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1. Introduction and results

1.1. Overview

In this paper we are concerned with the existence of positive ground state
solutions to the following nonlinear fractional Kirchhoff equation

<a+b/ |(—A)(5u|2dx> (—=A)*u+V(x)u= f(u) in RV,
RN
uwe H*RY), u>0 inRY,

(K)

where a, b are positive constants, @ € (0,1) and N > 2«. The operator (—A)“
is the fractional Laplacian defined as # ~1(|¢|>**.% (u)), where .# denotes the
Fourier transform on RY. When @ = 1 and b = 0, then (K) reduces to the
following fractional Schrodinger equation

(=A)*u+V(x)u= f(u) in RV, (1.1)

which has been proposed by Laskin [20] in fractional quantum mechanics as a
result of extending the Feynman integrals from the Brownian like to the Lévy
like quantum mechanical paths. For such a class of fractional and nonlocal
problems, Caffarelli and Silvestre [8] expressed (—A)® as a Dirichlet-Neumann
map for a certain local elliptic boundary value problem on the half-space. This
method is a valid tool to deal with equations involving fractional operators
to get regularity and handle variational methods. We refer the readers to [16,
34] and to the references therein. Investigated first in [12,13] via variational
methods, there has been a lot of interest in the study of the existence and
multiplicity of solutions for (1.1) when V and f satisfy general conditions. We
cite [11,33,36] with no attempts to provide a complete list of references.

If @ = 1, then problem (K) formally reduces to the well-known Kirchhoff
equation

- (a + b/ |Vu|2d33> Au+V(z)u= f(u) inRY, (1.2)
RN
related to the stationary analogue of the Kirchhoff-Schrédinger type equation
0%u

“ (a—i—b/ |Vu2dx> Au = f(t,z,u),
ot Q

where  is a bounded domain in R, u denotes the displacement, f is the
external force, b is the initial tension and a is related to the intrinsic properties
of the string. Equations of this type were first proposed by Kirchhoff [19] to
describe the transversal oscillations of a stretched string. Besides, we also point
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out that such nonlocal problems appear in other fields like biological systems,
where u describes a process depending on the average of itself. We refer readers
to Chipot and Lovat [10], Alves and Corréa [1]. However, the solvability of
the Kirchhoff type equations has been well studied in a general dimension by
various authors only after Lions [23] introduced an abstract framework to such
problems. For more recent results concerning Kirchhoff-type equations we refer
e.g. to [4,17,26,28].

In [22], by using a monotonicity trick and a global compactness lemma,
Li and Ye proved that for f(u) = |u[P=?u and p € (3,2N/(N — 2)), problem
(1.2) has a positive ground state. Subsequently, Liu and Guo [25] extended the
above result to p € (2,2N/(N — 2)). Fiscella and Valdinoci [14], proposed the
following stationary Kirchhoff variational equation with critical growth

v ([ 1B uan ) (80w = A + % n
RN

u=0 in RM\Q,

(1.3)

which models nonlocal aspects of the tension arising from measurements of
the fractional length of the string. They obtained the existence of non-negative
solutions when M and f are continuous functions satisfying suitable assump-
tions. Autuori et al. [3] considered the existence and the asymptotic behavior
of non-negative solutions of (1.3). Pucci and Saldi [30] established multiplic-
ity of nontrivial solutions. Via a three critical points theorem, Nyamoradi [27]
studied the subcritical case of (1.3) and obtained three solutions. See also
[9,15,29,31,39] for related results.

To the best of our knowledge, there are few papers in the literature on
fractional Kirchhoff equations in RY. Recently, Ambrosio and Isernia [2] con-
sidered the fractional Kirchhoff problem

(a + b/RN (—A)3u|2dm> (—=A)*u = f(u) in RN, (1.4)

where f is an odd subcritical nonlinearity satisfying the well known Beresty-
cki and Lions [6] assumptions. By minimax arguments, the authors establish
a multiplicity result in the radial space Hf;d(]RN ) when the parameter b is
sufficiently small. As in [22], Teng [37] also searched for ground state solutions
for the fractional Schrédinger—Poisson system in R? with critical growth

(=A)%u 4V (2)u + pu = plu|9?u + |[u|?>"2u  in R,
{ (At = u? in R3.
We point out that, in [22,37] the corresponding limit problems play an im-
portant role. In order to get the existence of ground state solutions of the
limit problems, the authors used a constrained minimization on a manifold M
obtained by combining the Nehari and Pohozaev manifolds.

1.2. Main results

Motivated by the works above, in this paper we aim to study the existence of
positive ground state solutions to the fractional Kirchhoff equation with the
Berestycki-Lions type conditions of critical type, firstly introduced in [40].
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1.2.1. Assumptions on V. On the external potential we assume the following;:
(V1) V € CHRYN,R) and, setting W (z) := max{x - VV(z),0}, we assume

/ |(7A)%u|2d:c
RN

HW”L%(RN) < 20085, So 1= uED})‘I’lzf(RN) ] 2/2%7
u0 </ u|2ad9:)
RN
o . 2N
“7 N -2

(Vg) there exists Voo € R such that
V(zr) < lim V(y) =V, forallzecRY;

ly|—oo

(V3) the operator a(—A)® + V(z) : HY(RY) — H~*(RY) satisfies

/RN (al(—A)3uf? + V(2)u?) du
inf

weHa ey / luf2da
RN

1.2.2. Assumptions on f. We assume that f(¢) =0 for all t <0 and

(fl) f S Cl (R+,R) and limt_)o %f) = U;

(f2) limy oo tngt,)l =1;

(f3) there are D > 0 and 2 < ¢ < 2 such that f(t) > t?«~ + Dt9~! for any
t>0.

Now we state our first result.

Theorem 1.1. Assume (Vi)-(V3), (f1)-(f5) and N = 2 with a € (3,1) or
N =3 with a € (3,1).
(i) If ¢ € (2,2%), there is D1 > 0 such that, for D > Dy, (K) admits a
positive ground state solution.
(ii) If q € (%,2;), for any D > 0, (K) admits a positive ground state
solution.

> 0.

Remark 1.2. It is worth pointing out that we have to restrict a € (%, 1) when
N =2or«ac€ (%, 1) if N = 3 in the process of proving the Mountain-Pass
geometry for the corresponding energy functional. Moreover, in order to get
a positive ground state solution, we construct a perturbed functional whose
nontrivial critical points can be proved in such restrictions on «. However,
when « is small, the argument in proving the two statements above does not
work any more. For the details, see Lemmas 3.3 and 6.1.

We point out that without any symmetry assumption on V', the ground
state solution obtained above maybe is not radially symmetric. In the follow-
ing, we impose a monotonicity assumption of V' and show that (K) admits a
radially symmetric solution.

Assume now that V is radially symmetric and increasing, that is

forallz,y e RN : |z|<|y| = V(z)<V(y). (V)
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Theorem 1.3. Under the assumptions of Theorem1.1 and (Vy), (K) admits a
radially symmetric positive solution at the global (unrestricted to radial paths)
mountain pass energy level.

As a main tool to prove Theorem 1.1 we shall give the profile decomposi-
tion of the Palais—Smale sequences by which we can derive some compactness
and get a positive ground states for (K). The main tool for the proof of The-
orem 1.3 is a symmetric version of the monotonicity trick [35]. We recall that
Zhang and Zou [41] studied the critical case for Berestycki-Lions theorem of
the Schréodinger equation —Au+V (z)u = f(u). They obtained positive ground
state solutions when V' satisfies similar assumptions as (V1)—(V3), f satisfies
(f1)—(f3) and

(fy) |f') <CO+ |1€\N472)7 fort > 0 and some C > 0.

