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Abstract. We investigate the stability and global existence of weak so-
lutions to a free boundary problem governing the evolution of polymeric
fluids. We construct weak solutions of the two-phase model by performing
the asymptotic limit of a macroscopic model governing the suspensions
of rod-like molecules (known as Doi-model) in compressible fluids as the
adiabatic exponent v goes to co. The convergence of these solutions, up
to a subsequence, to the free-boundary problem is established using tech-
niques in the spirit of Lions and Masmoudi (Ann Inst Henri Poincaré
16:373-410, 1999).
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1. Introduction

1.1. Motivation

The evolution of rod-like molecules in polymeric fluids is of great scientific in-
terest with a variety of applications in science and engineering. The present ar-
ticle deals with a free-boundary problem for the suspension of rod-like molecu-
les in a dilute regime. This article is part of a research program whose objective
is the investigation of fluids with imbedded domains (large bubbles) filled with
gas in the presence of rod-like molecules: standard models involve a thresh-
old on the pressure beyond which one has the incompressible Navier—Stokes
equations for the fluid and below which one has a compressible model for the
gas.

This article is part of the topical collection “Hyperbolic PDEs, Fluids, Transport and Appli-
cations: Dedicated to Alberto Bressan for his 60th birthday” guest edited by Fabio Ancona,
Stefano Bianchini, Pierangelo Marcati, Andrea Marson.
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The model under consideration couples a Fokker—Planck-type equation
on the sphere for the orientation distribution of the rods to the Navier—Stokes
equations, which are now enhanced by additional stresses reflecting the orien-
tation of the rods on the molecular level. The coupled problem is 5-dimensional
(three-dimensions in physical space and two degrees of freedom on the sphere)
and it describes the interaction between the orientation of rod-like polymer
molecules on the microscopic scale and the macroscopic properties of the fluid
in which these molecules are contained. The macroscopic flow leads to a change
of the orientation and, in the case of flexible particles, to a change in shape of
the suspended microstructure. This process, in turn yields the production of
a fluid stress. The free-boundary problem is defined with the aid of a thresh-
old for the pressure beyond which one has the incompressible Navier—Stokes
equations for the fluid and below which one has a compressible model for the
gas.

1.2. Outline

The outline of this article is as follows: Sect. 1 presents the main motivation
for the upcoming investigation. Section 2 introduces modeling aspects of the
problem: the physical setting, constitutive relations, the free-boundary prob-
lem, and the statement of the problem which outlines the main objective of
the work, namely the establishment of the global existence of the weak solu-
tions to the free-boundary problem by rigorously showing that they can be
obtained as the limit of weak solutions to the Doi problem for compressible
fluids. Additionally, the main results of the article as well as the notion of so-
lutions to the macroscopic system are introduced. Section 3 is dedicated to the
construction of a suitable approximate system and the definition of its weak
solution. Section 4 presents the existence of approximate solutions which relies
on the derivation of suitable a priori estimates. Section 5 presents the proof of
the main theorem which relies on the establishment of the compactness of the
sequence of solutions.

2. Formulation of the main problem

2.1. Notations

Before formulating the governing equation of our main problem we fix here
some notations we are going to use in the paper.

e LP(0,T;X) denotes the Banach set of Bochner measurable functions
1

f from (0,T) to X endowed with either the norm (fOT ||g(.,t)||’)’(dt);
for 1 < p < 00 or sup,sq |lg(-,t)||x for p = co. In particular, f €

L"(0,T; XY') denotes (fOT H(||f(t)||y7) |idt); OF SUPy oo H (||f(t)HY7>HX

for p = co. The notation LY LE will abbreviate the space LP(0,T); L1()).
e M((0,T) x Q) is the space of bounded measures on (0,7") x .
e A < B means there is a constant C' such that A < CB.
e 1x is the indicator function which is 1 for z € X and 0 otherwise.
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e (C(T) is a function only depending on initial data and T, C\, ([0, T]; X), is
the space of continuos function from (0,7") to X endowed with the weak
topology.

— and — denote weak limit and strong limit, respectively.
We denote by T, the weak limit of a sequence x,,.

2.2. Governing equations
We start by introducing the basic equations of motion for polymeric fluids. We
recall that a smooth motion of a body in continuum mechanics is described
by a family of one-to-one mappings

X(t,):Q—-Q, tel.

