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Abstract. In this paper we consider the symmetric Kolmogorov operator
L=A+ % -V on L*(RY, du), where u is the density of a probability
measure on RY. Under general conditions on p we prove first weighted
Rellich’s inequalities and deduce that the operators L and —L? with do-
main H?(RY du) and H*(RY,du) respectively, generate analytic semi-
groups of contractions on L?(RY, du). We observe that dy is the unique
invariant measure for the semigroup generated by —L? and as a con-
sequence we describe the asymptotic behaviour of such semigroup and
obtain some local positivity properties. As an application we study the
bi-Ornstein-Uhlenbeck operator and its semigroup on L2 (]RN, du).
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1. Introduction

The focus of this article is to study some parabolic properties in weighted
L? spaces for a class of forth order operators with unbounded coefficients: bi-
Kolmogorov type operators. We define our operators (A, D(A)) as operators
associated to the sesquilinear form

ar(u,v) = /N LuLvdp u,v € D(ar) := D(L),
R
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where L is a second order Kolmogorov type operator defined on smooth func-
tions as Lf = Af + % -V f and dy is some probability measure which has
density p with respect to the Lebesgue measure. Second order Kolmogorov
type operators have been widely studied in the literature, the prototype being
the Ornstein-Ulhenbeck operator corresponding to the choice of a Gaussian
measure du, see for example [6,24,25,27,29]. The Gaussian measure is the
unique invariant measure for the Ornstein-Ulhenbeck semigroup and an ex-
plicit formula for the semigroup is available; having such a formula simplifies
the study of the main properties of the semigroup. It is known that the most
appropriate space to study parabolic properties of the Ornstein-Ulhenbeck
semigroup is the weighted space Li (RN) := L2(R™,du) where it gives rise to
a strongly continuous analytic semigroup (the result holding true in LF, (RN)
for any p € [1,00)). Roughly speaking, the Ornstein-Ulhenbeck operator in
L2 (RN) is the counterpart of the Laplacian operator in L?(RY).

Having defined the bi-Kolmogorov type operator through the form ay,
in order to establish generation results in Li (RY) for A, we need generation
results for the second order Kolmogorov type operator L. In [2] under mild as-
sumptions on s, the authors prove that the closure of (L, C2°(RY)) on L (R™Y)
is the generator of an analytic contraction Cp-semigroup of angle 5 on Li (RM).
In particular they assume

Hypothesis (H1)
(i) p e Hi (RY), ¥£ € L, (RN, RY) for some r > N,

loc

(ii) infrex p(x) > 0 for every compact K C RV,
Therefore, we are able to state that, under Hypothesis (H1), the operator

(—=A,D(A)) generates an analytic contraction Cp-semigroup of angle 7 on
Lﬁ(RN ).

In this paper we also deal with perturbation of the operator A by a
singular potential. It is known that there is a strong relation between second
order Schrodinger type operators and Hardy’s inequalities. When one deals
with a complete operator, i.e., allowing for a drift term, some generalised
Hardy inequality is needed. In [8] suitable conditions on y are obtained for the

validity of a weighted Hardy inequality of the following form

2
o @), [ Vu@Pdu+ G, [ u@Pdn e HY®Y)
RN RN RN

|z[?

where Cy = (%)2 is the best constant in Hardy’s inequality and C), is a
positive constant depending on the measure u. As a consequence existence
of positive solutions to the parabolic problem associated to the perturbed
operator L + V with 0 < V(z) < \%02 is stated. The bi-Laplacian operator
perturbed by the inverse fourth order potential has been studied in [20]: in
this case a Rellich’s inequality is needed. We prove here a weighted Rellich’s

inequality with respect to the operator L. Indeed, under the assumptions
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Hypothesis (H2)
( ) f € loc( ) AM € LIOC(RN)7
(ii) there exists a Ry > 0 such that |x|? (}1 ‘@

2 1 Ay 1 1
"
— 3% ) S Aoz VT €

o
BR() ) 9
(iii) % % - %% is bounded from above in R \ By, for every R > 0,

we prove that there exists C' > 0 such that the following inequality with
optimal constant holds

u
-12 [ :4d < [ MouPdu+ Cliulyg vy

for any u € Hﬁ(RN ), N > 5. This inequality allows us to establish generation

results for the perturbed operator —A +V when 0 <V < (Crx_|41 &

An important feature of the Ornstein-Uhlenbeck semigroup in LZ (RN)
(and also in LE(RN) for p € (1,00)) is that a complete characterization of
its generator is available. In particular, it is known that the domain of the
Ornstein-Ulhenbeck operator in Li is exactly the weighted Sobolev space
HZ(RY), cf. [11,25]. The same result holds when u takes the form p = e~?
with ¢ convex or ¢ € C3(RY) and ¢ together with its derivatives up to second
order has polynomial growth, cf. [12]. In this paper we provide more general
assumptions that imply that the domain of the Kolmogorov operator L coin-
cides with Hﬁ(RN ). In particular, as a consequence of weighted Hardy’s and
Rellich’s inequalities, we derive some useful estimates such as a weighted in-
terpolation inequality and a kind of Calderon-Zygmund inequality that allows
us to deduce that D(L) = HA(R™) if N > 5, Hypotheses (H1) and (H2) hold,
and additionally

Hypothesis (H3)

(i) p € W2HRN) and ’D (2| < |WJFC‘ 2| Wi j=1,...,N.
Moreover, through more general higher order weighted Rellich’s inequal-
ities, we are also able to characterize the domain of the bi-Kolmogorov
operator A. We show that, assuming further N > 7 and

Hypothesis (H3)
(il) p€ W2 (RN) and ’D” (Dﬁu)‘ |$|3+C" ‘VZ jk=1,...,N
then D(A) = H,(RY).

The interest in higher order operators has grown considerably in recent
times due to their applications in many fields of science, for example they
are involved in models of elasticity [26] or condensation in graphene [30], free
boundary problems [1] and non-linear elasticity [3,31]. Among the best known
features of higher order differential equations is the failure of maximum prin-
ciples, and hence of the positivity preserving property of the semigroup. The
heat kernel of the bi-Laplacian operator was studied by Hochberg already in
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80s, cf. [22], indeed even earlier in [16]. Together with a stochastic interpre-
tation for the underlying process, Hochberg shows that the integral kernel
k(t,x,y) satisfies

P 1 3 (lz—y[*\* 3\f lz —y[*\*
E(t,z,y) =~ Mt~ 6|x —y|~ 3 exp <8 <4t cos pm

for large x, M is a positive constant and the approximation holds up to lower-
order terms. This shows in particular that k has an oscillatory character and
changes sign infinitely often. However, even if the classical notion of positivity
fails, one can ask for a relaxation of this property: eventual positivity, meaning
that, considering positive initial data, the solution to a Cauchy problem may
become positive for large enough time. A further relaxation is the property of
local eventual positivity, i.e., eventual positivity on compact sets. Relying on
the explicit formula of the kernel on RY, in [19] it is proved that for continu-
ous, compactly supported, positive initial data ug, the solution to the Cauchy
problem associated to the bi-Laplacian in RY is individually locally eventually
positive meaning that: for any compact set K C RY, there exists Tk > 0 that
depends on ug such that u(t,z) > 0 for all t > Tx and « € K; and there exists
7 > 0 that depends on ug such that for any ¢ > 7 there exists a z; € R such
that u(t,z:) < 0. A generalisation in [18] covers the case of initial data that
decay fast at infinity and in [17] it is shown that also fractional polyharmonic
equations display the same behaviour. In Sect. 6, we obtain a semi-explicit
formula for the kernel of the bi-Ornstein-Ulhenbeck operator showing also in
this case an oscillatory character that prevents the kernel to be positive. How-
ever, we are able to state suitable conditions on the measure p that imply local
eventual positivity for the semigroup (e_tA)tzo. To this purpose we rely on
an abstract theory initiated by Daners, Glick and Kennedy in [13,14]. They
state sufficient conditions on the generators in order to obtain eventual pos-
itivity for the associated semigroups. The theory has been developed in [5]
considering milder conditions which imply local eventual positivity. Firstly,
investigating on the asymptotic behaviour of (e7*4);>(, we prove that the
semigroup is asymptotically irreducible, a rather strong property. Further, we
give sufficient conditions on the measure p for both individual and uniform
local eventual positivity of the bi-Kolmogorov semigroup (e*tA) >0

ol

The paper is organised as follows. In Sect. 2 we introduce the fourth
order operator A and state generation results. In Sect. 3 we prove that pu is the
unique invariant measure for (e_tA)tZO and we study asymptotic and positivity
properties for the semigroup. Section 4 deals with the proof of the weighted
Rellich inequality and the optimality of the constant. Some more estimates
and further higher order weighted Rellich’s inequality of Sect. 5 serve for the
characterisation of both the domains of L and A. Finally, in Sect. 6 we adapt
all the obtained results to the bi-Ornstein-Ulhenbeck semigroup and give a
semi-explicit formula for its kernel.
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2. The bi-Kolmogorov operator

We consider the square of a general Kolmogorov-type operator. To this purpose
let us consider some probability measure ; which has density 0 < u € L'(RY)
with respect to the Lebesgue measure. We assume the following on p

Hypothesis (H1)
(i) pe HE (RY), % € LI (RN, RY) for some r > N,
(ii) infrex p(x) > 0 for every compact K C RV,
We consider the operator L defined on smooth functions f as
\Y
Lf=Af+ 7" VY.

By [2, Corollary 3.7], the closure of (L,C2°(RY)) on L2 (RY) denoted by
(L, D(L)) generates an analytic contraction Cp-semigroup of angle 5 on Li(RN ).
We notice that (L, D(L)) coincides with the operator associated to the sesquilin-
ear form

a(u,v) ::/ Vu-Vody, wu,ve H}L(RN), (2.1)
RN

since it coincides with L on CZ°(R™) and both are generators on L2 (R"Y). In
particular, D(L) C H}(R") and

/Lfdu:—/ Vi -Vidu=0,
RN RN

for all f € D(L). This implies that u is a symmetrizing invariant measure for
the semigroup generated by L, and so we have the following.

