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Abstract. We study viscosity solutions to parabolic p(z, t)-Laplacian equa-
tions on Riemannian manifolds under the assumption that a continuous
exponent function p is Lipschitz continuous with respect to spatial vari-
ables, and satisfies 1 < p_ < p(x,t) < py < oo for some constants
1 < p— < p; < oo. Using Ishii-Lions’ method, a Lipschitz estimate of
viscosity solutions is established on Riemannian manifolds with sectional
curvature bounded from below.
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1. Introduction

In this paper, we consider viscosity solutions to the parabolic p(x, t)-Laplacian
equation

Ap(zpyu + |Vu|p(z’t)_2+‘1<V, Vu) — 0w = f (1.1)

over a complete Riemannian manifold M of dimension n. Here an exponent
function p : M x [0,00) — R satisfies that 1 < p_ < p(x,t) < py < oo for
some constants 1 < p_ < p; < oo, g € [0,1) is a constant, and V is a bounded
vector field on M x (0,00). The p(x,t)-Laplacian operator defined by

Apienyu = div (|vu|p(x,t)—2vu>

appears in the study of motions of the non-Newtonian fluids, particularly
electro-rheological fluids. There is an extensive literature on elliptic/parabolic
problems with a variable exponent of nonlinearity in the context of divergent
equations (in the Euclidean space); for instance, we refer to [1-4,42,43] for
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parabolic problems. With regard to regularities of weak solutions for the par-
abolic p(z,t)-Laplacian equations, a local boundedness and a Holder estimate
have been established in [19,44] in the framework of Orlicz—Sobolev spaces,
provided that p is logarithmic Holder continuous in space-time variables with
1 < p- <ps < oo. A Holder estimate for the spatial gradient of weak solutions
was proved in [2,15,45] under the assumption that p is Holder continuous with

max (1, n2—_~’_12) < p_ < pip < oo (see also [25] for partial regularity). Lastly,
we mention [5,9,14,26,46] and references therein for Calder6n—Zygmund esti-
mates and higher integrability results.

The p(z,t)-Laplacian operator can be expressed in non-divergence form
as follows:

Aoy = [VulP@0=2 { (I * (p(m’t) - 2)W ? IVUI) DQU} (1.2)

+ | VulPED =2 og |y <vp, Vu>,

provided that p is differentiable with respect to spatial variables. The p(x, t)-
Laplacian operator becomes degenerate at a point (x,t) where the gradient
of w vanishes with p(z,t) > 2 while it is singular at a point (y,s) with zero
gradient of v and 1 < p(y,s) < 2. In this paper, we are concerned with
a Lipschitz estimate of viscosity solutions to the parabolic p(z,t)-Laplacian
equation (1.1) on M x (0,00) with a non-homogenous right-hand side, under
the assumption that a continuous exponent function p is Lipschitz continuous
in spatial variables; see the condition (1.3).

In the Euclidean space, Ishii and Lions in [31] proved a Lipschitz regular-
ity of viscosity solutions to fully nonlinear elliptic/parabolic equations, which
are continuous with respect to all variables including Vu and D?u, and pos-
sibly degenerate. Ishii—Lions’ method based on a doubling variable technique
was adapted by Imbert—Jin—Silvestre in [30] to prove a Lipschitz estimate
for viscosity solutions to the singular/degenerate parabolic p-Laplacian type
equation O,u = |Vu|? Apu with the constants p > 1 and v > —p. Moreover, a
Holder estimate for the spatial gradient of viscosity solutions was also obtained
in [30] provided with the constants p > 1 and v > 1 — p. We also mention [35]
for the result on parabolic normalized p-Laplacian operators (when v = 2 —p),
and refer to [12,13,22,28-30] and references therein for relevant results in the
context of non-divergent p-Laplacian equations.

To show a Lipschitz estimate of viscosity solutions to (1.1) on M x (0, c0),
we employ the approach in [30] which relies on Ishii-Lions’ method [31], with
the help of Jensen’s sup- and inf-convolutions. When we deal with viscosity
solutions on Riemannian manifolds, there is a smoothness issue of test func-
tions such that the squared distance function from a point is not smooth on
the cut locus of the point, as well as the non-smoothness of viscosity solutions.
In order to overcome difficulties from the non-smoothness of viscosity solu-
tions and test functions in the Riemannian case, an appropriate regularization
would be required, and Jensen’s regularization by sup- and inf-convolutions
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plays a role in this paper. Jensen’s regularization is a standard approxima-
tion in the context of viscosity solutions (see [17,33,34] for the Euclidean
case) and was studied in the setting of Riemannian manifolds in order to
establish regularities of viscosity solutions in [39], where a geometric property
of sup- and inf-convolutions: semi-convexity and semi-concavity respectively,
was useful in dealing with the non-smoothness of test functions due to the cut
locus. We mention [16,38-40] for Krylov—Safonov type Harnack inequalities
and Holder estimates on Riemannian manifolds, where certain non-divergent
techniques in the Euclidean space have been adapted for the operators includ-
ing p-Laplacian elliptic operators and uniform parabolic operators. It is worth
noting that a lower bound of Ricci curvature of the underlying manifold is a
natural assumption for Harnack inequalities of the p-Laplacian operator (with
a constant exponent p > 1) in [40] and the heat operator in [38], whereas
sectional curvature bounded from below is taken into account for the analysis
of p(x,t)-Laplacian operators owing to nonlinearity of a variable exponent.
Compared to Jensen’s regularization used in this paper, the authors in
[30] considered a smooth solution us (6 > 0) of the approximating equation

) o\ THE=2 Vus @ Vugs 2
s = (|Vus|* +6%) tr{<1+(p2)|Vu5|2+62 D%us

in Q x (0,7) C R™ x [0,00) with the Dirichlet boundary data us = w on the
parabolic boundary 0, (Q x (0, T]) Here, 2 C R™ is a bounded domain, and u
is a viscosity solution of d;u = |Vu|” Apu. They established uniform gradient
estimates for us with respect to § > 0, and then such gradient estimates hold
for the solution u by utilizing results on existence, uniqueness and stability
of approximating solutions us (see also [41]). On an arbitrary Riemannian
manifold which may be compact, it is not always possible to construct smooth
solutions us as above which approximate a viscosity solution to (1.1), so we
apply Ishii—Lions’ method to regularized solutions by Jensen’s sup- and inf-
convolutions in the Riemannian case.

Regarding the notion of viscosity solutions to the parabolic p(z,t)-
Laplacian equation (1.1) (see Definition 2.1), we adapt the definition by
Demengel in [23]. A main difficulty in defining viscosity solutions for singular
operators lies in the fact that one can not test functions at a point where the
gradient of a solution is zero, which has been dealt with by many authors
in [10,18,27,32,37,41]. In particular, Demengel in [23] obtained existence and
regularity results on viscosity solutions of the parabolic p-Laplacian equations
with non-homogenous right-hand sides in the Euclidean space (for a constant
exponent p € (1,00)). Moreover, she proved equivalence between a viscosity
solution introduced in [23] and a viscosity solution defined by Ohnuma—Sato
[41] in the case of the homogeneous parabolic p-Laplacian equation (f = 0 and
V =01in (1.1)). We remark that the authors in [41] defined viscosity solutions
utilizing a certain class of admissible test functions when the gradient of a
solution vanishes, which was employed in [30].

