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1. Introduction

Let Q be a CY! bounded domain of R™ (n > 2) with boundary T. Fix ¢ =
(co,c1,¢) with ¢g > 0, ¢c; > 0and 0 < ¢ < A1 (), where A\ (€2) denotes the first
eigenvalue of the Laplace operator on 2 with Dirichlet boundary condition.

We denote by 7 (c,a), with o > 0, the set of continuously differentiable
functions a : R — R satisfying the following two assumptions

la(t)] < co+cpft|]  forallt € R, (1.1)
and
a'(t) > —c forallteR. (1.2)

In the present article, the ball of a normed space X at center 0 with
radius M > 0 is denoted by Bx (M). Also, ¢ denotes a generic constant only
depending on ).

Unless otherwise stated all the functions we use are assumed to real-
valued.

Consider the following non-homogenous semilinear boundary value prob-
lem

{—Au+aou:OinQ,

u=f onT. (1.3)

Henceforth we use the abbreviation BVP for boundary value problem.
For the formulation of our inverse problem, we need the well-posedness of the
BVP (1.3), which is stated as follows:

Theorem 1.1. Assume that o is arbitrary if n =2 and o« <n/(n—2) if n > 3.
Let a € o/(c,c). Then, for any f € H*?T'), the BVP (1.3) has a unique
solution u,(f) € H*(SY). Furthermore,

lwa ()20 < €, for any f € Bys/2 (M), (1.4)
where C = C(Q, M, ¢, ) > 0 is a constant. That is f — u,(f) maps bounded
set of H3/2(T) into bounded set of H*(Q).

An example of a function a fulfilling the assumptions in the above theorem
is the linear case a(t) = —kt with k& < ¢, which models the time-harmonic
acoustic wave propagation at the wavenumber k£ > 0. The semilinear equation
also covers the Schrodinger equation.

Hereafter, the derivative in the direction of the unit exterior normal vector
field v on I" of a function u is denoted by J,u.

Theorem 1.2. (i) Assume that « is arbitrary if n =2 and o« <3 if n =3. If
a € o(c,a) then we can define the mapping

Aot HY2(T) — HYV2(I) : f = Dyual(f)-
Moreover, for arbitrarily given M > 0, we have
IAa(D oy < O, Jor any f € Bysyaey (M), (15)
where C' = C(Q, M, c,a) is a constant.
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(ii) Assume that n > 4. Let n/2 < p <n and a < q/p with ¢ = 2n/(n —4).
If a € o/ (c,cr) then we can define

Ao : W2PP(D) — Dyua(f) € WHVPPD) 2 f o Oyua(f).
Furthermore, for arbitrarily given M > 0, we have
[Aa(A)llwr-1/pr@y < C,  for any f € Byz-r/pp(r)(M). (1.6)

Here C =C(Q, M,c¢,p,) >0 is a constant.
(i) Assume that n = 4. Let 2 < p < 4,1 <7r <2, ¢q=2r/(2—-7) and
a<q/p. If a € & (c,a) then we can define

Ag s W2THPR(T) — WIHYPR(T) 2 f o Dyuq ().
Moreover, for any M > 0, we have
[Aa(H)lwi-1/pe@y < C, for any f € Bya-1/p.0r)(M), (1.7)
where C' = C(QY, M, c,p,r,a)) > 0 is a constant.

We call the (nonlinear) operator A, in Theorem 1.2 the Dirichlet-to-
Neumann map associated to a.

We are concerned with the inverse problem of determining the nonlin-
ear term a from the corresponding Dirichlet-to-Neumann map A,. The main
purpose is the stability issue.

For most of inverse problems, the solutions of the inverse problem do not
necessarily depend on data continuously by conventional choices of topologies
even if the uniqueness holds. It is often that if we suitably reduce an admissible
set of unknowns, then we can recover the stability for the inverse problem.

Thus we define (¢, a) as an admissible set of functions a € #(c,a)
satisfying the additional condition: for any R > 0, there exists a constant sp
so that

la'(u) —a'(v)| < glu—v|, |u|, v| <R. (1.8)

Note that condition (1.8) means that the first derivative of a is Lipschitz
continuous on bounded sets of R. Also, we observe that the constant s»g in
(1.8) may depend on a.

Within this class, we can linearize the inverse problem under considera-
tion. Precisely, we have the following proposition in which, for 7 = 0,1,

25 =H?7I()ifn=2,3 and 2;=W?>7-VPP()ifn > 4,
and the space
Y = B(Zo, 21)

denotes the set of bounded linear operators mapping £, into 2.
The proposition below states that the linearization of the Dirichlet-to-
Neumann map A, is the Dirichlet-to-Neumann map of the linearized problem.
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Proposition 1.1. Under the assumptions and the notations of Theorem 1.2, if
a € A (c,a), then A, is Fréchet differentiable at any f € Zo with AL (f)(h) =
Oy, r(h), where h € 2y and v, 5(h) is the unique solution of the BVP

—Av+a oug(f)v=01inQ,
v=~nh onT.

Moreover, for any M > 0, we have
ALl <C, for any f € By (M).
Here the constant C > 0 is as Theorem 1.2.

Henceforward |T'| denotes the Lebesgue measure of T
The main result of this paper is the following theorem.

Theorem 1.3. Assume that n > 3 and the assumptions of Theorem 1.2 hold for
a,a € o (c,a) satisfying a(0) = a(0) andlet 5 =1/2 ifn=3 and B =2—n/p
ifn>4. Let 0 < s <min(1/2,5). Then

nax la(A) —a(N)| < Cu ¥ nfu,a:lslp - AL (f) = AL(S)

v 3

where the constant Cpy = C' is as in Theorem 1.2, and
W(t) = {glnﬂ[? min(1/2,5/n)B]/(n+28) 4 ¢ ZZ: i 87
Theorem 1.3 immediately yields
Corollary 1.1. If a,d € </ (c,a) satisfy a(0) = a(0) and A, = A5 then a = a.

