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1. Introduction

In this paper, we study the Cauchy problem for the nonlinear damped wave
equation

8t2u_Au+6tu:N(u)’ (t,$)€[07OO)XRn, 11
u(0,z) = eup(x), Ou(0,z) = cus(x), = €R", (1.1)

where n € N and u is a real-valued unknown function, A(u) is a power type
nonlinearity, (ug,u1) are given data, and € > 0 is a positive parameter, which
describes the amplitude of the initial data.

Our purpose is to establish the large data local well-posedness and the
small data global well-posedness for the Cauchy problem (1.1) with slowly
decaying initial data, that is, we treat the initial data not belonging to L!(R")
in general. Moreover, we investigate the asymptotic behavior of the global solu-
tion and the estimate of the lifespan from both above and below for subcritical
nonlinearities.

The Eq. (1.1) is firstly derived by Oliver Heaviside as the telegrapher’s
equation, which describes the current and voltage in an electrical circuit with
resistance and inductance. Cattaneo [1] also introduced the Eq. (1.1) as a
modified heat conduction equation which equips the finite propagation speed
property. The Eq. (1.1) also has several background related to biology and
stochastic models such as genetics, population dynamics [3,7] and correlated
random walk [6,29].

The local and global well-posedness, asymptotic behavior of global-in-
time solutions and blow-up of local-in-time solutions have been widely studied
for a long time. Since a pioneer work by Matsumura [38], it has been well
known that solutions of the damped wave equation behaves like that of the heat
equation as time tends to infinity. Namely, he established LP-L? estimates of
the linear damped wave equation (Eq. (1.1) with A'(u) = 0), whose decay rates
are the same as those of the linear heat equation v;—Awv = 0 (see also Racke [57]
for more general setting). After that, the so-called diffusion phenomena was
found by Hsiao and Liu [17] for hyperbolic conservation laws with damping,.
Namely, they showed that the asymptotic profile of the solution is given by
the heat kernel (see also [35,44,45,67]). Later on, Nishihara [46], Marcati and
Nishihara [37], Hosono and Ogawa [16], and Narazaki [40] derived more precise
LP-L1 estimates for the linear damped wave equation and applied them to
semilinear equations to obtain global solutions. Also, the diffusion phenomena
for abstract damped wave equations were studied by [2,21,23,52,58,59].
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For the nonlinear damped wave equation with the absorbing nonlinearity
N (u) = —|ul[P~tu, Kawashima, Nakao and Ono [32] refined Matsumura’s LP-
L7 estimates and applied them to the global well-posedness for the Eq. (1.1)
with arbitrary initial data (ug,u;) € H' x L2 Based on this result, Karch
[30] showed the diffusion phenomena when p > 1 + % and n < 3. After that,
Hayashi, Kaikina and Naumkin [12], Tkehata, Nishihara and Zhao [24] and
Nishihara [48] treated the case p > 1+ % and n < 4 if the initial data belongs
to (H'NLY) x (L2NL'). Also, Hayashi, Kaikina and Naumkin [10-13], Hayashi
and Naumkin [14] and Hamza [8] studied the asymptotic profile of solutions
for critical and subcritical nonlinearities 1 < p <1+ %

The nonlinear damped wave equation with the source term N (u) = |uP
or |ulP~1u has been widely studied. In this case, Levine [34] showed that the
solution in general blows up in finite time for large initial data. Therefore,
to obtain the global existence of solutions, we need some smallness condition
for the initial data. Nakao and Ono [39] studied the case N(u) = [u[P~lu
with p > 1+ % and proved the global existence of solutions by the method of
modified potential well. Li and Zhou [36] found that, when n < 2, the critical
exponent of (1.1) is given by p = 1 + %, that is, the local-in-time solution
can be extended time-globally if p > 1 + % and the initial data is sufficiently
small, while the finite time blow-up occurs if p < 1+ % and the initial data
has positive integral value. The number 1 —1—% is well known as Fujita’s critical
exponent named after his seminal work [4], which is the threshold between the
global existence and the blow-up of solutions to the semilinear heat equation.
Also, in [36], the optimal upper estimate of the lifespan for blow-up solutions
was also given (see also [47] for the case n = 3, [20] forn >4 and p < 142 and
the first author and Ogawa [19] for n > 4, p = 1+ 2). Later on, Todorova and
Yordanov [65] and Zhang [68] determined the critical exponent as p = 1+ 2
for all space dimensions. Moreover, Ono [55,56] derived L™-decay of solutions
for 1 <m < 2n/(n — 2)4. The results of [36] and [65] require that the initial
data belongs to H' x L? and has the compact support. Ikehata, Miyaoka and
Nakatake [22], Ikehata and Tanizawa [26] and Hayashi, Kaikina and Naumkin
[9] removed the compactness assumption and proved the global existence of
solutions for the initial data belonging to L'. Moreover, Nakao and Ono [39],
Tkehata and Ohta [25] and Narazaki and Nishihara [43] studied the global well-
posedness for slowly decaying initial data not belonging to L'. In particular,
in [25], small data global existence is proved when the nonlinearity is N'(u) =
lulP~'u with p > 1+ 2 for n < 6 and (H' N L") x (L* N L")-data, where r
satisfies r € [1,2] if n = 1,2 and 7 € [¥2HO=" min{2 1] if 3 < n < 6.
Finite time blow-up of local solutions was also obtained for any n > 1 and
1<p< %’" However, the above global well-posedness results are restricted to
n < 6 and there are no results for higher dimensional cases. Also, Narazaki
[42] considered the slowly decaying data belonging to modulation spaces and
proved the global existence when the nonlinearity has integer power.

Concerning the asymptotic profile of global solutions, Gallay and Raugel
[5] determined the asymptotic expansion up to the second order when n =
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1 and the initial data belongs to the weighted Sobolev space H! x HO!
(see Sect. 1.2 for the definition). Using the expansion of solutions to the heat
equation, Kawakami and Ueda [31] extended it to the case n < 3. Hayashi,
Kaikina and Naumkin [9] obtained the first order asymptotics for all n > 1
and the initial data belonging to (H*°N H%*) x (H*~4° N H**) with a > %
(particularly, belonging to L'). Recently, Takeda [63,64] determined the higher
order asymptotic expansion of global solutions. Narazaki and Nishihara [43]
studied the case of slowly decaying data and proved that if n < 3 and the data
behaves like (1 + |2|)™*™ with 0 < k < 1, then, the asymptotic profile of the
global solution is given by G(t,z) * (1 + |z|)~*", where G is the Gaussian and
* denotes the convolution with respect to spatial variables.

Related to the Eq. (1.1), systems of nonlinear damped wave equation were
studied and the critical exponent and the asymptotic behavior of solutions were
investigated (see [15,41,42,49-51,53,54,61,62]).

In the present paper, we establish the large data local well-posedness and
the small data global well-posedness for the nonlinear damped wave equation
(1.1) with slowly decaying initial data. Our global well-posedness results extend
those of [25,43] to all space dimensions, and generalize that of [9] to slowly
decaying initial data. Moreover, we study the asymptotic profile of the global
solution. This also extends those of [43] to all space dimensions. Considering
the asymptotic behavior of solutions in weighted norms, we further extended
the result of [9] to the asymptotics in L™-norm with m < 2. Finally, we give
an almost optimal lifespan estimate from both above and below. This is also
an extension of [20,36,47], in which L!-data were treated.

1.1. Main results

We say that u € L>(0,T; L?(R™)) is a mild solution of (1.1) if u satisfies the
integral equation

u(t) = (0 + 1) D(t)eug + D(t)eu; + /0 D(t — )N (u(r)) dr.

in L>°(0,T; L*(R™)), where D(t) is the solution operator of the damped wave
equation defined in (1.8) below.

We assume that there exists p > 1 such that the nonlinear term N (u)
satisfies N € CP°(R) with some integer pg € [0, p] and

NO©0) =0,
MO () = NO)| < Clu—ol(ful + o= =000 (2

with some constant C' > 0.

Theorem 1.1. (Local well-posedness for large data) Let n € N and let s > 0
be 0 < [s] <po—1. When n =1, we also assume that 0 < s < 1. Let r € [1,2]
and s,p satisfy
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min{1+g,1—|—£}§p<oo if 1<n<2s,
n

2n
n—2s’r(n—2s)

1—|—r<p<min{1—|— }, if 2s<n, n>2
n

if 2s<n, n=1

We take an initial data from

up € H¥O(R™") n HO*(R™), w; € H*HO(R™) N HY(R"),

where o > n (X —1). Then, for any e > 0, there exists T = T(¢) € (0,00
2

such that the TC’auchy problem (1.1) admits a unique local mild solution

u € C([0,T); H¥°(R™) N HY*(R™)), with continuous dependence on the data.
Moreover, if T' < oo, u satisfies

htni}’ll:‘lf ||U(t)HHs,0r~|H0,a = OQ.

Theorem 1.2. (Global well-posedness for small data) In addition to the
assumption in Theorem 1.1, we assume that r € [1,2] and s,p satisfy

2
1+ <p<oo if 1<n<2s
n
2n
n—2s" r(n—2s)

2r . .
1+<p§m1n{1+ } if 2s<mn, n>2,
n

14+2r<p<

2 if 2s<mn, n=1
(when r € (1,2], we may take p > 1 + %T) Then, there exists a constant
g0 = eo(n,p, 1,8, 0, |Jugllgsonmo.e,||uill ge-1.0ngo.a) > 0 such that for any
e € (0,e0], the Cauchy problem (1.1) admits a unique global mild solution
u € C([0,00); H¥°(R™) N H%*(R™)), with continuous dependence on the data.
Moreover, the solution u satisfies the decay estimates

Next, we study the asymptotic behavior of the global solutions. To state
2
our result, we denote G(t,x) = (47t)~"/? exp (—%) and G(t)p = G(t) * ¢.

Theorem 1.3. (Asymptotic behavior of global solutions) Under the assumption
of Theorem 1.2, we assume that p > 1+ %’” if r € (1,2]. Let m be

~—

(1.3)

»w w »
I

I3 I3 I3
SN—

~—
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Then, the the global solution u of (1.1) constructed in Theorem 1.2 satis-
fies the following asymptotic behavior: When r > 1, for any ¢ > 0, there exists
a constant Cc > 0 such that

u(t) — eG(t)(uo + ur)| Lm
< ¢ ()3 Gmm) i3 (1-5) 3.3 (- -1k (1.4)

holds for t > 1; When r = 1, for any ¢ > 0, there exists a constant C. > 0
such that

u(t) — 0G| < Cofty™ 5 (1= 7)—min{ 5.3, 5 (-1~ 1}+s (1.5)

holds for t > 1, where

6= 5/n (uop + uy)(z)dzr + /000 - N (u)dzdt. (1.6)

Remark 1.4. (i) The case r = 1,m > 2 was studied by Hayashi et al. [9],
though in this paper, we refine their argument (see Sects. 3.3, 3.4).