The curve X (¢, x) represents the trajectory of a particle occupying at time ¢ a
spatial position z. A smooth motion X is completely determined by a velocity
field w : I x Q — R? through

%X(t,x) =u(t,X(t,x)), X(0,a)=a.
Then, the conservation of mass can be formulated as follows:
d
— o(t,x)de =0, B CQ.
dt Jx@,B)

This equation is equivalent to

d

G [ ettadot [ olt.a)ulta) -alds —o,
dt Jp 0B

where 7 is the unit outer normal vector on 9. If p is smooth, one can use

Green’s theorem to deduce the following continuity equation:
ot + div(pu) = 0. (2.1)

We next obtain equation of motion by applying Newton’s second law of motion.

d
A ot wyu(u, 2)dx + / olt, 2)ult,z) - 7ldS = [ T(tz)nds.  (2.2)
dt Jp oB oB
By applying Green’s lemma to (2.2), we finally have
° . OTy;
Oi(ou) + div(eu®@u) =divT, (divT); =) —=. (2.3)
=1 (%cj
The stress tensor T obeys Stokes’ law:
T=S-pl
Let us determine S and p in our model. S consists of two parts:
S=51+8,,

where S; is the viscous stress tensor generated by the fluid
S1 = p(Vu + (Vu)') + {(divu)l,

and Sy is the macroscopic symmetric stress tensor derived from the orienta-
tion of the rods at the molecular level. The microscopic insertions at time
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t and macroscopic place x are described by the probability f(t,z,7)dr. The
suspension stress tensor So is given by an expansion

SQ($7t) = 0'(1)($,t) + 0'(2)($,t) + 0(3)($,t),

where

0(1)(t, x) = / (Br @71 —I3x3)f(t,z, 7)dT,
S?

o(t,x) = —0) (t,2)l3xs, with o) (t,z) = / VD () f(t, @, T)dr,
SZ
and
0(3)(ta$) o )(t )543,
with

lj tac //'yw (t1, 1) f(t,x, 1) f(t,z, T2)dT1dTs.
52 Jg2

This, and more general expansions for S, are encountered in the polymer
literature (cf. Doi and Edwards [5]). We refer the reader to the articles by
Constantin et al. [3,4], where a general class of stress tensors is presented in
the context of incompressible fluids.

The structure coefficients in the expansion %(J ), %(j’) are in general smooth,
time independent, x independent, and do not depend on f. Assuming for sim-
plicity that

1) =P (m,m) =1

and denoting

n(t,xz) = ft,x,7)dr
S2

the suspension stress tensor S takes the form
Sa(z,t) = oW (2,t) — nlaxs — n*Iaxs. (2.4)
In this setting, f describes the time-dependent orientation distribution

that a rod with a center mass at x has an axis 7 in the area element d7 and it
is described by a compressible Fokker-Plank type equation,

fe+div(fu) + V.- (ProVurf) — DA, f — DAf =0, (2.5)

where P, (V,ur) = Vyur — (7 - Vyur)7 is the projection of Vur on the
tangent space of S% at 7 € S2. With V, and A, we denote the gradient and
the Laplace operator on the unit sphere, while V and A represent the gradient
and the Laplacian operator in R3.

The second term V - (uf) in (2.5) describes the change of f due to the
displacement of the center of mass of the rods due to macroscopic advection.
The term V., - (P..Vurf) is a drift-term on the sphere, which represents the
shear-forces acting on the rods. The term D,A. f represents the rotational
diffusion due to Brownian motion. This effect causes the rods to change their
orientation spontaneously, whereas the term DA f is the translational diffusion
due to Brownian effects.
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By integrating (2.5) over S2, we can obtain the equation of 7:

n + div(nu) — DAn = 0. (2.6)
The pressure due to the fluid pr is denoted by
pr =T, (2.7)

The pressure due to the presence of the dispersed particles denoted by pp is
of the form

pp =1 +1°. (2.8)

The overall pressure of the mixture is denoted by P(m,n) and is given by

P(m,n) = pr+pp =7 +n+7".

By substituting (2.4) and (2.7) to (2.3), the equation of motion becomes
9y (ou) + div(pu ® u) — pAu — AV divu 4+ V(7 + 1+ n?) = dive™. (2.9)
Finally, we have the following system of equations for the polymeric fluid in

(0,7) x

Oro + div(pu) = 0, ( )
di(ou) + div(ou ® u) — Au — Vdivu + VP(g,n) = dive®, (2.11)
Ouf + div(fu) + Vi - (Pro(Vour) f) = Arf = Ag f =0, (2.12)
n+ V- (nu) — An = 0. (2.13)
For the sake of simplicity, all the coefficients are normalized by 1. We consider

(2.10), (2.11), (2.12), (2.13) on a bounded domain with Dirichlet boundary
conditions,

u=0, f=0,and n =0 on Jf).