We end the introduction by stating our main result. Below and hereafter,
let (M, g) be a smooth, complete Riemannian manifold of dimension n, where
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g is the Riemannian metric. We denote (X,Y) := g(X,Y) and | X|? := (X, X)
for XY € T, M, where T,,M is the tangent space at x € M. Let d(-,-) be the
distance function on M. For a given point y € M, d,(-) denotes the distance
function from y, i.e., dy(z) = d(z,y). Throughout this paper, a continuous
function p is assumed to be differentiable with respect to spatial variables,
and to satisfy

|p(x,t) —p(y,s)| < Od(z,y) +wo ([t — s]) (1.3)
for z,y € Bag(z9) C M and t,s € (0,T], where 6 is a positive constant and
wp : [0,00) — [0, 00) is a non-negative function with wy(0+) = 0, and

l<p_ < p(z,t) < pt <00 (1.4)
for any (z,t) € Bar(20) x (0,T] with some constants p_ and py.
Theorem 1.1. Assume that sectional curvature is bounded from below by —k
for k >0, ie., Sec > —k. Let 0 < R < Ry < 00, T > 0, and p : Bag(zg) X
(0, 7] € M x [0,00) — R satisfy (1.3) and (1.4) on Bag(zo) x (0,T]. Let
u € C' (Bz2r(z0) x (0,T]) be a viscosity solution of
Appyu + [VulPED 72UV, V) — gpu = R7PED f (1.5)
in Bapr(z0) x (0,T] for a constant ¢ € [0,1) and a vector field V' with

IVl Lo (Bar(z0)x(0,1)) < B. Then we have that for any x,y € Br(z0) and
t,s e (T/2, T,

dag) |t s
)~ )] < 0 (520 4

where a constant C > 0 depends only onn, p_, py, q, /&Ry, 0 max(e, Rylog
RO); ﬂRéiqz Til max (Rp7 ) Rp+)} T max (R7p7 ) R*p+)7 HUHL‘X’(BQR(,ZO)X(O,T]);
and ”f”LQO(BzR(ZO)X(OaT])'

Consider a modulus of continuity wg in time for a variable exponent p in
(1.3) given by

S Vo< 1<,
wo(r) = { 1+[log7] (1.6)
co V1 >1,

with a nonnegative constant cg. Letting pg := p(20, 0), we observe that for any
(xvt)v (y7 8) S BQR(ZO) X [07 Rpo]a

Rp(z,t)fp(y,s) < max (1 640 max(e, R log Ro)+co max(1,log R(]))
— 7

in light of (1.3) and (1.6) since
Ip(z,t) — p(y, s)| - [log R| < 40R[log R| + wo(|t — s[)|log B
< 460 max (e, Ro log Ry) + ¢o max (1,1log Ry) .
Thus it holds that
T-1Re(t) — ppl@t)—po < ' and TR P& = pro—p(=:t) <

for a constant C' > 0 depending on 6 max (e, Ry log Ry) and ¢ max (1,log Ry)
and hence a locally uniform estimate follows:
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Corollary 1.2. Assume that Sec > —k for k > 0. Let 0 < R < Ry < 00, and p :
Bar(z0) x [0, RP?] — R satisfy (1.3) with (1.6) and (1.4) on Bag(z) % [0, RP?],
where pg := p(z0,0). Let u € C (Bag(zo) X (0, RP°]) be a wiscosity solution of
(1.5) in Bagr(z0) x (0, RP°] for a constant g € [0,1) and a vector field V' with
IVl 2o (Bar(20)x 0,70}y < B. Then we have that for any x,y € Bgr(z) and
t,s € (RP /2, RM),

d(a:,y) + |t — 8‘1/2 )

lu(z,t) —u(y,s)| < C ( R Rpo/2

where a constant C > 0 depends only on n, p_, py, q, V/kRy, 0 max(e,
RologRy), comax(LlogRo), BRy % |[ullne=(Ban(eo)x(0,re0)),  and
[ £l Lo (Bag (20) % (0, RP0)) -

This result can be seen as a generalization of a scaling-invariant Lipschitz
estimate for parabolic p-Laplacian equations with a constant p > 1 in the
Euclidean space. Moreover, considering the parabolic p-Laplacian equation
with a constant p > 1 on M with nonnegative sectional curvature, we have a
Liouville type theorem for eternal solutions.

Corollary 1.3. Assume that M has nonnegative sectional curvature: Sec > 0.
If w is a bounded viscosity solution to the parabolic p-Laplacian equation with
a constant p > 1:

Apu— 0 =0 on M x R,
then u is a constant.
The rest of the paper is organized as follows. In Sect. 2, we give a notion of
viscosity solutions and some known results on Jensen’s regularization that are
used in the paper. Section 3 is devoted to proving a logarithmic-type Lipschitz

estimate in spatial variables to show a Lipschitz estimate of Theorem 1.1. In
Sect. 4, we prove an 1/2-Holder estimate in time variable.

2. Viscosity solutions

We present a refined definition of viscosity solutions for singular parabolic
operators, which is adapted from [23].

Definition 2.1. (Viscosity solution) Let © be an open set in M and T > 0.
Define

G (x, t, Vu, D2u) = Apz,nu+ |vuv’<z’t>*2+q<v, Vu)

with the p(z,t)-Laplacian operator A, ;yu as in (1.2) in non-divergence form.
For a function f: Q x (0,7] — R, we say that u € C (2 x (0,T1]) is a viscosity
supersolution (respectively subsolution) of the equation

G(x,t,Vu,Dzu) —Owu=f inQx(0,T]
if the following holds: for any (z,t) € Q x (0, 7],
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(i) either if any function ¢ € C*! (Q x (0, T)) satisfies that u — ¢ has a local
minimum (respectively maximum) at (Z,¢) in Qx (0,¢] with Vi(z,t) # 0,
then it holds that

G (2,1, Ve(z,1),D*p(z,1)) — Opp(z,t) < f(2,t) (respectively >);
(i) or, if there exist € > 0 and h € C*((f — ¢,t]) such that

(1 {u(:c t) —h(t)} = u(z,t) — h(f) (respectively sup); and
te(t—e,

& {u(a: t) (t)} is locally constant in a neighborhood of Z (respectively sup),
te t—

then —h/(t) < f(z,t) (respectively >).

We say that u is a viscosity solution if u is both a viscosity subsolution and a
viscosity supersolution.

Remark 2.2. (a) When a viscosity solution is independent of time variable,
the definition above is equivalent to the one for singular elliptic operators
given in [11,40].

(b) Assuming that either p > 2 in Q x (0,7] or p = 2, the operator
G (m,t, Vu, Dzu) is considered a continuous operator with respect to all
variables z, t, Vu, and D?u by setting

Gl t.0 0 when p > 2 in Q x (0,T7; 01
(2.£,0,Q) = trQ when p = 2. (2.1)

Then v is a usual parabolic viscosity supersolution of (1.1) if and only
if u is a viscosity supersolution of (1.1) in the sense of Definition 2.1,
provided that f is continuous.

When M = R", the above equivalence can be proved by a similar
argument to the proof of Lemma 2 in Appendix 2 of [23]. Indeed, in
light of (2.1), it is clear that a usual parabolic viscosity supersolution
is a viscosity supersolution in the sense of Definition 2.1. For the proof
of the converse, the condition (ii) of Definition 2.1 is useful as well as
the continuity of the operator G and the Lipschitz continuity of p with
respect to z. In the Riemannian setting, one can modify a proof of the
Euclidean case employing some arguments for the elliptic operators on
manifolds in [40, Lemma 3.2].

Remark 2.3. The notion of parabolic viscosity solutions in Definition 2.1 is
slightly different from the one introduced in Definition 1 of [23] (cf. [7,30,41]).
The difference with [23, Definition 1] is that for our refined parabolic viscosity
solutions, we do not impose any condition on what is to happen after ¢t = ¢ for
admissible test functions; refer to [36,39].

Considering continuous parabolic operators (with respect to all variables
x, t, Vu and D?u) on M = R", Juutinen in [36] called a viscosity solution
ignoring what happens after time ¢, a parabolic viscosity solution. The equiva-
lence between a parabolic viscosity solution and the one in the usual sense (as
for elliptic operators as in Definition 1 of [23]) was proved in [36, Theorem 1]
for continuous parabolic operators, where a crucial ingredient of the proof is
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the comparison principle for viscosity solutions in the usual sense. Due to the
(possible) singularity of the operator G (the condition (ii) of Definition 2.1)
and a variable exponent p, the approach of [36] seems not directly applicable
to the proof of the equivalence between Definition 2.1 and [23, Definition 1],
which we believe is worth further investigation.

The following technical lemma will be used in the proof of a Holder
estimate in time (Lemma 4.1). The proof is similar to the one of Lemma 1 of
[23]; we omit it.

Lemma 2.4. Let u € C(Q x (0,T)) be a subsolution of
Ap(z,t)u + ﬁlvulp(:c,t)—l—i-q — 0w > f in X (O,T]
o

for constants § € R and q > 0, where [ is a continuous function on Q x (0
Suppose that for a point (a:,t) € Q x (0,T] and a function h € C* ((0,%
holds that

D), it

sup { w(z,t) — h(t) — Cdk(w,x)} =u(z,t) — h(t)

B (z)x (f—e, ]

with some constants € > 0, C' € R, and k > max (2, 1+
have that —h'(t) > f(z,t).