(i) When r > 1, as we will see in the proof, the nonlinear term N (u) has
better spatial integrability than the linear part. Hence, the nonlinear term
decays faster as time tends to infinity and does not affect the asymptotic
profile.

(iii) When n < 3 and the initial data behaves like (z)~* as |z| — oo with
some 0 < k < 1, a similar asymptotic behavior was obtained by Narazaki
and Nishihara [43]. If we take an initial data satisfying the assumption
of Theorem 1.3 and lim,|—, 0 [#]*" (uo + u1)(z) = ¢1 with some constants
cp # 0 and 1/2 < k < 1 (note that ug,u; € L? requires 1/2 < k),
then Theorem 1.3 implies that u(t) behaves as G (t)(c1 (1 + |z[2)~2") as
t — oco. In this sense Theorem 1.3 generalizes the result of [43] to all
n > 1 and more general initial data, while the class of the data and the
solution is slightly different.

In the critical or subcritical case, we have the estimate of the lifespan
from below. We define the lifespan of the solution of (1.1) by

T(e) := sup{T € (0,00); there exists a mild solution
ue C([0,T); H*°(R™) n H**(R™))}.

Theorem 1.5. (Lower bound of the lifespan) In addition to the assumption in
Theorem 1.1, we assume that

2
r e [1,2], min{1+t,l+£}§p<l+—r (Case 1)
2 n n
or

r=1, p=1+—. (Case 2)
n
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Then, there exists €1 = e1(n,p,, s, a, ||uo||gs.0onmgo.e, ||u1]gs—1.0nfg0.0) > 0
such that for any e € (0,e1], the lifespan T = T(g) of the solution is esti-
mated as

Ce=l/w in Case 1,
T(e) > L .
exp (Cs_(p_ )) in Case 2,

where w = p%l — 5= and C > 0 is a positive constant independent of € € (0,¢1].

Remark 1.6. The estimate in Case 2 was proved by the first author and Ogawa
[19].

Finally, we prove a blow-up result in the subcritical case with the non-
linearity N (u) = %|ulP.

Theorem 1.7. (Upper bound of the lifespan) In addition to the assumptions
in Theorem 1.1, we assume that

2
Nw) =+ulP and p<1+ = (1.7)
n

and « satisfies

Moreover, we take the initial data

up € H*°(R") N H>*(R"), wy € H*O(R") N H>*(R")
fulfilling
o™i el > 1

+(uo(x) +ui(x)) > {O if |z <1

(double-sign corresponds to (1.7)) with some \ satisfying 5 +a < A < p%l.
Then, there exists eo = ea(n,p,r, s,a, A) > 0 such that for any e € (0,e2], the

lifespan T = T'(¢) of the solution is estimated as
T(e) < Ce /",

and C' is a positive constant independent of € € (0,¢e2].

where/izi—%

p—1
Remark 1.8. (i) The case r = 1 and p < 1+ 2* was studied by Todorova
and Yordanov [65], Zhang [68], Li and Zhou [36], Nishihara [47], the first
author and Ogawa [19], and the first author and the third author [20]. In
particular, Theorem 1.5 shows that when 1+ % <p<l+ %, the lifespan
T(g) is estimated as T(g) ~ e~ V/« with w = zﬁ -2
(i) When r > 1, p =1+ % and the initial data belong to L"(R™) but not
H%*(R™), it is still an open problem whether the local solution blows up
or not.
(iii) When N (u) = |u[P7!u, the blow-up of the solution was proved by
Tkehata and Ohta [25], while estimates of lifespan were not obtained.
Theorems 1.5 and 1.7 give an almost optimal estimate of lifespan for

N(u) = £|ulP.
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. T r 2r 2
r\p mln{l—i—?l—i—ﬁ}... 1—1—; ”'1+n—23
1 SDBU [65] SDBU [68] SDGE [9]
Cle /v < T(e) < %"V < T() < T(e) =00
Ce=1/% [20] e " [19]
r>1 SDBU [25] SDGE SDGE
C~le7lv < T(e) < T(e) = o0 T(e) =0

Cé_fl/n

TABLE 1. SDBU: small data blow-up, SDGE: small data
global existence

Our results are summarized in Table 1.

Our strategy for proving Theorems 1.1 and 1.2 are based on that of
Hayashi, Kaikina and Naumkin [9]. However, we have to refine their esti-
mates to fit the slowly decaying data and solutions. The main ingredient is
the estimate of the fundamental solution D(t) (see (1.8) for the definition) of
the linear problem, which are given in Lemma 2.1. To prove these estimates,
we use a gain of one derivative coming from the high frequency part of the
kernel L(¢,€) of D(t) (see (1.10)). Combining these estimates and nonlinear
estimates with the contraction mapping principle, we prove the existence of
solutions.

To prove Theorem 1.3, we first show that the solution u of the damped
wave equation (1.1) is approximated by the solution of the linear heat equa-
tion with the homogeneous term N (u) (see Proposition 3.1). After that, we
investigate the precise asymptotic behavior of solutions to the inhomogeneous
linear heat equation (see Proposition 3.4).

For the upper estimates of the lifespan, we employ a test function method
developed by Zhang [68], while this is based on a contradiction argument and
not directly applicable to obtain the lifespan estimate. To avoid the contradic-
tion argument, we use the ideas by Kuiper [33], Sun [60] and [20] to obtain an
almost optimal estimate of the lifespan.

The rest of the paper is organized as follows. In Sect. 2, we give a proof
of Theorems 1.1 and 1.2. Section 3 is devoted to the proof of Theorem 1.3.
Theorems 1.5 and 1.7 will be proved in Sect. 4. Finally, we collect some useful
lemmas in “Appendix”.

1.2. Notations

For the reader’s convenience, we collect the notations used throughout this
paper. The letter C indicates a generic constant, which may change from line
to line. Let (z) = (1 + |=|>)'/2. Sometimes we use a V b := max{a, b}.

For functions f = f(z) : R — R and ¢ = ¢(§) : R — R, the Fourier
transform and the inverse Fourier transform are defined by
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FIA© = f&) = @m™" | fla)e™ " de,
F0l@) = @m)™" | p(e)eide,

respectively.

Let LP(R™) (1 < p < o0) and H>*(R™) (s, > 0) be the usual Lebesgue
and the weighted Sobolev spaces, respectively, equipped with the norms defined
by

1/p
1= ([ r@Pds) @< p<o0. Iflus = esssuplsl
I lme = 1) (9"

where (V) f = F=1[(€)* f]. For an interval I and a Banach space X, we define
C"(I; X) as the space of r-times continuously differentiable mapping from I
to X with respect to the topology in X.

We denote by D(t) and G(t) the solution operator of the linear damped
wave and linear heat equations, respectively, that is,

D(t) := e 2 F'L(t, &) F, (1.8)
G(t) = Fle I F, (1.9)
where
sinh(t4/1/4 — [£|?) )
if 1/2,
e et

L(t,€) = (1.10)
sin(t/[€7 — 1/4)

if 1/2.
e T4 &l >1/
Also, we use
D(t) == (9; + 1) D(¢). (1.11)

Throughout this paper, we always use s,r, a as real numbers satisfying
s>0,re[l,2,a>n (% — %), respectively. Also, for a real number s, we

denote by [s] the integer part of s. For T' € (0, o], we define

1

I9lxcr = swp [ Do0)lze + (0GR V(1) 12
+ 0 ECR5) o) e (1.12)
Wl = sup (@7 0@z + s @)l
O™ EOaa . (1.13)

where the parameters are defined in Table 2. Here (n—2s)4 denotes 0V (n—2s).
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n>2 n=1
m S p (1 1 1/p 1
= Lp-n+24 (-2 e
K g bHg <r 2> 2(r 2
o1 -
N P |
n 1 n/1 1 « 1 1 1/1 1 «
= Zp-1--+2(=-2)-2% —p-p--+-(--2)-2
¢ or P~ 2+2<r 2> 7 P Y 4+2<r 2> 2
2n
q:= 1
n+2
. 2n 9
r= n+2—2(s—1s])
o1 = max{l,nr 1
n-+r
2
oy = min{Q,n} P
p(n —2s),

TABLE 2. Definition of parameters

2. Local and global existence of solutions

2.1. Preliminary estimates
Lemma 2.1. Let y,v € [1,2], 5 >0, s1 > s > 0. Then, we have

IV D@Yllze < Ot~ G075 9]2 ¢ 1.
+ Cem |V (V)71 2, (2.1)
I 1PD@wl e < 00~ F G 2 i + 0O~ 2 G- 1Py
+ Cem 1| ()(V) Tl 2. (22)
We also have the continuity of D(t) with respect to H*** N H%P-norm:
tlhfiz [D(t1)¢ — D(t2) | ger-onpos = 0. (2.3)

When v = 1, the estimates (2.1) and (2.2) were proved by [9]. Here we
give a generalization of it to v € [1,2] with a slightly simpler proof.

Proof. By the definition of L(t,£), it is easy to see that

n

e 2|[[E]FL(t, &)l Lv(e1<1) < Ct)~27 %
and
IKEYL(t, )l Lo (1g)>1) < C-
Therefore, applying the Plancherel theorem and the Holder inequality, we have
VI D)l 2 = [€]* e 2 L(t, )b 2
< Cemz|||¢ 2L €)| 2 (113 Rt

L2=7 ([§]<1) Lo=T(Jg]<1)
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+ O™ 5[ () L(t, )| = ter=n 11 (€) T Dl =gl

51 —52 n (1

<oy T 2GRV 1+ Ce IV (V) e,
which gives (2.1).
Next, we prove (2.2). Let x(¢) € C§°(R™) be a cut-off function satisfying
x(§) =1for [£] <1 and x(§) =0 for |¢] > 2. We put
K(t,2) = e 3 FH (L(LEX(E))
The Hausdorff-Young inequality implies

R G NG N
ol | Kta =)y

L2
=¢ H/ (lz = yl?|K (t, 2 — )| + K (8,2 — y)lly]°) w(y)dy

<O PR, 2, 9l + CIK @]

L2
2 Il P9l (2.4)

3v—2

Now we prove
I PE @) < O3~ 20-1) (2.5)

for t > 0 and k € [1,00). First, we divide the proof into the cases 0 < ¢t < 1
and t > 1. For the case 0 < t < 1, we easily prove ||| - [?K (t)||,+ < C. Indeed,
noting |x|?* < (z)2Nk=(+1) for sufficiently large integer N € N, we have

I PE @)z < C/R (@) MV K (8 2)
k

=C [ (z)~(»*+D dx

RTI,
<C.

