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multi-component reaction—diffusion—
advection systems with different velocities:
oscillations in time and frequency
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Abstract. It is well-known that quadratic or cubic nonlinearities in reaction—
diffusion—advection systems can lead to growth of solutions with small,
localized initial data and even finite time blow-up. It was recently proved,
however, that, if the components of two nonlinearly coupled reaction—
diffusion—advection equations propagate with different velocities, then
quadratic or cubic mixed-terms, i.e. nonlinear terms with nontrivial con-
tributions from both components, do not affect global existence and
Gaussian decay of small, localized initial data. The proof relied on point-
wise estimates to capture the difference in velocities. In this paper we
present an alternative method, which is better applicable to multiple
components. Our method involves a nonlinear iteration scheme that em-
ploys L'~LP estimates in Fourier space and exploits oscillations in time
and frequency, which arise due to differences in transport. Under the as-
sumption that each component exhibits different velocities, we establish
global existence and decay for small, algebraically localized initial data in
multi-component reaction—diffusion—advection systems allowing for cubic
mixed-terms and nonlinear terms of Burgers’ type.
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1. Introduction

Let n € N>5. We consider reaction—diffusion-advection (RDA) systems on the
real line of the form

Oyt = DOppu + COzu + f (u, Opu), u(z,t) eR"t >0,z € R, (1.1)
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where f: R™ x R™ — R™ is a smooth nonlinearity satisfying f(0,0), Df(0,0) =
0 and

D = diag(dy, ..., dn), C = diag(cy, ..., cn),

are diagonal matrices with diffusion coefficients d; > 0 and velocities ¢; € R.
System (1.1) describes the dynamics of n diffusive species, which are each
subject to a spatial species-dependent drift, such that the interactions within
and among species are purely nonlinear. Such nonlinear interactions, as well
as differences in diffusion rates and spatial drifts, arise naturally in various
applications.

For instance, in transport-reaction problems in porous media [22] one
distinguishes between mobile species undergoing advection-diffusion and im-
mobile species. Here, mass-action kinetics leads to purely nonlinear interac-
tions [7,15]. In addition, reaction—diffusion models describing the flow down
an inclined plane [4,16] exhibit differences in velocities as perturbations of
the underlying background state are advected at a different speed than bi-
furcating periodic patterns. Here, at the onset of a hydrodynamic instability,
the reaction terms are purely nonlinear. Finally, systems of the form (1.1)
also arise in mathematical applications. For instance, they capture the criti-
cal dynamics at the Eckhaus boundary, where periodic wave-train solutions to
reaction—diffusion systems destabilize through a Hopf instability. The Eckhaus
boundary plays an important role in the theory of pattern formation [1]. We
refer to our prior paper [6] for further discussion and literature references.

We are interested in the effect of the velocities and the nonlinearity
in (1.1) on the long-time dynamics of small, localized initial data. It is ben-
eficial to label nonlinear terms depending on their (possible) effect. To each
term of the form

H H ug’ (awuj)bj ) ai,bj € Nxo, (1.2)
i=1j=1

we assign a number

n n
pi= Zai —|—22bj.
i=1 j=1

We call the nonlinear term (1.2) relevant if p < 3, irrelevant if p > 3 and mar-
ginal if p = 3. For instance, any Burgers’-type term, i.e. any term of the form
O, (u?) with i € {1,...,n}, is marginal. Thus, any smooth nonlinearity can be
labeled relevant, marginal or irrelevant by looking at the leading-order term of
its power series expansion. Relevant and marginal terms in system (1.1) can
lead to growth and even finite-time blow-up of solutions with small, localized
initial data; see [6, Section 1.1] for references. On the other hand, if the nonlin-
earity in (1.1) is irrelevant, then solutions to (1.1) with small, localized initial
conditions always exist globally and exhibit diffusive Gaussian-like decay as
one would expect from the linear dynamics only [25,30]. This classification of
smooth nonlinearities was introduced in [2] and can be extended to d spatial
dimensions by replacing the critical threshold p =3 by p =1+ %, see also [29,
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Section 2|. The critical threshold p = 1 + % is known as the Fujita exponent
after its first occurrence in the paper [9] of Fujita.

We showed in [6] that, if (1.1) has two components that propagate with
different velocities, then there is, besides the irrelevant ones, an additional class
of nonlinear terms which are harmless. These so-called mized-terms have con-
tributions from different components, i.e. they are of the form (1.2) such that
there exist 4,7 € {1,...,n} with ¢ # j and (a; +b;)(a; +b;) # 0. It was proved
in [6] that, if n = 2, all relevant and marginal terms in the nonlinearity are of
mixed type and it holds ¢; # co, then solutions to (1.1) with exponentially or
algebraically localized initial data exist globally and decay in time with rate
t=1/2. To capture the effect of spatial transport between components, the proof
in [6] exploits pointwise estimates [18,31].

As pointed out in [6, Section 6], it is not straightforward to extend the
pointwise analysis to multiple components. In this paper, we present an alter-
native method which naturally applies to multiple component RDA systems.
We prove that, if each component propagates with a different velocity and the
nonlinearity in (1.1) contains only irrelevant terms and marginal terms, which
are either of mixed or of Burgers’ type, then small, algebraically localized ini-
tial data exist globally and decay in time with rate t~/2. In particular, our
result applies to systems of viscous conservation laws, which arise frequently in
continuum mechanics [5,23], by taking the nonlinearity in (1.1) in divergence
form, i.e. by taking f(u,d,u) = 9, (g(u)) where g: R* — R™ is smooth with
9(0), Dg(0) = 0. Thereby, our result confirms the findings in [26] for the case
components propagate with different velocities, and goes beyond by including
marginal nonlinearities of mixed type.

Before stating our main result, we introduce the necessary functional-
analytic concepts. As usual, the (nonunitary) Fourier transform F: L?(R, C™)
— L*(R,C") and its inverse F~!: L*(R,C") — L?(R,C") are determined by
their action on the dense subspace L'(R,C") N L?(R,C") of L*(R,C"), which
is given by

F(u)(k) :/e_i’mu(m)dm, F ) (k) !

R L

/ei’%(k)dk. (1.3)

Throughout the manuscript we commonly use u to denote elements in physical
space, whereas v is used to denote elements in Fourier space. We consider
algebraically localized initial data of the form F~!(vg), where vy lies in the
weighted Sobolev space

Wyt (R,C") = {v e WH(R,C™) : [|v]lwit < oo},
for some (3 € [0, 00), which we endow with the norm

ollwr = 10+ 1-DP0ll, + ([ +1- D Okv],

where || - ||; denotes the L'-norm. Loosely speaking, initial data of the form
F (o) with vy € Wé’l (R, C™) can be characterized as being just more regular
than differentiable and exhibiting just stronger decay than 1/(1+ |z|) as  —
+o00, see Remark 3.2 for more precise statements. To ensure that the initial



2 Page 4 of 38 B. de Rijk and G. Schneider NoDEA

condition F~1(vg) is real valued, we require that vy € Wﬁl’l(R,(C”) satisfies
the usual reality condition vo(—k) = vo(k) for all k € R.

Finally, for j € N>g, a € (0,1], © C R™ open and X a Banach space,
we denote by C7(£2, X) the vector space of j-times continuously differentiable
functions f: 2 — X and let C9*(Q, X) C C7(€, X) be the subspace of func-
tion in C7(Q, X) whose j-th derivatives are (uniformly) Holder continuous with
exponent . The subspace C} (Q, X) C CJ(Q, X) of functions in C7(Q, X) hav-
ing bounded derivatives up to order j is a Banach space when equipped with
the standard norm

ul|¢s = max sup || DPu(x .
lulles = max sup || Du(z)]]
Similarly, CZ’O‘(Q,X) = Cg (2, X) N CH*(Q, X) is a Banach space when en-

dowed with the Hoélder norm:
HDﬁu(x) — Dﬁu(y)HX

U||cde = ||U||cs + MaxX sup
lelles.e = llulles + max s T ;
TF#Y
where || - || denotes the Euclidean norm in R™.

We are now ready to state our main result.

Theorem 1.1. Let o > 0. Let the coefficients in (1.1) satisfy d; > 0 and ¢; # ¢;
foralli,j € {1,...,n} with i # j. Suppose that there exist constants C' > 1
and ro > 0 such that the nonlinearity f € C*HR™ x R, R") in (1.1) satisfies

n n
£ b)l < C | I+ lallllol +llall*+> 2> > lallagllam| |
i=1 j=1 me{l,...,n},
m#j
(1.4)

foralla,b € R™ with ||al|, ||b|| < ro. Then, for alle > 0 there exists a & > 0 such
that for each vy € Wll_;_la(R,C”), satisfying ||vo|lwit < 8 and vo(—k) = vo(k)
forallk € R, (1.1) has a classical global solutionu € C*% ((0, 00), CS’O‘(R,R”))
with initial condition u(0) = F~1(vg) enjoying the temporal decay estimates

9 9
Ol € om0l < 7oy fortz0. (19

in the L*°-norm. In addition, each component of u is polynomially localized in
an appropriate co-moving frame, i.e. the pointwise estimate

vV1i+t 15
ui(z, )] + o5 |Opus(,1)] < : (1.6)
In(2 +t) 1+ |x 4 cit| + Vit

holds for allxz e R, t >0 and i € {1,...,n}.

We emphasize that the decay estimates obtained in Theorem 1.1 are as
expected from the linear dynamics in (1.1) only. Indeed, it is not difficult to
verify that the solution u(t) to the corresponding linear system

Owu = DOyzu + COpu, u(z,t) € R™t >0,z € R, (1.7)
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having initial condition u(0) = F~*(vg) with vy € W' (R, C"), satisfies (1.5)
and (1.6); we refer to Sect. 4.3.2 for more details. On the other hand, the initial
conditions

2

ui(z) =e i%; [, ie{l,...,n},

where E; € R™ is the i-th unit vector, satisty F(u;) € Wllfa (R,C™) and yield
the family of Gaussian solutions

(z+cit)?
e_ 4d; (1+t)

V14t

to (1.7) attaining the decay rates in (1.5) and (1.6) up to the In(2 + ¢)-factor
n (1.6). Thus, upon taking the nonlinearity in (1.1) identically zero, one ob-
serves that the estimates in Theorem 1.1 are sharp up to the In(2 + t)-factor
in (1.6). We strongly expect that this factor does not arise due to nonlinear
effects, and can in fact be avoided by extending our analysis as outlined in the
subsequent Remark 4.2. However, in order to prevent this work from being
overly technical, we refrain from doing so.