1). Then, we

As mentioned in the introduction, we make use of sup- and inf-
convolutions by Jensen [33,34] in order to approximate viscosity solutions (see
also [17, Chapter 5]). Recall the definition of sup- and inf-convolutions from
[39]. For a bounded open set Q@ C M and Ty > Tp, let u be a continuous
function on Q x [T, Tz]. For € > 0, the inf-convolution of u (with respect to
Q x (Tp, Ty)), denoted by wu, is defined as follows: for (z,t) € Q x [Ty, T3],

1
us(z,t) == inf u(y, s) + o (d(y,z) + s —t°) ¢
[To,T2] 2e

(y,5)€QxX

In a similar way, we define the sup-convolution u® of u by

e = su U s—i 2y, x s —t|?
= o Lus) - g (B o) |

(y,8)€0x|

For properties of sup- and inf-convolutions such as uniform convergence to u
as € tends to 0, we refer to Section 3 of [39]. Below and hereafter, the same
notations as in [39] will be used. For example, Sym T'M denotes the bundle of
symmetric 2-tensors over M, and P%*u stand for the second order parabolic
super- and sub-jets of u.

In the following lemma, we are concerned with a link between a viscosity
solution and its sup- and inf-convolutions. Before stating the lemma, limiting
parabolic super- and sub-jets P of u at (x,t) € Q x (Tp, T»] are defined as
follows:
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?Ziu(z,t) = { (a,(,A) e R X T, M x SymTM,, : 3 (zk, tg, ak, Ck, Ax)
€ Qx (To, To] x R x Ty, M x Sym T' M,

S. t. (ak,Ck,Ak) S PQ’iu(l‘k,tk), and
kli)rrolo (‘Tka tku Qg Clm Ak) = ((E,t, a, Cv A) }v

see [6,7] for slightly stronger definitions of P**u and Py for a function
u defined on Q x (Tp,T3). The following lemma can be deduced from the

proof of [39, Proposition 3.3] considering the limiting sub-jet 52 _u instead of
the sub-jet %~ w. Similar properties for the limiting super—Jet SD u can be
obtained by using the facts that u* = — (—u)_ and P~ e = P (—u®) =
—P (—u), .

Lemma 2.5. Assume that Sec > —k on M for k > 0. Let H and Q) be bounded
open sets in M such that H C Q, and Ty < Ty < Ts. Let u € C (ﬁ X [TO,TQ]) ,

and let w be a modulus of continuity of u on Q x [Ty, Ts]. Then there exists
go > 0 depending only on ||u\|Lm(§X[T0 T2]),H,Q,To, and Ty, such that if 0 <

€ < g, then the following statements hold. Let (wg,to) € H x [Ty, Ty] and let
(a7 C? A) S ¢2)7/“6('1:07 tO)
(a) There exists a point (Yo, so) € Q X (Ty, To] such that
Yo = expmo(_€<)7 So € [tO - 2\/ em, to + 2\/ Em] N (T07T2]7

and
1
ue (w0, to) = u(yo, 0) + 2% { d*(yo, o) + S0 — tol” } .

Here u. denotes the inf-convolution of u with respect to Q x (Ty, Ta] for
€>0, and m:= Hu||Lm<§X[TO’T2]).

(b) yo & Cut(zg), and there is a unique minimizing geodesic joining xq to Yo
which is contained in . Moreover,

d(yo, zo) = €2 |([? < 2cw (2v/Em) .
(c)
(@, Lag,yoC, Lag.yoA— kmin { ¢, 2w (2¢/zm) } I) € P u(yo, s0).

Here Ly, .y, denotes the parallel transport along the unique minimizing
geodesic joining xo to Yo, and Ly, ., A is a symmelric bilinear form on
Ty, M defined by

(oo A) € €)= (A (Lyownob) s Lypuaal)y,  VE € Ty M

3. Lipschitz estimate

In order to prove a Lipschitz estimate for viscosity solutions to the parabolic
p(z,t)-Laplacian equation (1.5) on a Riemannian manifold M, we follow the
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proof of a Lipschitz estimate in [30] (in the Euclidean space) based on Ishii-
Lions’ method [31] with the use of a regularization of Jensen by sup- and
inf-convolutions. Firstly, we establish a logarithmic-type Lipschitz estimate
for viscosity solutions.

Proposition 3.1. Assume that Sec > —k on Bag(zo) for K > 0. Let 0 < R <
Ry <00, T>0, and u € C(Bar(z0) x (0,T]) be a viscosity solution of (1.5)
in Bar(20) x (0,T] with 0 < ¢ <1,

[ullLo (Banzo)x0,1) <1 IfllLo(Bar(zo)x 01y <1 and
IVIIL (Bar(z0)x (0,7]) < B (3.1)
for 8> 0. Then we have that for any x,y € Br(zo) and t € (T/2,T],

u(e,t) —u(y,t)] < 4,%@.9) ‘log (d(x’y)> i

R R
1 2 1 2 1 2

Here constants Ay > 0 and As > 0 depend only on n, p_, py, q, v/KkRo,
f max (e, Rolog Ro), BRy 9, and T~ max (RP-, RP+).

Proof. For 0 < e < 1, we denote by u. and u® the inf- and sup-convolutions of
u with respect to Bsp/2(20) x [T'/8, T, respectively. Define a function ® by

0(o0)i= A6 (D0 ) b o { S () + s )+ (e - 77

with ¢ given by
2
r|logr for r € [0,e72);
oy =17 L [ e )
de for rE[e ,oo).

Here positive constants A; and A, will be determined later. We consider

me = sup (vt -uwmn-2wyn} (33
z,yGBR(zo), T/2<t<T

Let v € (0,1) be a constant. Once we have proved that m. < v for sufficiently
small € > 0, we conclude that for any x,y € Br(z) and T/2 <t < T,

d(z, y))

u(m,t) - U(y,t) <v+ A1¢ < R

1 1 1
{5, () + i )+ - TP

using uniform convergence of v and u. to u in Bsg/a(20) x [T/8, T] as ¢ tends
to 0. This implies (3.2) since v > 0 is arbitrary. Thus it suffices to show that
me < v for sufficiently small € > 0. Here € > 0 may depend on u, v and R.

Suppose to the contrary that m. > v for small € > 0. Let (z,¥,t) €
Br(z0) x Br(z0) x [T/2,T] be a point such that

me = u®(Z,1) —u:(y,t) — ®(z,9,1). (3.4)
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Then we have that
(z,9) 2 (= 2 1 2
v o (M50 ) 4 e { G 0 g )+ gl T)
<u€(jvf) _uE(y7E) <3 (35)
for sufficiently small € > 0 by uniform convergence of u® and u. to v and the
assumption (3.1). Selecting As > 1 large enough yields that

dy(@) dey(@ _ . [6 1 ) 6, 1
20T 20 L9 — < = —-TI < T T
R + R = 5 < 5 and [t | < I < =

Here and below, we fix such a large constant As > 1, and hence we see that
(Z,y,t) € Br(z0) x Br(z0) x (T/2,T). In light of (3.5), we obtain that

46 ) 3
7 = qu(R) <A—1<e 4 with §:=d(z,7), (3.6)
by choosing A; > 1 large enough.

Let w be a modulus of continuity of u on Bsr/2(20) % [T'/8, T] such that
w: [0,00) — [0, 00) is strictly increasing with w(0+) = 0. Since

us(j’f) _UE(gaﬂ < u(i7i) —U(y,f) +V/2

for sufficient small ¢ > 0 by uniform convergence of u® and u. to u in
Bsprj2(20) x [T'/8, T] as € — 0, it follows from (3.5) that

v <u(7,1) —ue(9,1) < u(®,t) —u(y,t) +v/2 <w(d) +v/2. (3.7)
In light of (3.7), it holds that for sufficiently small ¢ > 0 satisfying that

w (4vE + 071w (44/2)) < v/2,

4/ + 07wy (4v/2) <w ™ (v/2) < 6. (3.8)
In particular, we notice that § > 0, that is, & # g for sufficiently small ¢ >
0. O

Claim 3.2. Z ¢ {y} U Cut(g) U Cut(zp), and g & {Z} U Cut(z) U Cut(zo).

We postpone the proof of Claim 3.2 after the proof of this proposition,
whose proof uses semi-convexity of u® and —u., and the contacting property
(3.4) together with (3.3).