This corollary corresponds to the uniqueness result in [12] which considers
more general equations —Au + a(z, u(z)) = 0.

Remark 1.1. (a) Consider the Fréchet space C(R) equipped with the family
of semi-norms (p;);>1:

p;(h) = max |h(t)], he C(R).

[t1<j
(Zo, Z1) be the vector space of Fréchet differentiable functions
AN 2y — 21

so that A and A’ are locally bounded. A natural topology on C (20, 27) is
induced by the following family of semi-norms
a;(A) = sup  (JAHl, + 1N Hllo), A€ Croe(Z0, 27).
f€By,(4IT])
We observe that the estimate in Theorem 1.3 can be rewritten in the form

pjla—a) <C;¥(q;(Aa —Aa)), j=>1

Let Ct

loc

(b) A natural distance on 27 (c, @) is given by

d(a,a) = §|u<p1 la(t) —a(t)| + li‘u>p1 = (a(t) — a(t)], a,a€ . (c,a).
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One can then ask whether it is possible to prove a stability estimate when
(¢, ) is endowed with distance d. They are two obstructions to get such
kind of estimate. The first obstruction is due to the fact the natural space
of Dirichlet-to-Neumann maps (defined in (a)) is a locally convex metrizable
topological vector space which is not normable. The second obstruction comes

from the fact the local modulus of continuity in Theorem 1.3 is logarithmic.

It is worth mentioning that the proof of Theorem 1.3 can be adapted to
a partial Dirichlet-to-Neumann map of A,. Here, with fixed compact subsets
I, T” of I, a partial Dirichlet-to-Neumann map means a mapping

fe{he H*(T); supp(h) C T’} = dyua(f)|rr € HY(IT).

A double logarithmic stability inequality for the linearized problem, with
a partial Dirichlet-to-Neumann map, was recently established by Caro, Dos
Santos Ferreira and Ruiz [1]. One can expect by [1] that Theorem 1.3 can be
extended with suitable partial Dirichlet-to-Neumann maps. We refer to [13] for
the first uniqueness result in determining semilinear terms by partial Cauchy
data on arbitrary subboundary.

Uniqueness results for recovering semilinear terms from full Cauchy data
were obtained by Isakov and Sylvester [12] in three dimensions and by Isakov
and Nachman [11] in two dimensions. These results apply to nonlinearities of
the form a = a(x,u). For the sake of simplicity we only consider here the
case a = a(u). However we can expect that Theorem 1.3 can be extended to
cover completely the uniqueness result in [12], possibly under some additional
conditions.

We point out that the uniqueness results for smooth semilinear terms
using partial data in R™ (n > 2) were contained in the recent papers by
Krupchyk and Uhlmann [15], and Lassas, Liimatainen, Lin and Salo [18]. These
two references make use of higher order linearization procedure and contain a
detailed overview of semilinear elliptic inverse problems together with a rich
list of references. Without being exhaustive, we refer to [13,14,17,20,22,23]
for other results concerning the unique determination of the nonlinear term
in semilinear and quasilinear elliptic BVP’s from boundary measurements.
Similar inverse problem was studied in [10] for a semilinear parabolic equation
and in [2] for a quasilinear parabolic equation. Inverse problems for hyperbolic
equations with various type of nonlinearities were considered in [3,9,16,24].

To our knowledge there are few stability results for the problem of de-
termining the nonlinear term, appearing in partial differential equations, from
boundary measurements. The determination of the nonlinear term in a semi-
linear parabolic equation, from the corresponding Dirichlet-to-Neumann map,
was studied by the first author and Kian [5]. In [5] the authors establish a
logarithmic stability estimate. A stability inequality of the determination of a
nonlinear term in a parabolic equation from a single measurement was proved
by the first and third authors and Ouhabaz in [6].

The rest of this article is organized as follows. In Sect. 2 we give the proof
of Theorem 1.1 and in Sect. 3 we prove Theorem 1.2. Section 4 is devoted to
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establish a stability estimate for the linearized inverse problem. In Sect. 5, we
give the proof of Proposition 1.1 and Theorem 1.3 on the basis of Sect. 4.

2. Analysis of the semilinear BVP

Prior to introducing the definition of variational solution of the BVP (1.3), we
prove the following lemma.

Lemma 2.1. Assume that « is arbitrary if n = 2 and a« < (n +2)/(n — 2) if
n>3. Let a € /(c,a) and p € LT (Q), where ¢* = 2n/(n + 2) denotes the
conjugate component of ¢ = 2n/(n —2). Then the linear form on Hg(Q) given
by

10) = | alplaNotyts, o< m(Q)
18 bounded with
-1 < C(A4+ M),  for any ¢ € Bras (M), (2.1)
where C = C(8, g, c1, @) > 0 is a constant.

Proof. Consider first the case n > 3. In that case H}({2) is continuously em-
bedded in LI(Q)) with ¢ = 2n/(n — 2). We have in light of (1.1)

/Q a(p(@))é(x)dz| < co / 6ldz + e / 0|6 d.

Applying Holder’s inequality, we have

1/q* 1/q
/Q el llold < ( [ tol dx) ( / |¢>|qu) .

/ a(p(2))$(z)de
Q

Hence

< collllii@ + eal@lGer ol (2:2)

< ca (co + llelur o)) 16l (o)
< ca(co + M) |9l g (a),

where we used that HZ (€2) is continuously embedded in L"(Q) for any 7 € [1, q].
Taking the supremum over ¢ € Byi(q)y(1) in both sides of (2.2) in order to
obtain (2.1).

The case n = 2 can be carried out similarly by using that H}(Q) is
continuously embedded in L"(Q) for any r > 1. O

Let f € H'/2(T'). We say that u € H'(f) is a variational solution of the
BVP (1.3) if wp = f (in the trace sense) and

/ Vu(z) - Vo(z)dx —|—/ (u(z))p(z)dx =0, ¢ <€ Hy(Q).
Q

a
Q
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For f € HY2(Q), let &f € H'(Q) be its harmonic extension. That is,
v = & f is the unique solution of the BVP

—Av=0in Q,
v=f onT.

