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The direct and inverse scattering problem
for the semilinear Schrodinger equation

Takashi Furuya

Abstract. We study the direct and inverse scattering problem for the
semilinear Schrédinger equation Au + a(z, u) + k*u = 0 in RY. We show
well-posedness in the direct problem for small solutions based on the
Banach fixed point theorem, and the solution has the certain asymptotic
behavior at infinity. We also show the inverse problem that the semilinear
function a(z, z) is uniquely determined from the scattering amplitude.
The idea is the linearization that by using sources with several parameters
we differentiate the nonlinear equation with respect to these parameter
in order to get the linear one.
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1. Introduction

In this paper, we study the direct and inverse scattering problem for the semi-
linear Schrodinger equation

Au + a(z,u) + k*u = 0 in RY, (1.1)

where d > 2, and k£ > 0. Throughout this paper, we make the following
assumptions for the semilinear function a : R4 x C — C.

Assumption 1.1. We assume that
(i) a(z,0) =0 for all x € R%.
(ii) a(z,z) is holomorphic at z = 0 for each z € R, that is, there exists 7 > 0
1
such that a(z,z) =Y, w,zl for 2| < n.
(iii) dla(-,0) € L>®(R?) for all I > 1. Furthermore, there exists ¢y > 0 such
that [|0La(-, 0)]| .« g, < cp forall I > 1.
(iv) There exists R > 0 such that suppdla(-,0) C Bg for all [ > 1 where
Br C R? is a open ball with center 0 and radius R > 0.
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The inverse scattering problems for non-linear Schrédinger equations have
been studied in various ways. For the time dependent case, we refer to [21-23],
and for the stationary case, we refer to [1,7,9,16-18]. In stationary case, [7,9,
17] have studied the general non-linear function of the form a(x, |u|)u, which
does not include our no-nlinear function a(z, ). The function a(x,u) which
satisfies Assumption 1.1 is the generalization of, in particular, the power type
q(x)u™ where m € N where ¢ € L>°(R?) with compact support. If m = 1, the
problem is for linear Schrodinger equations, which has been well understood
so far by many authors. (see e.g., [6,12,13,15])

Recently in [5,10,11], the generalization of a power type has been studied
in inverse boundary value problems via using the Dirichlet-to-Neumann map.
[8] also has studied the similar type of this nonlinearity. However in inverse
scattering problems, only [1] has studied it in one dimension, which the non-
linear function is of the form a(z,u) = >°°7, gn(x)u". Motivated by these
previous studies, our aim in this paper is to study the type of this nonlinearity
in the case of higher dimensions d > 2, and a more general form a(z,u) than
[1].

We consider the incident field u;” as the Herglotz wave function

u;"(:c) = /Sd 1 e 0g(0)ds(0), = € RY, g€ L3(ST71), (1.2)
which solves the free Schrédinger equation Au;" + kQUZ” = 0 in R The
scattered field ug® corresponding to the incident field u'™ is a solution of the

9
following Schrédinger equation perturbed by the semilinear function a(x, 2)

Augy + a(w,uy) + k*uy = 0 in RY, (1.3)

in

g and the scattered

where u, is total field that is of the form uy = uy® +u
field u®¢ satisfies the Sommerfeld radiation condition

lim 77" (a“ —zku) =0, (1.4)

r—00 or

where r = |z|.

Since support of the function a(z,z) is compact, the direct scattering
problem (1.3)—(1.4) is equivalent to the following integral equation. (See e.g.,
the argument of Theorem 8.3 in [3].)

ug(x) = u;” + /]Rd O(z,y)aly, ug(y))dy, z € R, (1.5)

where ®(z,y) is the fundamental solution for —A — k2 in RY. In the following
theorem, we find a small solution u$¢ of (1.5) for small g € L>(S*71).