Since uf(+, ¢ ) and —u.(-, ) are semi-convex in Bg(zp), it follows from the
contacting property (3.4) with (3.3), and Claim 3.2 that u®(-,¢) and —uc(-, )
are differentiable at T and g, respectively, and

¢ =Vui(z,t) =V, 0(2,7,1) = 3¢ (g) Vdy(z) + $% V2 (T);

¢ i=Vu(y,t) = -V, @(z,9,t) = — ¢ (;) Vdz(§) — 53 Vd2 (7).
(3.9)
This implies that
A

SR ——L;:Vd: (7) (3.10)

. Ay oo
&=LyzC+n with n:—Q—RZVd (z) +



NoDEA Lipschitz regularity Page 11 of 32 27

since Vdy(Z) = —Ly zVdz(y). Choosing A; > 1 large such that 84, < Ay, we
use (3.6), (3.9) and (3.10) to obtain
Ay (6 34y , (6 [3
— — | < < — — < = 11
o<gpd (g) <l < 5pe(g) ma w< e

since

1
1< 3 [logr|*> < ¢/(r) = |logr| (|logr| —2) < [logr|* Vre (0,e7?).
(3.12)
Here we also used the fact that |Vdz(g)| =1 = |Vdy(Z)|.
In light of Claim 3.2, the test function ® is of class 02>1(0) for a small

neighborhood O of (7, 7, ) and we notice that m. = sup(, , 1eo, 1<t { us(x,t)—
ue(y,t) — (x,y,t) } from the contacting property (3.4) with (3.3). Utilizing

this fact and Theorem 3.8 of [7], the following claim which is a Riemannian
version of Jensen—Ishii’s lemma holds true; refer to [21] for the Euclidean case.
For the reader’s convenience, a sketch of the proof of Claim 3.3 is provided
after the proof of this proposition.

Claim 3.3. For any p > 0, there exist

(0,6, P) P Tuf(2,8)  and  (b,¢,Q) €P uc(y, D) (3.13)
such that
1 2 - P 0 2 - 2 - 2
- ; + ||Dx7y¢‘($,y,i)“ I< 0 _Q < Dac,yq)(xay7£>+ﬂ (Dac,y(l)(xayyi))
(3.14)
and 4
a—0b> T—; (t—1T) (the equality holds if ¢ < T'). (3.15)

In light of (3.14), it holds that for any X € Tz M,
(LagP — Q) Lz gX, Lz 3X) = <P - X, X> —(Q - Lz yX, Lz 3X)
_ 2
< < {Di,y‘b(xvyaﬂ + 2 (Diyq)(xvyﬂ?)) } ' (X7 Liﬁ,ng) ’ (X7 Lf,sz) > .

(3.16)
Setting ¥(s) := A1¢ (1/s/R) for s > 0, we have that for any X € Tz M,

<Di’y¢’(£‘7§,ﬂ : (X7 Lf’??X) ’ (X’ LiﬁX)>
= (D2, (¥ od?®) (2.9) - (X, Lz 5X), (X, Lz 5X))
A ~ A _
(0 () 0% X) + (07 (75 ) 0)- Lo, LaX ).

Then it holds that
(D2, ®(z,9,t) (X,Ls5X), (X,Lz5X))

<(D;, (Y od®)(z,9) (X.LsgX), (X, Lz gX)) (3.17)
+ %\/ERO coth (v/kRo) | X|*
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by recalling a Hessian estimate for squared distance functions in [20, Lemma

3.12]:
<D2 <;d§0) (z) - X, X> : <D2 (;d;) (9) - Lz g X, Lx7yX>
< VERgcoth (vVERy) |X|? (3.18)

provided that Sec > —k on Bag(zg) for k > 0. Here we used the fact that
|X| = |Lz3X|, Z,7 € Br(20) C Bg,(20), and the function 7 +— 7coth7 is
nondecreasing in [0, 00).

Employing the chain rule, we have that for X € T; M,

(D3, (bod®) (z,9)- (X, Lz 5X), (X, Lz 5X))

=5 ¥ (2) (D, d*(2.9) - (X, L 3 X) . (X, La 5 X))
0 (8%) (Voo (@), (X, La g X))*
since ¢’(s) = 2;\1/5 @' (\/s/R). As in Section 3 of [6], using the first variation
formula of length, we can prove that
% . d (expy sX, expysLz3X) =0 VX € TzM

since T ¢ Cut(g) by Claim 3.2 and the parallel transport preserves inner
products. This equality yields that <Vm,yd2(f, 7), (X, LE,QX)>2 = 0, and hence
we deduce

(D3, (Wod?®) (z,9) (X, LzgX), (X, Lz 5 X))

A 4]
= 3r5 (R) (D, d*(@,9) - (X, Lz 3 X) , (X, Lz 5 X)) (3.19)

Ay ’ d 2 2
< — —]-2 X|°.
< 5% (§) - 20*1x)
Here, we used [6, Proposition 3.3] for the last inequality of (3.19). Thus the
estimates (3.17) and (3.19) imply that

- 1 s\ 6
(D2,2(2.5.0) - (X, La gX), (X, Lz 3X)) < {/-cRg Ave (E) S cl} X2

! (o). 9 2
=R {A1¢ <E> R “}'X'
(3.20)

for some constant C; > 0 depending on /xRy which may vary from line to
line. Hereafter, unless specifically stated, a constant C; > 0 may depend on n,
P, P, @ V/ERo, 0 max (e, Rolog Ry), BRy 9, and T~ max (RP~, RP+), and
vary from line to line.

Since

Lo g X7 = X2 and [(X, LayX)|* = 2/X]%,
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it holds from (3.16) and (3.20) that
C 1) N2
LogP—Q < 1{ A ( > = +1}I+2uH (D2, (z,5,0)"|| 1
as symmetric bilinear forms, that is,
Ch 6 )
(LzgP—Q)-Y,Y) < RQ{A1¢< )'R+1}|Y|2
+2p H (D2,0(z,5,9)° H Y2, VY € T,;M.

With the choice of

2 2 2|t
p=r2{1+](02,0@50)°|} (3.21)
in Claim 3.3, we deduce that
4 ) )
LsgP —Q _R2{A1¢’ (R>-R +1}I (3.22)
for some constant C7 > 0 depending on /kRy.
Since
2| log | 1 3| log | _4
! = — 1-— < - 0 Y 0
¢"(r) , ( 1ogr|> = o < TG(,e ),

(3.23)
a direct computation with the use of Claim 3.2, (3.12) and a Hessian estimate
for squared distance functions in [20, Lemma 3.12] (see also (3.18)) implies
that

20(0.000) = o’ (§) Vo Va0 + 30 () 5
X { §D2d§(£) — Vdy ® Vdy(z) } + A—D2d2 L (@)

2R?
(3.24)

A1 (0N R 50, Ao 100 o
< — — | — < -
< o2 <R> 5 D dy(x) + 5R? Dd;, (z)

Cy 5\ R
< A —+1,1
<m i (7)500 )
where we recall from (3.6) that d(z,7) = § < R < Ry. By the choice of p as
(3.21), it follows from (3.14) and (3.24) that

pP< %{Alqs’(;)?Jrl}I (3.25)

for some constant C7 > 0 depending on y/kRg. Similarly, we have that

Q> ]C;{ A ¢ ()?Jrl}I. (3.26)
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In view of (3.13) and Lemma 2.5, we find two points (., t.), (ys, S«) €
Bsp/2(20) x (T'/8,T] such that

T, =expg (€€), Y« =expy(—(), L., 5. € [t—2Ve, £4 2| N(T/8, T,

with  d*(z.,2) = |¢]? < 2ew (2VE),  d*(y.,9) = €2|¢]* < 2ew (2VE),
(3.27)
and

(@ Low.& Lo, P+ 200 (2VE) 1) € P (e, t);
(b, Lyjy.C, Ly, Q — 25w (2V/¢) I) € 52’_u(y*, $:);

for sufficiently small € > 0. Here we used the facts that Pty = P (fu)a,
and [|ul| oo (Byg(20)x (0,77) < 1. Notice that z. ¢ Cut(z) and y. ¢ Cut(y) from
Lemma 2.5. Since u satisfies (1.5) in Bag(2o) x (0, T] in the viscosity sense and
the p(z,t)-Laplacian operator (1.2) in non-divergence form is continuous with
respect to z,t, Vu and D?u except when Vu = 0, utilizing (3.11) and (3.28)
yields that

|g[P(@=t) =2y KI—%— <p(93*vt*) - >|§| © |§|> } o

> — Jelret072 {250 (2VE) (n+ ps — 2) + 0l¢]| log [¢]| + Blg|+9 —RPCet),
P('!!*,S*)—Zt |:<I vy Sx) — C C) :|

g o (1 (s —2)p e n )@
< (¢ =2 L ome (20/E) (n+ py — 2) +01C] | log [CI] + BICI 2 |+ RTPes).

