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1. Introduction

In this paper we study the dynamic crack growth in viscoelastic materials with
long memory. When no crack is present, important contributions in the theory
of linear viscoelasticity are due to such scientists as Maxwell, Kelvin, and
Voigt. Their names are associated with two well-known models of dissipative
solids which can be described in terms of a spring and a dash-pot in series
(Maxwell’s model) or in parallel (Kelvin—Voigt’s model), see [16]. Boltzmann
was the first to develop a three-dimensional theory of isotropic viscoelasticity
in [2], and later Volterra in [17] obtained similar results for anisotropic solids.

In literature we can find two different classes of materials in the case
of viscoelastic deformations: materials with short memory and materials with
long memory. The first case is associated to a local model, which means that
the state of stress at the instant ¢ only depends on the strain at that instant. In
the second case, instead, the associated model is non-local in time, in the sense
that the state of stress at the instant ¢ depends also on the past history up to
time t of the strain. According to [11,12], in the case of viscoelastic materials
with long memory the general stress-strain relation is the following

t
o(t,z) == G(0,z)Vu(t, x) +/ G'(t — 7,2)Vu(r,z)dr, t€ (—00,T], x €,
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for a suitable choice of the memory kernel G, and with some prescribed bound-
ary conditions.

To describe our model we start with a short description of the standard
approach to dynamic fracture in the case of linearly elastic materials with no
viscosity. In this situation, the deformation of the elastic part of the material
evolves according to elastodynamics; for an antiplane displacement, elastody-
namics together with the stress-strain relation o(t,x) = Vu(t, x), leads to the
following wave equation

i(t,z) —dive(t,z) = f(t,x), te[0,T], v € Q\ Ty, (1.1)

with some prescribed boundary and initial conditions. Here, @ C R? is a
bounded open set, which represents the cross-section of the body in the ref-
erence configuration, I'y C Q models the cross-section of the crack at time t,
u(t,-): @\ T'y — R is the antiplane displacement, and f(¢,-) : Q\ Ty — R is
a forcing term. From the mathematical point of view, a first step towards the
study of the evolution of fractures is to solve the wave equation (1.1) when the
time evolution of the crack is assigned, see for example [3,7,8,14].

In this paper, we consider Maxwell’s model in the case of dynamic frac-
ture, when the crack evolution ¢ +— Iy is prescribed. In this case, the memory
kernel G has an exponential form (see for example [16]), and the displacement
satisfies the following equation

t
ii(t, ) — (c1 + c2)Au(t, z) + co / e~ D Au(r, z)dr = f(t,z), (1.2)
— 00
t € (—00,T), z € Q\ Ty, where ¢; and c¢p are two positive constants. As in
[6,11], we suppose that the past history of the displacement up to time 0 is
already known, therefore, it is convenient to write equation (1.2) as

t
i(t,x) — (e1 + c2)Ault, x) + 62/ e~ Au(r, z)dr
0

= f(t,x) —c2 /O e~ =1 Aw(r, z)dr, (1.3)

t€[0,T), x € Q\ T, where the function v represents the past history, that is
v(t,z) = u(t,z) for every t € (—o0,0] and z € Q\ T

The main results of this paper are Theorems 4.1 and 5.3, in which we
prove, by two different methods, the existence of a solution to (1.3). This is
done not only in the antiplane case, but also in the more general case of linear
elasticity in dimension d; that is, when the displacement is vector-valued and
the elastic energy depends on the symmetrized gradient of the displacement.

The first method, considered in Theorem 4.1, is based on a generalization
of Lax—Milgram’s Theorem [13, Chapter 3, Theorem 1.1]. We follow the lines
of the proof of Theorem 2.1 in [5]. In doing so, the main difficulty is given by
the fact that the set Q\ I';, where equation (1.3) holds, depends on time. This
requires the introduction of suitable function spaces used to adapt the proof
in [5].
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The second method, provided by Theorem 5.3, is based on a time dis-
cretization scheme that yields a solution which, in addition, satisfies the energy-
dissipation inequality (5.51). This procedure, adopted in [7] for wave equation
(1.1) in a time-dependent domain, consists of the following steps: time dis-
cretization, construction of an approximate solution, discrete energy estimates,
and passage to the limit.

The main difficulty in applying this procedure, in the same way it was
done in [7], is the identification of the term in the energy-dissipation inequality
which corresponds to the non-local in time viscous term

t
/ e~ Au(r, x)dr
0

appearing in (1.3).

To fix this issue, we introduce an auxiliary variable w and we transform
our equation (1.3) into an equivalent system (see Definition 5.1) of two equa-
tions in the two variables u and w, without long memory terms, which has to
be solved on the time-dependent domain Q\I';. The advantage of this strategy
lies in the fact that we transform a non-local model (the equation) into a local
one (the system).

We discretize the time interval [0,7] by using the time step 7, := %
To define the approximate solution (u,,w,) at time (k + 1)7,, we solve an
incremental problem (see (5.13)) depending on the values of (u,,w,) at times
(k—1)7, and k7,,. Since the new system has a natural notion of energy, we also
obtain a discrete energy estimate for (u,,w,). Then, we extend (u,,w,) to
the whole interval [0, T] by a suitable interpolation, and by using the energy
estimates together with a compactness result we pass to the limit, along a
subsequence of (uy,,w,). It is now possible to prove that the limit of this
subsequence of (u,,,w,) is a solution to the system, which is equivalent to our
equation (1.3). As a byproduct, from the discrete energy estimates we obtain
the energy-dissipation inequality (5.51).

The paper is organized as follows. In Sect. 2 we fix the notation adopted
throughout the paper. In Sect. 3 we list the standard assumptions on the family
of cracks {T'; }+cjo,7], We state the evolution problem in the general case, and
we specify the notion of solution to the problem. In Sects. 4 and 5 we deal with
the existence of a solution to the viscoelastic dynamic model; in particular in
Sect. 4, we provide a solution by means of a generalization of Lax—Milgram’s
theorem by Lions. After that, in Sect. 5, as previously anticipated, we define a
system equivalent to the equation. In particular, in Sect. 5.1 we implement the
time discretization method on such a system, and we conclude with Sect. 5.2
by showing the validity of the energy-dissipation inequality, and of the initial
conditions.

2. Notation

In this section we fix some notation that will be used throughout the paper. The
space of m x d matrices with real entries is denoted by R™*¢; in case m = d,
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the subspace of symmetric matrices is denoted by ngxr‘i. Given a function
u: R — R™, we denote its Jacobian matrix by Vu, whose components are
(Vu)ij == Oju; for i = 1,...,m and j = 1,...,d; when u: R? — R%, we use
eu to denote the symmetric part of the gradient, namely eu := %(Vu +Vau®).
Given a tensor field A: R — R™*4 by div A we mean its divergence with
respect to rows, namely (div A); := ijl 0jA;; fori=1,...,m.

We denote the d-dimensional Lebesgue measure by £¢ and the (d — 1)-
dimensional Hausdorff measure by H?~!; given a bounded open set 2 with
Lipschitz boundary, by v we mean the outer unit normal vector to 92, which
is defined H% '-a.e. on the boundary. The Lebesgue and Sobolev spaces on
Q) are defined as usual; the boundary values of a Sobolev function are always
intended in the sense of traces.

The norm of a generic Banach space X is denoted by || - ||x; when X is a
Hilbert space, we use (-,)x to denote its scalar product. We denote by X’ the
dual of X and by (-,-)x/ the duality product between X’ and X. Given two
Banach spaces X; and X5, the space of linear and continuous maps from X;
to X is denoted by £ (X7; X2); given A € £(X1; X5) and u € X1, we write
Au € X5 to denote the image of u under A.

Moreover, given an open interval (a,b) C R and p € [1, c0], we denote by
LP(a,b; X) the space of LP functions from (a,b) to X; we use H"(a,b; X) to
denote the Sobolev space of functions from (a,b) to X with k derivatives in
L?(a,b; X). Given u € H'(a,b; X), we denote by @ € L?(a, b; X) its derivative
in the sense of distributions. When dealing with an element u € H'(a, b; X)
we always assume u to be the continuous representative of its class, and there-
fore, the pointwise value u(t) of u is well defined for every ¢ € [a,b]. We use
CY ([a, b]; X) to denote the set of weakly continuous functions from [a, b] to X,
namely, the collection of maps u: [a,b] — X such that ¢t — (z/, u(t))x is con-
tinuous from [a, b] to R, for every o’ € X’. We adopt the notation Lip([a, b]; X)
to denote the space of Lipschitz functions from the interval [a,b] into the Ba-
nach space X.

3. Formulation of the evolution problem, notion of solution

Let T be a positive real number and d € N. Let Q ¢ R? be a bounded open
set (which represents the reference configuration of the body) with Lipschitz
boundary. Let dp§2 be a (possibly empty) Borel subset of 92, on which we
prescribe the Dirichlet condition, and let dy$2 be its complement, on which
we give the Neumann condition. Let I' C  be the prescribed crack path. We
assume the following hypotheses on the geometry of the cracks:

(E1) T is a closed set with £4(T') = 0 and H¢1(T' N 9N) = 0;

(E2) for every x € T there exists an open neighborhood U of = in R¢ such
that (U N Q) \ T is the union of two disjoint open sets U™ and U~ with
Lipschitz boundary;

(E3) {T't}te(—o0,1) is a family of closed subsets of I satisfying I'y C I for every
—o<s<t<T.
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Notice that the set I'; represents the crack at time ¢. Thanks to (E1)—(E3) the
space L2(Q\ T';; R?) coincides with L?(Q;R?) for every t € (—oo,T)]. In par-
ticular, we can extend a function u € L2(Q\I';;RY) to a function in L?(Q; R?)
by setting u = 0 on T';. Since HZ"1(I'NIN) = 0 the trace of u € H(Q\T;RY)
is well defined on 9. Indeed, we may find a finite number of open sets with
Lipschitz boundary U; € Q\T, j = 1,...k, such that 9Q\ T C Uleﬁ'Uj.
There exists a positive constant C', depending only on  and T, such that

ull L2 00ray < Cllullgrrgey for w € H'(Q\T;RY). (3.1)

Similarly, we can find a finite number of open sets V; C Q\T, j =1,...[, with
Lipschitz boundary, such that Q\ T’ = Ué»:le. By using the second Korn’s
inequality in each V; (see, e.g., [15, Theorem 2.4]) and taking the sum over j
we can find a positive constant C'x, depending only on € and T', such that

HVUH%Q(Q;R"’M) < CK(||U||2L2(Q;Rd) + ||€U||iz(Q;Rg;g)) (3.2)

for u € HY(Q\ T;RY).

We set H = L?(;R%), HY := L%Q;R‘j;n‘i), HY = L?(0nQ;RY) and
HP := L2(0pQ;R?); the symbols (+,-) and || - || denote the scalar product and
the norm in H or in H?, according to the context. Moreover, we define the

following spaces
Vi=H'(Q\T;RY) and V;:=H (Q\T;RY) for every t € (—oo, T

Notice that in the definition of V; and V, we are considering only the distri-
butional gradient of w in \ Ty and in Q \ T, respectively, and not the one in
Q. Taking into account (3.2), we shall use on the set V; (and also on the set
V') the equivalent norm

lullve += (el + fleul*)* ~ for every u € Vi.
Furthermore, by (3.1), we can consider for every t € (—oo, T the set
VP :={ue€V,:u=0ondpQ},

which is a closed subspace of V;.
We assume that the elasticity and viscosity tensors A and B satisfy the
following assumptions:

AB € L=(; 2 (RIS RID)), (33)
A@) - =m - Az

@)z = - Ae)nz for a.e. z € Q and for every 11,70 € R4 (3.4)
B(x)n - n2 = n - B(x)n2 ’
A(z)n-n > Culnl?