Thus, Theorem 1.1 shows that, if components propagate with different
velocities in (1.1), then marginal mixed-terms and Burgers’-type terms do not
affect the long-time behavior of small, algebraically localized initial data and
solutions decay as predicted by the linear dynamics. We emphasize that, in
general, marginal mixed-terms can be decisive for the long-term dynamics. For
instance, in [8] it was proved that every solution to

wi(x,t) = E;, ie{l,...,n},

— P1, 91
Orur = Opgun + uytud',

— p2,,4q2
Oruy = Opgua + uy ud’,

t>0,z € R,
having initial data (uq g, us2,0) satisfying uq,0, w20 > 0 and u; gug ¢ # 0 point-
wise, blows up in finite time, if it holds p;,¢; € {1,2} and p; + ¢; = 3 for
i=1,2.

Our proof of Theorem 1.1 relies on the analysis of (1.1) in Fourier space.
We exploit that a change to a co-moving frame (; = x+c;t in physical space cor-
responds to a multiplication with the exponential e~*¢** in Fourier space. We
multiply each component v;(k,t) of the Fourier transform v(k,t) := (Fu)(k,t)
of u(z,t) with the appropriate exponential e~¢**, This introduces oscillatory
factors in front of those critical nonlinear terms in (1.1) which are of mixed
or of Burgers’ type. Thus, oscillatory integrals arise in Duhamel’s formulation,
whose decay properties can be exploited, as long as the velocities are different,
by integrating by parts in time or in frequency. To control derivatives with re-
spect to the frequency in Fourier space, which appear as a result of integration
by parts, we require that u(z, t) lies in a polynomially weighted Sobolev space.
Eventually, we are able to close a nonlinear iteration scheme in this space using
L'~ LP-estimates. In Sect. 2 we illustrate the main ideas behind our approach
and sketch in a simple setting how to handle the most critical nonlinear terms.
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1.1. Relationship with space-time resonances method

It is interesting to compare our approach with the so-called space-time reso-
nances method [11,12,14], which has been developed by Germain, Masmoudi
and Shatah to prove global existence of small initial data in nonlinear disper-
sive equations in R?, such as the nonlinear Schrédinger (NLS) or nonlinear
wave equations. As in our diffusive setting, linear dispersion terms can force
solutions to decay and spread, whereas nonlinear terms can cause solutions to
grow and even blow up in finite time, cf. [13,19]. Again one can distinguish be-
tween irrelevant nonlinearities, which correspond to a sufficiently high power,
so that small solutions are governed by the linear dynamics, and relevant or
marginal nonlinearities that can contribute to the large-time behavior of small
initial data. For instance, in the case of the NLS equation, the critical threshold
is given by the Strauss exponent [28], which, as the Fujita exponent, decreases
with the spatial dimension d.

The method of space-time resonances combines the strength of two earlier
developed approaches to handle relevant or marginal nonlinearities in disper-
sive equations. More precisely, the space-time resonances method identifies the
normal form method of Shatah [27] as an integration by parts in time in the
Duhamel formula in Fourier space, whereas integration by parts in frequency
can be related to the vector field method [20,21] developed by Klainermann.
As in our approach, integration by parts of oscillatory integrals might reveal
additional decay, which can be exploited to close a nonlinear iteration scheme.
However, the integration by parts in time or frequency can introduce singu-
larities, so-called time and space resonances, in Duhamel’s formulation. The
location of the time and space resonances is largely dependent on the inter-
play between the linearity and the nonlinear terms and some nonlinear terms
might even cancel some of the singularities arising. Thus, the space-time res-
onances method has the potential to, at least partially, uncover the effect of a
large class of relevant and marginal nonlinearities on the long-time dynamics
in nonlinear dispersive equations. We refer to [10] to a short exposition of the
key ideas of the space-time resonances method in a simple setting.

1.2. Comparison with earlier result obtained with the method of pointwise
estimates

The effect of different velocities in RDA systems on the long-time dynamics
of small initial data was, to the authors’ best knowledge, first investigated in
the recent paper [6]. We compare Theorem 1.1 with the earlier results in [6],
which were obtained with the method of pointwise estimates.

Perhaps the most apparent improvement is that Theorem 1.1 applies to
multi-component RDA systems, whereas the results in [6] are restricted to two
components. As outlined in [6, Section 6], it is still open whether the method of
pointwise estimates can capture the effect of differences in velocities in general
multi-component RDA systems. The number of terms in the spatio-temporal
weight increases rapidly with the number of components, which complicates
the pointwise analysis. In addition, qualitative new terms occur, which we were
unable to control using pointwise estimates. In particular, we did not succeed
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in controlling mixed-terms in the u;-equations with contributions of the u;-th
and wuy-th component for i, j, k € {1,...,n} pairwise different, e.g. a quadratic
or cubic mixed-term of the form wu;uy or u?u;g in the u;-equation.

A second difference between the results in [6] and Theorem 1.1 is that the
required localization on initial data in [6] is stronger. Besides to exponentially
localized initial data, the method of pointwise estimates can be applied to
small, algebraically localized initial data ug € C%(R,R") satisfying ||(1 + | -
[)"ugl < < 1 for r > 3. Such polynomial localization of initial data leads to
the pointwise decay estimate

(z+-cit)?
1 T M(1+4+t)
¢ = 1,2

’I”+ ? b )
(1+ |z 4 cit] + V1) VI+t !

|ui(z,t)| < C (1.8)

on the components of the associated solution wu(z,t) to (1.1) for z € R and
t > 0, where C,M > 1 are z- and t-independent constant. Thus, one finds
that the part of the i-th component u;(z,t), exhibiting the slowest temporal
decay, is in fact exponentially localized in the appropriate co-moving frame.
The localization required in Theorem 1.1 corresponds to the case r = 1. It
is interesting to note that the algebraic pointwise bound is then no longer
exhibiting faster temporal decay than the exponential bound on the right-
hand side of (1.8) and precisely coincides with the bound (1.6) established in
our analysis.

A third difference is that regularity conditions on initial data are more
relaxed in [6], which can be explained by the fact that all nonlinear terms with
derivatives in [6] are in divergence form, i.e. the nonlinearity in [6] takes the
form

f(u, 0xu) = h(u) + 92(g(u)), (1.9)

whereas the nonlinearity in Theorem 1.1 can possess terms with derivatives
which are not in divergence form. The derivative in (1.9) can be moved onto
the Green’s function via integration by parts in Duhamel’s formula, thus re-
quiring less regular initial data to prove local existence of classical solutions. It
therefore comes as no surprise that we ‘lost’ one derivative, i.e. we need 1+ «
(fractional) derivatives in Theorem 1.1, whereas « derivatives sufficed in [6].
Finally, we compare the class of allowable marginal and relevant nonlinear
terms in [6] and Theorem 1.1. First of all, relevant mixed-terms, i.e. products
of the form w;u; with ¢ # j in (1.1), cannot be handled by the analysis in the
current paper, whereas those terms can be dealt with using the methods in
[6]. As outlined in the subsequent Remark 2.1, we expect that our approach
could only handle such terms, if we have control over all derivatives of each
component of the solution in the appropriate co-moving frame in Fourier space,
i.e. over all k-derivatives of ekt (Fu);(k,t) for i = 1,...,n. This would
mean that, at least the slowest decaying part of solution w(z,t), should have a
stronger-than-polynomial localization in physical space in the appropriate co-
moving frame. We emphasize that this is precisely the control we gain using
pointwise estimates. Indeed, both for exponentially and algebraically localized
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initial data in [6], the slowest decaying part of the i-th component of the
solution to (1.1) is bounded by the drifting Gaussian

(z+c;t)?
e M(1+t)

Vitt

which is exponentially localized in the appropriate co-moving frame (; = x+c¢;t
for each fixed ¢t > 0.

Second, the nonlinearity in [6] is of the form (1.9), whereas the nonlin-
earity in Theorem 1.1 can contain terms with derivatives which are not in
divergence form. In particular, marginal terms of the ;0. (u;) with ¢ # j can
be handled by the analysis in the current paper. As mentioned before, the -
derivative in (1.9) can be moved onto the Green’s function via integration by
parts in Duhamel’s formulation. Consequently, it is not necessary to control
Oru(z,t) in the nonlinear iteration in [6]. Thus, by incorporating the derivative
Oyu(z,t) into the nonlinear iteration scheme in [6], we expect that there are
no obstructions to handle marginal terms of the form wu;0,(u;) with i # j,
because differences in velocities between components can be exploited.