(3.29)
, P and Lz, P have the same

(3.28)

Here we used the facts that |§| = |Lz4.&
eigenvalues, and

(L3406 ® Lew.§) Lz P X, X)

= < (EREP- Ly, 2 X, LZ*EX> VX €T, M. (3.30)

T

x

Now we will estimate |P| with the use of (3.25), (3.26) and (3.29).
Employing (3.11) and (3.29), we obtain that

tr {(I—&— (p(x*,t*) — >|§| ® |;) } — a g2t

—{2r0 (2V2) (n -+ ps = 2) + 0l8]| log [¢]| + Blel'+ | — Rt fg2mrlrt)

z—g {HROJF@RA & (;) [10g2+log [Alqﬁ' (%)} +|10gR|}
wory e [ (D)) 7+ [ (fzﬂg_}
2= () {rs e (5)] [0 (B)] }

(3.31)
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for sufficiently small ¢ > 0 and sufficiently large A; > 1, where we used that
OR,0R|log R| < 0 max (e, Rglog Ry), A1¢’ (%) > 1, Ay > 1 and p_ > 1.
Here and hereafter, a constant C; > 0 may depend on n, p_, py, q, VxRo,
0 max (e, Rg log Ry), ﬁRé_q, and T~! max (RP-, RP+), and vary from line to
line. Utilizing this estimate together with (3.15) and (3.29) implies that

K”< i) =2) 015 ) 7|
=i () s [ (5)

o (3]
2= e () { s e ()] + [2o ()]}

?2|§|2—p<x*,t*) g2 (et ) ||l rs) =2 g KH (py=,52) 72)£®£> Q}

[AENTe
_ |£|2—p(z*,t*)|€|p(y*,s*)—2 { ) (2\/5) (n+py —2)
H0IC]| og [CI] + BC|™+7 4 RTP(V e [g2mR () ]

+(a—b) g7t b fgrmrlnt)

Using (3.26) and arguing similarly as for (3.31), we deduce that

3 £> ]
tr [ T4 (p(xy,te) — 2 =
K (vt =2) g2 g
q
< () Vet ()] o (5) o)
P(Yx,54) —p(@+ 1)
C 0\ R
_ RP@w st )= (Y5 et T Rl
weestres [ () el (7)5 )
" . 5 1+p(Ys,54) —p(@ st ) Cy 5
(77 e 3)
1
‘ W (R)] |
for sufficiently small ¢ > 0 and sufficiently large A; > 1.
In order to estimate | P| with the use of (3.32) and (3.25), we will establish

some estimates regarding the difference between p(x.,t.) and p(y., s.). Using
the assumption (1.3) on Lipschitz continuity of p, it holds that

=

(3.32)

Rp(x*,t*)fp(y*,s*)’ Rp(y*,s*)fp(z*,t*) < max {1, 69 max(e, Ro log Ro) } ) (333)

Indeed, we only consider the case when RP(#+t-)=P(¥«:5+) > 1 since the other
is similar. In light of (3.27) and (3.8), we have that
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8t = d(xa,ys) + 0 wo (Jte — 54]) < d(z, ) + d(T, )
+d(F,y.) + 07w (4v7)

<d+ 2\/m+ 01w, (4\5) (3.34)
<O+4ve+ 071w (4\/5) <25

for sufficiently small £ > 0. Hence the assumption (1.3) on p together with
(3.34) and (3.6) yields that

log RP(*+t)7PW5) — |p(z,, t.) = p(ya, 5.)| - |log R| < 05.|log R
< 0R|log R| < 6 max (e, Ry log Ry)

for large A; > 1 and small € > 0, which proves (3.33).
With the use of (3.34) and (3.6), it holds that

1P(as ) — P(Ysy 82)] < 06, <205 < 20R AT (3.35)

for sufficiently small ¢ > 0 and large A; > 1. Moreover, we show that

S [P(zsts ) =P (Y, 54) 5\ 19
[¢’<R)] < {¢’<Rﬂ < (. (3.36)

In fact, by (3.35), it follows that

9. log ¢’ <5> < 20R- %bgqﬁ <5>

for large A; > 1 and small € > 0. The right-hand side of the above estimate
is uniformly bounded in light of (3.6) and (3.12), which yields (3.36). Here we
also used that OR < 6 max (e, Rylog Ry).

From (3.32), (3.33), (3.35) and (3.36), it follows that for sufficiently small

e>0,
| (ot -2 g ) ]

q
2o () {5 v ()]« [0 (5)] )
(3.37)
with sufficiently large A; > 1 depending onn, p_, p+, ¢, /K Ro,  max(e, Ry log
Ry), ﬁR(lfq, and T~! max (RP-, RP+), since

T—'RP@=t) < Tl max (RP—, RP+) . (3.38)

Here we used the assumption that 1 < p_ < p(z., t.) < p+ < oco. The estimate
(3.37) combines with (3.25), (3.12) and (3.6) to obtain

C 0 R 0 S\ 1?
Pl< 5 AT o (5 ) 15 +log [Ad (5 ) [+ Ao 5
R 1 R R
(3.39)
<O A5 g o\ R
- R2 R) &
Here we used the assumption that ¢ < 1, and the fact that A; < R/J from
(3.6).
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Employing estimates (3.29), (3.11), (3.31) and (3.15), we deduce that

[Pt =2 ¢y [(I + (p($*7t*) - 2)% ® é) P]

— g2 [(I MCORSERE é) Q]

T yts)—2
> —CLR?>7P@t) | Ay g g " : S A 9
- R R? R

sl ) ]
el )
el )] [ (]

( *15*)71
> —CyRPW-s) {Alqb’ <5)]p '
- R

s (@, ) =P(YssS4)
1 4 RPWsse) —p(@sst) A [ =
R
/ J / 4 ! —1
-qlog |A1¢ =)t A1 = — AT

and hence in light of (3.33), (3.35), (3.36), and (3.38), it follows that

jg[PLen =2 tr KI + (pln,t) — 2) Lo 5) P]

&l 1¢l
— | ¢ [P =2 gy [(I + (p(y*,s*) B 2)g| ® g|> Q]
1) P(Ynysx)—1 240
> —CyRPWs) [A“b/ (R)] u

ol (8] o (9]

for sufficiently small € > 0 and sufficiently large A; > 1. Now we decompose
the first line of (3.40) into 77 + T2 + T3 + T4, where 7, for j = 1,2,3,4 are
given by

L (s ts)—2 18w )— r _ i i .
T ._{|5|P 2 et 2}‘5 [(I+<p(3:*,t*) 2) I£I®£I>P}’

e (£ [P(Wer5a)— _ & _ & ,
Ty = |¢|PW 2 (p(x*,t*) p(y*,s*)) tr (|£| ® € P) :

7a = lepoee 2 (T4 (ooesn) 2) & 0 5 ) P
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X L+
_ L_:i p(y*,s*)—Qt I v i) — ’L/,J?C Y,T Pl
. [ (1 oo )\Lmq FTgadl) ]

7o P 2 (4 (ploss) =2) & 0 &) (LegP = Q)|

Here we used the facts that |{| = |Ljz¢|, and P and Lz 3P have the same
eigenvalues, and the equality (3.30).

Estimate for 77. For 77, we use the mean value theorem, (3.11) and (3.39)
with a similar argument for (3.33) to deduce that

|T1| < Cy|gp=s-)—2. ‘ |g[P(@te)=Ply=se) _

| Pl
5 [P(z s ) =P (Yss5)|
<0 |§|p(y*,s* [A1¢ ( )]

1 5
[Tog [€]] - [p(2+, t) = Py, 54)| - 2z AT & <R> .

| =

Then utilizing (3.11), (3.35), (3.36), and (3.34) shows that

A §\1PWess.)—2 5\ 199~ 5
s o ()] e (2] oo (2)] v

1 14es /<5> R
05, —A . 2.2
R2°! ¢ R) &6

C1 , (6 D(Yus8.)—1 205, , (6 R
gm {Am (EH - Af log |A1¢ = + |log R| 796*-3

Ch §\1PWs)—1 (6
< e {AW’ ( )} - AP {log {Am (EH +|logR\}~0R
(3.41)

for sufficiently small £ > 0. Selecting A; > 1 sufficiently large, (3.41) together
with (3.35) yields that

Cy g\ )
73 < oo {Awb ( )} AP {bgz‘h +log ¢/’ <R>].