@) -n = A|n|2 for a.e. x € 2 and for every n € ngxniv (3.5)
B(x)n-n > Cpln

for some positive constants Cy and Cp independent of z, and the dot denotes
the Euclidean scalar product of matrices.
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Let 3 a positive real number. We wish to study the following viscoelastic
dynamic system: for every ¢t € (—o0,T)

ii(t) — div((A + B)eu(t / ~5 div(Beu(r))dr = f(1)  (3.6)
in Q\ Ty, together with the boundary conditions
u(t) = z(t) on OpQ, (3.7)
t
[(A +B)eu(t) — / %e_%Beu(T)dT} v =N(t) on dnQ,  (3.8)
oo .
{(A +B)eu(t) — /700 Be B IB%eu(T)dT} v=20 on I'y, (3.9)

where the data satisfy

(D1) f € L, .((—o0; T]; H);
(D2) N € L3, ((—oo; T); HN) such that N € L}, ((—o0; T]; HN);
(D3) z € L} .((—00;T); V) such that z(t) € V; for every t € (—oc,T], and
2 € Lioo((=00: T V), £ € Li, ((—o00; T]; H).
Notice that in (3.6)—(3.9) the explicit dependence on z is omitted to enlighten
notation.
As usual, the Neumann boundary conditions are only formal, and their
meaning will be specified in Definition 3.1. To this aim, we define Vjo.(—00,T)
as the space of all function u € L? ((—o0o,T]; V) such that

€ L. ((—o0,T); H), wu(t) €V for ae. t € (—o0,T),

and

T
/ o leu(t)[d < +oo. (3.10)
—0o0

Now we are in position to explain in which sense we mean that u €
Vioe(—00,T) is a solution to the viscoelastic dynamic system (3.6)—(3.9). Roughly
speaking, we multiply (3.6) by a test function, we integrate by parts in time
and in space, and taking into account (3.7)—(3.9) we obtain the following def-
inition.
Definition 3.1. (Weak solution) We say that u € Vjo.(—00,T) is a weak solu-

tion to system (3.6) with boundary conditions (3.7)—(3.9) if u(t) — z(t) € V;*
for a.e. t € (—o0,T), and

_/T (u(t),@(t))dt+/T ((A—&-IB%)eu(t)—/t ! (r)dr. ev() )i

— 0 —00 ooﬁ
T T
- / (1), 0(t))dt + / (N (1), 0(t)) gt

for every v € C%°(—o0,T; V) such that v(t) € V,” for every t € (—oo, T].
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Now, let us consider a,b € [0,T] such that a < b. We define the spaces
V(a,b) == {u € L*(a,b; V)N H'(a,b; H) : u(t) € V; for a.e. t € (a,b)},
VP(a,b) := {v € V(a,b) : v(t) € V;P for a.e. t € (a,b)},
DP(a,b) := {v € C(a,b; V) : v(t) € VP for every t € [a,b]},
and we have the following lemma.

Lemma 3.2. The space V(a,b) is a Hilbert space with respect to the following
norm

1
. 2
||(10||V(tl,b) = (H@H%Q(a,b;V) + ||30||%2(a,b;H)) y PE V(a’7b)

Moreover, VP (a,b) is a closed subspace of V(a,b), and DP(a,b) is a dense
subset of the space of functions belonging to VP (a,b) which vanish on a and b.

Proof. 1t is clear that ||-|ly(as) is a norm induced by a scalar product on
the set V(a,b). We just have to check the completeness of this space with
respect to this norm. Let {¢x}r C V(a,b) be a Cauchy sequence. Then, {py }x
and {@p}r are Cauchy sequences in L%(a,b; V) and L?(a,b; H), respectively,
which are complete Hilbert spaces. Thus, there exists ¢ € L2(a,b;V) with
¢ € L?(a,b; H) such that ¢, — ¢ in L?(a,b;V) and ¢p — ¢ in L%(a,b; H).
In particular there exists a subsequence {¢y; }; such that oy, (t) — ¢(t) in V
for a.e. t € (a,b). Since py, (t) € V; for a.e. t € (a,b) we deduce that ¢(t) € V;
for a.e. t € (a,b). Hence ¢ € V(a,b) and ¢ — ¢ in V(a,b). With a similar
argument, we can prove that VP (a,b) C V(a,b) is a closed subspace. For the
proof of the last statement we refer to [9, Lemma 2.8]. O

Now, suppose we know the past history of the system up to time O.
In particular, let u, € Vipe(—00,0) be a weak solution to (3.6)—(3.9) on the
interval (—o0,0) in the sense of Definition 3.1, in such a way that 0 is a
Lebesgue’s point for both u, and ,. This implies that there exist u® € Vp,
with u® — 2(0) € VP, and u! € H such that

0 _
lim 7/ lup(t) —u ||V0dt—0 hr{#ﬁ/ ([, (t) — ut||*dt = 0.
From this assumption, by defining

1 . (Y
Fo(t) :== Be_?/ e Beu,(7)dr,

we can reformulate (3.6)—(3.9) on the interval [0, 7] in the following way: for
every t € [0,7]
t
1 e
i(t)— div ((A+B)eu(t))+ / BQ_T div (Beu(r))dr = f(t)—div Fo(t),
0
(3.11)
in O\ I';, with boundary and initial conditions
u(t) = 2(t) on Op,
(3.12)
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[(A + B) eu(t) — /Ot %ef%Beu(T)dT} v = N(t)+ Fo(t)v on Q2

(3.13)
{(A + B) eu(t / N Beu( )dr} v = Fy(t)v on Ty, (3.14)
u(0) = u°, (3.15)

Thanks to (D1)—(D3) and (3.10) (on the interval (—o0,0]), we have f €
L*(0,T; H), Fy € C>=([0,T); HY), N € HY(0,T; HY), and 2z € H?(0,T; H) N
H(0,7T;V) with z(t) € V; for every t € [0, 7).

More in general, given F' € H(0,T; HY) we will study the following
viscoelastic dynamic system: for every ¢ € [0, 7]

i(t) — div((A + B)eu(t)) + /0/ %ef% div(Beu(r))dr = f(t) — div F(¢),

(3.16)

in Q\ Iy, with boundary and initial conditions
u(t) = z(t) on dpQ, (3.17)
[(a+B)eu(t / (r)dr]v = Py on OnQ,  (3.18)
[(A +B)eu(t) — /O 5 5 Beu(r)dr }y = F(t)w onTy,  (3.19)
u(0) = u®,  w(0) =u'. (3.20)

Notice that system (3.11)—(3.15) is a particular case of system (3.16)—
(3.20). As we have already specified for system (3.6)—(3.9), also for (3.16)—
(3.20) the Neumann boundary conditions are only formal, and their meaning
is clarified by the following definition.

Definition 3.3. We say that v € V(0,7T) is a weak solution to the viscoelastic
dynamic system (3.16)-(3.20) on the interval [0, 7] if u — z € VP(0,T),

T . T tq -
. /0 (a(t), o(£))dt + /0 ((A+B)eu(t)— /O 5° IB%eu(T)dT,ev(t))dt
:/ (f(t),v(t))dt—i—/ (F(t), ev(t))dt (3.21)
0 0
for every v € DP(0,T), and
T Ju(t) — ) =0, Him [i(6) ~ w ey =0. (3.22)

Remark 3.4. From Lemma 3.2, if a function v € V(0,7T) satisfies (3.21) for
every v € DP(0,T), then it satisfies the same equality for every v € VP (0,T)
such that v(0) = v(T) = 0.
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4. Existence by using Dafermos’ method

In this section we present an existence result which is to be considered in the
framework of functional analysis; in particular it derives from an idea of C.
Dafermos (see [5]) based on a generalization of Lax—Milgram’s Theorem by
J.L. Lions (see [13]). We start by stating the main result of this section.

Theorem 4.1. There ezists a weak solution u € V(0,T) to the viscoelastic dy-
namic system (3.16)—(3.20) on the interval [0, T) in the sense of Definition 3.3.
Moreover, there exists a positive constant C' = C(T, A, B, 3) such that

lullvo,ry < C (1fz20.:m) + 1F i o,y + 12 22(0,1:8))
+C (2l o,mv) + v + llut]]) - (4.1)

Remark 4.2. Without loss of generality we may assume that the Dirichlet da-
tum and the initial displacement are identically equal to zero. Indeed, the
function u is a weak solution to the viscoelastic dynamic system (3.16)—(3.20)
according to Definition 3.3 if and only if the function v* defined by

u*(t) := u(t) —u® + 2(0) — z(t),

satisfies

T , T e
—/O (u*(t),w(t))dt+/o (& +B)eu / T Beu® (r)dr, e (1) ) di

T T
- / (1) 0(0))dt + / (F*(8), ew(t))dt
for every ¢ € DP(0,T), and
Tim ()] =0, Tim (1) — iy =0,

where f* := f — %, ul := u! — 2(0), and for every t € [0, 7]

t
F*(t) == F(t)+/o %e—%ﬂsez(ﬂm

— (A +B)ez(t) — (A +e 7B)(eu’ — ez(0)).

Moreover, if u* satisfies for some positive constants C* the following
estimate

lu*llvo.ry < € (I 2o,z + 1F o, rsmay + luall) - (42)
then u satisfies (4.1). Indeed, since
If* ezc0,m:m) < I fll2o,msmy + 112l 20, 150)

and for some positive constants C = C (T, A, B, 3) we have

I E* Nz 0,500y < WE | 20 0,75m0) + (*HBHoo + ||A+B|\oo) 21l e 0,75v)

1+7H/ e 7 Bex( )d‘
L2(0,T;HY)

+ (1Alloo + lle™ 712 (0,7 1Blloo) (1u° v + [12(0) 1)
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< CI1F | s (o,zsm) + N2l 0,09y + a°llv),
from (4.2) we deduce
1
lullvo,r) < lu*llvo,ry + T2 (lu’llv + [12(0)lv) + [Izllvo,m)
< C (Il e20,m5m) + I E | e 0,1 b2y + £/l £20,75m))
+C (lzlla o,mvy + e v + lu'll)
where C' = C(T, A, B, 3) is a positive constant.

Based on Remark 4.2, we now assume that the Dirichlet datum and the
initial displacement are identically equal to zero. To prove the theorem in this
case, we first prove that our weak formulation (3.21) with initial conditions
(3.22) is equivalent to another one, which we call Dafermos’ Equality. After
that, by means of a Lions’ theorem we prove that there exists an element

which satisfies this equality. Namely, by defining for every a,b € [0,7] such
that a < b the space

EP(a,b) == {p € C=(la,B: V) : g(a) = 0, p(t) € V, for every t € [a,B]},
we can state the following equivalence result.

Proposition 4.3. Suppose that there ewvists u € VP(0,T) which satisfies the
initial condition u(0) = 0 in the sense of (3.22), and such that Dafermos’
FEquality holds:

T T
e |-y, s
0 0
r N . .
- /0 (t = T)((A + B)eu(t) - /0 507 Beu(r)dr, e (1) )dt = T(u', $(0))

T
—/0 (t=T)[(f(1),9(t) + (F(t),ex(t))] dt  for ¢ € E5(0,T). (4.3)

Then u satisfies (3.21), u(0) = 0 and 1(0) coincides with u' in (V). More-
over, if u € VP(0,T) is a weak solution in the sense of Definition 3.3, then it
satisfies (4.3).

At this point, we state and prove some lemmas and propositions needed
for the proof of Proposition 4.3. In particular, in the following lemma, we
highlight a useful relation between D (0,7) and £P(0,T).

Lemma 4.4. For every v € DP(0,T) the function defined by

)
o(t) = d
eult) /0 i
is well defined and satisfies ¢, € EP(0,T).