We should mention that in the present paper, (f4) is removed.

1.3. Main difficulties

We mention the difficulties and the idea in proving Theorem 1.1.

Firstly, without the Ambrosetti—-Rabinowitz condition, it is difficult to get
the boundedness of Palais—Smale sequences. In order to overcome this difficulty,
inspired by [22], we will use the monotonicity trick developed by Jeanjean [18],
introduce a family of functionals Iy and obtain a bounded (PS)., sequence for
I for almost all A in an interval J, where c) is given in Sect. 3.

Secondly, by the presence of the Kirchhoff term, one obstacle arises in
getting the compactness of I, even in the subcritical case. Precisely, this does
not hold in general: for any ¢ € Cg°(RY),

/RN ‘(_A)%“"‘zdx/RN(_A)%%(—A)%SOM

— |(—A)%u\2d:v/ (—A)2u(—A)% pdz,
RN RN

where {u, }nen is a (PS)-sequence of I satisfying u,, — u in H*(RY). Then,

even in the subcritical case, it is not clear that weak limits are critical points of

I..In [2], for (1.4) the compactness was recovered by restricting I, to the radial

space H? 4 (RY), which is compactly embedded L*(RY) for all s € (2,27). For

the related works in the bounded domains, see e.g. [14,30,39].

In the present paper, we do not impose any symmetry and just consider
(K) in H*(RY). So the arguments mentioned above cannot be applied. Inspired
by [22], in place of Iy, we consider a family of related functionals .Jy, whose
corresponding problem is a non Kirchhoff equation.

Thirdly, the critical exponent makes the problem rather tough. The (PS)-
condition does not hold in general and to overcome this difficulty, we show
that the mountain pass level cy is strictly less than some critical level c3.
For —Au + V(z)u = A\f(u) with critical growth, if S is the best constant of
DV2(RN) «— L* (RVN), one can show that [7]

1 _
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For — (a+b [ |Vul?dz) Au+V (z)u = Af(u) in R? involving critical growth
[21,24]

ab (254 + 4XaS]2 B3SO

4N 2402 + 247027
However, for fractional Kirchhoff equations, to give the exact value of c} is com-
plicated, since one cannot solve precisely a fractional order algebra equation.
A careful analysis is needed at this stage. With an estimate of ¢y, inspired
by [41], we establish a profile decomposition of the Palais—Smale sequence
{tun}nen (Lemmab.4) related to Jy. Thanks to this result, for almost every
A € [1/2,1] we obtain a nontrivial critical point uy of Iy at the level cy. Fi-
nally, choosing a sequence A, C [1/2,1] with A,, — 1, thanks to the Pohozaev
identity we obtain a bounded (PS).,-sequence of the original functional I.
Using the idea above again, we obtain a nontrivial solution of problem (K).

Throughout this paper, C will denote a generic positive constant.

The paper is organized as follows.

In Sect. 2, the variational setting and some preliminary lemmas are pre-
sented.

In Sect. 3, we consider a perturbation of the original problem (K). Then
using the monotonicity trick developed by Jeanjean, we obtain the bounded
(PS)¢,-sequence {uy, bnen for almost all A. In Sect. 4, an upper estimate of the
mountain pass value is obtained and the limit problem is discussed. In Sect. 5,
we give the profile decomposition of {uy, }nen. In Sect. 6, Theorem 1.1 and 1.3
are finally proved.

2. Variational setting

In this section we outline the variational framework for (K) and recall some
preliminary lemmas. For any « € (0,1), the fractional Sobolev space H®(R?)
is defined by

HRY) = { e 2N [12) |fff§’2| € LA(RY x RN)}
-y

It is known that

u(z) — u(y)® —1/ a 12
———=dxdy = 2C(n, « —A)2ul*dx,
/sz o — y[rza S (. @) ]RN‘( )2

—1
o ([ Sg54) "

We endow the space H*(R") with the norm

1/2
follrecey = ([ Pe+ [ 1-a)tuas)
RN RN

where
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H*(RYN) is also the completion of C5°(RY) with [| - || o) and it is continu-
ously embedded into L?(RY) for ¢ € [2,2]. The homogeneous space D*2(R™)
is

D2(RVN) .= {u € L% (RV) : W e L3(RN x RN)} ,
T —y| 2

and it is also the completion of C§°(RY) with respect to the norm

1/2
fullpesam = ( [ 1-a)Fupar)
RN

Lemma 2.1. (Norm equivalence) Assume (Va3)—(V3). Then there exist £g > 0
and w > 0 with

/RN ((a—)(-A) 5 u® + V(z)u )dxzw/ luf2de,

RN
for every u € H*(RN) and all € € (0,¢0).
Proof. By contradiction, for eg = w = 1/n there exist &, — 0 and {uy, }nen C

H*(RYN) with

/ ((a = en)l(=A) Fun|? + V(2)u?) do < l/ g |*de.
RN By

n

Then, up to a standard nomalization, we may assume that |[uy || ge@y) = 1
and

3=

[ (@=el-8)Funf + Via)ud) do <
RN
In view of (V3), we get ||uy||2 — 0, which implies from (V3) and the above in-

equality that {u,, },en goes to zero in D*2(RY). Therefore u,, — 0 in H*(RY),
which contradicts the normalization. O

Let
H = {u € H*(RY) : /RN V(x)ulde < oo}

be the Hilbert space equipped with the inner product
o =a [ (-4)

and the corresponding induced norm

| = (/RN al(~A) 3 uf2dz + /RN V(x)u%zx> "

From Lemma 2.1, it easily follows that the above norm is equivalent to ||« || go.
A function u € H is a (weak) solution to problem (K) if, for every ¢ € H, we

N

u(—=A)2vd + / V(z)uv dz,
RN
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have
<a+b/ |(A)‘5u|2dx>/ (fA)a/%(fA)a/%de/ V (x)updz
RN RN RN

= | f(uypdz.
RN

We stress that, under assumptions (V1)—(V3) and (f;)—(f3), if u is a weak
solution to the above problem, then u is globally bounded and Hélder regular
allowing the pointwise reppresentation of (—A)*u by the results of [13]. In
particular v > 0 a.e. wherever v > 0. In what follows, we recall a fractional
varsion of Lions lemma whose proof can be seen in [32].

Lemma 2.2. (Lions lemma) Assume that {u, }nen is bounded in H and

lim sup / [, |?dx = 0,
Br(y)

n—oo yERN

for some v > 0. Then u,, — 0 in L*(RY) for all s € (2,2}).
The energy functional associated with (K), I : H — R, is defined as

1 b . 2
I(u) = §||UH2 + 1 (/}RN |(A)2u|2dz> — /]RN F(u)dx, u€H,

with F(u) = [, f(t)dt. Obviously I € C'(H) and its critical points are weak
solutions to (K).

3. The perturbed functional

Since we do not impose the well-known Ambrosetti-Rabinowitz condition, the
boundedness of the Palais—-Smale sequence becomes complicated. To overcome
this difficulty, we adopt a monotonicity trick due to Jeanjean [18].

