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Abstract. Let (M, g) be a smooth compact Riemannian manifold of di-

mension n > 3. Denote by Py the GIMS (Graham—Jenne—Mason—Sparling)
operator. In this paper, we introduce the GJMS invariant p and we define

the first GJMS invariant g1 as the infimum of the first eigenvalue of P,

over the metrics conformal to g and of volume 1. We study when it is

attained and whether is equal to i . As an application, we show that the

nonlinear GJMS equation Pyv = pui|v|~ 2v has nodal (sign-changing)

solution. When ¢ is Einstein, the above equation has positive solutions if
the scalar curvature S, > 0.
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1. Introduction

Let (M, g) be a compact Riemannian manifold of dimension n > 3, and let k be
an integer such that & > 1 and 2k < n. In 1992, in [15] Graham—Jenne-Mason—
Sparling have defined a family of conformally invariant differential operators
defined for any Riemannian metric (GJMS operators for short). The construc-
tion of these operators is based on the ambient metric of Fefferman—Graham
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[13]. More precisely, for any Riemannian metric g on M, there exists a local,
formally self-adjoint, conformally covariant operator

P, : C°(M) — C™(M),
such that for all w € C°°(M), the GJMS operator P, is given by :
Py = A’;qulot (1)

where Ay is the Laplace-Beltrami operator, and lot denotes differential terms of
lower order. For more detail about P, we refer the reader to Robert [24]. This
operator enjoys nice conformal invariance properties. Indeed, let ¢ € C*(M)
be a positive function and N = 22 If n # 2k, then any metric § written

n—2k"
in the form <pnf2k g is a conformal metric to g and therefore, for any metric g
conformal to g, the operator P, is conformally invariant in the following sense:
for all u € C°°(M), we have Py(up) = pN~1P;(u). By taking u = 1, we get

n — 2k

Pyp = Qg™ )

where )

The scalar (), is called the Q-curvature and is a Riemannian invariant asso-
ciated to this operator. Historically, the notion of the @Q-curvature is due to
Branson’s 1995 article in Transactions of the AMS see [7]. He also defined it
in the critical case n = 2k. Now when k& = 1, P, is the conformal Laplacian
operator and @, is the scalar curvature S, (up to a constant). The problem of
prescribing a constant scalar curvature is known as the Yamabe problem, the
classical reference for this problem is a survey by Lee-Parker [19]. When k = 2,
P, is the Paneitz-Branson operator introduced by Paneitz in [22] and the Q-
curvature was introduced by Branson-@rsted [8]. Results for the prescription of
the Q-curvature problem for the Paneitz operator are in Djadli-Hebey-Ledoux
[10], Robert [23], Esposito-Robert [12], Hang-Yang [17], Gursky-Malchiodi [16]
and Benalili-Boughazi [3]. Moreover, concerning fourth-order problems, there
has been also an intensive literature on the question, we refer the reader to
[3,5,9,23]. Solving the problem of prescribing Q-curvature for the GJMS oper-
ator is a very difficult problem and its underlying analysis is intricate, we refer
to Robert [24] and Mazumdar [21] for some particular situations. The simple
case of these problems is prescribing constant Q-curvature which is equivalent
to finding a positive smooth solution u of the following equation

Pyu = ClulN?u (3)
where C' is a constant. In order to obtain solutions, we define the quantity

= inf I 4
K uecocl(r}\4),u>0 (u) (4)

where
_ fM uPgudv,
(S lulN dvg) v

I(u) (5)
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As in the Yamabe problem, the constant p will be called the GJMS invariant.
In particular, if v € C°°(M), v > 0 and satisfy I(u) = u, clearly u is solution

of (3) and g = unf%g is the desired metric of constant @-curvature. It is well
known that the operator Py is elliptic, self-adjoint with respect to the inner
product in L?(M) [24] and has discrete spectrum with eigenvalues

A1(g) < Xa2(9) < As3(g) -+ < Akl(g) — +o0

appear with their multiplicities. The variational characterization of the first
eigenvalue A (g) of P, is given by:
vP,yudv
Ai(g) = inf 7fM g g, (6)
vEHZ(M),uz0 va dvg

where the space H? (M) is the completion of C°°(M) for the norm

k
= lU2 ) .
a2 = ( A I ) (7)

Now by referring to Ammann-Humbert [1], we introduce an invariant p; that
we will call the first GJMS invariant and we will define it by:

N

2k
w1 = inf A (g)vol(M,g) " (8)
g€ly]
where the set [g] = {g = TG, U € C*(M) and v > 0} is the confor-
mal class of the metric g and vol(M,q) = [,, uNdv, denotes the Riemannian
volume of M with respect to the metric g.

In order to find minimizers, we enlarge the conformal class [g] to what we
call the class of generalized metrics conformal to g. We say that g = = g is
a generalized metric of the Riemannian metric g if u € LV (M), > 0 and u is
not identically null. By the standard minimax method via Rayleigh quotients
for defining eigenvalues combined with conformal covariance of P, one sees
that for any generalized metric g = wTw g, the first eigenvalue A1(g) of the
GJMS opreator P, is characterized by

M@= n qup S PPy ©)
Veary (HE(M)) yevjo} [y uN ~2v3du
where the Grassmannian Gr{(HZ(M)) is given in the Definition (2.2).

The purpose of this paper is to study the first eigenvalue A;(g) for any
generalized metric g and the main problem is whether the first GJMS invariant
11 is attained by a generalized metric (or conformal metric) and is equal to
the GIMS invariant p. To solve this problem, we will use the ideas from [1—
6,11,18]. More precisely, the method we would like to apply is introduced in
[1] for studying the second Yamabe invariant po (see Definition (2.1) for pus)
and generalized for the Paneitz-Branson operator on Einstein manifolds by
Benalili and Boughazi in [3]. For clarity purposes, we state our main generic
theorem and after we give some results about this method in the next section:
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Theorem 1.1. Let (M, g) be a compact Riemannian manifold of dimensionn >
3. Assume that \i(g) > 0 and p < Ko~ ' where p is the GJMS invariant and
Ky is the best constant in the Sobolev embedding of H (M ). Then there exists
a nontrivial function v € C**(M) which satisfies Pyv = pi|v|N~2v. In other

words, [y 18 attained by the generalized metric g = |v "f%g and in particular,

if Qg < 0, v is a nodal (sign-changing) solution. Moreover, if g is Einstein

and S, > 0, the solution v > 0 and v € C*°(M) and this implies that pu =

and means that g is a conformal metric. Consequently, in the latter case py is
; : = . _ 2

attained by the desired metric g of constant Q-curvature: Qg = —=r 1.