Proof. Firstly, we can notice that ¢, is well defined because v is a function
with compact support, hence it vanishes in a neighborhood of T. Moreover,
©(0) = 0 by definition and ¢, € C*°([0,T]; V) because it is a primitive of a
function with the same regularity. Now, we can observe that v(7) € V. c V;P
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for every 7 < t, therefore we have :(_T% € VP for every 7 < t, and by the

properties of Bochner’s integral we get ¢, (t) € V;P. a

In the next proposition we show that the distributional second derivative
in time of a weak solution is an element of the space L2(0, T (V?)"). Therefore,
such a solution has an initial velocity in the space (V2)'.

Proposition 4.5. Let u € VP(0,T) be a function which satisfies (3.21). Then
the distributional derivative of 1 belongs to the space L?(0,T; (VP)").

Proof. Let A € L?(0,T;(V?)) be defined in the following way: for a.e. t €
(0,7)

(A(t),v) = V) + (F(t),ev) — (A + B)eu(t), ev)
/ T (Beu(r),ev)dr forve VP, (4.4)

where (-, -) represents the duality product between (V”)" and V.

Let us consider a test function ¢ € C2°(0,7T), then for every v € V¥ the
function ¢(t) := ¢(t)v belongs to the space C°(0,T;Vp), and consequently
1 € DP(0,T). Now we multiply both sides of (4.4) by ¢(t) and we integrate
it on (0,7). Thanks to (3.21) we can write

/OT<A(t),v)<p(t)dt =— /OT ((A-HB% Jeu(t / = Beu(T)dr, e¢(t))dt
T
+A<ﬂmw»w+/<<xwm>

0
=—A<mmwwmm

which implies
T

</OT A(t)go(t)dt,v> = < - /0 11(t)gb(t)dt,v> for every v € V,P.

Hence, we get

T T
/ A(t)p(t)dt = —/ w(t)o(t)de for every ¢ € C°(0,7T)
0 0
as elements of (V;”)’, which concludes the proof. O

Remark 4.6. Proposition 4.5 implies that & € H*(0, T; (V;”)"), hence it admits
a continuous representative. Therefore, we can say that there exists 4(0) €
(V) such that

T [[a(®) = (0) |y = 0. (4.5)

In the next proposition we show how formulation (3.21) changes if we use
test functions which do not vanish at zero. In particular, we use the notation
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n(T) to refer to the family of open neighborhoods of T'; and we consider the
following spaces

LipP(0,T) := {¢ € Lip([0,T); V) : p(t) € VP for every t € [0,T]},
Lipyp(0,T) :={y € LipP(0,T) : 31y € n(T),v(t) =0 for t € I, U{0}},
LipR(0,T) := {¥ € LipP(0,T) : U(T) = 0}.

Proposition 4.7. Let u € VP(0,T) be a function which satisfies (3.21) for every
P e EipODj(O,T). Then u satisfies the equality

T ) T .
—/0 (u(t),\Il(t))dt—é—/O ((A#—B)eu(t)—/o Be ? Beu(T)dﬂe\Il(t))dt
T T
:/0 (f(t),‘l/(t))dtJr/O (F(t),eW(t))dt + (a(0), T(0)), (4.6)

for every ¥ € LipR(0,T).

Proof. Let us consider ¥ € Lip? (0,T) and define for every ¢ € (0, L) the
function

Ly(0) € [0,¢]
_Jwias kT2
Ye(t) := (72 + %) U(T — 3e) €T —2,T—¢]

0 €T —eT).

It is easy to see that . € EipgT(O,T), and by using 1. as test function in
(3.21) we get I. + I + J = 0, where the three terms I., I7*, and J are
defined in the following way:

T—2¢ T—2¢
I = f/ (a(t), W(t —e))dt + / ((A+B)eu(t), eV (t —e))dt
T—2¢ )
/ / 5 (Beu(r), e¥(t — ¢))drdt

T—2¢ T—2¢
7/ (F(1), U(t — &))dt f/ (F(1), eW(t — £))dt,
= _][s(u(t) W(0))dt +][€((A + B)eu(t), te®(0))dt

][/Be (Beu(r),te¥(0))drdt
7[ (F(0), 0w (0))dt f(F(t),te\If(o»dt,
0 0
and

I = ][Te(u(t), U(T — 3¢))dt

T—2¢

T—e
Jr][ (A +B)eu(t),(—t+T —e)eV (T — 3¢))dt
T—2¢
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][ / 5 Beu(r), (—t + T — )eW(T — 32))drdt

—][T (ot T =)0, (T = 3)) + (F(0),e¥(T = 32))J

Let us study the convergence of I, I, and J™ as ¢ — 0. First of all, we
notice that from the definition of 7,/15 and the Lipschitz continuity of ¥ we have

€t 2 T —2e
e = ¥liEao.zvy = [ |20 v aes [ wie— o) - weoat
(0] S5

T—e

(- E n TE_€>\IJ(T— 3¢) — \I/(t)Hidt

+

JT —2¢

5 e t2 £ 5 T —2¢ 5 5
S2H\P(0)|Iv/0 E—th+2/0 ||\I/(t)|\vdt+/ L2t — = —t]2dt
£

5 T —e —en2 T —e 5
+2\|\1/(T—35)|\V/ ( ) dt+2/ 1w (8)][3de
T —2¢ T—2¢
4 2 € 2
< §5||‘I’||LN(O,T;V) +2 1T @)II5-dt
0
T—e
+2/ 1T ()% dt + LEe*(T — 3¢) — 0. (4.7)
T—2¢ e—0*

From (3.3), (4.7), and the absolute continuity of Lebesgue’s integral, we have

/ E((A+B)eu(t)7ew—g))dt—/0 (A + B)eu(t), (1))

<| [ Beatr. o] +] [ (as B, ewonan

N ’ /gT 28((A+B)eu(t),€‘1’(t —e)— E\IJ(t))dt’

€ T
A+ B v d v d
<+ Bl [ ROl IOIvat+ [ @l el
+ llullzz o) 16 = Wlao )| —= 0. (4.8)
In the same way we can prove that
T—2¢
/ / 5 (Beu(r), eW(t — £))drdt
— / / 7 (Beu(r), e¥(t))drdt, (4.9)
T— 26 T
| uwve-aga— [ w.vma (4.10)
T—2¢ T
/ 0),e¥(t —e))dt —— [ (F(t),e¥(r))dt. (4.11)
e—0t Jo
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Notice that, by virtue of the continuity of the translation operator in L?, and
again by the absolute continuity of Lebesgue’s integral, we can write

T—2¢

(a(t), Wt — 2))dt — /0 (a(t), (t))dt

: € T—2¢
< ]/ (a(t), B (t (a(t), Ut — ) — U(t))dt
0
T
(a(t), b (1))t

T—2¢

S/O @) @)L + [l 2 0,0 12 =€) = () L2070

[ T ——o. (112)

T—2¢
Taking into account (4.8)—(4.12) we conclude that

T ) T
I = [ G0, 96 ))dt+/0 (A + B)eu(t), e (t))dt

e—0t

/ / 5 (Beu(r), eW (1)) drdt
_/O (f(t), T(t ))dt—/OT(F(t),e\I/(t))dt.

Now we analyze the limit of I™ as e — 07. By (4.5) we obtain

| . vopa - <]£Eﬂ(t)dt,\ll(0)>
- <]£ u(t)dt, ‘I’(O>> —— ((0), ¥(0)). (4.13)

e—0t
Moreover

]{((A+B>eu<t>,tew<o>>dt] < |A+B||oo||w<o>||v{t||u<t>||vdt

1
N
< 1A +Bloolleor) (5) Iuleory —= 0. (414)

o+

In the same way, we can prove that

][ / T (Beu(r), te®(0))drdt o % 0, (4.15)
][ (f(8), 1% (0))dt ——0, (4.16)
0 e

][E(F(t%te\lf( ))dt —— 0, (4.17)
0 e—0t

hence, by (4.13)—(4.15) we obtain I —— —(4(0), ¥(0)).

e—0*t
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Finally, we study the behaviour of J™ as e — 01. Since ¥(T') = 0, we
can write

1.
£ 090 i) < Lo e -5 - v
< 3L\Iz||ﬂ||L2(o,T;H)€% R 0. (4.18)
Moreover

‘][ (A + B)eu(t), (— t+T—5)e\I!(T—35))dt‘

T—e T—e

< o+ Bl 9T - 32) v ( lu(tllvd)

T—2e

(T — t)Ju(®) vt + /

T—2¢
7\ 2 1
<[4+ Blool ¥l e oran ((5) " +1)lullory) —= 0. (419)

By following the same strategy used in (4.19), we can prove that

][ / F (Beu(r), (~t+T — )eW(T  3e))drds —— 0, (120)

][ (F(t), (=t + T — £)U(T — 3¢))dt —— 0, (4.21)
T—2¢ e—0t
T—¢

][ (F(t), (—t + T — £)eW(T — 3¢))dt —— 0. (4.22)
T—2¢ =07

Thanks to (4.18)—(4.20) we can say that J™ — 0 as e — 07, and this concludes
the proof. 0

We can now prove the equivalence result between the viscoelastic dynamic
system (3.16)—(3.20) (in the sense of Definition 3.3) and Dafermos’ Equality
(4.3), stated in Proposition 4.3.

Proof of Proposition 4.3. Let u € VP(0,T) be a function with u(0) = 0, and
which satisfies (4.3). Let us consider v € DP(0, 7). By Lemma 4.4, the function
defined by

_ [T )
‘Pv(t)—/o —dr (4.23)

is well defined and belongs to the space £P(0,7). By taking ¢, as a test
function in (4.3) we obtain

- / (a(t), ¢ (£))dt — / (t — T)(alt), ¢ (1))t
0 0
T t 1 ier )
+ /0 (A +B)eu(t) - /O 5o '3 Beu(r)dr,e((t — T)u(1)))di
- / (£ (t = T)pu(t))dt + / (F().e((t — T)go(0))dt,  (4.24)



67 Page 16 of 47 F. Sapio NoDEA

since ¢,(0) = U_(—(:)F) = 0. Notice that v(t) = (t — T)¢,(t) and consequently
0(t) = Pu(t) + (t = T)Py(t), by the definition of ¢, itself. This, together with
(4.24), allows us to conclude that u € VP (0,T) satisfies (3.21) for every v €
DP(0,T).

Now we prove that u' coincides with (0). Since the function u satisfies
(3.21) for every v € DP(0,T), in particular, from Remark 3.4, it satisfies
the same equality for every v € /.Zipg 7(0,T). Thanks to Proposition 4.7, the
function u satisfies (4.6) for every v € Lip2(0,T), and therefore for every
function in the space

ER0,T) :={v e Cc>(0,T);V) : 31, € n(T),
s.t. v(t) = 0for t € I, v(t) € V;P for t € [0, T]}.

Moreover, if we define ¢,, as in (4.23) we have ¢, € EP(0,T), and we can use
it as a test function in (4.3) to deduce

T ] ' T t 1 .
_ /O (a(t), o(8))dt + /0 (A + Byeu(t) - /0 5o '3 Beu(r)dr, ev(t) ) dt
T T
- /O (F(1), 0(t))dt + /0 (F(t), ev(t)dt + (u?, v(0)). (4.25)

By taking the difference between (4.6) and (4.25) we get (u! —(0),v(0)) =0
for every v € ER(0,T). Since for every v € V¥ there exists a function v €
ER(0,T) such that v(0) = v, we can obtain that (u! — (0),v) = 0 for every
v e VL, and so u! —4(0) = 0 as element of (V). This proves the first part
of the proposition.