Theorem 3.1. (Monotonicity trick [18]) Let (E,| - ||) be a real Banach space
with its dual space E' and J € R an interval. Consider the family of C*
functionals on E

Iy = A(u) — AB(u), VAeJ,
with B nmonnegative and either A(u) — 400 or B(u) — 400 as ||ul]] — oo,
satisfying I(0) = 0. We set
Ty :={yeC([0,1], E) | v(0) =0, Ir(y(1)) <0}, forall X € J.
If for every A € J, T'y is nonempty and

= inf max [ >0
o= inf max A(v(s)) >0,
then for almost any A € J, I, admits a bounded Palais—Smale sequence
{tun}nen C E, namely sup, oy ||un|| < 00, Ix(un) — cx and I§(u,) — 0 in
E'. Moreover A\ — c, is left continuous.
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Set J:=[%,1], E:=H and

Aw) = %Hu”g +Z (/RN |(—A)3u|2dx)2, Blu) = /RN Fu)da.

We consider the family of functionals Iy : H — R defined by I(u) = A(u) —
AB(u), that is

2
I(u) = 1Hu||2 —&—9 (/ (—A)gu|2dx) - A F(u)dz.
2 4\ Jan -~

It is easy to see that B(u) > 0 for all uw € H and A(u) — +o00 as ||u]| — oo.
In the following H denotes a closed half-space of RY containing the origin,
0 € H. We denote by 4% the set of closed half-spaces of RY containing the
origin. We shall equip 4 with a topology ensuring that H, — H as n — o0
if there is a sequence of isometries i,, : RN — R¥ such that H,, = i,(H) and
i, converges to the identity. Given 2 € RY, the reflected point oz (x) will also
be denoted by 7. The polarization of a nonnegative function u : RN — R
with respect to H is defined as

ul(z) = {max{“(x)’“(UH(ff))L for x € H,
min{u(z),u(ocy(z))}, for z € RN\H.

Given u, the Schwarz symmetrization u* of u is the unique function such that
uw and u* are equimeasurable and u*(z) = h(]z|), where h : (0,00) — R4 is a
continuous and decreasing function.

We set H' := {u € H : u > 0}. Now we state a symmetric version of Theo-
rem 3.1.

Lemma 3.2. (Symmetric monotonicity trick [35]) Under the assumptions of
Theorem 3.1 for E = H, assume that I\(|u|) < Ix(u) for any X € J and u € H
and

Iy(uf) < I(u), forany A€ J,ucH" and H € .

Then, for any p € [2,2%], I has a bounded Palais—Smale sequence {uy }nen C
H with ||u, — |un|*||p — 0.

Lemma 3.3. (Uniform Mountain-Pass geometry) Assume that (f1)—(f3) and
(V1)—~(V3) hold. Furthermore let N = 2 with o € (3,1) or N = 3 with o €
(%, 1). Then we have:

(1) Tx #£ 0, for every X € J;

(2) there exist r,n > 0 independent of A, such that ||u|| = r implies
In(u) > n. In particular cx > 1.

Proof. (1) For every ¢ € H1T\{0}, taking into account of (f3), we have

1 b o > D 1 .
In(p) < =|lel® + = —A)zp|d _7/ Uy — / adz.
A(e) = Sl +4(/RNI( )2l x) 2q Jon © 0 T 3ar | A

Under the assumptions on N and «, it follows that 2% > 4. Then there exists
to > 0 sufficiently large, independent of A € J, such that I (tp¢) < 0. Setting
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w = top € H, we have I\(w) < 0 and we can define the corresponding T'.
Then, setting v(t) := tw, we have v € 'y # () for every X\ € J.
(ii) (f1)-(f2) imply that, for any € > 0, there exists C. > 0 such that
|F(s)| < els|® + Cc|s|>>, for all s € R.
Then there exist 01,0 > 0 such that
I(p) = aullel® = oallpl?s,  for every ¢ € H.

Hence there exist r,n7 > 0, independent of X, such that for ||u|| = r, In(u) > n
(and Tx(¢) > 0 as soon as ||¢|| < r with ¢ # 0). Now fix A € J and v € Ty.
Since v(0) = 0 and I(y(1)) < 0, certainly ||y(1)|]] > r. By continuity, we
conclude that there exists ¢, € (0,1) such that ||y(¢y)|| = r. Therefore, for
every A € J, we conclude ¢y > inf ecr, In(7v(ty)) >n > 0. O

Lemma 3.4. (I, decreases upon polarization) Assume (V4) holds. Then for
any X\ € J, for allu € HT and H € A there holds I (uf) < I, (u).

Proof. Tt is known (see [5, Theorem 2|) that

[uf? (x) — u? (y)|? / lu(z) — u(y)|?
dedy < | ——— dady,  for all +.
/R2N |z — y|N+2 vy = pan |z — y|Nt2e zdy, forallue™®

Furthermore, we have (see [38])

/ F(uf)dx = / F(u)dx, forallue M,
RN

RN
and, by the monotonicity assumptions on V,

V(x)(u™)?dr < V(x)uldx, for allu € HT,
RN RN

which concludes the proof by the definition of 1. O

Assume (V1)—(V3) and (f;)—(f5). As a consequence we now get the following
result.

Corollary 3.5. (Bounded Palais—Smale with sign) For almost every A € J, there
is a bounded sequence {u,}nen C HT such that Iy(u,) — cx, I{(u,) — O.
Furthermore, ||u, — |t,|*||2x — 0 if (V4) is assumed.

Proof. For a.a. A € J, a bounded (PS)-sequence {u,},eny C H for Iy is pro-
vided by combining Theorem 3.1 with Lemmas3.3 and 3.4. Furthermore, if
(V4) holds, using Lemma3.2 in place of Theorem 3.1, we also get |ju, —
|, |* 2z — 0. Next we show that we can assume that wu, is nonnegative.
Indeed, we know that (I} (uy,),u,, ) = (tn, u,, ) with g, — 0 in H' as n — oo,
with w,, = min{u,,0}, namely (f(s) =0 for s <0)

<a+b/RN|(A)‘5un|2dx) /RN(fA)“unu;dx+/ V(@) |uy, [Pdz = (i, u,, ).

RN

As it is readily checked, for all =,y € RV, we have
(un (@) = un () (uy, () =y (y)) = (u, (2) =y (),
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which yields that
2C(n,a)! /RS(—A)O‘unu;dx
L[ )l ) ),
RZN

‘.’E _ y|N+2a

- - 2
> [ L iy = 200, 0) g
R2N

oy
Thus ||u,, || = 0,(1), which also yields that {u;’ },en is bounded. We can now
prove that I)(u}) — ¢y and I{(u}) — 0. Of course |ju,||* = [Ju}||* + 0, (1)
and

2

(/RN (—A)guRde>2 = (/RN |(—A)guf§|2das) +on(1).

Notice that from (f;)—(f2), we get
/ F(uy,)dx 7/ F(u)dx
RN RN

This shows that I)(u}) — cx. We claim that I{(u;) — 0. Setting w, :=
I{ (uy) — I (u;}), it is enough to prove that w, — 0 in H'. For any ¢ € H with
llolln < 1, we have

o) = (a4 [ 18T de) [ (00, -a) s
- <a+b/RN|(—A)‘%u;|2dx> AN(—A)a/Qu;(—A)a/Q@dm
+ [ Ve = [ () = f0)eds

22 Dun | < Ollug |12

< c/ (Jttn] + i
]RN

+ Clluy 2z = on(1).