Note that this theorem is a consequence of Theorem (3.1), Proposition
(3.2) and Theorems (4.1), (5.1) and (6.1). The remainder of this paper is
organized as follows: In Sect. 2, we give a short motivation by recalling some
results and we quote some facts which we will use in the sequel. In Sect. 3, we
establish some results concerning the eigenvalues; in particular, if A1(g) > 0,
for all generalized metric § = uE g, the first eigenvalue A;(g) is achieved,
we also show that the linear equation P,u = A1(g)u’Y~2v has nodal (sign-
changing) solution if @, < 0 and if A\i(g) < 0, we show that there exists a
generalized metric g such that \;(g) = —oo which implies that pu; = —occ.
In Sect. 4, we study the first GJMS invariant p; in case A1(g) > 0, we will
prove that p; is attained by a generalized metric if 1 — uKy > 0 where pu is
the GJMS invariant and K| is the best constant in the Sobolev embedding see
(20). In Sect. 5, we show that the nonlinear GJMS equation Pyv = pq o[V 20
has a nodal solution if @, < 0. In Sect. 6, we deal with Einstein manifold. In
particular, when S, > 0, we will prove that the solution v of the latter equation
is positive, u; = p and is attained by a conformal metric g which leads to a
metric with constant ()-curvature and in the case S, < 0, the solution v is
nodal. At the end, we show that Ko = (u(S™, h))~! where u(S™, h) is the
GJMS invariant of the standard unit n-sphere of R™*! and there are certain
manifolds such that the assumption 1 — Ky > 0 holds.

Note that when (M, g) is Einstein manifold with positive scalar curvature,
the Q-curvature Q, = "52% (Hf’zl c1)(Sy)*, is constant and positive [the reals
¢ are given in (17)]. Therefore it is easy to see that u = 1 is solution of
Pyu = pu™N =1 if py = ”’22’“ Qg, in other word p; is achieved by the metric
g. If py # ”’22’“6257 and 1 — uKy > 0 Theorem (6.1) proves the existence of
u € C*(M),u > 0 solution to the latter equation. In particular, it follows the

existence of a metric g = uﬁg which is different from the initial ¢ and such
that Qg is constant. But it is not clear whether the solution  is different from
the trivial constant solution. This question seems to be hard. However, when
P, is the conformal Laplacian operator the reader is refereed to [18] for more
detail on the question.

2. Motivation and generality

We start by giving a short motivation by recalling some results. Indeed, in [1]
Ammann and Humbert defined the Yamabe invariant of high order p, by
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Definition 2.1.
. _ 2
pp = inf Ay(g) [vol(M,g)]"
g€lgl
where
) f vP,vdv,
A (9) = inf sup M 99
»(9) VeGru(HR(M)) yev\ {0} fM ulN—202dy,

is the p!” eigenvalue of the conformal Laplacian P, g = uTE g is a generalized
metric, p € N* and the Grassmannian Grjy(H(M)) is given in the Definition
(2.2).

The authors studied the second Yamabe invariant ps in the case u > 0
where p is the Yamabe invariant. In particular, they obtained the following
theorem:

Theorem 2.1. Let (M, g) be a compact Riemannian manifold of dimensionn >
3. Assume that us is attained by a generalized metric. Then the following
equation Pyw = pou™ 2w has a nodal solution w € C?(M) such that u = |w|.

Inspired by the previous results. In [3], Benalili and Boughazi generalize
this method to the Paneitz-Branson operator on Einsteinian manifolds. Under
some assumptions, they studied p, p1 and o in the case Sy > 0 and after ten
years the authors in [5] extend these results to the case S; < 0. For more detail
and similar work, we refer the readers to Benalili-Boughazi [4], Boughazi [6]
and S. Elsayed [11]. We also specify a very interesting result proven in [11]
which states that the sign of eigenvalue A, (g) is conformal invariant. Clearly,
in this paper we try to find similar results with the GJMS operator. More
precisely, we study p; and we show in which case we can get u; = p. Note
that the study of po seems to be much more difficult.

In the following, we quote some facts which will be used in this pa-
per. Put LY (M) = {u € LN(M),u > 0 and u # 0} and C°(M) = {u €
C>*(M), u> 0}

Definition 2.2. For all u € LY (M), p € N*, the Grassmannian Grj(HZ(M)) is
the set of all subspaces of HZ(M) of dimension p and such that the restriction
operator to M\u~1(0) is injective. More explicitly, we have the subspace V =
span(vi,...,vy) € Gri(HZ(M)) if and only if the functions wvy,...,v, are
linearly independent on M\u~!(0). Sometimes it will be convenient to use
the equivalent statement that the functions u»=2* vy, wE Voyevny uﬁvp are
linearly independent.

Remark 2.1. The number N = nz’;k is known as the critical exponent of the
Sobolev embedding which [18], asserts that the space HZ(M) C L9(M) where

1 < ¢ < N and this embedding is compact when ¢ < N.

Definition 2.3. A generalized metric conformal to g is a metric of the form
g = un7 g such that u € LY (M) where the space LY (M) is defined in the
bottom of the previous page.
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Now, we give some properties of the GJMS operator. For the proofs, the
reader is refereed to Robert [24] and the references therein. The operator P,
can be written (partially) in divergence form, we precise this divergence form
that will be useful in the sequel:

Proposition 2.1. Let Py be the conformal GJMS operator. Then for any | €
{1,...,k — 1}, there exists A(g) a smooth T -tensor field on M such that

k—1
n — 2k
Py = A’;v + ZALQ(’U) + TQQU (10)
1=1
where
Ay (v) = (1) (A (9)iivga. s VI 10). (11)
Indices are raised wvia the musical isomorphism. In addition for any
le{l,....,k—1}, Ag)(g) is symmetric in the following sense: Ay (9)(X,Y) =
Ay (g)(Y, X) for all T -tensors X, Y on M. In particular, for allu,v € C*°(M)
we have
- k—1
/ vPyudvg = / uPyudvg = / AZuAZv+ ZA(Z)(g)(Vlu,Vlv)dvg (12)
M M M o
where for | = 0, A(O)(g)(vou,vov) = %%quv. Here, we have adopted the
convention
A§ (u) = A7 E’ZLL) zf k=2m is even
VAP (u) if k=2m+1 isodd

and, when k =2m + 1 is odd, Ag%uAg%v = (VAJ'u, VAT'v).

