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Abstract. We consider the inhomogeneous nonlinear Schrodinger equation
(INLS) in RY

i+ Au + |z PulP " u = 0,

with initial data ug € H*(RY) having finite variance. We extend the
dichotomy between scattering and blow-up for solutions above the mass-
energy threshold (and with arbitrarily large energy). We also show two
other blow-up criteria, which are valid in any mass-supercritical setting,
given there is local well-posedness.
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1. Introduction

We consider the initial value problem associated to the inhomogeneous non-
linear Schrodinger equation (INLS)

i0pu + Au+ |z PlulPlu =0, t>0, z € RV, (1.1)
u(-,0) = ug € HY(RY). '

This model arises naturally as a limiting problem in nonlinear optics
for the propagation of laser beams. The case b = 0 is the classical nonlinear
Schrédinger equation (NLS), extensively studied in recent years (see Sulem-
Sulem [27], Bourgain [2], Cazenave [6], Linares-Ponce [25], Fibich [15] and the
references therein).

The lower Sobolev index where one can expect well-posedness for this
model is given by scaling. If u(z,t) is a solution to (1.1), so is uy(z,t) =
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APt u(Ax, A*t), with initial data ug (), for all A > 0. Computing the homo-
geneous Sobolev norm, we get

N 2—
Y2zt

-~ b
lwoall grs = A7 2 2= [luol| 4.

Thus, the scale-invariant Sobolev norm is H%(RY), where

N 2-b
Se = — — ——
¢ 2 p-—1
is called the critical Sobolev index.
In this paper, we are interested in the case s, > 0, known as mass-
supercritical. Rewriting this condition in terms of p, we obtain
2(2 — b)

>14 ———-.
p + N

The local well-posedness for the INLS equation was first studied by
Genoud-Stuart in [20] (see also Genoud [17]) by the abstract theory of Cazenave
[6], without relying on Strichartz type inequalities. They analyzed the IVP
(1.1) in the sense of distributions, that is, i0;u + Au + |z|~%|u|P~'u = 0 in
H~Y(RY), N > 1, with 0 < b < min{2, N}, and showed it is well-posed

— locally if 1 < p < pj (s. <1);
— globally for any initial data in HY(RY) if p < 1+ 2(27]\7b) (sc < 0);
— globally for sufficiently small initial data if 1+ 2(271\717) <p<p; (0<s. <

1),

where

. oo, N <2,
by, = 1+2(2—b) N > 3.

N-2"

More recently, Guzman [23], Cho and Lee [7] and Dinh [8] established local
well-posedness of the INLS in H*(R") based on Strichartz estimates. In par-
ticular, they proved that, for N > 2,1 < p < pj and 0 < b < min{N/2,2},
the initial value problem (1.1) is locally well-posed in H*(RY).

Note that the results of Guzmén [23] and Dinh [8] do not treat the case
N =1, and the ranges of b are more restrictive than those in the results of
Genoud-Stuart [20]. However, Guzmdn and Dinh give more detail information
on the solutions, showing that there exists T'(|jug||g:) > 0 such that u €
L4 ([T, T); Wh"(RN)) for any L*-admissible pair (¢, ) satisfying

where
2<r< 2 if N>3
2<r<+00 if N=2,
2<r <40 if N=1
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The solutions to (1.1) have the following conserved quantities

/|u t)|?dx = Mu),
= §/|Vu(t)|2dm—]m/|x|_b|u(t)|p+ldac:E[uo].

The blow-up theory in the INLS equation is related to the concept of
ground state, which is the unique positive radial solution of the elliptic problem

AQ —Q+|z|7QP'Q = 0.

The existence of the ground state is proved by Genoud-Stuart [16,20] for
dimension N > 2, and by Genoud [17] for N = 1. Uniqueness was proved in
dimension N > 3 by Yanagida [30] (see also Genoud [16]), in dimension N = 2
by Genoud [18] and in dimension N = 1 by Toland [28]. The existence and
uniqueness hold for 0 < b < min{2, N} and 1 < p < pj.

The ground state satisfies the following Pohozaev’s identities (see rela-
tions (1.9)-(1.10) in Farah [12])

N(p +2b
chyuiﬁ(iﬂ QP da,

and
£lQ) = S el tiopt d, (1.2

Genoud [19] and Farah [12] proved the following sharp Gagliardo-Nirenberg
inequality which is valid for N > 1, 0 < b < min{2, N}, and 1 < p < pj
pt1— ((e=1)+20)

/Rlel’blf( D de < CoulV ey Ik 3)

where C)p y > 0 is the sharp constant. More precisely,

1
2(p+1) )W (/|$|_b|Qp+1>

CPN = < N(p—1)+2b
’ — 1_177
Np—1)+2b 1QIT:

This inequality can be seen as an extension to the case b > 0 of the classical
Gagliardo-Nirenberg inequality.

If u is a solution to (1.1) and ug € & = {f € H'(RY); |z|f € L*(RY)},
we define its variance at time ¢ as

= [1ePlute. 0 do

The variance satisfies the virial identities (see Farah [12, Proposition 4.1])

_Np-1)+2b

(1.4)

Vi(t) =4 Im/x -Vu(z, t)u(z, t) de (1.5)

and
Vie(t) = 4(N(p — 1) + 2b) E[u] — 2(N(p — 1) + 2b — 4) | V|| 72 gny.  (1.6)
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Together with the variance, a scale-invariant quantity which plays an

important role in the global behavior is M [uo]%E[uo], which we normalize
(for 0 < s. < 1) as

M ug] 3 Elug]

1—sc

MQ] = ElQ]

ME] = ME[uo] =

and call it the mass-energy.

Remark 1.1. From the identity (1.6), if ug € ¥, p > 1+ @ and F [ug] < 0,

then the graph of t — [ |2|?|u|? lies below an inverted parabola, which becomes
negative in finite time. Therefore, the solution cannot exist globally and blows
up in finite time. Recently, [9] extended this blow-up result to the radial case,
and to the case N = 1 without symmetry or decaying assumptions. Since we
only consider initial data in 3, in this work we focus on data with non-negative
energy, but avoid rising the energy to a fractional power in the definition of
mass-energy so that this quantity makes sense in any setting.

Other useful scale-invariant quantities are the mass-potential-energy

Miue] 5 [ falfu(o)
M@ [l lQr

and the mass-kinetical-energy

MPu(t)]

1.1. Dichotomy above the mass-energy threshold
In previous works, [9,14] and [4] studied the global behavior of solutions to
(1.1) below the mass-energy threshold, i.e, in the case ME[ug] < 1. They
proved a dichotomy between blow-up and scattering, depending on the quan-
tity MIKC[uo].

We summarize the global behavior of solutions to (1.1) with ME&up] < 1
in the following theorem

Theorem 1.2. ([3,4,9,14]). Let u(z,t) be a solution of (1.1) and 0 < s, < 1.
Assume ME[ug] < 1. Then
(1) If MPlug] > 1, and either ug € X, or wug is radial, or N = 1, then the
solution blows up in finite time, in both time directions.
(ii) If MPluo) < 1, N > 2, b < min{%,2}, then u scatters in both time
directions in H(RN).