Third, Burgers’-type terms of the form 9,(u?) are only allowed in the
u;-equation in [6]. In fact, a Burgers’-type term 0, (u?) in the u;-equation for
i # 7, can interact with, a seemingly harmless, quadratic mixed-term. In fact,
in the toy problem

Oy = d10ppur + c10,u1 + Kujug + Bus,

5 t>0,2 €R, (1.10)
Ogug = doOpptio + C20zus + YO0, ('U,Q) ,

with dy,ds > 0 and ¢1,co € R with ¢; # ¢o, global existence of solutions with
small, exponentially localized initial conditions is proved in [6, Theorem 1.5]
under the condition that
YK
C2 —C

<0, (1.11)

is satisfied for the coefficients x, 3,7 € R. Thus, in the presence of quadratic
mixed-terms, i.e. in case k # 0, the Burgers-type term 9, (u3) can compensate
for the ‘dangerous’ cubic term [u3. Indeed, in case x = 0 and 8 > 0, all
solutions to (1.10) with positive initial data blow up in finite time [17]. On the
other hand, even if 8 = 0, the expression (1.11) suggests that the marginal
term 9, (u3) might affect the long-time asymptotics. In Theorem 1.1 a Burgers’-
type term 0, (u?) in the uj-equation is allowed (even if i # j). This is not
totally unexpected, as quadratic mixed-terms are absent in the nonlinearities
in Theorem 1.1. We note that a 9, (u?)-term in the u;-equation introduces, in
case i # j, an oscillatory term when we multiply the Fourier transform of each
component (Fu);(k,t) with the appropriate factor e~'“**. These oscillations
can be exploited by integrating by parts in time in Duhamel’s formula, see Sect.
2. As outlined in Sect. 2.2, integration by parts in time can, in the dispersive
setting, be linked to a normal form approach. It is therefore interesting to
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note that the effect of the Burgers-type term 9, (u3) in (1.10) on the long-
time dynamics is also in [6] exposed via the normal form transform z((,t) =
w1 (¢ — ety t) + —L—us(¢ — et t)2.

C2—C1

1.3. Set-up

This paper is structured as follows. In Sect. 2, we illustrate the main ideas
behind our approach in a simple setting. Subsequently, we collect necessary
local existence and uniqueness results of solutions to (1.1) in Sect. 3. The core
of the paper entails the global analysis of solutions to (1.1) with small initial
data, which culminates in the proof of Theorem 1.1 in Sect. 4. Finally, we
provide a future outlook and discuss open problems in Sect. 5.

2. Illustration of the main ideas

This section provides a short introduction to the method employed in the
proof of Theorem 1.1. We illustrate in a simple setting how we control the
most critical nonlinear terms exploiting oscillations that arise in Fourier space
due to differences in velocities. We consider the toy model
Ayuy = d10ypuy + c10,u1 + (2mur) us + (2m)% " ud,
o v ( )2 ( 2 t20zeR, (21)
Oty = doOppis + CcaOpus + 210, (ul) +(2m)? ud,
with 7 € N>9, ¢ € N>y, d; > 0 and ¢; € R with ¢; # 2. The coefficients
in (2.1) are chosen for the sake of simplicity of exposition, but their precise
values are unimportant in the further analysis. Indeed, applying the Fourier
transform (1.3) to (2.1) yields
Oy = —k*dyvy + crikvy + 0" vg 4+ 03,
9 ) R . t>0,keR, (2.2)
Ovo = —k*davy + caikvy + ikvy® + vy,
where * denotes the standard convolution product. Oscillatory exponentials
arise when considering each component in (2.1) in the appropriate co-moving
frame. This corresponds to the coordinate change w(k,t) = ety (k,t) and
2(k,t) = e~y (K, t) in (2.2). In the new coordinates system (2.2) reads

ow(k,t) = —k*diw(k, t) + / ele2 ey (k1 1) z(1, £)dl + el VRt 2 () 4y,
R
B2k, t) = =k doz(k, t) 4+ e "Dk 2 (K £) + 2% (k, t),
(2.3)

with ¢ > 0 and k£ € R. We observe that, due to the difference in velocities,
oscillatory exponentials arise in front of all nonlinear coupling terms, i.e. in
front of all terms with a z-contribution in the w-equation or terms with a w-
contribution in the z-equation. The additional temporal decay induced by the
oscillations can be revealed by integrating by parts in time or in frequency in
the Duhamel formulation of (2.3).

We take small initial data (wo,z) € W "'(R,C2?) to (2.3) satisfying
[ (wo, z0)[[wt < 6 < 1. We assume local existence and uniqueness of a con-
tinuous mild solution (w(t), z(t)) in W' (R, C?) to (2.3) with initial condition
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(wg, z0) on some maximal time interval [0,7) with T" € (0,00], so that, if
T < oo, the Wll’l—norm of (w(t), z(t)) blows up as t 1 T. Thus, appropriate
iterative estimates on the components

|- PoRrw®)],

|||Ja;€nz(t)“17 Jym=0,1,

of the W11 "L_norm of the solution prove that such blow-up cannot occur and
yield global existence and decay, see Sect. 4.1 for more details. Such estimates
can be obtained through the Duhamel formulation (or variation of constants
formula) corresponding to (2.3), which is given by

t
w(k:,t) — e—d1k2tw0(k) _|_/ /e_kzdl(t_s)+(62_cl)ilsw*r(k o l,S)Z(l,S)dldS
0 JR

t
+\/ eferdl(tfs)+(027cl)ik:sz*q(k,S)d&
0

t
z(k,t) = e_koztzo(k:) +/ ike‘kzd?(t_s)+(cl_CQ)iksw’&(k,s)ds
0

t
+ / eszdQ(tfs)z*q(k, s)ds,
0
(2.4)

for k€ Rand t € [0,7).
It is not hard, cf. Sect. 4.3.2; to establish the estimate

/ ‘k@,@"e‘dlkzsw(k) dk < c%
R (145

we WHH(R,C?), j,m=0,1,5 >0,

where C > 1 is some s-independent constant. Therefore, if the nonlinear terms
in (2.3) were absent, the solution (w(s), z(s)) would decay as

) . o) .
- V@;Tw(s)Hl - \Ja,Tz(s)Hl < ma Jym=20,1,s>0.

(2.5)

The general idea of a nonlinear iteration scheme is to employ the
bounds (2.5) on the linear terms in (2.4) to obtain estimates on the non-
linear terms in (2.4). To illustrate this principle, let us bound the last integral
in the w-component of (2.4), which corresponds to an irrelevant nonlinearity.
Thus, take t € [0,T) and assume (2.5) holds for all s € [0,t). Using Young’s
convolution inequality, the fact that W11 (R, C) is continuously embedded in
L>(R,C) by the fundamental theorem of calculus and the fact that ¢ > 4, we
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obtain for j = 0,1 the estimate

J

dk

kfak/ —k%dy(t—s)+(ca—ci)iks 2"(k, s)ds

<e([J
+/ /‘kjse*kzdl(tfs)z*q(k,s)‘dkds

0 JR

t
- / /’kfe—’fzdl(f—S)ak (z*q(m))(dkds)

<c (/ [ E = e Ik @) T s o)

1
} 2 2 _1
¥ / ([ [pren=of ar) " gl (st
0 R

+ 2T 102 (s)], ) ds)

¢
< (C5? / Jl —ds
0o (t—s)2(1+s)7

t 1 62
+/ 1125 2¢—5 ds < C—— 7
0o (t—s) 7T (1+s)"a (1+1¢)2

kit o Kdi(t— s)z*q(k s)‘ dkds

and

t
kj/ eferdl(t—s)Jr(chcl)ik:sZ*q(k’S)ds dk
0

<cC (/ 2 / ke H Bk |2(s)| o 2()[1 " ds
0 R

t
+ / sup (kje_del(t_s)) ()| ds> (2.7)
t

5 keR

J

t

) 2 1 s t; S
= </0 (t—s) gj(l—ks)%ld +/2' (t_s)%(1+8)gd>

2
< Céim~
(1+4+1t)—=
where we denote by C' > 1 any t-independent constant. Hence, we conclude
that the last integral in the z-component exhibits those decay properties as
one would expect from the linear dynamics (2.5).

To close the nonlinear iteration scheme, we need to obtain similar es-
timates on the other nonlinear terms in the Duhamel formulation (2.4). To
obtain estimate (2.7) one readily observes that it was crucial that ¢ > 3,
whereas for estimate (2.6) we needed g > 4. So, we cannot expect that a simi-
lar procedure works to bound those integrals in (2.4), which correspond to the

o+
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marginal nonlinear terms ujus and 9, (u3) in (2.1). We explain below how to
bound such integrals by either integrating by parts in time or in frequency.

2.1. Integration by parts in frequency
Take ¢t € [0,T) and let us consider the integral

t
L (k) :=/ /e—kzdl<t—s)+<02—01>”3w*r(k—l,s)z(z,s)dst, k e R,
0 R

in (2.4) corresponding to the marginal mixed-term ujus in the ui-equation
n (2.1). To avoid singularities in time, we split the domain of integration in a
part from 0 to 1, which can be bounded as in (2.7), and a more problematic
part from 1 to ¢t. To gain additional temporal decay in the second integral for
t > 2, we integrate by parts in frequency and use that w(s), z(s) € W' (R, C)
are localized for s € [0, ], to obtain

t
/ /e_k2d1(t—s)+(62—01)”5w*’"(k—l7S)Z(la3)dld3
1 R

t —k%dy (t—s)+(ca—c1)ils *T (1.
_ _/ / e al (U) (k lv S)Z(l7 S))dldS,
1 JR

(co —c1)is

keR.

(2.8)
By assuming (2.5), identity (2.8) leads for ¢ > 2 and j = 0,1 to the bound

/

k]/ /e—’“zdl“‘““@‘C””Sw*’“(k—z,s)z(z,s)(ﬂds dk
1 R

% L2 —s — T—
<c< / / e PB4k 57 flu(s)l|, ()2 (lw(s)]y [9x2(s)ll,
+ 0w, 12()lly) ds
k j —k%di(t—s) 1 r—1
+ / sup (ke ) s H @I ()l (9,
% kER

+ 11okw(s)ll; I2(s)]l;) ds)

3 1 ‘ 1 52
S C / ] ey ds +/ %ds S 0714”
1 os(t—s) 2z (1+s) 2 Los(t—s)2(14s)2 (1+¢t) =

2

Short-time bounds on I,,(t) for ¢ < 2 can then be established similarly as
in (2.7). In the bounds on the k-derivative Oyl (t) the additional temporal
decay obtained by integrating by parts in frequency can also be exploited.
However, integrating by parts the term

t
Ik, 1) ::/ /e*’“gdl(t*SH(CHl)”Sak (W (k—1,5)) z(I,s)dlds,  k€R,
0 JR
(2.9)

arising in 91, (t), leads to a double derivative d7w(-, s) in the convolution
product, whose LP-norm is not bounded by the Wll’l—norm of w(s) for any
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p € [1,00]. Instead, we bound (2.9) directly and avoid integrating by parts,
which leads, as in (2.6), for j =0, 1 to the bound
t 2
Il FL@)], < 052/ ! ds<0—" (210
r 1= 0 (t—S)IEQJ(1+S)2T4_1 = (1+t>%7

Remark 2.1. For the last inequality in (2.10) to hold, and thus to close the
nonlinear iteration scheme, we observe that it is crucial that » > 2. This
shows that quadratic mixed-term, i.e. the case r = 1, cannot be handled by
the method presented in this paper. The desired bounds on quadratic mixed-
terms would require integrating by parts in frequency once again in (2.9) in
order to obtain sufficient decay in s, which would lead to the double derivative
O2w(k —1,s). At first sight, controlling the double derivative d7w(k, s) in the
nonlinear iteration scheme seems a solution to this obstruction. However, a
similar problem then occurs in bounding 8,§I7n(t), which would then, after
integrating by parts in frequency, require control over the third derivative
3wk —1,s). In fact, we would need control over all k-derivatives of w(k, s)
for our approach to work for quadratic mixed-terms, which would complicate
the analysis and require stronger-than-polynomially localized initial data; see
also Sect. 5.