Vice versa, let u € VP(0,T) be a weak solution in the sense of Defini-
tion 3.3. Therefore, u satisfies (3.21) for every v € DP(0,T), and as we have
already shown before, u satisfies (4.6), with u! in place of (0), for every func-
tion v € LipL(0,T). Let us consider ¢ € EP(0,T), then v, (t) = (t — T)p(t) €
Lip2(0,T), and so it can be used as a test function in (4.6). By noticing that
U,(t) = o(t) + (t — T)p(t) and v, (0) = —T'¢(0) we obtain the thesis. O

In view of the previous proposition, it will be enough to prove the exis-
tence of a solution to Dafermos’ Equality (4.3). In particular, we shall prove
the existence of to € (0,7] and of a function u € VP(0,ty) such that u(0) = 0,
and which satisfies Dafermos’ Equality on the interval [0,tg]. In order to do
this, we use an abstract result due to Lions (see [13, Chapter 3, Theorem 1.1
and Remark 1.2]). We first introduce the necessary setting. Let X be a Hilbert
space and Y C X be a linear subspace, endowed with the scalar product (-, )y
which makes it a pre-Hilbert space. Suppose that the inclusion of Y in X is a
continuous map, i.e., there exists a positive constant C' such that

lullx < Cllully  for every u € Y. (4.26)

Let us consider a bilinear form B : X x Y — R such that
B(,p): X >R is a linear continuous function on X for p € Y, (4.27)
B(p, ) > allp|? for every ¢ €Y, for some positive constant «. (4.28)
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Now, we can state the aforementioned existence theorem.

Theorem 4.8. (J.L. Lions) Suppose that hypotheses (4.26)—(4.28) are satisfied,
and let L : Y — R be a linear continuous map. Then there exists u € X such
that

B(u, ) = L(p) for every p € Y.

Moreover, the solution u satisfies
C
lullx < —sup{|L(p)] - llelly = 1}. (4.29)
After defining for every a,b € [0,T] with a < b the space
VP (a,b) == {u € VP(a,b) : u(a) = 0},
we can state the following proposition.

Proposition 4.9. There exists to € (0,T] and a function u € VP (0,tq) which
satisfies Dafermos’ Equality (4.3) on the interval [0, o] for every o € EX(0,t0).
Moreover, there exists a positive constant Cy = Co(to, A) such that

ullvo,te) < Co (1f1L2(0,t0:m0) + I1F 10,100y + 10 ]]) - (4.30)
Proof. We fix tg € (0,T] such that
1 e 1
to=T otherwise.

For simplicity of notation, we denote the spaces V¥ (0,t) and £ (0, ) with
the symbols V;, and &, respectively. On the space V;, we take the usual scalar
product, instead on the space &, we consider the following one

(6. 0)e,, = / "16(0), (1)) + (B(1), @BV + 10(9(0), $(0))  for ¢, € Ex,

and we denote by || - [|¢,, the norm associated.
Let us consider the bilinear form B : V;; x &, — R defined by

B(u, ) = / (), o(t))dt + / (b — to) (ilt), $(1))dt
to b, .
- /O (t — to) ((A + Beu(t) - /0 5o '3 Beu(r)dr, e (1))t

and the linear operator L : &, — R represented by
to .
L) = tolu ¢(0) + [ (6= t0)(Ple) ettt

" / T (P (), (b))t — / () (1), (1))t

Notice that, from these definitions, Dafermos’ Equality (4.3) on the interval
[0,t0] can be rephrased as follows

B(u, ) = L(p) for every ¢ € &,.
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Now we are in the framework of Theorem 4.8, and we want to show that (4.27)
and (4.28) are satisfied. Foremost, we prove the existence of a positive constant
o such that

B(p,p) 2 allplz, ~ forevery ¢ € &.

By setting
L
P(t) ::/ —e 7 ep(r)dr,
o B
we have
B(t) = ~eelt) / e T ep(r)d
= —e¢ — —e ep(T)dr,
A v
therefore

Blp.g) = / eIt + / (b - to)(@(0), ()t
+ / "t~ to)[(BU(1), ep()) — (A + Blewp(t), ep(t))]dt.  (4.32)

Thanks to the chain rule and to the symmetry property (3.4), we can write
1d . . .
57 le@I? = (@), (1)),

2 dt
5 < (A + Beg(t), eo(t) = (A + Blep(t), (1),
S BY(),eplt) = (BI0), epl) + (BU(), (1)

By substituting this information in (4.32), we get after some integration by
parts

Ble.e) = [ letlPae+ g [Tt Glewlar

~3 | =+ Bt cot)ar

+ [ =) G Eo.ep)a— [ )@, ept)ar

- %Ollsb(O)IIQ +%/00 (t)|12dt + %/OO((AjL]B)w(t),w(t))dt

- / "(Bu(t), eplt))dt — / (6~ to) BU(1), ep(t))dt
0 0

to, I AL
= 211+ 5 [ el
0

to

+3 |+ Bep(o). o) = [ =) (B0, Do)

0

- / (¢ — to) (BU(8), (1)) — / "B(t), ep(t))dt
0 0
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to .o Lo
= S leO)* + 5 () ||7dt
2 2 Jo
to

+s / (Ae(t), ep(t))dt + / (to — 1) (BBY (1), (1) )dt

1 [t

+3 | Bleptt) — v(0).ce(t) — vie)ar (13

From the coerciveness in (3.5) and the definition of the V-norm, we have
(Ae(t), eo(t) = Callo®)Ily — Callo®)l|*  for every t € [0,T].  (4.34)

Moreover, since

inequality (4.34) implies
1t Co [* Cuto ™ .
5 [ et cottnar= L [ le@lkar - 0 [T jp)an w)
0 0 0
By (4.33), (4.35), and in view of the choice done in (4.31), we can deduce

to, . 1—Cato ", Cu ([T
Ble.) = ZISOIF + 2 [T eoiar+ S [T el

Y

1 . 9
Smin{1, Ca) e,
which corresponds to the hypothesis (4.28), with
1
a=7 min{1,Cy}. (4.36)

We now show the validity of assumption (4.27). We have to prove that for
every ¢ € &, the functional B(-,¢) is continuous on V,,, and that L : &, — R
is a linear continuous operator on the space &;,. To this aim, we fix ¢ € &,
and we consider {uy}r C V4, such that

vtO
Uy ——— U.
k—oo
Therefore
L2(0,t0;V) . . . L*(0,to;H)
Uy ::uk—u~k——%0 and Uy ::uk7u~k——%0.
By using Cauchy-Schwarz’s inequality we get
to . to
B < [ 10060t +t0 [ 14+ BIT(e), 0]
0 0

fo 3 . ¢ | .
+to/0 “(Uk(t),go(t))\—i—/o Be 7 |(BeUy (1), ep(t))|dr | dt

<Nl 20,0 1911 220,003y + 01Uk | 220,020y 811 L2 (0,0050)
+tol|A + Blloo Ukl 22(0,t0;v) 191 22 (0,0:v)
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+%OH]B%||OO /O ' /0 (U (7), (1)) [drdt. (4.37)

Notice that

[ [ vt eoyiarar < Il ([ ([ 10eivar)’ar)’

< toll@llL2(0,t0;v) 1Uk N 22(0,t0;v) »

whence, by considering (4.37), we can say that there exist two positive con-
stants C1 = C1(p,t0) and Co = Co(A, B, o, 5, ) such that
|B(Uk, 9)| < Cul|Ukl| 220,103y + C2|Ukll 20,10, —= 0

Now it remains to show that L is a continuous operator on &, and since it is
linear it is enough to show its boundedness. Let ¢ € &, then

LI < | [ 1= (0,900 = ¢ = ) (BB c(0) = (PO (0]
+tolu O] (439)

In particular there exists a positive constant C' = C(f, F,tp) such that

/0 "t — to)(F (1), $(0)) — (F (), eplt)) — (t — to) (F (1), exp(t))dt

< toll fllz2(0,b0:m) 191122 (0,801 + 11 = t0) F + Fll12(0,10511)

1
< 22 max{to, 1} [ fllz2(0,60:10) + 1F 110,000 ] ey < Cllglle, -
(4.39)

|</7||L2(0,to;v)

Moreover, we have

_1 1
tollu [l (O) < tollu®[lte *lelle,, =t6 llu'llelle, - (4.40)

By applying Theorem 4.8 with X =V;, and Y = &, we have the existence of
a solution to (4.3) on the interval [0, ¢o].

Furthermore, we can use (4.29) and (4.36), and by means of (4.38)—(4.40)
we obtain (4.30) with

max{22 max{to, 1}, 42 }

Coy =
0 1 min{1,Cyx}

O

Remark 4.10. At this point, from Remark 4.2 and Propositions 4.3 and 4.9,
we can find a weak solution to the viscoelastic dynamic system (3.16)—(3.20)
on the interval [0, to].

Now we want to show that it is possible to find a weak solution on the
whole interval [0,77]. Let b,c € [tg,T) be two real numbers such that b < ¢,
then we can state the following lemma.



NoDEA A dynamic model for viscoelasticity in domains Page 21 of 47 67

Lemma 4.11. Let u € VP(0,b) be a function which satisfies (3.21) on the in-
terval [0,0], then the following equality holds

b .
(i(b). o) = [ (@) D)
/((AJr]B% eu(t), ep(t) dt—/ / Be T (Beu(r), epp(t))drdt
- / (F(1), 0(t))dt + / (F (1), e(t))dt (4.41)

0 0

for every 1 € VP(0,b) such that 1(0) =0
Moreover, if u € VP(b,c) is a function which satisfies (3.21) on the
interval [b, c], then the following equality holds

~(as), w(b)) / (), b))t
/((A+IB% eu(t),eW(t))dt — // Beu eW(t))drdt
= [ v+ [ Fo.evma (4.42)
b b

for every ¥ € VP (b, ¢) such that ¥(c) = 0.

Proof. We begin by proving (4.41). We consider 1 € V?(0,b) such that 1(0) =
0, and we define for € € (0,b) the function

LG te[0,b—¢]
be(t) = {Z’E_tq/)(t) tefb—eb.

Since ¥. € VP(0,b) and @Z)E( ) = (b) =0, we can use it as a test function in
(3.21) to obtain I, + J. = K., where

b—e b
Lo=— / (a(t), $(£))dt + ][ (at), ()t
b—e b—e
+/O (A +B)eu(t), erp(t))dt — / / Beu ), et (t))drdt,
b
J. = 7{_ (b— £)(a(t), vt >>dt+]£_ (b= £)((A + B)eu(t), ep(t))dt
b Pl
_Jé—a(b_t)/o Be 7 (Beu(r), ew(t))drdt,
b—e b
K. = / <f<t>,w<t>>dt+]{ (b— H(F(t), (1))t

—&

b—e b
+ /0 (F(t),ep(t))dt +]£7€(b —t)(F(t),ep(t))dt.
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Thanks to the absolute continuity of Lebesgue’s integral and to Remark 4.6
we get
b ) b
I = [ 060+ [ (b Beun). v
L
[ [ 5 @etn),cntopards + ) wiv),
0o Jo

b b
Jo——0, Ko —— | (f0).00)d + / (F(t), ep(t))dt,

e—0*t e—=0t Jo

which concludes the proof of (4.41).
To prove (4.42), it is enough to consider for € € (0, ¢ — b) the function

v {r

where ¥ € VP (b, ¢) such that ¥(c) = 0, and to repeat similar argument before
performed. 0

Taking into account the previous lemma we can state and prove the
following proposition.