2.3. Statement of the problem
In this article we are concerned with the free-boundary problem for the system
(2.10)—(2.13) which is defined with the aid of a threshold for the pressure
beyond which one has the incompressible Navier—Stokes equations for the fluid
and below which one has a compressible model for the gas.

In sum, the free boundary problem (P) is governed by the following equa-
tions in (0,77) x €

Oro + div(ou) =0

0<o<1 (2.14)
Or(ou) +div(ou @ u) + V(1 + 1+ n?) = divS + dive (2.15)
Ouf +div(fu)+V, - (Pro(Vaur)f) —Arf — Ay f=0 (2.16)
O+ div(nu) — An =0 (2.17)
and the free boundary conditions
divu =0 aeon{po=1} (2.18)
©>0 aein{p=1} (2.19)

=0 aein {p<1} (2.20)
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The unknowns here are the density p, the velocity vector field w, the pressure m,
which is Lagrange multiplier associated with the incompressibility constraint
(2.18) divu = 0 a.e. in {p = 1}, the orientation distribution f and the particle
density 7. Note that 7 is apparent only in the congested regions {o = 1}. In
fact conditions (2.19), (2.20), can be rewritten, in an equivalent way, as one
constraint

or =m > 0.

The physical properties of the mixture are reflected through the following
constitutive relations.

Constitutive relations.

P(m,n) =pr+pp=m+n+n".
S1 = u(Vu + Vul) 4 ¢ divul
divS) = pAu+ (p+ & Vdivu
ot,z) = oW(t,z) = / (31 @ 1 — I3x3) f(t, 2z, 7)dr,
S2

where, for the sake of simplicity, all the coefficients will be normalized by 1.

Boundary conditions. We consider the problem (P) on a bounded domain
with Dirichlet boundary conditions.

u=0, f=0, andn =0, on 0f. (2.21)
Initial data. The system must be complemented with initial conditions,
namely
olt=0 = 00, oQult=0 =m0, Nlt=0 =10, [fli=0o = fo (2.22)
where

0<0 <1, g€l
mo € L*(Q), mo=0a.e.on {g=0

00 Z 0, ][QO:M<1
Q
ooluol? € L2(), u® = % on {0y > 0
0
no € L*(Q)
fo>0, foeL*(2xS?%

The goal of this paper is to prove the existence of weak solutions to
the free-boundary problem (2.14)—(2.20), so we introduce the notion of weak
solutions we are going to use through the paper.

Definition 2.1. (Weak solution of the problem (P)) A vector (o,u,m, f,n) is
called a weak solution to (2.14)—(2.20) with boundary data (2.21) and initial
data (2.22) if the equations
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0o + div(ou) =0
Oi(ou) + div(ou @ u) + V(1 + 1+ n?) = divS + dive
Of +div(fu)+ V., (Pro(Veur)f) — A f— A f=0
O + div(nu) — An =0
are satisfied in the sense of distributions, the divergence free condition divu =

0 is satisfied a.e. in {o = 1}, the constrained 0 < ¢ < 1 is satisfied a.e. in
(0,T) x £ and the following regularity properties hold

0 € C([0,T]; LP()), 1 < p < o0,

w e L*(0,T; (W5 (), elu* € L=(0,T; L'(%)),

e M((0,T) x Q)

ne L=(0,T; L*(Q) N L*(0,T; H'(Q)), flnfe L>®0,T;LY(Q x S?))
Vo f € L2(0,T) x Qx S%), V/feL*(0,T) x Q2 x §?).

Moreover 7 is so regular that the condition
T((Q - 1) = 0)
is satisfied in the sense of distribution. The objective of this work is to prove
the existence of weak solutions to the free-boundary problem (2.14)—(2.20) by

showing rigorously that they can be obtained as a limit of (g, Wy, fn, 7, )—the
weak solutions to the Doi model for compressible fluids

dron + div(enu,) =0, (2.23)
O (onuy) + div(opun, ® u,) — Au, — Vdivu,

+V (7 + 0 +02)= divo,, (2.24)
O fn + div(fawn) + Vi (Pro (VaunT)f) — Arfrn — Apfrn =0, (2.25)
Ot + V - () — An, = 0, (2.26)

T = (0n)™ — 00, as n — 00
n IQTL 7’yn ) .

Finally, we want to point out that the solution we are going to obtain
satisfies the following energy inequality

<@£+2 ) ' 2
0+ ) (t)dr + 4 IV /2 drdadt
Q 2 0 JoJs?
t t
+4/ // \V\/f|2d7dxdt+//(|Vu|2+|divu|2+2|vn\2)dxdt
0o JQJs2 0 JQ

U 2
< [ (2eh b g o) s
Q

(2.27)
where

Y(t,x) = /52(flnf)(t,a:,7)d7.
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2.4. Main results
Now we are ready to state the main existence results for our problem.
Theorem 2.2. Assume that the boundary conditions (2.21) and the initial con-

ditions (2.22) are satisfied. Then, there exists a weak solution (in the sense of
Definition 2.1) of the problem (2.14)-(2.20).