/ e 3 (V)N (L(t, €)x(€))dE
|€]<1/4

For the case t > 1, we change the variables as v/t = 1 and = = \/ty to obtain

k
dx

PRI = [ el [ et tieoxes

- t—%k/ 2|

k
dx

[ it LtV Vi

k

/Rn e¥e=2 L(t,n/vVt)x(n/Vi)dn| dy.

)2Nk=(n+1)

As before, using |y|®* < (y with sufficiently large integer N € N,

we have
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I 17K @5
<Ot2k**(k 1)

< [ e

By the definition of L(t,&) (see (1.10)), we can easily see that for ¢ > 1

k
dy.

[ e (e Lt/ ViV ) dn

In|?

(V)2 (e Lt/ Ve (n/ VD)) | < Ce

Thus, we obtain the desired estimate (2.5).
Applying (2.5)—(2.4), we have

[ G AASNGI]
<o 2G|yl + o EER )] Py

Hence, it suffices to show that
177 (5L - x©)9)] , < Ce A V) Wl (26)

To prove this, we calculate the fractional derivative. Let w := § — [§]. Making
use of Lemma A.1, we see that

dy,
,1°(60)@) = C [ (@la)i(e) = ota + )i + ) e
|1
- dy;
j
holds, where y := (0,...,y;,...,0). Then, using the Plancherel theorem and

the Leibniz rule, we have

V1P (@) e < C D 11051910517 (¢0) | 2

j=1
Zi 1631 (@ *a)0ke) |
j=1k=0
and hence,

I1V1% ()]l 2

1A
Zxlre

/ (7F60) — 0o+ ) (- + )
/ 1771 i

HM:

L2



NoDEA The Cauchy problem for the nonlinear damped wave equation Page 13 of 53 10

We apply the above estimate to the left-hand side of (2.6) with ¢ = <§>’11/A1
and ¢ = (§)e"2 L(t,§)(1 — x(€)). Since

10Fe= =€) L(t, £)(1 — x(&)) | = < Ce™ ¥
for any k € N, we obtain
[1-1PF1 (e in 0 - x©)9)]

Finally, the bounds of L(t,£) proved above and the continuity of L(t,¢&)
with respect to ¢ show (2.3). This completes the proof. O

< Cem T [[(V)HE) T e

L2

Similarly, we can prove the following lemma.

Lemma 2.2. Let v,v € [1,2], >0, s1 > s2 > 0. Then, we have

)=V 2|

=

V[ Dty 2 < Oty 5 (G-

+ Ce 1|V | 2, (2.7)
I 1PD() ) 2 < ity E G2y 1 + 1)~ 2G| Py 1
+ Ce ()] 2. (2.8)

We also have the continuity of ﬁ(t) with respect to H*'0 N H%P-norm:
(. ID(t1)% — D(t2)¥ || reronpos = 0. (2.9)
Let || - | x(r) be defined by (1.12). In order to prove Theorems 1.1 and
1.2, we frequently use the following interpolation inequalities.

Lemma 2.3. Let s >0, r € [1,2], o > n(: — 1) and let || - | x(7) be defined by
(1.12). Then, the following interpolation inequalities hold:

(i) We have

ﬂ(;,;)JrL’
sup sup (t)2\r72)773
0<t<T \0<s'<s

< Cllollx(r)-
(ii) We have

IVI* o()llz> + sup
0<p<

BLla

OH G 1 |’8¢(t)||L2>

swp (02 G901 < Clldllxeny (210)
for
r<y<oo if 1<n<2s,
r<y<oo if n=2s,
r§7§n2_”28 if 2s <n.
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Proof. (i) The Plancherel theorem and the Holder inequality imply

(0G24 19 (1) |2
:<t>%(%—%)+% S 3(6) 2
< (0 DI60I) 7 (02D gans)
< Bl x
In the same way, we have
2G5 Pt e

< (Do) " (0FEDF) o0

<ol x(r)-

(ii) If v satisfies 2 < v < co and the condition in (2.10), we apply the Sobolev
inequality and obtain

2 CDe0)1x < 2 ETD VI 6(0)]22 (2.11)
with & = n(3 — l) Clearly, s’ € [0, s] holds under the condition in (2.10) and
hence, (i) imphes

O FCDNI 6(0)e = (02D 191 6(8) 12 < Cllélixeny.

When 2s > n and v = oo, instead of (2.11), using (2.12) below with ¢ = ¢,
v=1and 8 = s, we have

(O F | p(t) ||z < CE)F || G(t)| 10
(< #3(3-2)+s
< C||¢||X(T)

On the other hand, to prove (2.10) in the case r < v < 2, we first claim
that

n

2s

o0)l=) (103D otlze)

— 2=y
lellzr < Cliella? = Il 1Pollf™ (2.12)

with 3 satisfying 3 > n(; — 1) and for ¢ € H*P. Indeed, let 0 be determined
later and we calculate

Il = [ (6 o)~ 6 + o) B (o) o

<([ o= |as|2>ﬁ|sa<af:>2dac>g ([ @+ a)
B

Since 3= 'Y > 5, we have
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and hence,

n(2—~)
lolly < COP+T"

( / J@Q + )l P dac)é

n(
-1

ez

Taking 6 = ||<p||Lf Il - |ﬁcpHL2, we have (2.12).
From (2.12), for r < < 2, letting [ satisfy n(% — %) < B < a, we obtain

& FG= 6 (0)] 1

< (WG Holez) 7 (OFEDTE - Po)llnn)” T
and hence, (i) gives
20Dl < Cliglxen.
Thus, we finish the proof. O

2.2. Proof of Theorems 1.1 and 1.2 in higher dimensional cases

We start with the estimate of the Duhamel term. Let || - ||y () be defined by
(1.13).

Lemma 2.4. Under the assumption in Theorem 1.1, we have

T
(t = my(r)dr ¢ [ 1wlvindr (2.13)
X(T) 0
for 0 < T < 1. Moreover, we have
(t — 7)(r)dr
X(T)
1 if p>1+42,
< ClYllyry log (2+T) if p=1+2, (2.14)

(T)t=3(=1) if p<l+Z

forr=1,0<T < o0, and

/ D(t — 1) (r)dr
0

1 if p>1+ %,

X(T)

(2.15)
forre (1,2, 0 < T < 0. HerewemaytakeT—oozfp>1—|—fr—l or
p>1+— re(1,2].

Proof. The estimate (2.13) is easily proved by looking at the proof of (2.14)
and (2.15) carefully, and we may omit it.
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Step 1 Estimate of [||V|* fg D(t — 7)9(7) dr]| 2. We have

H|V|S /Ot Dt~ i) dr|

% t

< [F19PDE = ol dr+ [ NI9FDE-r)uwle dr
v 2

= 1+1I

For II, we apply Lemma 2.1 with s; = s,89 = [s],7 = p (see Table 2 for
notations) and have

H<C/t<t7'>_S_2[S]_(_)|||V[S]¢( Lo dr

o K T

The Sobolev inequality implies

IV1(V) " 9 (r)ll2 < CIVIF(T) | (2.16)

and hence,

II<C/ (t - 1) E G- D= 9y | dr

_mn(1_1\_s=[s] _
§C||7/)||Y(T)/t<t—7) H(3- 1) g0 gy

< O 5 3G TR )y .

Next, we estimate I. Applying Lemma 2.1 with s; = s,s5 = 0 and
v € [o1, 03] (see Table 2 for notations) determined later, we have

i (t —7) 2723 y(r) o dr

n C/o e~ TV (V) () | 2 d

We calculate I. The Sobolev embedding and the definition of Y (7')-norm
imply

L <c/ ~5 V()| dr

< Oll¢lly / e~ (r) N dr
0

_t
< Ce 5 [[Y]ly(r)
We divide the estimate of I; into three cases
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Case 1 When p < 1 + ", taking v = r, and noting —g=(p — 1) > —1 and
r € [o1, 02, we see that

RSl [ (=35 500 ar
0
< Oy (t)fg(%*%)*%Jrlf%(p,l).

Case 2 When p > 1 + ", taking v = r and noting —g-(p — 1) < —1, we infer
that

t

L < ouww(n/oﬂmr’f(

< Cllly )~ 2(52)-

Case 3-1 When p =1+ Tandr>1 we take v = o1 andhave—%(ﬁ—g%):

P
—%(; — 5-) = 1> —1, since 7 > 0. Thus, we obtain

1
r

)=5 (r) =31 gr

Nl

Nl

t

2 _Q(L l)_i _E(E_L>
Il S C”w”Y(T)/ <t—T> 2\o1 2 2<7—> 2\r o1) dr
0
< Cllply erytty~# (37875 (30)
= [lly )2 (2)75,
Case 3-2 When p =1+ < 2t and r = 1, taking v = 7, we see that

t
s

L < Olléllveny /2<t B ()£ 0-D gy
0
< Cl¢lly <t>7%(%7%)7% log(1 +t).
Step 2 Estimate of || f(f D(t — 7)(1) dr| 1>. We have

/ D(t —7)(r)dr
L2

<c/ ID(t = 7)) )||deT+O/ ID(t — 7)i(7)| 2 dr

=: I + 1IV.

For IV, we apply Lemma 2.1 with s; = s; = 0 and 7 = ¢, where ¢ is defined
in Sect. 1.2, and obtain

t

w<c [ [t-nT G D@l + e T WD) () 2] dr

1
2

<0 [ (t =762 |g(r) o dr.
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Here we have used the Sobolev embedding |[(V) ™ 1(7)| 2 < C||¢(7)]|La. Since

q= n% € [o1,02] and —%(% — 1) = —3, we have

IVSQWHY(T)L<t—T>—%(%—§)<T>—5(?—5)dT

2
1

< vy () 2G-D+1-20-D,
Let us estimate the term III. Applying Lemma 2.1 with s; = so = 0 and

v € [1,2] determined later, we demonstrate

t
n(1 1

1 < 0/2<t77>-7<?—5>||¢<v>||m d7+0/2 e T (V) (7)o
0 0
=: I, + III>.