Theorem 1.2. We assume that a(z, z) satisfies Assumption 1.1. Then, there ex-
ists o € (0,1) such that for all § € (0,00) and g € L>=(S?~1) with 191l 70 (a-1y
< 82, there exists a unique solution uy” € L™ (RY) with HUZCH <6 such

that

Lo (R)

w@) = [ Sepal o) o )y s eRL(16)
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Theorem 1.2 is proved by the Banach fixed point theorem. By the same
argument in Section 19 of [4], the solution u;® of (1.6) has the following as-
ymptotic behavior

- etkr R 1 . T

U;c(f)zod“u;o(x)“y‘O((Hl) , Ti= |.’L'| — 00, I i= m

r-z r-2
53 T (d—3) jodtl d-d . 0 : .
where Cyq:=k 2 e 'a /272 m = . The function ug® is called the scattering
amplitude, which is of the form

uy® (%) = /]Rd e FYa(y,u,(y))dy, &€ ST (1.8)

We remark that in the standard linear case, that is, a(x,u) = ¢(x)u, the
scattering amplitude corresponding to the Herglotz wave function (1.8) can be
of the form

(1.7)

u®(2) = /Sd_l > (z,0)g(0)ds(9), &€ ST (1.9)

where @ (, ) is the scattering amplitude corresponding to plane waves e*¢%9,
This tells us that in standard linear case, the scattering amplitude of the
Herglotz wave function is equivalent to that of the plane wave.

Now, we are ready to consider the inverse problem to determine the semi-
linear function a(z,z) from scattering amplitudes u °(#) for all g € L*(S*1)
with |[g[|p2(ga-1) < & where § > 0 is a sufficiently small. We will show the
following theorem.

Theorem 1.3. We assume that a;(x, z) satisfies Assumption 1.1 (j =1,2). Let
ug; be the scattering amplitude for the following problem

Auj,+ aj(z,uj4) + k*ujy =0 in RY, (1.10)

Ujg = uiy, + ué", (1.11)

where u$S, satisfies the Sommerfeld radiation (1.4), and ul)* is given by (1.2),
and we assume that

ug, = ugy, (1.12)

for any g € L*(S*1) with 9/l p2(ga-1) < 0 where & > 0 is sufficiently small.

Then, we have
a1 (z,2) = ax(z,2), € RY |z| <7 (1.13)

The idea of the proof is the linearization, which by using sources with
several parameters we differentiate the nonlinear equation with respect to these
parameter in order to get the linear equation. (For such ideas, we refer to
[5,10,11].)

There are few previous studies that the general nonlinear function is
uniquely determined from the scattering amplitude with fixed k > 0. [9] has
shown it from behaviour of scattering amplitude corresponding to plane waves
Aetkz0 as X\ — 0. [16] has done from the scattering amplitude with fixed A =
1, but the additional assumptions are needed. Our work shows it from the
scattering amplitude corresponding to Herglotz wave functions u;" for all small
g instead of using plane waves.
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This paper is organized as follows. In Sect. 2, we recall the Green function
for the Helmholtz equation and its properties. We also prepare the several lem-
mas required in the forthcoming argument. In Sect. 3, we prove Theorem 1.2
based on the Banach fixed point theorem. In Sect. 4, we consider the special
solution of (1.3)—(1.4) corresponding to the incident field with several param-
eters in order to linearize problems. Finally in Sect. 5, we prove Theorem 1.3.

2. Preliminary

First, we recall the Green functions for the Helmholtz equation and its prop-
erties. We denote the Green function for —A — k% in R? by ®(x,y), that is,
O(x,y) satisfies

(—A = E)®(z,y) = 0(x — y), (2.1)
for z,y € R?, x # 5. In the case of d = 2,3, ®(x,y) is of the form

i 1
(Ko =y forzy €R%a £,
Dz, y) =4 eikla—y 2.2
(,9) L forz,y € R®,x # y, (22)
|z —y|
respectively. Let ¢ € L(R?) with compact support. We denote the Green
function for —A — k% — ¢ in R? by ®,(x,y), that is, ®,(z,y) satisfies

(—A =k =)@y (x,y) = 6(z —y). (2.3)

for z,y € R% x # y. It is well known that for every fixed y, ®(z,y) and
Q4 (z,y) satisfy the Sommerfeld radiation condition.