The main Theorem 2.2 will be obtained as a consequence of the following
result.

Theorem 2.3. Let n € N be fized, then there exists a global weak solution
(Ony Wi, Ty [, n) to (2.23)—(2.26) in the sense of the Definition 3.1, such that,
as n — oo

(on — 1)+ — 0 n L>(0,T;LP), foranyl<p<O0. (2.28)
Moreover,
(0n)"™ s bounded in L',  forn such that v, >3, (2.29)
and up to a subsequence there exists m € M((0,T) x Q) such that
(on)" =7, asn— 0. (2.30)
If in addition ono — 00 in L', then the following convergence holds:
on — 0 weakly in LP((0,T) x Q), 1<p<+oo,
Onty — ou weakly in LP((0,T;L7(22)), 1<p<4oo, 1<r <2,
Ony @ wp, — ou ® w weakly in LP((0,T; LY (), 1<p < +oo,
fn — f weakly in L*((0,T; L%°(Q x §?)),
nn — 1 strongly in L*(0,T; L*(Q)),

0<0<1and (o,u,m, f,n) is a weak solution to the problem (2.14)—(2.20) in
the sense of Definition 2.1.

The rest of the paper is devoted to the proof of the Theorems 2.2 and
2.3.

3. Approximating problem

We describe, now, the approximating scheme we are going to use.

Let be v, a sequence of real numbers such that -, > %, for any n € N
and 7y, — 00 as n — 0o, we define {g,, Un, fn, Mn} as solutions of the following
system

O (onuy) + div(opu, ® uy,) — Au, — Vdivu, + V(r,
+1n + 7]3) =divo, (3.2)

atfn + diV(fnun) + V- (PTL (vzunT)fn) - A‘rfn - Awfn =0 (3-3)
atnn + div(nnun) - Ann =0, (34)
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where

Tp = (Qn ) o
and

on(t,x) = /52 Br @1 —Isx3) fu(t,z, 7)dT (3.5)

The approximating system must be complemented with boundary and initial
data as follows.

Boundary data.
un, =0, f, =0, and n,, =0, on 9. (3.6)

Initial data.

int:O = Ong> Qnun|t=0 = Mny, 7]n|t=0 = Tng> fn|t=0 = fno (37)
where

0<0n, ae, 0n, € LY (Q)NL™(Q),
/(Qno)% dx < ¢, for some c,

M, € LAnTT(Q),
Ong [tny |? is bounded in L'(9),
Uy = Mno on {0n, >0},
Onyg
Up, = 0 on {on, =0},
fno € L*(Q x S?),

Nny € L*(Q x S?). (3.8)

Furthermore we assume that
Mn:][gno, O<M,<M<1l, M,— M. (3.9)
Q

OnoUn — Mg weakly in L?(1),
Ono — 00 weakly in L'(9). (3.10)

3.1. Definition of weak solution of the approximate system

For any fixed v,, > 3/2 we now define the notion of weak solution of the system
(3.1)-(3.4), with initial data (3.7) and boundary data (3.6).

Definition 3.1. For any fixed 7, > 3/2, we say {0n, Un, fn,n,0n} is a weak
solution of the system (3.1)—(3.4) if
(i) on € L™(0,T5L7(Q)), Vun € L*(0;T; L*(Q)),
onltnl? € L¥(0,T; LMQ),  ontn € Cu([0,T); L3nH1(9),
N € L=(0,T; L*(Q) N L*(0,T; H'(Q)),  faln fn € L>(0,T; L' (Q x S%))
Vv fn € L2((0,T) x Q x 8%), V/fn € L*((0,T) x Q x §?),
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(ii) (3.1) holds in the sense of renormalized solutions, i.e.,
¢ (b(on)) + div(b(on)un) + (V' (0n)0n — b(on)) divau, =0 (3.11)

holds in the sense of distributions for any b € C* such that |b'(2)z| +
|b(z)| < C for all z € R,

(iii) (3.2), (3.3), (3.4), and (3.5) hold in the sense of distributions,

(iv) the following energy inequality is satisfied :

2 Yo ¢
/[@nlunl LG +7772L+¢n}(t)dx+4/ // Vo fol?drdzdt
O 2 o JaJs2

Tn— 1
T t
+4/ // \V\/fn|2d7d:z:dt+//{|Vun|2+|divun|2+2|vnn|2}dagdt
0 QJSs2 0o JQ
N

2
(3.12)

where

Gt ) = /S (foln f,)(t, 2z, 7)dr.