Assume that we can find w € HJ(Q2) satisfying
/ Vw(z) - V(x) = —/ a(w(x) +v(z))p(x)dx, for any ¢ € HS (),
! ! (2.3)
An integration by parts yields
0= /QAU(x)QS(z)dJC =— /Q Vu(z) - Vo(x)dz, for any ¢ € C5°(£2).
Since Hg () is the closure of C§°(Q2) in H(Q2), we deduce that
/QV’U(Q?) -Vo(z)dr =0, for any ¢ € Hy(Q).
We then obtain in light of (2.3)

/ V(w(z) +v(x)) - Vo(x) = —/ a(w(z) +v(z))p(x)dr, for any ¢ € H} ().
Q Q
In other words, u = w + v is a variational solution of (1.3).

Theorem 2.1. Assume that o is arbitrary if n =2 and a < (n+2)/(n —2) if
n>3. Leta € (c,a) and f € HY?(T'). Then the BVP (1.3) has a unique
variational solution uy(f) € HY(Q). Moreover, for any M > 0, we have

[wa () 1) < C(A+M*),  for any f € By/2ry(M), (2.4)
where C' = C(,¢,a) > 0 is a constant.
Proof. In light of the previous discussion, it is enough to prove that (2.3) has
a solution w € H}(Q) and (2.4) holds with u,(f) substituted by w.

Fix w € L () and consider the variational problem: find 1 € H} (1)
satisfying

/ Vi(z) - Vo(x) = —/ a(w(z) +v(z))p(z)dz, for any ¢ € HF(Q). (2.5)
Q Q
From Lemma 2.1 it follows that

€6 10) = [ atwlo) +o@)ola)da

defines a bounded linear form on H} (). Then Lax-Milgram’s lemma, which
we apply to the functional on the left-hand side, guarantees that (2.5) has a
unique solution ¢ € HZ ().

Let ¢ = 2n/(n — 2) and ¢* = 2n/(n + 2) be its conjugate exponent to ¢
and define

T: L7 (Q) — L7 (Q) : w — Tw = 1),
where 1 € H} () is the unique solution of the variational problem (2.5).
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Assume that H(€2) is endowed with the norm [|Vh| 12(q). We obtain by
taking ¢ = ¢ in (2.5)

[l 2y < 1l a-1()-
This and inequality (2.1) in Lemma 2.1 yield
1Tw i) = Vi) < CA+ M), for any w € Braq- o) (M),

where C' = C(Q,c,a) > 0 is a constant. That is, T maps each bounded
set of L* (Q) into a bounded set in H} (). Hence, according to Rellich-
Kondrachov’s theorem, H} () is compactly embedded in L2 (£2). Therefore,
T is a compact operator.

We are now going to show, with the help of Leray-Schauder’s fixed point
theorem, that 7" has a fixed point. The crucial step consists in proving that
the set

K = {w € L7 (Q); there exists u € [0,1] so that w = pTw}

is bounded in L (Q).
Pick w € K and let u € [0,1] so that w = pTw. According to the
definition of T, w (€ H}(f2)) satisfies

/|Vw |d:c——u/ a(w(z) + v(z))w(z)dz. (2.6)

On the other hand, we have, for almost everywhere z € €,

a(w(z) +v(x)) = alv(x)) + / a'(sw(z) +v(z))w(z)ds.
0
This in (2.6) yields

/s; |Vw(z)Pde = —u/;za(v(az))w(a:)d:r — M/s; (/01 a' (sw(x) + v(m))ds) w(x)’de.

In light of assumption (1.2) we obtain

[ 1vu@ras << [ ato@yues e [ v

which combined with Poincaré’s inequality gives

’LULU2ZL' — alv\x) )wlx)adxr CA1 -1 ’LUI'2(E.
/Q|vm|d§ u/ﬂ(())()dJrA(Q) /Q|V<>\d

Or equivalently

(1 —c/\l(Q)‘l)/ Vw(z)ds < —M/ a(v(@))w(z)de.
Q Q
We then apply again Lemma 2.1 in order to obtain
Wl aa () < Collwll g < CA+M?), (2.7)
for any w € K and f € B2y (M),

where Cp = Co(Q, ) > 0 and C = C(, ¢, ) > 0 are constants.
In light of this inequality we can apply [7, Theorem 11.3, p. 280] to deduce
that there exists w* € H}(Q) so that w* = Tw*. That is w* is the solution of
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the variational problem (1.3). Furthermore, for any f € Bpi/2(p) (M), we have
from (2.7)

W™l ) < C(1+ M),

where C' = C(Q, ¢, ) > 0 is a constant.

We complete the proof by showing that (1.3) has at most one solution.
To this end, let u,% € H{(2) be two solutions of (1.3) and set v = u — 1.
Taking into account that, for almost everywhere z € 2, we have

a(u(z)) — a(u(z)) = b(z)v(z),
with
b(z) = /0 a'(z,u(z) + s(u(z) — u(z)))ds,

we find that v is the solution of the BVP
—Av+bv=0 inQQ,
v=20 on .

Green’s formula then yields

/QWU(DC)\Qde—i—/Qb(x)v(m)de =0.

Hence

/ |Vo(z)|dz = —/ b(x)v(x)?dr < c/ v(x)?de < c)\l(Q)_l/ |Vo(z)|?d.
Q Q Q Q

By assumption ¢\ ()~ < 1, we reach v = 0. O

Theorem 1.1 will then follow from the following lemma.
Lemma 2.2. Assume that « is arbitrary if n =2 and « < n/(n —2) if n > 3.
Let a € o/ (¢,) and f € H*(T'). Then u.(f) € H*(Q) and
lua ()l 20) < C(1+ M+ M),  forany f € Bys/2(ry(M),  (2.8)
where C'= C(Q, ¢,a) > 0 is a constant.