From ¢ € [01,02], the Sobolev embedding and the definition of Y (T")-norm
imply

|+

11T, < 0/2 e~ T (7) || o dT
0

< Oy / e 5 ()3 (1) gy

< CG%HWY(T)-

Similarly to the estimate of I;, we divide the estimate of III; into three cases.
Case 1 When p < 1+ %, we take v = r to obtain

I < CllYlly /2<t—7>*%(%7§)<7>,%(p71) "
0
< Ol lly (1)~ EGm2) =g D)

where we have used —g-(p — 1) > —1.
Case 2 When p > 1+ %’“, taking v = r, we see that

t

1 < Clbllyay [ (¢ -n) G-V #0 D ar
0

< Cllyryt) "2 G32),

since —g=(p — 1) < —1.

Case 3-1 When p =1+ % and r > 1, we let v = 07 to obtain
,u(;,;) ,Q(E,L)
1, < cnwuym/ -y 3 (E) 3 (-3) gy
0
< Cllly )23,

Here we have used —% (£ — a%) =-2(1- %) —1>-1.
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Case 3-2 When p = 1+ 2 and r = 1, taking v = r gives

n

i < Clglvr [ (6= 2G50 ar
0

< Clllyery ()~ 272 log(1 + ),
since —g-(p — 1) = —1.
Step 3 Estimate of ||| - |* [y D(t — 7)4(7) dr| 2. We apply Lemma 2.1 with
B =a,v=gqand vy € [01,02] determined later, and obtain

t
<C [ (¢t =7 2D g(r)| 1 dr
L2 0

i+t [ 2= ryoeyar

1

+C [ @ —n G| 2 p(r) e dr

+C | e T (VY TR (7) || g2 dT
= Vi + Vo + Vi,

In order to estimate V3, we employ Lemma A.2 and deduce that

-

t
Vo= C/O T () | o -

Therefore, the estimates of Vs, V3 reduce to that of fot(t - T>7%(%7%)||<>"‘

¥(7)||La dT. Noting —%(% — 1) =1, we have

; RS M (S
/O<t_7>—%(%—a)<7>—<dT§C ()~ log(1 +t) =1,
()= ¢>1)

and note that ( < 1 holds if p < 1+ % Therefore, we may summarize them
as

and hence, we have
<t>7§(;*§)+%+1*%@*1) (p< 1+2l)7
Vo4 Vs < C ) n
2 3 1y {<t>2(r2) 2 (p> 1+2%).

For Vi, as before, we divide the estimate into three cases.



10 Page 20 of 53 M. Tkeda et al. NoDEA

Case 1 When p < 1 + = by taking v = r, the definition of Y (T')-norm leads
to

t
Vi < cuwum)/ (t— 7y E G0 (- B 6D gp
0
< Cllly ety (o)t 1= 5 D),
since —35(p —1) > —1 and —3 ri-D+g¢>-1L
Case 2 When p > 1+ 2-, we choose y=r and have
K n(1 a n
< CH?/)Hy(T)/ (t — T>_5(?_§)+5<7—>*§(P*1) dr
0

< Olllly ey ()~ 22042,
since —gk(p—1) < —land =2 (1 - 1)+ ¢ > -1
Case 3-1 When p =1+ 27: and r>1, lettlng v = 01, we see that
t n 1
Vi SCIIme)/ - 3R 3 (53 g
0

< Cllglly ity 3G ra-5(2-) 4
:C||1/JHY(T)<15>*%(?*%) $

Here we have used that fﬂ(g - 0—1) > —1and —% (— - 7> + 5 >-1

g1

Case 3-2 When p =1 —l— L and r = 1, taking v = r implies
t v (1 o n
V< C||¢HY(T)/ (t — T>*5(:*5)+5<7>75(p71) dr
0

< Cllly oy (8) "2 (72)5 log(1 + 1),

since —g-(p — 1) = —1. Summing up all the estimates above, we reach (2.14)
and (2.15). O

Lemma 2.5. Under the assumptions in Theorem 1.1, we have
IN@) vz < Cllul .
IV (w) = N@)llyry < Cllu=vllxery (lulx ey + vl x )"

Proof. First, we consider the term II{- > N (u)]||a. By the assumption (1.2) and
the Holder inequality with % = 2 + =, we have

I N (@) llze < CIEY ull 2l g

-1

and hence,

NN @)ze < 02D ulls (16360 ful )

From the assumption of Theorem 1.1, r < n(p—1) is valid and n(p—1) < -2
also holds when 2s < n. Therefore, we apply Lemma 2.3 to obtain
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NN @)ze < Cllull

Next, we estimate ||[N(u)||p+ for v € [01,02]. By the assumption (1.2),
we see that

DN @l < 0 (@0 S ulln )’

M T nr
Slncep21+5 and v > 01 > m_r,wehave

—(1+1) o<
o n n+r_p’y.

Also, when 2s < n, the assumption gy < m leads to
2n
Py < poz < :
n —2s
Therefore, py € [r, -22-] is valid and we apply Lemma 2.3 to obtain
n(p_ 1
O F DN @)l < Cllulfy . (2.17)

Finally, we estimate |||V|*JA (u)||1,. The case [s] = 0 reduces to (2.17),
because p € [01,02]. When [s] > 1, by the Faa di Bruno formula, for v € Z>
with |v| > 1 we have

v
"N (u ZN(” >ooooah L, 0M 0",

[v1]>1,..|m|>1
vit-tuv=v

Using this with [N ® ()| < ClulP~" = |u[P~I¥|u|l*)=" and the Hélder inequality,
we see that
119 (w) [ o
< CllalfP ¥ zao DNVl oo - NIV oo (2.18)
k
where the sum is taken over k = (ky,..., k) € Z[ZS]O satisfying |k| = k1 +
ki = [s], and q1(k), ..., qps (k) satisfy
P (2.19)
p o a qk) qis) (k) '
and are defined in the following way.
For each fixed k = (K1, ..., ks), let us choose s1,..., s[4 so that
[s]
max{0,k; — p} < s; <kj + Zs] =s—pu, (2.20)

where p = 2 — —— ThlS is always possible. Indeed, first, it is 0bV10us that

max{0, k; — u} < k + = p7 and the interval [max{0,k; — p}. k; + =5 —L) is not
empty. Next, we demonstrate that
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5] [s] )
> max{0, k; — }<s—,u<z<k +> (2.21)

j=1
To prove this, with a direct calculation we have

=

since n > 2. Also, when [s] = 1, it is trivial that max{0, [s] — u} < s — pu, since
the assumption that p < 1+ n—22$ if 25 < n implies s > p. When [s] > 2, noting

that 4 < 0 leads to [s] <p < 1+ % < 2, we may assume g > 0. Therefore, we
have

[s]
Zmax{o,k:j —pr=0<s—upu
j=1
if k; <pforall j=1,...,[s] and
[s]
Zmax{()k—p}<k— +Zk_ —n<s—pu
J=1 j#i
if k; > p for some i € {1,...,[s]}. Thus, we prove (2.21) and we can actually
find s; (j=1,...,[s]) satisfying (2.20).
From these s;, we define

Lo _ 1 ptsi—hy 1(1“)@[5]).

qi(k) 2 n Qo 2 n
Then, a straightforward calculation shows (2.19). Moreover, by the property
(2.20) and the assumption p > 1+ =, we have 2 < ¢;(k) < oo for j =1,...,[s]

and r < n(p—1) = qo(p—[s]) < oo, respectively. Also, we remark that p+s; < s
holds for all j =1,...,[s] due to s; > 0 and Zgil s; = s — p. Hence, we apply
the Sobolev embedding and Lemma 2.3 to (2.18) and obtain

&V IEN @)e < COMul ) STVl e - V] e
k
n p—Is]
<C (<t>f<%*ﬁ>||u| -y
[s]

ﬁl,l
> [Tt

k j=1
< Cllull o,

In the same manner, with the assumption (1.2), we can prove the estimate
for [NV (u) — N'(v)|ly (1. Indeed, for example, we demonstrate

IN () = N (@) < Cllu = vllzom l[(Jul + )P 2y

< Cllu = vl| o (fullzo + [[o]| )"~
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Hence, we find that
)5 G2 N (w) — N ()| 1~
<)) Ju — v Lo (<t>%(%fﬁ) (lull Lo + ||v||m))p71
< Cllu=vllxer) (lullxery + ol xr)” ™"

The other terms can be estimated in a similar way. O
Now we are in the position to prove Theorem 1.1 when n > 2.

Proof of Theorem 1.1 when n > 2. We apply the contraction mapping princi-
ple in

X(T) = {v e L>0,T; H*° N HO*(R™)); [|v x(7) < Coc}, (2.22)
where Cy > 0 is determined later. Also, we define a metric in X (T') by
d(u,v) = [lu — | x(1)- (2.23)

Then, clearly, X.(T') becomes a complete metric space.
We define the mapping M by

Mu(t) = D(t)euo + D(t)eur + /O t D(t — N (w(r))dr.  (2.24)

Let 0 < T < 1. Then, by Lemmas 2.1, 2.2, 2.4 (2.13), and 2.5, we have
Mol x 1y < Ce(lluollgsonmo.e + Jutll ga-1.0nm0.0) + CT||1;H§((T).

Taking a constant Cy so that C(||uol|gs.onmo.« + ||urllgs—1.0nm0.a) < %, we
have

C
| Mollxr) < e+ CTCEer.

Letting T be sufficiently small so that CTCHeP~! < %, we conclude
Mol x 7y < Coe. Thus, M maps X.(T) to itself.
In a similar way, we have

M (v) = M(w) | x(ry < O T|lv — wl|x ()

for v,w € X.(T') and hence, taking T" further small, we have

1
IM() = M(w)llx ) < 5llv —wllx ).

Therefore, M is a contraction mapping on X.(T') and there is a unique fixed
point w in X (7). By the definition of M, u is a solution of the Cauchy problem
(1.1).

Finally, we prove the continuity with respect to ¢t of the solution u. For
t1,t9 > 0, we have
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u(ty) = u(tz) = (D(t1) — D(t2))us + (D(t1) — D(t2))uo
+ 1 D(ty — 7)N(u(r)) dr

+ / Dty — ) — Dlts — 7)N (ulr)) dr.
0

Applying (2.3), (2.9) and the Lebesgue convergence theorem with the bound
(2.13), we can easily prove limy, _¢, ||u(t1) —u(te)| gs.0nmo.« = 0, which finishes
the proof. O

Lemma 2.6. Under the assumptions in Theorem 1.1, the mild solution of (1.1)
is unique in the class C([0,T); H*°(R™) N H%*(R")).