2.2. Integration by parts in time
Take ¢t € [0,T) and let us consider the integral

t
I(k,t) = / ke K da(t=s)+(er—ealibs 22k g)qs
0

t
:2/ /ie_kde(t_sH(cl_C"‘)iksw(kz—l,s) lw(l, s)dlds,
0 Jr

in (2.4), corresponding to the Burgers’-type coupling 9, (u7) in the us-equation

n (2.1). Although 9, (u?) is a marginal nonlinearity, we can move the spatial
derivative onto the semigroup and proceed as in (2.7) to establish for j = 0,1
the desired estimate

% ¢
H|.|J’Ib(t)Hl§052 / 1j ds+/ %ds
0 (t-s) T EViTs Sy (t-9)i+e)t

2
<o M
(1+1)

However, the k-derivative of I;(k,t) contains the term

t
Jp(k,t) = / k(co — 01)e_k2d2(t_s)+(cl_62)ikss w*?(k, s)ds, k eR,
0

which cannot be bounded as in (2.6) (we would need w*3(k,s) instead of
w*?(k, s) to obtain such a bound). To establish additional temporal decay, we
integrate by parts in time and find

Jb(k7 t) o 1(02 — Cl) (t e(Cl—CQ)iktw*2(k’ t)

o ko -+ (01 — CQ)I
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_ /t e_kzdz(t—s)+(01—02)ik’sas (S w*2<k7 S)) d5> 7 (211)
0

with £ € R. We emphasize that no singularities are introduced due to the
special divergence form of the Burgers’-type term, which vanishes at frequency
k = 0 in Fourier space, i.e. in the language of Germain, Masmoudi and Shatah,
see Sect. 1.1, the time resonance at k = 0 is canceled. We can now replace the
temporal derivative dsw*?(k, s) in (2.11) using the w-equation in (2.3). The
remaining terms in (2.11) can now be bounded more or less in the standard
way, cf. (2.7) and (2.6). We refer to Sect. 4.3.5 for further details.

3. Local existence and uniqueness

Local existence and uniqueness of classical solutions to semilinear parabolic
equations is well-esta-blished for bounded, Holder continuous initial conditions,
see for instance [24]. We collect the necessary results for reaction—diffusion—
advection systems from [31, Section 11.3], which were obtained using the so-
called parametrix method. Subsequently, we connect these results to our global
estimates by establishing local control on the Fourier transform of solutions
to (1.1) in the weighted Sobolev space W, "' (R, C").

First, we observe that the method in [31, Section 11.3] is applicable to
prove local existence and uniqueness of solutions to (1.1) in the weighted
Sobolev space

WP (R,R™) := {u € WH2(R,R") : [Jullwr= < oo},
which is equipped with the norm
[ullyree = Nullso + [[Ozulloc + [ - [tlloc + (1] - [Ort]|oc-

Indeed, if w(z,t) solves (1.1), then the function U(x,t) = (u(z,t),zu(z,t))
solves again a RDA system with Holder continuous coefficients and sufficiently
smooth nonlinearities. Subsequently, we employ a standard, but not readily
available, regularity argument to prove that the Fourier transform (Fu)(t) of
the obtained local solution to (1.1) in W, ™ (R, R") exists in W, (R, C") and
is continuous with respect to time.

All in all, we establish the following local existence result.

Proposition 3.1. Let a > 0. Suppose that the coefficients in (1.1) satisfy d; > 0
and it holds f € C*%(R™ x R™,R™) with £(0,0) = Df(0,0) = 0. Take vy €
Wllia(R,(C”) satisfying the reality condition vo(—k) = vo(k) for each k € R.
Then, there exists T € (0,00] such that we have a unique classical solution
u, € CH2((0,7), CP (R, R™)) to (1.1) with initial condition u.(0) = F~*(vy).
In addition, v, : [0,T) — W' (R, C™)) given by v.(t) = F(u.(t)) is continuous
and T > 0 is maximal in the sense that, if it holds T < oo, then we have

lim sup [[vs(t)|] 521 = oo. (3.1)
1T 1
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Proof. Upon setting w(z) = dyu(x), p(z) = zu(r) and ¢(x) = zdyu(x), we
rewrite (1.1) as the 4n-component system

Oru = DOzzu + COzu + f (u,w),

Orw = DIgaw + COrw + Oz (f(u, w)),

0tp = DOgep + COgp — 2D0zu — Cu + x f (u,w),

0tq = DOzzq + COzq — 2D0yw — Cw + Oz (x f (u, w)) — f(u,w),

t>0,z€R,

(3.2)

so that all nonlinear terms with derivatives are in divergence form and the co-
efficients and nonlinearity are C*“-functions of z and (u,w, p, q). The relevant
initial condition to (3.2) is

UO = (u07 aﬁvu()a PUQ, Paa;UO) 3

with ug := F~1(vg) and p: R — R given by p(z) = z. By [3, Proposition 5.2]
there exists a constant C > 1 such that
I uollene < € ([[(=2)F (Puo) |+ 7wl
<0 (i-reiu], + otwo],) < Clrolyy,

for j = 0,1. So, it holds Uy € C}"* (R, R*™).
Thus, by [31, Corollary 11.4] and its proof, there exists a unique solution

Ui(z,t) = (U*7w*ap*aq*)(l‘,t)7
U, € C*%([0,T),C)*(R,R™)) nCV2 ((0,T),Cy* (R, R™)), (3.3)

to (3.2) on a maximal interval [0, T), with T' € (0, cc], having initial condition
Uy € C’l? (R, R*™). Tt is not difficult to verify that, by uniqueness of solutions,
it must hold w,(z,t) = Opus(x, 1), pu(x,t) = zus(x,t) and ¢ (z,t) = zw.(z,t)
for each x € R and ¢ € [0,T). So, on the one hand, (3.3) entails that we
have established a classical solution u, € Cb% ((O,T),CS’O‘(R,R”)) to (1.1)
with initial condition u,(0) = up. On the other hand, (3.3) also implies u, €
c? ([07 T)7 Wll)oo(Rv Rn)) :

Note that W11 °(R,R™) is continuously embedded in the Sobolev space
H'(R,R™). Hence, the Fourier transform maps W,** (R, R™) continuously into
the weighted L2-space

Li(R,C") := {v € L*(R,C") : ||v||12 < oo},
which is equipped with the norm |[v[|z2 = ||(14]-|?)'/2v]|2, where ||||> denotes
the L?-norm. The range of F in L?(R,C") is given by the subspace

X = {}'(u) € L2(R,C") 1 u € WP™(R, R")}.

Thus, the map v,: [0,T) — X given by v.(t) = F(u«(t)) is well-defined.
Fix t € [0,7). We prove that v, (t) lies in fact in W,"'(R,C"). We de-
note by C > 1 any constant, which is only dependent on n,D and C. We
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integrate (1.1) and apply the Fourier transform to arrive at the Duhamel for-
mulation:

vie(k,t) = e(_k2D+Cik)tvo(/€) + /t e(_k2D+Cik)(t_5)N(v* (s))(k)ds, ke R,
’ (3.4)
where N': X — H(R,C") is the nonlinear operator
N@)(k)=F [f (F'v,0.F )] (k).
We note that N is well-defined, because, by Taylor’s Theorem and the fact
that f(0,0) = Df(0,0) =0, it holds
| EW)|, < IV s o),
< Cllull g [lullyyy sup |D2f (v,w)]|, (35)
(v,w) ER™ XR™

ol lwll <[lullwie

for u € W;"°(R,R") and j = 0,1. In fact, since u,: [0,T) — W} °(R,R"
is continuous, the nonlinear map N, : [0,¢] — H(R,C") given by N.(s)(k) =
N (v4(s))(k) is bounded. On the one hand, for j = 0,1 we have

/ |1+ Ik agel P sem) g 1) ak

R
<c([a+1-pageo| + (Vi+e)la+i-pel)  BY
<C (A +1)|lvollwpr.