Since A(;y(g) are smooth, then for any I € {0,...,k — 1}, there exist
Cy; > 0 such that for all u € HZ(M), one has

k—1 k—1
|/ ZA(Z)(Q)(VZW Vlu)dvg| < ZCZ/ |Vlu|2dvg < maX(Cl)HuH?{% L
M= 1=0 M -

(13)
As a consequence of (12), we get that the bilinear form (u,v) — [, uPyvdv,

extends to a continuous symmetrical bilinear form on the space HZ(M) x
We say that P, is coercive if there exists C' > 0 such that

/ vPyudv, > Cllo|3 Vv € HE(M). (14)
M
Proposition 2.2. For all u € HZ(M), we define the semi-norm |lul|p, by

|ull p,= (/ ngudvg> . (15)
M

Assume that Py is coercive. Then ||.||p, is a norm on HZ(M) equivalent to the
standard norm |.[|gz. In addition, if (vy)m is a sequence in HZ(M) such that
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vm — 0 weakly in HZ(M), and v,, — 0 strongly in HZ (M), then from
Bochner-Lichnerowicz- Weitzenbock type formula, one gets that

[ 185 v, = [ 1950w, + o), (10
M M

The next definition can be found in [18].

Definition 2.4. A Riemannian manifold (M, g) is Einstein, if and only if there
exists a real A such that the Ricci tensor writes Ric, = Ag. Here A = %, where
Sy is the scalar curvature and is constant in this case.

The reader is refereed to [14] for the two following propositions:

Proposition 2.3. Assume that (M, g) is Einstein, then P, expresses as an ex-
plicit product of second-order operators with constant coefficients that depend
only on the scalar curvature. In other words, the GJMS operator Py is given

by

k
(n+20—2)(n—2l)
P, = E(Ag +¢Sy) where ¢ = In(n—1) . (17)
Moreover, by calculating one can write
k—2
P, = AS + Z bk—l—l(Sg)lJrlA’;ilil + bo(S,)" (18)
1=0
where bg_1,...,b1,by are positive real numbers obtained from c;.

In addition, formula (12) implies that
k—1
[ wbgude, = [ 4AFQIP + Y bera(8) IV ey (1)
M M P

Proposition 2.4. Assume that the metric g is Finstein with Sq > 0 and n > 2k,
then Py is coercive and for all u € C?*(M) such that Pyu > 0, either u >0
or u=0.

In this definition, we are going to introduce the best constant in the
Sobolev embedding DZ(R™) C LY (R"). The reader is refereed to Lions [20].

Definition 2.5. Let D7 (R™) be the space defined as the completion of C2°(R™)
for the norm [|AZulfy. It is well know that

Jan |A%u|2dvg

Kot = NI
ueDFR)—{0} ([ [u|N dug) ¥

(20)
and K is the best constant in the Sobolev’s continuous embedding D3 (R™) C
LN (R™). It follows from Sobolev’s embedding theorem that Ko > 0. Moreover,
the infimum is achieved by U : x — (1 + |2/?)¥~=%, and that all minimizers
are compositions of U by translations, homotheties and dilatations.

We also introduce the following results. For the proofs, the reader is
refereed to Mazumdar [21].
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Theorem 2.2. Let (M, g) be a compact Riemannian manifold of dimension n
and let k be a positive integer such that 2k < n. For any € > 0, there exists
Be > 0 such that for all u € HZ(M) one has

k
[ull} < (Ko +e) [ |AG (u)[*dvy + Bellull %z - (21)
M k—1

where Ky is given by formula (20).

Moreover, for all v € C°°(M), there exists C > 0 (depend on ||v||~) such
that

K K
[ 1adeora, <o [ jadard, g, (2)
M M
where u € HE(M).

Proposition 2.5. Let (M, g) be a closed manifold of dimension n and let k be
a positive integer such that 2k < n. Let f € C%*(M) a Holder continuous
function. Suppose that u € HZ(M) be a weak solution of Pyu = flulN~2u.
Then u € C?*(M), and is a classical solution of the above equation. Further
ifu>0 and f € C®°(M), then u e C(M).

3. Generalized metrics and the first eigenvalue

Theorem 3.1. For any generalized metric g = R g, assume that u > 0.
Then any normalized minimizing sequence of A\1(g) is bounded in HE(M).

Proof. Let (v )m be a minimizing sequence of A1(g), in other words

k k—1
S (1A (om)]? + EU Ay (9) (V' om, Vivm))dug

A1(g) = mﬂf}m Al,m where Appm = [ uN =202, dv
JM m g

It is easy to see that (Avy,)m, is also a minimizing sequence, then if we choose
A= ([, uN 202 dvg)~ 3, it follows that [,, uN=2(\vy,)2dv, = A2 [, uN 202,
dvg = 1, hence the sequence (Avy, ), is renormalized. Without loss of general-
ity, we assume that the sequence (v, )., is such that

/ uN 202 dv, = 1. (23)
M

1) If A\1(g) > 0, then for all v in H?(M) ~ {0}, one has
/ vPyudv, > )\1@)/ uN 22 do,
M M

> Al(g)grgréij\l}u(a:)N*Z /M v?dv, since u >0

C
> Clvll3
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this means that Py is coercive. Then Proposition (2.2) implies that |[.|p, is
a norm on H(M) equivalent to the standard norm |||z, then for m large
enough, one has

AMym = / U Pyumdug = ||”mH?Dg <) +1,
M

hence the sequence (vy, ), is bounded in HZ(M) and Ay, > 0.

