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L' — L' estimates for a doubly dissipative
semilinear wave equation
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Abstract. In this paper, we derive energy estimates and L' — L' estimates,
for the solution to the Cauchy problem for the doubly dissipative wave
equation

(u, ue) (0, 2) = (uo,u1) ().

The solution is influenced both by the diffusion phenomenon created by
the damping term u, and by the smoothing effect brought by the damp-
ing term —Aw;. Thanks to these two effects, we are able to obtain linear
estimates which may be effectively applied to find global solutions in any
space dimension n > 1, to the problems with power nonlinearities |u|?,
|u¢|? and |VulP, in the supercritical cases, by only assuming small data
in the energy space, and with L! regularity. We also derive optimal en-
ergy estimates and L' — L' estimates, for the solution to the semilinear
problems.

Mathematics Subject Classification. Primary 35L15, 35L71; Secondary
42B37.

Keywords. Dissipative wave equation, Critical exponent, Global small
data solutions, Power nonlinearity, L' — L' estimates.

{uttAquutAut—O, tzO,.’EGRn,

1. Introduction

In this paper, we derive energy estimates and L' — L' estimates, for the solution
to the Cauchy problem for the wave equation with frictional and viscoelastic
damping,
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(u7 Ut)(O,LL') = (uo,ul)(x), (11)

then we apply these estimates to the semilinear problems with power nonlin-
earities |ul?, |u:|P and |Vu|P. We find global existence of small data solutions
to these semilinear problems, in any space dimension n > 1, for supercritical
powers, and we derive energy estimates and L' — L' estimates.

The profile of the solution to (1.1) has been recently studied in [9], in
the L? setting, by assuming data in the energy space, and in weighted L'
spaces. The solution to (1.1) has many interesting properties, which allow us
to employ techniques and obtain results which are new, if compared with the
corresponding results for the wave equation with only frictional damping wy,
or with only viscoelastic damping —Aw;.

The fact that there are two damping terms gives great benefits to the
solution to (1.1). On the one hand, the solution to (1.1) inherits the same
decay properties of the solution to the problem for the wave equation with
only frictional damping wu; (see, in particular, [11]), which are sharp, thanks to
the diffusion phenomenon (see [7] and, later, [6,10,14]). On the other hand, it
has the same regularity of the solution to the problem for the wave equation
with only viscoelastic damping —Auwuy, in particular, a smoothing effect appears
for the time derivatives of the solution (see, in particular, [15]). In other words,
the low-frequencies profile of the solution is modified by the presence of the
damping u;, and the high-frequencies profile of the solution is modified by the
presence of the damping —Awuy.

{utt—Au—l—ut—Aut:O, t>0, zeR",

Thanks to the first property, one may effectively use sharp estimates
for (1.1) to prove the global existence of small data solutions to the problem
with power nonlinearity |u|?, in the supercritical case p > 142/n, as it happens
for the wave equation with only frictional damping (see, in particular, [16]).
Thanks to the second property, one may obtain well-posedness results in L?
spaces, L' — L' estimates for the solution, and a smoothing effect for the time
derivatives of the solution. We mention that only partial results are known for
the wave equation with only viscoelastic damping and power nonlinearity |u|?
(see [4]).

Also, as a consequence of these properties combined together, we may
obtain global existence to the problem with different power nonlinearities, in
the supercritical case, in any space dimension n > 1, by only assuming small
data in the energy space, with additional L' regularity. The corresponding
result for the wave equation with only frictional damping and power nonlin-
earity |u|P, only works in space dimensions n = 1,2 (see [8]) and it can be
extended only up to space dimension n = 5, using LP — L7 estimates [12]. The
extension to any space dimension n > 1 requires stronger assumptions on the
data (see, in particular, [16]).

In this paper, we show how these bounds on the space dimension can be
removed, thanks to the presence of the viscoelastic damping —Awu;. Also, we
obtain sharp estimates for the L' norm of the solution to the semilinear prob-
lem and its time derivative. Similar properties have been proved for the wave
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equation with structural damping, (—A)2u,, where (—A)z is the fractional
Laplace operator (see [1,2,13]), but in that case the structure of the solution
is much simpler than the structure of the solution to (1.1) (for instance, the
smoothing effect is stronger). More general results about evolution equation-
s with structural damping and power nonlinearities |ul? and |u|? have been
recently obtained in [3].