Remark 1.3. In [14] and [9], Theorem 1.2 was proven using M/[uo] instead of
MPJug]. We show the equivalence, in the case ME[ug] < 1, in Proposition 2.1.
Therefore, by Theorem 1.2 and Theorem 1.5 below, as in the case ME[ug] >
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1 the equivalence does not hold, the quantity that governs the dichotomy
between blow-up and scattering is, in any case, MP[ug].

Remark 1.4. The case MPJug] = 1 cannot occur if MEug] < 1 (see [14,
Lemma 4.2, item (ii)]).

We are interested here in criteria that include initial data above the
threshold M&[ug] = 1. The first theorem we prove is a dichotomy

Theorem 1.5. Let u be a solution of (1.1), where 1+ @ <p < pp. Assume
N >2 uy€X and

et (1 007 ) < o
(i) (Blow-up) If
MPug] > 1 (1.8)
and
Vi(0) <0, (1.9)

then u(t) blows-up in finite positive, Ty < oo.
(ii) (Boundedness and scattering) If

MPug] < 1 (1.10)
and
V:(0) >0, (1.11)
then
lim sup M [ug]* ™% (/ |$|_bu(t)|p+1>sc
=T (u)

< M[Q]' ™ (/a:|‘b|Q|”+1) : (1.12)
In particular, T, = +oco. Moreover, u scatters forward in time in H*(RV).

Remark 1.6. If MEJug] < 1, the conclusion of Theorem 1.5 follows from The-
orem 1.2. Theorem is new only in the case ME[ug] > 1.

Remark 1.7. The proof of Theorem 1.5 shows that there are two disjoint sub-
sets (defined by (1.7), (1.8) and (1.9); and by (1.7), (1.10) and (1.11)) that
are stable under the INLS flow and contain solutions with arbitrary mass and
energy (see, for example, Remark 1.11 below).

Remark 1.8. We prove in Sect. 3 that any solution of (1.1) that satisfies (1.12)
scatters for positive time. Replacing MP[ug] by MK[ug], this result is already
known (see [14]). Due to the one-sided implication (2.1), our assumption is
weaker. Therefore, Theorem 1.5 improves known results.
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Remark 1.9. The scattering statement of Theorem 1.5 is optimal in the follow-
ing sense: If ug € H'(RY) has finite variance and scatters forward in time, then
there exists tg > 0 such that (1.7), (1.10) and (1.11) are satisfied by wu(t) for

all t > to. In fact, if u(t) scatters forward in time, then /|:1c|_b|u(t)|”'*'1 — 0.
This implies Eug] > 0 and, by (1.6),

Vi(t) =~ 16E[uolt  and V(t) ~ 8E[ug]t?
which implies

M) (1 0

 32E[uo)V (t)
As a consequence of Theorem 1.5, we obtain

Corollary 1.10. Let v € R\{0}, vg € ¥ such that ME[vy] < 1, and u” be the
solution of (1.1) with initial data

)—>O, as t — —+o0.

. 2
v o iyl
ug = ey,

(i) If MP[vo] > 1, then for any v < 0, uY blows up in finite positive time;
(ii) If MPlwo] < 1, then for any v > 0, u¥ satisfies (1.12). Moreover, u?
scatters forward in time in H'(RV).

Remark 1.11. With the above corollary, we can predict the behavior of a class
of solutions with arbitrarily large energy. It MEJvg] < 1, then

Elul] = 4’72“35710”%2 + 4y Im/x - Voo + Eluvo]

and Elu}] — 400 as v — £o0.

Remark 1.12. Note that the statement of Theorem 1.5 is not symmetric in
time as the statement of Theorem 1.2. Indeed, Corollary 1.13 below shows
solutions with different behaviors in positive and negative times.

Corollary 1.13. Let v € R and Q7 be the solution to (1.1) with initial data

Q) = Q.
(1) If v > 0, then Q7 is globally defined on [0, +00), scatters forward in time
and blows up backwards in time.
(ii) If v < 0, then Q7 is globally defined on (—o0,0], scatters backward in
time and blows up forward in time.

1.2. Blow-up criteria

The blow up criterion of [29], Zakharov [31] and Glassey [21] for the NLS use
the second derivative of the variance V' (¢) to show that finite variance, negative
energy solutions blow up in finite time. The second derivative of the variance is
also used in [26], but with an approach based on classical mechanics, resulting
in a finer blow-up criterion. This and another criteria were proven in [24] for
the 3D cubic NLS. The argument was extended in [10] to the focusing mass-
supercritical NLS in any dimension, and examples were given to show that
these new criteria are not equivalent to the previous ones. We extend these
criteria for the focusing, mass-supercritical INLS equation in any dimension:
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Theorem 1.14. Suppose that ug € % and N > 1. The following inequality is
a sufficient condition for blow-up in positive finite time for solutions to (1.1)
with 0 < s, <1 and Efug] > 0

Vi(0) 4 EluV(0)
Muo] V8N869<Nsc Muo]? >

Vi tr—(1+1) fo<a<1
—e e+ h) >

Theorem 1.15. Suppose that ug € % and N > 1. The following inequality is
a sufficient condition for blow-up in positive finite time for solutions to (1.1)
with 0 < s, <1 and Efug] >0

Vi(0) _ AVEMfug] T Blug] ¥ <02E[uo]w_a+%v<o>>

(p— 1)30.

g(x) = with k = (1.13)

M[UO] C
where g is defined in (1.13),

2

C = <M(Cp N)W+(p+1)) N(p—1)+2b
Sc(p — 1) ’

and Cp N the a sharp constant in the interpolation inequality (1.3).

1 Q(P‘Fl)‘
M [uo])' T ¥o=1+2

Remark 1.16. For real-valued initial data, Theorem 1.15 is an improvement of
Theorem 1.14 if

9

4
since in this case the right-hand side of Theorem 1.15 is bigger.

Ns 02 N]Z,(pl)1+)2b2b4
. p— -
M(g[UO] > ( < >

Remark 1.17. In both theorems, the restriction s. < 1 is only needed to ensure
the local well-posedness.

This paper is structured as follows: In Sect. 2, we prove the boundedness
and blow-up part of Theorem 1.5. The scattering part is proven in Sect. 3.
In Sect. 4, we show two non-equivalent blow-up criteria for the INLS (Theo-
rems 1.14 and 1.15).

2. Boundedness and blow-up

We start this section with the proof of the equivalence between using MK [ug]
and M7P[ug)] in the dichotomy when ME&[ug] < 1.