Proof. Let Ty > 0 and let u,v € C([0,Tp); HS°(R") N H%*(R")) are mild
solutions of (1.1) with the same initial data (ug,u1). We take arbitrary 0 <
Ty < min{1,To} and fix it. Then, we have |u|| x (1) +||v[| x(7,) < M with some
M > 0. By the first assertion of Lemma 2.4 and applying Lemma 2.5, we see
that for T € [0, T1]

T
||ufv||X(T) < CMpfl/ ||U7U||X(7.)d7'.
0

Hence, we apply the Gronwall inequality and obtain [u — v||xy = 0 for
T € [0,T1], namely u = v in ¢ € [0,T1]. Applying the same argument starting
at (u(Ty), u:(Th)) instead of (ug,uy), we have u = v on [0, 27} ]. Continuing this
until reaching Ty, we have the uniqueness in C([0, Tp); H*°(R™) N H%*(R™)).

O

Finally, we mention about the continuity of the solution with respect to
the initial data.

Lemma 2.7. (Lipschitz continuity of the solution map) The solution map
(HS’O n HO’O‘) X (Hsfl’O N HO’Q) — ([0, T); H*° n H"®);  (ug,u1) — u
18 locally Lipschitz continuous, that is, for any Ty < T, we have
[u(t) = v(E) | raonmoe < Cllug — vollarsonmo.e + Cllur — vil[ge-1.0npm0.0

on t € [0,T1], where u and v are solutions of (1.1) in C([0,T); H*° N H%<)
with the initial data (up,u1) and (vo,v1), respectively.

Proof. Let u and v are solutions of (1.1) in C([0,T); H*° N H*%) and fix
Ty < T. Then, we have ||ul|x ) + [[v|x () < M with some constant M > 0.
Therefore, by Lemmas 2.1, 2.4 and 2.5, we have

lu(t) —v()llx (1) < Clluo — vollgrsonmo.e + [[ur — vi| ge—1.0ng0.0
T
+CMP71/ |lu(T) —v(T)HX(T) dr.
0

The Gronwall inequality implies

|u(t) —v(t)x (1) < Clluo — vollmrsonmo.e + Cllur — vil|gs-1.0nH0.,

which completes the proof. 0
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Proof of Theorem 1.2. We assume that p > 1+ —, rell,2orp=1+ %T,
r € (1, 2] and consider the mapping M defined on (2 24) in the complete metric
space

X.(00) = {v € L®(0,00; H** N H>*(R™)); [|v]| x (00) < Coc}
with the metric (2. 23) Then, by Lemma 2.4, we have

(t — TN (u(r))dr < CIN(W)lly ()

X (o0)

Hence, Lemma 2.5 implies
Mo x (o) < Ce(l|uollgsonmoe + [utl gs—1.0np0.0) + C||UH§((OO).

As before, taking a constant Cy so that C(|luol| gs.onmo.e + ||u1]l ge—1.0np0.a) <

%, we see that

C
”MU”X(oo) < ?06 4 CeP.

Finally, taking e sufficiently small, we conclude ||Mou|| X(s0) < Coe and hence,
M maps X, (c0) to itself.
In a similar way, we have

M (v) = M(w)| [ x (00) < CeP™ o —wl|x (o0

for v,w € X.(c0) and hence, taking ¢ further small, we conclude that M is a
contraction mapping. Therefore, M has a unique fixed point u in X, (c0) and
by the definition of M, u is a mild solution of (1.1). In the same way as in
the proof of Theorem 1.1, we deduce that u belongs to C([0,00); H*°(R™) N
H%%(R™)). The uniqueness and continuity of the solution have already proved
in Lemmas 2.7 and 2.6. U

2.3. Proof of Theorems 1.1 and 1.2 in the one-dimensional case

Lemma 2.8. Under the assumption in Theorem 1.1, we have

t T
/ Dt —r(rdrd|  <C / 1y ydr
0 X(T) 0

for 0 < T < 1. Moreover, we have

. 1 if p>1+42r,

[ pte-nuwir|  <Clullva Jlog@+T) i p=1+2n

0 X(T) (TY'=2: =D 4f p<142r
forr=1,0<T < o0, and

¢ 1 if p>1+2r

D(t — T)(T)dr <C - ’

forre (1,2, 0< T < 0.
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Proof. The proof is almost the same as that of Lemma 2.4 and hence we
present only the outline. The main difference arises in the Sobolev inequality,
that is, we shall use

V(W) " 2 < Clllze
instead of (2.16), and we use Lemma A.2 with ¢ = 1, that is,

1YV T Ml < ClIC)Y o

We estimate

\V|S/O D= i) dr|

% t
<C [ IVEDE = yir)ledr + € [ IIVIED(E = i) e dr

=141

and Lemma 2.1 with s; = 5,52 =0, v = 1 implies
t t
m<c [-n il dr+o [ o T ulnd

< Clllly iy (-3 (-3 6-D+1

Similarly, we have

[<C/ t—r ,%(%,%),EW( Yz dT+C/ - ZTH’L/J(T>||L2 dr

_1(1_1)_s
< Clglly ey () ~2(72) 78
1 if p>14+2rorp=1+42rr>1,
x ¢ log(2+1t) if p=142rr=1,

)=z if p< 142

where v = 1if p =1+ 2r,r > 1 and 7 = r otherwise. In the same way, we

have
/ D(t — 1)(r) dr
0

< Oflblly ey (1) 72 (-72)
1 if p>14+2rorp=1+4+2r, r>1,
x ¢ log (2+1t) it p=142r, r=1,
1= i p <142

Finally, we estimate

/Dt—T T)dr
L2

<c [ t-n1G-n ww<wmdf+c/“t—r | 1) o dr
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t
+cAe“mewrwvmmm
=Vi+Va+Vs.

Lemma A.2 leads to

t t—7
%Scée“TMWwﬂhmf

1

Therefore, the estimates of V5, V3 reduce to that of fot (t—1)" 7| (-)*(T)| L2 dT.
We have

t t
/a—frﬂwwwﬂmuhscwmmy/@—Trﬂﬂ*dn
0 0
where ( is defined in Table 2 (see Sect. 1.2). We compute

t 3D Ee (),
/O<t_7->—%(%_%)(7->*4d7§0 ()~ % log(1 + 1) (€=1),

()~ (¢>1)

and note that ¢ < 1 holds if p < 1 + 2r. Therefore, we may summarize them
as

and hence, we have
A5 (F—3)FsH1-g- (1) <1+ 20),
Vot Vs < Cllven 3 00 ey
<t> 2\r732)T2 (le-i—%)

For Vi, taking v =1 if p =14 2r,r > 1 and 7 = r otherwise, we see that

Vi < Cllgllyeny ()72 (5242
1 if p>142rorp=1+4+2r, r>1,
x ¢log(2+1) if p=142r, r=1,
A== if p< 14 2r

This completes the proof. O

Lemma 2.9. Under the assumptions in Theorem 1.1, we have
IN )l ey < Cllull .
N (u) = N()lly(ry < Cllu = vllxer) (lullxer) + llvllx )
Proof. At first, we consider [|(-)*N (u)| r:. The Holder inequality yields

p—1

p—1

NN @)z < DTl (007050 full 2o )
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Since 1+ 5 < p, we see that 2(p — 1) > r. Moreover, when n > 2s, the
assumption p < ﬁ implies 2(p—1) < n2jlzs
to obtain

Therefore, we apply Lemma 2.3

NN @)l < Cllull gy,
Next, we estimate ||N(u)||p+ with v € [1,2]. We first obtain
IN (@)l < Cllulltyn.
It follows from p > 14 £ that py > r for any v € [1,2]. Also, when n > 2s,

2n
n—2s"’

the assumption p < ﬁ ensures py < Hence, we apply Lemma 2.3 to

2
derive

p_

1 1 1(1_ 1 p
DN @) < 0 (B2 uln ) < Clluly gy,
The above estimates shows the conclusion. O

Proof of Theorems 1.1 and 1.2 when n = 1. The proof of Theorems 1.1 and
1.2 is completely the same as the case n > 2 and we omit the detail. O

3. Asymptotic behavior of the global solution

3.1. Approximation by an inhomogeneous heat equation

In this section, we study the asymptotic behavior of the global solution. Let u
be the global-in-time solution proved in the previous section, that is,

u(t) = D(t)euo + D(H)eur + /O D(t — PN (u(r)) dr.

First, we consider the solution of the inhomogeneous linear heat equation
(0 — Ayv = N(u) (3.1)

with the initial data v(0,x) = e(ug + u1), that is,
t
o(t) = G(t) (cuo + cus) + / Gt — )N (u(r)) dr,
0

where G(t) is defined in (1.9). We first prove that the asymptotic profile of u
is given by v in H*Y N H%“-sense.
Proposition 3.1. Under the assumptions of Theorem 1.2, we have

1

11V (u(t) = o(t)) |2 < C(t)~ 5 (G=3) -3 -min{lgnle-D-3} (3.2)
%)—min{L%(p—l)—%}7 (33)

1 1

I 1P (u(t) = o(®)) |2 < Oy~ 5 (Gm2)+E-mintL i (-D-min{3.33) - (34)

where (3 is an arbitrary number satisfying n(% — %) <p<a.
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3.2. Preliminary estimates

In order to prove Proposition 3.1, we prepare the following lemma.

Lemma 3.2. Let v,v € [1,2], 8> 0 and s1 > sy > 0. Then, we have

1 1

IV (D) — G(O)) |2 < Oy 2 G2 =321 g2 g
+ e VY)Y s
I 1D = G2 < Oty E G451 g 1o

for any t > 1.
Proof. Since

1€l (e L2, €) = e o g0y < (1) 7575
and

—_— 2 —_
VL, E)l ey < C (€)™ 81 || oo g51) < Ce™4,
we have

[V (D) — G())|| 2
= |[[€]* (e~ L(t, &) — e~ )3p | 1

$1—S -1 - 2 s24)
< O] (e 2 L(t,€) — e~ tI¢] M2 < M 52 1

+Ce™ 2 [ L(t, )l e > 1 1€ () ¥l L2 1)
_t _tigp? $1 er—17
+ Ce 5 |[(€)e™ | Lo g5 1y 1 (€) T Dl L2 1)
< o T G R 4 Ce VI (V) s,
which implies the first assertion.
To prove the second estimate, we take a cut-off function x(£) € C§°(R™)
satisfying x (&) =1 for |¢] <1 and x(§) = 0 for |¢] > 2. We put

K(t,w) = Fx(€) (e 5 L(t€) — 717,
Then, in the same way to (2.4), we see that
- PF ) (et — 7))
<O IPEMI 2o, [llr + CIK @ gz 1] 1Pl -
Moreover, in a similar way to (2.5) with

eEL(t,€) — e P = P O P?)

as [£] — 0, we can prove

- PR @l < o33 00

)
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which implies
1127 ) (et — ) G
<oy EGDFE gy + Oy 2GR Py e

We also easily obtain
1 PE (e = x(©)) 122 < Ce 1) () o

This and (2.6) lead to
[1-PFr (e hn ) - ) (1= (@)

From this, we reach the conclusion.