Proof. In this proof C'= C(€2,¢,«) > 0 is a generic constant.
Consider the case n > 3. By (1.1) we have, for almost everywhere z € Q,

[a 0 ua(f)(@)]* < 25 + 23 ualf) ().
Using that 2o < 2n/(n — 2) and H'(Q) is continuously embedded in L?*(2),
we deduce that a o u,(f) € L?(Q2) and from (2.4), we obtain
llaoua(f)llrz) < C(1+ M*®). (2.9)
From the elliptic regularity (e.g., [19, Theorem 5.4, p. 165]), we deduce that
uo(f) € H?(Q) and
lwa(F)l 20y < ca ([1flaeremy + a0 ua(f)llr2e)) - (2.10)

Thus, inequalities (2.9) and (2.10) yield (2.8) in a straightforward man-
ner.

The case n = 2 can be treated similarly using that H!(Q) is continuously
embedded in L"(2) for any r > 1. O
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3. Dirichlet-to-Neumann map

We first observe that by the help of Theorem 2.1 and Lemma 2.2 we can define
the Dirichlet-to-Neumann map associated to a € (¢, «). Precisely we have
the following corollary.

Corollary 3.1. Assume that « is arbitrary if n =2 and o < n/(n—2) ifn > 3.
For any a € &/ (¢,a) and j = 0,1, we can define the mapping
Ao : HIPY2(T) = HIZV2(D) : f o Oyua(f).
Moreover, for any M > 0,
[Aa(Fgi-172ry SCA+ M+ M),  for any f € Byjti2ry(M) (3.1)

where C' = C(Q, ¢, ) is a constant.

We recall that C%%(Q), 0 < 6 < 1, is the usual vector space of func-
tions that are Holder continuous on 2 with exponent 6. This space is usually
endowed with its natural norm

w(z) = w(y)|

lwllgoe@) = lwllc@ +  sup
SR () o) — |z —y[?

z,Y€Q, z#Y

Taking into account that H?(Q) is continuously embedded in C%'/2(Q),
for n = 2,3, in view of Lemma 2.2 we obtain:

Corollary 3.2. Assume that a is arbitrary if n = 2 and o < 3 if n = 3. Let
a€ d(¢c,a), M >0 and f € Bys/2ry(M). Then ua(f) € C%Y2(Q) and

[ta()llcorrz@y < CA+ M+ M), (32)
where C' = C(Q, ¢,a) > 0 is a constant.

Lemma 3.1. (i) Assume that n > 4, n/2 < p < n and o < q/p with ¢ =
2n/(n —4). Let a € o (c,a), M > 0 and f € Byo-1/ppy(M). Then
ua(f) € W2P(Q) N C%8(Q), with B =2 —n/p, and

[ua(H)llwezr@) + lual(f)llcos@ < CA+ M+ M), (3-3)
where C' = C(, ¢, a, p) is a constant.

(ii) Assumethatn =4,2<p<4,1<r<2,q=2r/(2—r) and o < q/p. Let
a€d(c,a), M >0 and f € Byrar/pory(M). Then ua(f) € W»P(Q) N
CO8(Q), with B =2 —4/p, and

[ua(F)lw2r@) + lua(fllgos < C(1+ M+ M), (3.4)

where C = C(Q,¢,a,p,r) > 0 is a constant.

Proof. (i) In this part C' = C(Q, ¢, a,p) > 0 is a generic constant.

Noting that ¢/p < n/(n — 2), we obtain from Lemma 2.2 that
uq(f) € H?(Q) and, since H?(Q) is continuously embedded in L7(£2)
with ¢ = 2n/(n—4), ua(f) € L(2). Consequently, using (1.1), (2.8) and
the assumption on «, we obtain a o u,(f) € LP(Q) and

laoua(f)llLe) < C(1+ M+ M?). (3.5)
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We obtain by applying [7, Theorem 9.15, p. 241] that u,(f) € W?P(Q)
and, since W2P(Q) is continuously embedded in C%#(2), we conclude
that u,(f) € CO(Q).

A combination of [7, (9.46), p. 242] and (3.5) yields in straightfor-
ward manner

lua(f)llw2r@) < C(1+ M+ M*).

Hence (3.3) follows.

(ii) Let n = 4 and 1 < r < 2. As ¢/p < 2, we obtain from Lemma 2.2
that u,(f) € H?(Q2). Since H%(Q) is continuously embedded in W27 (£2)
and W?27(Q) is continuously embedded in L4(Q) with ¢ = 2r/(2 — ),
we conclude that H?((2) is continuously embedded in L7(€). Hence, if
ap < g, for some 2 < p < 4, then u o uy(f) is in LP(€2). The rest of the
proof is quite similar to that of (i). O

We end this section by noting that Theorem 1.2 follows readily from
Corollary 3.2 and Lemma 3.1.

4. Linearized inverse problem

Some parts of this section are borrowed from [4]. The main novelty of the re-
sults in this section consists in constructing complex geometric optic solutions
in W27 () for any r € [2,00).

All functions we consider in this section are assumed to be complex-
valued.

Fix £ € S, q € L>(Q) and, for h > 0, consider the operator

Py = Py(q,€) = ¢/ 0 (A + q)em "M,
Clearly we can write P, in the form
P, = —h®>A +2h¢ -V — 1+ h3q.