Proposition 2.1. If f € HY(RY), then

MK[f] <1 = MP[f] < 1. (2.1)
Furthermore, assume ME[f] < 1. Then

MK[f] <1+ MP|[f] < L (2.2)
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Proof. We write the sharp Gagliardo-Nirenberg inequality (1.3) as

(MP[f))~@ 05 < MKIf],
and (2.1) follows. Now, if MP[f] < 1 and ME[f] < 1, then
1 1-sg
>5[ (942 da
1 1;sc b »
- MIQIF [ lal g da

taking the first and last member, we conclude MK[f] < 1. O

1—s¢ 1—s¢

MIQ] = E[Q] = M[f] =

We also point out that the inequalities in (2.2) can be replaced by equalities:
we can scale f so that M[f] = M[Q)]. By similar arguments as the ones used
in proving (2.1) and (2.2), MP[f] =1 or MK[f] =1 in the case ME[f] <1,
implies MP[f] = MK[f] = ME[f] = 1. In this case, f is equal to @ up to
scaling and phase.

We now turn to the proof of Theorem 1.5. Start rewriting the Gagliardo-
Nirenberg inequality (1.3) as

by p1pt1 NG K 2
[laltis1e o <CoMlf [ [VuPds,  (23)
where
20+1) 1
T Np-_1)+2
and
Ne=F25 L
—b p+1
oy e )

Cq 1= (Cy) ¥T77 =

Np—1)+2b MI[Q]~

_ (8<p+1>) sep—1)  B[Q] Nobem !
LA Np-1)+2b MQJ
and
A:=2(N(p—1)+2b—4) =4(p— 1)s,.

We use the following Cauchy-Schwarz inequality, proved by Banica [1].
We include the proof here for the sake of completeness.

Lemma 2.2. Let f € HY(RY) such that |z|f € L*(RY). Then,

2
(Im/JUfodx) </|x|2|f2dx[/vf2dx
_ C'QlM” (/|x—b|f|p+1 dx>N(pl)+2b‘|
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Proof. Given f € HY(RY) and A > 0, we have

V(N ) = 2ixee g 4 NP v f = e 2inaf 4 V).

Thus,

/ ‘V (ei/\lz\2f) ‘2 dr = /ei/\|x|2(2i/\ af + Ve e (—2i\ 2 f + VF) da

:4>\2/|x|2|f|2dx+4)\ Im/x-w?dx

+/|Vf|2dx

and from the Gagliardo-Niremberg inequality (2.3), for all A € R we get

CoM[f]" {4>\2/|x|2|f2dx+4)\ Im/x.fodx+/|Vf2dx]

4
Nop-DF2
([t 2o

Note that the left-hand side of inequality above is a quadratic polynomial in A .
The discriminant of this polynomial is non-positive, wich yields the conclusion

of the lemma.
Proof of Theorem 1.5. We will assume
ME[Uo] > 1,

as the case MEJug] < 1 has been proven by [14]. By (1.6), we have

A
Furthermore,
8[| Vull3 — Ve
b p+1 2
J el e = o4 1) e

A(N(p— 1) + 2b)

16
IV —D+2) /

Solving the equality above for / || ~°|u|PF! da, we have

16 Efug] — Vtt
—b p+ld
el o = (o4 1)

||~ ul|P T da.
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Note that the expression (2.6) implies that Vi < 16E[ug] for all ¢. In view of
the equation (1.5), the derivative of variance V' (¢), and Lemma 2.2 we get,

(Vi(t))*> =16 (Im/x - Vu(t) u(t) dx)2

< 16/V(t) /|Vu(t)|2da:
CQT (/ 2 Plut) ! dx> o ] 2.7)
If 2(t \/7 then
1
Dividing (2.7) by V(t), using (2.5), (2.6 ( 7), we have
_1(%@®)°
i) = 1V
<4 [4 NG —1) + 2)Bluol = Vi
B 1 <(p + 1)(16 E[uo] — V;O) NG=1¥25
CoM [uo]~ 24 ’
that is,
2 (t) < 4p(Vi), (2.8)
where

4(N(p—1) +2b)Elug] — «
A

_ 1 ((p+ 1) (16 E[uo) _a)>zv<p“1>+zb
CoMlug)” 24

is defined for o € (—o0, 16E[ug]]. We have

pla) =

/( )_ _l 4(16E[U0] _Q)W71 p+1 W
T TAT CoMug<(N(p— 1)+ 25) \ 24 :

Consider a,,, € (—o0, 16E[ug]) such that ¢'(a,) = 0, that is,

1 4(16E[uo) —a,,JWfl p+1 NGO 2o
A CgoMlug]*(N(p — 1) + 2b) 24 ' (2:9)
Since s, > 0,

Np—1)+20  Np—-1)+20  (p—1D(N(p—1)+2b)
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therefore ¢ is decreasing on (—oo, a,,) and increasing on (o, 16 E[up]]. Note
that (2.9) implies
G (o —16E)(N(p—1)+2b)  4(N(p—1)+20)E  a,
s 1A * A — 4 = elam).

Using (2.9) and (1.4), we have

E[Q) ¥t (Blug) — %2) NG=DF%

MQ]~ © Mfugl® ’

p—1)
1) 120" we get

Mfuo)\ 5 Bluo] — 5 _
Gra) ™~ Er =t (210)

As a consequence of (2.4)

hence raising both sides to N(2 (p—

Mlug)\  Blug] — % (Ml \ Bl
<M[Q}> Blg S MElwl= <M[Q]> EQ)
Qo 2 0,
and by (1.7) and (2.10),
(Vi(0))* '\ 8E[ug] ME|[ug]
(2(0))* = <132E[u0}V(0)) ./\flé’[uo] = +8Bug
8E ]

fwo] ( Mlug]\ 5 Eluo] — 2
=~ ME[uo) (M[Q]> Blgp T oEll

— - = 4o(am). (2.11)

We first prove case (i) of Theorem 1.5. Suppose that u € ¥ satisfies (1.8) and
(1.9). Note that (1.9) is equivalent to

2(0) = <0 (2.12)

RAUN
F

In view of (1.2), the assumption (1.8) means

oo [ el uop*
[ el i@l o

>1

(M[uo]) e A/|fc\7b|uo|erl dx _ <M[u0]>

(p+1)EQ] M[Q]

and consequently, from (2.6)

Vit (0) = p+ ] /|z| ®|luo|PT + 16 Bug] < . (2.13)



69 Page 12 of 33 L. Campos and M. Cardoso NoDEA

Note that, for all t > 0

zm:i Vi(t) | _ Valt)  (Vi(1)®
" dt | 2/V(E)|  2/V({E) 4V (t)3
_ 1 (V) .2
__Z@)< 5 Aw). (2.14)

Hence from (2.11) and (2.13), we have

z1(0) = . (Vt;(O) —zf(O)) < ZL (%ﬂ - (%n) =0.
0

(0)

Suppose that z;(f) > 0 for some ¢ belonging to [0, T (u)). Then, as z is
continuous on [0,75 (u)), by the intermediate value theorem there exists to €
(0, T4 (u)) such that

Vt € [0,t0), 2zu(t) <0 and zy(ty) = 0.
Thus for (2.11) and (2.12)
Vi € (0,t0], 2(t) < z(0) < —/4p(rm,).
We have, thus,
vt € (0,to], 22(t) > dp(am).
Using the inequality above and (2.8),
vt € (0, to], Ap(Vig(8)) = 22(t) > dp(am).

