (8] Ve 0 = = (s + 1) (5 + D)) 6]

Therefore (wgq, gq) solves (5.4) if and only if

(5 + D)) 18] = 0,G(), (58)
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where
=BTl ().
P+

Theorem 4.5 implies that (5.8) has a unique solution 3 =: B(f) € H?*(R)?.
This establishes not only the existence but also the uniqueness of the solution
o (5.4).

Summarizing, we have shown the following result:

ot

Proposition 5.1. Given f € H3(R), the boundary value problem (5.1) has a
unique solution (v,p) € Xy such that v=|r o = € H*(R)2. Moreover,

£ :_% i _ 1
vtros= Sy L (Co(r)+ 3 ) ol
where G(f) € H?*(R)? is defined in (5.5)-(5.6) and B(f) € H?(R)? is the

unique solution to (5.8).

From this result and (1.1) we infer, under the assumption that I'(¢) is
at each time instant ¢ > 0 the graph of a function f(t) € H3(R) and that the
pair (v(t),p(t)) belongs to X s and satisfies v(t)|ry) 0 Ep¢) € H2(R)?, that
(1.1a) can be recast as

1 1 /
ouf = (G = BB+ 58D (=7 1)7T)
1

Mg — H—
Here (-|-) denotes the scalar product on R2.

Using the results in Sect. 4 and [20] we can formulate the latter equation
as an evolution equation in H*~1(R)?, where s € (3/2,2) is fixed in the remain-
ing. To this end we first infer from [20, Corollary C.5] that, given n, m € N,
we have

(5.9)
B, 1T.

[f = By ()] € C(H*(R), L(H 7' (R))). (5.10)
Further, [20, Lemma 3.5] ensures for the mappings defined in (5.7) that
[f = ¢i(£)) € CX(H*(R), H*'(R)),  i=1,2 (5.11)
Additionally, for any fo € H*(R), the Fréchet derivative d¢;(fo) is given by

3¢i(f0)=ai(fo)%, =1, 2

with
f02+f +2¢/1+ f?) - 1
ai(fo) == NN TSN and az(fo) := S EE

(5.12)
It is easy to check, by arguing as in [20, Lemma C.1], that ¢;, i = 1, 2, maps
bounded sets in H*(R) to bounded sets in H*~!(R). This observation, the
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relations (5.6), (5.10), (5.11), and Lemma 4.1 combined enable us to conclude
that the map defined in (5.5)—(5.6) satisfies

[f = G(f)] € C¥(H*(R), H*~(R)?), (5.13)
and also that G maps bounded sets in H*(R) to bounded sets in H*~1(IR)?.
Moreover, recalling (3.5), we infer from (5.10) that
D e C*(H*(R), L(H*"H(R)?)). (5.14)

In view of (5.13) and of Theorem 4.2 we can solve, for given f € H*(R), the
equation (5.8) in H*~(R)2. Its unique solution is given by

B(f) = 2a,(1 +2a,D(f)) ' [G(f)] € H* ' (R)?, (5.15)

and, since the mapping which associates to an isomorphism its inverse is
smooth, we obtain from Theorem 4.2, (5.13), and (5.14) that

[f = B(H]] € C¥(H*(R), H*~H(R)?). (5.16)

Furthermore, (5.15) and the estimate (4.5) imply that § inherits from G the
property to map bounded sets in H*(R) to bounded sets in H*~!(R)?. Sum-
marizing, in a compact form, the Stokes flow problem (1.1) can be recast as
the evolution problem

df

Twy=a(rw). 120, F0) = (517)
where ® : H*(R) — H*~1(R) is defined, cf. (5.9), by
L 1 gt T
o(f) = p— (BNOI=151) ). (5.18)
Observe that, due to (5.16),
® € C°(H*(R), H* " (R)), (5.19)

and that ® maps bounded sets in H*(R) to bounded sets in H*~1(R).