On the other hand, given a bounded map N: [0,¢] — H'(R,C") and j = 0, 1,
we use Holder’s inequality and the fact that z — p(x)e_dmz is bounded on R
for any polynomial p: R — R and d > 0 to yield

[ [ e as

< C/R/O (1+|k|)He(—k2D)<t—s>
+ ||3kN(S)(k)||j} dsdk

[([EI(t = 5) + (t = 5)) [IN(s) (B)

t
< C sup |[N(8)|| g / (1+t—s) H(l +- |)e—%(.)2D(t—s) ds
s€0,t] 0 2
P14t — 1
<C swp [N [ F f(u— )ds
s€[0,t] 0o (t—s)a t—s
7
<C(1+1%) sup |IN(s)]m-
s€0,t]
(3.7)

Hence, by (3.4), (3.5), (3.6) and (3.7), it holds v, (t) € W,"'(R,C") for each
tel0,T).
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Next, we prove that v,: [0,T) — W' (R,C") is continuous. Fix T €
(0,7). It is sufficient to prove that v, is Holder continuous on [0,Tp]. Take
s,t € [0, Tp] with s < t. By (3.4) we have

Vx (k, t) — Ux (k7 3)
-/ (k2D 4 Cik) eF PO oy (1) + / o)) N (0, 1)) ()

S

. /s /t—T (_kQD +Cik> e(*k29+c1k)TdTN(v* () (k)dr.
o (3.8)

for k € R. We denote by C' > 1 any constant, which is only dependent on
n,D,C and Ty. On the one hand, for j = 0,1 we have

L

<ef o1yt o1

)0} (—k*D + Cik) o{=FP+ER) 1) | ara

o0 (3.9)
I+ Dooll [+ 1) (@ @) O

< Cllvollwy,

t
/ rz ldr < C||v0||W11f+1a (t% - s%) ,
S

where we use r < Tj for r € [s,t] to bound the integrand. On the other hand,
given a bounded map N: [0,Ty] — H'(R,C"), we establish, as in (3.7), the
estimate

—k2D+Cik) (t— r)N Hdek

<C sup |IN(r )\|H1/< =+ pedoPen

r€(0,To]

dr
2

t
<C sup ||N(T)\|H1/(t*T)%dTSC(t*«?)% sup [N (7)|| a1,
r€(0,Tp] s r€[0,To]
(3.10)

where we use t — rr < T for r € [s,t] to bound the integrand. Similarly, for
7 = 0,1 we arrive at

L

<C swp |IN(r ||H1// Lt DP (4] r)eO°Pr

r€[0,To]

L D3 (~k2D + Cik) ol PR N () 1) | drdrdk

drdr
2

t—r
<C sup HN(’I”)”HI/ / Tingd’r’SC(tifsi) sup ||N()|| gz,
r€[0,To) 0 Js—r r€[0,To)
(3.11)
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where we use 7 < Tj for 7 € [s, t] to bound the integrand. By (3.5), (3.8), (3.9),
(3.10) and (3.11) the function v, : [0, Ty] — W,"' (R, C") is Holder continuous
for each Ty € [0,T). Hence, it holds v, € C°([0,T), W,"'(R,C")).

Finally, assume by contradiction that T < oo and (3.1) is false, so
that ¢ +— |lv.(t)[|w; is bounded on [0,7"). Then, since the inverse Fourier
transform maps W,"'(R,C") continuously into W, "*°(R,C") and we have
vi(t) = F(ux(t)) for each t € [0,T), we find that the solution U, (z,t) to (1.1)
is bounded on [0,7) x R. As f(0,0) = 0, one observes that U,(z,t) satisfies
the parabolic linear system

WU = DOy U + 0,(G(z,)U) + F(z,t)U, (3.12)
with D := diag(D, D, D, D) and F,G: [0,T) x R — R"*4" are given by
. C 0 00
,_ frvat)  fU(y,z,t)+C 00
Glat) = /0 —2p 0 co|dr
xfu(y,x,t) f*(y,z,t) —2D 0 C
et ey 00
0 0 00
)= [ apron—c opren 00| S

—fU(v,z,t) —f*(y,2,t)=C00

where we denote

f“(v’m,t) = uf(vu*(x’t%’yw*(zvt))a
(1) = 0w f(yus (2, 1), ywi (@, 1)).

Since U, is bounded on [0,7) x R and it holds f(0,0) = 0, it follows by the
mean value theorem that the functions F' and G are bounded on [0,T") x R too.
In addition, F' and G are §-Holder continuous in ¢ and a-Holder continuous
in z, since the same holds for U,. Thus, by [31, Proposition 11.3] the Green’s
function G(z,y,t, s) associated to (3.12) is continuous, and differentiable with
respect to x. Moreover, it enjoys the estimate

j+1 (z—=y)?

H@iG(Jc,y,t,s)H <Ct™ 2 e M(t—s), z,y€ER0<s<t<T, j=0,1,
(3.13)
for some -, y-, s- and t-independent constants C, M > 1. Let T € (0,T'). The

Green’s function estimate (3.13) and the fact that U, is bounded on [0,T
imply that the solution

U, (1) = / Gl y,t, To)U- (y, To)dy,
R

can be extended from R x [Ty, T') to R x [Ty, T] such that U (-, T) € C}(R,R™).
In particular, U.(-,T) lies in CS’Q(R,R‘”L) and can therefore be extended by
31, Corollary 11.4] to a solution U, (t) in Cy** (R, R*") on some interval [0, T +
7) with 7 > 0, which contradicts the maximality of T'. Thus, the blow-up (3.1)
must hold if 7" < oo. O
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Remark 3.2. We have established local existence of classical solutions to (1.1)
with initial data in the range X, = {F'(v) : v € W3, (R,C"),v(—k) =
v(k) for all k € R} € L?*(R,R") of the inverse Fourier transform restricted to
all v € WllJrla (R, C™) satisfying the reality condition. We note that the more
‘natural’ algebraically weighted Sobolev space

H2(R,R") = {u € H2(R,R") : [[ullmz < o0},

equipped with the norm [ju|| g2 = [|oul| 52, where o: R — R denotes the smooth
algebraic weight o(z) = (1+2)'/2, is continuously embedded in the space X,.
Of course, initial data in HZ(R,R™) are in general more regular and stronger
localized than initial data in X,. This can be seen by looking at weighted
fractional Sobolev spaces. The standard fractional Sobolev spaces WP (R, R"™)
for s € Ryo \ N and p € (1, 00) are defined by

WeP(R,R") = {u e Wlslr(R R") : [W]s—[s).p < OO}

<// HDLSJ|3;_ |9p+1( ))dexdy> :

and are equipped with the Slobodeckij norm |luflws»r = [|ully e + [U]s—|s] p

Tl

where the fractional

or the equivalent Bessel norm ||u|ger = ||(1 — A)2 ul| ,
P

operator (1 — A)g corresponds to multiplication with p° in Fourier space. We
introduce the weighted fractional Sobolev spaces

WP (R,R") = {u € WP(R,R") : [|¢"ullyy., < o0},

for s € Rug \ N and p € (1,00). We equip W;P(R,R") with the norm
|ullws» = ||oPullw=». One readily observes via the Hélder and Babenko-
Beckner inequalities that all spaces VVl1 toup (R,R™) with ap > 1 are continu-
ously embedded in X,. Thus, intuitively speaking, for initial data to lie in X,
for some a > 0, it is enough to be more regular than one time differentiable
and exhibit stronger decay than 1/(1 + |z|) as © — Fo0.

4. Global analysis: proof of Theorem 1.1

In this proof, C' > 1 denotes a constant, which is independent of ¢ and ¢ and
that will be taken larger if necessary.

4.1. Plan of proof

Let vy € Wi (R,C") with vo(—k) = vo(k) for each k € R. By Propo-
sition 3.1 there exists 7' > 0 such that we have a unique local solution

ueChs ((07T), CS’Q(R,R”)) to (1.1) with initial condition u(0) = F~1(vp).
In addition, the function v: [0,T) — W' (R,C") given by v(t) = F(u(t)) is
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continuous and 7" > 0 is maximal in the sense that, if it holds 7" < oo, then
we have

limsup ||v]|y51.1 = 0. 4.1
s o]y, (4.1)
To exploit oscillations arising in Fourier space due to differences in veloc-

ities we switch to an appropriate co-moving frame in each component. Thus,
we define the new coordinate

w(k,t) := ®(k, t)v(k,t) = ®(k, t) (Fu) (k,t),  ®(k,t):=e I (4.2)

for k € R and t € [0, T). We aim to establish global control on the W,"'-norm
of w(t). Thus, we introduce the temporal weight function n: [0,7) — R given
by

10 = s [VIF S|l + Lo - 1kws)ly + (4 ) ] - (o)l

s€[0,4] n(2 + s)
+kw)ly + 1+ )T |- w(s)l,)

We show in Sect. 4.2 that 7 is well-defined and continuous and, in case 7' < oo,
it holds

lim sup n(t) = oo. (4.3)

1T
We remark that, although W, (R, C") is continuously embedded in L2(R, C"),
we need to include the ||| - [w(s)|,-term in 7(t) in order to obtain the desired

estimates; we refer to Remark 4.1 for more details.

Our plan is to prove via a continuous induction argument that 7 is
bounded and, consequently, (4.3) yields T' = co. More specifically, we prove in
Sect. 4.3 that, if we have |lvg|lw11 < 0 and t € [0,T) is such that 5(t) < ro
(where rg > 0 is the constant given by the hypotheses of Theorem 1.1), then
n(t) satisfies an inequality of the form

n(t) < C (6 +n(t)?). (4.4)
Since n must be continuous as long as it is bounded by (4.3), we can apply
continuous induction using (4.4). Thus, taking ¢ < min{ﬁ, 5& }, it follows

n(t) < 2C6 < rg for all t > 0, which proves global existence. Finally, we take
§ = min{55, 1=, 7%}, so that it holds

4C?> 2C
n(t) <209 <e, (4.5)
for ¢t > 0. Since (4.2) implies
FHwi(t))(@) = ui(w — cit, 1),

FH0pw; (1)) (z) = —izu; (v — cit, t),
for i = 1,...,n, the estimates (1.5) and (1.6) follow from (4.5) and the fact
that the Fourier transform maps W, "' (R, C") continuously into W, (R, C")
with norm < %

Thus, all that remains is to show that 7 is well-defined and continuous,
that T' < oo implies (4.3) and that 7 satisfies the key estimate (4.4). We prove

t>0,z e R,
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the first two assertions in Sect. 4.2. The key estimate, which is the core of our
global analysis, is shown in Sect. 4.3.

4.2. Continuity and blow-up property of weight function
Since we have
lw @l = A+ Do)l + A+ 1) (Gro(t) = iCto(d))];
<CA+D)v®)wi,
for t € [0,T) and since W, (R, C") is continuously embedded into L2(R,C"),
the function 7 is well-defined.