— _A% +12 _Aa/2—_Aoz/2
(a0 [ N-ayFuibar) [y oo
+ /RN V(m)u;godx—/\/RN flu, )pdr + (&, 0),

for some &, — 0 in H'. Then, by (f1)-(f2), [{(wn, )| < Cllu, [l + | ll7s
proving the claim. Observe now that by the triangular inequality and the
contractility property of the Schwarz symmetrization in LP-spaces (i.e. [[w* —
2*||p < lw— z||, for all w, z € LP(RYN) with w, 2 > 0), we get

[l = ()" ll2, = Il — Jun|*
<l + ()" = [unl")

< luy,

2%
2 < Mg llzg + ()" = fua|”

2z, = Junlllzg = 2lluy ll2; < Cllug, [l = o0n (D).

2

Since ||un — |un|*||2: — 0, we have [[uf — (u})*||2: — 0 as n — oo. This ends

the proof. O
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4. Upper estimate of ¢, and limit problems

In this section, we give an upper estimate of the mountain pass value cy.
Moreover, the corresponding limit problem is discussed.

4.1. An energy estimate

Next we provide a crucial energy estimate for c).

Lemma 4.1. (Energy estimate) Suppose that (f1)—(f3) and (V1)—(V3) hold. For
any A € [1,1], assume that

N —2a’ ¢

Then we have

4 4
q € _TE o or qe€ |2, 2 | with D large enough.
N — 2«

aSqy bS? A
TN 20 JT2N7404 _ 7TN
2 + 4 2% ’

(03

ey < €y, ey =

where T = T(\) > 0 continuously depends on \.

Proof. Let n € C§°(R3) be a cut-off function with support in B2(0) such that
n=1on B1(0) and n € [0,1] on By(0). It is well known that S, is achieved
by

_ N—2«a
T(e) = w(u® + 2 — 2o?) 2
for arbitrary x € R, p1 > 0 and xo € RY. Then, taking xq = 0, we can define

T(x/s;/@w)

ve(x) == n(x)us(x), uc(zx)=¢e" 2 u'(x/e), u*(z):=

Then (=A)*u. = |uc|?» 2ue and [|[(=A)Zu.||3 = [jue 2‘3 = 2‘* . As in [33],
we have
— a 2,5 g3 N—2a
A, ._/ [(—A)2 v (z)|?dx = S& + O(e ). (4.1)
RN
On the other hand, for any ¢ € [2,2), we obtain
pvier) N-1
[t = ¥ e T [ "
RN 0 (W +1r?)
where Sy_1 is the unit sphere in RY. Observe that, as ¢ — 0,
: N
Esé/li(h) FPN-1 —cE (07;)0)’ ?f q> N-Za’
/0 Wdr =0O(log (7)), if ¢= 5§55+
H r _ (9(5_:(N72oc)qu)7 if q< Niv2a
Then
O(€N 0= 2u)q) if q > %2(17
Coom [ fueftds = § Oog (V=222 it g= i, (42)
Y O(E(N 2(’)q), if ¢ < Niv2a'
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: N
Slnce 2< N_9a’

/RN . [2dz > O(eN 20,

Similar as above,

2 _
/ |’U€|2dl' < EQQKQHT 7*2 SN71|SN/(2O£) /55‘&/(20) Ldr
RN - 2 o 0 (12 +r2)N—2a
S O(€N72a).
So that we have
B. := /RN [ve|2dz = O(eN2), (4.3)

As can be seen in [33], it holds
. N
D, = / [ve|2ade = Sg* + O(eN).
RN

Step 1. For any € > 0 small there exists tg > 0 such that I(v:(t9)) < 0, where
Ye(t) == v.(-/t). Indeed, by (Vz) and (f3), for any ¢ > 0,

a o b o 2
o) <5 [ eaEope s § ([ 1ot pke)
RN RN
2 q
Y \vg(t)\gd:v—/\/ [%(t) 1 phe® ]d:v
2 RN RN 23 q
ale N_oq | DAZ on 4 VoeBe:  AD:.  ADC.\ y
— T+ —= * - - . (44
A L G e P L

Noting that 2a < N < 4a, we have 0 < 2N — 4o < N. Then by (4.3),

ViB. AD.  ASE

—
2 2% 2

«

, as € — 0.

So it follows from (4.1) that for any € > 0 small enough, Ix(7.(t) — —oo as
t — +00. Then there exists ty > 0 such that I (y.(tp)) < 0.
Step 2. Notice that, as t — 01, we have

/ (= A) 2B + e ()]?] de = Y204, 4 VB, — 0
RN

uniformly for e > 0 small. We set v.(0) = 0. Then ~.(to-) € Ty, where Ty is
as in Theorem 3.1 and

cx <sup Ix(7:(1)).
t>0

Recalling that ¢y > 0, by (4.4), there exists t. > 0 such that

sup I () = In(e(te))-
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By (4.1), (4.2) and (4.4), we get I\ (v-(t)) — 0T ast — 0" and I\ (:(t)) — —cc
as t — +oo uniformly for € > 0 small. Then there exist ¢1,¢2 > 0 (independent
of € > 0) such that t; <t. <ts. Let

Jo(t) == LAEtN—Qa + %tzN—m _ AD. N

2 4 25

then

cx <supJe(t) +
t>0

VB, _ADC.\ .y
2 q c

By formula (4.2), for any ¢q € (2,2%), we have

C. > 0N,

Then by (4.3), we conclude that

ex <sup Jo(t) + O(eNT2%) — O(DeN (e ).
>0
Noting that N —2a > 0 and N — (N —2a)q/2 > 0, we have sup,~ J:(t) > cx/2
uniformly for £ > 0 small. As above, there are t3,t4, > 0 (independent of £ > 0)
such that sup,> Je(t) = sup,epy, 1,1 Je(t). By (4.1),

1 —2a)q
ex Ssup K (S371) 4+ 0 (V72) — 0 (DN, (4.5)
>0

where

Sa bS?2 A
K(t) _ aTtN_2a 4 TcthN—4(,v _ QTtN'

«

Observe that for ¢t > 0,

N —2 tN72o¢71 _ ~
@) K(t), where K(t) := aS, + bS2tN =2 — X2,

and K'(t) = tN_QO‘_l(bSé(N — 2a) — 2 attoN), Since 4a > N, there is a
unique 7' > 0 such that K(¢t) > 0if ¢t € (0,7) and K(t) < 0 if ¢t > T. Hence,
T is the unique maximum point of K. Then by (4.5),

ex < K(T)+0@EN"2)— 0 (DaN—W) . (4.6)

If ¢ > 4a/(N—2a), then 0 < N—(N—2a)q/2 < N —2a, which implies by (4.6)
that for any fixed D > 0, ¢y < K(T) for ¢ > 0 small. If 2 < ¢ < 4a/(N — 2a),
for ¢ > 0 small and D > e(N=2%)a/2=2a=1 then also in this case ¢y < K(T),
which completes the proof. O
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4.2. The limit problem

Note that V(z) — Vi as |z| — oo. For any A € [1/2,1], we consider the
problem

<a+b |(—A)C2xu|2dx> (=AU 4 Voo = Af(u) in RY,
RN
we H*RY), «>0 inRY,

whose energy functional is defined by

() = %/RN (al(=A)Ful? + Vieu?)de + g </RN |(—A)%‘u|2dx)2

—A /]RN F(u)dx.