If we consider the problem with power nonlinearity |u|P,

{utt — Au+ up — Auy = |ul?, t>0, z€R", (12)

(u’ut)(ovx) = (uOvul)( )’

it is very easy to show that the critical exponent is Fujita exponent 1 + 2/n
(the same of the problem without the viscoelastic damping). In particular,
using the test function method, one immediately see that no global solutions
to (1.2) may exist, if p € (1,1 + 2/n], even in a weak sense (see, for instance,
[5,17]), under a suitable sign assumption on the initial data ug,us.

To prove the global existence of small data solutions for p > 142/n, it is
sufficient to use only energy estimates in space dimension n = 1, 2 (following as
n [8]), but the use of suitable, optimal, L" — L9 linear estimates, in particular
L' — L' estimates, allow us to obtain the result in any space dimension n > 1.

Theorem 1.1. Letn > 1 and p > 1+2/n. Also, assume thatp < 1+4+2/(n—2),
if n > 3. Then there exists € > 0 such that for any data

(ug,u1) € A= (L* N HY) x (LY N L?), with

. 1.3
o, en)lla = luollzs + fuolls + urllzo + ol <, %)

there exists a unique solution
u € C([0,00), L' N H) N C*(]0,00), L' N L?) (1.4)

o (1.2). Moreover, it satisfies the following estimates

IVt )lze < (1467572 (o, ur)|.4, (1.5)
lu(t, )|z S (1+ t>-%||<uo,ul>||A, (1.6)
lue(t, lzz < (1485 (o, ur)|.a, (L.7)
lut, Mz S o, ua)llas (1.8)
e (t, Mz < (1417 (g, )| a- (1.9)

The restrictions from above on p in Theorem 1.1 may be relaxed by
assuming additional regularity on the data.

Our linear estimates also apply to the problem with power nonlineari-
ty fue|P:

{utt_Au+ut—Aut =|wl’, t>0, zeR", (1.10)

(u, u)(0, ) = (ug, ur)(x).
In this case, homogeneity arguments lead to expect that the critical exponent
is 1. Indeed, we may prove global existence of small data solutions to (1.10),
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for p > 1, in any space dimension n > 1, by only assuming small initial data
as before.

Theorem 1.2. Letn =1 andp € (1,2], ormn >2 and 1 < p < 1+ 2/n. Then
there exists € > 0 such that for any data as in (1.3), there exists a unique
solution as in (1.4) to (1.10). Moreover, it satisfies estimates (1.5)—(1.9).

The restriction from above on p in Theorem 1.2 may be relaxed to p <
2ifn =23 and top < 1+4/n if n > 4, by dropping the requirement
that Vu(t, ) € L? (see the proof of Theorem 1.2).

Finally, we consider the problem with power nonlinearity |Vul|P:

{utt—Au+ut—Aut:|Vu|p, t>0, zeR", (1.11)

(u,us)(0, ) = (ug,ur)(x).

In this case, we may prove global existence of small data solutions to (1.11),
for p > 14+ 1/(n+ 1), in any space dimension n > 1. Clearly, to obtain an
estimate for ||[Vu(t, )|/ 11, we also assume Vug € L, when dealing with (1.11).
Moreover, we ask Aug € L?, to get the same upper bound for p, that we have
in Theorem 1.1.

Theorem 1.3. Letn > 1 and p > 1+ 1/(n+ 1). Also, assume that p < 1+
2/(n—2), if n > 3. Then there exists € > 0 such that for any data

(U(), Ul) € A = (Wl’l N H2) X (Ll n Lz), with

o wn)lla = ol + ol + ealgs + sl <2, 12
there exists a unique solution
u € C([0,00), WH N H?) N CY([0,00), L' N L?) (1.13)
to (1.11). Moreover, it satisfies estimates (1.6)—(1.9), and estimates
JAutt, ez S (148 (o, wr)la, (1.14)
[Vu(t )z < (0 + 87 (o, ur) 4. (1.15)

Assuming also Vug € L', it would become possible to construct a glob-
al solution to (1.2) and (1.10), which also verifies Vu(t,-) € L', and esti-
mate (1.15). However, this additional regularity property for the solution is not
essential to prove the global existence argument for problems (1.2) and (1.10),
so we avoided to take extra assumptions on the data in the statements of The-
orems 1.1 and 1.2. Of course, the assumption Vug € L' becomes fundamental,
when dealing with problem (1.11).