Proposition 4.12. Let @ € VP (0,b) be a weak solution to the viscoelastic dy-
namic system (3.16)—(3.20) in the sense of Definition 3.3 on the interval [0, b]
which satisfies for some positive constants C' the following estimate

lallvo.e) < C (120,00 + I1F |1 0.0:ay + 1w - (4.43)

Then, for every l > 1 there exists ¢ € (b,b+ ] such that we can extend @ to a
function u € VP (0, ¢) which is a weak solution on the interval [0,c]. Moreover
u satisfies for some positive constants C' the following estimate

lullvo,e < C (I lza@em) + 1Fmio.eme + lu'l) - (4.44)

Proof. We divide the proof into two steps. In the first one, we show how to
extend the solution. After this, in the second step, we prove (4.44). We firstly

choose b € (b— £.b) in such a way that
e i(b) €V and
b
I < lapas (1.45)
T2
e bisa Lebesgue’s point for ﬁ, that is
8+6 . . ~
lim |la(t) —a(b)|dt = 0, (4.46)

e—0*t Jj

and (b) € H satisfies

b
GO < { ] (.47

b3



NoDEA A dynamic model for viscoelasticity in domains Page 23 of 47 67

Notice that (4.45)—(4.47) are possible because @ € V(0, b).
Step 1. Since @ is a weak solution on the interval [0,b], then

_/Ob(a() ())dt+/b((A+B /
=K@wwmw+4%wmmmw

for every v € VP(0,b) such that v(0) = v(b) = 0, and moreover @ satisfies
. ~ _ . - 1 o
tli%1+ |la(t)]| =0 and tli%1+ [a(t) —u || vy = 0. (4.48)

(T)dr, ev(t)) dt

We define the function G € H' (b, ¢) with ¢ := b+ Y in the following way

/fe_i]B%eu 7)dr.

Since & < to, a(b) € V, and 4(b) € H, we can apply Remark 4.2, Proposi-
tions 4.3 and 4.9 on the interval [b, ¢}, to find @ € VP (b, ¢) which satisfies, for
every v € VP (b, ¢) such that v(b) = v(c) = 0, the following equality

¢

c t . ’ I ]- _t=7 _
_,/13 (uc(t)’v(t))dt—*‘/i) (C(A+B)eu(t) _/13 Be B BGU(T)dT,CU(t))dt
:f (f(t)av(t))dt+/ (G(t), ev(t))dt,
b b

and also the following limits
lim fat) — @) =0, lm i) - @b)lapy =0.  (449)
t—bt t—bt

Notice that the initial data @(b) and i(b) are well defined because @ € C°([0, b];

H) and i € C°([0,0]; (VP)").
Now we define the function

~Ja@) telob
u(t) = {u @ tebod, (4.50)

and we claim that it is a weak solution on the interval [0, c]. Notice that,
since b > b — 57 then ¢ > b. To prove this, let us fix ¢ € DD(O ¢). Clearly

¥ € VP(0,b) and ¥(0) = 0, and since 7 is a weak solution on [0, 5], we can use
(4.41) of Lemma 4.11 to get

. ~ b .
mwww—/m@wmw
/((A+B)eu serp(t))dt — // : T (Beu(r)dr, ep(t))dt

b
=/aﬂ»w»m+/<<»wu>. (4.51)
0 0
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Moreover, 1 € VP (b, ¢) and ¢(c) = 0, and since @ is a weak solution on [b, d,
by (4.42) of Lemma 4.11 we obtain

~ @) w6 - [ () v
/((A—HB%)eu ,e(t) dt—// T (Beu(r)dr, ep(t))dt
= [[U@.vnas [ Goesmar
b b

that is

/((A—HB%)eu set(t dt—/ / Ze” 7 (Beu(r)dr, ep(t))dt
=/<f< ) b(t >>dt+/< (1), ew(t))dt. (4.52)
b b

From (4.46) and (4.49), by summing (4.51) and (4.52), we obtain the following
equality

c ) . c t 1 —J‘*T"
7/0 (u(t),w(t))dtJr/o ((AJrIB%)eu(t)f/o Be Beu(r)dr, ed(t))dt
- / (1), 0(t))dt + / (F(t), exp(t))dt. (4.53)

Therefore, the function u defined in (4.50) is a weak solution to the viscoelastic
dynamic system (3.16)—(3.20) in the sense of Definition 3.3 on the interval [0, c],
since it satisfies (4.48) and (4.53).

Step 2. Now, we want to prove (4.44). We can write

lll3i0.0 = 1305 + 181350y < NilBhoay + Nl (454)

Notice that @—a(b) € VO (b, ¢) is a function which satisfies Dafermos’ Equality
(4.3) on the interval [b, ¢] with the right-hand side equal to

to(i(b), $(0)) — / (t— 0) [(F(8).6(0) + (G(1) — Aei(B) — o 7 Beiu(h), e(e))] at

for every ¢ € EP (b, ¢). Therefore, by following the estimates in (4.38)(4.40),
we can apply (4.29) of Theorem 4.8, with X = VP (b,c) and Y = EP (b, ¢), to
obtain the existence of a positive constant K = K (to,A) such that

17— @®) ) <K (11l 2600y + N1ED)]]
+ K|G — Aca(b) — =7 Bea(d) | s joray  (4.55)
Now notice that

HG”Hl(z},C;HSd)
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B\ 5 1 b _2n) 5

< IF sy + (5) (1 5)IBlse ([ gre™™ 77 ar) il ooy
1 1

S IF gy + 5 (1+ 5) Bllclllg, (4.56)

and

_,,1; oA
e (b) + = 7 BealB) i g e
1
2
< [(0)° 18 lo + 1Blaclie™ 7 115 N B

K )%m”w (*)2(1+5)||B\\oo]llﬂ(l3)||v. (4.57)

Taking into account the information provided by (4.45)—(4.47), we can use
estimates (4.55)-(4.57) to deduce the existence of a positive constant C' =
C(to, 1, A, B, 8) such that

vy < C(I ooy + 1FNppsismrey + NIy )- (4.58)

By (4.43), (4.54), and (4.58) we obtain the final estimate (4.44). O

~|& ~|&

Now we are in position to prove the main theorem of this section.

Proof of Theorem 4.1. Let us consider ug € VP(0,ty) a weak solution to the
viscoelastic dynamic system (3.16)—(3.20) in the sense of Definition 3.3 on the
interval [0, %], whose existence is guaranteed by Remark 4.10. Moreover, ug
satisfies (4.30). By applying a finite number of times Proposition 4.12 with
I = 1 we can extend ug to @ € VP(0,b) which is a weak solution on the
interval [0,b], where T — b < t. Now we select b € (T — to,b) in such a way
(4.45)—(4.47) are satisfied on the interval [T — tg, b]. By choosing [ = Tt—ﬂg >1,

since b + tTU = T, taking into account Proposition 4.12 we can extend 4 to a
function u € VP (0,T) which is a weak solution to the viscoelastic dynamic
system (3.16)—(3.20) on the interval [0, T]. Moreover u satisfies (4.44) on [0, T'.
Finally, by applying Remark 4.2 we get the thesis. O

5. Existence: a coupled system equivalent to the viscoelastic
dynamic system

In this section, we illustrate a second method to find solutions to the viscoelas-
tic dynamic system (3.16)—(3.20) according to Definition 3.3. This method is
based on a minimizing movement approach deriving from the theory of gra-
dient flows, and it is a classical tool used to prove the existence of solutions
in the context of fractures, see, e.g., [4,7,9]. Be means of this method, we are
also able to provide an energy-dissipation inequality satisfied by the solution,
and consequently, by means of this inequality, we prove that such a solution
satisfies the initial conditions (3.20) in a stronger sense than the one stated in
(3.22).
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To this aim, let us define the following coupled system

{u(t) —div(Aeu(t)) — div(B(eu(t) — w(t))) = f(t) — div G(¢) 5.1)

Ba(t) +w(t) = eult)

in Q\ Ty, t € (0,T), with the following boundary and initial conditions
u(t) = 2(t) on dpf, te(0,7), (5.2)
[Aeu(t) + B(eu(t) — w(t))v = G(t)v on dn{2, te(0,7), (5.3)
[Aeu(t) + B(eu(t) — w(t))v = G(t)v on Ty, te (0,7), (54)
u(0) =u’,  w(0) =w’ w(0)=u, (5.5)

where w® € H? and G(t) := F(t) — e~ #Buw’. Also in this case, the strong

formulation of the coupled system (5.1)—(5.5) is only formal. By setting
V:=v(0,T), V’:=VP0,T), D" :=D"0,1),

we give the following definition.

Definition 5.1. We say that (u,w) € V x H'(0,T; H?) is a weak solution to

the coupled system (5.1)—(5.5) if the following conditions hold:

e u—2z€e VP and
T T T
- / (at), p(t))dt + / (Acu(t), ep())d + / (B(eu(t) — w(t)), ep(t))dt
0 0 0
T T T .
= [t ptnars [ FO.eptina- [ o @l o), 50
0 0 0

for every ¢ € DP;
o fora.e. t € (0,7)

w(0) w0 (5.7)

{ Buir(t) + w(t) = eu(t)

where the equalities are to be understood in the sense of the Hilbert space
H;
e the initial conditions (3.22) are satisfied.

The following result proves that the new problem is equivalent to the first
one.

Theorem 5.2. The viscoelastic dynamic system (3.16)—(3.20) is equivalent to
the coupled system (5.1)—(5.5).

Proof. Let us consider a weak solution (u,w) € Vx H(0,T; HZ) to the coupled
system (5.1)—(5.5) according to Definition 5.1. In view of the theory of ordinary
differential equations valued in Hilbert spaces, by (5.7) we can write

@l

t
1 t—71
w(t) = wle” —l—/ Be7 7 eu(r)dr for every t € [0, T. (5.8)
0
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Moreover, by definition u — z € VP and (5.6) holds for every ¢ € DP. By
substituting (5.8) in (5.6) we obtain

T T
- / (at), p(8))dt + / (A + B)eu(t), ep(t))dt
0 0
— ! tle_t% eu(t), e Tdt — Te_f% w?, e
/0 / Se T (Beulr), ep®)drds / (Bu®, ep(t))dt
T T T .
= [ Ganetnars [ Fanepa - [ e @t epo)
0 0 0

Therefore, since, again by definition, (3.22) holds, u is a weak solution to the
viscoelastic dynamic system (3.16)—(3.20) in the sense of Definition 3.3.

Vice versa, if we consider a solution u € V to the viscoelastic dynamic
system (3.16)—(3.20), then u — z € VP and

T ' ) T t 1 7%
- /O (a(t), (1))t + /0 (A +B)eu(t) - /0 5 Beu(r)dr, (1) ) dt
T T
= [ e+ [ (F.epta (59)
0 0

for every ¢ € DP. Let w® € H? and let w be the function defined in (5.8). It
is easy to see that w € H(0,7; H?) and by summing to both hand sides of
(5.9) the term

T
- / ek (B, ep(t))dt,
0

we get (5.6). This, together with (3.22), shows that (u,w) € V x H*(0,T; H)
is a weak solution to the coupled system (5.1)—(5.5) in the sense of Definition
5.1. The proof is then complete. O

Now we are in position to state the main result of this section.

Theorem 5.3. There erists a weak solution (u,w) € V x HY(0,T; HZ) to the
coupled system (5.1)—(5.5) according to Definition 5.1. Moreover, u € C° ([0, T7;
V), i€ Cu((0,T): H) 0 H'(0,T5 (V")) and

lim u(t) =u® in V. and lim o(t) = u* in H.
t—0+ t—0+

The proof of this result will be given at the end of this section.