Remark 2.1. Tt follows from [7, Corollary 2.10] that u € Wlécr (RN) for some

r > N and by Sobolev’s embedding we deduce that u € C’lloz% (R™). In partic-
ular, this implies that for any compact set K C R there exists a positive con-
stant ¢ = c¢x such that ¢~ < w(z) < cfor any x € K, where the lower bound
follows from the assumption that infz g > 0 for any compact set K C RY,

_N
and the upper bound is a byproduct of the partnership of u to C’lloC " (RV).

We introduce on the domain of L the sesquilinear form
ar(u,v) ::/ Lu Lvdp, wu,v € D(ar) := D(L). (2.2)
RN

Since ay, is positive semidefinite, there exists an operator (A, D(A)) which
satisfies

aL(u,v):/ Auvdp, we D(A), ve D(L).
RN

Further, since C2°(RY) is a core for L in L2 (R") it follows that ay, is densely
defined. It is simple to check that ay, is continuous and closed. Therefore, — A
is the generator of an analytic contraction Cy-semigroup on LZ(RN ).
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Let us compute the explicit form of the operator A. We denote by div,,
the adjoint operator of V in LZ(RN,IRN). Let ® be a smooth vector field.
Then, for any f € C}(RY), the integration by parts formula gives

/ Vf@)du:—/ f<div<1>+w‘q)>du,
RN RN K

where div is the classical divergence operator. It follows that div, =
- (div + %) and it is easy to see that L = div,, V. Take now u, v € C2°(R")

and assume that p € Wicl (RN). Then, two integration by parts give
ar,(u,v) :/ Lu Lvdp :/ Lu(div,Vov)dp
RN RN
— [ V(w Vodu= / div, V(Lu)odu.  (23)
RN

R N
We have

N
V(Lw)- Vv = Z@i (Aqu VJL~VU> ;v

i=1

N 2 2
Z 8.» dju 0o 10 110
((93 WZ ju  Ojuo;u &,u@;u%u) . (2.4)

ZJ]
ig=1 a a

Let us assume now that p € VVI?)C1 (RY) and consider the vector field

P = (Py,...,Pn), P :=0; (AU+W‘VU>7 i=1,...,N,ue C*R"Y).
0

It remains to compute div,,®. By taking advantage from (2.4) we infer that

div,® = Z <6<I> + 5';;(1) )

=1

For any ¢ =1,..., N we have
N 3 2,92 2 2 92
P Z (84 6iij,u<9ju N 0;;n0;u B 03 n0; pdju N 0;;no;u
= i I I I I
8 8“]11, @u@m@%—u afiuaj,uﬁju
+ - 2 o 2
p [t [t
0 102, pdju 82- 0 nd?u Oi )20, 10;
o H NQM o ]/21’ J +2( z,u) 3_7,U Ju)' (25)
Further,
N
Qi _ 3 (3 03 u N 0% ndipdju N Ojudipdu (@u)zajij).
j = Iz I I p

(2.6)
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Putting together (2.5) and (2.6) we get

N 3 2 92 2
;i 03 1 0710w O u0; o u
div, V(Lu) = <8,4mu+2 T g =
/ ( ) l-;l 1177 L ﬂ2
 O%pdjpd 05 pndiu 02 ud;pdju N (3iu)2ajl~taju>
I I u? w3

and then, for u € C°(RY), we have
Tr[D?pD?
Au= A%y + 2% - V(Au) + QW - (D%W> Vi

H H
(Dzwu).w+wwAuwvﬁ‘wrw
H Iy B H e

Vu.
(2.7)

Thus, we have the following result.

Proposition 2.2. Assume (H1) is satisfied. Then the operator —A associated
to the sesquilinear form ay, defined by (2.2) generates an analytic contraction
Cy-semigroup e~ of angle 5 on Li(RN). If in addition p € VVfZC1 (RN) then
C>(RYN) C D(A) and A is given by (2.7).

3. Asymptotic properties of bi-Kolmogorov semigroups

We start with some considerations on the operator L introduced above. Let
us notice that D(L) C H)(RY), and that if g € D(L) satisfies Vg = 0 p-a.e.
in RY it follows that g is constant p-a.e. in RV,

Lemma 3.1. Let L be as above. Then:

(i) 1 € D(L) and L1 = 0. This means that 0 is an eigenvalue of L and the
constant functions belong to the associated eigenspace;

(ii) the eigenspace of L associated to 0 coincides with the constant functions,
and it equals the fized points of the semigroup (etL)tZO, i.e., the set

E:Z{fGLi(RN):eth:f,ufa.e. in RV},

Proof. (i) Consider a function n € C°(RY) satisfying 0 <n < 1,n=11in By

and 7 = 0 in RN \ Ba2, where Bg denotes the ball with centre 0 and radius

R. Then one can see easily that 7, converges to 1 and L, converges to 0,

where 1, (z) :=n(z/n) for z € RY and n € N. Since C2°(R¥) is a core for L,

it follows that 1 € D(L) and L1 = 0. The linearity of L gives the second part.
(i1) Let f € D(L) belong to the eigenspace associated to 0. Hence,

0= /RN Lf fdp = /RN IV f2dp,

which gives Vf = 0 p-a.e. in RY. The above considerations implies that f is
constant p-a.e. in RV, Let us prove that £ coincides with the eigenspace of
L associated to 0. The inclusion C is trivial, indeed if f € £ then from the
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definition of L it follows that f € D(L) and Lf = 0. This implies that f is a
constant function. To prove the converse inclusion, we recall that L generates
a strongly continuous semigroup, and so

eth—f:L/OteSLfds, feLZRY), t>0. (3.1)

Let us assume that f € D(L) and Lf = 0. Hence, Le** f = e’ Lf = 0 for any
s> 0, and from (3.1) it follows that

t t
eth—f:L/ eSLfdsZ/LeSLfdszo, t>0,
0 0
which gives f € £. g

3.1. Analysis of (e_tA)tzo

We prove that the measure p is an invariant measure for the semigroup gen-
erated by —A. We recall first the definition of invariant measures.

Definition 3.2. Let v be a probability Borel measure, and let (S(t));>0 be a
Co-semigroup of bounded linear operators on L2(R™). We say that v is an
invariant measure for S(t) if

S(t) fdv :/ fdv, feCy(RN), t>0.
RN RN

The following result shows that p is an invariant measure for the semi-
group (e7*4);>( generated by —A.

Proposition 3.3. i is an invariant measure for (e’tA)tZO. Further, 0 is an
eigenvalue of A, and the corresponding eigenspace consists of constant func-
tions.

Proof. By deunsity, it is enough to prove that

/ et fdu :/ fdu, f € D(A).
RN RN
Let f € D(A), then we have

e f= /t e SA—A)fds, t>0, (3.2)
0

where the equality is meant in Li(RN ). By integrating both sides of (3.2) on
RY with respect to p, by applying Fubini’s theorem and by using the fact that
e~*4 is a bounded linear operator for any s € [0, T] we get

/RN(e—tAf — f)dp = _/Ot oA (/RN Afdu) ds, t>0. (3.3)

We now claim that

Agdp =0, ge D(A).
RN
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If the claim is true, then the right-hand side of (3.3) vanishes and we get the
thesis. From Lemma 3.1 we know that the constant function equal to 1 is in
D(L) and L1 = 0. Hence,

Agdp = / Ag ldp = / LgLldy =0, ge€ D(A).
RN RN RN

Therefore, the claim is proved and the thesis follows at once.

Let us prove the second part of the statement. Since 1 € D(L) and
L1 = 0 it follows that 1 € D(A) and for any constant function f, f € D(A) and
Af = 0. Hence, 0 is an eigenvalue of A and R is contained in the corresponding
eigenspace. Let us prove that any function f € Li(RN) such that Af =0 p-
a.e. is constant. To this aim, let f € L%(R") be such that Af = 0 p-a.e.
Then,

0= /}R AF fn = /R (LD

This implies that Lf = 0 p-a.e. Lemma 3.1(i4) allows us to conclude. O

Now we show that p is ergodic with respect to the semigroup (e’tA)tzo,
ie.,

1 t
2 : —sA _ 2 N
Ly, — lim 7/0 e fds = /RN fdp, f €L, (RY).

t—+4oo t

Proposition 3.4. p is ergodic with respect to the semigroup (e_tA)tZO. As a

byproduct, u is the unique invariant measure for (e‘tA)tZO.

Proof. Let us set P, f := ¢t~} fg e %A fds for any f € Li(]RN)7 arguing as in
the proof of [6, Proposition 8.1.13] we infer that there exists an operator P,
such that

L= lim Pf=Pf [e€LyRY),

that e "4 P, = P, for any r > 0 and that P, is a projection on the space
C:={f e LZR"): et f = f p — ae. in X}. Let us show that C' only
consists of constant functions. If f € C then f € D(A) and Af = 0. From
Proposition 3.3 it follows that f is a constant function. On the other hand, if f
is constant then Af = 0, and from (3.2) we infer that e=*Af — f = 0 for p-a.e.
in RY. This implies that the dimension of C' is 1, and therefore there exists a
linear operator S € (L2(R™))* such that Py f = S(f) for any f € L2(R"N).
From the Riesz representation theorem there exists a function g € LZ(]RN )
such that

S()= [ fodu. e LR

Let us prove that g = 1 for p-a.e. in RY. Integrating P; f on RY with respect
to u, by applying Fubini’s theorem and recalling that pu is an invariant measure
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—tA

for e we get

/RNPtfd”:/RNi(/Ote_SAde)d”:1/Ot(/RN€_SAfdu)dt=/RNfdu.

Letting t — +o0 it follows that
fau=[ Sdn= [ fodn feL2@)
RN RN RN

which gives g = 1 for p-a.e. in RY. The uniqueness of x follows arguing as in
[6, Theorem 8.1.15]. O

The following proposition deals with the asymptotic behaviour of (e_tA)tZO.