Notation. In this paper, we write f < g, when there exists a constant C' > 0
such that f < Cg. We write f ~ g when ¢ < f < g.
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1.1. Main goal

The proofs of Theorems 1.1 and 1.3 are relatively standard, once we prove
suitable linear estimates for (1.1), and we use a contraction argument and
Duhamel’s principle. However, the proof of Theorem 1.2 is more delicate.

First of all, the corresponding result is not true, in absence of the vis-
coelastic damping, since, in that case, regularity issues arise, when p is smaller
than 2. To fix this problem, we use the smoothing effect appearing for the
time derivative of the solution to (1.1), which is a consequence of the presence
of the viscoelastic damping (see Theorem 2.2 in [15]). This smoothing effect
lead to the employment of estimates, which are singular at ¢ = 0, but whose
singularity is integrable.

The use of singular estimates lead, in general, to a possible loss of decay,
but we avoid it by using L™ — L? singular estimates, with m = 2/p. Indeed,
the power in the loss of decay, described by t%_%, in Duhamel’s integral, tends
to 0 as p — 1, i.e., to the critical exponent, and it is compensated by other
contributions in the integral, when p is away from 1 (see Remark 3.1).

The description of this interesting effect, which is only attainable if both
damping terms are present in the wave equation, was the first motivation for
this paper.

Another motivation for this paper, is the objective to obtain optimal L'
estimates, for linear and semilinear problems. Estimates in L' are, in gen-
eral, more difficult to obtain than estimates in LY, for ¢ > 1. However, the
special structure of the solution to (1.1) allow us to do that, in any space
dimension n > 1. The use of L' — L! estimates also makes more elegant the
argument employed to prove the global existence of small data solutions to the
semilinear problems.

2. Linear estimates

After performing the Fourier transform with respect to x, & = §u, the equation
in (1.1) reads as

e+ (1+ [ + |70 = 0. (2.1)
Therefore, the characteristic roots of
Nt @+ EPA+ P =0, ie. A+D)A+ D) =0,
are given by:
A= _17 A-‘r = _|€|2
In particular, for any |[¢| # 1, the solution u may be decomposed in two
components, u = uy + u_, with
R e O W R Rk L
= ¢ T 2 ¢
Ap = A 1—[¢]
gy Aot Gty g
A=A~ 1]

9
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In order to derive estimates for the solution to (1.1), it is crucial to study the
behavior at low and high frequencies, namely, as £ — 0 and as || — co.

With no loss of generality, we assume in the following that iy and
vanish in a neighborhood of the unit sphere S"~! = {|¢| = 1}, and therefore
so 4 itself does. Indeed, in any compact subset of R™\{0}, one may immedi-
ately prove any of the estimates that we are going to prove in this Section,
since an exponential decay appears for the solution localized at intermediate
frequencies, and the regularity issues do not come into play in compact subsets
of R™\{0} (see later, Remark 2.7).

Let Qo = B,(0) = {|¢] < a}, for some a € (0,1), and ; = R™\ B,(0), for
some b > 1, be such that g, 41 are supported in QyUS$2;. With this assumption,
we are legitimated to write u = u™ +u ™.

First of all, we notice that there is not much to say about u~, since:

&P tio + ti

.
1—[¢]

Clearly, wq is well-defined, thanks to the assumption that 4y and @ vanish in

a neighborhood of S”~!. On the other hand, u* is the solution to the Cauchy
problem for the heat equation

{Ut — Av =0, (2.2)

u(t,z) = —e two(x), wo=(1+A)"H~Aug+u) =" (

v(0,x) = vo(x),

with initial data

vo=(1+A)  ug +uy) =F* (?0 Jrg;) .

Briefly, we will write ut = e*®vy. Clearly, vy is well-defined, thanks to the
assumption that 7y and @; vanish in a neighborhood of S"~1.

This decomposition makes shorter the proof of the desired estimates for
the solution to (1.1). First of all, we consider energy estimates.