(3.42)
for go := 3(1—q) > 0. Here we used that R, OR|log R| < 6 max (e, Ry log Ry).

Estimate for 75. As in the estimate for 77, it holds that

T2 < CulgPW )2 p(,, 1) — plys, 54)| - | P

Ay, (6 Blye,2e)=2 1405 i\ R
< =1 = . — Z ). =
_C’l[qu(Rﬂ 0. it (2

o P(ys,5:)—1 v R (3.43)
S Rolress) { 1¢( ﬂ A4 '05*03

Cl , 5 P(Ys,5+)—1 “
= RP(Ws,sx) {Alqﬁ (R)} =
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by choosing A; > 1 sufficiently large and € > 0 sufficiently small.

Estimate for 73. Employing the mean value theorem, (3.10), (3.11), and (3.39),
we obtain

A 6 p(y*,s*)—?)
74l < €y [1¢ ()} nl - 1P

R
A (NP7 1 1 s (0 R

<o Ay (2 g 2). & 3.44

<a|po(3)] AT (2) R @

Cy §\]"WI T s R
= RP(ys<) [ 19/ ( )] A s

since |n| < 245 R7! in light of (3.10). Thus we conclude from (3.35) that
C 5 P(Ys,55)—2 " R
L 3.45
|T3| = Rp(y* 52) |: 1¢ ( >:| Al 5 ( )
for sufficiently large A; > 1 and sufficiently small € > 0.

Estimate for 7. Since Vdy(Z) is an cigenvector of 1 D?d2(z) associated with
eigenvalue 1, the first line of (3.24) and a Hessian estimate for squared distance
functions in Lemma 3.12 of [20] (see (3.18)) imply that

1 /! 6 A —
(D2® (2,9,1) - Vdy, Vdy(2)) = o [Ald) (R) + 22 (D*d2, - Vdy, Vdy(z))

1 )
< R2 |:A1(Z) <R) +Cl:|

which is negative in view of (3.23) and (3.6) by selecting A; > 1 sufficiently
large. This yields from (3.14) that

0
(P-Vdy,Vdy(z)) < [Algb” ( ) + C’l] (3.46)
since we have chosen p as (3.21). In a similar fashion, it holds that
7<Q : Vdi,Vda—;(g)> [Am" < ) + cl} . (3.47)
Since Vdy(Z) = —Lj,:Vdz(y), estimates (3.46) and (3.47) imply that
_ 2 0
((LesP - Q) Vdo0). V@) < =5 [Am" (R) ; cl} C (aas)

Therefore by (3.11), (3.22) and (3.48) , we deduce that
Ta=|¢[PW )2 o KI + (plyer ) —2) % ® \%I) (LeaP - Q) }

CO , 5 D(Yu,54)—2 . 6 5 5
< o [ () [me (£) +eime (&) ve],
(3.49)

where a constant Cy > 0 depends only on p_ and p,.
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Utilizing (3.35), (3.40), (3.42), (3.43), (3.45) and (3.49), it follows that

—A1¢//<6) <01 |:10gA1+10g(b <6):|
A1+qo / J Ado R A1+q+qo ! 4 i
: 1@ <R + 4 s +4; ¢ 7

(3.50)
for sufficiently large A; > 1 and small € > 0. Letting ¢; := 1+ ¢ + qo, and
recalling (3.12) and (3.23), we conclude from (3.50) and (3.6) that

R 1—q1/2 R R
1+q1/2 | 2Y b
Aq (5) + Ay (10g6) 5

4
<y (logAlJrloglog?) . {Agl <log]§> +A‘f°.?}.

This gives a contradiction by choosing A; > 1 sufficiently large since 0 < gy =
%(1 —q)<land g =14 g+ qo < 2. Therefore we have proved that m. < v
for sufficiently small ¢ > 0 provided that positive constants A; and A, are
sufficiently large.

Lastly, we will give the proofs of Claim 3.2 and Claim 3.3

Proof of Claim 3.2. In light of the assumption that m. > v, we recall that
Z # y. By the contacting property (3.4) with (3.3), we have that for any
S BR(Z()),

wed)— o () - 2o o) < urted - ai (U - 22 o).
(3.51)

If Z is a cut point of g, then Corollary 2.8 of [40] implies that there is a unit
vector X € Tz M such that

fim inf % {¥ (€} (exps 7)) + 4 (@& (exp, =) — 20 (d3(2)) } = —ox,

where a function ¥(s) = A1¢ (v/s/R) (for s > 0) is smooth near s = §2 > 0
with 9/(62) > 0 by (3.6). On the other hand, semi-convexity of u*(-,) and
semi-concavity of d2, in Bg(zo) (see a upper Hessian bound in Lemma 3.12 of
[20]) with (3.51) yield that

liITILi(I)lf % {w (d (expz 7X)) + 0 (d (expz —7X)) — 20 (d2(Z)) }

1 _ _ _
> liminf — {uE (expz; 7X, t) +u® (expy; —7X, t) — 2u° (:E,t)}

T7—0

Ay 1 _
~5ps hI:l_S)})]_p = {dzo (expz 7X) + d2, (exp; —7X) — 2d2 (Z) } > —00,
which is a contradiction. Therefore we conclude that & ¢ Cut(y) U {g}. More-
over, a similar argument above using (3.51) and the fact that £ ¢ Cut(y)U{g}
gives that T is not a cut point of zy since df,o fails to be semi-convex at a cut
point of zp; refer to [20, Proposition 2.5]. Similarly, it can be proved that § &
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{Z} U Cut(Z) U Cut(zp) with the help of semi-convexity of —u.(-,¢) in Bgr(zo)
and the contacting property (3.4). This finishes the proof of Claim 3.2. g

Proof of Claim 8.3. 1If t < T, Claim 3.3 follows from Theorem 3.8 of [7] since
u® and u. are Lipschitz continuous in Bsg/2(20) x [T'/8, T]. Now we assume
that t = T and we will use a similar argument as in the proof of Theorem 9 of
[24] to prove Claim 3.3 in the case. Here we will use Lipschitz continuity of u°
and u, for a simpler proof; refer to the proof of Theorem 9 of [24] for general
viscosity sub-/supersolutions.

For a given sequence {s;}7°, such that 7/2 < s, < T and ler{:o sp="T,
consider

my = sup {ua(xvt) _us(y7t)_q)k(x7yat)}7
z,yEBR(20), T/2<t<T
where
T — 2
B 9.1) = D) + i)+ dply) + (-7 4 L2

Since t =T and
me 2 mp Z ue(‘(iwgk) - ue(gv Sk) - q)(jagvsk) - (Sk - T)2 - (T - Sk)7

it follows from (3.4) that

lim my =me. (3.52)

k—o0

Let (zk,yk,tx) € Br(20) X Br(20) X [T'/2,T) be a point such that

my = u (T, th) — Ue Yk, tr) — Pr(Th, Yk, L)

Note that ¢, # T. Then utilizing (3.52), (3.3) and (3.4), it can be checked
that (zg, yk, tx) converges to (Z,7,T) as k tends to co. Note that (xg, yr,tx) €
Br(z0) x Br(z0) x (T/2,T), and ®, is smooth near the point (xg, yx,t) for
sufficiently large k € N. Applying Theorem 3.8 of [7] to the functions u€, u.
and P near the point (xy, yi,tx) for large k € N, we find

(ak,Vm@k(l“kayk,tk),Pk) 652#”6(5%,%) and
—2 —
(bhfqu’k(xk,yk,tk),Qk) €P uc(Yr,tr)

which satisfies (3.14) with (Px,Q,®r) at the point (xg,yx,tr) replacing
(P,Q, ®) at the point (Z,7,t), and

(T - S}g)2

Az (T —s1)”
(T — )2

T2t =T) +2(tx = T) +

ap — bk =
Here we note that a; and by are uniformly bounded with respect to k by
Lipschitz continuity of u and u., and then limy_. o ar =: a and limy_.o b =:
exist up to a subsequence. Therefore this combines with a diagonal argument
(in view of the definition of the limiting sub-and super-jets) to conclude the
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proof of Claim 3.3 since (x, yx, L) converges to (Z,y,T) as k tends to co. We
only remark that

(A
a—b>k15r;o{Tj(tk—T)+2(tk—T)}:0

which gives (3.15). O
Therefore, the proof of Proposition 3.1 is finished. O

In light of the proof of Proposition 3.1, we have the following corollary.
It should be noted that our viscosity solution is not influenced by what is to
happen in the future.