Lemma 4.1. (Carleman inequality) Let M > 0. Then there exists a constant
ca > 0 so that, for any q € Bre(qy(M), 0 < h < hg = cq/(2M) and u €
C§°(Q), we have

hllull 2 (9) < 2¢g" | Phull 22 0)- (4.1)
Proof. Let P? = Py, (0,€). For u € C§°(2), we have
1PRullZzq) = I(h*A + 1)ulZ2q) (4.2)
— 4hR((W*A + 1)u, & - Vu) 20y + B2[|€ - V|72 (q)-
Simple integrations by parts yields
%((hQA + Du, & - VU)L2(Q) =0.
This in (4.2) gives
[1PRulZe(q) = B2E - VullZe ). (4.3)
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From Poincaré’s inequality and its proof, we have
€ - VUH%%Q) > collul|z2(q)-
This and (4.3) imply
[PYullL2(0) = cahllull 2o (4.4)
Pick q € Breo(q)(M). Since
1Pl L2y < [ PaullL2) + h*Mlull 2 (o),
we obtain from (4.6)
cahllull L2 < [|PhullL2) + W2 M|l 12 ().
This inequality yields (4.1) in a straightforward manner. O

Proposition 4.1. Let M > 0. There exists a constant cq > 0 so that, for any
4 € Breo(o)(M) and 0 < h < hg = cq/(2M), we find w € L*(Q) satisfying

em'g/h(—A + q)e_r'f/h] w=f
and
[wllz2() < 2¢q bl fll2@)- (4.5)

Proof. Pick q € Bpe(q)(M) and & € S"'. Let H = P;(C§°(2)) that we

consider as a subspace of L?(f2). We observe that if P, = P,(q,€) then Py =

Py, (q,—¢). Therefore inequality (4.1) holds when P, is substituted by P;.
Let f € L?(Q2) and define on H the linear form

E(P;;'U) = (’U,h2f)L2(Q), Ve Cgo(ﬂ)
From Lemma 4.1, ¢ is bounded with
[L(Pv)l < P2 fll2@lvllze ) < 2¢ hlIF 2@ 1 Pr vl L2 (0)-

Hence, according to the Hahn-Banach extension theorem, there exists a linear
form L extending ¢ to L*(2) so that || L||z2(q) = €]/ In consequence

L]z < 2cq bl f Il L2 (0)- (4.6)
Applying Riesz’s representation theorem, we find w € L?(Q) such that
lwllz2(@) = [ILll1z2 @) (4.7)
and
(P;:an)m(sz) = L(P,v) = {(Pyv) = (thZf)L2(Q)a v e CSO(Q)-
Hence

[e”’&/h(—A + q)e_x‘g/h} w = f.

We complete the proof by noting that (4.5) is obtained by combining (4.6) and
(4.7). O
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Proposition 4.2. Let O 2 Q, M >0, q € Bre(q)(M) and u € L?(0) satisfy-
mg

(—A +qxo)u = 01in 2'(0).
(i) We have u € H}

be(0) and, for any @ € Q1 € Q2 € O, we have the
following interior Caccioppoli type inequality

ullao,) < C(1+ M)llull2(,)
where C = C(Q,0,d) > 0 is a constant with d = dist(Qq,002).
(it) We have u € W2 (O) for any 1 <r < oo,
[ullwzr @) < O+ M)?||ull2(0),
where C = C(Q,0,r) > 0 is a constant.
Proof. Fix ¢ € C§°(O). Then v = ¢u is the solution of the BVP

—Av = —qxaou —2Vu-V¢ — A¢pu in O,
v=20 on 00.

Since
—qxaou — 2Vu - Vo — Apu € H (0),

we obtain ¢u € H}(O).

Next, pick ¢ € C§°(€2) satisfying 0 < < 1, ¢ = 1 in a neighborhood of
Q and |V9| < K, where x > 0 is a constant only depending on dist(Q;,9Q5).
Let (vx) be a sequence in C§°(2) converging to ¥?u in H'(€z). We pass to
the limit in the identity

Vu - Vogdx + / quuidr =0

Q2 Q2

in order to obtain

Vu - V(*5)de +/ qu2|ul2dz = 0.
Qo

Q2

Hence
/ |y Vul?dr = —2/ YVu - aVy — / q?ul?da. (4.8)

Qo Q2 Q2
For any € > 0, we have

[¥Vu-aVy| < (e/2)[pVul® + (1/(2€))[ul* [V [*.
The particular choice e = 1/2 yields

[WVu - uVy| < (1/4) [ Vul® + [u]* [V

This inequality together with (4.8) give

/ Vul2ds g/ Vul2ds < 2(M+,<2)/ luf2da.
Q1 Qo Q2
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(i) Let Q € Q1 € @ € Q2 € O be subdomains. Let ¢ € C5°(Q') satisfying
0 <Y <1,9 =1 in a neighborhood of ;. Then Yu is the solution of the
BVP

—A(Yu) = —qxou — 2Vu - Vi — Au  in Q]
u=0 on 9.

From H? interior estimates (see for instance [21, Section 8.5]) u = u €
H?2(£;) and there exists a constant cq > 0 so that

llull 5200y < callaxau +2Vu - Vb + Avpul| 12(qr).
Hence
ullzz(0,) < C(1+ M)||ull gy,
where C'= C(2,0,Q1,Q') > 0 is a constant.
This inequality combined with (i) yields
[ullg20,) < C(1+ M)llull2(,)
where C'= C(2,0,Q1,Q,Q2) > 0 is a constant.
Assume n > 2 and set 79 = (2n)/(n — 2). As H'(Q') is continuously
embedded in L"(Q) for r € [1,ry], we have
—qxou —2Vu - Vip — Au € L™ (),
We then obtain by applying [7, Theorem 9.15, p. 241] that u € W27 (Q).
Furthermore, [7, Lemma 9.17, p. 242] gives
[ullwar@,) < Cllaxou + 2Vu - Vi) + Avul Lo
< O+ M)|ull g2y
< C(1+ M)?|ull2q,),
where C'= C(2,0,9Q1,Q,Q2) > 0 is a constant.
If ro < n, we set r1 = (nrg)/(n — ro) and we repeat the preceding step
where 7 is substituted by r;. We obtain that u € W27 () for r € [1,71] and
lullwzr @,y < C1+ M)?||ull2(0,)-