Proposition 2.1. The solution to (1.1) satisfies the following estimates:

[Au(t, ez S A+ (luollae + [luillze), (2.3)
[Au(t, )lpe S (14875 (luollrr + uollmz + utllzr + lurllr2),  (2.4)
e (t, )2 S U+ )7 (uollzz + [luallz2), (2.5)
lue(t, e S (A +6)75 (Jluollzr + lluollz> + llualler + [luallz2).  (26)

Also, for any m € [1,2], such that

it satisfies the following estimates:

IVu(t, e S (14672 5 G5 (fugl|m + fuollr + uallzm),  (28)

_n_3
IVu(t, ez < (1 +8)7572 (fuoller + lluolla + lualler + Juallze),  (2.9)
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whereas for any m € [1,2] such that

n (T‘; —~ ;) <2, (2.10)

it satisfies the following estimates:
_n(L1_ 1
(e, llze < (14 072G (ol o + ol + ), (2.11)
lult, Mz € @+ 5 (Juollzr + luollze + luallpr + uallpm).  (2.12)

Proof. First, we consider u~. By Plancherel’s theorem, one immediately ob-
tains:

[woll e S Nluollas + [luallz2, £ =0,1,2, (2.13)
so that, u= = —e twy verifies estimates (2.3)-(2.6). Also, by Holder’s
inequality,

1= 1) eP anllze S Nlnllpmr S lluallzm,
for any m € [1,2], satisfying (2.7) if j = 1, or (2.10) if j = 0. Here m/ =
m/(m — 1) is the Holder conjugate of m. Therefore, v~ also verifies (2.8)—
(2.12).
Now we consider u™. By using the Fourier transform mapping properties,
and Holder’s inequality,

[0Fa%u (8, )2 < N1l oFa* (8, )]

+2k _—t|€|? ~ ~
< Ml e Loy (ioll s g + 11l v 20))

+ e (llaoll 20y + 101 L2(01))
_n_ o]
S+6)7F 27 (Juollpm + luollze + lurllpm + [Juallz2),
for any |a| + 2k = 0,1,2, and for any m € [1,2], where we set r € [1,2] such

that

1 1 1 1

1
T T T m (2.14)
We remark that we used that 1/(1—|¢|?) is bounded in € and (1+ [¢]?)/(1—
|§|2) is bounded in €;. The exponential decay has been produced by us-
ing et < e~t, for ¢ € Qy, whereas, in the last line, the polynomial decay
has been produced by using

g2 HeP 1 g < {Q o, Eelll)

UACHES =22k ift >1,

i.e. using the well-known self-similarity of the fundamental solution to the heat
equation, only for ¢+ > 1. That, is, for ¢ > 1 the change of variable n = /t¢,
gives:

+2k _—t|¢|? +2k —tlg|2?
€112t | Loy < (1€ e L gy

_n_lal_ 2
— {32 k|||77|‘“|+2ke [l ||LT(Rn).

The proofs of (2.3) and (2.5) follow by setting m = 2 (so that r = 00), whereas
the proofs of (2.4) and (2.6) follow by setting m =1 (so that r = 2).
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Now, let m € [1, 2] satisfy (2.7) or, respectively, (2.10), and r as in (2.14).
To prove (2.8) or, respectively, (2.11), we estimate

19t (¢, )2 S EPat(t, )l ze
S MEP e o) (1ol g ) + 12| o )
+ e (ol pm @y + 1l (@)
S+ F (JJugllpm + uallz),
whereas, to prove (2.9) and (2.12), we estimate
19t (2, )2 S EPat(t, )z
S MEP e L2y (1ol Lo (@) + 1]l (020))
+ e (ltoll g 0y + N1l v 21))

S @+ 07572 (Juolls + llwollzm + ur iz + fJur]lzm).-

We remark that we used (2.7) and, respectively, (2.10), to get \£|7(27j) €
L"(Q4), with j = 1 and, respectively, j = 0.
This concludes the proof. O

Thanks to the very special structure of the solution to (1.1), we may also
easily obtain L' — L' estimates.