4. Existence of approximate solutions

For any fixed n € N, the existence of weak solutions for the system (3.1)-
(3.4) has been proved by Bae and Trivisa in [2] (we refer the reader to [1] for
the treatment of the Doi model for incompressible-polymeric fluids) , we can
summarize their existence result as follows.

Theorem 4.1. Let ~,, > % and Q be a C' bounded domain. Assume that the ini-
tial data {0ng, Ung, frgs e b Satisfy (3.9)—(3.10) and the boundary conditions
(3.6) hold. Then, there exists a weak solution (in the sense of Definition 3.1)

{0n, Wny frs T, on b of the system (3.1)—(3.4) satisfying (3.7) at t = 0.

By following the same line of arguments of [2] we recall in the next
section the main compactness properties of the approximate solution

{Qn»unv fn777n7an}~

4.1. Energy estimates of the approximating system

Besides the bounds mentioned in (i) of Definition 3.1 we can collect some
further estimates satisfied by the solutions {0, Un, fn, n, on}. First of all we
observe that since fy > 0 by a standard argument we can prove that f,, > 0.
By the energy inequality (3.12) and the Sobolev embedding H' C L, we can
estimate +/f, as

V fu € L2(0,T; L*(Q)LS(S?) N LO(Q) L*(S?)).
This implies that
fa € L'(0,T; LY (Q)L*(S?) N L*(Q)L'(S?)) € L'(0,T; L* (2 x §?)).  (4.1)
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We finally estimate o,. Since |0, (¢, z)| < 3/ fo(t, 2, 7)dT = 3n,(t, x),
SZ

o, € LN0,T; L3(Q)) N L>(0,T; L*(Q))

where the first space is derived by integrating f,, over S? using (4.1) and the
second bound is from 7, € L®(0,T; L?(2)). We next estimate the derivative
of . By using the entropy dissipation,

|V0n<tff\<3/ IV fulty 2, 7)|dT < U v\/f7|2d7] [/S \/fj)%r
—|[wvae dr} ().

Since
(1) € L0, T; L*(Q)) N L2(0,T; L9(Q2)),
U IV fnl? dT] e L?(0,T; L*()),

we have

Vo, € L'(0,T; L2 (Q)) N L2(0,T; L3 ().
Moreover, as we will see in the Sect. 4 we will be able to show the following
uniform bound in n € N for g,

on € L®(0,T; L' N LP(€)), 1<p < +oo.

Extracting a subsequence, using the same notation, {gn, Un, fn,Mn, On fn>1, We
have various limit functions such as

0n — 0 in L®(0,T;LP()), o€ L>¥(0,T;L' NLP(Q)), 1< p < +oo,
Vonu, — v in L*(0,T; L*()), v € L>=(0,T;L*(Q)),
w, —u in L*(0,T; H'(Q)),
Ontn —m in L3T(Q x (0,T)), m e L>®(0,T;L71(Q)), 1<p< +oo,
OnUn, Un; — €4j in the sense of measures,

e;; is a bounded measure,
fo— f in L%*(0,T;L%(Q x §2)),
N —n in L2(0,T; HY()), ne L=(0,T;L*(Q)) N L*0,T; H(Q)),
on — o in L*(0,T;L*(2)), o€ L>(0,T;L*(Q))NLY0,T;L*(Q)),
Vo, — Vo in L*(0,T;L3(Q)), Vo € LY(0,T;L?(Q)) N L*(0,T; L5 (Q)).

(4.2)

Finally we state here the following compactness results (for the proof we
refer to [2], Proposition 2.1)

Proposition 4.2. (Compactness) The limit functions in (4.2) satisfy the follow-
g statements.

(i) v=\/ou, m = ou, e;; = ou;u;.
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(ii) m, converges strongly to n in L*(Q x (0,T)), and o, converges strongly
to o in L*(Q x (0,T)).

(iii) 0n(nn)? converges to on® in the sense of distributions.

(iv) o and w solve (2.10) in the sense of renormalized solutions.