Next, we prove n is continuous. Since W11 ’1(R,(C") is continuously em-
bedded into L?(R,C"), it holds

1= Fw@ll, = 1 P, | = |11 Fell, = 1 Fos)l,)
scnv() ()HW;J,

for s,t € [0,T), p=1,2 and j = 0, 1. Hence, because v: [0,T) — W' (R,C")
is continuous, also t — ||| - [Tw(t) , s continuous on [0,T) for j = 0,1 and
p =1,2. Second, we establish

[TV drew @], = (Il P Orew(s)], |
= ||l (wv(t ) iCtu(t)) H1 ||l 8kv iCsv(s))Hly
< C([lI-Von (w@) = vl + 1t = sl [l F (&) = v(s))]],)
<0(1+|t—8|)||v() v(s)llwi,

for s,t € [0,7) and j = 0,1. So, since v: [0,T) — Wll’l(R, C™) is continuous,
also t — ||| - [POpw(t)]|, is continuous on [0,T) for j = 0, 1. Therefore, 1 must
be continuous.

Finally, the fact that T < oo implies (4.3) follows from (4.1) and the
estimate

ol =1+ Dw@lly + 1+ [ ]) (Oew(t) + iCtw (D))l
<C (1+ Vi) (o),

Iy

for t € [0,7).

4.3. Establishing the key estimate

We integrate (1.1), apply the Fourier transform and multiply with ®(k,t) to
arrive at the Duhamel formulation:

t
w(k,t) = e * Plyg (k) +/ e F PN (K, s)ds, keR,te(0,T), (4.6)
0

with
N (k) := @k, 5)F [f (u(s), 0xu(s))] (k),
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cf. (3.4) and (4.2). It follows from (4.6) that w(k,t) is pointwise differentiable
with respect to t and satisfies the differential equation

dyw(k,t) = —k*Dw(k,t) + N(k,t),  te[0,T), keR. (4.7)

To isolate the marginal nonlinear terms we expand the nonlinearity f
n (1.1). Thus, by (1.4), the i-th component f; € C4(R™ x R™ R) of f can be
expanded as

n n n

b) = Z Z Hijiaiby + Z Z Z Vijim @G, + gi(a,b),

j=11=1 j=11=1 me{l,...,n},
m#l

with coefficients p1j1, Vijim € R and remainder g; € C°(R"™ x R",R) satisfying
llgi(a,b)|| < C (llall* + [1b]1*) , (4.8)

fori=1,...,n and a,b € R"™ with [|a||, ||b|] < r¢. Hence, the Duhamel formu-
lation of the i-th component of w reads

n

Mijl(k,t) +Zzn: Z Nijlm(k7t)7

1 Jj=11=1

NE

wi(k,t) = Li(k,t) + Ri(k,t) + Y

j=11

(4.9)
for k € R and ¢ € [0,T), with

Ni(k,t) := ®(k,t)F [g; (u(t), Buu(t))] (k),

Li(k,t) == e~ %k g (k)

Ri(kt) = /0 o ) N7 (k. 5)ds

and
’le(k t) Nzgl / / —d;k? (t—s)+(cj—ci)iks+(c;— cj)lgs (k 575) 1§wl(£,s)d§ds

_ Vijim —d;ik?(t—s)+(cj—c;i)iks+(ci—c;j)i€s+(cm—cp)iCs
zglm k t) 4;_2 / // 1= 1
X wj (k 57 )’U}l (§ Ca )wm(C7 )dgdédsa

for i,7,l,m € {1,...,n}. Our plan is to prove the key inequality (4.4), pro-
vided ¢ € [0,T) is such that n(t) < rg, by estimating the linear term I;(-,t)
and nonlinear terms R;(-,t), M;j;(-,t) and Nyjim(-,t) in (4.9) one by one in
Wll’l(R,(C”) for i,j,l,m e {1,...,n} with m # .

4.3.1. Embedding in L?*(R,C") and L$°(R,C™). Take t € [0,T'). To bound
those integrals in (4.9) corresponding to the nonlinear terms, we need control
over the L3- and L§°-norm of w(s) for s € [0,t]. Thus, take t € [0,T). Since
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WHL(R,C") is continuously embedded in L>(R,C"), we have, by definition
of the weight 7, the following bounds:

[w(8)lloo < Cllw(s)llwrr < C ([lwls)lls + |Gkw(s)]1) < Cn(?),
Il [w(8)lloo < Cl[ - [w(s)l[wrr < C(I] - [w(s) I + (I - [Oxw0(s) 11 + [[w(s)]l1)

n(t) In(2 + s)
< C——".
- Vv1+s
(4.10)
for s € [0,¢]. Hence, interpolation yields
n
(o)l < OVl < 020 sea. @
Remark 4.1. We expect that the bound
n(t)/In(2 + s)
I fw(s)ll2 < V- Tw(s)ll I - w(s )IIWSCW, s € [0,1],
(4.12)

obtained through interpolation, is not strong enough to close the nonlinear
iteration scheme. Indeed, (4.12) would introduce a logarithm in (4.17), which
would lead to a+/In(2 + s)-factor in the bound on ||Oxw(s)||1 via (4.18) and,
thus, on ||w(s)||s in (4.10), which we expect cannot be accommodated for.
This is the reason why we include ||| - |w(s)]|2 in our temporal weight function

n(t).

4.3.2. Linear estimates. Let i € {1,...,n}. First, since W,>' (R, C") is contin-
uously embedded in L>*°(R,C"), we have for j = 0,1 the estimate

- PL@), =/ ’kje_kzditvo,i(k) dk

<cl- |JU01||1_C||1}0HW11 < Co, te0,7),

<COE uglly, < CEF uoflwi < COETE, € (0,T).
Moreover, since W' (R,C") is continuously embedded in L>(R,C") and in
L2(R,C"), it holds

I 12:(8)],
< ClI- Jvosilly < Cllvollwr < €, te0,7),
< Ct75 |vg,ll o < Ct 3 lwollwyn < Cot=%, € (0,T).

Next, we establish
11+ 10k @)y

<C ( / ‘kzte*k2ditvo7i(k)‘dk+ / ’ke*k”itakvo,i(k)‘ dk>
R R

- JC (lvo,illx + 11l - 1) £ Cllwollwyr < €6, tel0,T),
G (lvoillos + 10kvo,ill,) < Fllvollwrr < C5, t € (0,7).
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Finally, it holds
10k Ls(£)]4

<c< / )kte*kgd”voyi(k)’dk—k / ‘ekzdﬂak@o,i(k)‘dk)
R R
< C (Jlvosillo + 10kvo,ill,) < Cllvollwy+ < €.
for ¢ € [0,7). All in all, we have established the linear estimates
P amn _1+j-m _3
II-Pornoll, < cs+n=7=", |- 1L@®)], < Co1+1)77, (4.13)
fort €[0,7),j=0,1,m=0,1and i€ {l,...,n}.

4.3.3. Estimates on irrelevant nonlinear terms. Let ¢ € {1,...,n} and let ¢t €
[0,T") be such that n(t) < rg. For s € [0,¢] and j = 0,1, we have by (1.3), (4.2)
and (4.11) the estimate

[02u(s)]
< 5P, < I Pu)),
< (1_:_7(;)12] < ro, (4.14)
and
ju S . j’U S = . jw S L
[03u(s)|[, < ClI- Pu(s)]l, = ClI - Pu(s)]], < Sre=a
|- 105u(s)]| . < C 10w ((Yu()]], (4.15)

< C (|- Forw(s)||, + lws)lly + 5| - Pw(s)],)
<COnt)(1+s) T
Thus, (4.8), (4.14) and (4.15) yield

N8|
< Cllgs (uls). Bau(D, < © () e us) 3 + [@su()) < 01D
RESE
N9, < C lgs (uls), Bau(s))
< € (o)l + (o)) ]e) < O,
(4.16)
and
[N (-, )]
< € (5 lgs (u(s), D)) + 1 1gs (u(s), Bou(s) )
< € (s lgs (uls), DDl + -l Juls)]ls (417)

s)
n(t)?

H - 10z u(s)[lool|Oru(s)l2) < C(1 T
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for s € [0,1]. As in estimates (2.7) and (2.6), we estimate for j = 0, 1 using the
first equation in (4.16):

¢ ) . 2 3
il < 0 [ (] [t eonige [ ar) o
0 R

t 2 2
cof — 07 g o MO
f (1+)7

)

and
-7 Ri(1)]]

gc/ /’kﬂ'e*dikg(t*SW(k,s)‘dkds
0 JR
< Cn(t)? / ! ds
= 0o (t—s)F(1+s)}
(t)?

¢ 1
+/ 1125 7d3 Scnilj
t(t—s) 2 (1+s)2 (I1+¢)=

2

Similarly, (4.16) and (4.17) yield

Ji-variol,

([ [
oy

KLt — 5)e™ 4k =) K7 (g, s)] dkds

kje—dq:k2(t—5)ak./\v/'i(k’ S)’ dkd8>

: 1 ; 1 n(t)?
< Cn(t)? /.—ds+/ s <C -,
“ (o (t—s)5(1+s5)3 0 (tfs)%zl(lJrs)% (1+1)%
(4.18)
for j = 0,1. All in all, we have established the nonlinear estimates
m n(t)?
II-ForRi®)]], < W
n(t)’

. <C—A—, 4.19
- [Ri ()]l L (4.19)

fort €[0,7),j=0,1,m=0,1and ¢ € {1,...,n}.