Proposition 2.2. The solution to (1.1) satisfies the following L' — L' estimates:

u(t, Mz S (Juolles + urllz), (2.15)
IVult, Mo S @ +1)72 (Juollwra + [luaflz1), (2.16)
lue(t, e S @+ )7 (Juollor + urllz).- (2.17)

Proof. First, we consider u~. For any |£| < 1, we may write

Wy = |£‘2 (lip + G1) + Uy
1- ¢

whereas, for any || > 1, we may write:

Wy = —Ug — (a() + ﬂl)

1

2
€7 =1
Therefore, by applying Lemmas A.1 and A.2, thanks to Young inequality, we
derive:

lwollr < [luollzr + lluallzs
Let us consider Vwy. For any |£| < 1, we may write

i§

2

T

i&wo
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whereas, for any |£| > 1, we may write:

1 i€
s T2 Uuq .
7 =1 €7 =1

By using again Lemmas A.1 and A.2, and Young inequality, we derive:

&y = —(i€tg) —

(i€to) —

[Vwollzr < IVuollpr + [lua |21

Therefore, u~ = —e twg(x) verifies the desired estimates. Now we consid-
er ut = e'®vy. Proceeding in a similar way, due to:
. [
Vo = Up + U1 + 5 (o + 1),
1—[¢]
o (S
1&g 3 (g + 1),
1—[¢]
if |¢] < 1, and
1
o 5 (G + 1),
g -1
- i§
1§00 = ——5—— (o + 1),
g7 -1
if |€| > 1, by using Young inequality, applying Lemmas A.1 and A.2, we obtain
[vollr + IVwollr S lluollzr + [luallzr (2.18)
On the other hand, we write Avg in the form
2
N 4 E P
_‘§| Vo = 2 (UO +u1)7 if |§| < 1a
g7 -1
. . N 1 . N .
—|&[*00 = o + @y + o1 (o + 1), if [] > 1,
so that we also obtain
[Avo ||z < lluollpr + [|ua|l s (2.19)

Estimates (2.15)(2.17) follow for ut = e*®vy by the well-known L' — L!
estimates for the solution to the heat equation, in particular:
| AR v 1, for t € [0, 1],

OFIut(t,- <
Jobwt (el 5 4,5 e el

for j+k=0,1. d

Remark 2.3. Estimate (2.17) requires lesser regularity, with respect to ug, than
the corresponding estimate in [15], for the wave equation with only viscoelastic
damping. This effect is related to the fact that the solution to our problem (1.1)
decomposes in simpler terms, if compared with the corresponding ones in [15].

We also notice that estimate (2.19), which we used to prove (2.17), is
no longer valid, in general, in space dimension n > 2, if we replace A by a
different second order operator, like 0y, Oy, .
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A peculiarity due to the presence of the viscoelastic damping, is the s-
moothing effect that appears for the time derivatives of the solution to (1.1).
This smoothing effect may also be used at short time, if we allow singular esti-
mates at t = 0 (see Theorem 2.2 in [15]). When studying semilinear problems,
by using Duhamel’s principle, it becomes possible to employ estimates which
are singular at t = 0, provided that the singular power is integrable in 0. These
singular estimates play a fundamental role in the proof of Theorem 1.2.

Proposition 2.4. Let ug = 0. For any m € [1,2], such that (2.10) holds, the
solution to (1.1) satisfies the following estimates, for any t > 0:
1

_n(1 _ 1
e (t, )z S (1 4+ )7 ¢ E G2 fug [ o, (2.20)
). (2:21)

n (1 1

_n(q_1\)_ 1 ,—n(L1L_1
et e < 0+ H7FO=7) 713G (| o+

Proof. The proof is analogous to the proof of (2.11), (2.12), in Proposition 2.1,
in particular, no change is needed for u; . When we consider u; , we use the
smoothing effect of e'® to produce a regularity gain, by paying a singular
power at t = 0.

To prove (2.20), we estimate

2~
luf (8, )2 < IEFat (¢, )]z

2 — 2 N
5 H|€| € el ||LT(QO) ”ulHLm,(QO)

— — 2 A
+e t/2 ||€ t|¢] /2||LT(91) ||U1||Lm/(ﬂl)

S @+ 07 Jurlgm + e 2 F fug o,

~

where 7 is as in (2.14). We remark that we used that |¢|*/(1—[¢]?) is bounded
in O, and that et < e=t/2 e=tEl*/2 i O We used the self-similarity of the
fundamental solution to the heat equation, namely, the change of variable n =
V&, to obtain the singular power:

g2 g2 —_no |2
e 2,y < Nl 2 oy = 275 €72 .