L2

In the same way, we have the following.

Lemma 3.3. Let v,v € [1,2], 8> 0, s1 > so > 0. Then, we have

s1—32

IV (D) — G(&)pll = < Oy~ (G- 5221 g2y
+ Ce™ Y|V 1,

Il 19(D(t) — Gl e < Oty 2G5y,
+ o) EEH Py

+ Ce™ 1| ()P 12

fort>1.

3.3. Proof of Proposition 3.1

NoDEA

< Ce 3 (V)| o -

(3.5)

For simplicity, we treat only the case n > 2. The proof of the case n = 1 is

similar. Let us estimate the nonlinear part of u — v. We divide

<I+1,
L2

H o | (D(t — N (u(r)) — Gt — TN (u(r))) dr

where
/2
1:/ [IV* (D(t —7) = Gt = 7)) N (u(T))| 2 d7
0
and

ff:/ IIVI*(D(t —7) = Gt — 7)) N(u(7))|l 12 dr.
t/2

We claim that each term has the desired decay rate.

First, we estimate IT. Applying Lemma 3.2 with s; = s, so = [s] and

v = p, we have
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I < C’/; NVI° (Dt —7) — Gt — 7))N(u(T))|| z2 dT
= C/ (= ) 3G D= N ()0 dr

+0 [ T W) o

Using the Sobolev inequality (2.16), we see that
t n(1 1 s—[s] 1
1< [ (=n) 5 G A () dr
%

t
< CIN W)y (oo / (t— ) G-y gy

§C<t>—%(%—%) stz—2 (1) (3.7)

Next, we give an estimate of I. Applying Lemma 3.2 with s; = s, s = 0 and

v € [1,2] determined later, we have

r<c /02<t — ) EG ) E Y N () 1 dr

—I-C/2€_
0

=1 + I>.

(V)TN (u(m) | 2 dr

In the same way as the proof of Lemma 2.4, it is easy to see that Is <
Ce‘§||./\/'(u)\|y(oo). Also, for I, taking v = r if p > 14 22 and v = oy if
p=1+ %, r > 1, respectively, we can prove

I < CIW (@)l (o 1) 7% (F72) 77, (3.8)
Combining the estimates (3.7) and (3.8), we conclude

Iiv1° [ (2t = mxtutr) - 66— roatutry) ar

L2
< o)~ 3(G-1)-s-min{L. g (r-1)-3}

The estimate of the linear part of © — v is obvious from Lemmas 3.2 and 3.3.
Thus, we obtain the first assertion (3.2).
Secondly, we prove (3.3). As before, we divide the nonlinear term of u —v

as
t

(D(t —7) =Gt —1)N(u(r))dr

L2

< C/ Dt —71)— Gt —7)N(u(r))| 2 dr
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+C [ (Dt —7) =Gt —7)N(u(r))r= dr

Making use of Lemma 3.2 with s; = so = 0 and v = ¢, and then using the
Sobolev embedding [|[(V) 19| 2 < C|j1| Le, we see that

W< [ [t - G DN ) e + e T O N )2 dr
<c [ =) 3D N ) s

Noting —% (% — %) —-1= —% < —1, we further estimate

t

W < CING oo [ (¢ =) 3D )8 ar

2

<o)y G- EE-D, (3.9)

On the other hand, applying Lemma 3.2 with s; = s3 = 0 and v € [1,2]
determined later, we deduce

I <c / Yt =G DY N () o dr

BS

e / T (VYN () 2 dr
0
=: III; + III.

In the same manner as the proof of Lemma 2.4, we see that the term IIl5 is
bounded by e’§||N(u)||y(oo). Furthermore, taking v = r if p > 1+ 2 and
y=o1ifp=1+ Qn—’“, r > 1, respectively, we have

I, < CIIN () |y (oo (1)~ (F5) 7L, (3.10)

Summing up the estimates (3.9) and (3.10), we conclude

< oy~ 5 (G-3)-min{l. g (p-1)-3}

/0 (D(t—71)—G(t —7))N(u(r))dr

L2

The linear part of u — v is easily estimated from Lemmas 3.2 and 3.3 and we
reach the second assertion (3.3).

Finally, we prove (3.4). We take 3 satisfying n(% — %) < f < a. Then, by
the interpolation

16%9llze < 1Dl ™
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we deduce that the solution u satisfies
O )PN (u(t))]l Lo

< C (@O N @)en) * (03 EDIN@@))
<C

w

5) — 5. From Lemma 3.2 with v = ¢ and

with (5 = Z(p—1) - +2(2
v € [1,2] determined later, we obtain

H| P / (D(t — 1) — G(t — T)N(u(r)) dr
0 L&
<C / (t— 1) F G N (7)) 1o dr
+c/0<t—7>*'z‘% DY PN ()| o dr
+C / e TN V) TN (u(r)) | 2 dr

= Vi+Vo+ Vs

Lemma A.2 implies

v <C / e (VPN (u(r)) | o dr

and hence, we have

<t>—5(%—%)+g—%(17—1) (Cp < 1),
+C ()2 log(1 +1) Cg=1),
_3
(t)=2 (¢ >1)
For V7, as in the proof of Lemma 2.4, taking vy =7 if p > 1+ = 2t and v = oy if
=142 ==, 7 > 1, respectively, we can see that
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Consequently, we obtain

H P /Ot(D(t — ) = Gt — PN (u(r)) dr

< C(t)~3(G-2)+5-min{l g (p-1)-3}

L2

which shows the third assertion (3.4) and finishes the proof of Proposition 3.1.

3.4. Proof of Theorem 1.3
By virtue of Proposition 3.1, the proof of Theorem 1.3 reduces to the analysis

of the asymptotic behavior of solutions to the inhomogeneous heat equation
(3.1) with the initial data e(ug+wu1). In this subsection, we prove the following:

Proposition 3.4. Under the assumption of Theorem 1.3, Let (8 satisfy n(% —
1) < B < a. Then, the solution v to the Eq. (3.1) with the initial data e(ug+u)
satisfies the following asymptotic behavior: When r > 1, for any ¢ > 0, there
exists Cc > 0 such that

IIVI*(v(t) = eG(#) (uo + wr))| 2

< O ()~ 2(F-2)=5-min{3(1-3).3 (=D =1}+s (3.11)
[o(t) = eG(t)(uo + ua)l| L2
< C’<<t>*%(%*%)*min{%(1*%)1%1%(P*1)*1}+<7 (3.12)
1117 (v(t) = eG(t)(uo +ur))|| 2
< O ()3 (G2)+E-min{5(1-7). 5. 55 (-1 -1} (3.13)
fort > 1. When r =1, for any ¢ > 0, there exists C. > 0 such that
Jo(t) = 0G(®)| o < Oty 3 (=F)-mintg =53 5G-D-11 (314
fort>1.

To prove this proposition, we first prepare the following lemma.

Lemma 3.5. Let s1 > s3>0, 8> 0 and v,v € [1,2]. Then, we have

)_5‘1—82

VI Gl < C)~5 G575 V|24 o,
I P60l < Ct) 2245 )| + (1) 22D 1“4 o
fort>1.

n Jel
Proof. The first assertion is trivial. Noting ||| - |°G(¢) ||+ < C’t‘f(l_%)J“?, we
can easily prove the second one in the same way as Lemma 2.1. O

Proof of Proposition 3.4. For simplicity, we treat only higher dimensional
cases n > 2. The one-dimensional case can be proved in a similar way. At
first we shall consider the case » > 1. In this case, it suffices to estimate

o(t) — £G(uo + u1) = /0 Gt — )N (u(r)) dr.
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Let us start with

9 [ o= rwtumar| < [T1eroe-nn)lz

t
+ [ VPG~ D) dr
=1+ I;.

Applying Lemma 3.5 with s; = s, s5 =0 and v = 01, we have

—
~~
~
|
w3
—
3=
|
[N
~—
|
Wl
|
£
=}
~
w3
—
[l
|
I
~—
(NI
)
S
—~
bS]
|
—
-
|
—_
—
+
N

For II, we apply Lemma 3.5 with s; = s — [s], s2 = [s] and 7 = p to obtain

_n(1_1Y)_s—[s]
m<c | ¢—n5G=)==" ) \VIEN ()| L dr

t
< AN @Iy o @7 [ (=720 F ar

2

1 s n

<oy~ 3G-H) s E oD

Summing up the above estimates, we have (3.11).
Next, we prove (3.12). First we have

/ Gt =N (u(r))dr|| < C/E 1G(¢ = TN (u(r))ll 2 dT
0 L2 0

e / 1G(t — TN (u(r)) |12 dr
=: Il +21V.

Lemma 3.5 with s;1 = so = 0 and 7 = o1 leads to

1T < C/0§<t —~ 7>_%(711_%) IN(u(r))[| o2 dr

10
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Also, taking s; = so = 0 and 7 = 05 in Lemma 3.5, we see that

IV < CL (t — ﬂ’f%’%) |V (u(T))|| o= dT

nip 1 t o
SCH/\/’(“WY(oo)<15>_5(7_”7)/ -y 3(FE) gr
< C’<t>_%(%—%)—%(p—l)+1+<7

since —%(0—12 — 1) > —1. Combining the estimates of II and IV, we reach the

estimate (3.12).
Finally, we give a proof of (3.13).