Proposition 3.5. For any f € L2(R"Y) we have

(1) Li hm eTHAf :/ fdu,
RN

t——+
.. 2 . o
(i) L;, — )\lirgh AR\, —A)f = /IRN fdu.
Proof. (i) Let f € D(A). Then, for t >0

G e =z [ () (~ae gy du= -2 [ (Le P
N RN ]RN

Hence,

t
2/0 HL@_SAfH%ﬁ(RN)dS + ||€_tAfH%2 ®V) < ||f||2L2(]RN)7 t>0.

This implies that the function t — ®¢(¢) = ||L67tAf||Lz ®~) € L'(0,400).
Further, if f € D(A?) we get

Gos=2 [ (1gear) ety
_o /R (LAY (Lem A f) dp < 285(0) + 20 ag(0)

for any ¢ > 0. Hence, both ®; and <I>} belong to L'(0,+oc0), which implies
that

lim ®¢(t) =0.

t——+4oo

Since —A generates an analytic semigroup, we infer that for any f € Li (RN)
we have e~ f € D(A") for any n € N. Therefore,

. —tA Ap—A
tl}+moo | Le™ fH%i(]RN) = tl}in |Le~ 1) fliz: 2 (RN)
= t—lg-noo ||L€ tAe Af”Li(RN) =0

for any f e LZ%(RY).
Let us fix f € L%(RY). Since (e7*)4>0 is a semigroup of contractions
in L2 (RY) it follows that sup,g ||€_tAf||Li(]RN) < 400, and so there exists a
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sequence (t,) diverging to 400 and g € LZ (RM) such that e~ t»4 f — g weakly
in L2 (RY). We claim that g is constant. Indeed, for any ¢ € D(L) we have

/ gLy dp = lim / (e " Af)Lpdpu = lim / (Le A f)pdu = 0.
RN n—-+oo RN n—-+4oo RN
This means that ¢ € D(L*) = D(L) and L*¢g = Lg = 0. From [24, Theorem

9.1.17] it follows that g is a constant function and the claim is proved. Further,

g=/ gdp = lim e Afdu= | fdp,
n R"n,

n—-+oo Rn

since 4 is the unique invariant measure for (e7*4);>¢. Above computations
reveal that for any sequence (t,,) diverging as m — oo there exists a sub-
sequence (ty,,) C (tm) such that e~ fmAf — [0 fdy weakly in L2 (RY) as
m — +oo. Hence, we get that e ' f — [, fdu weakly in LZ(RY) as t — 4-oc.
To prove that e "4 f — [ fdu in L2(RN) as t — 400, we notice that

ey, = [ (A0
= | (N fdu— | gfdp=gl7s @),
RN RN *

which gives the thesis.
(i) The statement is a consequence of (i) and of the representation of
R(X,—A) as Laplace transform of (e=4);>0. Let us fix f € L?(RY), then,

R()\7—A)f:/ e Me Tt fdr, A > 0.
0
We have
AR(N, —A)f—/ fdu:)\/ e M (e_tAf—/ fdu> dt.
RN 0 RN

Let us fix € > 0, from (7) there exists 7 € (0, +00) such that

e Af— | fdu
RN

<ef2, t>T.
L2 (RN)

By applying the integral Minkowski inequality we get

RN La(RN)
< )\/ e M|lemtAf — fdu dt
0 RN Lﬁ(]RN)
= )\/ e—)\t e—tAf _ fd/,L dt
0 RN La(RN)
+ /\/ e M e*tAf — fdu dt
T RN Lﬁ(RN)
T 6 6
< 2||f||Lz<RN>A/ e Mt + 5 <27 g @) + 5
0
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Let us choose A > 0 such that 27A[[fll L2 mw) < €/2 for any A € (0, X), it follows
that

<e, A€(0,N).
L2(RN)

HAR“’ i -

RN

The arbitrariness of ¢ gives the thesis. O

3.2. Local and asymptotic positivity

In this subsection we study some positiveness properties of the semigroup
(e7*);>0. Let us begin with some considerations. From [21, Corollary 7.4(1)]
and Proposition 3.3 it follows that the semigroup e~*4 is individually asymp-
totically positive, i.e.,

feL2®RY), = Jim dist(e " f, L2 (RY) ) =0,

where L2(RN), = {f € LZ(RY) : f > 0}. However, nothing can be said
neither about uniform eventual positivity nor eventual irreducibility, in the
sense of [13,14], since it is not known whether D(A¥) C L>(RY) for some
k € Nor etUA(Li(RN)) C L*(RY) for some t, > 0. Proposition 3.5 can be
seen as an intermediate result between individually asymptotically positivity
and eventually irreducibility, and we formulate it as follows. We introduce the
space

L2RY)s :={f € L2Z(R"): f>0,3A€B(R"Y) : Leb(A) >0, f(x)>0 vz € A},

where Leb(A) denotes the Lebesgue measure for any A C B(RY). We say that
a strongly continuous semigroup of linear bounded operators T'(¢) on Li (RM)
is asymptotically irreducible if

feLRY), = i dist(T (1) f, L2(RY)5) =0.

—tA)

Proposition 3.6. The semigroup (e +>0 18 asymptotically irreducible.

Proof. The statement follows combining Proposition 3.5 and the fact that pu
is equivalent to the Lebesgue measure. (]

The following results are inherit from the abstract results in [5, Theorems
3.3 & 4.4] applied to our setting. In particular, in [5], criteria for individual and
uniform local eventual positivity for Cy-semigroups are proved. More precisely,
given three Banach lattices F, F, G, a Cy-semigroup (etA)t>0 with generator
A: D(A) C F — F and two positive operators S € L(F,G),T € L(E, F),
positivity of Se*AT f for large times ¢t > 0 whenever f is positive is stated. We
provide explicit proofs which follow the lines of that of the quoted theorems,
but are simplified since we deal with concrete objects.

Proposition 3.7. Assume that there exists n € N such that D(A™) C LS (RY).
Then, the semigroup (e*tA)tZO 18 locally individually eventually positive, i.e.,
Jorany f € LZ(RN)NLZ(K)s and any K C RN compact set, there exist ¢ > 0

and tqg > 0 such that
e (xxf)@)>e, t>ty, ae z€K. (3.4)
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Proof. Let K C RY be a compact set. Let us prove that we can apply to
(e7™);>0 the procedure in [5, Theorem 3.3], with E = F = G = L2(R"), and
Sf=Tf=xgfforany f € LZ(RN). Clearly, T'f = xif forany f € Li(RN).

We recall that Gy, = {f € G|3c >0 : |f| < exk} is a Banach space if
endowed with the norm [|f|l,, = inf{c > 0: |f| < exx} for any f € Gy, .
Let us notice that f € G, if and only if f is essentially bounded on K and
f =0ae. on RY \ K. The analyticity of A implies that e=*4f C D(A*) for
any f € L2(RY), any k € N and any ¢ > 0, hence for any f € L2 (R") we have
Se A f € Gy, for any t > 0.

Arguing as in [5, Theorem 3.3] we infer that Se!ATf — SP. Tf in Gy,
as t — +oo for any f € Li(RN), ie.,

. ligrn inf{c > 0:|SeTf - SP.,Tf| <cxx ae. in K} =0, fe LZ(RN).
Let us consider f € L2(RY) N L2(K)s and let us notice that
SPTf=xxlflly ) > 0.

If ¢t > O satisfies inf{c¢ > 0 : \SetATf — SP.Tf| < exkx ae. in K} <
274111l L1, (ry) for any t > to, by combining the above computations we get

Fllpr an
Se AT = SeATf — SPATf + SPLTS > ”LS(R)XK,

a.e. in K, for any ¢t > to. From the definition of S and T (3.4) follows. O

If 0 is a simple pole for o(—A) then we can improve the result of Propo-
sition 3.7.

Proposition 3.8. Assume that there exists n € N such that D(A™) C LS (RY)
and that 0 is a simple pole for o(—A). Then, the semigroup (e7t*);>¢ is locally
uniformly eventually positive, i.e., for any K C RN compact set there exists
to > 0 such that for any f € L2(RN) N L2(K)s there exists ¢ > 0 which

satisfies

e xgf)x)>ec, t>ty, ae inzekK.

Proof. Since 0 is a simple pole for o(—A) and (e~*4);> is eventually norm
continuous (this fact follows from the analyticity of (e~*4);>0, se e.g. [15,
Chapter II, Section 4.c]), from [32, Theorem 2.7] we have e *4 — P, in
operator norm as ¢t — +o0.

Let us fix a compact set K, let E := Li(K) and let F,G,S,T be as
in the proof of Proposition 3.7. Arguing as [5, Theorem 4.4] we infer that
Se tA(I — P,)T — 0 in E(ET/7GXK), where ET" is the closure of E with
respect to the norm

g s= [ 7k, f € Z3()
Hence, for any € > 0 there exists ¢ty > 0 such that
1Se™* (I = Puo)T fllay,e < elflpr =elflesiy,  f € Lp(K).
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Let us choose f € L?(K)s, then SPTf = Xkl fllzy (k) and we have

Se AT f(x) =SPT f(x) + Se™ A (I — Po)Tf(2) > (1 = &)l fll oy sy xx (@),
ae. inxz € K, t > ty. By choosing ¢ = 1/2 we get the thesis with ¢ =
27| fll 2, o) 0

Remark 3.9. In order to apply the above results, it remains then to provide
sufficient conditions which ensure D(A™) C Li2. (RN ) for some n € N and that
0 is a simple pole for o(—A).

To get the first condition, from the Sobolev embeddings, it is enough to prove
that D(A™) C Hj _(R") for some j > N/2. Let us notice that if u € C3(RY),
by applying the local elliptic regularity and the explicit formula (2.7) of A
it follows that D(A) C H{ _(RY). Analogously, we can prove that if u €
C=Y(RN) it follows that D(A™) C H" '(RN) for any n € N. Hence, if
n € N satisfies 4n — 1 > N/2 and p € C*~1(RY), it follows that D(A™) C
i (RY) € Lig, (RY).