We also recall the asymptotics behavior of ®(x,y) as |z| — co. In Lemma
19.3 of [4], ®(z,y) has the following asymptotics behavior for every fixed y,

etklz—yl 1
@(x,y) = C(d +0 d+1 ) |$| — 0 (24)
|z —y[

o —y| =
and (see the proof of Theorem 19.5 in [4])

B(z,y) = { pyz)  dz23efy (25)
(@) (|1n|x —y||) d=2,2#y

In Theorem 19.5 of [4], for every f € L>°(R?) with compact support, u(z) =
Jpa ®(z,y) f(y)dy is a unique radiating solution. (That is, u satisfies the Som-
merfeld radiation condition (1.4).) Furthermore, u has the following asymptotic
behavior

eik:r — 1 A T
wz) =Cqg—=u™ @)+ 0| —7x |, r=l|z] =00, T:=— (2.6)
rz 2

)
T2 |z
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where the scattering amplitude ©* is of the form
u™ (%) = / e RV f(y)dy, 7€ ST (2.7)
Rd

The following lemma is given by the same argument as in Lemma 10.4
of [3] or Proposition 2.4 of [14].

Lemma 2.1. Let ¢ € L®(R?) with compact support in Br C R? where some
R > 0. We define the Helglotz operator H : L*>(S%~1) — L?(Bgr) by

Hg(z) = /Sd'_l e*04(0)ds(9), x € Bg, (2.8)

and define the operator T, : L*(Bg) — L*(Bg) by T,f == f +w 5 where w
s a radiating solution such that "

Aw + k*w + qu = —qf in R (2.9)

We define the subspace V' of L*(Bgr) by

H'HL2(BR)

V= {u\BR;v € L2(Bry1), Av+k20+qu =0 in BRH} . (2.10)

Then, the range of the operator T,H is dense in V' with respect to the norm
[l L2(p ) that is,

TqH(L2(Sd—1))”'“L2<BR> =V (2.11)

The following result is well known. For d = 2 we refer to [2], and for d > 3
we refer to [19], which corresponds to real functions. For complex functions,
see Theorem 6.2 in [20].

Lemma 2.2. Let f,q1,q2 € L®(R?) with compact support in Br C R%. We
assume that

fuivedr =0, (2.12)
Br

for all vi,v2 € L*(Bry1) with Av; + k*v; + qjv; = 0 in Bpy. (j = 1,2.)
Then, f =0 in Bg.

3. Proof of Theorem 1.2

In Sect. 3, we will show Theorem 1.2 based on the Banach fixed point theorem.
We denote the Herglotz wave function by

vg(z) = /Sdil e 04(0)ds(0), x € RY, g e LA(S¥1). (3.1)
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Let g := d,a(-,0). We define the operator T : L>°(R%) — L>(R?) by
Tu(e) = [ @) a0 +0(0) o)) dy

la
= /]Rd O4(x,y) |> M(w(y) +0g()" + aW)vg(y) | dy, = € RY

Al
1>2
(3.2)

Let X5 := {u € L>®(RY) : [ull oo (ray < 5}. We remark that L°°(R9) is a Ba-

nach space, and X; is closed subspace in L>(R?). To find an unique fixed
point of T"in X, we will show that T : X5 — X5 and T is a contraction. Let
w € X5, and let & € (0,00), and let |[g]| o (ga-1) < §2. Later, we will choose a
appropriate 69 > 0.