2) If A1(g) < 0, the GJMS operator is not necessarily coercive, then we
will assume that (vm)m is not bounded in HZ(M), in other words Vil 2 —
+o00 and we let

/ YUm

" ol

Clearly ||vm||H2 = 1, this means that the sequence (v},, ), is bounded in HZ(M)

and after restriction to a subsequences still labeled (v, )m, we may assume that
there exists v’ € HZ (M) such that v/, — v’ weakly in HZ(M) and v/,, — v’
strongly in HZ | (M).

On the other hand, the sequence (v, ), satisfies the following equation:

/ (|A -l dvq—l—Z/ Awy(9)(V'l,, Vi, )dvq—/\lm/ uN =202 dv,.

M
(24)
Now from the weak convergence, we have

lim/ uN720') dv, = / uN 72 (02 dv,,
M M
and since

OS/ uN =2 (" —vl,)2dvg :/ uN =2 (v")2dv, —2/ uN72v'vfndvg+/ uN =2 (0! ) dvg
M M M M

one has,
N-2,2
U v dv 1
/ N— 2( )d’l} </ ’LLN_Q(U:n)Qd’Ug: fM 2m g9 _ 5 —0.
M M [vm 172 l[om I
(25)
Consequently,

/M N=2(y\2gy = 0

and since u > 0, it is easy to see that
v =0.

It follows that v/, — 0 weakly in H?(M) and v}, — 0 strongly in H? (M)
therefore,

k—1
/ > IV, [Pdug — 0 (26)
M-
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then by (26) and using (13), one has also

Z/ Ay (9)(V',, Vi, )dvg — 0. (27)
M

Again by (26), the following equality

1= ||1;;n\|12le :/M|Vkv/ dv, + / Z|Vl L2dv,

leads necessarily to

y |VF! |2dv, — 1.

Independently, from formula (16) i.e

/ (1A% () 2dv, = / IV, [2du, + o(1),
this implies that
/ (A% (o)) 2dv, — 1. (28)
M

Since A1(g) < 0, then for m large enough Ay, < 0, it follows from (24), (25),
(27) and (28) that the sequence (v],)n is such that

/ (|A | dUg+Z/ Al) vl / Vl / )dvg_Alm/ N— 2( ) d'Ug,

M

—1 0 —a

where a < 0 or does not exist, in all cases this gives a contradiction. This
proves that (v,,)y, is bounded in H7 (M).
Moreover, we have

k
— [ 9 ondvy < [ (185 ) Pdo,
M M

which lead to
k) (2 2 5 2
_/ (9% 0,02, — max(C) % g/ (108 (vm) Pdv,
M M
k-1
+Z/ A(l)(g)(Vlvm,Vlvm)dvg
1=0 /M
where max(C}) is given by (13), this means that
. k-1
min(—1, = max (@)l < [ (A5 @)+ [ A(0)(F om, Ty
* M =0 M

In other words,

At > min(—1, — max(C)) ||
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and since (Vp,)m is bounded, then there exists M > 0 such that
M, > min(—1, — max(C))M > —oo.
O
Proposition 3.1. Assume that \i(g) < 0, then there exists u € LY (M) such
that A\1(g) = —oo0 where g = uﬁg.

Proof. Since Ai(g) < 0, there exist a function v € C*° (M) such that [, vPjvdvg <
0. Fix a point p in M. For € > 0, let ¢, be a cut-off function adapted to our
context, in other words a smooth function such that :

0<¢.<1

¢pc=0 on Bp) and ¢.=1 on M\Bs(p)

Vi | <% forall I in {1,2,..,k—1} (281)
k

|AG ¢ < & (285)

where B.(p) is the open ball centered at p and of radius ¢ and ¢ > 0 are
constants that do not depend on e.

We claim that:
lim [ (¢ev)Py(pev)dvg = / vPyudv, < 0.

M M

e—0

Indeed:
Set A.(p) = Bac(p)\Be(p), then one has

/M(Qi)eUl)Pgn((bsUl)drUg = /Bé(p) (¢6U)Pg(¢ev)dvg +/ (¢6U)Pg(¢ev)dvg

Ac(p)

Il 12

+/ (9ev) Py(@ev)duy.
M\B2€ (p)

I3
Clearly the first integral I; = 0 (since ¢ = 0 on the ball B.(p)). For the second
integral I since v € C*° (M), we can find a constant C' > 0 such that

k—1

L] < / (18 60) + 3140 (0)(V 6.0, T6.0) )do,
Ae(p) 1=0

k—1
L 2 ! 2\ dv
<c (/Aé(,,)('Ag (0)] +;\v (¢ P)d ) . (29)

The latter inequality (29) is a direct consequence of formula (22).
Using (281), (282), (29) and passing to the polar coordinates, we can
easily find constants Cj, Ci—1,...,Cy > 0 such that,
k—1

|Io| < Cr /26 "ldr 4 & /26 "tdr — 0 since n > 2k
T r E — T r ince n
2= ek ) 2l ) —0

=0
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which means that the second integral:

12*)0.

e—0

And finally since ¢, = 1 on M\ Bac(p), the third integral I = fM\B%(p) vPyuduy.
This implies that:
lim [ (¢ev)Py(¢pev)dvg = Uim(Lfy + Iz + I3) = lim I3 = / vPyvdvg < 0.
e—0 M e—0 e—0 M
If we put w = ¢v, for € small enough, we still have fM wPywdvg < 0.
Now, let ue > 0 be a smooth function with support in B(p) and let

N—2
k

g=1ue " g since

P,vd
= e Juthudn
vEHZ(M),v#£0 fM Ue v2dvg
it follows that for any real o > 0, one has
. fy (w4 @) Py(w + a)du,

A1(g) < lim = _
1(9) a—:0 fMuévfz(w—i—a)%vg

Indeed

lim [ )% (w+ a)?dv, =0
a—=0 Jar

and

a—0

lim(/ (w+ a)Py(w + a)dvy = / wPywdv, < 0.
M M
O

Theorem 3.2. Let g = unf%g be any generalized metric to g such that u > 0.
Assume that A\1(g) > 0. Then there exists a nontrivial function v in HZ (M)
such that, in the weak sense, v satisfy :

Py =X\ (g)u™ v and / uN 2% dv, = 1 (30)
M

Moreover, if u € C*(M), then v € C>®(M) and if (M,g) is Einstein and

Sg > 0, the solution v > 0.