5.1. Discretization in time

In this subsection we prove Theorem 5.3 by means of a time discretization
scheme in the same spirit of [7].
Let us fix n € N and set

(5.10)
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We define

vk .= V,gn7 28 = z2(kT,) for k=0,...,n,

n

kTp
FF .= F(kT,), hE :=e” 5 Buw®, Jis ::][ f(rydr fork=1,...,n.
(

n n
k—1)1,

For k = 1,...,n let (uf,wk) be the minimizer in V,;¥ x HZ of the functional

1 k=1 k-2)2 , L 1
(u, w) r—>2T£ |lw—2uy™" +u, “||° + 2(Aeu, eu) + 2(IEB(eu w), eu — w)
g - _
b oy (B — w0 k™) — (7 ) — (B — ). (5.10)

n
Using the coerciveness (3.5), it is easy to see that the functional in (5.11) is
convex and bounded from below by
1 1 1
—ming —,Cy, —-C }u2 w||?) = CF,
min{ 57z Ca 5 CaBf(lul} +[lulP) - €}
for a suitable positive constant C*. The existence of a minimizer then follows
from the lower semicontinuity of the functional with respect to the strong (and
hence to the weak) convergence in V¥ x H9.
To simplify the exposition, for k = 0,...,n we define
PV Vi Suk — guk—1
n

= -nnand §uk =TT (5.12)
TTL T’fL

ou

The Euler equation for (5.11) gives
(6%up, @) + (Aeuy, ep) + (Blews, —wy),ep — 1))
+ BBOwy, ) = (f1.9) + (Fy —hy.ep) for (p, ) € VP x HY, (5.13)
where dwk is defined for every k = 1,...,n as in (5.12), and dul = u! by

(5.10). Notice that by choosing as a test function the pair (p,0) with ¢ € V¥,
we get

(8%, @) + (A + B)euy, — Buy, ep) = (f,0) + (Fy — hy, e0),

which is a discrete-in-time approximation of (5.6). On the other hand, if we

use as a test function in (5.13) the pair (0,%) with ¢ € H¢, we have
(BowE +wk — euk ) =0,
whence 30wk + wk — euk = 0 (as element of H?), which is an approximation
in time of (5.7).
In the next lemma we show an estimate for the family {(uf,wk)}7_,,
which is uniform with respect to n, and it will be used later to pass to the

limit in the discrete equation (5.13).
Lemma 5.4. There exists a positive constant C, independent of n, such that

n
max ||6ul || + max [Jeul || + max ||w’ ]| + ZTnHéw;HQ <C. (5.14)
1=1,..,n 1=1,...,n i=1,..,n

n
i=1

Ly
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Proof. To simplify our computations, we define the following two bilinear sym-
metric forms

a:(VxHY) % (VxHH) SR b:H! x H? - R
a((u, w), (p,v)) = (Aeu, ep) + (Bleu — w), ep — 9), b(w, ) = B(Bw, ).

Thanks to (3.5) we have that a((¢, %), (¢,%)) > 0 and b(, 1) > 0 for every
p €V and ¢ € HL. Now we set wF := (uf wF) for k =0,...,n, and we take
(p,%) = T (6uk — 528 6wk) € VF x H? as a test function in (5.13), where
620 := 2(0) and 2% is defined as in (5.12). Therefore, we obtain
8|1 — (Gupn ™", dupy) — T (8%uyy, 6237) + alwy;, wyy) — alwy ' wy)
— Tpa(wk, (02F,0)) + mb(6wk, swk) = 7, (fF, 6ul — 52F)
+ 7o (FF edul — edzk) — 7, (W% edul — ed2F). (5.15)

From the following identities
k2 k—1 k 1 kp2 L k—12 7—7212k2
2 2 2
k Kk k=1  k 1 k Kk 1 k—1 k-1 i k k
a’(wn’wn) - a‘(wn 7wn) = §a(wn7wn) - §a(wn y Wy ) + ?a’(éwnﬂ 6wn)7
from (5.15) we infer

1 1 1
ok — SR + Lageh.wf)
1
- ia(wﬁ_l,wﬁ_l) + Tb(6wk  Swk) < 7, Wk, (5.16)

where
Wh = (f* oul —62F) + (FF, esuf — e52F)
— (RE esul — e52F) + (6%uk, 62F) + a(wk, (62F,0)).
We fix i € {1,...,n} and we sum in (5.16) over k = 1,...,i to obtain the
following discrete energy inequality

1 ' 1 . . i i
§||5u31||2 + Ha(wp, @) + > mab(0wh, swk) < &+ Y mWE, (5.17)
k=1 k=1

where
1 1 1
& = §||ul||2 + E(Aeuo, eu’) + i(B(euO —w?), eu’ —w?).

Let us now estimate the right-hand side of (5.17) from above. By means of
Cauchy-Schwarz and Young’s inequalities we can write

|immme%>
k=1

1. 1<
< £ 120,12y + §||Z|I%z<o,T;H> +3 > ralloug?, (5.18)
k=1
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’ZTn hk (52

1
<3 ZTne— Bl || + ZTnH(szkn?
=1

< §||Ew0||2+*HZ'Hsz(omHy (5.19)
| > raFl edzl)| < <3 ZTnHFW ZTnneazﬁn?
k=1 k:l

< TIFO)? + T2 Fll7 20,70y + §||Z||%2((],T;V)ﬂ (5.20)

'ZTn L (62F O))’

1 1 ‘ . : .
< gHAllio E Tolleup||? + §H]B%||§o > Talleu —wk|? + > mlledzk||?
k=1 k=1 k=1

IN

1 : .
S(IANZ +IBIZ) D 7 [lleub I + llews — whilP] + 121172 0,109 -
2
k=1
(5.21)

Notice that the following discrete integrations by parts hold

ZTn (62uk 528y = (6ul, 628) — (6ul, 620) ZTn k=152, (5.22)
ZTn (hE esuk) = (ht eul) — (B2, eul) — ZTH((Sth euf=1), (5.23)

ZTn(FJf,e(Squ (F!eut) — (FY eu® ZTn (SFF eul=1), (5.24)

where dhE, SEF, and §22F are defined as in (5.12). By (5.22) and from the
following estimate

> allduy M = ZTnIIf5unll2 < Tl + ZTnIIMnII2 (5.25)
k=1

k=1

we can write for every 1 > 0
‘ ZTn 52uk 62

1 ; €1 ; . d _
< 27_1”522\\2 + §H5U2||2 F I 20+ ralldul= 16225
k=1

. €1 ; 1 ¢
< Oy [ oimany + SO + 2 S0 w2, (5.20)
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where C¢, is a positive constant depending on ;. Thanks to (5.23) and to
(5.25) (applied to eul~1 in place of duf~!) we have for every g5 > 0

‘ ZTn hk eéu

1 . €9 ) i -
< 2—62||h;||2 + 3|\eu;||2 + e |[[|BuwC || + > 7 [I6hE|llews |
k=1

1 £y 1<
< Cuy 55 BUP + Sl | +5 3 mallent? (5.27)
where C,, is a positive constant depending on e5. Moreover, notice that
1
k=1
hence by means of the discrete Holder’s inequality
i i 1
) i 1
bl < o mlloubll+ 0l < T3 (Yo malloutl?)” + el (5:28)
k=1 k=1

By (5.24), (5.25) (applied again to euf~! in place of Juf~1), and (5.28) we get
for every €3 > 0

‘ZTn Fk eéu

i €3 i _
< 25 —IFRI + *|\€un||2+ IFO)llleull + > mall 6% [[leuk |
k=1

£3, 1, . 1 <
< Cey + S llewn | + 5120 7o) + 5 D mallews|?, (5.29)
k=1
where C, is a positive constant depending on e3.
Now we consider (5.17)-(5.29). By choosing &1 = 1, g5 = g5 = % and
using (3.4) and (3.5) we obtain the existence of two positive constants Cy and

(5 such that

1 . A . Ch . . :
Ljsu 2+ et 12 + L, — w2+ 6Co Y rllbut?
k=1
i k
<O+ Oy 3 [0+ fends 2+ e — w2 + 3 mallu 7]
k=1 =1
(5.30)

By defining

%
ap, = [|8up, | + fewp | + llews, —wi |+ 7ol dwp |,
k=1
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from (5.30) we can derive

K3
a; < él —+ 62 ZTnaﬁ,
k=1
for two positive constants C’l and C’g. Taking into account a discrete version of
Gronwall’s lemma (see, e.g., [1, Lemma 3.2.4]) we deduce that a!, is bounded
by a positive constant C* independent of i and n; i.e. for every i = 1,...,n
and for every n € N

i
16w, 17 + llews, |1* + lews, = wi | + D malldw]|* < €.
k=1
Therefore, for every ¢ = 1,...,n and for every n € N

i
16w, 12 + llews, |2 + lwp |I* + D alldwi]|? < 3C7,
k=1
and this concludes the proof. O
We now want to pass to the limit into the discrete equation (5.13) to

obtain a solution to the coupled system (5.1)—(5.5) according to Definition 5.1.
We start by defining the following interpolation sequences of our limit solution
Un (t) := uk + (t — kry)ouk
T (t) := 0ul + (t — k7,)0%uk
ul (t) == ul, al(t) == ouf te((k—1)m, km), k=1,....n,

uy, (t) = ul™t ay, (t) == oul=! te[(k—Drn, km), k=1,....n,

and the same approximations w,,,w;, w, for the function w. By using this
notation, we can state the following convergence lemma.

te((k—1)r, k], k=1,...,n,

Lemma 5.5. There exists (u,w) € V x HY(0,T; H?), with u — z € VP, such
that, up to a not relabeled subsequence, we have

H'(0,T;H) + L?(0,13V) _4 L?(0,T;H)_ .
n U, Uy — U, Uy — U, (5.31)
n—oo n—oo n—oo
H'(0,T;HY) L?(0,T;HY)
Wy, ———— wi T (5.32)
n—oo n—oo

Proof. Thanks to Lemma 5.4 the sequences

{un}n € HY0,T; HYNL®(0,T;V), {w,}, € HY(0,T; HY) N L>®(0,T; HY),
{uf}, € L=(0,T3V), {w},  L=(0,T; HY),

{ii }n € L%(0, T H),

are uniformly bounded. Indeed, by means of (5.14) and (5.28) there exists a
positive constant C' such that ||ul ||y < C for every n € N and i = 1,..,n, and
therefore

|, HL‘”(O,T;V)
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< max sup [ (1L—Fk+tr, ") uf + (k—tr, ") w1y < 2.

— n

k=L.on te[(k—1)7n k7]
By Banach-Alaoglu’s Theorem there exist some functions
ue H'Y(0,T;H), weHY0,T;HY), v €L*0,T;V), vy € L*0,T;HY)

such that, up to a not relabeled sequence, we have

L*(0,7;V) . L*(0T5H) . L*(0,T;V)
Uy ————— u, Uy ———— 1, uf ———=wvy, (5.33)
n—oo n—oo n—oo
L*(0,T;HY) . L0THY) . L?(0,T;HY)
Wy, ————— , Wy, —————22 w:L‘ —— 2 . (534)
n—oo n—oo n—oo
Since there exists a positive constant C' such that
+
1w — wpy || oo (0,1301) < CTrp —— 0,
n—oo
4 (5.35)
lwn — wy || Lo 0,7510) < CTn —— 0,
n—oo

by using (5.33), (5.34) and triangle inequality, we can conclude that u = vy
and w = vs.
Moreover, given that

u, (t) = uf (t — 7)), w, (t) = w}(t —7,) for t € (7, T),
a, (t) =t (t — 1), for t € (1, T),
b (t) = Un(t), for a.e. t € (0,7,

with (5.35) and the continuity of the translations in L? we deduce that

_ L%(0,T;V) -4 L*0,T;H) . _ L?*(0,T;H%)
n . /u/’ u [ u n P
n—oo n—oo n—oo

Now let us check that uw € V. To this aim, we define the following sets
Vi={ueL*0,T;V):u(t) €V, forae. te (0,T)} C L*0,T;V),
VP = {ueV:u(t) e VP forae. te (0,T)} c L*0,T;V).
Notice that V is a (strong) closed convex subset of L?(0,T;V), and so by
Hahn-Banach Theorem the set V is weakly closed. In the same way we can
prove that VP is also a weakly closed set. Notice that {u; },, C V, indeed
u, (t) =ub™t € V1), C Vi forte[(k—1)m, k). k=1,...,n.

L*(0.T;V) Y ~y L2O0TiH)
u, we conclude that u € V. Moreover 4,; ————= 4 and
n—0o0 n—o0

sou € L%(0,T; H), from which we have u € V. Finally, to show that u—z € VP
we observe that for ¢ € [(k — 1)7,,k7,) and k =1,...,n we have

u, () =z, () =u " =z eVt c VP,

Since u,,

therefore {u; — 2, },, C VP. Since
~ L*(0T3V) — L*(0,T;V)
n u7 ZTL ?

n—oo n—o0

we get u — z € VP, This concludes the proof. 0
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With the next lemma we show that the limit identified by Lemma 5.5
is actually a weak solution to the coupled system (5.1)—(5.5) according to
Definition 5.1.