We will use of the following Pohozaev type identity, whose proof is similar as
in [11].

Lemma 4.2. (Pohozaev identity) Let u be a critical point of I® in H for
A€ [3,1]. Then Py(u) =0,

N -2 o N -2 o :
Py(u) := 5 @ /RN al(—A) % ul?dx + 5 “b (/RN (—A)zu|2dx)

N
+ = Veou?dr — N F(u)dz.
2 RN RN

(4.7)
Notice that P\(u) = %Iﬁo(u(-/t))‘tzl.

Lemma 4.3. For A € [$,1], if wx € H\{0} solves Py(wy) = 0, then there

ezists yn € C([0,1],H) such that yA(0) = 0, I3°(yA(1)) < 0, wx € ([0, 1]),
0 & ((0,1]) and

I t)) = I .
tgl[gﬁ} (1)) 3 (wy)

Proof. Note that

tN_2a

Bt/ =2 [ el + (/. |<—A>°2“wﬁdx)2

N
+ —/ Voowsde — tN)\/ F(wy)dz =0,
2 RN RN
which, by (4.7), yields
Jim I (wa(-/t)) < 0.
Then there is ¢g > 0 such that I3°(wx(-/to)) < 0. Let va(t) = wx(-/tto))
for 0 <t <1 and 7,(0) = 0. Then v € C([0,1],H), wx € ¥([0,1]) and

maxyeio,1] 150 (1)) = I (wy) as t = ty! is the unique maximum point of
t — I3°((t)) by Lemma 4.2. O
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5. Behaviour of Palais—Smale sequences

By Corollary 3.5, for almost every A € [1/2,1], there exists a bounded Palais—
Smale sequence {uy,}ney C H for Iy at the level cy. Then there exists a
subsequence of {uy, }nen, still denoted by {u, }nen, such that w, — ug in H
and w, — up a.e. in RY as n — co. Let

1

Up,

= Up — UQ.

Then v, — 0 in H and v} — 0 a.e. Notice that, since u, > 0, the dominated
convergence theorem implies that (vl)~ — 0 in LY(RY) for any 2 < ¢ < 2%.

5.1. Splitting lemmas

Let us set
o(t) == F(B) — ()1, G(t) = / o(s)ds.

In order to get the profile decomposition of {u,},ecn, we state the following
splitting lemmas.

Lemma 5.1. (Splitting lemma I) We have

/RN(Q(%) — g(uo) = g(vy))pdz| < on(1)]¢ll, (5.1)

where 0,(1) — 0 as n — oo, uniformly for any ¢ € C°(RY).

Proof. For each n > 1, there exists 6,, € (0,1) such that

|9(un) = g(vp)] < 1g' (v, + Onuo)luol- (5:2)
In view of (f;)-(f3), for any e > 0, there exists D > 0 such that
lg(6)] < el forlt] > Dy2. (5.3)

Let Q,(D) := {z € RY : |u,(z)| > D} and for r > 0, B, := {z e RN : |z| <
r}, BS := RN\ B, (0). Since ug € H, we have |B% N {|ug(x)| > D/2}| — 0 as
R — oo. Then for ¢ given as above, there exist R > 0 and Qr C RY with
|Qr| < Ac such that |ug(x)| < D/2 for x € B$\Qgr, where A, > 0 will be
chosen later small enough. Then, by Holder’s inequality, (5.2) and (5.3), we
have

[ lotun) — g(ehllelds
B&\Qr

<

/  Jg(un) — g(o})llgldz
(BE\Qr)NQ, (D)

+ /  lg(un) — 9@} lglde
(BE\Qr)NQE (D)

2r —1

< eC (Jlunllsz ™" + 1o}

) el + mas 1o'(1) ( /B u%(x)dx> el

t|<2D
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It follows from (f;) and (fz) that, for € > 0 given, there exists C. = C.(f) > 0
such that

/ l9(tn) — 901 Il
Qr

< e [ (Pt AP feldo o+ Ce [ (funl + [0} Iolde
QR QR

2% —1
2+ g

IN

2% —1 2a
eC (lun 327 el + CeIRm® (Nunllas, + l10b22) il

(5.5)
By (5.4) and (5.5), by choosing A, such that CgAia/N < g, there exists C' > 0
with

[ latun) = g (1) llplds < Celiel. (5:5)
R
Moreover,
/ l9(uo)lpldz < C / oLl + / o 25 ]z
BY, Bg By
1/2 (25,-1)/2%,
gc(/ U02d$> |<P+C</ uo%dx) el
By By

(5.7)
It follows from (5.6) and (5.7) that, for € > 0 above, we choose R > 0 above
large enough such that

< Cellgl, (5.8)

/ (g(tn) — 9(uo) — g(v1))pde
B

c
R

where C is independent of n, ¢ and ¢ € C§°(RY). On the other hand,
[ 19t = gtuo)llplda
Br
1/2r
2;) .

(25,-1)/2;
< ( [ ot - g(uo)|2“/(2°‘_l)d$) ( I
Br Br

Observe that

27 /(25,—-1 2% /(2% —1
i S = i Do =0
Then |g(u,) — g(ug)|?«/3a=1 — 0 in L'(Bg). Hence, we deduce
/BR |9(un) — g(uo)llpldz < 0n(1)]l¢l| (5.9)
Similarly, we also obtain that
[ stohleds < ou(Vlel (5.10)

for any ¢ € C§°(RY). Tt follows from (5.8), (5.9) and (5.10) that (5.1)
holds. O
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Lemma 5.2. (Splitting lemma IT) We have
[ (fonl= 2 = o0 = ok 201 ) o

where 0,(1) — 0 as n — oo, uniformly for any ¢ € C§°(RY).

< on(Dllell,

Proof. For any ¢ > 0, there exists R = R(g) > 0 such that

/R - (50— % g — [0 520} )
r(0

<UL (a2 s
RN\ Bg(0)
RN\ Bg(0)
<c (Hun =72 + 03 %72) fuoiolde
RN\Br(0)
[ Juolelde < Celel.
RN\ BR(0)
On the other hand, for every r > 0, we have
[ (2 = fuoP 2 — ol 220k ) s
Br(0)
< / (]2 2, — Juo|* ~2ug — [vg] %20} | pd
Br(0)n{|v;|<r}
+ / %~ 2up — Jugl?2ug — |0} 2720} | pda =: Iy + I,.
Br(0)N{|vy |27}

Now, there exists 7 = r(R) such that r|Bg(0)|'/?~ < e. Therefore, we have
nec| (252 o ol 2 + o 22 kgl
Br(0)N{|vg|<r}

< Cr|Bg(0)|/%

ol < Cellgl. (5.12)

For such r, R fixed above, u,, converges to v in measure in B(0), i.e. |Bg(0)N
{lvn| > r}| — 0 for n — oo. Therefore, for n > 1 large,

L<c (Hn 2272 4+ [0h 2572 o d
Br(0)N{|vz|2r}
+ [0l Jplds < Cellel. (5.13)
Br(0)0{|vg|2r}
Then (5.11), (5.12) and (5.13) yield the assertion. O

Lemma 5.3. (Splitting lemma IIT) We have

fup)updr = /RN f(v,ll)vrlldx—i—/RN f(uo)updz + 0, (1),

RN
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where o, (1) — 0 as n — oo. Furthermore

/ F(uy)dx = F(vi)dx—!—/ F(up)dz + 0,(1).
RN RN

RN

Proof. Since f(t) = g(t)+t2«~! for t > 0, by the standard Brezis-Lieb lemma,
it suffices to prove

[ atw)undz = [ gtwhyosds+ [ glun)unds + o,
RN RN RN
where 0,(1) — 0 as n — oco. Fixed € > 0, there exists C. > 0 such that
lg(t)| < et>"t 4+ Ct, t>0. (5.14)

Then there exists R = R(¢) > 0 large enough such that

| stwyitds
RN

< [ lotu)orldz+ [ lguootlda
Br B

R
< [ (cluoPs~" + Cufuol) fobldo + (bl + 1o} ez
Br
< Ce+ Ceon(1).