4.3.4. Short-time bounds on marginal terms with derivatives. Let i,j,] €
{1,...,n} and let t € [0,T"). As in Sect. 2.1, we split our estimates on M;j;(t)
in short- and large-time estimates. In this subsection, we establish short-time
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bounds on M;j;(t). Large-time estimates are then obtained in Sects. 4.3.5 and
4.3.6. Thus, for t <2, a=0,1 and b = 0, 1, we establish

t
. a b ..
Il |8ka(t){|1§c</0 /R/R
+/:/H%/R ke (di\kl(t78)+|c]‘fcl'\s)e—dlkz(f—S)wj(k7§,s)§wl(§,s)‘d§dkd5>

t 2
SCn(t)Q/ ! ldsﬁc%,
o (t—s):2 (1+1¢)

ke~ ik (=) by (k — €, 5) Ewy (€, s)‘ déedkds

(4.20)

and
- 1M ()]l

Sc/t (/ </ ‘kedikz(tS)wj(k—&s)&wz(f,s)‘dﬁfdk) ds
o \/r \U/r

< Cn(t)? /Ot (1ds

t— 8)%
o)’
(14+1)7

ol

(4.21)

4.3.5. Estimates on Burgers’-type terms. Burgers’-type terms yield integrals
of the form M;;;(t) in the Duhamel formulation (4.9), which can be rewritten
using

t
[ oo, o ¢ s)igw €, 5)dds

0 (4.22)
— &/ e—d,ikz(t_s)-‘r(cj'—ci)iksws@(k7S)ds,
2 Jo J
with k € R and ¢ € [0,T). In case ¢ # j, we have ¢; # ¢; due to differences
in velocities and the exponential in (4.22) is oscillatory in s. We exploit these
oscillations by integrating by parts in the temporal variable s. We emphasize
that such an integration could introduce singularities at £k = 0, which are
however cancelled by the factor k in front of the integral in (4.22).

Thus, let ¢,5 € {1,...,n} and let ¢ € [2,T) be such that n(t) < ro. We

use Young’s convolution inequality, (4.11) and (4.22) to bound

- [Mij5 ()l

3 ) 2 3
gc(/ (/ ‘er*dik <t*5>w;2(k,s)] dk) ds
0 R
t
AV
= R

2

Scﬁ(t) </O (t_s)(1+s)id8+/ (t—S)

o

foo—dik? (t=5) / wj(k =&, s) §w; (&, S)dg‘ dk> 5 d5>
R

NI -

o+

————ds
¢ (1+s) )
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2
o 1"

(I4+1¢)s
Similarly, for a = 0,1 we use (4.10) and (4.22) to estimate

11 Mg ()l

([
S L

H 1 ‘ 1
< On(t)? / - ds + — = ds
< COn(t) ( 0 (t—s)1+5 1+s L (t73)5(1+s)%

2
< C%,

(1+41t)=
The k-derivative of (4.22) is the sum of the following three integrals

ka+1efdik2(t—s)w;<2(k, S)‘ dkds

k;ae_d"kz(t_s)wj (k—¢&,5)&w;(E, 5)‘ dgdk;ds>

R,
Il,z‘j(k,t) = %/ (—QdikQ(t —5)+ 1) efdiki’(tfs)Jr(c]‘fci')iksw;z(kyS)ds’

0
ik [ dik?(t—s iks 2
Iz,ij(k,t) = 5/0 e~ dik® (t=s)+(c;—cs)i 59, (w; (]@S)) ds,

)k [t ) .
IS,ij(k,t) — (Cz 2CJ) / Sefdik (tfs)+(cjfci)1ksw;<2(k,S)ds’
0

2

with & € R. In order to bound ||| - [*0x M;;;(t)||, for a = 0, 1, we estimate these

three integrals one by one. First, by (4.11) we have
- 1.5 (Bl

)

k9 (K2 (t — ) + 1) e 5RO 2 (k)| dkds

t
1
<C t2/ o +ds
(O T S TR
2
<o M
T (1+1)z

for @ = 0,1. For the second integral 7, ;;(t), we have, on the one hand, the

estimate

t
LoD, <C ke~ 4R (=99, (w*2(k, s))| dkds
a5\l J
0 Jr
t 2
n(t) 2
<C —ds < On(t)”.
o /0 Vit—svV1+s s < Onlt)
On the other hand, by (4.11) it holds
Il 1Z2,i; (Bl
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t 2
<C (/ / / ‘ke_d"k =) (k — &)Ipw; (k — &, s)w; (&, 3)‘ dédkds

/ // ’k‘e—dk =) gpw; (k — &, 8)Ew; (€, s )‘dgdkds)

m@+s) 2(2+1)
< Oty /0 (i1t = O

The last integral Zs ;;(t) vanishes if ¢ = j. If ¢ # j, then the exponential in
T3 ;(t) is oscillatory, since it holds ¢; # ¢;. Thus, assume ¢ # j. Integration by
parts yields

1 — S Cji—Cj)1KS ¢
Tagi(hot) = () (st eibons2, o)

t
_/ —d k2 (t— s)+(chcl)1lcs (]f S)d
0

t
_ / 5e_dikz(t—8)+(ca‘_c’7)iksas (w}‘z(k,s)) ds) 7
0

where we denote
C; — Cj

Vi (k) = (¢j — )i+ dik’

Hence, because equation (4.7) holds pointwise, Zs3 ;;(k,t) is the sum of the
following five terms

Jn,ij(k,t)

——uih) | t [ sy ()R (€. 5)deds,
J2,ij(k,t) n

—d;hoih) | t [ etk ) w6, 5)dds,

Tt o Jr

_ —§¢ij(k) /Ote—d,;k (1=9)+(es=eoliko 22 5)ds,
Ta,ij(k,t)

—djibi(k / e e e g k= €, 5) €, 8) e,

Ts,ij(k, 1)

= %wm el ek (k, ¢),
for k € R, where we have

Nk, ) = ®(k, s)F [f; (u(s), 0u(s))] (k),  keR,se0,1].
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First, using (1.4), (4.14) and (4.15) we establish

|49, < 018 (o), Do),
< C (lu)l1Zlluls)llz + lluls)llso|0zu(s)]12
+10zu(s) [ col|Ozuls)]2)
n(t)
for s € [0, t]. Hence, since 1;; is bounded on R, we arrive for a = 0,1 at
-1 T35 @)1y

<C/ / L'L —dk (t— 9)811} (k g) ) ](&,8) dfdkds
L n(t)?
<C / 1i2a —ds < C _.
n(t)? o (t— ) (1+9)} A+02
Second, since also k — k1);; (k) is bounded on R, it holds
I -1°T255 (O,
t—1
< C < / / ‘k1+ae*dik2(t75)5wj(k — g, 5) §wj (f’ 5)

/t 1// koK =9 gy ( — €, ) €y (€, )‘dgdkds>

2 1 1 s
< Cn(t) (/O (=i /tl Tt 1+Sd>

n(t)? (In(2 +1))*
- (141)2
for a = 0,1. Third, using (4.11), we estimate

- 1% Ts,i5 @]y

t
<))
0 JR

1

<on0? [ s

n(t)®
T (1+t)2

dédkds

kaeidikg (t*s)‘i’(cjfci)iksw;Q (k, S) dkds

ds

)

and

11 Ta,i5 (@)l

o [

< On(t) /0 (t—s) e (I+s)

ds

N
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(4.23)

kaefdi]f(tfs)s(k _ g)wj (k _ é" 5) fwj (67 5) dgdde
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<c n(t)?

(1+1t)2’
for a = 0, 1. Finally, we obtain
1112500 = € [ [kt )| ak
2
<o )"
T (14
for @ = 0, 1. The estimates on 7 ;;(t) for b=1,...,5 yield

n(t)* (In(2 + 1))
T ()], < C L2
||| l 3:3( )Hl— (1+t)5
for a = 0,1 and ¢ # j, whereas Z3 ;;(t) vanishes for ¢ = j. Thus, combining the
latter with the estimates on 7; ;;(t) and Zs ;;(t), we arrive at

(£)? (In(2 + )
1+t

for @ = 0, 1. Finally, combining the estimates on M;;;(t) with the short-time
bounds (4.20) and (4.21), we establish

bl

Il - 1“0k My (1)), < €7

()2 (In(2 + )™
1+

n(t)?

(1+1t)

fort€[0,7),a=0,1,b=0,1and i,5 € {1,...,n}.

- 1“0p Miz;(t)]|, < ¢t

I [Miz @), < C ; (4.24)

4.3.6. Estimates on marginal mixed-terms with derivatives. All marginal mixed-
terms with derivatives yield integrals of the form M;;;(t) with j # [ in the
Duhamel formulation (4.9). Since we have ¢; # ¢; if j # [ due to differences
in velocities, the exponential in M;j;(t) is oscillatory in . We exploit these
oscillations by integrating by parts in frequency.

Thus, let i,7,0 € {1,...,n} with j # [ and let ¢t € [2,T). Integration by
parts yields

/ e(czfcj)iﬁswj(k —&,8)iw; (&, s)d
R
elei—c;)igs .
- / (o =i 2 (walk = & 9)iCwi(6, ) d, (4.25)

for s € (0,t] and k € R, where we use that w;(-,s) and | - |w(-,s) are L'-
localized as w(s) € W' (R, C"). We employ (4.10) and (4.25) to bound
1

11 1M (2],

1 2 2
<C /0 (/R </R’kedik2(ts)wj(k—g,s)fwl(f,s)‘d§> dk) ds
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L

9 ! 1 Lo In(2+s) .
< Cnlt) (/0 (t—s)i(1+s)d8+/1 s(t—s)i\/l—&-sd)
<o’
T o(1+)d

S

2 3
R o a0, (u (k — £.5) Ewn (€, s>>] i) dk) ds

I

and, similarly, for a = 0,1 we estimate

Il P2

([ /]
S L

= oy </ (ts)zl(us)d”[ (tsg T

L In(2 4 s) 5
Jr/é s(t—s)2(1+ )d>

<C n(t)?
(1 +t)

R0 (k — €, 5) €€, 5)| dgakds

; () O (wj(k =&, s) Ew(§, ))‘dfdkds>

The k-derivative of M,;;(t) is the sum of the following three integrals

Ik, t)
a4t . A A
— Mijid; / k(t — 5)e7dik (t—s)+(cj—c;)iks / e(szc;)liswj (k—¢&,8)ifw; (&, s)déds,
™ 0 R
I 51(k,t)
- e [t . . .
_ ,“'zjl(C] Cz)l / se—dikz(t—s)-i—(c_,»—c,)lks / e(cl—cj)léswj (k —¢, S) igwl(f,s)dfds,
2m 0 R
I3,i5(k, t)