Corollary 3.4. Assume that Sec > —k on Bagr(zo) for k > 0. Let 0 < R <
Ry <00, T >0, and u € C(Bzar(z0) x (0,T]) be a viscosity solution of (1. )
in Bagr(z0) x (0,T] with 0 < ¢ <1 and

IVl o< (B2 (z0)x 0,11y < B
for 8> 0. Then we have that for any x,y € Br(zo) and t € (T/2,T],

lu(z, t) — u(y, )] < Co (Zy) ’10g (Cl(gy))r.

Here a constant Coy > 0 depends only on ||ullLe(Byy(z0)x(0,7);
Hf”L‘X’(BQR(zO)X(O,T]); n, p—; P+, 4, \/ERO; ¢ max (evRO 10gR0)7 ﬂR(l)iq; and
T~ max (RP-, RP+).

By uniform convergence of «u® and u. to u as € tends to 0, we get the
following Corollary.

Corollary 3.5. With the same assumption as Corollary 3.4, let v € (0,1) be a
constant. Then there exists a small constant ey > 0 such that if 0 < € < &y,

then )
uf (2,t) — ue(y, t)] < Cy (Ry) 'log (d(?’))‘ y

for any x,y € Br(zo) and t € [T/2,T).

Now we will prove a Lipschitz estimate using a logarithmic-type Lipschitz
estimate in Proposition 3.1.

Lemma 3.6. (Lipschitz estimate) With the same assumption as Proposi-
tion 3.1, we have that for any x,y € Br(zo) and t € (T'/2,T],
d(z,y)
ju(e,t) — u(y 0] < AN 4, 8 a2 (@)
1
2
)+ -T2

Here constants Ay > 0 and Ay > 0 depend only on n, p_, py, q, v/KkRo,
6 max (e, Ry log Ry), ﬁRé_q, and T~ max (RP-, RP+).
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Proof. We follow the proof of Proposition 3.1 in order to show a Lipschitz
estimate. Let

1 3 1
qO:Z(l—q) €(0,1/4], and o:= 5—1(1+q+q0) €(1,3/2).
Define a function ® by
d(z,y) L 5 L 1 2
D =A — Apd — — —— (t—T
($,y,t) 1¢ ( R + As 2R2 dzo (x) + 2R2 dzo (y) + 272 (t )
with .
r——r° for r €[0,1);
P(r) = 7 (3.53)
1—= for r € [1,00);
o

for some constants A; > 1 and Ay > 1 to be chosen later. With the same
notation as in the proof of Proposition 3.1, consider
me = sup {ug(ac,t) —uc(y,t) — (z,y,t) }
z,yEBR(20), T/2<t<T
Let v € (0,1) be a constant. Then it suffices to prove that m. < v for suffi-
ciently small £ > 0 by uniform convergence of u and u. to v as € — 0.

Suppose to the contrary that m. > v for sufficiently small £ > 0. Let
(z,4,t) € Br(z0) X Br(20) X [T/2,T] be a point such that

me = u®(Z,t) — uc(y,t) — ®(z,9,t), and 0 :=d(z,y).
Then by the assumption that m. > v, and Corollary 3.5, it follows that
§ 1 5, o1 1
< ue(j7 Z) - us(gj, E) (354)

2
SC’O% (log?) +v.

for sufficiently small 0 < ¢ < gg. Here constants Cy > 0 and ¢y > 0 are

the constants appearing in Corollary 3.5. Arguing similarly as in the proof

of Proposition 3.1, we see that (Z,y,t) € Bgr(z0) x Bgr(20) x (T/2,T] and

Claim 3.2 holds true for sufficiently large constants A; > 1 and Ay > 1, and

sufficiently small € > 0. With the use of (3.10) and (3.54), it follows that

A A . _Cy o R
[0l < Tz (@) + 500 (1) < S\ 5 low 5 (3.55)

for some constant C; > 0 depending on n, p_, py, q, /kRo, 6 max (e, Ry
log Ro), ARy~ ?, and T~' max (RP-, RP+). Since

1
SSP<1 vre (0, 2*1/<H>) , (3.56)

the estimate (3.11) holds with the function ¢ given by (3.53) for sufficiently
large A; > 1.
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As in the estimate (3.42), we have
<G
RP('UMS*)

by using (3.56) and selecting A; > 1 sufficiently large and e > 0 sufficiently
small. In light of (3.43) and (3.57), we get

73] < APt )70 100 4 (3.57)

¢y P(Yx,54)—14qo
72| < WA (3.58)

For the estimate of 73, we use (3.44), (3.39), (3.35) and (3.55) to deduce

that ( s
A S\
<o 5o (5)] ol 1P

Ol p("/*75*) 24qo R R
= a0 Ve

By (3.49), it holds that

CO P(Yss84)— " 6 g
Ty < Rp(y*,s*)A A +C1A; - = +Ch.

This combined with (3.40), (3.35), (3.57), (3.58) and (3.59) implies that

5 /
Y (R> < { AT log Ay 4+ AL % : 1og§ - A}*q”(’} (3.60)

for sufficiently large A; > 1. Let q2 := (1 + ¢+ qo) /2 € (1/2,1). Since (3.54)

implies that
1) 0 3
< — 1
2R ~ ¢( > A

for sufficiently large A; > 1 and small € > 0 (see (3.6)), it follows from (3.60)
that

2—0—q2 2—0
Ai-‘rqz (?) + A (?) <y {}1%12 log A; + A({O\/f . 10g? } )

where we note that 1 < ¢ < 3/2. This gives a contradiction for sufficiently
large A; > 0 since g < 1,2 —0 — g2 = (1 —g2)/2 > 0, and g9 < 1. Therefore
we have shown that m. < v for sufficiently small € > 0 provided that positive
constants A; and A, are sufficiently large, completing the proof. O

(3.59)

In view of the proof of Lemma 3.6, the following corollary holds.

Corollary 3.7. (Lipschitz estimate in spatial variables) With the same assump-
tion as Corollary 3.4, we have that for any x,y € Br(z0) and t € (T/2,T],

d(z,y)
t) — < Cy
(e 1) —ufy, 0] < G "
Here a constant Cy > 0 depends only on ||ullLe(Byy(z0)x(0,7);
Hf”L‘X’(BQR(zo)X(O,T]); n, p—; P+, 4, \/ERO’ ¢ max (evRO IOgRo), 5R(1)7q; and
T~! max (RP-, RP+).
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Using Corollary 3.7 and uniform convergence of u® and u. to u as € tends
to 0, we have the following corollary.

Corollary 3.8. With the same assumption as Proposition 3.1, let v € (0,1) be
a constant. Then there exists a small constant £ > 0 such that if 0 < e < gy,

then
d(z,y)
R

|u5($7t)_u6(yvt)‘ SCO +v

for any xz,y € Br(zo) and t € [T/2,T).

4. 1/2-Hoélder estimate in time variable

Using a comparison argument as in [8] with the help of a Lipschitz estimate
in spatial variables, we prove an 1/2-Hélder continuity with respect to time
variable for viscosity solutions.

Lemma 4.1. Under the same assumption as Proposition 3.1, we have
u(e, t) — ulz,s)] < CTV2 |t — '/

for any © € Br(zo) and t,s € (T/2,T]. Here a constant C > 0 depends only
onn, p_, py,q, VERy, 0 max (e, Rylog Ry), SRy ¢, T~ max (RP-, RP+), and
Tmax (R™P-, R™P+).

Proof. Fix (z9,t0) € Br(zo0) x (T'/2, T'), and let

1
0o ::max(Q,l—l— )
p_—1

Let v be a constant in (0, 1) and let o be a constant such that og < o < og+1.
For each constant 7 > 0, consider

dy,
<p(x,t) :V+;+A1(t—t0)+A2|: _R(x)

with some constants A; > 0 and Ay > 0 to be determined later.
Firstly, we select Ay large enough such that

Ay = GO0t { (%)1_0 + 1} (4.1)

for a large constant Cy > 1, where a constant Cy > 1 will be chosen later
depending only on n, p_, pi, q, /kRo, 6 max (e, Rglog Ry), /BR(lfq, and
T~'max (RP-, RP+). With the same notation as in the proof of Proposition 3.1,
we deduce in light of Corollary 3.8, and (4.1) that
dy (2 -

u®(x,to) — ue(xo,to) < C’o$ +v < @(x,tg) Vo€ Brja(zo)
for sufficiently small € > 0 and large Cy > 1. Hence using the assumption
(3.1), it follows that

uS (@, t)—ue(z0, to) < p(z,t)  V(z,t) € {BR/4(x0)x{to}}u{aBR/4(xo)><[to,T]}
(4.2)

:| 0 V(J?,t) S BR/4(1‘0) X [to,T]
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for a sufficiently large constant Cy > 1 and any positive constant A;. If A; > 1
is sufficiently large, it can be checked that

u®(z,t) — ue(xo, to) < @(x,t) V(x,t) € Brya(zo) X [to, T7. (4.3)

We choose the minimal constant A, satisfying (4.3), and let (Z,t) € B/ a(zo)x
[to,T] be a point such that

ue(jaa _’U’E(antO) :gﬁ(i‘,ﬂ (44)

We claim that for each > 0, the minimal constant A; has a uniform
upper bound which is independent of small constants € and v, and a constant
o € (09,00 + 1). Here a uniform upper bound for A; may depend on 7. Obvi-

ously, for a fixed > 0, the minimal constant A; is either bounded from above
by 2max ( R~P+, R™P~) or bigger than 2max ( R~P+, R™P-).