If ro < n and r1 < n, ro given by ro = (nr1)/(n — r1) satisfies

2 2

r T
! 27’0-’—2 0 )
n—rmry n—7To

To =711+

where we used that the mapping ¢t € [0,n[— t?/(n — t) is increasing. By
induction in k > 1, if r; < n for 0 < j < k we set rg4q1 = (nrg)/(n —rg). In
that case we have
i
T >ro+(k+1)—.
k1 > 1o + (k+ )n—ro
Since the right hand side of this inequality tends to co when k goes to oo, we
find a non negative integer k, so that r; <n if 0 < j <k, —1 and r, > n.
We repeat the preceding arguments from rg until ri, 1. We obtain u €
W2 (Qq) withr € [1,7y, _1]. If %, > n, we complete the proof since W1 ()



NoDEA Stability estimate for a semilinear elliptic inverse problem Page 15 of 26 37

is continuously embedded in L (€2). Otherwise rj, +1 > n and we end up get-
ting the expected result by a last step. O

Theorem 4.1. Let M > 0 and 1 < r < oo. Then there exist C = C(Q,r),
co >0, kK = K(Q) so that, for any q € Bre(o)(M), £,¢ € St satisfying €1
and 0 < h < hy = cq/(2M), the equation

(—A+qu=0 nQ

admits a solution u € W27 () of the form

u = e—w‘(£+i<)/h(1 +v),
where v € W7 (Q) satisfies

vl z20) < 2 h.
Moreover, we have
ullwzr@) < C(1+ M)%e /™.

Proof. Fix O 3 Q arbitrary. We first consider the equation

(—A+qxo)u=0 in0O. (4.9)
If u = e E+/P(1 + v) then v should verify

[ex-g/h(iA n qXQ)671~§/hi| (671':1:-4“/}1,0)
_ {em{/h(_A 4 q)e—m-f/h:| (e—m-q/h> _ —qXQe_”'C/h.

By Proposition 4.1, with € and q substituted respectively by O and qxgq, we
find w € L?(O) so that

[ez.ﬁ/h(iA i qXQ)eﬂ.g/h] w = —qxqe #/h

and

lwl|r20) < 2¢q,'h.
Let v = €*</"y. Then

lvllz2(0) < 2cq,'h
and u = e~ O/ (1 4 ) is a solution of (4.9). Furthermore, we apply
Proposition 4.2 in order to obtain

lullwzr @) < O+ M)|le™™ EHIR (1 4 0)| 120
< C(1+ M)er/",

This completes the proof. ]

When q € L (Q) satisfies g > —c almost everywhere, we can easily verify,
with the help of Poincaré’s inequality, that 0 does not belong to the spectrum
of —A + q under Dirichlet boundary condition. For notational convenience we
set

Q. ={q € L*(Q); q > —c almost everywhere}.
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Theorem 4.2. Let M >0 and 2 < r < oco. For any q € Qc N B (q)(M) and
f e w2/ (1), the BVP

{(—A+q)u:0inﬂ,

u=f onT. (4.10)

admits a unique solution uq(f) € W7 (2). Furthermore

[ug(F)llwri@) < OO+ M) fllwz-1/er(r), (4.11)

where C' = C(Q,¢,r) > 0 is a constant.

Sketch of the proof. Let 2 < r < oo, f € W2~Y/""(I') and pick F € W27 (Q)
so that ' = f on I' and |[F[|w2rq) < 2[[fllw2-1/rry- If u is a solution of
(4.10) then v = v — F must be a solution of the BVP

{(—A+q)v=g:=AF—qunQ,

v=20 onlI. (412)

According to [21, Sections 8.5 and 8.6], the BVP (4.12) has a unique solution
v € H%(Q) so that

[0l 20y < ca (lqull2) + lgllL2 @) (4.13)
< C (laull 2oy + lgllL-o))
< C(1+ M) (llullz2@) + 1fllwa-1/mrmy) 5

where C' = C(£2,¢,r) > 0 is a constant.
On the other hand from (4.12) we obtain

/|Vu\2d$:—/q|u|2dx+/gﬁdm
Q Q Q

<e / lPdz + lgll 22 el 2 -

From Poincaré’s inequality

)\1((2)/ |u|2dx§/ |Vu|?dz.
Q Q

Hence

ullz2) < (M) = ) Hgllz2(o)-
This in (4.13) gives

ollsr2(0) < C(L+ M)||f w1/ (r)

Here and henceforward C' = C(£2,¢,r) > 0 is a generic constant.
As in Proposition 4.2 we discuss separately cases n = 2,3, n = 4 and
n > 4. If n > 4, we know that H?(f2) is continuously embedded in L*(Q2) for
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s € [2,(2n)/(n —4)]. We then apply [21, Theorem 9.15 p. 241 and Theorem
9.17 p. 242]. We conclude that v € W2(Q) with
lvllw2s) < Cll —aqv + gllzs ()
< C(|[vllzs o )
< C(|lla2 ) + llgllzr @)
< O+ M) fllwe-1/rr(ry-
The rest of the proof is quite similar to that Proposition 4.2. That is based on

the iterated W2 regularity and the corresponding a priori estimate. Finally,
once we proved

lellwer@y < CQ+ DI fllwa-s/me ey,
we end up getting the expected inequality by noting that

llullwzr) < lVllw2r@) + 1Fllw2r@)-
The proof in then complete. O

In light of Theorem 4.2, we can define the Dirichlet-to-Neumann map
associated to r € [2,00) and q € Q. as follows

Ay f e W2V = Duq(f) € WD),
Additionally, estimate (4.11) yields
[AGll < C(1+ M), for any q € Q. N Bre(a)(M),

where C' = C(Q,¢,7) > 0 is a constant and [|Aj]| denotes the norm of Aj in
%(W2—1/r,r(r)’Wl—l/r,r(r))_
We also define, for q € Q. and r € [2,00),

*{UGWQT( ); (FA+q)u=0inQ}.

Lemma 4.2. (Integml identity) Forr € [2,00), q,q € Qc, u € 7 and @ € 7,
we have

/Q (§ — quide = /F (AT — A7) (upp)ido (). (4.14)
Proof. Let v = ug(ur). We obtain by applying Green’s formula
/ 0, (u — v)udo(z) = / (qu — qu)adz + / V(u—wv)-Vidz (4.15)
- r Q Q
0= / B, ii(u — v)do(z) = / i — v)dz + / Vi V(u—v)dz. (4.16)
Identity (4.16) yields ’
/ Vi - V(u—v)de = /anl(u —v)dz.