(v) If in addition we assume that pno converges to oo in L*(S),

on — 0 in LY(Q x (0,T7))NC([0,T]; LP(Q)) for all 1 < p < +oo.
(vi) Finally, we have the following strong convergence:
Ony, — ou in LP(0,T;L"(Q)) forall 1<p<oo, 1<r<2
u, —u in LI(Qx (0,T))N{o, >0} forall 1 <qg<2,
w, —u in L*(Qx (0,7))N {0, > 8} forall § >0,
OnUn;Unj — ou;u; in LP(0,T; LY(Q)) forall 1 <p< oo,

5. Proof of the main theorem 2.2

This section is devoted to the proof of the Main Theorem 2.2. We start with
the proof of Theorem 2.3, since, as we will see later on the Theorem 2.2 is a
consequence of it.

5.1. Proof of the Theorem 2.3

For simplicity we divide the proof in different steps.

Step 1: Convergence of (g, — 1)+ to 0.
By combining the energy inequality (3.12) with (3.8) we obtain

/Q (67" )ndr < (o — 1) By + /Q (0ne)™dz < (Y — 1) Eng + 1 < €. (5.1)

Since 7, — oo there exists n € N such that v, > p, 1 < p < 400, then by
Holder inequality we get

P 1=y, N 1-9
loallzzze < Noall e s loal 507y < MO (o) 50,

1-46,

Tn

1
where M, is defined in (3.9) and — = 6,, + . As n — oo we have that
p

1
9n — — and
p
lonllpepp < liminf [0, || ooz < M2
. n—o0

Let us define the function ¢,, as follows
On = (Qn - 1)+7

by using again the energy inequality (3.12) we can compute

/(1 + On) " 1ig, s0ydr < / o'dxr < cyp. (5.2)
Q Q

We recall the following inequality
(1+2)f > 1+ kPP, p> 1,k large
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that holds for any nonnegative x, and we apply it with k = ~,,, = ¢,, to the
right hand side of (5.2), so we get

s / Pz < |0 + el / Pz < / (14 6) 11, 501dx < 7
Q Q Q

Hence we have

[onde < —,
Q Cp'yﬁ
and, as n — oo we obtain
(0n — 1)+ — 0 in L>™(0,T;LP(2)), 1<p<+oo.

Step 2: L! uniform bound of (p,).
Assume that we know

(0,)"*1 is uniformly bounded in L' (0, T; L' ()), (5.3)

then we have

/OT/Q(Qn)vndxdt _ /OT</QQ{QTL>1}(QTL)%dz - /m{gnq}(gn)%dx) dt
= /OT(/Q ((en)*' + 0n) dm) dt.
(5.4)

By using (5.3) and the fact that g, € L>(0,T;L(Q)), from (5.4) it follows
the uniform L' bound for (g,)7".

In order to complete this step we have only to prove (5.3). We recall that
for g, we don’t have L bounds, but on the other hand, because of (5.1) there
exists a constant ¢ such that for any n € N the following estimate holds

lonllpserzm <6, (5.5)

where ¢ = sup(cy)'/7.
v>0
We define, now, the operator B as the inverse of the divergence operator.

We denote the solution v of
divv=g¢g in , v=0 on 9.

by v = Bg. The operator B = (B, B2, B3) is the inverse of the divergence
operator and it enjoys the following properties

B: {g € L”;/ gdz = 0} — Wy P (),
Q
HB(Q)”WLP(Q) < CHgHLP(Q).

If g can be written as g = divh for a certain h € L” with h-7n = 0 on 09,
then

1B(9)ll L) < CllhllLr -
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We will use this operator to obtain higher integrability of g,,. By extending
(3.11) to zero outside €2 and regularizing it, we have,

3:b(0n)e + div(b(on)eu) + ([b/(gn)gn — b(gy)] div un) =r, (5.6)

where as proved in Lions[7], r. — 0 in L2((0,T) x R?). We are now ready to
prove the following result.
We take a test function of the form

0 = X(OB,[b(e). ~ § blo)eds].
where

1
ﬁb(gn)edy = @/Qb(gn)edzh X € D(0,T)

and test it against (2.11). Then, with the aid of (5.6),

//xgn (0n)edzdt = //X:Q;Y{'[fé;b(gn)edy}dxdt
_/0 /QXtﬁ’n“n'B[b(@n)e —ﬁb(gn)edy]dxdt

T
"‘/O /QXQnun 'B{((b,(gn)gn —b(on)) div un)6
- ]{2 (b (0n)on — b(gn))divun)edy} dzdt

T
—/ /Xgnun -B[re —%rﬁdy} dzdt
0 Ja Q
T
+/ /Xgnun -B{V~ (b(gn)gun)}dacdt
o Ja
T
- / / XQnuniunjaiBj {b(gn)e - f b(gn)edy] dxdt
0 Ja Q
T
b [ x0run0iB; [ben). ~ § on).dy]dode
o Ja Q
T
+/ /Xdivun b(on)e 7% b(gn)édy]d:cdt
+/ /XgnijaiBj b(gn)e - % b(gn)edy:| dl’dt
0 Ja Q
T
- / / XMn [b(gn)e - % b(Qn)edy:| dzdt
0o Ja Q