By ||g||Loo(§d—1) < 82, we have
g1l oo (ray < C 9l poo (ga-1y < OO (3.3)

where C' > 0 is constant only depending on g. By (iii) (iv) of Assumption 1.1,
we have

Cl 1
T < [ o] |3 R (00) + s dy
) |

1>2

<0 [ S(Cred)' | [ 1@utom)lan (3.4)

1>0 Br

where C; > 0 (j = 1,2) is constant independent of u and J, and so is
(ZlZO(ClcozS)l) when § > 0 is sufficiently small. Furthermore, by the conti-

nuity of difference ®(z,y) — ®4(x,y) in = and y (see the proof of Theorem 31.6
in [4]), and the estimation (2.5), we have for € R?

| ey < [ (9] + 0a(ep) - o)y
Br

R

< [ (@@wl+cay<cs (3.5)
Br

which implies that |Tw(z)| < C§% where C,C; > 0 (j = 3,4) is constant
independent of u and §. By choosing dy € (0,1/C), we conclude that ||Tw]| < 4,
which means Tw € Xj5.
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Let wq,ws € X5. Since we have

(w1 (y) + vy () = (wa(y) + v, (1))’

UJ”{O!W(MT(y) — w3 (y)) vy ™ (y)

I
MN

—

m

IN
=

|m| (Z wy'” . h h(:U)) (wl(y) - wg(y))’l);_m(y),

3
l‘

and |w;(z)| <4, then
[Twi () — Tws ()|

|
A
_Q
—
&
S—
Q
8]
S
~|
T|IE
=)
=
La—
—
—
~
+
<
Q
—
~
~
I
—
—
~
_|_
<
«Q
—~
S~—
SN—
| IS
U
<

IA
N
—
=

Il

2

&

&

B

<
N———

1>2

Cl l I m—1

0 . m—1

Tmzzl (1= m)lm! (hz g ) (C18)" s = wal ey

!
m -1
<Gy Z = m)m (coC10) " Jlwi — wal| poo (ray

1>2 m=1
- 1
< Céz <Z (m1)> (coCy0)' ™" [lwy — W2 oo (ra)
1>2 \m=1 '
<Cy Y (aCis ) e — Wal| oo (ra)y
1>2

5 (i) | 6 lwr — wall oo gy
>0

< C'6 ||lug — Un|| oo (ray, T € RY. (3.7)
where C',C% > 0 (j = 1,2,3) is constant independent of wy,ws and 4. (We
remark that (2120 (COC{(S)I) is also constant when § > 0 is sufficiently small.)
By choosing dy € (0,1/C"), we have [|[Twi — Tws|| o gay < |01 — o] o (gay-
Choosing sufficiently small 6y € (0, min(1/C,1/C")) we conclude that T" has a

unique fixed point in Xj.
Let w € X5 be a unique fixed point, that is, w satisfies

w@) = [ (o) [aln () + v,0) = au)] v, v R (38)

Since ®,(x,y) satisfy the Sommerfeld radiation condition (e.g., see Theorem
31.6 in [4]), w is a radiating solution of Aw + a(z,w +vy) + k*w = 0 in R%. By
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the same argument as in Theorem 8.3 of [3], this is equivalent to the integral
equation

w@) = [ Bl w)+ v )dy. @ € R, (39)

which means (1.6). Therefore, Theorem 1.2 has been shown.

4. The special solution

In Sect. 4, we consider the special solution of (1.3)—(1.4) corresponding to
the incident field with several parameters in order to linearize problems. Let
N € N be fixed and let g; € L*(S?!) be fixed (j =1,2,...,N + 1). We set

N+1
Ve 1= Z €j§2vgj = ’U(52 ZJN=+11 Ejgj)’ (41)

j=1

where v, is the Herglotz wave function defined by (1.2), and ¢; € (0,9). Later,
we will choose a appropriate 6 = J,, x > 0. We remark that we can estimate
that