This inequality in (4.15) gives

/a (u — v)iido(z) = /Q(q—ﬁ)uada:.
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We end up getting the expected identity because

/F 0,1 — v)ido(x) = /F (AT — A7) (upp)iido(z).
O

The following observation will be useful in the sequel: if w € H'(Q),
0 <t < 1/2, then wxo € H'(R™) (see [8, p. 31]).

Theorem 4.3. Let M >0, r € [2,00) and 0 < s < 1/2 and assume that n > 3.
Then there exist two constants C' = C(Q,r,s) > 0 and py = po(2, M) so that,
for any q,q € Bus)nr~ ) (M) N Q., we have

Clla—dllza(@) < 1/p" + D1+ M)*e™,  p = po.
with v = min(1/2, s/n) and

D= ”AG - Ag‘|38(WQ*1/T,T(F)’W1—1/7‘,7‘(F))'

Proof. Pick q,4 € By~ (M) N Q.. Let k,k € R\ {0} and ¢ € §"!
S0 that kLE, k1¢& and l;:J_f (this is possible because n > 3). We assume that
|k| = p with p > pg = hy' where hg is as Theorem 4.1. Let then

1
" T e ()

Set
C=hk/2+k), C=h(k/2-F)

As we have seen in the proof of Theorem 4.1, ¢,C e S, ¢Lg, CLE and
¢+ ¢ =hk.
By Theorem 4.1, the equation

(A +qu=0 inQ
admits a solution u € W27() of the form
u = e—w-(€+i<)/h(1 + )
so that, for some constants C' = C(2,r) > 0 and xk = k(Q2),
lvl|z2) < Ch (4.17)
and
l[ullwer @y < C(L+ M)2em/m. (4.18)
Similarly, the equation
(—A+qu=0 inQ
admits a solution @ € W27() of the form
i = e~ (&0 (] 4 ),
with
[z < O (4.19)
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and
l[tllwzr ) < C(L+ M)2e"/". (4.20)
We use the following temporary notations
w=(v+0+vd)e @k g= upr, §=1r.

We find by applying the integral identity (4.14)
/(q —q)e” e = — / (4 — wdz + /(AQ — A})(g)gdo(x).
Q Q r
Hence, in light of (4.17) and (4.19), we deduce that

p(k)| < Ch(p) + Dllgllwa-1/rryGllwe-1/rr ey, k€ R"\{0}, p = po,

(4.21)
with p = (q —d)xa (in H*(R")).
On the other hand, inequalities (4.18) and (4.20) yield
||gllwz—1/7~,r(1“) < C()H’LLHWz,r(Q) <C(1+ M)Zeﬁ/h,
1Gllwz-1/rr(ry < Collillwar(ay < C(1 4 M)2e/h,
where Cy = Cp(Q2,r) > 0 is a constant
These estimates in (4.21) yield
CIB(R)| < h(p) +D(1+ MY'e”/" ) | e R™\ {0}, p > po.
That is we have
ClB()| < 1/p+D(1+ MYlesIH/2+0 ke R\ {0}, p > po.
Hence
C e Ip(k)|2dk < 1/p+D(1+ M)*e™, p> po. (4.22)
<pt/m
Moreover,
[ GwPaespr [ wepmpa o (123)
k| =pt/m k>R«

< P_2s/n||p|\%rs(nw)-

Now inequalities (4.22) and (4.23) together with Planchel-Parseval’s iden-
tity give

Clla—dllrz@) < 1/p" + D1+ M)*e™,  p > po. (4.24)

with v = min (1/2,s/n) and C = C(,r,s) > 0 is a constant. O
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5. Proof of the main result

Before we proceed to the proof of Proposition 1.1, we establish a lemma. To
this end, let X = H?(Q) if n < 3 and X = W?P(Q) if n > 4, where p is as in
Theorem 1.2.

Lemma 5.1. For any a € &/(c,«), the mapping
feZyr—ulf)eXx
18 continuous.

Proof. Pick f,h € Zo. If u = uy(f +h) —ug(f) then simple computations give
that u is the solution of the BVP

—Au+ru=0in Q,
u=h onl,

where

r(z) = / 0 (ua(F)(@) + sualf +B) — ua(F)]())ds.

We can then mimic the proof of Theorem 4.2 in order to find a constant C' > 0
independent on A so that

ullx <A

Zo-
Thus the continuity of f € 2, +— u.(f) € X follows. O

Proof of Proposition 1.1. We give the proof in case (i). The proof for cases (ii)
and (iii) is quite similar.
Since the trace operator

w e H*(Q) — d,wpr € HY*(I)
is bounded, it is sufficient to prove that
f e (L) = uq(f) € H*(Q)

is Fréchet differentiable.

Fix N > 0 and let f € Bys/>r)(N). Then, for any h € Bys/> (1), we
have f+ h € BH3/2(F)(M)7 with M = N + 1.

Let v = v,,¢(h) and

w=1ue(f+h)—u.(f)—v.
It is then straightforward to verify that w is the solution of the BVP

—Aw = F in €,
w=20 on I,
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with
F(z) = —a(ua(f + h))(@) + a(ua(f))(z) + @' (ua (f)(2))v(2)

/ (' (ua(£)(@) + slualf + h)() — ua(£)(@)])
% [a(f + 1)) — ual(F)(@)] — @ (ua(F) ())0(z) s

= —/ a'(ua(f) (@) + sua(f + h) (@) = ua(f)(2)])w(x)ds

/ (' (o) (@) + $[ualf + B)(@) — ua(F)(2)])
— o () () o) ds

where v = v, ¢(h).
We decompose F' as F' = —qw + G, where

q(g;):/ a'(ua(f)(x) + slua(f + 1) (@) — ua(f)(@)])ds,

/ {0 (o) (@) + s[utalf + B)() — ualF)(@)])
() (@) o () ds

Under these new notations, we see that w is the solution of the BVP

—Aw + qw =G in Q,
w=0 onl.