Proof. Let (vp,)m be a minimizing sequence for A1(g). In other words, the
sequence (U, )m € HZ (M), w2 vy, # 0 and such that

Sy vmPyomdv -~
I%HL\A;IW_—M = \1(9)- (31)

Without loss of generality, we can always normalize v,,, by | o ulN _2v31dvg =1.

Since A1(g) > 0, P, is coercive. Then Theorem (3.1) implies that the
sequence (vy,) is bounded in HZ(M), and after restriction to a subsequence
we may assume that there exists v in H?(M) such that v,, — v weakly in
HZ(M), strongly in HZ_| (M) and almost everywhere in M. Again since P, is
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coercive, Proposition (2.2) implies that |.||p, is a norm on HZ(M) equivalent
to the standard norm |.[[z2, then by standard argument, one has

/ vPyvdv, < lim inf/ Vi Pyvmdvg = A1 (7),
M M

as in [6] from (Lemma (4)), we get
/ uN 72 0? — 02| dvg — 0 ie / uN202dv, = 1
M M

and since A1(g) is the infimum, one gets

/ vPyudvg = A (7).
M

Consequently v is a non-trivial weak minimizer of the functional associated
to A1(g). Writing the Euler-Lagrange equation, we find that v satisfies in the
weak sense the equation

Pyv = M\ (9)u” 0.

Moreover, since v is nontrivial, we have
M@yi/vgmwzuﬂg>a (32)
M

If u € C(M), we get A\i(g)u”"2v € HZ(M), then Pv € HZ(M) and by
regularity theorems v € H??k (M), it follows by successive iterations that v €
HZ (M) where [ is large enough and finally if % < lme’ one gets

H} (M) C C™(M)
so we can take m = 2k i.e
v € C?*(M), therefore v € C*(M).

In particular, if (M, g) is Einstein and Sy > 0, from [6] (Proposition (7)), one
has

v > 0.
O

Remark 3.1. Let v be the solution of the Eq. (30). Then there exists a non-
trivial function w in HZ(M) such that, in the weak sense one has :

Pyw = Xy(g)u™
with the constraints [,, u™ ?w?dvy =1 and [, u" ?vwdv, = 0 where

Jos vPgudug
Sy uN202du,

and the infimum is taken over the set

Ay(g) = inf

E = {w S HE(M) such that u 7 w # 0, / uNfszdvg =1 and / uNwivdvg = O}.
M M
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Proof. Let (wy,)m be a minimizing sequence for A,(g), with the same method
as above, we find non trivial minimizer w to A\(g) such that Pyw = \j(g)u™N ~2w
in the weak sens with fM uN_szdvg = 1. Now writing

/ uN*2wvdvg = / uN 2w — uN 2w, + uNfzwvdvg
M M

= / u™N "2u(w — Wi, )dvg + / u™N 2w vdv, = 0.
M M

As the sequence w,, € E, fM uN_Zwmvdvg = 0, and by using the weak con-
vergence of w,, to w in LY (M) and since u¥ ~2v € Lv (M) where Lv (M)
is the dual space of LY (M), we get [,, v’ "2v(w — wy, )dvg — 0 thus,

/ uN_Qwvdvg =0.
M

If u € C°(M), one also gets w € C*#(M) and finally, as in [6] it follows that
A5(9) = A2(9)- O

Proposition 3.2. Let (M,g) be a compact Riemannian manifold of dimension
n > 3. Assume that g is a conformal metric and Ai(g) > 0. If Q4 < 0, then
the solution v of (30) is nodal.

Proof. By Theorem (3.2), v satisfies the equation Pyv = A1 (g)u® 20,
then from (10), one can write

k—1
n — 2k _
Afv+> " Apg(v) + Q= A (g)uN 2w

1=1

Integrating over M, we get that
g n — 2k
/ A];Udﬂg + Z/ Apg(v)dvg + / Tngdvg = )‘1@)/ uN " Pudv,.
M = M M M

Since g is conformal, again from Theorem (3.2), v € C°°(M) and this implies
that

k—1
n — 2k _
/ Agvdvg—i—Z/ Al’g(v)dvg—l—/ TQgUdUQ:)\l@)/ uN~2udv,,
M = M M M
—_———
=0

=0

Since A\1(g) > 0 and Q4 < 0, hence if v > 0, one has

/ngdvg = / A (9)u udo,
M M
<0

>0

this makes a contradiction, if v < 0, one has

/ngdvg:/ M (9)u?N 2vdu,
M M

>0 <0
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and this is also a contradiction. Consequently, v changes the sign.
If \1(g) < 0 and Q4 > 0. With the same method, we get the same thing.
O

4. Existence of a minimum of gt

In this section, we study the first GJMS invariant pq in case A\j(g) > 0. We
will prove that p; is attained by a generalized metric. However, if A\;(g) < 0,
Proposition (3.1) implies that uq is not well defined. In other words, from the
variational characterization of p, one has

M1 = —0OQ.
In order to prove Theorem (4.1), we prove some useful lemmas.

Definition 4.1. In this definition, we precise the formula (9). Indeed, by using
the definition of A;(g) formula (8), the first GIMS invariant p is given by

ﬁ\»

M1 = inf )\1( )VOZ(M g)
g€lgl
2k

Pyud -
= inf sup % (/ uNdvg> i
u€CT (M) yev+ fM u dU M

VEGTlu(HQ(M))

Lemma 4.1. We have:

p1 S p (33)
where p is the GJMS invariant, see (4).
Proof.
2k
= 1nf )\1( YWol(M,g) "
g€lg]
2k
= inf Al(u 3 g)Vol(M 9"
g€lg]

2

3[R

P,vd
wt (omt fMN) (] waw,)
weCE (M) VeGr"i‘(Hz(]V[))@gv*fMu dvg M

where V* = V\{0}.
From the embedding C°(M) C HZ(M), one can write

2
P,vd 7
1 < inf supw </ uNdvg>
M

T weCE(M) pev [y uN202dyg
VeGriH (050 (M)

in particular for v = v, one has

&
=

3|

f vP vdv
< inf sup IM 97 79 / oNdv
Hr = ueC'f(M) ’UGV*] 'UN 2U2d'l)g ( M g

VeGri(Ce(M))
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< By,
ueCP (M) pev= T
VeGri‘?C_(?_C(JW)) €V (IMU dvg)
vPyudv
< énf( : su fMNgde.
ueCP (M) o * N~
viiom oY (fyy vNdvg)®
Since V € Gri(CX (M), V = { v, A € R*} where v € C° (M), then we deduce
that:

Joy vPgudug Sy Q) Py(Av)dvg, [, vPgudug
— _

vev (fyr oNdug) ¥ xer: (fM(/\U)Nd”g)% (Jar vNdvg) ¥
This implies that

vP,vdv
p < inf M =

T eECEM) ([ pN du,) x
O

Lemma 4.2. Let (vy,) and (u,,) be two sequences such that v, — v weakly in
HZ(M), ty — u weakly in LY (M) and checking [, uly~2v2,dvg = 1. Then

m

/ uN 72 (v, — v)2dvy =1 — / u™N"2v2dv, + o(1).
M M

Proof. Writing
/ uly "2 (v, — v)?dv, :/ U%_vazdvg"‘/ u%‘%ﬂdvg—/ 2uyy, ~*vmvdvg
M M M M

= 1—|—/ u,]X_QUdeg—/ 2uN 20, vdv,.
M M

The sequence u)Y ~2 is bounded in L~ (M) and converges almost everywhere
to uN =2 on M, hence u} =2 — u™N =2 weakly in L%(M)

This means that for all ¢ in L= (M), one gets Loy ud 2 edo,
— [oy uN 2 pduy.
In particular for ¢ = v2, we obtain

N-2 2 N-2 2
/ Uy, 0 dvg —>/ u” " v dvyg.
M M

On the other hand since
N-—2

N N N—-1 ﬁ
/ uﬁxi2 N-1 Un]ifldvg < (/ umNdvg> (/ ’Uﬁdl@)
M M M

this means that the sequence u)} ~2v,, is also bounded in L~ (M) and since

ulY 2w, goes to u’¥ "2v almost everywhere, one has uY ~2v,, — u™N 20 weakly
in L%(M)7 then for all ¢ € LN(M), one has [, ul 2vmodv,
— [y v "*v¢dvy. In particular for ¢ = v € LY (M), we obtain

N-2 N-2,2
/ Uy, “Umvdug —>/ u’ T vidyg
M M
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Consequently,

/ ul =2 (v, — 0)2dvy =1 — / w20 dvg + o(1). (34)
M M

O

Theorem 4.1. Let (M, g) be a compact Riemannian manifold of dimensionn >
3. Assume that M\1(g) > 0 and

1-— ,uK() >0 (35)

where w is the GJMS invariant and Kq is given by (20). Then there exist two
nontrivial functions u € LY (M) and v € H?(M) such that in the weak sense,
we have

Py = muN v and / uN 2% dv, = 1. (36)
M

In other words, uy is attained by a generalized metric.

4
Proof. let g, = usy >* g be a minimizing sequence of conformal metrics of i1,
a sequence of metrics such that w,, € C*>°(M), u,, > 0 and
. 2k
H1 = hrgl)‘l(gm)UOZ(Mv Gm) ™
For more clarity we set : A1 (gm) = Aim-
Without loss of generality, we may assume that

vol(M, gn) = / uldv, = 1. (37)
M
Indeed, since

2kN 2k2n 2n

n  nn—2k) n-2k
it follows that for any A > 0, one gets

2=N -2,

2

3[R

I, v) = IM{A;ujf;ﬁf;gdvg ( /M()\u)Ndvg) = I(u,v).

This means that if (u,,) is a minimizing sequence, (A, ), is also is a mini-
.. . JE S
mizing sequence, just choose A = (fM ulNdv,)"n. ie

M1 = lim)\Lm.
m

Step 1: Firstly, (37) implies that the sequence (uy,),, is bounded in LY (M),
hence there exists u € LY (M), u > 0 such that u,, — u weakly in LY (M)
and by standard argument, we get

/ u dv, < lim inf/ uldv, = 1. (38)
M M

Now, we are going to prove that the generalized metric unf%g with v €
LN(M), v >0 and u # 0 minimizes ;.
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Since A1(g) > 0, P, is coercive. Then for all u,, € C°°(M), Theorem(3.2)
implies the existence of v, € C*°(M) such that

_ N-2 N-2,2 _
Pyvy, = AmUy,~ "V and / Uy, Updvg = 1.
M

Now for m large enough, we may assume that
AMm <pr+1

which implies that
va”%y = / Uy Py dvg = A < 1 + 1
M

Hence the sequence (vy, ) is bounded in HZ(M), then there exists v € HZ (M)
such that v,,, — v weakly in H?(M) and v,, — v strongly in HZ_, (M). This,
together with the weak convergence of (u,)m, imply that the function v is a
weak solution of the following equation

P = ™ ?v. (39)

Step 2: we show that u,v are not identically null.
Letting ¢, = v, — v and

A= /M uN 7202 dv,. (40)

Clearly ¢,, — 0 and the strong convergence of ¢,, in H,f_l(M ) implies that

k—1 k—1
/ > IV (em)[Pdvg = 0(1) and Z/ Ay (9)(V'om, Viow)dv, = o(1).
M—g 1=0 /M

Then by Holder inequality, Theorem (2.2) and Brezis-Lieb lemma, one has

o (o) ([ )