=L+ -+
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By taking into account (5.5) and the bounds of the previous sections we now
estimate Iy, ..., I11. For details, see Feireisl[6].
For I; we have

L SC().
Concerning I, we get

I S llenunll 2 [[b(on)ell  ow
LgerLmtt L§®

L:E5’Yn*3
<
< C(D)]b(on)ell, ot oy

For I3 and I, we get

I3 < HQn”LgOLl||V“n||2L2(Q><(0,T))||b(9n)e|| o T3
t x
C@)b(en)ell s _-
LtooL:c’Yn 3

Iy S lonun || 2, ||I7ell L2 (ax 0,7)) < C(T)|7ell L2 (% (0,7))-
LtooLa’CYn+1

We estimate now [I5 + I,

I+ Is < llonll g ran I VUnl 2@ . I0(@n)ell o

Lo L3
<C@) o)l s,

o Fin3
For I; + Is we have
I7 + Is < [[Vual L2 @x 0,0 10(en)ell L2 (x 0,7)) < C(T)I[6(0n)ell L2 (2% (0.1))-
and finally we get
Iy + o + I11
S (Imal3z20 + lonllza g + Imnllzscg ) 1eCen)ell g op 8

< C(T)][ben)ll

BN

L$° L,

In sum,

/ / X0, (b(on))edzdt

(T) + ||b(9n)6HLOC o+ [[b(0n)|| Bvn

0 LO’Y77,—3 LtooLzz’Yn—3
+ [[6(en)|

L5 (0 7.3 +l16(en)ell2(@x0.1)) + lIrellL2(@x 0.1))-

By taking the limit ¢ — 0,

//X@n (on)dzdt

D)+ el ey + el o,

2 -3
b5 LI’Yn

+ [16Con) |l perd T [10(n) || L2 (2% (0,1))-
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We approximate the function z +— z by a sequence of {b,} in (3.11), and
approximate x to the identity function of (0,7). Then,

T
//@%"“dxdtSC(THII@nII ﬂLHI@nII S
0 Jo oL ? ©Lg

+ [lonl + ||QnHL2(Q>< (0,T))-

LL2

By taking into account that o, € L°(0,7T; L*(2)) and (5.5) and since 7,, — oo
we can always assume that -, > N = 3 we have that the right hand side of
(5.7) is uniformly bounded and we can conclude that

// o) dxdt < C(T)

which completes the proof of (5.3).

Step 3: Convergence of the approximating sequence {0y, Un, 7n, fn }-
By using the compactness properties of the approximating sequence
{0n, Un,Mn, frn} stated in the Proposition 4.2 and the bounds of the Step 1
and Step 2 we get
OnUpn — ou in LP(0,T;L7(Q)) forall 1<p<oo, 1<r<2,
u, —u in LP(Q x (0,7))N{o, >0} forall 1<p<2,
w, —u in L*(Q x (0,7)) N {0, > 6} forall § >0,
OnUnilln; — 0UU; in Lp(O,T;Ll(Q)) for all 1 <p < oo,
(0n)" = 7, where m € M((0,T) x ),
N — 1, in L2 x (0,T)),
o, — o, in L*(Q x (0,T)),
fo— f in L2(0,T; L3 (9 x S2)).
With the above convergence result we can pass into the weak limit in the
system (3.1)—(3.4), and we get that o, u,n, f is a weak solution of the problem
(2.14)—(2.20) provided we prove the conditions (2.18)—(2.20). This is equivalent
to the proof of
om = . (5.8)
Setting s, = o, log 0, and s = plog p its weak limit. and using (3.1) we get
(Qn log Qn)t +V- (Qn log pnun) + (v : un)@n =0.
Next, we apply the differential operator (—A)~!V- to (3.2). Then
d

% {(_A)ilv ' (Qnun):| + (_A)ilaiaj(gnuniunj) +2V-u, — Q’Yn - 77%
= (_A)ilv (Von — Vi),

from which we have

d _ -
2V -ty = =2 [ (=) 71V - (0nttn)| = (=) 7100 (onunitny) + o} + 1

(=AY (V -0, — V).
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The last two relations yield
2 {(Qn log o)t +V - (05 log Qnun)} + (gn)7 !
2 —1 d -1
+V- |:Qnun<_A)_1V . (Qnun)}
+ 00| (A) 7100, (entniung) — " V(=) TV - (gaun)|.
By taking the limit n — oo in the last relation, we get

2[§t+V~(u§)} + (on)m*T

= o — o[~V (Vo — V)] + 2 [o(~8) 1V - (ow)]
+V- [gu(—A)—lv : (gu)}
+ Q[(—A)_lai(‘?j(guiuj) —u-V(=A)TV . (gu)},

where we use Proposition 4.2 (iii) to pass to the limit of g, (1,)?. Next, we
take the limit of (3.2). By Proposition 4.2 (ii),
Or(ou) + V- (ou@u) —Au—-V(V-u)+Vr+ V> =V .0 - Vn.