According to Corollary 3.2, we have
[ua(f + h)l[L= (o) < C,

where C' = C(Q,¢,a, M) > 0 is a constant.
Using (1.8) for estimating the integrand of the definition of q(z) and
applying triangle’s inequality, we obtain

lall Lo @) < lla’(0)|| Lo () + 2cC = C.

We obtain from the usual a priori H2-estimate (e.g., [21, Sections 8.5 and 8.6])
that

lwllz2@) < ClG L2,
where C' = C’(Q, a, ¢, o, M) is a constant. But
1Gllr2(0) < secllualf +h) — ua(F)ll2@) 0] L ()
< sccollua(f +h) —ua(F)llL2@ 0] B2 (0)-
Therefore, again from H? a priori estimates for v, we have
[l g2) < Caceallua(f + h) — ua(£)ll L2y 1Pl a2 r)-

Now we complete the proof of the differentiability of f — wu,(f) by using that,
according to Lemma 5.1, the mapping

fe H¥2T) > ua(f) € H(Q)
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is continuous. O
Define

Qa,f ‘= a'o ua(f)-
In order to apply the results of the preceding section we need to extend
Aq, ; to complex-valued functions from H 3/2(I"). As qq,5 is real-valued, this
extension is obviously given by

Aq, (f+ig) = Aqg, () +ihg, ;(9), f,g€ HB/Q(F) real-valued.

It is then useful to observe that this extension is entirely determined by it
restriction to real-valued functions from H3/2(T).

Proceeding as in the proof of Proposition 1.1, we prove the following
result.

Lemma 5.2. Let (8 be as in Theorem 1.3. Under the assumptions and the no-
tations of Proposition 1.1, we have q,. 5 € C%%(Q) and

[9a,llcos@ < C. (5.1)
Here the constant C > 0 is so that C = C(Q,¢c,a, M) ifn =2 orn =3 ;
C=CQ,c,a,p,r)ifn=4;C=C(Q,c,a,M,p) if n > 4.

Following [8, Definition 1.3.2.1, p. 16|, the space H'(Q2), 0 < ¢ < 1,
consists of functions w € L?(Q) satisfying

[ [ e < o
QJQ

|z — y|n 2
Let 0 <t <6 <1andwe C%(Q). Then

() —w)P _ [}

|l‘ _ y|n+2t - ‘Jf _ y|n+2t—29 ’

(5.2)

where

[wlo = sup{|w(z) —w(y)l/|z —y|’; =,y € Q, = # y}.
On the other hand, for any € > 0, we have

/ Bl Ix_y‘n—&-Zt T raras @ /Sn ldw/ 2t— 29+1 (5.3)

Consequently, since the integral in (5.3) is convergent by 2t — 20 + 1 < 1,
in terms of inequality (5.2) we can directly see that C%?(Q) is continuously
embedded in H'(Q). Hence an immediate consequence of the previous lemma
is the following corollary.

Corollary 5.1. Let (3 be as in Theorem 1.3. Under the assumptions and the
notations of Proposition 1.1, we have q,,; € C%P(Q) N H*(Q) for 0 < s <
min(1/2,3) and

[9a.£llco.s @y + ba,fllms @) < C, (5.4)

where the constant C' > 0 can be described as C = C(Q,c,a, M) if n =2 or
n=3;C=CQ,c,a,pr)ifn=4;C=C(Q,c,a, M,p) if n > 4.
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Proof of Theorem 1.3. In this proof C' > 0, pg > 0 and £ > 0 are generic
constants only depending : on (2,¢c,a, M, s) if n = 2,3, (Q,¢,a, M, s,p,r) if
n =4, (Q,c,a M,s,p)if n > 4. The constants p and r are the same as in
Theorem 1.3.
Using (5.4) for both a and a, we obtain by applying Theorem 4.3
Cllda,y — asllzz) < 1/p" +D(f)e™,  p = po, (5.5)

where v = min(1/2,s/n) and
D(f) = Aa(f) = Az(H)llw
Now the interpolation inequality in [5, Lemma B.1] gives

~ n/(n+2 2n2
190, = da.rllo@) < Collda,r — dasllgn b Idar = darl e 2" (5.6)

Inequalities (5.6) and (5.4) both for @ and @ imply

- 28/(n+28
l9a.r — da.slc@ < Clitas —dasllzag - (5.7)

We find by putting (5.7) in (5.5)
Cllaas = daslln ' < 16" +D(He, p = po.

(@)
Using this inequality with f = A such that |A\] < M, we have
(n+28)/(28)
C | max |a'(\) —a’(\)] <1/p" +Dpe™, p>po, (5.8)
IN<M
with
Dy = sup D(f).

11l <A/ IT|M
Since a(0) = a(0), we have

s la(X) —a(M)] < s la’(A) —a' (M)

This in (5.8) yields
(n+28)/(28)
C’[max la(A )&()\)@ <1/p" +Dpe™, p>po.  (5.9)
A<M

For completing the proof we choose p > py which makes the right-hand
side nearly minimum. Let 7 = pge”™. Since the mapping p € [0,00) — pYe"”
is increasing, we see that if D5, < p = min(1,771), then we can find p; > po

so that 1/p] = Dpse*. Therefore, by taking p = p; in (5.9), we find

(n+28)/(28)
| maz ¥ - a0 <1/4].
Now elementary computations show that p; ' < (k + )| In®D |, Hence
max |a(\) — a(A)| < C|InD |~/ (1+25),

A<M
When ©,; > @, we have

A —a\N)| <0 <Cu'Dyy.
‘gﬂgﬁla() aN)| <C<Cpu Dy



37 Page 24 of 26 M. Choulli et al. NoDEA

We complete the proof by putting together the last two inequalities. O
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