6. Linearization, localization, and proof of the main result

We are going to prove that the nonlinear and nonlocal problem (5.17) is par-
abolic in H*(R) in the sense that the Fréchet derivative ®(fj), generates an
analytic semigroup in L(H* (R)) for each fy € H*(R). This property then
enables us to use the abstract existence results from [17] in the proof of our
main result Theorem 1.1.

Theorem 6.1. For any fo € H*(R), the Fréchet derivative OP(fy), considered
as an unbounded operator in H*~*(R) with dense domain H*(R), generates
an analytic semigroup in L(H*~1(R)).

The proof of Theorem 6.1 requires some preparation. To start, we fix a
function fo € H*(R), s’ € (3/2,5s), and we set By := B(fo) := (88, 32) 7. We
have 3y € H*71(R)?.
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Differentiating the relations (5.18) and (5.15), we get

1 ! Ty ﬁéf/
e BRI 1)) =

02(fo)lf] = (6.1)

and

(1 4 2a,D(f0))[05(fo)[f1] = 2a,0G(fo)[f] = 2a,0D(fo)[f][Bo]- (6.2)
For the computation of dD(fo)[f][B0] and IG(fo)[f] we use the relation
OB, 5(fo)[f1[h] = nBy.2(fo, fo)lf, fo, - fo, ]
_4Bn+2,3(f03f07f0)[f3f0a"'7f07h}7 nENa

see [20, Lemma C.4]. Additionally we use Lemma 4.1 (iii) to rewrite this ex-
pression as

0B, 5 (fo)lf1h] = h(nBp_y 2 (fo)[f'] = 4B 11 5(fo)lf]) + Runlf. B
(”3271,3(f0)[f/] +(n - 4)32+1,3(f0)[f/]) + Rinlf, R,
where nBY_; 3(fo) := 0 for n = 0 and

R nlfs Wl ars—1 < CllRll o= 1 f gz

with a constant C' independent of f € H*(R) and h € H*~!(R). Using these
relations, we infer from (3.5) that

OB FlAo])s = (B0, 7881+ 85 (G + &~ DB s
+(i+k— G)f(I)B?-‘rk—l,B —(i+k-— l)BzQ+k—2,3 (6.3)
—(i+k— B)B?+k,3> [} + Roslf]
for i =1, 2, where we used the shorthand notation Bj ,, := B}, ,,(fo) and
|Re,i[fllirs—2 < Cllf g, f € H(R). (6.4)
Taking the derivative of (5.6), the same arguments yield
Aro 1 0G (fo)lf) = Tua(fo)[f] + Tia(fo)lf] + Rsalf], i=1,2, (6.5)
where
T11(fo)lf] :=(Bg2 — Baa)l(ar + ¢ + foas) f'] + BYo[(3(¢1 + foar) — a2) f']
+ By ol(¢1 + foar + az) ],
T12(fo)[f] =1 (3f5B0,5 — 687 5 — 65 B3 5+ 2B3 5 — fo B4 3)[f']
+ ¢>2(—Bg,3 - 6f(’)B?,3 + 633,3 + 2féBg,3 - Big)[f/},
To,1(fo)[f] == — B a[(61 + foar + az) f'] + (BY 5 — B3s)[(a1 + 2 + foaz) f]
+ B3 y[(¢1 + foar — 3az) f],
To2(fo)[f] :=d1(Bos +6f3BY 5 — 685 5 — 2f3 85 5 + Bi 3)[f']
+ ¢2(f638,3 - 23?,3 - 6féBg,3 + GB§,3 + f63273)[f'],

=h
=h

(6.6)
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cf. [20, Eq. (3.7)-(3.9)]. Here we have used the shortened notation a; := a;(fo)
and ¢; 1= ¢;(fo) for i =1, 2 and
1R il -2 < Cllfllgers [ € H(R). (6.7)
In order to prove Theorem 6.1 we consider the path
U+ [0,1] — L(H*(R), H*"}(R))
defined by