Case 1: A; < 2max(R™P+, R7P-) for a given 1 > 0. In the case, it is imme-
diate from (4.3) that
u®(xo,t) — ue(xo,tg) < v+ % + 2max (R™P+, R7P~) (t — to) Yt € [to, T).

(4.5)
Case 2: Ay > 2max (R™P+, R7P-) for a given n > 0. Firstly, (4.2) implies
that (z,t) € Brya(wo) x (to,T], and we see that & ¢ Cut(zo) by employing
semi-convexity of u®, and [40, Corollary 2.8]; refer to the proof of Claim 3.2.
In light of the contacting property (4.4) with (4.3), it holds that

(Oep(z,1),Ve(,t), D*p(z,t)) € PP Tus(z,1),

and hence by Proposition 3.3 of [39], there exists a point (9,5 ) € Bsg/2(20) %
(T'/8,T) such that

y=exp; eVp(z,0) and se [t—2Ve T] C (3T/8,T], (4.6)
satisfying
W@ 0) = u(g,5) - 5 { EG.7) + |51} (4.7)
and
(@W(ffai)v Lf,zjvéﬁ(fvi)a Li,§D290(1_77£)
+rmin { € |[Vp(z,1)]?, 2w (2v2) } 1) € P> Tu(y, 5) (4.8)
for sufficiently small £ > 0.

We first considef the case when £ = x(. Since ¢ > 2, we have that
[Vo(z,t)| = |Ve(zo,t)| = 0, which combined with (4.6) and (4.7) yields that
T =gy and

ug(xo,f):u(xo,g)—%ﬁ—ﬂ? (4.9)
On the other hand, by (4.3) and the definition of u¢, we obtain that

u(x, t+5—1)— 21—6 15— 1> < uf(z,t) < oz, t) + ue(wo, to) (4.10)
for any (z,t) € Brya(zo) x (to + (£ —t0)/2, t] since

t+5—te(5—(t—to)/2,5| C(s—T/4,5] C(T/3,T].
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Setting
_ 1
P(x,s) = @(x,s — 5+ 1) + uc(xo, to) + 5 |5 -1,

the contacting property (4.4) with the use of (4.9) and (4.10) implies that

{ u(z,s) <(x,s) Y(z,s) € Brya(wo) x (g_ (t=t0)/2, g]; (4.11)

u(zo,3) = ¥(xo, §).

Since u is a viscosity subsolution of (1.5) and o > o, we deduce in light of
(4.11) and Lemma 2.4 that

—A; > _R*P(Io,g)’

which is a contradiction to the assumption that A; > 2max ( R™P+, R7P-).
Thus we have proved that T # z¢ when A; > 2max (R~ P+, R™P-).
Since T # xy, it follows from Definition 2.1, and (4.8) that

_ G5 o Ve Vi
Vi (z, )P 2tr[<1—|— ,5) —2 ®>

{ D2ot@,) + nyf2e (205) [Tpta 01}

> Ay = RS — §Vp(a, BP0
— 0|V (2, 8)[P 71 [log | V(2,8 || -

Here we used the facts that [V (Z,t)| = |Lz,;Ve(Z,1)| > 0, and D*p(Z, ) and
Li,gD%p(j,f) have the same eigenvalues and the equality (3.30). Moreover,
using (4.8) and arguing similarly as for the proof of Corollary 3.7, it holds
that

o4y {dmm

22 | =0 19 = eVt 0] < (412)

for some constant Cy > 1 since & ¢ {xo} U Cut(zo) and (y,5) € Bsg/a(20) X
(T'/8,T). Therefore we conclude that

Ay < R~P@:9 4 gRl—9 g—r(#.5) o p(:5)~1+a

+ R—P(@H+1 [COP(@,E)—I log Co + Cop(g’g)_IHOgM]

+ (n+py — 2)k\/2ew (2\@) R—P@5+1 Cg“?’g)_l

I o \V4 \v4 _
4 V(@ HPTD 2 by [<1+ (v5.9-2) o5 Fﬁ\) D%u,a}
< CLRPED 4 [Tp(z, PTD 2 i [(1 + (nlm.5) - 2)% ® %) D%(azﬂ]

(4.13)
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(for sufficiently small € > 0 which depends on v and R) since 0 < ¢ < 1 and

1<p_ <p(y,s) <ps <oo.If p. > 2, then p(y,s) > 2 and thus it holds that
_ 7.5)— o Ve Vi 9 _
V(z,t P(5:9) 2tr{(1+ p(y,5) — 2 ®>Dcp:c,t

da, (T)
R

o—2
< CLRPEDCE T 54 (00 + 1) Ag [ ] < CLRPES Ay,

since d(zo,Z) < R/4 and o > 2. Here we used a Hessian estimate for squared
distance functions in [20, Lemma 3.12]. When 1 < p_ < 2, we use (4.12) to
obtain that

Ve Vo

Vo(z,t p(g’g)_Qt I Y,5) —2) —=—— ® —— D? T,t
IVe(z,1)] v | I+ (p(y 5) )|V</>| ® 2 ¢(Z,1)
—\1(e=1)(p(7,5)—1)—1
< 0100 (0.0 + 1)?(@75)—1 pr(y,E)Alg(@g)—l |:d$o (I):| Y

R

o 7.5)— da: T (0'_1)(17(?75)_177) dm 7 (O’—l)(p,—l)—l
< ClR—p(y,s)Ag(y’) 1 [ [iR( )] _ [ C}%( )}

p(¥,5)—p— pyr—p_
< C,RPE9) Ag(w)—l( o > <C <00> C g gt
0o As g0

since (0 — 1)(p— — 1) > (69 — 1)(p— — 1) > 1. Therefore we deduce that

_ 75— o Ve Ve _
Vo(z, 1) P75 =2 g1 {(I—i— ,8)—2 ®> D? :mt]
Veo(@,1)] (p(.5) >\V<p| v ) D@D

< C,R~P9 min (AQ, Ag:l),
from which (4.13) yields that
A; < Cimax (R, R7P-)AJ" with oy :=min (1, p_ —1)  (4.14)
in the case when A; > 2max ( R7P+, R™P-) for a given n > 0. Recalling the
definition of ¢ and using (4.3), (4.1), and (4.14), we obtain that for ¢ € [tg, T
u®(zg,t) — us(xo, to) < v+ %

+ O max (R"”, R—pf) {1+ (;)(01)01} (t—to)

when A; > 2max (R™P+, R~P-) for a given n > 0.

With the use of (4.5), the estimate (4.15) holds true for any cases: either
Ay <2max (R7P+, R7P-) or A; > 2max (RP+, R~P-). In order to optimize
the above estimate (4.15) with respect to n > 0, we choose

% - [01 max (R, R7P-) - (t—to)r with y =

and then it follows that
u®(zg, t) — us(xo, tg) < v+ Cp max (R_pﬂ R_p*)(t —to)

(4.15)

1
14+ (o0 —1)oy

+ [Cl max (R™P+, R™"~) (t — to)]v.
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Letting e — 0, v — 0 and 0 — 0y, the proof is finished since (cp—1)o; = 1. O

Proof of Corollary 1.3. For any x,y € M and t,s € R, Corollary 1.2 implies

that ,
d(xay) |t_ S‘l §
ute.t) o) < 0 (2524 L

for sufficiently large R > 0, where a constant C' > 0 depends only on n, p, and
||| oo (arxr)- Letting R — oo, the result follows. O
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