- 't X
— Mt / o ekt (1= 8) ey —eiks / o= G (k — £, 5) igwi (£, 5)déds,
21 0 R

which we bound one-by-one. First, using (4.10) and (4.25), we arrive for a =
0,1 at

- 1T @]y

([ L]
L

ke (¢ o dik?(t=s), ik — 578)@”(5,3)‘ d¢dkds

B — s)em R0 51 (1 — &, 5) (6. )| dédkds)
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< C(t)? (/01 (t_s)gl(lmds + /; mds>

n(t)®
T+t

Second, to bound I ;;;(t), we rewrite the &-derivative in (4.25) as
e (w; (k — &) Ewi(£))
= Ewi(§)0 (wj(k =€) = (k = EHw;(k = §)Fewi(§) + kw; (k — §)dewi(§)
+w; (k = wi(§),

(4.26)

for £,k € R, where we suppress dependency on s € [0,t]. Thus, (4.11), (4.25)
and (4.26) lead for a = 0,1 to the estimate

11 122,050 ()l

<o(, L/
L
L1
oL

(S s
= </t_1 ErHYErs +/0 G- (o)

kaefdike(tfs)s w](k _ 67 5) gwl (5, 5) dgdk/ds

kaefdikz(tfs)(k — &w;(k — &, 5) 0wy (€, s)‘ d¢dkds

B om0 (k — €, )D€, )| dedkds

kae—dikz(t—s)w;Q(k’ 8)‘ dk’ds)
t

(4.27)
Third, we establish

11125050 ()l
t
e[ [
0 RJR

_ /t 1 n(t)?
> 1+2a 3 A4S > a
0 -5 (et ()
for a = 0, 1. Hence, the bounds on I ;;(t) for b =1,2,3 yield

(£)? (In(2 + 1))
1+t

kaefdilﬂ(tfs)akwj(k —&,8) Ew (€, 5)| dédkds

a n
Il - O Mj(t)]|, < C
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for @ = 0,1. Finally, combining the estimates on M;;;(¢) with the short-time
bounds (4.20) and (4.21), we arrive at
()2 (In(2 + 1))

)
(1+t)1+ab Y

I [“ap M (8|, < ©”

C (177(+ )t) (4.28)

fort €[0,7),a=0,1,6=0,1and i,5,l € {1,...,n} with j # .

Remark 4.2. We note that the ‘artificial’ In(2 + t)-factor in the bound on
l| - |Okw(t)]]1 arises in the estimates (4.23) and (4.27). We believe that such a
bound can be avoided by integrating by parts in time in Ja ;;(k, t) and I3 ;;;(¢)
in case ¢ # j, which does not introduce singularities, since it holds ¢; # ¢; and
J2,ij(k,t) and (the critical part in) I ;;;(t) vanish at k = 0. However, in order
not to overcomplicate the analysis we refrain from doing so.

Il 1M @), <

4.3.7. Estimates on marginal mixed-terms without derivatives. All marginal
mixed-terms without derivatives yield integrals of the form Njji,, () with 1 # m
in the Duhamel formulation (4.9). Since it holds ¢; # ¢, if | # m, the expo-
nential occurring in Njj i, (t) is oscillatory in . We exploit these oscillations
by integrating by parts in frequency. Therefore, the procedure in this section
quite similar as in §4.3.6.

Thus, let ¢,5,1,m € {1,...,n} with m # [ and let t € [0,T) be such that
n(t) < rg. Integration by parts yields

/ elem =il (€ — ¢, $)wm (¢, 8)dC
R

e(cm*Cz)iCs
= — /]R 78C (wl(§ - <7 s)wm((, 3)) d<7 (429)

(em — a1)is
for s € (0,t] and £ € R, where we use that w; (-, s) and w,, (-, s) are L'-localized.
In case t > 2, we use (4.10) and (4.29) to estimate

- [Nigim ()]

<[ (L [

<€~ s)wnlG,9) dde)” k) ds

W AVAVRA

0 (€ = € 9w (6.9)) dcdg k) s

2 ! ]‘
< Onlt) </0 TP

+/1t8(t_s)il+sd)<0(1ni)) ,

—_

»Mo«
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and, similarly, for a = 0,1 we estimate
Koo D (ks — €, s)wn (€ — ¢, 5)win (C, )| dCdgdhds

I 1% Nijim (£) 11y

1
([ L[]
o JR/RJR
[ LLL e
+ ‘ j
1 JRJRJR| S
1 1 H 1
ds—l—/2 T ds
1 s(t—s) 2 V/1+s

< on(ey? (/ -
o)

+/ G iirs

n(t)?

<
(1+1¢) >

Moreover, we establish via (4.11) and (4.29)

e BRIy (k — €, s)wi (€ — ¢, 5)wm (€, 5)| dCdEdkds

&2 - w]
RSy () — €, 8)0; (wi (€ c,s>wm<<,s>>'dcdsdkds)

[SIEN

1+a .

11Ok Nigim (1)1l

<[ LLL

L
X B¢ (wi (€ — ¢, $)wm (¢, 5))| d¢dEdkds
“Hw;(k—§,s)

+(/O /R/]R/]R ke ( ,,Ci)e—dkm B)

x O (wi (€ — ¢, 8)wm (¢, 8))| d¢dédkds

+/t/// Loe—dik?(t s)ak’lUJ(k §,s)wz(£—C,s)wm(C,s)‘dCdgdkds>
/mds

(/ (t—s) +s
n(t)?

kotid, (¢t —
wj (k - Ev S)

7d,k2(tfs)sfl

+/ :
o (t—s) s (1+s)4 > (1+t)z
for a = 0,1. In case t < 2, we establish the short-time bounds
I [ Nijum ()]
2 3
<C ‘ ‘k —dik2(t—s),
= € wj(k =& s)wi(€ — ¢, s)wm (¢, s)[dCdE ) dk | ds
0 R RJR
t 2
< Cn(t)Q/ 3 77( ) 3
o (t—s)1 1+1t)2
and
|1 1roeNum @], < (/U /R /R /R ke MO0 00w; (k= €, S)wi(€ = ¢ )wn (¢, )| dCdedhds
g j = cils) e Dk — & wi(g = ¢ Swm (€, 9)| d<d§dkds)
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2 [t 1 n(t)?
<on®? [ oo rae SO e

for a =0,1 and b = 0,1. All in all, the analysis in this paragraph leads to the
following nonlinear estimates

t 2
- 10N @), < c—" 1 N @), < ©

n(t)?
(14+t) "= (1

+1)

fort €[0,7),a=0,1,6=0,1and ¢,5,l,m € {1,...,n} with | # m.

4.3.8. Conclusion. Finally, by combining (4.9), (4.13), (4.19), (4.24), (4.28)
and (4.30) we establish that, provided vy € W, (R, C") satisfies lvollwrr <6
and ¢t € [0,T) is such that n(t) < ro, the key estimate (4.4) holds true. This
concludes, as explained in Sect. 4.1, the proof of Theorem 1.1. 0

5. Future outlook

This paper provides an alternative method to capture the effect of different
velocities on the long-time dynamics of small, localized initial data in multi-
component reaction—diffusion—advection systems. In combination with the ear-
lier results in [6], we can affirm that, if each component propagates with a
different velocity, then large classes of relevant and marginal nonlinearities
in (1.1) do not affect the decay of small, localized initial data. On the other
hand, it is shown in [6, Theorem 1.4] that, even if each component exhibits
different velocities, there are still nonlinearities which could lead to finite time
blow-up of solutions with small initial data.

All in all, we are still far from a complete characterization. Perhaps the
most pressing question is whether it is possible, as in two-component RDA
systems, to include quadratic mixed-terms in the analysis for general multi-
component RDA systems. It was already mentioned in [6, Section 8] that the
method of pointwise estimates can be employed to handle quadratic mixed-
terms in n-component RDA systems for n > 2, if the nonlinearity has the
special form f(u,0,u) = diag(uy, ..., u,)g(u,dyu) with g: R® x R* — R”
smooth, so that each term in the i-component has a contribution from the i-th
component. However, it is still open how to handle quadratic mixed-terms in
general n-component RDA systems for n > 2.

As outlined in Remark 2.1, one could try to extend the method in this
paper to work for quadratic mixed-terms by taking stronger-than-polynomially
localized initial data and by simultaneously controlling all frequency deriva-
tives of the solution in Fourier space in the nonlinear iteration. A second, more
refined, idea is to decompose the solution in Fourier space into a principal part,
which is analytic in frequency and exhibits slow temporal decay, and a remain-
der, which decays faster in time; thus being in accordance with the algebraic-
exponential decomposition of the pointwise bound (1.8) obtained from [6]. The
contributions in the Duhamel formulation coming from the principal part of a
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quadratic mixed-term can then be integrated by parts in frequency repeatedly
to reveal additional temporal decay that arises due to differences in velocities.

Besides those future directions already discussed in [6, Section 8], it would
be interesting to extend the current method to larger classes of systems. A first
gentle step would be to stay in the parabolic framework and to allow for cross-
advection and cross-diffusion in (1.1). We expect that, after diagonalization,
the current analysis or the one in [6] can be employed. Another option would
be to allow for spatially varying coefficients in (1.1). In case the spectrum of
the linearization about the rest state v = 0 in (1.1) is marginally stable and
has multiple critical modes, differences in group velocities can, possibly after
applying mode filters, be exploited. Moreover, it would be interesting to extend
the current analysis beyond the parabolic framework. A natural first step in
this direction would be to look at hyperbolic-parabolic systems. Finally, instead
of the effect on the long-term dynamics of differences in advection between
components, one could also investigate the effect of differences in nonlinear
transport, for instance induced by nonlinear Burgers’-type terms.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.
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