(5.15)
and

S/ Ig(vi)Uoldw/ lg (v3) wolda
Br B

c
R

/ g (fu,ll) uodx
RN

By P
Br

o,
Bj,

< Ce+ Caon(l)'

(5.16)
(eloh 7" + Celuhl) uoldz

It follows from (5.15), (5.16) and Lemma 5.1 that

| (atunen = gty = g(ehyod o

< [ Vatoen) = gluo) = gt} d

+ / lg(ouolde + / 9o )| da
RN RN
< on(D)Jtn ]| + Ce + Ceon(1).

Letting n — oo and € — 0% completes the proof of the first assertion. The
second assertion follows from the standard Brezis-Lieb lemma and

G(up)dx = G(v}h)dr + G(ug)dx + o, (1),
RN RN RN

whose proof is left to the reader. O
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5.2. Profile decomposition

In the following, we give the profile decomposition of {un}neNLWhiCh plays a
crucial role in getting the compactness. Since ¢y > 0, for some B > 0 we have

/ |(=A) 2w, |*dz — B?, as n — oo.
RN

Now, for any u € H, let

32 o 1
Ja(u) = 2108 / (=A) 5 uf2dz + 7/ V(@) [uf2dz — A/ F(u)dz
2 RN 2 RN RN
and
R2
I (u) == ¢ +5B / [(—=A) 2 ul?dx + 1/ Voolul?dz — )\/ F(u)dz,
2 RN 2 RN RN

which are respectively the corresponding functional of the following problems

(a+bB%)(=A)*u+V(z)u= f(u),
(a+bB?)(—A)*u + Voou = f(u), u € H.

Here we point out that in contrast with the original problem (K), the problems
above are both non Kirchhoff. Now we take advantage of this to get the profile
decomposition of {uy, }nen.

Lemma 5.4. (Profile decomposition) Let {un tnen C H be the sequence men-
tioned above and assume that conditions (V1)-(Vs), (f1)-(f3) hold and N < 4o
Then J}(ug) = 0 with ug > 0, and there exist a number k € NU{0}, nontrivial
positive critical points w', ..., w* € H*RN) of JX° which decay polynomially
at infinity as w? (z)|z|N T2 = O(1), such that

(i) yl] = 400, [yl —yil = +oo  ifi# 4, 1<4,j <k, n— +oo,
_ k
.. 4 .
(i) ex + 22 = Ja(uo) + 3 I (w?),
j=1

koo _
(i) fun —uo = 35 w’(- —y3)ll =0,
1
(iv) B® =[[(=A)%uoll3 + 3= [(-=A)Fw?|3.

Moreover, we agree that in the case k = 0 the above holds without w’. In
addition, if (V4) holds, then k =0 and ug € H 4(RY).

rad
Proof. Observe that, from Iy(u,) = cx + 0,(1) and I{(u,) — 0 in H', we
obtain
H4
I (un) =ot +on(1), Jy(up) — 0 inH.
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Then, it is standard to get J{(ug)p = 0 for all ¢ € H. From Lemma 5.3, we
get

/ F(v})dr = F(u,)de — F(ug)dx + o,(1),
RN R

N RN
/IRN f(v}z)vrlldx = /]RN fup)upde — /RN f(uo)updx + 0, (1).
It follows that
In(un) = Jn(v)) + Ja(ug) + on(1), (5.17)
T (ol = J{ (un)un — J5 (uo)uo + 0, (1) = 0, (1). (5.18)

On the other hand, by a slight variant of [11, Proposition 4.1], ug satisfies the
Pohozaev identity

N -2 _ a 1
a (a+bB?) / [(—A) Zug2dx + VV(z) - zudde
N 2
+ — V(z)ujde — N F(ug)dz = 0.
2 RN RN

Then by (V1) and N < 4«, we have

_ o 1
NJy(uo) = a(a + bB?) / (A SuoPdz -+ [ VV(2)- wulde
RN 2 Jgn

_ o 1
> ala+ 532)/ (=) 2 uoldz — S [|WI| x [luoll3,
RN 2 2c «
> oz(a+bB2)/ |(7A)%uo|2dx—aa/ [(—A) 2 ug|?dz
RN RN

= cvbBQ/ [(—A) 2 up|®dx > 0,
RN

which implies that
bB?

Taluo) > 22 /RN (=) 3 o 2dz. (5.19)

We claim that one of the following conclusions holds for v}:
(vl) v} — 0inH, or
(v2) there exist 7’ > 0, 0 > 0 and a sequence {y. },en C RY such that

lim inf lvp|2dx > o > 0. (5.20)
nee B’I‘/ (y}L)
Indeed, suppose that (v2) does not occur. Then for any r > 0, we have

lim sup / |v}|%dx = 0.
B (y)

n—oo yGRN

Therefore, it follows from Lemma 2.2 that v} — 0 in L¥(RY) for s € (2,27).
It follows from (5.14) that for any e > 0, there exists C. > 0 such that

/ lg(v})ol|de < e (/ [ol|? 4 |vk 23) dx + CE/ v} |9dz.
RN RN RN
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So from vl — 0 in LY(RY) and the arbitrariness of &, we can easily obtain
that

U, 4T = ’Ul+2;l‘ O. .
[ fobbde = [ (@h))do+ o)

Furthermore, from J§(v})v}: = 0,(1) in (5.18), we have

Hvill2+bB2/ |(=2)F v} 2de = N[|(vh) 132 + on(1). (5.21)
RN

In view of conditions (V3)-(V3), we can check that V., > 0. And so we
can also get

/ V(2)[ohPdz = / V(@) [ohPdx + 0, (1),
RN RN

which, together with the definition of S, and (5.21), implies that

aS, (/ v,ll|2<§dx> + bS? (/ |Ui|2:dx) ’ S)\/ [l 2adz + 0,(1).
RN RN RN

(5.22)
Let £ > 0 be such that [ox v} 2ady — (N.If £ > 0, then it follows from (5.22)

that

(N —2a)¢~!
2

where K has been defined in Lemma 4.1. This also implies that £ > T (T is
the unique maximum point of K). On the other hand, by (5.17) and (5.19),
we have

o [ sl - (7))

+ Jx(uo) + on(1)

2/ﬂ;w (<;+?> ‘(*A)%U}z‘ZJr%V(x)‘v,lL 2,% ((U;)+)23> i

+ T + On(l),

which, together with (5.21) and the definition of S,, implies that

1 1 a 2 1 1 5 2 ’
cy > (2—23)a/RN’(—A)2UH dm+(4—22>b</RN’(_A)2U}L‘ da:)

K'(t) = (aSa N 2% 4 pS2 2N =4 _ \NY <0
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Thus, combining [gy |v}|?«dz — ¢~ and ¢ > T, K'(T) = 0, we have

2 2 42
1 1 1 1
> (2 - 2) aS, TN 2% + (4 - 2) bS2TN e
= —aS TN 2a 4 leQTQN 4o i N c*
= 2 4 2* — Lo

contradicting ¢y < ck. Hence, ¢ = 0. It follows from (5.21) that ||v}|| — 0, that
is, Uy, — up in H. Then Lemma 5.4 hold with & = 0 if (v2) does not occur. In
particular, if we assume (V) holds, then by Corollary 3.5, ||un — [ty |*[[2x — 0.
Obviously, {|un|*}nen C H4(RY) is bounded and ||u,, — |u,|*||;, — O for

€ (2,2%). Since {|u,|*}nen has a strongly convergent subsequence in L?(R™Y)
for ¢ € (2,2%), without loss of generality, we assume that u, — ug in LI(R"Y)
for ¢ € (2,2%) and uy = uf. As a consequence, (v2) does not hold and as
above, u, — ug in H.