As far as the second request is concerned, let us notice that if the embedding
D(L) c L2(RY) is compact, then the operator —A has compact resolvent.
Further, applying [15, Chapter IV, Corollary 1.19] it follows that 0 is a pole
for o(—A) and Proposition 3.3 ensures that the multiplicity of rgP, = 1, i.e.,
0 is a simple pole for o(—A). By Theorem 3.1 and the successive Example in
[23], it is enough that u decays at infinity as e—l*1” for some o > 1 and ¢ > 0
to obtain that the embedding Hlf (RY) c L2(RY) is compact for any k € N,
k > 1. To conclude, since D(L) C H,(R"), a sufficient condition for 0 of being
a simple pole for o(—A) is that the embedding H}(RY) C L2 (RY) is compact
and therefore that p decays at infinity as e=¢/*® for some a > 1 and ¢ > 0.

Taking Remark 3.9 into account, we provide an example of a measure p
which satisfies the assumptions of Proposition 3.8.

Ezample 3.10. The measure
(@) == Kexp (—(c1 + cola|*)™) ,z € RN,

where ¢1, co, m are positive constants with m > 1/2 and K := ||,u||£11(RN) is a
normalizing factor, satisfies the assumptions of Proposition 3.8.

4. Weighted Rellich’s inequality

The aim of this section is to prove a weighted Rellich’s inequality with respect
to the measure p. We define

‘ 1 A,u
denote by Cy := (T_Q) and consider the following assumptions on pu.
Hypothesis (H2)
(i) \/ﬁ € Hlloc( ) AM € LIOC(RN>;
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(ii) there exists a Ry > 0 such that |z|?U(z) < %m Vo € BRy;
(iii) U is bounded from above in RY \ Bg for every R > 0.

We note that if p satisfies (H1)(i) then /z € HL_(RY). In fact, p €
HE (RY) implies p € L (RY) and Vp € L (RN, RY) and since % €

loc
LI (RN RY) for some r > N, it follows that % € L2 _(RY,RY). Then

Vi€ Ly (RY) and
2 3 1
da:) </ Vu|2dx) < oo
K

loc
1 Vul? 1 \Y%
K 4k p 4\ Jk| p
for every compact set K C RV.
Theorem 4.1. Set Cy = (%)2 and assume N > 5 and Hypothesis (H2).
Then,
(i) For any e >0 and any u € C(RYN) there exists C1 > 0 such that

ulxr 2 1
(Co-12-2) [ MO0 < [ juPan+ S [ i @y

ry 2]t

(i) For any u € C(RY) there exist Cy,Cy > 0 such that

o-17 [ s [ P ¢ [ VatPa

j[*

+ 0 /R Jue) P (4.2)

Proof. Under the assumption (H2), by [8, Theorem 3.3], the following weighted
Hardy inequality holds
2
Co [ Eodns [ 1VePdusCy [ JoPdn pemi@) w3
] RN RN

for some constant C,, > 0 and Cp = (%)2 is the best constant in Hardy’s in-
equality. For u € C2°(RY) let us apply (4.3) to the function ¢(z) = u(z)(|z|?+
§)~'/2 for § > 0. We have

c/‘mFd</ v “2d4c7/ P
O Jon TPz +0) = Jan |\ (el + 072 )| BT fon a8
(4.4)
Since
v U 2_ Vu Cu T 2
(lzl2+6)72 )| | (J&2+6)V/2 " (Jxf2 + 6)3/2
|Vu|? Vu-x u|?|z|?

= — 22U 5
|z[* + 6 (lz*+6)* * (lz* +6)
by applying the integration by parts formula to the above first addend we infer
that
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L (Grtam)

2d 7/ <Vu-Vu_2u Vu-x n [ul?|2]? )d
= Jan \JalP 46~ (P02 * (22 +0)3) "

u Jul?a 2
= Vu-V|———1d — _d
v (\xl2+5) “/RN (elz+0)5 #

ful?laf?
=— ——du — _du. 4.5
L bparstes [ gt (49)
By replacing (4.5) in (4.4) and using the fact that |z|? < |z|? + 6, we get
juf? / / Juf?
Co—1 — du < — du + C’ —
(Co )/Rwaxﬁmz = MEETs O [,

Let us apply the Young inequality ab < ga + ﬁbQ, for any a,b,n > 0, to
the first addend of the right-hand side above, with a = |u(x)|(|z]* + §)~! and
b = |Lu(z)|. It follows that

1 2
- d Lul*du + = 7d
/ |x|2+6“—2n/ [Lufdy / (a2 + 02

which gives
" Juf? [ [ juf?
2(07177)/ W < | |LuPdp+20 —_dp.
T\~o 2) Jox Ta ot S Jou 1Euldn+2Cun | 2a s
The maximum of the function (0,+00) > 5+ 2y (Co — 1 — %) is achieved at
1n = Cy — 1. Then,

2 2
Co —1)? Ld </ Lul?d ZOLC’fl/Ld
(0 )/RN(|$|2+(5)2 H > ]RN‘U| /’[’+ /(0 )RN|$|2+(;IUJ
(4.6)

To prove (i), it is enough to apply again the Young inequality 2ab < Sa2+1 b2

for any a,b,6 > 0 to the last addend in the right-hand side of (4.6) w1th
a = |u(x)|(|z|* +6)~! and b = |u(z)|. It follows that

Juf?

2
_12L</L2 5 _1/7
@-v? [ TP ot s [, \Puldn+00u(Co=1) | gt
+7C“(C3’1)/ |ul2dp
1) RN

for any 6 > 0. For ¢ > 0 take § = £(Cu(Cy—1))~1. Then we have

2 |ul? ul? (Cul(Co — 1))* ul?
((Co—1) E)/]RN (\13|2+5)2d'u£/RN|L “dp + - /]RN| |“dp.

Letting 6 — 0, the thesis follows by applying Fatou’s lemma.
For assertion (ii) we use (4.6) to deduce that

Juf?

2
—1)? P g < Lul? 2 ~1 [ul . (4.
(Co >/RN (|m|2+5)2du_/RNl ulPdp + 20, (Co )/RN tadi (A7)
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Now, applying (4.3) to the last integral in the right-hand side of (4.7) we obtain

2 2(Cy — 1)C
Cyo—1 2/ Ld </ Lul?d —1—7”/ Vul?d
( 0 ) BN (|.I‘|2 +5)2 [2S ]RN| ’LL| 2 CO ]RN| u‘ 12

_ 2
+ 2(00 1)(0#) / |u|2du.
Co .

So, Fatou’s lemma gives the assertion (ii). 0

Remark 4.2. If one assumes (H1) and (H2), then, since C2°(RY) is a core for
L, it follows that (4.1) and (4.2) hold true for all w € D(L).

4.1. Optimality of the constant
In this subsection we prove that the best constant in the weighted Rellich

N(N—4))?
4

inequality is (Cy — 1)% = ( ) , which is known as the best constant in

the classical Rellich inequality.
Using Remark 2.1, we first observe the following properties of the measure
1
Remark 4.3. Assume that u satisfies (H1). Then
(i) sup {(5 eR: ﬁ € L}LJOC(RN)} = N. Indeed, from Remark 2.1, for any
e > 0 we have

1
/ lz| ~dp N/ |lz| O dx :wN/ t=OHN =1y
B1\B. Bi\B. e

(1-eN=9)
G- ) N
vy o o<

—wy In(e) d=N;
(ii) for any § < N and any n € N we have

1\ N
/ lz| 0dpu = wy <) .
Bi/n n

This simply follows arguing as in ().

Taking into consideration Remark 4.2 and Remark 4.3 we prove now the
optimality of the constant (Cy — 1)? in the weighted Rellich inequality (4.2).

Theorem 4.4. Assume that N > 5, Hypothesis (H1) holds and for any e > 0
there is Ce > 0 such that

Viul? €
Vel o £ 6 B
I Ed
for some Ry > 0. Then, the weighted Rellich inequality

2
e [ M an< [ Lu@Pdu+ Clullyy for some >0 and ait e D(L)
Ry |Z] RN "

2
does not hold if ¢ > (Cy — 1)2 = (W) :
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Proof. Take v < 0 and consider the function ¢(z) = |z|7. A simple computa-
tion shows that

\Y \Y
ch:A|x|7—|——N-V|x\7 =7 (7—2—|—N+u a:> 2|72
M 2
Using Young’s inequality and the hypotheses on u, for © € Bpr,, we have

1 2
L < (U Py = 2 NP7 (14 1) 97 |2 o2

Vi
"

1
< s er -2+ M2 e (147) 2l

1
+C€2 (1 + 6) 72|x|2'y—2
<[+ (v =2+ N+ (€ + )] 277+ Claf 7% (48)
Let ¢ > (Co — 1)? and v be such that

(I+e)*(v =2+ NP>+ (+e)’ <c
29y —4< N
2y —2>-N

so that ¢ € HL

loc

(RY) but ¢ ¢ HZ_(RY). Observe that such choice of v
is possible for ¢ small enough since the function f(y) = 7% (y -2+ N)2 is
continuous and decreasing in (1 — %, 2 — %} and f(vy) > f(Z—%) = (Co—1)2

For n € Nand ¥ € C(RY) such that 0 <9 < 1,9 =1in By and ¥ =0
in BS we set

o + Bz if || < L,

o) = || if L <|z| <1,
" |z| 79 (z) if 1 <|z| <2,
0 if |z| > 2,
where 2 — % <m <0 B, = %n’YE’Yl and «, = n% - 57"1 Since L is the

operator associated to the form a given by (2.1), on can see that ¢, € D(L).
Modifying the support of ¢, we can assume without loss of generality that
Ry =1.