[ 1166 =Nt i < € [ Pote - NG e
0

e / - 1°G(t - TN (u(r)) | 12 dr

=V 4+ VI
For V, applying Lemma 3.5 with v = 01 and v = ¢, we have

_n ;,l B
v<c/ (=73 F )5 N ()| dr

+CIN oot 2 68 [ e
<Clt £y~ 3 (F=3)+5-min{3 (1-2) 3.8 (=D~ 1h+
For VI, letting v = 02 and v = ¢ in Lemma 3.5, we see that
= Cﬁ«f — 7y 2@ () e
: t
€ [ 1= 8GD) | PAr)) s dr

2

Summing up the above estimates, we have (3.13) and complete the proof when
r> 1.
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Next, we give a proof of the case r = 1. We put

0 =01+ 05, 9126/ (UO+U1 r, 6Oy = / N )dl‘dT
n ]RTL
We claim that for m € [1, o0, it follows that

1eG(t) (uo + u1) — O1G(t) || = o(t™2(175)) (3.15)

as t — oo for ug +u; € L' and
[€G(t)(uo + u1) — O1G(t)[|Lm
< (1)~ 3= m)minG 8 (9 (ug + )| 2 (3.16)

for t > 1 and ug + u; € H%®, where § is an arbitrary number satisfying
0 < § < a— %. Here we also note that ||(-)°¢||11 < C||¢||go.o. To prove (3.15),
we first consider the case m = 1. We write ¢ = e(up + u1) and have

/ . / Gtz —y) = G(t2)(y) dy] do

30/

+C

/I < tl/g(G(t"’” —y) = G(t,2))p(y) dy| dz

/|> ) (G(t,x —y) — G(t,x)o(y) dy| dov =:1+1I,
y|>ot1/2

R”

where p > 0 is an arbitrary small number. For I, we use the mean value
theorem

—ay| _lz—ay|?
il o

Gtz — ) — G(t,2)| < 2(4mt)~ Ft by /

To prove (3.15), noting that t’§|y| < . Thus, we have I < Cyp. For II, we
easily estimate

n<c ( [ 160~y - at.a) dw) 6(y)] dy
ly|>ott/2 n

<C Loy dy.
ly[>ot2

Taking ¢ sufficiently large, we have II < p. Consequently, we obtain I+1I < Cp
for sufficiently large ¢. Since g is arbitrary, this proves (3.15). Similarly, we can
easily prove (3.15) in the case m = oo, and then, by the interpolation, we can
obtain (3.15) for all m € [1, o0].

To prove (3.16), noting |y| < |y|mn{&1h¢z(1-min{d.1}) on the integral
region of I with ¢ = 1, and then, by the Fubini theorem, we see that

I<oratals mi“{‘s’l})/ O g(y) | dy < Ct=mME 3| ()6 1
Rn
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On the other hand, the term II is easily estimated as

n<c (/IG@w—w—G@wﬂw)W@)@
y|>t1/2 n
Ct—% J dy.
<cet [ ol ay

Thus, we obtain (3.16) when m = 1. In a similar way, we can prove (3.16)
when m = oo and hence, the interpolation gives (3.16) for all m € [1, oo].
Next, we claim that

/gt—T (1)) dr — 02G(t)
L‘VTL

< oy~ 5 (1-%)-min{z. 5 (-1~ 1}+s (3.17)

for all t > 1 and m satisfying (1.3). Indeed, we first divide the left-hand side

/gt—T (7)) dr — 6:G(t)

<c/

+ 0/02 H(G(t — ) - G(t) ( [ W) dx)

Lm

dr
Lm

N(u(r)) dx)

Gt — )N u(T))—G(t—T)<

Rn

dr
Lm,

+0waa—ﬂvamumm

+ c/; HG(t) < s N(U(T))dx>

=1, + IV,, + V,,, + V.

dr
Lm

Let us start with VI,,. Since |[|G(¢)||Lm = Ct—50-3) and IN ()| <
C(r)~2P=1 it is easy to see that

VI, < Ct~5(1=m)=5(p-1+1

Secondly, we estimate V,,. For simplicity, we only consider the case n > 2s.
When m = n2”2

t
Vo, <0 [IVIG - AN o o

<C/t77%%%% SN (u(r)) o dr

<o [ t-n 10D g

%
< C<t>—%(1—ﬁ —5(p-D+1
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Also, by |N(u(m)|zr < C(r)"2®=1D we immediately obtain V; <

C(t)~2@=D+1 Interpolating these two cases, we conclude that

Vi < C(t)"3 1— )= 2(p—1)+1

for all m € [1, 2%

interpolation as in the proof of Lemma 2.3 (ii).
Next, we consider IV,,. From A (u(7))||p: < C{r)~2®=1) and the fun-
damental theorem of calculus

]. The case n < 2s can be also proved by using a similar

1
Gt —r1,2)—G(t,z) = 77/0 (0:G)(t — at, x) da,

we deduce that

t

1, < 0/2 (t — T>_%(1_R)_1<7—>1*%(P*1) dr
0

Finally, we estimate III,,. Applying (3.16), we have

t
1

M, <0 [ = r) 50 (AN @) o
Taking § = 8 (n =2),0 =1 (n > 3), we conclude
I, < C<t>*%(1*%)*min{%’%(z’fl)fl}ﬂ.
Putting together the estimates above, we reach (3.17). O
From Propositions 3.1 and 3.4, we finish up the proof of Theorem 1.3.

Proof of Theorem 1.3. We start with the case r > 1. Let m be a real number
satisfying (1.3). First, we assume that m > 2. In this case, the Sobolev embed-
ding theorem implies ||¢| L= < |||V|*™ 9| L2 with s, = n(% — L) €10,s]. This
and the interpolation inequality

1Y

1-m

e < (VIS el

lead to
[u(t) = eG(t)(uo + u1)| L=
< IV]* (ult) — eG() (uo +u)) |l & u(t) — eG(t)(uo + ua)l| 2 *
Using Propositions 3.1 and 3.4, we calculate

I1V[* (u(t) = eG(t)(uo + 1)) 2
< OV (u(t) = v@))lz2 + [IVF (v(t) = eG(t)(uo + u1)) 2
<o)~ 2(i-2)-s-min{Lg(>-1)-3}

Sm




10 Page 40 of 53 M. Tkeda et al. NoDEA

+C<t>—%(%—%)—%—min{%(l—%)a%a%(p—l)—1}+<
<o)y -gmin{3 (1-3) 3. (- D=1+

Similarly, we can see that
lu(t) — £G()(uo + wr)l| 2 < C)~#(—H)7minlE(1=3) 3 o= ~ths,
These two estimates yield
lu(t) = eG(t) (o +ur) [ < C(f) "8G 3) = mmin{E (120) . r == 1) e
= o)~ (7)) min{3 (1-3).3. 3 (-1 -1}

which shows the desired estimate.
When m € [r,2], by the interpolation, we have

2—m) 2(m—r) 2(m—r)
||w||Lm < ||w m(2 ™) |¢ m(2 ) < ||< >ﬂw m(2 7) |'(/)Hm<2 )
with 3 satisfying n(: — ) < 8 < a and (8 — n(: — %))ng(z r; < ¢. Thus, it

suffices to estimate the right-hand side with ¥ = u(t) — G (¢)(ug + u1). In the
same way as before, we can deduce that

16)° () = eG(0)(wo + w)) = < () (- a) ¥ mminz () oot

and hence, we have

Lm

ol
< Oy~ 3G D+ (5 (1-1) -0 14
(
(

= oty 2 G35 (- 2)) Rt —mindg (1-3) 335 (- D= s
Fom)mmin{3(1-2). 5, 5 (- D=1+ 5

Rewriting = 3¢ as ¢, we complete the proof.

When r =1, as before, we first divide
[u(t) = 0G(t)||Lm < [Ju(t) = v(®)l|Lm + [Jo(t) = OG )] L.

Let 8 satisfy 2 < 3 < a and (8 — %)(5 — 4) < <. Then, the first term is
estimated as

[u(®) = v(®)]|m
() [ (o) (m>2),
S C<t> (1 m) {<t>(ﬁ_2)($’_é) mm{l p— 1)—*} (1 S m < 2)

S C<t>_%(1_;)—min{17%(p_l —%}—Q—g'

For the second term, we apply Proposition 3.4 and comparing the decay rate
leads to the conclusion. O
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4. Blow-up and estimates of the lifespan
In this section, we give a proof of Theorems 1.5 and 1.7.

4.1. Estimates of the lifespan from below
At first, we prove Theorem 1.5.
Proof of Theorem 1.5. We first consider Case 1, namely, we assume r € [1, 2]
and min{l1+ 2,1+ 2} <p<1+ 2,

If T'(e) = oo, then the assertion of the theorem is obviously true. Hence,
in what follows we assume T'(¢) < co. Then, Theorem 1.1 shows that

li t o = 00. 4.1
lim u(t) o = o0 (4.1)

On the other hand, by Lemmas 2.4 and 2.5, we have

/0 D(t — 7)N(u(7)) dr

< CIWN (W) |ly (ry(T) 2 P~
X(T)

< C||U||§(T) <T>17%(p71)-

This implies
lullxry < £Colo + Cillull% g (7)1 =33 (4.2)

with some constant Cy, C7 > 0, where Iy = ||uo|| gs.ongo.e + [|u1]| gs-1.0ngo.a.
Now, by (4.1) and the continuity of [ju||x ) with respect to T', there exists

the smallest time T'(¢) such that Hu||X(T(E)) = 2Cylope holds. Then, letting
T = T(e) in the above inequality gives
2C0Ioe < Coloe 4 C1(2CoIoe )P (T(e)) 3 P— 1),
We rewrite it as
Coloe= =1 < C1(2CoIo)P(T(e)) '3 1),
which implies
(T(e)) = Ce™/*
withw = %1—— Thus, taking ¢ sufficiently small, we casily see that (T'(g)) >

1, which enables us to replace (T'()) by T(¢) in the above estimate. This and
T(¢) < T(e) imply the desired estimate.

In Case 2, that is, when r =1 and p =1+ %, the first author and Ogawa
[19] have already proved the conclusion of Theorem 1.5 by a slightly different
argument.

Instead of (4.2), we obtain

[ullx(r) < eColo + Cullull (1) log(T).
In the same manner as above, we can see that
(T(e)) = exp (C=~#71),

which gives the desired conclusion. 0
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4.2. Estimates of the lifespan from above

In this subsection, we give a proof of Theorem 1.7. The proof is based on
the test function method introduced by Zhang [68] and refined to estimate
the lifespan by Kuiper [33], Sun [60] and [20] in which initial data belonging
to L' are treated. Here we further adapt their method to fit initial data not
belonging to L' by the argument in [18].

Before proving Theorem 1.7, we introduce the definition of weak solu-
tions of (1.1). Let T > 0 and ug,u; € Lj,.(R™). We say that a function
u € LY ([0,T) x R™) is a weak solution of (1.1) on the interval [0,7) if the

loc

identity

/ u (wtt — A'I)ZJ — Q/Jt) dl’dt
[0,T)xR"™

= s/n ((up + u1)¥(0, ) — uptpe(0,2)) dx + / N (u) dadt

[0,T) xR"

is valid for any ¢ € C§°([0,T) x R™). We also define the lifespan of the weak
solution:

Ty (e) :=sup{T € (0, 00); there exists a weak solution u on [0,T")}.
Proposition 4.1. Under the assumptions of Theorem 1.7, we have
Tw(e) < Ce™ Y/~
for e € (0,1], where k = ﬁ — % and X\ satisfies 5 +a <A < p%l.