In the following, otherwise, suppose that (v2) holds, that is (5.20) holds.
Consider v L(-+y}). The boundedness of {v}},en and (5.20) imply that v} (- +
yL) — w' # 0 in H. Thus, it follows from v} — 0 in H that {yl},en
is unbounded and, up to a subsequence, |yl| — +o0. Let us prove that
(J5°) (wh) = 0. It suffices to show that (J°) (vi(- + yl))p — 0 for any
¢ € C°(RM).

Combining Lemmas 5.1 and 5.2, we obtain

T3 () — Ty (uo)g — JA(vn) el < on(D)llgll, Ve € CE°(RY),

which implies that [J{(v})p| < 0,(1)|¢ll, for all p € C(RY), as n — oc.
Notice that

Jawh)e(- —yph)

_ Cn, a)( +bB?) /Rw (v} (z) — vn(y?i(¢(§|;+y2,;) — oy — yn))dxdy

/ V(@) (x)p(x — yp)da — X /RN 9(vp(@))p(a — yp)dz

—A RN((vn(x))Jr)Q;_lw(m = yn)dz = 0, (D)l — yp)ll = on(D)lle]l

Thus, as n — oo, it follows that

)( +sz)AgN (v (z +y,)) —|Zn(ny|eriiz2)2(<p($) — w(y))dxdy

/ (24 yL)ol (2 + gL () de — A / g(0h (@ + yb))p(e)de

RN

/ L+ yh) )2 (@) de = o, (1)]g])-
(5.23)
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Since |yL| — oo and ¢ € C§°(RY), we obtain
/ (V(z+yl) = Veo)vh (2 + yh)p()da — 0. (5.24)
RN
Thus, combining (5.23) and (5.24), we have for any ¢ € C§°(RY),

(J32) (wa (- +n))e

C(n,a _ vz +yl) — v, L x) —
_ (2 )(a+bB)/RzN( (= + yn) |$£yﬂ|LNy+2)a)(s0() @(y))dxdy

+/ Voo (2 + yh)o da:—/\/ n (@ +yn))p(x)da

— /\/ L4yt )2l p(z)de = 0, (1).

Then, (J$°) (w!) =0, w! > 0 and w!(z)|z|V+2* = O(1) as |2| — oo. Finally,
let us set
20N _ 1 1 1
vn (1) = v (2) —w (z = yp), (5.25)
then v2 — 0 in H. Since V(z) — Vi as || — oo and v} — 0 strongly in
L2 _(RN), we have

loc
/ (V(2) — Vi) (0} )2dz = op(1).
]RN
It follows that

[ veniPao= [ vliPds [ Vel @)
RN RN RN

-2 V( +yn)om(x + yh ) w' (z)da

/ Vi [un] dm—/ Vw\uo\de—/ Vio [0 2da + on (1)
RN RN

— [ v)|u dm—/ V () uo [2da
RN

RN
- Vio|w!|*dz 4 0, (1), (5.26)
RN
and (it is easy to see that [|(v2)~[|2:) = 0n(1)) also

{ I(=A)F i3 = II(—A)%unH% - H(—A)%UOH% = [I(=2)F w3 + 0a(1),
, (5.27)
I(v2)*

52 = |lunll5e 22+ on(1),

= [lw!

2% — |

G(v;)dx = - G(up)dx — /]RN G(ug)dx — /RN G(w")dz. (5.28)

RN
It is readily checked that we also have

/RN g(v2)pdr = /RN g(un)pdz — /RN o) pda

(5.29)
_ /RN 9w (- — y2))edz + on(D)l ¢l
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for any ¢ € C§°(RY). Combining (5.26), (5.27), (5.28) and (5.29), we deduce
that

(3) JR(vn) = I (vy) — I (w') + 0a(1)
for any ¢ € C5°(RY). Thus {v2},cn is a Palais-Smale sequence and we get

R4 R4
Ja(v2) =cexn+ % — Ia(ug) — JS°(wh) + 0, (1) < 5 + %

Remark that one of (v1) and (v2) holds for v2. If v2 — 0 in H, then Lemma
5.4 holds with k = 1. Otherwise, {v2} is non-vanishing, that is, (v2) holds for
v2. Similarly, we repeat the arguments. By iterating this procedure we obtain
sequences of points {y? } C RY such that |y} | — +oo, |y —yi| — +ooifi £ j
asn — +oo and v, = vi~1 —wi = (z —yi~1) (like (5.25)) with j > 2 such that
vl — 0in H, (J3°) (w?) = 0. Using the properties of the weak convergence,
we have

k k
(@lfunl® = lluol®= D~ llw? (- =y I1? = llun —wo— D w (- = yh) 1> + 0a(1),

j=1 j=1
k
(0)Ix(un) = Jx(uo) + Z T(w?) 4+ T2 (gt + on(1).

(5.30)
Note that there is p > 0 such that ||w| > p for every nontrivial critical point
w of J3° and {uy}nen is bounded in H. By (5.30)(a), the iteration stops at
some k. That is, v¥*1 — 0 in H. We stress that the polynomial decay of the

limiting profiles w’ can be justified as in [13, Theorem 3.4 and Theorem 1.5].
The proof is now complete. O

6. Proof of the main results

In order to obtain the existence of ground state solutions of problem (K),
our strategy is that we firstly obtain the existence nontrivial solutions of the
perturbed problem, then as A goes to 1, we get a nontrivial solution of the
original problem. Finally, thanks to the profile decomposition of the (PS)-
sequence, we obtain the existence of ground state solutions of problem (K).