R SOy o T4
WO = B rh ) - T
for 7 € ]0,1] and f € H*(R), where B(7)[f] is defined by
(1 +27a,D(f0))[B(T)[f]] = 2a,(0G(7 fo)[f] — TOD(fo)[f1[Bo])-  (6.9)
Theorem 4.2, (6.3)—(6.7), and Lemma 4.1 (ii) combined ensure that the map-
ping B : [0, 1] — L(H*(R), H*"'(R)?) is well-defined, and
IB(D)flga—r < Cllfllas, 7€0,1], f € H*(R), (6.10)

with C' independent of f and 7. We also note that both paths B and ¥ are
continuous and ¥ (1) = 0P(fy). Besides, since

(6.8)

2a,,0 d\T
B(0) = 2a,0G(0) = (0, -7 Ho d?) ,
where H = 77_130,0 is the Hilbert transform, we observe that W(0) is the
Fourier multiplier

o d o
V0)=—————Ho— = —7(—
2pt o) dE 2(py +po)
We next locally approximate the operator ¥(r), 7 € [0, 1], by certain
Fourier multipliers A; -, cf. Theorem 6.2. For this purpose, given € € (0, 1), we
choose N = N(e) € N and a so-called finite e-localization family, that is a set

{(75,6) | —N+1<j <N}

i )1/2 (6.11)

&

such that

|
—

N

o ™ ECPR,0,1]),-N+1<j<N and Y
=—N+1

e suppm; is an interval of lengthe for all[j| < N —1;
o suppmy C{[¢{] > 1/e};
o mi-m =0 if[|j — 1] >2max{|j|,[l[} <N —T1Jor[[l| <N —2,j=NJ;
o [[(m5)®||o < Ce™Fforallk e N,—N +1< j < N;
o & esuppT;, [j|<N -1
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The real number £5; plays no role in the analysis below. To each e-localization
family we associate a norm on H"(R), r > 0, which is equivalent to the stan-
dard norm on H"(R). Indeed, given r > 0 and € € (0,1) , there exists a con-
stant ¢ = ¢(e,r) € (0, 1) such that

N
cfllar < Y Ma5fller < e Hiflar,  f € H(R). (6.12)
j=—N+1

To introduce the aforementioned Fourier multipliers A; -, we first define
the coefficient functions a, G, : R — R, 7 € [0, 1], by the relations

g 7_61
oy = ——(aa(tfo) + Tfoar(7fo)),  Bri=-—""—. (6.13
s+ 2o+ rhen (o)) o &1
We now set,
€ € d2 1/2 € d N
Aj, = A, = _aT(gj)(—d?Q) F0-E) g HISN-1,
o d? \1/2
Av, =AYy, =———(-—) . 6.14
a N 2y + ) ( d§2> (6.14)
We obviously have
Ajr € LH*(R),H* ' (R)), —N+1<j<N,7€l0,1].

The following estimate of the localization error is the main step in the
proof of Theorem 6.1.

Theorem 6.2. Let > 0 be given and fix s’ € (3/2,s). Then there existe € (0,1)
and a constant K = K () such that

75U (T)[f] = Ao 75l mre—1 < gl flles + K| fll e (6.15)
forall —-N +1<j<N,7€l0,1], and f € H*(R).

Before proving Theorem 6.2 we first present some auxiliary lemmas which
are used in the proof (which is presented below). We start with an estimate
for the commutator [B ,,(f), ¢] (we will apply this estimate in the particular
case p =75, —N +1<j < N).

Lemma 6.3. Let n, m € N, s € (3/2,2), f € H*(R), and ¢ € C*(R) with
uniformly continuous derivative ¢’ be given. Then, there exists a constant K
that depends only on n, m, ||¢'||s, and || f|lms such that

leBnm(fs- - Oy Rl = B (fs - O frobll SK|VE||2 :
6.16
for all h € Ly(R).