Therefore, Vi (t) # a,, for t € (0,to]. Since Vi(0) < a, and by the continuity
of V;&ta

Vit € [0,%0], Vie(t) < am. (2.15)
Since Vi (t) # ., and by (2.15), we get

cult) = — (Vtt(to)—zf(to)>< L (o),

Z(to) 2 Z(to) 2 2
contradicting the definition of ¢g. Therefore,
z < 0 for all t € [0, T4 (u)). (2.16)

By contradiction, suppose that T (u) = +o00. From (2.12) and (2.16),
vt > 0, Zt(t) < Zt(O) <0,

a contradiction with nonnegativity of z(t).
We now prove case (ii) of Theorem 1.5. We assume, besides the conditions
(1.7) and (2.4), that (1.10) and (1.11) hold. That implies, in the same way as
we did in case (i),
2(0) > 0 (2.17)
and

V}/t(O) > Oy - (218)
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We affirm that there is ty > 0 such that

2t(to) > 2/ p(am). (2.19)
Indeed, by (2.11) and (2.17),

2:(0) > 2v/p(am). (2.20)
If z(0) > 2\/Tm then choose ty = 0 and we have the result. If not,

(0= 15 (V“Q( ) z3(0>> > (-5 =0

by (2.18) and (2.20). Hence, there is a small ¢y > 0 satisfying (2.19).
Let g be a positive small number and assume

Zt(t()) > 24/ Lp(am) + 280. (221)

We will show that, for all ¢t < ¢,

t) > 2/ p(am) + €o. (2.22)

Suppose (2.22) is false, and define

t1 = inf{t > to; z:(t) < 2v/plam) +eo}-

By (2.21) t1 > to. By continuity of z,

zi(t1) = 24/ p(am) + €0 (2.23)
and
Ve [to, tl Z > 2\ ¢ am + €o- (224)

In view of (2.8),

Vt € [to, t1], (2v/0(am) +20)? < 22(t) < 4p(Vie(t)). (2.25)

Hence, p(Vi(t)) > @(am,) for all ¢ € [to, t1], so, Vi(t) # o, and by continuity
Vit (t) > apy for ¢ € [to, t1]. Using the Taylor expansion of ¢ around o = auy,,
there exists a > 0 such that, if |« — a,,| < 1, then

p(a) < plam) + ala — am)*. (2.26)

We show that there exists a universal constant D > 0 such that

Vit e [to,t1] ‘/tt(t) > oy + \/,%;0 (227)

Consider two cases:

a) If Vi(t) > auy + 1, then for D > 0 large, we get (2.27)
b) If o, < Vtt(t) < ayn + 1, then by (2.25) and (2.26), we obtain

(2v/p(am) +£0)? < (2(t))? < 4p(Ver t)) < 4p(aum) + 4a(Vie(t) — am)?.
Thus,
4/ p(am)eo < 4y/p(am)eo + €5 < da(Vie — am)?,
and choosing D = \/a(¢(am)) ™7, (2.27) holds.
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Furthermore, by (2.14) and (2.24)
1 Viu(t
cult) = s (4 - )

z(t1)
> (% + 2 - velan) +ao))
> (L2t - 3) >0,

if £¢ is small enough. That is, z; is increasing close to t1, contradicting (2.23)
and(2.24). This shows (2.22). Note that we have also shown that the inequality
(2.27) holds for all ¢ € [tg, T+ (u)). Hence, by (2.6), (1.2) and (2.10)

Mfuol = ([l e+ ae) = arfuol > [ 6Bluo] ~ Vi)
< M[UOP_SC :p;;ll (16E[UO} — Oém):| )
— Mluol' |22 )]

—ari@p [ [leliapas]

2.1. Dichotomy for quadratic phase initial data

We now prove Corollary 1.10, except for the scattering statement, which will
follow from the results in Sect. 3.

Proof of Corollary 1.10. Let vy satisty MEJvg] < 1, v € R\{0} and u be the
solution with initial data ug = e”|m|2vo. We assume

ME[UO] Z 1

(otherwise the result follows from Theorem 1.2).
We will now show that ug satisfies the assumption of Theorem 1.5. We
need to calculate

Elug] = Elvo] + 2 Im/:c - Voo dx + 2> / || |vo|? da (2.28)
and

Im/ﬂox-Vuodm: Im/ﬁox-V?Jodw+2’7/|$|2|vo\2d$-

Rewriting the above equations,
2
(Im/vom~Vvodx)

2
(Im / ug x - Vug dm)
_ = Evg) —
2 [ aPluof do 2 [ lofunf ds
< Elw), (2.29)

Eluo]
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2
<Im/UQJ] . VUO)

2E[uo] [ [x[*Iuol?

or,

M((:[UQ] 1-— = ME['UO} S 1. (230)

Therefore, the assumption (1.7) follows from (1.5) and (2.30).

We will assume here v > 0 and MP[vg] < 1, as the proof of the other
case is very similar. First note that, since ME[vy] < 1 and [ |z|*|ve]? > 0,
there is only one positive solution of

M[Uo]% (E[vo] + 2y Im/x - Voo dz

1

+ 29 / |:v|2|vo2dx> = M[Q] = E[Q].  (2.31)

Now, since ME[ug] > 1 and v > 0, (2.28), we have v > ~vI, where v is the
positive solution of (2.31). Rewriting (2.31), we have

v Im [z - Vuvode + (vF)? [ |z*|ve?dz 1 — ME|u] 50

se 1—sc

M[Q] =" E[Q] 2M [vo] v

which implies
Im/x - Vogto dx + v, / |2|2|vo|? dz > 0.
Using that v > v, we see that
Im/z - Vugtg dr = Im/x - Vgt dx +'y/ |z|2|vo|? dz > 0,
which yields (1.11). Since Theorem 1.5 applies, we conclude the proof. g

We next prove prove Corollary 1.13, except for the scattering statement.

Proof of Corollary 1.13. Given that u(x,—t) is a solution of (1.1) if u(x,t) is
a solution, we can assume v > 0. We only need to prove that

Im/m VQ (1) (ty) d > 0,
MP[Q ()] < 1
. (Vilto))?

MEQ (o) (1 - 32E[Q~(t(;>]vuo>) =

for some to > 0, where V(t) = / |22|Q" (z,t)|* dz. First note that, for Q) =

and

- 2
1y |
e1?1°Q, we have

VQg = (2i72Q + VQ)elel”
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and
AQY = e (2iN~Q + diva - VQ — 472 |22Q + AQ). (2.32)
Thus,

Im/z -VQJQ dx = Im/z < (2iyx@ + VQ)@iVlmFe*”lzﬁde
= Im/x < (2iv2Q + VQ)Q dx
= 27/ |z|2Q? dx > 0. (2.33)

which shows Im / x-VQ(t9)Q7 (tg) dr > 0 for sufficiently small t5. Moreover,

using the fact that Q7 is a solution to (1.1), we have
G [l @ ptds = 4 1) Re [l @Q @) do
—(p+ 1) Re [ o GAQQQ ! do
——(p+ 1) I [ Jo QP AQ T d

Consequently, from (2.32),

i [l ]

- [—<p+ 0t [ a7 AQ T dx]

t=0 t=0

=—2Ny(p-1) / 2|~ QP ! da < 0.
Since
M[Qg]%&/ﬁrb\Qa’Ip“dI = M[Q]%&/|I|*b|Q|p+l dz,
we get, for sufficiently small ¢

MPIQ7(t)] < 1.