Let s = plog p. By following the same calculations above, we obtain that

2[8,5 +V- (us)} +om

C[o-2)717 - (o)

=—on’ - @[(*A)*V (Voo — Vn)} +-

+V- {Qu(—A)’IV : (gu)]
+ o[ (~8) 100 (ouiuy) — u- V(=2) 7V - (ou).

Comparing the last two relations, we have
0:(5 — 5) +div ((5 — s)u,) = —odivu + g, divu, (5.9)
and
O (53— ) +div((5 — s)u,) =

Next, using that

(Q?T — (gn)%*l) ) (5.10)

N | =

(@) = Lgo=1y, ae. in LP((0,T) x ),
which yields
(0)"(en —0) =0,
we obtain

(0n) 7Tt = 0(0n) 7 = (0n) " (0n — 0) = ((0n)"" — 07 )(0n — 0) > 0. (5.11)
From (5.11) we deduce,

o = Q(‘Qn)'Yn S (Qn)777,+1.
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Integrating (5.10) in space we get

8t/(§fs)dx <0.
Q

Then, since (5 — s)|t—o = 0 and by the convexity of s we have s < § and s = 5.
Therefore, from (5.10) we obtain

om = (0,) T (5.12)

Since for any € > 0, there exists n, such that for any n > 7 we have the
property 7=t > ¥ — ¢ and applying it to = o we have

(0n)" 1 > (00)™ — . (5.13)
Passing to the weak limit in (5.13) and by using (5.12)we end up with
om 2 T —E,
and, as € — 0 we conclude with
om > . (5.14)

Now it remains to prove om < 7. Since o is not defined almost everywhere in
order to give a meaning to the inequality we want to prove we denote by wy a
smoothing sequence in the space and time variables defined as follows

wr = ktw(k),

w e C™®(RY), w>0, ][w dedt =1, spt(w) € By (RY).
R4

We denote by g and 7 a sequence of smooth functions defined as
O = 0% W, Tp=T*w
and we have that

ok — ¢ in C([0, T LP)NC([0,T); H™")
mp — 1 in W2 LY(LY)

for any p, ¢ such that 1/p + 1/¢q = 1. Hence we can rewrite (o — 1) as
(0 —Dm = (or — D + (0 — 0x) 7 + (0 — 1) (7 — 7x) (5.15)
Since g < 1 and sending k to oo in (5.15) we obtain
om—m <0 (5.16)

Considering together and (5.14) and (5.16) we have (5.8) and finally we con-
clude the proof of the Theorem 2.3.
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5.2. Proof of the theorem 2.2

We can observe that the proof of the Main Theorem is a consequence of the
Theorem 2.3. The only thing we have to check is that the condition (2.18) holds
in the sense of distribution. This last issue is a consequence of the following
lemma (for the proof we refer to [8], Lemma 2.1).

() and o € L2, .((0,T) x Q) satisfying

loc

Lemma 5.1. Let u € L*(0,T; H}

loc
Oron + div(opu,) =0, in (0,T) x £,
0(0) = eo,
then the following two assertion are equivalent
(i) divu =0, a.e. on {0 >1} and 0 < gy < 1.
(ii)) 0<po<1.

We conclude this section with a final remark on how to obtain the energy
inequality (2.27) that we require our global weak solutions have to satisfy. By
using the convergences proved in the Theorem 2.3 we can pass into the weak
limit in the energy inequality (3.12) and we obtain

(Lulz+ ) ' 2
n°+ ) (t)dr 44 V|2 drdadt
Q 2 0o JaJs?
t t
+4/ // \VﬁIQdexdtJr/ / (|Vu|2+|divu|2+2|vn\2)da:dt
0o JQJs? 0 JQ

2 Tn
</ (po\u0| —1—773 +w0>dm+liminf dxM, a.e in t.
Q

B 2 n=eeJa In

(5.17)
Now, if we take, for any n > 2, on0 = 00, Mno = Mo and we recall that
0 < g <1, then

Yn
lim inf Lno)
n—oo Jo In

and we get the energy inequality (5.17).

dxr =0
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