N+1
HUEHLOO(Rd) < G2 Z €5 (4.2)
j=1
where C' > 0 is constant only depending on g;. We denote by € = (e1,...,€en41)

€ RV*1. We will find a small solution wu, of (1.6) that is of the form
Ue = Te + Ve. (4.3)

This problem is equivalent to

re(z) = /Rd Dy (z,y) [a(y, rey) +ve(v)) — aW)re(y)] dy, x € R, (4.4)

where ¢ := 0,a(-,0).
We define the space for 6 > 0

X5 = re L®RL 0N 0,0)N); 55-SUp epa|r(7, O] < Zjv;ll o )
||rHLoc(Rd;CN+1(O’§)N+1) < 5,
(4.5)
where the norm ||-[| e (ga,onv+1(g 5)v+1y is defined by

7]l oo (R0 41 0,6)N41) 7= Z SUD,¢ (0,5)N+1€88.8UDcra [0 T(2, €)] . (4.6)
Ja|<N+1

We remark that L>(R% CN*+1(0,6)N*1) is a Banach space, and X is closed
subspace in L>(R%; CN+1(0,6)N+1). We will show that following lemma in
the same way of Theorem 1.2.
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Lemma 4.1. We assume that a(z, z) satisfies Assumption 1.1. Then, there ex-

ists g = go,gj,N € (0,1) such that for all § € (0,8) there exists an unique
solution r € X(; such that

r(z,€) = /}Rd Dy (x,y) [a(y,r(y, €) +ve(y)) — a(W)r(y,€)] dy, z € R?, e € (0,5)N "
(@.7)

Proof. We define the operator T from L>°(R% CN*1(0,8)N*1) into itself by

Tr(x,e) == /Rd Dy (2,9) [aly,r(y, €) +ve(y)) — q(y)r(y, €)] dy

L
= [ 2t | ED (4.0 +0.) + alw)oco) | o
1>2 ’
L l
:/ Dy (,y) Zaz E?’O) > (z“)' T (g, ol (y)
Rd _lZQ . m—0 m)im.
+a(y)ve(y)] dy (4.8)

Let r € X;5. With (4.2) we have

‘Tr(a:,e)‘
l—m
Lo [N N4l
([ menian) [TaY o (Xo] (e X
Br =2 m=0"" \j=1 i=1
> J j
N+1
+Cl(5226j
j=1
~ [ . [e%s) C’“,{n N+1 ! N+1
<Gy | d ZW | +C1* Y ¢
>2 m=0 j=1 j=1
) 2 1-2
B N+1 N+1 N+1
o [Yo) Ta(Ye) res(X
j=1 1>2 j=1 j=1
[N+
<G5> e, (4.9)

Jj=1



24 Page 10 of 17 T. Furuya NoDEA

where C, C'j > 0 (j = 1,2) is constant independent of r, §, € (but, depending
on g; and N). Furthermore, we consider for a € NV*! with |a| < N + 1

A% Tr(x,€)

= / Qy(z,y)0
Rd
(4.10)

Since |9, ve(x)| < C16% and |92 (2, )v™ (x)] < Ch(l—m)Imls' =™ (Ch6%)™

we have

1

Z ol a(y, Z

1>2 m:o

m)' l‘m(y, v (y) +Q(y)ve(y)] dy.

l
< ( /. ) |<1>q<w,y>|dy) [2 S L s gy G2

1>2 " m=0 (l_m)'m'

(Z(coé)(l 2 Z (C46) ) + C46% < 62, (4.11)

1>2

where CN’J’- > 0 (j = 3,4,5) is also constant independent of , 9, € (but depending
on «). Then, we have

o°Tr(z,€)| < C'62, (4.12)