Proof of Proposition 4.1. We assume that N(u) = |u[P. The case N(u) =
—|ul? reduces to the case above by considering —u.

First, we may assume that T, () > 4. Because, if T, (g) < 4, then we
immediately obtain T,,(g) < 4e~'/* for any ¢ € (0, 1].

Let n = n(t) € C§°([0,00)) be a test function satisfying

0<n(t) <1, nt)= {é E?;}s 1/2),
and let ¢(z) := n(]z|). Then, we have (see for example, [50])
(O] < Cn(t)'P (7 =1,2), |A¢(z)| < Co(x)"/7. (4.3)

Let 7 € [1,T,(e)) and R € [2,00) be parameters. We define 7, (t) = n(%),
¢r(x) = ¢(%) and

ZZJ = 1/}T,R(t7x) = nT(t)¢R(x)
We also put

I g = / |u|Pr g dxdt, Jg:= 5/ (uo + u1)pr(z) dz,
(0,7)x B Br

where Br = {x € R"; |z| < R}. Taking ¢ = ¢ r in the definition of the weak
solution, we have the identity
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ILp+Jp= / udi, g drdt — / ulip, g ddt
[0,7)xBr [0,7)xBr

—/ w0, g dxdt
[O,T)XBR
= K+ Ky + Ks.

By the Hoélder inequality and (4.3), we have

Ky < Cr / full” (t/7)] |6 (x)) decdt
[0,T7)xBr

<Cr? /[ o 10PN o
s XDR

- 1/p’
<cr 2y / o dadt
w\ L S

2
-2 " pn/p’ 7l
< Cr U RV R,

where p’ = p%l. In a similar way, we see that

Ky < Ot/ R=2n/v' e
and

Ky < Or WP R/ e,
It follows from (4.4)—(4.6) that

Lo+ Jr < C (7V0 R0y =il g’y 100,

By the Young inequality, the right-hand side is bounded by

1 : :
glrr+ C(rR™2P" 4 o7 P HIRY),

Therefore, we have
Jp < CTR™Hn 4 r—P+Ign,

From the assumption on the initial data, we see that

T > €/|I>1(u0(x) fur(@)s (L) do
Y X
25/|$>1|:v| d)(ﬁ) dx
en e [ )y
ly|[>1/R

> e / Iyl é(y) dy,
ly|>1/2

since R > 2. Thus, we have

e < CTR™2P'+> L 0r—P'+1RN
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By taking R = 7!/2, we obtain ¢ < CTi(ﬁié), which implies

< Ce YV,
with k = p%l — 2. Since 7 is arbitrary in [1,7,,(¢)), we conclude
Ty(e) < Ce™ V%,
This finishes the proof. 0

Proposition 4.2. Under the assumptions of Theorem 1.1, the mild solution u
on [0,T) is also a weak solution on [0,T).

Proof. Let ¢ € C§°([0,T) x R™) be a test function and we assume supp ¢ €
[0,77) x R™, where T} < T'. Then, Theorem 1.1 or Lemma, 2.5 yields N (u(7)) €
L>(0,Ty; LY(R™)). Let F; € C§°([0,00) xR™) (j = 1,2, ...) be a sequence such
that

jlggo I1Ej = N ()]l Lo 0,11:29 ) =0

We also set
vy / Dt — ) Fy(r)dr, ™ = / Dt — )N (ulr)) dr.
0 0

Then, taking ¢ = F; — N (u) in the proof of Lemma 2.4, we deduce

||Uj - unl||L<>o(o,T1;L2(Rn)) < C||Fj _N(u)||L°°(07T1;L‘1(R")) —0 (j—o0)

(indeed, in the proof of Lemma 2.4, take v = ¢ and use the Sobolev embedding
theorem). Therefore, we have

T1 Tl
lim / 0; (07 — A — Oy) dwdt = / / u™ (02 — A — Oy )¢ dxdt.
0 n 0 n

Jj—00

On the other hand, since F} is smooth and compactly supported with respect
to x, so is v; and hence, using integration by parts we easily compute

T T
[ [ w@k-s-ogpisat= [ [ Faa
0 n 0 n

Taking the limit j — oo in the right-hand side and noting F; — N (u) in
L*>(0,Ty; LY(R™)), we have

T1 Tl
lim / 0; (02 — A — 0 dedt = / N (u)y dadt.
0 n 0o Jre

Jj—0o0

Thus, we conclude

T1 Tl
/ / u™ (0} — A — 0y)ep dadt = / N (u)t drdt.
0 n 0 R

In a similar way, approximating ug,u; by smooth functions and using the
integration by parts, we find that
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/Tl/n (tuo +D(t)u )(3?—A—6t)wdxdt
/” ((uo + 1) (0, 7) — upe(0, 7)) dz.

This completes the proof. O
Now, we are in the position to prove Theorem 1.7.

Proof of Theorem 1.7. By Proposition 4.2, we see that a mild solution is also
a weak solution. Therefore, we have T'(¢) < Ty (¢). Hence, Proposition 4.1
implies the desired estimate. O

Appendix A. Some auxiliary estimates

Lemma A.1. Let w € (0,1). Then, there exists a constant C = C(w) > 0 such
that we have

dy;
0;|”d(x C/ dlx—y) — oz —
o Vi
where y = (0,...,y;,...,0). In particular, it follows that
d
o31(00)(@) = C [ (6o = )it —3) =~ oa)ole)

— $(2)[0; 1 (x) + C /R (6 — y) — Ba))b(a - y)zjfﬁw

Proof. Recalling the identity
F gl —y) = F e g)(a),

we have

Jota = —otn T = [ F s -0 d] @)

1
m& eWili _ d
27’(’)”/2 A/ )¢ §| |1+w

1
mffT d
= Gy [ e TE) e

where

. dy,; e dy;
T(&; :/ eWiti — 1 J :26“’/ cosy; — 1 L — g,
(€)= [ (5= 1) (S =20l [ eosy; 1) 58 = g

J

Therefore, we conclude

dy _ c x| ¢ |w ] _ W
o - o S = G [ el ad = cloyote)
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Lemma A.2. (Sobolev-type inequality) Let § > 0. Then, we have

1) " e < OGP o,
where q is defined in Sect. 1.2.

Proof. By the Plancherel theorem, it suffices to estimate [|(V)?(€)=)]| 2.
First, we note that

(V)2 e < CIE T D lle + CIVIE) T 2.

The Sobolev embedding implies ||(V) 14|/ > < C||¢||r« with ¢ = max{1, -2 a5t
which gives the estimate for the first term of the right-hand side. Let
us estimate the second term. When (3 € Z, the Leibniz rule and the
Sobolev embedding and noting that |8;C (6)71 < 0(¢)~! immediately imply
V)~ e < Cll{@)?]|La. When 8 ¢ Z, letting w = 3 — 8] > 0 and
using Lemma A.1, we have

V7€)~ )z

SOSN [Catmr

j=1k=0
n (]
_ B . dn;

+CY) /( o = o Me ) (e ) ||

j=1k=0 |77j| 2
(A1)

where n = (0,...,n;,...,0). Then, a straight forward calculation shows
[ (87 @) sftdl]| |, < Cllte) o, o

< Ol 4l 2, (A-2)

where we have used the Sobolev embedding again. Moreover, we claim that

_ _ . ey
[ (@ 0 = ol ey e+
R ;|

L2
< Clllz; 4 Lo (A.3)
Indeed, we first note that the left-hand side is bounded by
_ _ . dn.
NG O e R L (R
In <1 7] il | N

_|_

oY * ()=t — gl 1) 9% dn;
[ @ (€ ) Db + )

L2
=I+1.
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For I, the fundamental theorem of calculus implies

dn;
2 st

1
d 81—k - 2
1<c | g e an) ™t da- o+ )

In;|<1

dn;
L2 |ﬁj\“’
dn;
e il

1
<C /0 OV e+ an) ™ da - OFD(E + )

[n;|<1

1
—C /0 AVIH e an) = da - OFD(€)

[nil<1

dn;
L2 |n;|@

<c (&)1 9k4(e)|

[n;|<1

<ok,

This and the Sobolev embedding lead to I < C|||z;|*| ra. For II, we first
have

Y
Ini1>1 77]|
8- k 19k di;
=¢ In;1>1 Ha €=, w(s)‘ L2(|g—nl<l¢l/2) ;[T
+C |07 = my=1ake)| i
o L2(|e—nl>I¢l/2) |n; |1+
dn

+c/ |07 (€m0t die +n
51 ‘ R A )‘L%Rn) |mj [t

=: IIl + IIQ + I.[g
The third term 13 is easily estimated as
1y < | 950(0)| , < Clllas ullee. (A4)
For II5, we note that
(Bl—k -1 -1 -1
N M- <cle-n Tt <o)
holds for [€ — n| > |£]|/2 and hence,

_ A dn;
I, <C Lok :
Sy [ H@ Jw(@’ L2(jg—nl>l¢l/2) |n; [t
—19k, 7,
<cl@ e,
< Clllz; 4 Lo (A-5)

Finally, for I}, we first remark that || > [¢] — [ — 5| > $|¢| holds. Noting
again that |6][-5]_k<§ —n)~Y < O —n)~! and applying the Holder inequality,
we see that

I, <C
[n;1>1

dn;
L' (Je—n|<lel/2) |n;] e
(A.6)

1€ =" e el [25966)]
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for n > 2, where ¢’ is the conjugate of ¢, and

R dn;
m<c ) oo :
1 o 1€ = W e—nistersa) 195 PO i< ersoy [T+

for n = 1. In what follows, we only consider the case n > 2, because the case
n =1 is similar. Using |n;| = || > 3|¢|, we have

I8 =™ o e—miierrey = 1€ =M ezt
= ||<E>71||L"(|E\S\77j|)
< C(loglny] +1)7.

Also, we immediately obtain

s

< ¢ |okice)

< C|||xj|k¢||m(n@n)'

La'(J€—n|<[€]/2) La' (R")

Combining them with (A.6), we conclude
1 dn;
< Cjas o], | | Cogly + 1A o < Ol (A
> j

n;
By (A.4), (A.5) and (A.7), we have II < C|||x;|*1||L.. Consequently, we obtain

n  [B]
1V e < Cllbllea +C DY (g F*llna + Il )

j=1k=0
< C|(x) |l Lo,

which shows the assertion. O
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