We propose now to prove that

) fRN (|L90|2 - \35\4@2) dp
= mn
VT ven\oy \ fow 92 dut fon [Vl? dp

is equal to —oo. To this purpose we observe that

C C
/ (wnﬁ - s&) = [ (LWZ - 4|:c|27) du
RN || B1\B1 ||

c

+/32\Bl <|L(x|w(z)) 2 - o (x|v19(z))2> dp
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+/|M%+mmmﬁgg%+mﬂmww
B

3=

So, by (4.8), we have

C
/ (IL%F - |x|4¢i> dp
RN

<[a+ar(-24 NP + @ rep? = [ el

Bi\B1

A N (N I R
AV B2\By ||

[ [ omdon - 24 NP 4 (& o] fa
B

1
n

1

— ¢ (an + Bplz|)? W}du + C/B |27 2dp.

The term

_ 1
[ B entin =24 NP+ @ eni] o = e + Bula) oy
B

n

is negative, for e small enough, since f(v1) < ¢, o, > 0 and (,, > 0. Moreover,
using (H1) we deduce that

290N 12 — S (129 (2))?
/132\31 <|L( "9(z))] || (lz["9( ))>dﬂ§C’ﬂ

for some constant Cy > 0. Furthermore, since 2y, —2 > 2y — 2 > —N, we

obtain
/,

for some positive constant C'. Then we have

C
/ <|L<Pn|2 - W‘Pi) dp
RN

<[A 4+ (v =2+ NP+ (£ + )7 — ] / 2> dp+ Cy + C.
Bl\Bl

o2 [ ePiesc
Bl\Bl

1
n

(4.9)

On the other hand we know that [|¢n|/g: = Cj for some Cj > 0. Putting
together this and (4.9) one obtains

[(L+ )7 (y =2+ NP+ (2 +e)y* =] [\, e/ du+Cy+C

<
A < cr
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Now, since 2y —4 < —N and taking into account Remark 4.3 (i) we have

lim |27 dp = +-o0.
e Bi\B L

Therefore, since (1 + &)y*(y — 2+ N)? + (2 + &)7y? — ¢ < 0 it follows that
)\1 = —0Q. ]

5. Domain characterization

In this section we want to characterise the domain of A. To this purpose we
first have to characterise the domain of L. Then, recall that U = —A‘T[
1 \VM\

1A
—ar 4l

m , we first prove the following fundamental estimate.

Proposition 5.1. Let N > 3. Assume that p satisfies Hypothesis (H2). If ¢ €
HL(RYN) then YEp € L2(RN,RN) and there exists C' > 0 such that

< (I9eling +liglz ) -

H o
2
H L2

Proof. Integrating by parts, taking into account the definition of U and using
Holder’s and Young’s inequalities we have

Vi |? \Y A V2 \Y%
H“ — [ vt = | <’“‘so2—’§|s02+2 ~E w)
12 2 RN K RN \ H K K

1 Viul? Viul? C
S/ 2Us02du+f/ lilé|<p2du+5/ | /él s02du+f/ V| *dp
RN 2 RN 1% RN 1% 6 RN

for every 6 > 0 and some C > 0. Then

)5
2 %

We observe now that the hypotheses of [8, Theorem 3.3] are fulfilled and then
the weighted Hardy inequality

c/ 2du</ IVl 2du + culloll 2
| | RN "

C
< [ 20etdn+ FI9el;. (5.1)

holds for ¢ < Cy = (T—z) , where ¢, is a positive constant. Moreover, by (i)
and (ii1) of (H2), there exist ¢; < Cp and ¢o > 0 such that 2U < fefz + C2.
Then we have

2

¥
[vdmze [ Fduve [ G IVel; + o+ alelip)
Putting together (5.1), (5.2) and taking § € (0,1/2) we obtain the thesis. [

Throughout the rest of this section we will assume Hypothesis (H2) and
further

Hypothesis (H3) For any € > 0 there is C. > 0 such that
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. 2.1 D; c
() pe Wil (RY) and |D; (22)] < (52 +C.
(i) p € Wige (RV) and ‘Dz‘j (%”)’ < @t G
1

%‘ foreveryi,j =1,...,N;

[

Vi
14

for every 1,7,k =

geeey

In the sequel we need the following interpolation inequality.

Proposition 5.2. Assume that N > 5 and p satisfies Hypotheses (H2) and
(H3)(i). Then for any € > 0 there exists C. > 0 such that

IVull; < el D%l + ClullZ; (53)
for every u € C°(RY).

Proof. 1t is well known that for every p € H*(RY) we have
2 2 Cooe
IVelz: < elAelz + —llellz-

We take ¢ = u./p. Then we have
IVl = [ IVuvii+u¥ (/) o
= Vel + [ (20 V0¥ (Vi) +F |9 (V) do

= || Vul22 +/ w*Udyp.
M RN

On the other hand, since A\/u = —,/uU, we have

[Ap]7 =/ |Auy/ii+ 2V - Vi + ul ) de
RN

<C (A’LL|%2 +/ ‘W~Vu
H RN [ M

Estimating the second term in the right hand side by Proposition 5.1, one
obtains

2
dp + U2u2du> .
RN

YE gy

/V
RN

2
< 22 2 22 )
; dp < C (IVull3; + D%l )

As regards the last term we observe that by Hypothesis (H3)(i) we have

2 2
U? <C @ div @ <C @ 4 cli
I p p |z|*

2
for some ¢; < (Cp — 1) = (W) . By Proposition 5.1 we have

4
v
+’“
n

2
+

2

I
u?dp < C'||U||?1;-

/l
RN
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Using twice Proposition 5.1 and taking into account that by assumption

we have V ’% < ﬁ + C- % , it follows, by weighted Rellich’s inequality,
that
4 2 2 2 2
/ Vi u2du:/ W (‘@’u) e, Hﬂu +Hv’@u
RN | H RN | H © K L2 H L2

v
<c <|u|iﬁ +1vully + ] 2 v

2 2
+ / qu,u>
L2 RN

<O |Ju)?s + | Vul22 + || D?ul? +/ 2 +/ Vi
= L2 L2 L2 e - J2]? H v |

v'@‘
I

< Cllull?s-
Then,
/ U22dp < COlfulle
RN "
Finally,
IVul2, < eljull? +/ (U — U) w?dp + Cuull%
" " RN m
Since eU?% — U < é + 2eU? we have
19ul2; < ellull + Cellul?s -
This implies (5.3). O
The following result concerns a kind of Calderon-Zygmund’s inequality.

Proposition 5.3. Assume that N > 5 and p satisfies Hypotheses (H2) and
Then for all u € C(RN) we have

ID%ullzz < € (I Lullrg + lullez ) - (5.4)

Proof. For u € C°(RY) we have

N
Z/ D;ju Dyju pdx
ij—17RY
N
— Z /RN (D“JUDJ’U,/.L—FD”UD]’U,D”.L) dI

i,j=1

|Dull3

N
Z (/ (D“’ZLDJJU/L+D“’(LDJUD]/L) dx — / Dz]uDJuDz,ud:c)
RN RN

i,j=1

N
E (/ <D“uD”u,u+D”uD]uDj,u) dx
RN

i,j=1

-I—/ <DiuDjuD¢j,u+DiuDjjuDi,u,)dm)
RN
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2
:/ ((Au) NPV (D “Vu) ~Vu) dp.
RN © K
We observe that

D? ?
( “w) V= (V“ : w) — (D%$Vu) - Vu
2 I

where ¢ is such that = e~?. Then finally

||D2u||%ﬁ :/ ((Lu)® — (D*¢Vu) - Vu) dp.
RN

We estimate now the last term in the inequality. By (H3)(i) we obtain that
for any € > 0 there is C. > 0 such that
[Vul®

>

| (D*¢Vu) - Vu| < e + C.

\Y

M‘ |Vul?.
W

So, using (4.3), we have

2
- /RN (D*¢Vu) - Vudp < 6/ ||V|2 du +C - ‘W‘ |Vu|>du

<Cy €||D2’LLHL2 +Cy €c#||Vu||Lz +C. (5/ |Vu\ du

+C’E75/ |Vu|?du
RN
< (C5'e +6C) D2l + CesVullZ; = 1D%ul2; + Cul|TullZs.

Using the weighted interpolation inequality (5.3) we have that for every § > 0
there is Cs > 0 such that

ID2uly < | Lull3; + £ D%l + CorlVull3,
< | Lull3s + 1Dl + Cor (S1D%ul2; + Cluls )
So, the assertion follows by choosing ¢’ and § such that &’ + §C., < % O

Applying Propositions 5.1, 5.2 and 5.3 one obtains the following charac-
terization of D(L).

Theorem 5.4. Assume that N > 5 and p satisfies Hypotheses (H1),(H2) and
(H3)(i) then
D(L) = H (RY).
Proof. 1t follows from Propositions 5.3, 5.2 and 5.1 that
Cullmz < Ll + lullza < Clullas (5.5)

for all u € C2°(RY) and some constant C' > 0. So, since C°(R”) is a core for
L, we deduce that D(L) C H2(RY).

Now, if u € Hﬁ(RN), then, integrating by parts, we obtain
— Vu

RN RN
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for all p € C2°(RY). Thus, using Proposition 5.1, we have (Au + % -Vu) €
L2 (RN) and hence u € D(L). O

Remark 5.5. Observe that since C2°(RY) is a core for L and D(L) = H;(RY),
by equivalence of the norms (5.5) it follows that C°(RY) is dense in the
weighted Sobolev space H(R™Y).

As a consequence of the above theorem and the weighted Rellich inequal-
ity (4.1) one obtains the following.

Theorem 5.6. Assume N > 5 and Hypotheses (H1), (H2), (H3) (i). For every
2

0<V(z) < mr with ¢ < (W) , the perturbed operator (—A + V, D(A))

is the generator of an analytic Cy-semigroup on Li(RN). If instead, ¢ =

N-1))* itabl j A+ 5 s th lyti
—5— ) , a suilable extension of —A+ o 8 the generator of an analytic

Co-semigroup on H,,(RY).
2
Proof. Let us first consider the case ¢ < (W) and the sesquilinear form
ar,y(u,v) = / LuLvdu — / Vuvdpu,
RN RN

D(ar,v) = D(L)

associated to A—V. Since by Theorem 5.4 D(L) = 2( N, it follows by (4.2)

that D(ag,y) = Hﬁ(RN) and D(A — V) = D(A). Now, since ¢ < (Cy — 1)?,
there is ¢ > 0 such that b. := ¢((Cy — 1)? — )7t < 1 So applying (4.1) we
obtain

C
o)+ [ uPdnz -6 [ (L
g RN N

R

for all w € D(L) and some constant C7 > 0. Thus ay, v with domain D(L) is
closed and quasi-accretive. So the first assertion follows, since ar, v is contin-
uous and densely defined.