Proof. This result is a particular case of [1, Lemma 12]. O

The results in Lemma 6.4-Lemma 6.8 below describe how to “freeze the
coefficients” of the multilinear operators B%m. For these operators, this tech-
nique has been first developed in [19] in the study of the Muskat problem.
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Lemma 6.4. Let n, m € N, 3/2 < s’ < s < 2, and v € (0,00) be given. Let
further f € H*(R) andw € {1}UH*"1(R). For any sufficiently small ¢ € (0,1),
there exists a constant K depending only on e, n, m, ||f||ms, and ||| gs—
(if W # 1) such that

w(&) ()"
| i Bootmih ., < vImhles KRl
for all |j| < N —1 and h € H*"1(R).

ﬂ-Js'ng,m (f) [h] -

(14 (f(£5))°]

Proof. See [1, Lemma 13]. O

We now provide a similar result as in Lemma 6.4, the difference to the
latter being that the linear argument of B, ,, is now multiplied by a function
a that also needs to be frozen at 5.

Lemma 6.5. Let n, m € N, 3/2 < ' < s < 2, and v € (0,00) be given. Let
further f € H*(R), a € H*"Y(R), andw € {1}UH*"Y(R). For any sufficiently
small e € (0,1), there is a constant K depending on e, n, m, || fllms, ||a||gs-1,
and ||0|| grs—1 (if W # 1) such that
a(E9VT(£5)(F(£5))
st - “SPEE)
< Ul e + KAl -

L+ (g
for all |j| < N —1 and h € HS71(R).

Proof. See [20, Lemma D.5]. O

Lemma 6.6 and Lemma 6.7 are the analogues of Lemma 6.4 corresponding
to the case j = N.

Lemma 6.6. Let n, m € N, 3/2 < s’ < s < 2, and v € (0,00) be given. Let
further f € H*(R) and w € H* Y(R). For any sufficiently small ¢ € (0,1),
there is a constant K depending only on €, n, m, || f||g=, and ||@|| gs—1 such
that

178 @ By (Al re=2 < vlimkhllsze—s + K|hl| -
for all h € H*7Y(R).

Proof. See [1, Lemma 14]. O
Lemma 6.7 is the counterpart of Lemma 6.6 in the case when w = 1.

Lemma 6.7. Let n, m € N, 3/2 < s’ < s < 2, and v € (0,00) be given. Let
further f € H*(R). For any sufficiently small € € (0,1), there is a constant K
depending only on €, n, m, and || f||gs such that

178 B (F)IA] = Boolr il mrs—1 < vliwihllmro-1 + K||h]| -
and

|78 By i (N[Wll o1 S vllaihlge-s + Kbl g, n21,
for all h € H*7Y(R).
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Proof. See [1, Lemma 15]. O

Finally, Lemma 6.8 below is the analogue of Lemma 6.5 corresponding
to the case j = N.

Lemma 6.8. Let n, m € N, 3/2 < ' < s < 2, and v € (0,00) be given. Let
further f € H*(R), a € H*"Y(R), andw € {1}UH*"*(R). For any sufficiently
small e € (0,1), there is a constant K depending on €, n, m, || f||ms, ||a||gs-1,
and ||0|| grs—1 (if W # 1) such that

178 @ By (Dlabl o1 < vilaihllme-s + KAl -
for all h € H*7Y(R).
Proof. See [20, Lemma D.6]. O
We are now in a position to prove Theorem 6.2.

Proof of Theorem 6.2. Fix p > 0 and let € € (0,1). We next choose a finite
e-localization family {(75,£5)| — N +1 < j < N} and, associated to it, a
second family {x5| — N +1 < j < N} with the following properties:

e X;€C®([R,[0,1])and x5 =1 onsuppm;,—N +1<j < N;

e suppX; is an interval of length 3e, [j| < N — 1;

o suppxiy C{[¢[=1/e —¢}.

In the arguments that follow we repeatedly use the estimate
ghll a1 < CUllgllochll a1 + [12llocllgllra—1) (6.17)

which holds for g, h € H*71(R) and s € (3/2,2), with a constant C' indepen-
dent of g and h.