E Supee(o_’&)Nﬁ»l €S8.5UpP, cRrd
la|<N+1

where C” is constant independent of 7, §, e. (Depending on g; and N.) By
choosing & € (0,min(1/é’, 1/6")), we conclude that Tr € X;.
Let 71,72 € X;s. By similar argument in (3.6) we have
Tr(z,€) — Tra(z,€)
dLa(y,0) 1 l
— [ ey = [(n(y,e> )~ (ra(0.0) + e(w)] dy

Br 1>2

=/ %(%y)z Z lﬁ il ol (y)

Br 1>2 m:l
m—1
X Z R gy O (y,€) (r1(y, €) — oy, €)) dy. (4.13)

Then, we have for a € NV*! with |a| < N +1

& (frl(:c)—frg(x))‘
g/B 1B, (2, ) Z '5'2 ‘al

m—1

} l

Z l, Yim!

m=1

o (v i (g rh (. 0))

°0 (s ) = ra(y, ) dy.

(4.14)
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Since

O (v Wi, rh (1, 9)) | < CHU=m)l(m — 1= R)RI(CY8%) 6™ e
(4.15)

where C/ is constant independent of 71,75 and § (depending on 3), we have
that

BLla 1>2
I m-—1
l'(l — m)'(m —1- h)'h' 2—m—1, 1\ l—m
X TnZ:l —~ (l — m)'m' g (Cl) ||’l"1 T2H

m—1

!
<@Us ( (005)1—2 Z(Cwi/é)z—m Z (m — LLT h)!h!) r1 = ra

1 h=0

S ~Z5 ( (005)1722

(61’5)1’ [re =72l < o l[re — r2||L°C(]Rd;CN+1(O,6)N+1) )
1>2 p=0

(4.16)

which implies that

o (Trl(:c, €) — Trg(z, e))‘ <C"s llr1 =2,

E Sup€€(075)N+1eSS.Supm€Rd
o] <N+1

(4.17)
where C~’J’~',C~’” >0 (j = 2,3,4) is constant independent of r1,79 and 4. By

choosing 0y € (O,min(l/é, 1/C, 1/C~’”)>, we have ||Try — Tra|| < ||r1 — raf|,

which implies that T has a unique fixed point in Xs. Lemma 4.1 has been
shown. 0

5. Proof of Theorem 1.3

In Sect. 5, we will show Theorem 1.3. Since a(z, z) is holomorphic at z = 0 by
(ii) of Assumption 1.1, it is sufficient to show that

dLai(z,0) = dLag(x,0), z € RY, (5.1)
for all | € N. Let N € N and let g; € L*(S%!) (j = 1,2,...,N + 1). Let
o€ (O,min(éo, 50)) be chosen as sufficiently small and depending on N and

gj- (50,50 are corresponding to Theorem 1.2 and Lemma 4.1, respectively.)
From Section 4, we obtain the unique solution 7. ; € X5 (j = 1,2) such that

Arej +aj(w,7ej +v) + k*re; =0in R (5.2)
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where r. ; satisfies the Sommerfeld radiation, and v, is given by (4.1). The
solution ¢ ; has the form

re () :/ O(2,y)a;(y,re,j(y) +ve(y))dy, = € R, €€ (0,6)VF. (5.3)
Rd
By the assumption of Theorem 1.3 we have

roq () = 7"‘;‘5(55), zesS¥l ec (0,(5)1\/"’17 (5.4)

67

where 725 is a scattering amplitude for rc ;, and it has the form

oS (2) =/ e M Ya;(y, e (y) + ve(y))dy, & €S, e (0,6)NF (5.5)
R

In order to linearize (5.3), we will differentiate it with respect to ¢ (I =
1,...,N +1), which is possible because r ; € Xs. Then, we have