< lleml

k—1
k
< (Ko+¢) / |AG @m[2dvy + B. / > [Viom[*dv,
M M—g

N
2

2 2
dvg)~

< (Ko+e) /M IAF (o) 2 — |0 (0)[2dg + o(1).
Therefore,

A< (Kp+e) /M<|A§ (0m) 2 — |3 (0)[2) v,

k—1
+> /M Ay (9) (V! om, Viom)dvg + o(1).
=0
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Again from the strong convergence in H 1%71(M ), one also gets

k—1 k—1
> / A (@) (V' om, Viom)dvg =) / A (9)(V'om, V'oy)dog
1=0 /M 1=0’M

k—1
,Z/ Ay (9)(V'o, V'o)dvg + o(1),
1=0 M
then

A< (Ko+e) [ [ 185 @R - 185 @) Py,

k—1 k—1
+> / Ay (9) (V' Vo )dvg — / Ay (9)(V'o, V'v)dug | + o(1).
1=0 /M 1=0 /M

Since

A k—1
[ opge, = [(85002+3 [ 00T 0. Vo),
M M —o /M
We deduce that

A< (Ky+e) </ Uy Py, — ngvdvg> +o(1)
M
< (Ko+e¢) (Alm —/ ngvdvg> +0o(1)
M

< (Ko+e) ()\l,m - M1/ uN_szdvg)) +0o(1)
M
Independently, with Lemma (4.2) formula (34), we have
A=1- / u™N"2v2dv, + o(1)
M
then it follows that
1- / uN"2vPdv, < (Ko +¢) (z\Lm - m/ uN2v2dvg)> + o(1).
M M

Now when m — +00, one gets

1-— / uN"202dv, < (Ko +¢)(p1 — ul/ u™N "2v2du,)
M M

therefore,

1— (Ko +e)m S/

uN 2% dvy — (Ko + ) / u™N 202 do,
M

M
and this leads that

1—Kop <(1-— Kom)/

uN 202 dvg 4 epy (1 — / uNT202du,).  (41)
M

M
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Now, by using Lemma (4.1) formula (33) and the assumption (35), one easily
has 1 — Kouq > 0 and as we can choose ¢ sufficiently small enough, (41)

necessarily implies that
/ uN_QUdeg > 1.
M

Fatou’s lemma, implies that

N-2 2 S N-2 2
/ u” v dyg < hmlnf/ Uy, U dvg =1
M M

then we deduce that
/ uN_21)2dvg =1.
M

This implies that v and u are not identically null which means that u; is
4
attained by the generalized metric u»-2% g. Moreover, we obtain

p1 = HU||§ = /M vPyudv, > 0. (42)

O

5. Nonlinear GJMS equation and nodal solution

In this section, we show that the equation Pyjv = p1v|/V~2v has a nodal
solution if Q4 < 0.

Theorem 5.1. Let (M,g) be a compact Riemannian manifold of dimension
n > 3. Assume that uy is attained by the generalized metric uﬁg where
uw € LY(M). Then u = |v| where v € HE(M), v is a solution weak of
Pyv = pu™N"2v and such that fM uN=2v3dv, = 1. Moreover, the function
v e C* (M) and if Qg <0, then v changes the sign.

Proof. Let the function h = alv| € LY (M) with a > 0 chosen such that
[y BN dvg =1, by definition

- Sy vPyudvg o [y uN " 20%duy  aPpn [ w0 do,
= Sy BN 202dvg, [, AN 202du,  a? [ hN T 20do,
i [y w2 (av)?dog o [y 0N 2 (av)2do,

N—2 2
= = = dv,.
i ol el O ARG
By using (38) and Holder’s inequality, it follows that

g2 #
< ([ man) ([ o)
M M

N—-2

< (/ uNdvg) </ hNdvg>
M M

N-—-2

N
< (/ uNdvg) < p, (43)
M
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this implies that we have both equality in the Holder inequality. The equality
in the Holder inequality implies that there exists a constant b > 0 such that :

u = blv|.

From the equality 1 = [, u¥ "2v?dvy, = b2 [} |v|Vdv,, we obtain

1
W = /M|'U|Nd’()g.

(43) implies that [,, uNdv, = 1, then it follows that

b /M|U|Ndvg =1

1 N 1
N2 = /M|v| dvg = N

which leads to

Therefore
b=1 and u=v|
Hence, v is a weak solution of
Py =y o[V %0 (44)

and from standard regularity see Proposition(2.5), we get that v € C2¥(M). In
addition, since p1 > 0 and Q)4 < 0, by following the same proof of Proposition
(3.2), we deduce that the function v changes the sign. O

6. Case of Einsteinian manifold and positive solution

In this section, on Einstein manifold when S; > 0, we will prove that the
solution v of Eq. (44) is positive, y; = p and is attained by a conformal
metric which leads to the existence of a metric g conformal to g such that the
Q-curvature is constant. In the case S, < 0, and & is odd, the solution is nodal.

Theorem 6.1. Let (M, g) be a compact Finstein manifold of dimension n > 3.
Assume that Sg > 0 and 1—pKo > 0 where p is the GJMS invariant and Ky is

given by formula (20). Then py is attained by the conformal metric = g. In
other words, there exists u € C*°(M),u > 0 solution to the following equation

Pyu = piu™N "1 such that / devg =1.
M

Proof. We follow the same proof of Theorem (4.1).
4

Let g, = usm ** g be a minimizing sequence of conformal metrics of u1, a

sequence of metrics such that u,, € C*°(M), u,, > 0 and
p1 = lim\; ,, and / ulNdv, = 1. (45)
m M

Firstly, (45) implies that the sequence (u,)m is bounded in LY (M), hence
there exists u € LY (M), u > 0 such that u,, — u weakly in LY (M).
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Since (M, g) is Einstein and S, > 0, P, is coercive. Then for all u,, €
C>°(M), Theorem(3.2) implies the existence of v,, € C*° (M) such that v,, >0
and

_ N—2 N-2 2 _
Pyvy, = A mty, “vp  and / Uy, "V dvg = 1.
M

Now for m large enough, we may assume that

)\l,m S M1 + 1
which implies that

[oml, = [ om0y = A < 41,
M

Hence the sequence (v,,), is bounded in HZ (M), then there exists v € HZ (M)
such that v > 0, v, — v weakly in H?(M) and v,, — v strongly in
H? | (M). This, together with the weak convergence of ()., imply that the
function v is a weak solution of the following equation

Py = u v, (46)
and in particular
v >0.
Since 1 — uKy > 0, by step (2) of the poof of Theorem (4.1), the functions u, v
satisfy [;, "N "?v?dvy = 1 and are not identically null. Since v > 0, we let the

function h = av € LY (M) where a > 0 chosen such that [, hNdv, =1 and
by following the same proof of Theorem (5.1), one has

u ="7.