Below we denote by C' constants that do not depend on € and by K
constants that may depend on €. We need to approximate the linear opera-
tors [f — Bo(7)[f] — 7fiB1(7)[f]] and [f — B§f'], see (6.8)-(6.9), where we
set B(1) =: (B1(7),B2(7)) . The proof is divided in several steps.

Step 1. We consider the operator [f — 3 f’]. Since X;m5 =75, (6.17) yields

175 (Bo.f') = Bo (€5)(m5.) 1o < Clix5 (Bo — Bo (E5D oo 1 (75 £) | 1o
+ K[ fll e
for [j| < N —1 and

175 Bo f) ez < ClixABo ool (TR S) o2 + K| 1] 1o

From (5.16) we have 83 € C*~3/2(R) and 3§(£) — 0 for || — oo. Hence, if &
is sufficiently small, then

15881 - B s < M= s 4 U o1

plps — p-|
7% (Bo f ) o1 < g Il + Kl

for |j| < N —1.



54 Page 26 of 34 B.—V. Matioc and G. Prokert NoDEA

The approximation procedure for [f — Ba(7)[f] — 7f6B1(7)[f]] is more
involved.
Step 2. We prove there exists a constant Cg such that

75 B(r) [l a1 < Ol fllae + K| fl| o (6.19)

forall -N4+1<j < N,7€[0,1], and f € H*(R). To start, we infer from (6.9)
that
(14 27a,D(fo))[75B(7)[f]] = 2a,750G(7 fo)[f] = 27a,7;0D( fo)[f][Bo]
+27a,, (D(fo)[75B(T)[f]] — 75D (fo) [B(7)[£]])-

(6.20)

In order to estimate the terms on the right, we use the representations and

estimates (6.3)—(6.7) together with the commutator estimate from Lemma 6.3

and the H* l-estimate for the operators By, ,, provided in Lemma 4.1 (ii). So

we get

150G (7 fo) [l mra=1 + 750D (fo) Lf)[Bolll a1 < Cllm5 £l 1e + KHf”H(S’: :
6.21

and similarly, using (3.5) and (6.10) with s replaced by &',

ID(fo)[m5 B(T)[f1] = 75D (fo) B[Sl ra—2 < KIB(T)[fll2 < KI|f [l -
(6.22)

The estimate (6.19) follows now from (6.20)—(6.22) and Theorem 4.2.
Step 3. Given 7 € [0,1] and —N +1 < j < N, let B; . € L(H*(R)?, H*7'(R)?)
denote the Fourier multipliers

au

A a,o (" ai(7fo)(&5)Boo o (d/d§) . B
BJ’T - 27_[_ (UIZ(TfO)(ng')BO,O ° (d/d£)> ) ‘]‘ S N 1)

By, = &7 0
N, 7 -— 27_[_ —Boﬁoo(d/dg) .
We next prove that given v > 0, we have

|75 B(T)[f] = Bjr 5 flll rs—r < w75 fll e + KLf | o (6.23)

foral —-N+1<j<N,7€l0,1], f € H*(R) and all sufficiently small e. To
start, we multiply (6.9) by 7% and get

w5 B(7)[f] = 20,75 [0G (7 fo)[f] — 7(D(fo) [B(T)[f1] + OD(fo)[f][50])] (6.24)

We consider the terms on the right hand side of (6.24) one by one. To deal with
the first term we recall (6.5)—(6.7). Repeated use of Lemma 6.4 and Lemma 6.5
then shows that

v
120, 750G (7 fo)lf] = By (15 flll re-1 < S5 fll e + KN fll e (6.25)
for |j| < N — 1, while Lemma 6.6, Lemma 6.7, and Lemma 6.8 yield
v
12,7y OG(7 fo)lf] = By lmiy fll e < gllwky fllzs + K| 5]

provided that ¢ is sufficiently small.