Oe,1e,j(x) = /Rd O (2,9)020;5 (Y, e, () + ve(y)) (O e, (y) + 8*vg, (y))dy. (5.6)
As € — +0 we have by setting ¢; := 0.a;(y,0)

wyj(x) = OeTe

@) = [ @m0+ oy 67)

which implies that
Awy j + k*wp ;= — qj(wyj + 6%v,,) in RY. (5.8)
By setting u; j := w; ; + 6%v,, we have
Auy j + Ky j + gjug,; = 0 in R%. (5.9)
By setting w; := w1 — uy2(= wy,1 — wy2) we have
Ay + k2w + qrup = (g2 — q1)ug2 in R, (5.10)
and we also have
(g2 — q)un,1ur2 = up 1 Auyp — wAuyy in R (5.11)
Differentiating (5.4) with respect to ¢, and as e — 0 we have
/R LMV (y) (wi (y) +0%vg, (1) dy = /R eV aa(y) (wia(y) +0%vg, (y))dy,
(5.12)

which means that w] = wp5, where w;; is a scattering amplitude of wy,;. By
setting w; := w;,1 — w2 we have
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Ay + k% = 0 in R\Bp, (5.13)
where w; satisfies the Sommerfeld radiation condition, and the scattering am-
plitude w;® of w; vanishes. Then, we have w; = 0 (that is, w; = 0) in R\Bgp,
which implies that by the Green’s second theorem we have (I,h =1,..., N+1)

0= / up 10U — w0y up, 1ds
OBRr41

= / up,1 Au; — wAup, 1 dx
Bry1

:/ (g2 — q1)un, 1w 2dx. (5.14)

Br

By (5.8), and definition of H and Tg; in Section 2, u;; can be of the form
ur,; = 0°Ty, Hay, (5.15)

and dividing by §% > 0,
0= / (g2 — q1)Ty, Hgn'Ty, Hgrdx. (5.16)
Br

Combining Lemma 2.1 with Lemma 2.2, we conclude that ¢; = g».
By induction, we will show (5.1). In the first part of this section, the case
of [ =1 has been shown. We assume that

dLai(z,0) = dLas(z,0), (5.17)
for all [ = 1,2,...,N. We will show the case of [l = N + 1. We alredy have
shown that ¢1 = ¢2 and wj§ = w5, which implies that by the uniqueness of
the linear Schrédinger equation (5.8) we have

wy = wy o in RY (5.18)

foralll=1,...,N +1.
We set g := g1 = ¢2 and w; := w;,;; = w; 2. By subinduction we will show
that for all h € Nwith 1 <h < N
h __ ah
aell...the,l =0 - 6611...61hr5a2 6207 (5'19)

where l1,...,l, € {1,..., N +1}. We already have shown that (5.19) holds for
h = 1. We assume that (5.19) holds for all h < K < N — 1. (If N = 1, this
subinduction is skipped.) By differentiating (5.3) with respect to X!

1€l
we have

i1 rej(z) = /]Rd q)(x,y){a§+1aj(y7r€7j(y)

K+1

+ve (y)) H (aqh Te,j (y) + 62vglh (y))

h=1
+0.a;(y,7e,j(v)

o)) Tl | Ted W) + Rici(y€) }d% (5.20)
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where Ry j(y,€) is a polynomial of 8%a;(y,rc;(y) + ve(y)) and 9"
(1. (y) +ve(y)) for 1 <h < K. As e — 0 we have

1€l

K+1
K ete| @ = [ @(x,y>{a§(“aj<y7o> TT (o, () + 6%, (0)
N h=1
a5 e, e _ W)+ R (9, 0)}dy- (5.21)

We set 111}(.;,_17]' = 85]1(1—"'_}611<+1 and set W41 1= 1IJK+171 — IZIK_;,_LQ. By
e=

assumptions of induction and subinduction we have Rk 1(y,0) = Rx 2(y,0)
and 0K+1a,(-,0) = 05+1ay(-,0), which implies that

Te,j

(@) = [ B a)inn )y (5:22)

which is equivalent to
Atigq1 + K g1 + qiog 1 = 0 in RY, (5.23)

where Wg 41 satisfies Sommerfeld radiation condition. By differentiating (5.4)

with respect to 85 Hel and as € — 0 we have
L€l

WE 11 = Wit 25 (5.24)
where W, ; is a scattering amplitude of W41 ;. (5.24) means that @3, ; =

0, which implies that by Rellich theorem, we conclude that W, = 0 in R?.
(5.19) for the case of K + 1 has been shown, and the claim (5.19) holds for all
h=1,...,N by subinduction.