Now, define the function F' as
2
( Im/x -V (1)Q (1) dx)
2 [ 1aPIQ (0 do

- M[Q] > E[Q]. (2.34)

In view of (2.29), with vy = Q, we conclude F(0) = 0. We just need to check
that F(t) <0 for small positive ¢. Let

V(t) = / 2P Q V@ )P e, 2(t) = V(D).

1—s¢

F(t) = M[Q"] = |E[Q"] -
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We can rewrite (2.34) as

1

P = MIQT (BIQ - glat?) ) - MIQI'S EIQ,
and thus,
Fi(t) = **M[QW] ()2 (1)

Using (1.5), (1.6) and the fact that Gagliardo-Nirenberg inequality (1.3) is an
equality for f =Q = e‘”'”’?'ng7 we conclude that z:(0) = 0. Therefore,

Fiu(0) =~ MIQ7 5 (24(0)200(0) + (2(0))?)
:_EM[QW] " 24(0) 24 (0).

On the other hand,
‘/;gt = 2(215)2 + QZZtt and ‘/-ttt = GZtZtt + 2zzttt~

Thus, Vi(0) = 22(0)2444(0). Hence, Fy(0) and —V;44(0) have the same sign,
but from (2.33) z:(0) > 0. By (2.6), we get that this sign is the same as the

one of
4 i

Therefore, Fy;(0) < 0, which shows that F(t) is negative for small ¢ > 0. This
completes the proof. O

+1
t=0 - (p2A )Vm(O).

3. Scattering

We now prove the scattering part of theorem 1.5. We start with a lemmas:

Sc

Lemma 3.1. Let 0 < a < A < </ |x|_b|Q|p+1) M[Q]*=%<. Then, there ex-
ists €g = €o(a, A) such that for all f € H*(RYN) with

aS(/ﬂbm“WO&Mml*éA

one has
Jiwrtao- ZEZIER [l ptaz cm = @)
and
Ef) = F M (3:2)
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Proof. Recalling the sharp Gagliardo-Nirenberg inequality, we have:

M| 9P - TEIEE [ |bwa+1dx]

W
NENV IS N(/m b|fp+1dx>
cQ

a1 )+ 2b b
— M| f]ze pHlyg
[f] p+1 /\ |77 f1PT dae
4
Y05 N(p—1)+2b
=Y _Np-D42, (3.3)
cQ 2(p+1)

where y = M[f]i_1 / || °| f|P™! dx. One can check, by direct calculations,
yNG-DT%  N(p—1)42b

cQ 2(p+1)
and is positive in (0,y*). Since the inequality (3.3) is an equality when f = @,

y* is exactly M[Q]ii /\sc|_b|Q|p'|r1 dx, and (3.1) follows. Noting that

(/Wﬁ +%/Nm“wﬁ

Np-D+2b 5 O

that the function y —

y has only one zero y* on (0, +00)

we get (3.2), because

Definition 3.2. If N > 1 and s € (0,1), the pair (¢,7) is called H*-admissible
if it satisfies the condition

where
2 <q,r <oo, and (¢,7,N) # (2,00,2).

Also, considering the following closed subset of H*-admissible pairs

+ —
2N 2N
(N—2s) sr< (N_Q) ) NZ3
. !
As = < (g,r) is H®-admissible (L +<r< << 2 >+> N =29
1—s — — 1—s )
=5 <1 < oo, N=1

where a™ = a + ¢, for a fixed, small € > 0 and (a™*)’ is defined as the number
such that

we define the scattering norm

HUHS(HSC): sup ||UHL;’L;-
q,m)EAs,

It is already known that scattering follows from the uniform boundedness
of the H! norm and the finiteness of the S(H?®¢) norm (see [14, Proposition
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1.4]). The following proposition was proved in [5] and covers for the broken
translation symmetry and lack of momentum conservation.

Proposition 3.3. Suppose N > 2,0 < b < min{%,2}, and 4_7% <a< ‘Jl\,_—fg.
Let 1p € HY(RN). Suppose that t,, =0 or t, — +oo and that |x,| — oo. Then
for all n sufficiently large, there exists a global solution v, to (1.1) with

0 (0) = 1y, 1= e Bp(z — z,)
that scatters in H' and obeys
lvnllsrse) + lvnllsez) + [[Vonllszz) < €

for some C = C(||¢]|g1). Moreover, for any e > 0, there exists K > 0 and
¢ € C(R x RN) such that

||’Un - (rb( — Xn,+ tn)”S(H%) < e for n Z K.
We now have all tools to upgrade the global existence to scattering.

Proposition 3.4. Define S(L, A) as the supremum of |[ullg(g.., such that u is
a solution to (1.1) on [0,+00) with
MEJup) < L (3.4)

and

sup_ ( / |xb|u(t)|p+1dx) SCM[u]l’SC < A. (3.5)

te[0,4+o00
If A< (/x|pr+1 dx) M[Q]'%, then S(L, A) < +oo.

Proof. The proof goes along the spirit of [10,14] and (see also [22]). We give
an outline of the proof, highlighting the main differences.

First we note that, if 0 < L < 1, by Theorem 1.2, then S(L, A) < 4oc.
Assume, by contradiction, that S(L, A) = +oo for some L € R. Note that, if a

Sc
nonzero u satisfies the equation (3.5), with A < ( || QP+t dx) M[Q] s,
then by Lemma 3.1, E[u] > 0. Thus, the quantity L. given by
Lo = Lo(A) :=inf {L € R s.t. S(L, A) = +00}

is well-defined and positive.
Moreover, there exists a sequence {u, } of (global) solutions such that

Mlu,] =1,
”un”s(}i[sC) — +00,
MEun] \, Le,

and

sup /|:1:|*b|un|erl dx < A.
te[0,4+00)
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Therefore, using the linear profile decomposition ([11, Theorem 5.1]) for
the initial conditions wu, o (note that {u, o} is bounded in H'(RY)), the ex-
istence of wave operators for large times (see [14,22]) and Proposition 3.3, to
deal with the unbounded translation parameters, we obtain for each M € N
(passing, if necessary, to a subsequence) a nonlinear profile decomposition of
the form:

M
Uno = Y ii(0) + WM (3.6)
j=1
and an approximate solution
M
ﬂ'n(t) = Z a%(t),
j=1

where, for each pair (j,n), @/, is a solution to (1.1) and
1. for each (j,n), there exists 77 > 0 such that [0,77) is the maximal
(positive) interval of existence of @ ;
2. lim [ lim e“AW,{” ‘ ) ] =0;
M—+oco |n—+oo S(HSc)
3. The profiles can be ordered in such a way that

(a) The first nonlinear profile @’ (corresponding to bounded space and
time translation parameters in the linear profile decomposition),
may or may not be global in time, but we can assume that it is
independent of n and often write it as @' and its maximal time of
existence as [0,7");

(b) @, for 2 < j < M; corresponding to bounded space translation, but
unbounded time translation, are obtained from the wave operators,
therefore scattering forward in time in H' to their correspondent
linear profile and satisfying, ||ﬂ£L||S( )y — 0asn — oo

Hé#c ,[0,400
(¢) @, for My +1 < j < M, corresponding to unbounded space trans-
lation, are obtained from Lemma 3.3, scattering in both time direc-
tions in H' and satisfying the global space-time bounds ||V || o~ 12
< |V Loz < CIVE0)llzz + 0n(1);
4. for fixed M € N and any 0 < s < 1, the asymptotic Pythagorean expan-
sion holds for the H* norm

M ) _ 2
lun ol = D Il ). + |[W2][ . +oa()
j=1

and for the energy
Eluno] = > Elil] + E[WM] + on(1).

These items follow from the usual approach, as in [5,13] and [14]. Items
1-4 follow from the construction of the nonlinear profiles together with the so-
called asymptotic orthogonality of the space and time translation parameters
from the linear profile decomposition. The major difference is that we do not
have information for ¢+ > T because it is not clear whether all the nonlinear
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profiles evolve into global solutions, since the quantity ME&[@L (0)] may not be
small. g

Thus, in order to prove that all @ (t) exist on [0, +00), we need to track
|V ()| 2. Denoting by INLS(t)vg the evolution of the datum vy under the
flow of (1.1), we prove the following:

Lemma 3.5. (Pythagorean expansion along the bounded INLS flow). Suppose
Up0 s a bounded sequence in HY(RN). Let T € (0,+00) be a fized time. As-
sume that un(t) = INLS(t)u,o exists up to time T for all n and
117?1 ||vun(t)||L[°gT] 2 < +o0. Consider the nonlinear profile decomposition (3.6)

and write WM (t) = INLS(t)WM . Then given any T > 0, for all j, the non-
linear profiles @) (t) exist up to time T and for all t € [0,T],

M
IVun (32 = S IVE 0132 + IV ()22 + 0rra(1),
j=1

where op., (1) — 0 uniformly on 0 <t <T.

Proof. For fixed T > 0, define B = max{1, lim ||vun(t)||L‘[’5’T]L2} and let 7" be
n s x

the maximal time of existence of @} such that 7% < T and ||Vﬂ}LHLF§ 1,12 <

2B. This is the only possibly “ill-behaved” profile, and we aim to show the

converse inequality 7" > T'. From the items 1-4 above, we estimate

19l

i <Vl ,+Z||w oo 2

+ Z IV llze .

j=Mi+1
My ) M )
<2B+2) V@ 0)llz +C Y [Va(0)]z2 +on(1)
j=2 My+1

(1),
by interpolation and Sobolev embedding,

LV +C””"”Ll 5 (0,7 LN 2

||Un||s (e 0,71]) = C”“n“
Lo 71

<c(l+(Th) =

1;0
7

Wanlzz 1, 2

and, by construction,
67 [n (0) = @n (0)]ll s 7o) = 1" > Wi |72y = 0a1.n(1).

Defining the error of the approximation

M
= (10, + Al + || " f (@) = el £ | S | =Y @) |
j=1
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where f(z) = |z|*z, we have
lex Il czr—sc joryy + len’ lsrz2 .y + [Ven' 5122 o.01)) = 0arn(1)-

These estimates are obtained from the pointwise linear estimates of the
difference in the right-hand side, also making use of the asymptotic orthogo-
nality and the individual space-times bounds of each @/, on [0, 7).

Note all the profiles are defined at least for t € [0,T"), since the only pro-
file with possibly finite time of existence is @} . By using long-time perturbation
and interpolation,

sup /|$| “lun(t) = @ (O de < clluy —@nlP [ Vualfe | g
tef0,11] L7§ pa LN =25¢ [0,71)
= OM,n-

(Recall that T' > 0 is fixed and T' < T). Thus, by the asymptotic orthogonal-
ity, we get

M
/|5'5\7b|un(t)l”+1 dr = Z/ || =* 1@, (8)[P* dz + oarn (1)
j=1

Now, energy conservation and the Pythagorean expansion for the energy at
t =0 gives
M
0= Eluno] = Elun(t)] = Y Elit,(t)] + E[W," (1)) = Elun ()] + 0n(1),

j=1

which in turn proves

2 FrM |2
[Vl 1z = Z IVE N oz + IV s+ orgn(1): (37)
i=
The last bound shows that ||V, (£)[|2 < B4 on,n(1) for all ¢t € 0,7
which in turn, by maximality of T, shows that 7" > T. In particular, u}(¢)

exists up to time T, and we can replace T by T in (3.7), finishing the proof
of the lemma. O

Invoking (3.4) and (3.5) and using the orthogonality along the INLS flow, one
is able to prove that @ (t) is defined on [0, +00) as well, and satisfies, for every
j and every large n,

Mal] <1,
MElay] < L
and
sup </|xb|agl(t)|l7+1 de) <M[a%]lisc SA
te[0,400)

The rest of the proof follows the same lines as [10] and [14], using the
criticality of L. to show that only the first profile, @', can be non-zero, and
letting u.(t) = @' (). This criticality also shows that Mu.] = 1 and ME[u.] =
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L.. Long-time perturbation theory yields ||’U,c||s(Hc) = +oo. At this point,

the classical compactness lemma follows.

Lemma 3.6. (Compactness). Assume that there exists Ly € R and a positive
number

A< ([laliQrac) argr
such that S(Lg, A) = 4+00. Then there exists a global solution u. of (1.1) such
that the set
K = {uc(t),t € [0,+00)}
has a compact closure in H'(RY).

Using this compactness lemma and the virial identity (1.6), we also have
the classic rigidity lemma.

Lemma 3.7. (Rigidity). There exists no solution u. of (1.1) satisfying the con-
clusion of Lemma 3.6.

The proof goes on the same lines as in [10] and [14]. O

4. Proof of the blowup criteria

In this section we prove two criteria for blow up in finite time. The first one is a
generalization of Lushnikov’s criterion in [26] and of Holmer-Platte-Roudenko
criteria in [24] for the INLS, and the second one is the modification of the
first approach, where the generalized uncertainty principle is replaced by the
interpolation inequality (4.10). The two criteria are the INLS versions of the
ones proved by Duyckaerts and Roudenko in [10].