Q

ue (6.26)
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We estimate the second term on the right of (6.24) and let [j| < N —1
first. Combining (3.5), Lemma 6.4, Lemma 6.5, (6.10) with s replaced by s,
and (6.19) we obtain

175D So)BT)[f]]I o1

7 (ot ) (i)

~wi s (i A6 o) |,
)

6.27
(BmBzz (317’ f) ( )
BY, BY,

<

+

_ f(&) (1 fé(f;))(Bo,o[w;&m[f]J)
(Hf’?(@)) F0E5) F2(€5)) \Boyo[msBa(7)[f]]

175 fllrs + KLf || g

Hs—1

<
6las| u|

provided that ¢ is sufficiently small. Similarly, if j = N, then Lemma 6.7,
Lemma 6.8, (6.10) with s replaced by s, and (6.19) imply that

TN D) BT[]l o1 < 6la |||7TNfHHs + K[ fll gz (6.28)

provided that ¢ is sufficiently small.

It remains to consider the term 750D(fo)[f][Bo] on the right of (6.24). To
this end we argue similarly as in the proof of (6.27) by adding and subtracting
suitable localization operators. Recalling (6.3)-(6.4), we get from Lemma 6.4
and Lemma 6.5 if |j| < N — 1, respectively from Lemma 6.6 and Lemma 6.8
if 7 = N, that

||7T§3D(fo)[f][50]||m 1 ]

< Gia I Fllas + K fll e (6.29)
6la.| u|

provided that e is sufficiently small. The estimate (6.23) follows now from
(6.24)~(6.29).

Step 4. We now localize the operators [f — Ba(7)[f] — 7fiB1(7)[f]]. The
estimate (6.23) shows that, choosing e sufficiently small, we have

w211+ %az(Tfo)(fi)Bo,o[(ﬂif)/}

Hs—l

iy — p-| (6.30)
S S S
for [j| < N —1 and
auo plps — p-|
|5 B 1)+ 2 Boolwie )|, < EEES s Fll + K e

(6.31)
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Moreover, for |j| < N — 1, we write in view of xjn5 = 75

7 B (T — 2 £5(85)as (7o) (€5) Bool(m5 )
<IN = REN B
+ O BuUn] — B ax (7o) (€) Bool(m £

The first term on the right hand side may be estimated by using (6.10) (with s
replaced by s'), (6.17), (6.19), and the fact that f; € C*~3/2(R). For the second
term we rely on (6.23). Hence, if ¢ is sufficiently small then

Hs—l

Hs—l'

|75 £3BUOU = 22 (€ an (7o) (€) Bool (x5
plps — p—| (6:52)
< BBl e + KN o

For j = N, it follows from (6.10) (with s replaced by ), (6.17), (6.19), and
the fact that f{ vanishes at infinity that

50 S4B () s < M e K e (639)

The desired claim (6.15) follows now from (6.8), (6.18), (6.30), and (6.32)
if |j| < N — 1, respectively from (6.8), (6.18), (6.31), and (6.33) if j = N. O

We now investigate the Fourier multipliers A; . found in Theorem 6.2.
We recall the definitions (5.12), (6.13), and (6.14) and observe that as the
functions f}, 8%, and a;(7 fo) belong to H*~1(R), i = 1, 2 and 7 € [0, 1], there
is a constant 1 € (0,1) such that

IN

Ui <

1 1
ar <— and |G;] < -, T € [0,1].
n n

Based on this, it can be shown as in [19, Proposition 4.3], that there is a
constant ko > 1 such that for all e € (0,1), —-N+1<j < N, and 7 € [0, 1]
we have
e \—Aj, € L(H*(R), H*"'(R)) is an isomorphism for allRe A > 1, (6.34)
o roll(A = Aj ) [flgs—r = (AL (1 flrs—r + [ f s, f € H(R), ReA > 1.
(6.35)

The properties (6.34)-(6.35) together with Theorem 6.2 enable us to prove
Theorem 6.1.