By differentiating (5.3) with respect to 6?{fik+1, and as € — 0 (the same
argument in (5.20)-(5.22)) we have

N+1
Wy y1(T) = /Rd (I)(x,y){ (90X ay(z,0) — 9N as(,0)) H (wn(y) + 6%vg, (1))
h=1
F o) (5.25
where Wy, = 8é\ffﬁ1N+lre’j . and set Wn41 := Wy41,1 — Wn+1,2. This is
equivalent to -
N+1
Aty 41 + kN1 + i = — f [ 6°TyHgn in R, (5.26)
h=1
where f(x) := 0N tay(z,0) — 0N *lay(x,0). By differentiating (5.4) with re-
spect to (%YfiKH and as € — 0 (the same argument in (5.24)) we have
B3, =0, (5.27)

where WYy Is a scattering amplitude of Wy, 1. Then, we have Wy = 0 in
R\ B
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Let @ € L?(Bgy1) be a solution of A% + k23 + g0 = 0 in Bry1. By the
Green’s second theorem and (5.26) we have

0= / 178,,1DN+1 — ﬁal,’lf)N+1dS
OBR+t1

= / ﬁA’LZ}N_H — ’LZ}N_;,_lA?N}dJS
Br+1

N+1

= / —f [ 8°T,Hgnidz, (5.28)
Br+1 h=1
which implies that dividing by §% > 0
N+1
/ f 1] T.Hgnvdx = 0. (5.29)
Bry1 p=1

Let v € L?(Br41) be a solution of Av+ k?v+qv =0 in Bry1. By Lemma 2.1
we can choose gny1 as gn+yi,; € L?(Bry1) such that ToHgny1,; — v in
L?(BRr) as j — oo. Then, we have that

N
/ f 1] T.Hgnvvdz = 0. (5.30)
Bry1 p—1

which implies that by Lemma 2.2
N
FII TiHgn = 0. (5.31)
h=1

By Theorem 5.1 of [20], we can choose a solution u;, € L?*(Bgyi) (h =
1,...,N) of Aup + k*up, + quj, = 0 in Bry1, which is of the form

up(x) = P (1 + p(x, pr)), (5.32)
with [[¢n (- pr)ll p2(pr, 1) < ﬁ where C' > 0 is a constant, and p, = ap, + ibp,

an, by, € R% such that |ay,| = |b,| and ay,-b, = 0 (which implies that py,-pj, = 0),
and ap 75 ap’, bh 75 bh/.
Multiplying (5.31) by f]_[,]:[;l1 e~ *Ph we have

N
P T e P T Hgn =0, (5.33)
h=1
which implies that
N—-1
/ |f)? (H e—w‘Pthth> e TPNT, Hgydr = 0. (5.34)
Br h=1

By Lemma 2.1, there exists a sequence {gnj}jen C L*(S?1) such that
T,Hgn; — un = €*P¥ (1 4+ ¢n(z,py)) in L?(Bg) , which implies that

N-1
/B f1? (H 6‘”‘p“Tquh> (1 +4(x, py))da = 0. (5.35)
R h=1

As |any| = |by| — oo in (5.35) we have
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N—-1

/ 1P I e " TyHgndz = 0. (5.36)

Br h=1
Repeating the operation (5.34)—(5.36) N — 1 times, we have that

/ |f|?dz =0, (5.37)
Br

which conclude that f = 0. By induction, we conclude that (5.1) for all [ € N.
Therefore, Theorem 1.3 has been shown.
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