2
As regards the limit case V = @ and ¢ = (W) , we have, by
(12),
ar,v(u,u) + Cllul[gy = 0 for all w € D(L).

So, since A is symmetric, by [28, Lemma 1.29], one obtains that ay, v is closable
and a suitable extension of —A + V associated to the closure of ar y is the
generator of an analytic Cy-semigroup on H }L (RM). O

We note now that Proposition 5.1 allows us to prove the following useful
estimates.

Proposition 5.7. Let N > 5 and p satisfy Hypotheses (H1) and (H2). Then
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1 u(@)? :
< ) .
| < cpul (56)

for allu € H2(RYN), and if we assume in addition that (H3)(i) holds then

/RN Wdu <C </RN |V Lu(x)*dp + u||%,3> (5.7)

for all w € D(L) with Lu € H}(RY).
2. If N > 17, then

/RN |U|Ec|2>| dp < C (/RN |LVu(z)Pdp + IIUII?Ig) (5.8)

for any u € H3(RN).
We stress that all the constants C appearing in (5.6), (5.7) and in (5.8) are
independent of u.

Proof. Estimate (5.6) follows from the weighted Rellich inequality (4.2), (5.5)
and Theorem 5.4. As regards the estimate (5.8) we apply the weighted Hardy
inequality (4.3) to the function B |2 5 for 6 > 0. Then, by Young’s inequality,
for any € > 0 there is C; > 0 such that

1 u 2 u |u|?
C — [ ———— | du < V{|—— d C —d
/ EE <x|2+5> “—/RN <|x|2+6) " / (7 + 02 "

2 2
:/ Vu v du+C’/ LQdu
RN R )
Jul?

TP 15 (P o7 « (alP 49
uf? [ Vuf?
< 4+€/ W give | Y g Mg
W) Jon Tal2 + 078 (CEEDE . <|x|2+5>2
uf?

|Vu|2 /
< (4
<( +s)/RN FHEEE du+0/ dp+C

Applying (4.2) we have

/ \VUI2 Z/ IDul2
RN |96|4 ry 2]t

1
= mZ/RN |LD;ul?dp + C|| Dyu| gy
=1

e (/ \LVul2dp + ||u||§12> .
RN #

So, using (5.6), we deduce

2

u

|U|2 / 2 2
— (4 — du < LV s | .
(Co—(4+¢)) /JRN ERCE +6)2dﬂ <C . |LVu|"dp + HUHH#

We observe that for N > 6 and ¢ small enough we have Cy — (4+4¢) > 0. Then
(5.8) follows by applying Fatou’s lemma.



13 Page 26 of 37 D. Addona et al. NoDEA

To prove (5.7) we show first that

Vel / V- VLg
/]RN |x\ (|g;|2_|_5 v | 215 ||90||HM (5.9)

for all ¢ € C°(RY) and some positive constants C, M independent of (.
Using (H3)(7) and applying (4.4) and (4.5), we obtain

| Dypl?
Cyh—1 — = d
(Co >/RN 22 (]2 + 8)

Dyo|?
LDy 2k? =du / | d
/ st L e e
Dy D D
:_/RND;CL<p| ‘QW d,u+ Ve v( ’““) " du

|z]2 + 8
Dyol?
+C’1/ [Dip| d

rv |2f? +0
D 2
<= [ puepgiyanee | |z|2|<|v:cﬂ|+6>d“
wo [ |x|vf+|26‘ dnt 0o [ <|x|gﬁ|26>2d“
+ 5 [ Vel
D 2
S‘/RND’@% Erote L. |x|2|<|vxﬂ|+6>d“
+C57)/RN (|33|Zf_|26)2du+ % IVol|? Vu Qdu
+ C10 Mdu—l— G |V<p|2d,u

ry (|22 +96)? 46
for any ¢, 6, 7 > 0 and p € C(RY). Choosmg e, 6 and n small enough we
obtain

|V|? V- VLp
— T du< -C ———du
/RN P +0) " =7 fan P+

+M (/ Vel?
RN

2
dp + / |V<p|2du>
RN

and so, by Proposition 5.1, we obtain (5.9).

We now prove that 5.1 remains true for all u € D(L) such that Lu € Hj(RN).
For such function u, there is ¢, € C®(RY) such that lim,, .. ¢, = u and
lim,, o Ly, = Lu in Li (R™). Since the graph norm of L and the Hﬁ-norm
are equivalent, we deduce that lim;, .o [|n —ul[rz = 0. So, it remains to show
that

Vi

. Vo, - VLgp, Vu-VELu
lim ———"du = ————dp.
n—oo gy |z]2 44§ ry |z]P+4
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To this purpose, integrating by parts, recalling the definition of L and taking
into account that Lu € H,(RY), we have
Ve, VL
lim Y¥n VP VLign
n—oo fpn  |z|2 446

. ‘L§0n|2 / Vo, -
= lim 7/ dp + 2 L@nidu
"%O( Ry [2]? 46 ryv (2P +6)?
| Lul? / Vu-z
= ————dp+2 Lu-————5dp
- wF MR

7/ Vu - VLud
" Jan o

since the functions = + (|| + §)~! and z — x(|z|*> + )2 are bounded,
where the last equality follows from the definition of L and the fact that
Lu € H}L(RN). Thus, Young’s inequality gives that, for any € > 0 there is
C. > 0 such that

|Vu|? Vu-VLu 5
——  du < -C ——d M 2
L. TP 1) S 7Y Jon Tap o et Ml

dp

2

|VU|2 / 2 2
< - d C. V Lul“d M 2
_/ SRRt O [ IV Ll Mul

for all uw € D(L) with Lu € H}(R"). Choosing & = 5 we get

‘V'u,|2 / |VU;‘2 / ) ,
T T S ———du +C Lul?dy + M
/RN PR S L (e o) T O [, (VEul it Ml

for all u € D(L) with Lu € H}(R") and some constants C, M > 0 indepen-
dent of u. Letting 6 — 0 in the above estimate, Fatou’s lemma gives (5.7).
This ends the proof. O

The following results shows that D(L?) C Hj(R"Y).

Corollary 5.8. Assume that N > 7 and p satisfies (H1),(H2) and (H3)(3).
Then

3Ny _ 2Ny . 1N
HYRN) = {uec H2RY) : Lu € H)(RV)}.
In particular, D(L*) C H}(RY).

Proof. Let uw € H3(RN). Then, by (H3)(i), Proposition 5.1 and (5.6), we
deduce that % -Vu € HL(RY) and

\Y%
|V v <l

So, Lu € H}(RN).

Conversely, let us consider v € H2(RY) with Lu € H};(R"). Since, by The-
orem 5.4, D(L) = HZ(RY), we have to prove that Dyu € D(L) for any
k=1,...,N. Integrating by parts, we obtain

V(Dru) - Vodu = —/ (DpLu)pdp + Vu-V ( M) pdpu
RN RN RN H
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for all ¢ € C°(RY). So, since C°(RY) is a core for L, to show that Dyu €
D(L) it suffices to prove that Vu -V (%) € Li(]RN), which can be obtained
by using (H3)(4), Proposition 5.1 and (5.7). Moreover,

D
LDyu = DyLu—V (i“) - Vu. (5.10)

O

For the complete description of D(A) we need the following versions of
higher order Rellich’s inequalities.

Lemma 5.9. Assume that N > 7 and p satisfies (H1) — (H3). Then

Vul?
/ | l dp < Cy (/ | Au|?dp + u||§13> (5.11)
Ry |7 RN .

|DQU|2 2
<o | AuPdu+ fullas (5.12)
Ry |Z] RN !

for any u € D(L?) and some constants Cy,Cy > 0.

and

Proof. Similar computations as in the proof of Proposition 5.7 yield

|Vel|? / V- VLp
— T du < -C — T d
Léwmmuw+®2“— v (22 +0)2

Vel ‘ [Vl
M T gl
i <RNMP+5 * o T

(5.13)

for all ¢ € C°(RYM) and some constants C, M > 0 independent of ¢. To show
that (5.13) remains valid for u € D(L?), as in the proof of Proposition 5.7, we
consider ¢, € CZ°(RY) such that limy, .o [|¢n — ullzz = 0. Using (4.3), it is
easy to see that

[V |? / [Vaul®
lim 761 = ———————du and
nmoo Jon o (o + 62 T Jon o (o + 62
‘V(,O,L‘ / |VU|2
lim 7d = ————dpu.
nmeo Jon (a2 +0)7 T Jow (e 02
To compute limy, o [on “Zlf:' < ‘ ‘ dp we remark that, by Proposition 5.1,

we have

|Dpvf2 |V ]? / Dyv / | Dyl
_r < &
/RN 2246 du<C N v (]2 + 6)1/2 dp + - |x|2+5d”

o
D22 /‘ Vo / Vof? >

<C ——d ———d d

= (ANMP+5“+ ax (402 MY Jon TalP 10

2
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for any v € Hﬁ(RN) and k=1,..., N. Hence,

. V(pn — ) | V| ; / 1D2(p, — u) 2
1 —_ du < C'1 ——  ~ d
nto fon P40 || T TR oy (e roE

IV (on —u)|? / IV (pn — u)|? )
Men = W, Wten = w75 ) o,
+/RN (eP+02 M 7T fon  Ptrs

The last limit

lim

v@n . VLQOn Vu-V_6Lu
Vn Vo, dy
n—oo Jgn  (|z[* 4 6)? RN

(|z[* +6)*

follows as in the proof of (5.7). Thus, (5.13) holds true for all u € D(L?).
Now, using (H3)(i), (4.3), Proposition 5.1 and (5.6), we can see that

V2 |Vu|? |Vul?
/RN e (|x|2+5)2d“§M”“”Hﬁ

holds for all u € D(L?) and some constant M > 0 independent of u, since,
by Corollary 5.8, we know that u € Hj(R") whenever u € D(L?). Thus, by
Young’s inequality,

|Vu|? Vu -V Lu
————du < —C —=d, M :
/RN (2P + 02 " = v (e + 0 M " [l 123

|Vul? / |V Lu|?
< .
_E/RN Tomagdn+ Ce [ e+ Mijul

Thus, by choosing ¢ small enough and (4.3), we have

[Vaul? / |V Lul?
—————du < C du+ M s
/RN 2|2 (][> + 0)? H= EIEE H l[wll a2

L 2
c/ v “' dyi+ Ml

<y (/ \D2Lu|2d,u+/ |VLu2du)+M||uH3
RN RN "

<0, ( [ vaupan+ ||uHs) |
RN "

Thus, (5.11) follows by applying Fatou’s lemma.
Finally, Estimate (5.12) follows by applying (5.11), (5.7), (5.10) and tak-
ing into account assumption (H3). O

We can now give a characterization of D(A).