Lemma 5.6. The limit pair (u,w) € V x HY(0,T; H?) of Lemma 5.5 satisfies
(5.6) and (5.7).

Proof. We fix n € N and the functions ¢ € DP and ¢ € C(0,T; H?). We
consider the following piecewise-constant approximating sequences

oF = p(km,) pF = (k1) for k=0,...,n,
k_ k—1 k. k—1
5¢fL::M ook ::M for k=1,...,n,
n Tn

and the approximating sequences

er()=wn,  @r(t):=0py  te((k—Dm,km], k=1,...,n,
Gr(t) =k, Gi) =gk te (k=17 km), k=1,...,n.
If we use 7, (¢F,0) € V¥ x H? as a test function in (5.13), after summing over

k=1,...,n, we get

n

sz Mo OE) D T((A + B)euf — Buwk, ek
k=1

=im< 5»s0n+ZTn ceph) =Y Talhf,ek).  (5.36)

k=1 k=1

Since 2 = " = 0 we obtain

n n
ZTn (6%ur, k) = (ul, of) =Y (Jup™", oF)
k=1 k=1
n—1 n—1
= (&U‘Za SDZ) - (5unv Lpﬁ-i_l)
k=0 k=0
n—1

= - (5un’ 5(pk+1)
k=0

== SomEi o) = - [ . g,

k=1

3

and from (5.36) we deduce
T T
- / (a5 (1), & (6)dt + / (A + B)eu; (1) — Bui (1), egi (1))dt

T T T
- / (), ot (6)dt + / (EF (1), e (1)t — / (B (1), et ().
’ ’ ’ (5.37)
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From (5.31), (5.32), and the convergences

+ L*(0,T3V) ~+ L?(0.T;H)
Pp ——— P Py
n—oo n—oo

we can pass to the limit in (5.37), and we get that u € V satisfies (5.6) for
every function ¢ € DP.
If we use 7, (0,9F) € VF x H? as a test function in (5.13), we have
(BowE +wh — euk k) =0,
which corresponds to
(Bin (t) +wii (t) —euwt (t), 01 () =0  te((k— D, k), k=1,....n
Therefore, for every (a,b) C (0,7T), from (5.31) and (5.32), we can write

b
f (Bu(t) + w(t) — eu(t), b(1))dt

b
= lim + (Bun(t) +w) (t) —euwS (t), 9} (t))dt =0. (5.38)
n—oo a
Now we pass to the limit in (5.38) as a — b and we obtain
(Bw(b) + w(b) — eu(d), (b)) =0 for every b € [0,T].

Given that, fixed b € (0,T) for every p € H¢ there exists ¢, (t) := (t+1—b)p €
H'(0,T; H?) such that ,(b) = p, we can say that for a.e. t € (0,7) we have
Br(t) +w(t) —eu(t) = 0 in HY. Finally, since w,, (0) = w°, taking into account
(5.32) we can conclude that w(0) = w®. O

It remains to show that the limit previously found assumes the initial
data in the sense of (3.22). Before doing this, let us recall the following result,
whose proof can be found for example in [10].

Lemma 5.7. Let X,Y be reflexive Banach spaces such that X — Y continu-
ously. Then

L0, T; X) N Cp([0, T Y) = Cp([0,T); X).

Proposition 5.8. The limit pair (u,w) € V x H(0,T; H%) of Lemma 5.5 is a
weak solution to the coupled system (5.1)—(5.5). Moreover, u € C2([0,T];V),
e CY([0,T); H) and it admits a distributional derivative in the space L*(0,T;
VP,
Proof. From the discrete equation (5.13) we deduce
|82y, )| < Ao lleus || + [[Blloolews; — wy |

+ BBlloo 6wy | + [LF3 ]+ I1E5 1+ [l ],
for every (o, ) € Vi” x HY C V;F x H¢ such that ||(¢,)]lyv « g < 1. Therefore,
taking the supremum over (¢, ) € VP x H¢ with || (¢, Y)|ly xza < 1, we obtain
the existence of a positive constant C’ such that

6% Iy < C' (el + llew, — will® + ldwy I + 17+ IES I + A5
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By multiplying this inequality by 7, and then by summing over k = 1,...,n,
we get

n
> Tl unllfyey
k=1

<O mllleup | + llewy —wi||? + [|6w)|*) +C”, (5.39)
k=1

where
C":= C (1 20,rsy + I1F 720,770y + TIBwO ().

Thanks to (5.39) and Lemma 5.4 we conclude that there exists a positive
constant C, which does not depend on n, such that

n

> mllo*uf|tp) < C. (5.40)

k=1
In particular {f,}, C H(0,T;(V)) is uniformly bounded (notice that
Un(t) = 0%uk for t € ((k — 1)1, k) and k = 1,...,n). Hence, up to ex-
tracting a further (not relabeled) subsequence from the one of Lemma 5.5, we
have

1 . D/
i H(0,T35(Vg")") v, (5.41)

n—00

and by using the following estimate

lan = @ 2a 0, pyy < CTn 72 O

we conclude that v = .

Since H(0,T; (VL)) — C°([0,T],(V{L)), by using Lemma 5.5 and
Lemma 5.7 we deduce that the limit pair (u,w) € V x H'(0,T; H?) satis-
fies

ue CY([0,T];V) and ue€ CY([0,T]; H).

By (5.31) and (5.41) we then obtain

H ~ (VOD)/ .
U (t) —— u(t) and G, (t) ——— 0(t) for every ¢ € [0,T], (5.42)
so that u(0) = u® and (0) = u!, since u,(0) = w° and @,(0) = u'. By
Lemma 5.6 we get the thesis. O

5.2. Energy estimate

In this subsection, we prove an energy-dissipation inequality which holds for
the weak solution (u,w) € V x H(0,T; H?) to the coupled system (5.1)—(5.5),
provided by Lemma 5.5. Thanks to this, we are able to show the validity of the
initial conditions in a stronger sense. The energy-dissipation inequality give us
a relation among the mechanical energy, defined by the sum of kinetic and



NoDEA A dynamic model for viscoelasticity in domains Page 37 of 47 67

elastic energy, the dissipation and the total work exerted by external forces
and by the boundary conditions. Therefore, let us define the total energy as

Suwlt) = SO + 3 (Acu(t), eu(t)
+ %(B(eu(t) —w(t)), eu(t) — w(t)). (5.43)

Notice that &, ., (t) is well defined for every ¢ € [0,T] since u € C3([0,T]; V),
€ CY([0,T]; H) and w € C°([0, T]; HY), and that

Euw(0) = 1HulH2 + 1(Aeuo, eu®) + %(B(euo —w?), eu’ —w?).
The dissipation, on the interval [0, ¢], is defined by
and the total work is given by
Wiot(t) := /0 [(f(m),a(r) = 2(7)) = (F(7), eu(r) — ez(7))]dr
+ (F(t),eu(t) — ez(t)) — (F(0), eu’ — ez(0))
+ / [((A +B)eu(r) — Buw(r), ez(7)) — (u(7), £(7))] dr
0

B
+ (a(t), 2(t)) — (u', 2(0)) — e_%(]B%wO, eu(t)) + (Buw®, eu®). (5.45)

+ /Ot o7 Bu, ex(r)) - ~ e F (Bu, eu(r)] dr

Remark 5.9. From the classical point of view, the total work on the solution
(u,w) at time ¢ € [0,T] is given by

W) = Wioaa(t) + Whary (1), (5.46)

where #a4(t) is the work on the solution at time ¢ € [0, 7] due to the loading
term, which is defined as

¢ ¢
Honat) = [ (Fr i) = [(@vGi), i, (a7

0 0
where G(t) := F(t) — e FBuw’ and Woary(t) is the work on the solution at time

t € [0,T] due to the varying boundary conditions, which one expects to be
equal to

Whry (L) ::/0 (G+(T)V72:L(T))L2(Ff)d7'+‘/o (G- (T)v, (7)) 20, dT
+ /Ot(G(T)I/, w(T))g~dr + /Ot(((A + B)eu(r) — Bw(7))v, 2(1)) godr,

where G (t) and G_(t) are the traces of G(t) from above and below on T%.
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Unfortunately, #joqa(t) and #pary(t) are not well defined under our as-
sumptions on u, F, and w®. However, if we suppose more regularity, i.e.,

ue HY0,T; H*(Q\T;RY)) N H?(0,T; H),
we 7HY0,T; HY(Q\ T;RZ*N)),  Fe HY(0,T; H' (Q\ T; R,

y Bsym s Dsym

w® € Vp, and that ' is a smooth manifold, then we can deduce from (5.6),
(5.7), and (3.22) that the pair (u,w) satisfies for every ¢ € [0, T

i(t) — div(Aeu(t)) — div(B(eu(t) — w(t))) = f(t) — divG(t)
Ba(t) +w(t) —eu(t) =0

in Q\ T't, with boundary and initial conditions

(5.48)

u(t) = 2(¢) on dpQ,
[(A+B)eu(t) — Bw(t)|lv = G(t)v on On{2,
[(A 4+ B)eus (t) — Bw(t)]v = G4 (t)v on I'y,
[(A4+B)eu_(t) — Bw_(t)|lv = G_(t)v on I'y,
u(0) =u’,  w(0) =w’ @(0)=u,

In this case, ((A+B)eu—w)v € L?(0,T; HP) and by using (5.48), together
with the divergence theorem and the integration by parts formula, we deduce

/0 (((A+B)eu(r) — Bw(r))v, 2(1)) godr

= / [(div((A + B)eu(rT) —Bw(r)), 2(7)) + ((A + B)eu(r) — Bw(71), ez(7))] dr

o\

[(G+(T)V 22,y + (G- (T)v, (7)) L2,y — (G(T)v, 2(7)) x| dT

| [((A + B)eu(r) — Bw(71),ez2(7)) — (G(T)v, (7)) g~ ] dT

+ [(U(T), 2(1)) = (f(r), 2(7))+(div F(7), 2(7)) — e (div(Bw?), Z(T))] dr

(G (), 2(7)) L2r,y + (G- (T)v, 2(7)) L2(r,y ] AT

ﬁ“hc\

(A + B)eu(r) — Bw(7), e2(7)) — (G(7)v, 2(7)) g~] dT

t

%

[(F(), 2(7) = (div F(7), 2(7)) + e 5 (div(Bu®), 2(r))| dr

(a(r), £(r))dr + (a(t), (1)) — (u', £(0))

t

[(G_,_ (T)v,2(7)) L2(r,) + (G- (T)v, Z.I(T))L2(FT)] dr. (5.49)

|
S— o~ o—

From (5.49) and the definition of #44y,, we have

Woary(t) = /0 [((A + B)eu(r) — Buw(r), e2(7)) + (G(r)v, u(T) — (7)) g~ ] dr
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+ / (G () i7) = (7)) ey + (G (), () — (7)) ey | dr
*/O [(f(7), 2(7)) — (div G(7), 2(7))] dT
—/0 (a(7), 2(r))dr — (ut, 2(0)) + (u(t), 2(1)). (5.50)

Taking into account (5.47) and (5.50), the classical work (5.46) can be written
as

Holt) = [ 14)idr) = 200) + (-4 Biea(s) ~ Bu(r),e2(r)] ar

- [ @t sonar + ) 0 - 2000
[ @ 0wir) = 0wy + (G- idr) = e
- [ 1@ 6, ite) - 240)) ~ (G itr) = 2] o

= [ 06Dt~ 007) + (A + Bre(s) ~ Bu(e),ex(r)] o
- [ () zopar + 0,200 - 200
+ /Ot(G(T), eu(r) — ez(7))dr

= [ 0610~ 2400) + (A + Breu(r) ~ B, ex(r))] ar
- [t 2 + 0,20 - @ 0) - (F0), e~ e2(0)
+ (F(t),eu(t) —ez(t)) — /Ot(F(T), eu(t) —ez(r))dr

/t le_%(]B%wO eu(T))dTJr/te_E(BwO ez(r))dr
0 | ’ |

+ (Bw?, eu®) — e_%(IEBwO, eu(t)).
Therefore, the definition of total work given in (5.45) is coherent with the

classical one (5.46).