Proof of Theorem 1.14. Integrating by parts,

Jul2: = /w%m- /amWM—-fZ/% (luP?)
N
— NZ/:CJ 3uu—|—uau d:c———ZRe/xjajuﬂdx

Since |z]? = |[Re z|? + |Im 2|?, using Hélder’s inequality
2
zul3, || Vull7. > ‘/(x.Vu)ud:v

2 2

_ ‘Re /(x.vu)adx

+ ‘Im /(JU -Vu)udx

N? ?
= THUH%Z + ‘Im /(:c -Vu)udx
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From the definition of variance and the identity for the first derivative of the
variance (1.5), we get the uncertainty principle

N? V;|?
ol + 5] < VOIVuol (11)
Using the equation (1.6) for the second derivative of the variance, we obtain
Vie(t) = 4(N(p — 1) + 2b) Bluo] — 4(p — 1)sc[[Vu(t)| 2. (4.2)

Substituting (4.2) in the uncertainty principle (4.1), we have
(M[uo])? _ (p—Dsc [Vi(t)]?

V(t) 4 V()
(4.3)

Vi (t) < 4(N(p — 1) 4 2b) Efug] — N*(p — 1)s.

Now, we rewrite equation (4.3) in order to cancel the term V;2. For this, define

V= g, a:(pfl)SC:N(pfl)*4+2b. (4.4)
4 8
Then,
V= — B e and Vy—-—" _pEtp, 1 poanp
a+1 (a+1)2 | e

which gives

a—1

By < 4(a+ 1)N(p — 1)Efug) B+ — (a + 1)N%(p — 1)sc(M[ug))?Ba+1,
that is, for all ¢ € [0, T (u))

B, < No- D (p2— 1) + 4+ 2b) ( Bjug BYEBTH
- JZS%M[uo])?BW)

In order to further simplify the inequality, let us make a rescaling. Define
B(t) = p®(At), with

N(p—1)+4+2b
8

g N@=D+a+2n
AE ] VNse Mug]
Then letting s = \t, we obtain
whe <P - 5€[0,T/a), (4.6)
where
_ N(p—-1)—4+2b _N(p—l)—12—&—2b_2 _1
TTNp-1)+4+ 2 T Nep-1+4r2 T
64
w =

N(p—1)(N(p—1)+4+20)
and since p > 1+%,

0<y<l, —-1<d<n.
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We rewrite (4.6) as

ou
s <0, 4.7
whss + 5 (4.7)
fort € (0,74 /a), where U(®) = % — ‘If;:l Define the energy of the particle

E(s) = S D2(s) + U(®(s)

which is conserved for solutions of

oUu
B, + 2 =0
BT
Based on the ideas of Lushnikov [26], Duyckaerts and Roudenko [10] studied
this model and showed the following proposition 0

Proposition 4.1. Let ® be a nonnegative solution of (4.7) such that one of the
following holds:

(A) £(0) < Upay and ©(0) < 1,

(B) £(0) > Uz and ®4(0) <0,

(C) £(0) = Umaz, s(0) <0 and (0) < 1

where Upaz 1S the absolute maximum of U on the interval [0, +00). Then we
have T'y < oo.

Proof. For the sake of completeness of this work, we will give the proof of the
proposition. Multiplying equation (4.7) by @, we get

Di(s) >0=E(s) <0, Dy(s) <0=E(s)>0. (4.8)

We argue by contradiction, assuming 7 = T} (u) = +00.
We first assume (A). Let us prove by contradiction that

Js >0, Ps(s) <O0.

If not, ®5(s) > 0 for all s, and (4.8) implies that the energy decays. By (A),
E(s) < E(0) < Upag for all s. Thus, |®(s) — 1| > ¢ (where €9 > 0 depends
on £(0)) for all s. Since by (4) ®(0) < 1, we obtain by continuity of ® that
D(s) < 1—¢gp for all s. By equation (4.6), we deduce &5 < —¢; for all s, where
€1 > 0 depends on gy. Thus, ® is strictly concave, a contradiction with the
fact that @ is positive and T = +o0.

We have proved that there exists s > 0 such that ®4(s) < 0. Letting
t1 = inf{s > 0; @,4(s) < 0},

we get by (4.8) that the energy is nonincreasing on [0,¢1]. Thus, £(s) < £(0) <
Upmaz on [0,t1], which proves that ®(s) # 1 on [0,¢1]. Since ®(0) < 1, we
deduce by the intermediate value theorem that ®(¢;) < 1 and by (4.6) that
D, (t1) < 0. Since P,(t1) < 0, an elementary bootstrap argument, together
with equation (4.6) shows that ®(s) <1 —¢q, Ps(s) < 0 and Pys(s) < —&; for
s > tq, for some positive constants g, 1. This is again a contradiction with
the positivity of .

We next assume (B). Let ¢; be such that ®4(s) < 0 on [0,¢1]. By (4.8), £
is nondecreasing on [0, ¢1], and thus, E(s) > £(0) > Upq, for all s on [0,¢;1]. As
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a consequence, $®,(s)? > £(0) — Upqq > 0 for all s in [0, ¢1], which shows that

the inequality ®;(s) < —4/E(0) — Upaz holds on [0, ¢;]. Finally, an elementary
bootstrap argument shows that the inequality ®(s) < —+/E(0) — Uppag is
valid for all s > 0, a contradiction with the positivity of ®.

Finally, we assume (C). By bootstrap again, ®4(s) < 0, ®(s) < 1 and
. (s) < 0 for all positive s, proving again that ® is a strictly concave function,

a contradiction. OJ
Since
o (p—1)sc N(p—1)—4+2b
= 1 — < ,
we have
N(p—-1 2b N(p—-1 44+ 2b
a1 Y=+ Ne-D+d+

4 ' 8 ’

2
(a+ D@ +1) =20, (a+1)(y+1)=20+landw = myry.

By making ® = v**!, then

w a+1 a+1 a+1
£ = 7@2 U(d _ N2, 2« 20 2a+1
5 2a(8) FUR(s) = 5 g (W) v 5 o™ = 5
and
1 a+1
Umazzi .
200 20 + 1

Consider the function f given for

f(;v):\/]{;ilc—i—x—(l—ki), (4.9)

= 2a. Hence, if v,(0) satisfies the condition

+f(v(0)), if v(0) <1,
nl0) < {—f(vw)), if 0(0) > 1,
then ® = v**! satisfies the conditions of Proposition 4.1. Indeed, the condition

E < Upnaz 18 equivalent to

2a(v")20** + (2a + 1)v** — 2a0%* T < 1

where k = 7(”_21)SC

that is,
jos] < £(0).
Hence, the condition (A) means
W0 <1 and  — f(u(0) < 0,(0) < F(0(0))
and the condition (B) holds if and only if
|vs(0)] > f(v(0)) and ws(0) <O.
More precisely,

vs(0) < —f(v(0))
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and the condition (C) is equivalent to
v(0) <1 and wvs(0) =—f(v(0)).