Theorem 5.10. Assume that N > 7 and p satisfies Hypotheses (H1), (H2) and
(H3) then

D(A) = H,(RY).
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Proof. By Theorem 5.4 we know that L with domain H E(RN ) is selfadjoint

and hence generates an analytic semigroup of angle 7. Moreover, since L is

dissipative it follows that

IT(2)llg(rz@yy) <1, forall z € C with Rz > 0, (5.14)
(cf. [4, Example 3.7.5]). Using (5.14) we deduce from [4, Proposition 3.9.1 and
Remark 3.9.3] that ¢L generates a Cp-group on Li(RN ). Thus it follows from [4,
Corollary 3.7.15] that (iL)? generates an analytic contraction Cp-semigroup of

angle Z. Since D(L?) C D(A) and both —L? and —A are generators, it follows
that A = L2. Hence,

D(A) = {u € HL(RY); Lu € H.(RV)}.

Let us prove now that D(A) = Hj(RY).
To this purpose let us observe first, by (H3), we have
2
<p2du> :

2
1
/ D; (W> odp < C 5/ —4g02du+/ ‘W
RN K RN |7 RN | M
(5.15)

Hence, using the weighted Rellich inequality (4.2) and Proposition 5.1 we de-
duce that ‘DZ— (%) ’ Y € Li(RN) for ¢ € Hﬁ(RN). By the same arguments

we have ‘Dij (ﬂ) ‘ ¢ e LZ(RY) for all ¢ € H3(RY), since

v Vil?
/ ‘Dm‘< “) / W / ’“ W) .
RN H |z| RN | H
(5.16)
Thus, observing that, for u € Hﬁ(RN),
DyLu = LDyu + Dy (w) Vu (5.17)
i

and

DyyLu = LDpyu+ Dy, (V > Vu + Dy, <V“> V(Dyu) + Dy, (v ) V(Dpu),
1 I 1
(5.18)

it follows from (5.15), (5.16), (5.6), (5.8), and Proposition 5.1 that Dy Lu and
Dy Lu belong to L2 (R™) for all h, k € {1,2,..., N}. Thus Lu € H7(R") and
hence Hj(RY) C D(A).

For the other inclusion, since by Theorem 5.4, D(L) = H(RY), we have
to prove that Dpru € D(L) for any h,k =1, ..., N whenever v € D(A). To
this purpose let us consider u € D(A). Integrating by parts, we get

Vu
V(Dhru) - Vodp = —/ thLde/H‘/ th( p ) Vup dp
RN

v
+/ Dy, (“) - V(Dru)p dp
RN H

RN
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\Y
+/ Dy, (M) - V(Dru)p du
RN H

for all o € C2°(R™M). So, as in the proof of Corollary 5.8, we have only to prove

that Dy, (7“) Vu and Dy, ( ) - V(Dpu) belong to L2 (RY).

Using (H3)(#), (5.11) and Proposition 5.1, one can see that Dpy ( ) -Vu €

L2(RN). By (H3)(i), (5.12), Proposition 5.1 and Corollary 5.8, one deduces

that Dy, (7) V(D) € L2(RY). Thus, Dyyu € D(L) for any h,k = 1,..., N

and hence u € H;(R"). This ends the proof. O
From the above proof one can deduce that the graph norm of A is equiv-

alent to the H}(RY)-norm.

Remark 5.11. One has

CUullms < NAullzs + lullzy < Cllullm

for all u € D(A) and some constant C' > 0.

6. The bi-Ornstein-Uhlenbeck operator

z|2
In this section we consider the Gaussian measure pu(x) = ’}/67% for x € RV,
where v = (27)"N/2. In this case the operator L is the classical symmetric
Ornstein-Uhlenbeck operator

Lf=Af—-z-Vf
feD(L)=H.RY).
It is easy to see that p satisfies all the assumptions of the previous sections.
So, all the previous results can be applied to the above Ornstein-Uhlenbeck

operator. In particular we deduce from (4.2) and Theorem 4.4 the following
Rellich inequality for the Ornstein-Uhlenbeck operator.

|z|2

Theorem 6.1. Assume that N > 5 and u(x) = ye~ 2 . Then for any u €
HZ(RN) we have

(00—1)2/RN |“|EC|2| du </RN | Lu(e)Pdp + Cy /RN V()
+Co /RN |u(z)|*dp (6.1)

2
for some positive constants C1,Cqy and (Cy — 1)? = (W) is the best
constant.

Remark 6.2. Let us notice that the symmetric Ornstein-Uhlenbeck operator L
is isometrically isomorphic to the harmonic oscillator by the transformation

T:I2RY) = L2RY); (Tf)(x) = vAeF f(x), v €RY.
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Indeed, a simple computation shows that
2 N
oy =ar- (52,
4 2
for all f € L2(RY) such that T~!f € D(L). Hence, using the methods of [9,10],
the constants in the right-hand side of (6.1) can be improved to optimal ones.

Since we know without any restriction on N that D(L) = H2(RY),
one can, by direct computations, characterize the domain of the bi-Ornstein-
Uhlenbeck operator for any N > 1. Moreover the following result shows that
the corresponding semigroup is given by an explicit kernel.

Theorem 6.3. For any N > 1,
Af = A% f =22 -V(Af) + Tr(z @ xD*f) — 2Af +2 - Vf
f€D(A) = H,RY).

Moreover,
e () = / Et,z,y)f(y)dy, zecRN, t>0,f¢€ LZ(]RN)7
RN

where
2

k(t,z,y) = (4mt)” 2 / e 7 (plis, ,y) + p(—is, z,y)) ds
0

e—isVT

= \/5(877)_1\[2“/ e_é(sin(S\/i))_N/Qe—%.
0

N T |e_i5‘/zx —y|?
N Tyl el
con < 2 (s 2) 8tan(sv/t) i

fort >0 and x,y € RN,

Proof. For the characterization of D(A) we recall that D(L) = H}, (RV) and
hence

D(A) = {u e H.(RY); Lu € H..(RY)}.

An easy computation shows that D; (%) = —e; and Dy (%) = 0, where

e; is the i-th canonical vector of RV,
Thus, by (5.17) and (5.18), we have

DkLU = LDk’U, — Dku and thLu = Lthu — 2thu

for any u € H;(RY). So, Dy Lu and DyiLu belong to L% (RN) for all h, k €
{1,2,...,N}. Thus Lu € H(RY) and hence H;(R") C D(A).

For the other inclusion, since D(L) = Hﬁ(RN ), we have to prove that
Dpiru € D(L) for any h,k =1, ..., N whenever u € D(A). To this purpose let
us consider u € D(A). As in the proof of Theorem 5.10, integrating by parts,
we get

V(Dpru) - Vodu = — / [DprLu + 2Dpju) ¢ du

RN RN
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for all p € C(RY). So to conclude we just have to observe that Dy Lu +
2Dpru € LZ(RN)

For the last statement we recall (see [6, Chapter 9], [25], [27]) that L
generates the analytic Co-semigroup T'(t) of angle 7 given by

_leTta—y|?

T(t)f(x) = (4nr(1l — e*Qt))*% /]RN e A eth) fly)dy, t>0,z¢€ RY.

Moreover, it follows from [6, Theorem 9.3.25] that
||T(Z)||£(L5(RN)) <1, VzeC with Rz>0.

Thus, applying [4, Proposition 3.9.1 and Remark 3.9.3], we deduce that iL
generates a Co-group on L2 (RY) given by

14

) e (etit) g2
T(it)f() = lim (4m(1 — e 2+10)) =5 / e =) f(y) dy
RN

e—0t

/ p(it,,9)f(y)dy, t €R\7Z, xRV,
RN

where

e~y

p(it,z,y) = (4n(1 — 672“))7%6_ a0t e R\ 7Z, z,y € RN, (6.2)
Thus, by [4, Corollary 3.7.15], the semigroup (e~*4) generated by the bi-
Ornstein-Uhlenbeck operator —A = (iL)* on L2 (R") is given by

o0 52
() = (amt)E [ (@) + T(-is) (o) ds
0
for z € RN, ¢t >0, f € L2(RY). Thus, (e~**) is given by a kernel k with

2

Kty y) = (dmt) / e (plis, @, y) + p(—is,z,y)) ds
0

for t > 0 and z,y € RY. So, the explicit formula of k follows from (6.2). This
ends the proof of the theorem. O

To conclude the section we provide some examples of measures giving
rise to a singular drift that satisfy our standing assumptions.

Ezxample 6.4. 1. Let us consider the density
14 [z|*
wu(z) = T 2P
where o, 3 > 0, 8 > a+ N and C is a normalizing factor. These conditions
imply that p € LY(RY) and p(dz) := u(z)dr is a probability measure.