6.1. Nontrivial critical points of I

Lemma 6.1. Assume that (V1)-(V3) and (f1)-(f3) hold. For almost every A €
[1/2,1], there exists uy € H\{0} such that I\(uy) = cx and I5(uy) = 0. In
addition, if (V4) holds, then uy € H% (RV).
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Proof. For almost all A € [1/2,1], there is a bounded sequence {uy fneny C H
such that Iy(u,) — cx, I§(u,) — 0. From Lemma 5.4, up to a subsequence,
there exist ug € H and B > 0 such that

Up — ug in H, / |(=A)2u,|*dr — B2, asn — oo
N

and J} (ug) = 0. Furthermore, there exist k € NU{0}, nontrivial critical points
wh, ..., wk of J3° and k sequences of points {y} C RN, 1 < j <k, such that

k — k
. . bB4 _
n*uO*ij('*y%) — 0, CA+T:JA(U0)+ZJ§O(WJ) (6.1)

j=1
and
— 1(-A)Fugl3 + Z [ESE) (62)
Now we claim that if ug # 0, then by N < 4«
bB? N
Ia(ug) > —/ (=) 5 o 2dz. (6.3)
4 Jon

Indeed, since J4(ug) = 0, similar as in [11], we get

_ N — 2«
P)\(Uo) =

(a+bB2)/ [(—A) 2 ug)? dac—l——/ V(x)uddx
RN
1
+ 3 / (VV(z), 2)uddz — NX F(ug)dx = 0.
RN RN

By hypothesis (V1) we have

« — a
Iy(ug) = N(a—kaz)/RNK—A)?ud v /..

o, - o
—bB? —A)Zugl*d
> 0B [ 18 F ol
which implies that (6.3) holds. For each nontrivial critical point w?, (j =
1,...k) of Jg°,

N_2 = o
> a(a+bB2)/ [(—A) % wi 2da + — / Voo [w [2da
]RN

—N)\/ F(w')dx = PS°(w?) = 0.
RN

Then it follows from (6.2) that
2
7‘”‘2@)/ (—2) 5 wi e 4 XN —20) </ |(—A)°5wj|2dx>
2 RN 2 RN

N . )
+ —/ Voo|w]|2dac—N)\/ F(w’)dx <0.
2 RN RN
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Then there exists ¢; € (0,1] such that
N—2«

J (N—Qa)/ (—A)S wi2da
2 .

at

+ bt?z_m (N —2a) (/RN |(—A)‘z"wj|2dx)2 (6.4)

+

Nty - N ,
/ Voolw? |°dx — Nt; /\/ F(w’)dx = 0.
2 RN 7 RN
That is, w’(-/t;) satisfies the identity Py(u) = 0 and it follows from Lemma
4.3 that there exists vy € C([0,1],H) such that v,(0) = 0, I3°(yA (1)) < 0,
w? € ([0, 1]) and

I (w! (-/t5)) = ax IR (7 ().

By hypothesis (V2), we have max;eo,1] I (7a(t)) = max;eqo,1) Ia(ya(t)), which,
by the definition of ¢y, implies that I3° (wJ(E)) > ¢y. In particular, if V(z) #
Vs, then

I2(w?(-/15)) > ex. (6.5)
So by (6.4) we have

I (w?) = TR (w!) — %Pf"(wﬂ) = (a+bB?) (; B 21)

(5w ([emrwEra) 2 catra
i (w0 (7)) - yr@En+ [ stk

s B2 .
(o (1))
J RN

and then we conclude that

cof, bB> a g
JX(w?) > exn + [(=A)2w’|*dx,
4 Jon

where the inequality is strict if V(z) #Z V. Then by formulas (6.2)-(6.3),

bB4 b bB4

T:JA(U0)+21JA (w’) 2 kex+——, (6.7)
=

with strict inequality if V(x) £ Vi or ug # 0.

e If £ = 0, we are done. If condition (V4) holds, then k = 0 and wug
is radial. Then it follows that I)(ug) = Jy(ug) — bB*/4 = ¢y and I} (ug) =
7} (i) = 0.

elf k=1and V(z) # Vi or ug # 0, then (6.7) yields a contradiction

e+
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eIf k =1and V(z) = Vo and ug = 0, then B? = ||(—A)> w2 and it
follows from (6.1) that

bB4 00 1 b & 14 1 / 1
T = TR - A el = nwh), B =0,

as desired. Hence, in any case, the assertion follows. O

cx = J°(w') —

6.2. Completion of the proof

Choosing a sequence {\, }nen C [%, 1] satisfying A, — 1, we find a sequence
of nontrivial critical points {uy, }nen (still denoted by {u, }nen) of I, and
I, (un) = cy,. In particular, if (V4) holds, then {uy,}nen C HYy(RY). Now
we show that {u,} is bounded in H. Remark that u,, satisfies the Pohozaev

identity as follows

N -2 . N -2 X 2
B A R Y C AR
2 RN 2 RN
N 2 1 2
+ = V(z)usdx + = VV(x) - zu,de — N F(up)dz = 0.
2 RN 2 RN RN

It follows that

NIy, (un) :a/]RN al(=A)F u|dz + (a—JZ)b(/RN (= A) 2wy d:r)z

1
—= VV(x) - zuidr.
2 Jon
Since c} is continuous on A, Iy, (un) = ¢y, +0,(1) < ¢, . It follows from (V)
that there is a positive number x € (0, 2acr) such that ||WH2ﬂ < KkSq. Hence,

(aa— g) /RN [(—A) 2w, |2de < NIy, (un),

which implies that [,y a|(—A) 2 u,|*dz is bounded from above. By (V3), (f1)-
(f2) and I§ (un)un = 0, there is v > 0 such that for any ¢ > 0, there exists
C. > 0 with

1// u%dxg/ a|(—A)%un|2dm—|—/ V(x)uidmﬁs/ u? da
RN RN RN RN

+C. ui‘*’ dx,
RN
which yields that {u, }nen is bounded in L?(R™). Then {u,},en is bounded
in ‘H. By Theorem 3.1,

lim I(u,) = hm <I)\n (un)+ (An —1)

n—oo

F(un)da@> = lim ¢\, =
RN n— oo

and for any ¢ € C§°(RY),

lim I'(u,)p = lim (Iﬁ\ (un)p + (A / fuy) godx) =

n—oo n—oo
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That is, {u, }nen is a bounded Palais—Smale sequence for I at level ¢;. Then
by Lemma 6.1, there is a nontrivial critical point ug € H (radial, if (V4) holds)
for I and I(ug) = ¢1. Set

v =inf{I(u) : w € H\{0}, I'(u) = 0}.

Of course 0 < v < I(ug) = ¢1 < 0. By the definition of v, there is {u, }nen C
H with I(u,) — v and I'(u,) = 0. We deduce that {u, },en is bounded in H.
Up to a sequence, for some B > 0,

/ |(—A) 2w, |*de — B2
RN

Let us set J(u) := Jy(u) and J*°(u) := J°(u), for any u € H. From Lemma
5.4 there exists ug € H such that u,, — ug in H and J'(ug) = 0. Furthermore,
there exist ¥ € N U {0}, nontrivial critical points w',...,w* of J> and k
sequences of points {37 },eny C RY, 1 < j <k, such that

koo . bB4 ,
un =g = p_w (- —gl)|[ =0, v = = Jlu) + Y JF(w) (68)

and
Q E
= ||(— zuOllz+le ) w3

If £ =0, we are done. If k£ > 1, assume by contradiction that ug # 0. Then, as
in Lemma 6.1,
bB?

Tuo) > 2 /RN (=) 3 o 2dz, (6.9)

for each j there is t; € (0,1] such that I°°(w’(-/t;)) > ¢y, which is strict if
V() # Vo, and
; bB? o
Pz e+ [ l-a)E e
4 Jon

where the inequality is strict if V(x) # V. Then by formulas (6.8)-(6.9) and
v < cp, we get

bB4 bB4 b bB4
61+T ZZ/—I—T :J(UO)-F;J (’LU]) >k‘61+T,
a contradiction. Hence uy = 0 and k = 1, in which case a contradiction follows
as in the proof of Lemma 6.1. The proof is complete. 0
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