Therefore, from (4.4), (4.5) and from the definition of v, we have

:va ( 8v2 Elu] t) ’
=0

V(0) = (u®(\t)) 7

t=0 VNse Muo]
8 Ns.M?
—  Np—1)+4+2b —
p o0) = Fprre(0)
and
8 8v2 Elug)
Vi(0) = u Ne—D+4+F20 ———
t( ) :U“ \/NiscM[UO] US(
_ Ns.M? 8v2 Elug) 22(0)
4E[UO] VNSC M[Uo} ®
= Mup]\/8Ns.v4(0).
Furthermore,
Vi (0) 4 V(0)E[uc]
= v/8Ns.vs(0) < /8N s, 0)) = V8Ns, — 5 |
T — BNo01(0) < V/ENg(0(0) = V5o (A
which completes the proof of Theorem 1.14. O

We now proceed to the proof of Theorem 1.15. For that, we consider the
following proposition.

Proposition 4.2. Let p > 1 and N > 1. Then, the following inequality

N(p—1)+2b

e 1
lullzs < Cp.w (lle2 (R e

NGOG
) (4.10)

holds with the sharp constant C, n (depending on the nonlinearity p and di-
mension N ) given by (4.14). Moreover, the equality occurs if and only if there
exists >0, a < 0 such that |u(x)| = Bo(ax), where

_ (= ) 0 < 2 < 1,
9(z) = {o if 2| > 1.

The proof of Proposition 4.2 follows the ideas of [10].

Proof. Let R > 0 to be specified later. Split the mass of u as follows

1 1
Jlu@Pde= g5 [ (R =Pl e+ g5 [ jaPlu) ds
|z|<R lz|<R

+/ ()2 da.
|z|>R
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By Holder inequality we have

5 (= lePu@) do

p—1

1 / 2o gy PEL P
< = |z[»=T(R” — [z]")»=T dz
RQ(wKR
_2
p+1
< ([l utor o)
p—1
1

1 2 2 1 PHI
<7 (/ BT (B - R R dy>

x (/ ||~ Ju(z) [P+ dx> i

_ 2
:RiN(Zii*”Dp,NH\-|*r$1uH : (4.11)
p+1
where
_2b_ 2& P
D, N = ly|7=T (1 — [y|*)»=1 dy .
[y|<1
Furthermore,
1 1
7 [ ePl@Pdes [ u@Pde< g [ lePlue)? de
|z|<R |z|>R
(4.12)

Combining (4.11) and (4.12), we get

_ b 2 N(p—1)+2b 1
VR >0, [Julfe < Dy 1177 BT 4 laullfa. (4.13)
Let F : (0,+00) — R given by F(R) = AR*+ BR™2, where A, B > 0 and o >
1
0. The minimum value of I is reached at R = (%) T2 and

9B\ *2 2B 72 aA\TTF  24a, e a
F ((Og/l) ) == A <o“4) +B (2B> == a (O[,A)O‘Jr (2.8)0‘Jr .

Thus, by taking

p+1
Np-D+2(p+1)+25

3 p+1 2||lzull7.
= — 2
N(p 1) + 2b Dp.x H| ) |_Ti1u‘
Lpr+1
in (4.13), we have
_ 4(p+1) 2N (p—1)+4b
HU||2L2 < C;,N H| ) rﬁUHN(p D+2(p+1)+28 ||IUHLN—2(P71)+2(P+1)+%7

Lp+1
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where

o N(p—1)+2(p+1)+2b\?
PN 2N(p— 1)+ 4b

y (N(p1)+2b
p+1

N(p—1)+2b
X 22N(p—1)F4(p+1)+4b (4.14)

DpyN

(p+1)
> N(p—1D+2(p+1)+2b

Note that equality in (4.10) holds if and only if there exists R > 0 such
that (4.13) is an equality. This is equivalent to the fact that for some R > 0,
both (4.11) and (4.12) are equalities. The inequality (4.11) is an equality if and
only if, for |z| < R, |z|~%u(z)[P*! = c|a:|1727*bl(R2 - |x|2)% for some constant
¢ > 0, and inequality (4.12) is an equality if and only if u(x) = 0 for |z| > R.
This completes the proof of Proposition 4.2. O

Proof of Theorem 1.15. Since the energy is

1 ) 1 SRS
Bluo] = 5 Vu(t)lfs ~ = ||l 177 ru(n)]

Lo+t

from (1.6), we obtain

Vit (t) = 4(N(p — 1) + 2b) E[ug] — 2(N(p — 1) + 2b — 4) | Vu(t) |72 (a)

8(p—1)se ||, ,_ pt1
:16E[u0]_u || pi1ut ‘ .
p+1 Lp+1
Using the sharp interpolation inequality (4.10)
8(p—1)s. M[uO]LTU +Ef g

Vie(t) < 16 E[uo] —

N(p—1)+2b )
4

(0 + 1D)(Cp) T FHIIH V()
(4.15)
with C), x from (4.10). As done in the proof of Proposition 1.14, take v(s) with

s = at such that
lj/ )
where

(Sc(p— 1)>N(p41)+2b M[uO]H(”H)(W)
o= 2(]7 + 1) (C N)2+(p+1)(N(p741)+2b)E[u0] N(p741)+2b -

V(t) = pv(At), A

Hence, applying in the inequality (4.15), we have

1 (p=1)
vesls) < 3 (1 _ gy e (s)) .
If the inequality in the above expression is replaced by an equality, then we
have that the following energy is conserved

£ = g (0P =06~ ).
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— 1. The maximum of the function

where as before k = (p_21)5° = N(p_41)+2b

k
@)= o (o4 ).

attained at x = 1, is —1. As we did to (A), (B) and (C), we identify the three
sufficient conditions for blow-up in finite time.

(A*) £(0) < =1 and v(0) < 1,
(B*) £(0) > —1 and v4(0) < 0,
(C*) £(0) = —1, v5(0) < 0 and v(0) < 1.

If vs(0) satisfies the condition

+£(0(0)), if v(0) <1
vs(0) < {_f(v(o)), if v(0) > 1,

then v satisfies one of the conditions (A*), (B*) and (C*). Indeed, recalling

the function f from (4.9) and using the definition of £, we obtain

a) € < —1 if and only if |vs| < f(v).
b) £ > —1 if and only if |vs| > f(v).

Then the previous conditions can be written in the following form:

(A*) < v(0) <1 and — f(v(0)) <vs(0) < f(v(0)),
(B*) & vs(0) < —f(v(0)),
(C*) & v5(0) = = f(v(0)), v(0) <1.

Substituting back V(¢), we obtain

e ()

where g is defined in (1.13). Hence,

2
V}(O) < 2(p + 1) N(p—1)+2b N(p—-1)+2b
C p) +(p+1)
4\/5 Sc(pf 1)( p’N)

(Cpon) P (vi=eas)
y :

> 1 1 < g 9 I
Eluo] ¥ M [ug) ) (v (0)

with
4
2(p+1) Np-1+20 N0
9 = R C 2 +(p+1)
(Sc(p_ 1)( P,N>
Eluo) N7

V(0).
M[uO]H(I’“)(W)

This completes the proof of Theorem 1.15. 0
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