Now we are in position to prove the energy-dissipation inequality before
t
mentioned. For convenience of notation we set h(t) := e” 5 Bw’.

Theorem 5.10. The weak solution (u,w) € Vx H*(0,T; H?) to the coupled sys-
tem (5.1)—(5.5), given by Lemma 5.5, satisfies for every t € [0,T] the following
energy-dissipation inequality

Enw(t) + Duns(t) < Eun(0) + Hior (1), (5.51)
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where &y, Duw, and Wior are defined in (5.43), (5.44), and (5.45), respec-
tively.

Proof. Fixed t € (0,T], for every n € N there exists a unique j € {1,...,n}
such that ¢ € ((j—1)7,, j7,]. In particular, denoting by [x] the superior integer
part of the number z, it reads as

=[]

After setting ¢, := j7,, we can rewrite (5.17) as follows

ST + 5 (Aeast (1), e (1) + 5 (Blew (1) — wif (1), st (1) — i (1)

n n

+ 8 /0 " B (), i (7)) < w(0) + HH (D), (5.52)

where

() = /O )8 () = () + (B (0), eiif () — o3 () ]dr

tn
+ / [((A + B)eu) (1) — Bw (1), 62:(7'))] dr.
0
Thanks to (5.14) and (5.40), we have
[wn (t) = wt (O = llw), + (t = j7)dw), — w||”
< 726wl ||* < Cr1py —— 0,
n—oo
[un (8) = wt ()| = llud, + (£ = j7n)0ud, — ul, | < 7|00, || < Crpp —— 0,
n—oo

1%n (8) = @ (0)IFy,0) = 10w, + (¢ = j) 0%, — 60 Iy

< Tﬁ”dzu%“?vop), < éTn — 0.

The last convergences and (5.42) imply

d D7/
wE) ), wi) ), ek S ),

and since ||u} (t)||v + ||@) (t)]] < C for every n € N, we get

d

wh) = u(t),  wit) S w), G (). (5.59)

By (5.53) and the lower semicontinuity property of the maps v — |[v]|?, v
a(v) := (Av,v), and v — b(v) := (Bv,v), we conclude

()] < limint 35 (0] (5.54)
aleu(t)) < hnnli)%f a(eu (t)), (5.55)
bleu(t) — w(t)) < liminf b(ew, (t) — w;t(¢)). (5.56)

n—oo
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Moreover, from Lemma 5.5, and in particular by (5.32) we get

/ (i (r))dr < timinf [ bl (r))dr < liminf [ b ()dr.  (5.57)
0

since t < t, and v — fg b(v(7))dr is a non negative quadratic form on
L2(0,T; HY).
Now, we study the right-hand side of (5.52). Since we have

L?(0,T;H - . L2*(0,T;H) . .
Voua fif ZOT s onf and af -z EOTL g
we deduce that

tn t
/0 (f (r), s (1) = Z5(m)dr —— [ (f(7),a(r) = 2(7))dr.  (5.58)

n—oo 0

In a similar way, since the following convergences hold

~ L2(0 T,H%) L?(0,T;HY)
X[0,60]€38 ———— X[0,]€% ht ————=%h,
— 00 n—oo
2 . d
(A + B)eu, — Bw, LOTH), (A + B)eu — Bw,
n—oo
we obtain
tn t
/ (bt (r), ezt (1)dr —— [ (h(r), ex(r))dr (5.50)
0 n—oo O

/0 "(A +B)eu (r) — Bu (7). e5 (r))dr

t

—— | (A4 B)eu(r) — Bw(r),ez(7))dr. (5.60)

n—oo 0

By means of the discrete integration by parts formulas (5.22)—(5.24) we can
write

[ Gt 5 = 0.5 0) - (0 200)

- /O " i (1), (), (5.61)
[ e i = Gt 0,050 ~ (a0

- /O " (it (7). eus (1), (5.62)
[ i) - e oar = (B 0. (0 - e 0)

tn
— (F(0), eu® — ez(0)) — / (FF (1), eu, (1) — ez, (7))dr. (5.63)
0
Notice that the following convergences hold

I 0) — sty = |PURL =2 =0T gy |

Tn
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<[ e - z0lar —o.
(G=1)n ‘ nmee
10 (&) = hO)l] = [Bu®llle= 5 — 5]
< Bl = il < ZBu =0,
2 () — 2By = 12Gm) — 2B lv
< (7 — B2 |2 20wy < 3 12/l 22 0.05v) ——— 0,
\EE (8) = F)ll = 1 F (i) — FO)

) 1, 1.
< Gt = 2 F 220,152y < T 1P| 220,751 — 0,

»  L*(0.T;H) . i+ L2(0,T;HY) i,
X[0,tp]3n — 7 X[0,t]%  X[0,tn]"'n —— X[0,t]'%
n— o0 n—oo
_ L*(0,T;V) = L*(0,T:HY) :
2, ———— 2, X[t Fri ———= x4 F-

n—oo n—oo

By means of these convergences, (5.53), and Lemma 5.5, we can argue as before
to deduce from (5.61)—(5.63)

/0 (lin (), EE(7))dr —— (a(t), (1) — (u?, £(0))

n—0o0

- /O (i), 3(r))dr, (5.64)

n—oo

/On(hI(T),eﬁf{(T))dT —— (h(t), eu(t)) — (h(0), eu”)
- /0 (h(r), eu(r))dr, (5.65)

/0 N(EF (7), ettt (7) — e5F (1) dr —— (F (1), eu(t) — e(t))

n—oo

— (F(0), eu® — ez(0)) — /0 (F(7), eu(r) — ez())dr. (5.66)

By combining (5.52) and (5.54)—(5.66) we obtain the energy-dissipation
inequality (5.51) for ¢ € (0,T]. Finally, for t = 0 the inequality trivially holds
since u(0) = u° and u(0) = u!. a

Remark 5.11. Thanks to the last theorem and to the equivalence between
the viscoelastic dynamic system (3.16)—(3.20) and the coupled system (5.1)-
(5.5), we can derive an energy-dissipation inequality for a weak solution to our
viscoelastic dynamic system (3.16)—(3.20). As can be seen from (5.6) and the
proof of Theorem 5.2 it is not restrictive to assume w® = 0.

Let (u, w) be the weak solution to the coupled system (5.1)—(5.5) provided
by Lemma 5.5. In this case, it satisfies the energy-dissipation inequality (5.51).
Moreover, from Theorem 5.2 the function u is a solution to the viscoelastic
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dynamic system (3.16)—(3.20) in the sense of Definition 3.3. Therefore, by
substituting (5.8) in (5.51) we get for the conservative part

Suwlt) = SO+ (Aeu(t), eut) + 3 (Bleu(t) — w(), eult) — w()
= 1”“(75)”2 ((A + B)eu(t / T (Beu(r), eu(t))dr

252/ / e (Beu(r), eu(r))drdr (5.67)

and for the dissipation

Dr(t) = /0 (Bir(7), eu(r))dr — /0 (Bio(r), w(r))dr
1 t

1
=3 (Beu(r), eu(r))dr — i(Bw(t),w(t))

/ / T (Beu(r), eu(r))drdr
; / (Beu(r), cu(r))dr - / / 5 (Beu(r), eu(r))drdr

_ﬁ/o/oe_ 5 (Beu(r), eu(r))drdr. (5.68)

By substituting the same information in the total work, we obtain

Wios(t) = /0 t [((A+B)eu(7)7eé(7)) _ /0 ' ;e_TﬁT(Beu(r),eé(T))dr} dr

+ / ((F(7), () = 2(7)) = (B(7), eulr) - ex(7))] ar
+ (F(t), eu(t) — ez(t)) — (F(0), eu’ — ez(0))
- / (i(r), £(m)dr + (a(t), £(0) — (", £(0)). (5.69)

After defining the elastic energy as

£(0) = 1)1 + 3(A+ Beult).cu(v) - [ e~ T (Beutr). eult))ar

+ 5 / / ~255 Beu(r), eu(r))drdr,

and the dissipative term

ﬁ/]E%eu eu(r))dr — 52//
252// T (Beu(r), eu(r))drdr,

eu(r))drdr
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taking into account (5.67), (5.68), and (5.69) we can rephrase the energy-
dissipation inequality (5.51) as

E(t) + 2(t) < &(0) + Hior (1),
where the total work #;,; now depends just on the function wu.
Finally, in view of Theorem 5.10 we are ready to show that our weak

solution satisfies the initial conditions in a stronger sense than the one stated
in (3.22), that is the content of the following lemma.

Lemma 5.12. The weak solution (u,w) € V x H*(0,T; H%) to the coupled sys-
tem (5.1)—(5.5), provided by Lemma 5.5, satisfies the initial conditions in the
following sense:
lim w(t) =u® in V, lim a(t) =« in H, lim w(t) =w" in HL.
t—0+ t—0+ t—0+ ’

(5.70)

Proof. Since u € C2([0,T);V), w € CL([0,T); H), w € C°([0,T); H?), from
the lower semicontinuity of the real valued functions

tefa))?, ¢ qu(t) = (Aeu(t), eu(t)),
t = plu(t),w(t)) = (Bleu(t) — w(t)), eu(t) — w(t)),
we can let ¢ — 07 into the energy-dissipation inequality (5.51) to deduce that

1 1 1
Euw(0) = §||u1||2 + i(Aeuo,euo) + i(B(euo —w?), eu’ —w?)

1 1 1
< Zlimi . 2 Lo L.
< g liminfllat)|* + 5 liminf g(u(t)) + 5 liminf p(u(?), w(?))

< timint [ 140>+ ga(u(t)) + 3p(u(), w(?)

2 2
= liminf &, ,(t) < limsup &, . (t) < &uw(0). (5.71)
t—0t t—0+

Notice that the last inequality in (5.71) holds because the right-hand side of
(5.51) is continuous in ¢, and u(0) = u, 4(0) = u!, and w(0) = w". Therefore,
there exists limy; o+ &y, (t) = Eu,w(0). Moreover, we have

Euw(0) < %htg(i)gf\\d(t)lﬁ + %litrgggf [q(u(t)) +p(U(t)7w(t))}

< %litrg(s)gp\\u(t)ﬂz + %litrggglf {q(U(t)) +p(U(t)7w(t))}
< %Hmsup [||u(t)||2 + q(u(t)) +p(U(t),w(t))] = Euw(0),
t—0t

which gives
lim [la(t)]* = |lu' .
Jim [(6)? = [l
In a similar way, we can also show that

m (Aeu(t), eu(t)) = (Aeu?, eu®).

li
t—0+
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Finally, since we have

Hd

alt) —E— eu(t) —— eu®
t—0+ t—0+
and u € C°[0,T); H), we deduce (5.70). In particular, u: [0,7] — V and
@: [0,T] — H are continuous at ¢ = 0. O

We can finally prove the main theorem of Sect. 5.

Proof of Theorem 5.3. 1t is enough to combine Proposition 5.8 and Lemma
5.12. O

Remark 5.13. We have proved Theorem 5.3 for the d-dimensional linear vis-
coelastic case, namely when the displacement wu is a vector-valued function.
The same result is true with identical proof in the antiplane case, that is when
the displacement u is a scalar function and satisfies (1.3).
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