Proof of Theorem 6.1. Let s’ € (3/2,s) and let kg > 1 be the constant in (6.35).
Theorem 6.2 with p := 1/2k¢ implies that there are € € (0, 1), a constant K =
K(g) > 0 and bounded operators A; - € L(H*(R), H*~}(R)), for —-N+1<j<N
and 7 € [0, 1], satisfying

2r0||m5 U (T)f] = Ao (75 Sl e < 75 fll e + 260 K| fl| gor, f € H?(R).
Moreover, (6.35) yields

2r0[|(A = Ay o) [m5 flll e = 200 - (175 fll e + 2105 £l s
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forall -N+1<j < N,7¢€l01], ReA > 1, and f € H*(R). The latter
estimates combined lead us to
2k0(|75 (A = W) [l s > 2k0l(A — Ay )75 f1ll 51
=260 | 75U (T)[f] — A 7[5 [l e
> 2(A[ 75 fll s + (175 flls — 260 K[ fl g -

Summing over j, we deduce from (6.12), Young’s inequality, and the interpo-
lation property (4.4) that there exist constants x > 1 and w > 1 such that

I =N laze—r = AL e + (1] (6.36)

for all 7 € [0,1], ReA > w, and f € H*(R).

From (6.11) we also deduce that w — ¥(0) € L(H*(R), H*"1(R)) is an
isomorphism. This together with method of continuity [3, Proposition 1.1.1.1]
and (6.36) implies that also

w—U(1) =w—0d(fy) € L(H*(R), H"1(R)) (6.37)

is an isomorphism. The estimate (6.36) (with 7 = 1) and (6.37) finally imply
that O®(fy) generates an analytic semigroup in L(H*~1(R)), cf. [3, Chapter I],
and the proof is complete. O

We are now in a position to prove the main result, for which we can
exploit abstract theory for fully nonlinear parabolic problems from [17].

Proof of Theorem 1.1. Well-posedness: Given a € (0,1), T' > 0, and a Banach
space X we set

Cg((O,T],X) = {f : (O7T] - X| ||fHCg < OO},

where

1t f(8) — s*F(s)ll

|t —s]*

I fllca = sup || f(t)|| + sup
t s#t

The property (5.19) together with Theorem 6.1 shows that the assumptions of
[17, Theorem 8.1.1] are satisfied for the evolution problem (5.17). According
to this theorem, (5.17) has, for each fo € H*(R), a local solution f(-; fo) such
that

f € C((0,7], H*(R)) N C([0,T], H*~ ' (R)) N CL((0, 7], H*(R)),
where T' = T'(fo) > 0 and « € (0,1) is fixed (but arbitrary). This solution is
unique within the set

U cao. 7], 2°®R) n C([0,T], H*(R)) N C ([0, T], H*~*(R)).

ae(0,1)

We improve the uniqueness property by showing that the solution is unique
within

C([0,T), H*(R)) N CY ([0, T], H*~*(R)).
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Indeed, let f now be any solution to (5.17) in that space, let s’ € (3/2,s) be
fixed and set a:= s — s’ € (0,1). Using (4.4), we find a constant C' > 0 such
that

[f(t1) = f(t2)ll g < Cltr —t2|*,  t1, t2 €[0,T], (6.38)

which shows in particular that f € C2((0, 7], H* (R)). The uniqueness state-
ment of[17, Theorem 8.1.1] applied in the context of the evolution prob-
lem (5.17) with ® € C>°(H* (R), H* ~'(R)) establishes the uniqueness claim.
This unique solution can be extended up to a maximal existence time T’y (fo),
see [17, Section 8.2]. Finally, [17, Proposition 8.2.3] shows that the solution
map defines a semiflow on H®(R) which, according to [17, Corollary 8.3.8], is
smooth in the open set {(t, fo) |0 <t < T (fo)}. This proves (i).

Parabolic smoothing: The uniqueness result established in (i) enables us to
use a parameter trick applied also to other problems, cf., e.g., [4,9,19,21], in
order to establish (iia) and (iib). The proof details are similar to those in [18,
Theorem 1.2 (v)] or [1, Theorem 2 (ii)] and therefore we omit them.