Therefore, v is a weak solution of

N—-1
Pyv = v

and from standard regularity see Proposition (2.5), we get that v € C?¥(M).
In particular since v > 0 and p; > 0, one has Pyjv > 0 and since v # 0, it
follows from Proposition (2.4) that v > 0 and again by regularity v € C>°(M).
Now since [, vPyudvg = p1, [,,/v|Vdvg =1 and from the definition of
1, one has
w < M = 1. (47)
(JarloNdvg) ™
It follows that
12 S M1,
and by Lemma (4.1) formula (33), we get that

g1 = p

Therefore, the infimum p; is achieved by the conformal metric g = = g
and this means that metric g is such that the Q-curvature

2
Qg = n—2kM
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A more interesting situation on Einstein manifold is when S, < 0, this
implies that | v VPgudvg can be negative or positive and consequently the
eigenvalues follow same thing contrary to the case S; > 0 which implies only
the positivity of eigenvalues.

Corollary 6.1. Let (M, g) be a smooth compact Einstein manifold of dimension
n > 3, assume that Sqg < 0, Ai(g) > 0 and 1 — pKy > 0. If k is odd, the
following equation

Py = p|v|N %0 (48)
has a nodal solution v € C**(M).

Proof. Since A1(g) > 0 and 1 — uKy > 0, Theorem (4.1) implies that pu is
attained by a generalized metric and since (M, g) is Einstein, by using (18),
(48) can be written as

k—2

A];u + Z bk,l,l(Sg)HlAZ*l*lu + b0(Sy)*u = puN "%

1=0
where by_1, ..., b1, by are positive real numbers. Therefore, if k is odd, bO(Sg)k <
0 and by applying Theorem (5.1) with ”’22’“ Qg = bo(Sy)k, we get the result.
O

Proposition 6.1. Let (S, h) be the standard unit n-sphere of R" 1. Then the
GJMS invariant of S™ is such that
n . » WPy (u)dvp, _
,LL(S ): inf fs—l\f()&:K@ 1.
u€C® (S™),u#0 (fS” |u| dvh) ~

Proof. We follow the same proof of Proposition (1.1) in [10]. Just note here
that the choice of functions ¢ and ¢. must be adapted to our context, thus
¢ € H?(M) and is chosen such that

ot = (L)

and ¢, is given in Proposition (3.1).

Indeed, let z¢ be some point on S™, and let ¢ : S*\{zo} — R" be the
stereographic projection of pole xq. If § stands for the Euclidean metric of R™,
then

(6" h=9 76
By conformal invariance of P, we get that for all u € D3 (R"),

Jin WPy ()dv;, [ |A% (up) P (49)

(Joen ™ dvz) % <Rf up|N dz) %

where D?(R™) is given in Definition(2.4) and h = (¢~!)*h. Suppose now that

Jgn wPn(u)dvy,

<Ky ! 50
weC' > (S™),u#0 (fS’" u|Ndyh)% 0 ( )
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and let ug € C*°(S™), ug # 0, be such that
S w0 Py (ug)dvy, -1

N 2
(Jan luol™ dog) ¥
Fix a point p in S™. For € > 0, let ¢, be cut-off function i.e. a family of smooth

functions on S™ such that :

0<¢e<1
$pe=0 on Bp) and ¢.=1 on S™\Ba(p)
Vig| << forall le{1,2,..k—1}

k
|AG de| < &

where B (p) is the open ball centered at p and of radius € and ¢; are constants
that do not depend on €. In order to get such a family, we might fix some ¢, as
above, for instance, radially symmetric, and set then, for e < ep, ¢ = d¢, (%)
where r is the distance on S™ from x( to x. Let u. = ¢ ug, one easily gets

- Jon wePr(uc)don, [, uoPr(uo)dvp,

0 (fsn |U6|Nd”h)% (fgn |u0|NdUh)%-

As in the proof of Proposition (3.1), one has

.1 .
€11*1}n()ez—k‘/';Z(Bge(p)\BE(p)) =0 since n > 2k,

where V() stands for the volume of © with respect to h. Choosing e suffi-
ciently small, it follows from (49) and (50) that there exists @, € D3 (R™) of
the form
e = (uco ¢~ ),

such that

Jon |AZ i 2de

(f]R" |ae‘Nd$)%
and this contradicts (20) see the definition (2.4). Consequently,
Jsn wPn(w)dvy =y

i =
ueC= SN0 ( [o ul doy) %

< Kyt

O

In the following proposition, we are going to show that there are certain
manifolds such that the assumption 1 — Ky > 0 holds.

Proposition 6.2. Let (S™,h) be the standard unit n-sphere of R"*! and let G,
be the subgroup of O(n+1) of R"*1. Let M, = S"/G,, be the quotient manifold
and hy, is the quotient metric on My,. Then the GJMS invariant of M, satisfy
the following inequality

0V, hy) < Ko (51)
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Proof. Writing n = 2m + 1, we let {2;}, be the natural complex coordinates
on C where j =1,...,m+ 1. Given p > 2 integer and let G, be the subgroup
of O(n + 1) generated by

zj — e .

It is easily seen that G, acts freely on S”. We let M, = S"/G,, be the quotient
manifold. We let u, = w/G, be the quotient function induced by @ on M,
where @ is a smooth function on S™. Noting that

/M |Tup|S— [ o (52)

where s is any real number, and T is either the identity operator, the gradient
operator, or the Laplace-beltrami operator. From (52) and for any p > 2, one
gets

fM upPp, (up)dvh

M, h inf
'u( b P) up€EC> (M p),up;éO fM ‘Up| d’Uh )
_ Zl, i Jsn WPy (@) duy,
(D)F  meo=Emaro( [, [alNdv,) ¥
- 1 Jon WPy (@) dvy,

2% mec=(Sm),aA0 ([, [a|Nduy,) ¥

» WPy (w)dv
M since n > 2k.
meC=(§m), a0 [o, [ulN dvy) ¥

By Proposition(6.1), we get that u(M,,h,) < Ko . This ends the proof of
the proposition. O

It is natural to conjecture that one has the following inequality p < Ko "
for all compact Riemannian manifold but at our knowledge, this problem is
still open and seems to be hard. However, we think that is very easy to prove
the large inequality p < Ko~ ' by following Aubin’s strategy and we have
equality in this inequality if and only if (M, g) is the standard unit n-sphere
S™ of R equipped with its round metric.
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