Let us compute the gradient of p: we have

z e RY,

|z|*—22 (14 |z|%)|z|P 2 N
_ R
Vi = Cal P cp A+zP2 (S \ {0},
and
— 24+ N a—2 — 24 N)|z|f~2
Ap = C’oz(a )Iz] —Cp(1+ |z|") (B )lz]

1+ |z|? (1+ |=[7)?
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C |x|a+ﬁ_2 C 2 l |2B_2
—2CaB- L 00B(1 4 x|
B e TP ) ey
for z € RV \ {0}. It follows that

\v4 a—2 B—2

Vil t gl t eV (o),

=« ,
w 1+ |z|« 1+ |z|f

and
‘ ~la(a+ N =2)||z[*7%,  |z[ — 0.

Hence, assumptions (H1) and (H2) are verified. The associated Kol-
mogorov type operator is

Lu=Au+ (a i -0 217”2 >m Vu
N 1+ |z|@ 1+ |x|8 '
Let us now prove (H3). We notice that there exist Ry, C' > 0 such that
\Y% e z|ft
)2 ¢ (I o, 0+ 5 e, @) o €RY\) (63)

It is not hard to see that there exist Ky, Cy > 0 such that for any ¢,j =
1,..., N we have

7;

Vi 1
’Di ( Mu>‘ < Colz|* Xy, (z) + KOWXBEI (z), =eRY\{0}, (6.4)

\% _ 1
D15 (T2 < Colel* =, () + Korxon, (@), 0 <R\ (0} (65)

From (6.3), (6.4) and (6.5) it follows that also (H3) is satisfied.
2. Consider p = ke *I" where m > 0 and & is a normalising factor. By
simple computations one has p € H. _(RY) and

loc
v
B mlzm 22,z e RN\ {0},

so that p satisfies Hypothesis (H1). Then, the associated Kolmogorov
type operator L is
Lu = Au —m|z|™ 2z - Vu.

Furthermore, Ay € Ll (RY) and

1
U= —maPm 2 4 (N 4 m -2,z e RN\ {0},

2
Hence, Hypothesis (H2) is satisfied. Finally,

D, (D“)\ <Claf™2,  zeRV\ {0},
I

D
‘Dz—j <;“)‘ < Cylx|™3, z € RV \ {0}.

Therefore, also Hypothesis (H3) is fulfilled.
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As a consequence, also the measure in Example 3.10 satisfies (H1),
(H2) and (H3).

Acknowledgements

The authors thank Gerassimos Barbatis for pointing out reference [16]. They
also wish to thank the anonymous referee for careful reading and useful com-
ments.

Open Access. This article is licensed under a Creative Commons Attribution 4.0
International License, which permits use, sharing, adaptation, distribution and re-
production in any medium or format, as long as you give appropriate credit to the
original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in
this article are included in the article’s Creative Commons licence, unless indicated
otherwise in a credit line to the material. If material is not included in the article’s
Creative Commons licence and your intended use is not permitted by statutory regu-
lation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.
org/licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

References

[1] Adams, D.: L potential theory techniques and nonlinear PDE. Potential theory
(Nagoya, 1990), pp. 1-15. de Gruyter, Berlin (1992)

[2] Albanese, A., Lorenzi, L., Mangino, E.: LP-uniqueness for elliptic operators with
unbounded coefficients in R™. J. Funct. Anal. 256(4), 1238-1257 (2009)

[3] Antman, S.S.: Nonlinear problems of elasticity, 2nd edn. Applied Mathematical
Sciences, p. 107. Springer, New York (2005)

[4] Arendt, W., Batty, C.J.K., Hieber, M., Neubrander, F.: Vector-valued laplace
transforms and cauchy problems. Birkh&user, London (2001)

[5] Arora, S.: Locally eventually positive operator semigroups. preprint
arXiv:2101.11386

[6] Bertoldi, M., Lorenzi, L.: Analytical methods for Markov semigroups. Chapman
& Hall/CRC (2007)

[7] Bogachev, V.I., Krylov, N.V., Réckner, M.: On regularity of transition proba-
bilities and invariant measures of singular diffusions under minimal conditions.
Commun. Partial Differ. Equ. 26(11-12), 2037-2080 (2001)

[8] Canale, A., Gregorio, F., Rhandi, A., Tacelli, C.: Weighted Hardy’s inequalities
and Kolmogorov-type operators. J Appl. Anal. 98(7), 1236-1254 (2019)


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/2101.11386

13 Page 36 of 37 D. Addona et al. NoDEA

[9] Costa, D.G.: On Hardy-Rellich type inequalities in RY. Appl. Math. Lett. 22(6),
902-905 (2009)

[10] Costa, D.G.: Some new and short proofs for a class of Caffarelli-Kohn-Nirenberg
type inequalities. J. Math. Anal. Appl. 337(1), 311-317 (2008)

[11] Da Prato, G.: Regularity results for Kolmogorov equations on L?(H, i) spaces
and applications. Ukr. Math. J. 49(3), 448-457 (1997)

[12] Da Prato, G., Vespri, V.: Maximal LP regularity for elliptic equations with un-
bounded coefficients. Nonlinear Anal. Ser. A Theory Methods 49(6), 747-755
(2002)

[13] Daners, D., Glick, J., Kennedy, J.B.: Eventually and asymptotically positive
semigroups on Banach lattices. J. Differ. Equ. 261(5), 2607-2649 (2016)

[14] Daners, D., Glick, J., Kennedy, J.B.: Eventually positive semigroups of linear
operators. J. Math. Anal. Appl. 433(2), 1561-1593 (2016)

[15] Engel, K.J., Nagel, R.: One-parameter semigroups for linear evolution equations.
Graduate Texts in Mathematics. Springer-Verlag, New York (2000)

[16] Evgrafov, M.A., Postnikov, M.M.: Asymptotic behavior of Green’s functions for
parabolic and elliptic equations with constant coefficients. Math. USSR Sbornik
11, 1-24 (1970)

[17] Ferreira, L.C.F., Ferreira, V.A.: On the eventual local positivity for polyhar-
monic heat equations, (English summary). Proc. Am. Math. Soc. 147(10), 4329—
4341 (2019)

[18] Ferrero, A., Gazzola, F., Grunau, H.-C.: Decay and eventual local positivity for
biharmonic parabolic equations. Discrete Contin. Dyn. Syst. 21(4), 1129-1157
(2008)

[19] Gazzola, F., Grunau, H.-C.: Eventual local positivity for a biharmonic heat
equation in R™. Discrete Contin. Dyn. Syst. Ser. S 1(1), 83-87 (2008)

[20] Gregorio, F., Mildner, S.: Fourth-order Schrédinger type operator with singular
potentials. Arch. Math. (Basel) 107(3), 285-294 (2016)

[21] Gregorio, F., Mugnolo, D.: Bi-Laplacians on graphs and networks. J. Evol. Equ.
20(1), 191-232 (2020)

[22] Hochberg, K.J.: A signed measure on path space related to Wiener measure.
Ann. Probab. 6(3), 433-458 (1978)

[23] Hooton, J.G.: Compact Sobolev imbeddings on finite measure spaces. J. Math.
Anal. Appl. 83(2), 570-581 (1981)

[24] Lorenzi, L.: Analytical methods for Kolmogorov equations, 2nd edn. CRC Press,
Boca Raton, FL (2017)

[25] Lunardi, A.: On the Ornstein-Uhlenbeck operator in L? spaces with respect to
invariant measures. Trans. Am. Math. Soc. 349(1), 155-169 (1997)



NoDEA Bi-Kolmogorov type operators Page 37 of 37 13

[26] Meleshko, V.V.: Selected topics in the history of the two-dimensional bi-
harmonic problem. Appl. Mech. Rev. 56(1), 33-85 (2003)

[27] Metafune, G., Priiss, J., Rhandi, A., Schnaubelt, R.: The domain of the Ornstein-
Uhlenbeck operator on an LP-space with invariant measure. Ann. Sc. Norm. Sup.
Pisa CL Sci. (5) 1(2), 471-485 (2002)

[28] Ouhabaz, E.M.: Analysis of heat equations on domains. London Mathematical
Society Monograph Series, 31. Princeton University Press, Princeton, NJ (2005)

[29] Priiss, J., Rhandi, A., Schnaubelt, R.: The domain of elliptic operators on LP(Rd)
with unbounded drift coefficients. Houston J. Math. 32(2), 563-576 (2006)

[30] Sedrakyan, T., Glazman, L., Kamenov, A.: Absence of Bose condensation on
lattices with moat bands. Phys. Rev. B 89, 201112 (2014)

[31] Skrypnik, I.V.: Methods for analysis of nonlinear elliptic boundary value prob-
lems (Translated from the 1990 Russian original by Dan D. Pascali). Transla-
tions of Mathematical Monographs, vol. 139. American Mathematical Society,
Providence, RI (1994)

[32] Thieme, H.R.: Balanced exponential growth of operator semigroups. J. Math.
Anal. Appl. (223) 1, 3049 (1998)

Davide Addona

Dipartimento di Matematica, Fisica e Informatica
Universita di Parma

Parma

Italy

e-mail: davide.addona@unipr.it

Federica Gregorio, Abdelaziz Rhandi and Cristian Tacelli
Dipartimento di Matematica

Universita degli Studi di Salerno

Fisciano

Italy

e-mail: fgregorio@unisa.it

Abdelaziz Rhandi
e-mail: arhandi@unisa.it

Cristian Tacelli
e-mail: ctacelliQunisa.it

Accepted: 28 December 2021.



	Bi-Kolmogorov type operators and weighted Rellich's inequalities
	Abstract
	1. Introduction
	2. The bi-Kolmogorov operator
	3. Asymptotic properties of bi-Kolmogorov semigroups
	3.1. Analysis of etAt>0
	3.2. Local and asymptotic positivity

	4. Weighted Rellich's inequality
	4.1. Optimality of the constant

	5. Domain characterization
	6. The bi-Ornstein-Uhlenbeck operator
	Acknowledgements
	References