Global existence: We prove the statement by contradiction. Assume there exists
a maximal solution f € C([0,74), H*(R))NC ([0, T), H*~'(R)) to (5.17) with
T, < oo and such that

sup |[f(t)]|ms < oo. (6.39)
[07T+)

Recalling that ® maps bounded sets in H*(R) to bounded sets in H*~1(R),
we get

sup

d
]di;(t)H = s [|O(F(1)) e < o (6.40)
tel0,T4)

Hs=1  4el0,Ty)

Let s € (3/2,s) be fixed. Arguing as above, see (6.38), from the bounds (6.39)
and (6.40) we get that f : [0,7}) — H* (R) is uniformly continuous. Apply-
ing [17, Theorem 8.1.1] to (5.17) with & € C(H* (R), H* ~'(R)), we may
extend the solution f to a time interval [0, 7" ) with Ty < T and such that

feC(o,T), H¥ (R)) N CH([0, %), H¥ ~X(R)).

Since by (iib) (with s replaced by s') we have f € C!((0,7%), H*(R)), this
contradicts the maximality property of f and the proof is complete. O
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Appendix A. The hydrodynamic double-layer potential near I'
Given f € H?*(R) and 3 € H*(R), we let (w,q) be given by (2.7) and (2.8).
We recall the definitions (3.4) of D(f) and (3.2) of the operators By .

Lemma A.l. We have w* € CHQF,R?), ¢& € C(QF), wh|r o Z € H?3(R)?,
and

w* = (- D)l £ 50) 027! onr,} "
[T (w,q)l(vo=~") =0 onl.

Proof. For j =0,...,3, let Z; € C1(R?\ {0}) be given by

Z/fijé 2
Zi(y) = PO y € R\ {0}.

Given ¢ € H'(R), we define the function Z;[¢] : R*\T' — R, j = 0,...,3,
by

20w = [ Z(ods. w € RI\T rim 2 = (s, £(5),
Recalling (2.9);, we have
w=t(-(Z 2 wa+ (5 7)8).

It is shown in [20, Lemma A.1] that Z;[¢]* € C(QF), with

Z1¢ - _ BL ¢ L fl -1
Zlo* | °F= | B el | Taw | poop |© (B2
Z3[6]* BY, (Nl Sep g

Consequently, w* € C(QF,R?), and the jump relations (A.2) imply (A.1);.
Moreover, recalling Corollary 4.4, we get wk|r o 2 € H?(R)2. Further, the
property ¢& € C(QF) follows from [18, Lemma 2.1].
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Exchanging integration with respect to s and differentiation with respect
to « by dominated convergence we find from (1.1b), (2.7), and (2.8) that

Jwj(x) = / alW;’k(r)uiﬂkw ds, (A.3)
R
(Th(w, q))j(x) = / (—0,0Q"F + OWIF + 9, WiF) (r)vi Brw ds (A.4)
R
forr € R2\T and [, j = 1, 2.

For E C R? open, Z € CY(E), i = 1,2, we let rot Z := (rot' Z, 10t Z),
with rot Z € C(E,R?), be defined by

i [—OZ ifi=1,
ro'Z = { OZ ifi=2.

With this notation, we find from integration by parts
/R(rotiZj)(r)Viqu ds = /R(f'BQZj(r) +0:12(r))pds = — /]R 0s(Z;(r))¢o ds
= Z;[¢']
Together with (A.3), (A.4), and the identities
WP = —o Wit = —o,Wi? = %rotizh

IWP? = —0Wy? = W' = Zrot' 2,
Y

, 1.
82Wf’1 = ——rot' Zy,
7T
. 1.
81W§’2 = —rot'Z3
™

and
7,1 1 7
Q = —rot (—Zl — Zg,)7
m
7,2 1 7
Q = ;I‘Ot (ZO —+ ZQ),

this yields w* € C'(Q%,R?) and (A.1),.
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