This concludes the proof of (2.20). The proof of (2.21) for u* follows from the
previous step for ¢ € [0, 1], whereas we may directly estimate

2~ 2 _¢t|e)? N _n_
(¢, )12 S NEFaT(E ) e S IEPe e o S 675 Juallrs,
for t > 1. This concludes the proof of (2.21). O

Remark 2.5. The decay rates obtained in the linear estimates are sharp, s-
ince u ~ v, with v = e*®(ug +u1), as t — oo, in the sense that, for sufficiently
smooth ug, uq, with suitable sign assumption on ug + u1,

n ||
1888%u(t, Y| o ~ [|0Fv(t, Y| pa ~ 2 (1ma) =5 =,

the so-called diffusion phenomenon. The proof is based on the estimate of
the low frequencies part of u™ — v, since the other components of u and v
exponentially decay as t — oc.
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Remark 2.6. If we replace equation in (1.1) by
uyy — Au + auy — bAuy; =0, >0, z € R",
for some a,b > 0, the previous technique to derive linear estimates remain

valid, since the behavior at £ — 0 and |[£| — oo remains unchanged. Indeed,
the characteristic roots Ay (), of

X+ (a+blEHA+ ¢ = 0,

have the following behaviors:

)\_H{—a as & — 0, )\+N{—a_1|§|2 as £ — 0,

—b7! as ¢ — oo, —ol¢f? as [¢| — oo.

1 .
tAUo, m

In particular, the solution can still be “approximated” by e~*wq+e’
-1

aneighborhood of ¢ = 0, and by =@ fwg+e"*Auy, for large |¢], for some wy, vy,

depending on ug, u;. However, some extra attention is necessary to deal with

the L' — L' estimates, which can be harder to obtain (see Remark 2.3).

Remark 2.7. As we claimed in the beginning of this Section, linear estimates in
Propositions 2.1, 2.2 and 2.4 may be trivially proved for initial data localized at
intermediate frequencies, namely, away from £ — 0 and |¢| — oco. For instance,
let us prove (2.3), assuming 1o, 1 to be supported in the annulus A, = {1—¢ <
|€] <1+ ¢}, for some € € (0,1). In A, it holds

la(t,&)| < Co(|to| + t|aq) e—t1-e)?

due to

eHE® _1gPemt | et _ et
1 léle Ug + Ul for |§| #1,

1l
Qo +ta; for || =1.

>
I

]

In particular, as it is well known, the singularity (1 — |¢ |2)_1 is compensated
by the difference of the two exponential terms, as |£| — 1. By Plancherel’s
theorem,

2A A~
|8t Mze S NEPadt e < (142 fa(t, Iz
< (lollze + thas | 2) e=*0=",

so that (2.3) trivially follows.

3. Proof of Theorems 1.1, 1.2 and 1.3

The proofs of Theorems 1.1, 1.2 and 1.3 rely on a classical contraction argu-
ment.

We may write the (global) solution to the linear Cauchy problem (1.1)
in the form

Wl = Jo(t, @) * () uo () + Ji(t, T) * () ua (@)
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By Duhamel’s principle, a function v € X, where X is a suitable space, is a
solution to (1.2), (1.10) or (1.11) if, and only if, it satisfies the equality

t
u(t,z) = u'™(t, z) +/ Ji(t = 5,2) *(z) f(u,ug, Vu)(s,z)ds, in X, (3.1)
0
where f = |u|P, f = |u|? or f = |VulP. To prove Theorems 1.1 and 1.2, we
define the solution space
X =¢([0,00), L' " H")NC*([0,00), L' N L?), (3.2)
with norm given by

Jullxe = smp {14 0% u(t s + (00Tt
t€|0,00

0 e e + e Y+ (4Dt )} (33)

In particular, any function v € X satisfies estimates with the same decay rates
as in (1.5)—(1.9).
Thanks to linear estimates (2.6), (2.9), (2.12), (2.15) and (2.17), it follows
that «''™ € X and it satisfies
lu™[lx < C'l(uo, ur)].a- (3.4)

We define the operator F' such that, for any u € X,

t
Fu(t,z) = / Ji(t = s,2) *(g) f(u,us, Vu)(s, x) ds, (3.5)
0
then we prove the estimates
[Fullx < Cllull%, (3.6)
IFu— Follx < Cllu—ollx (luli" + o5 ) (3.7)

By standard arguments, since u!" satisfies (3.4) and p > 1, from (3.6) it
follows that F + «!"™ maps balls of X into balls of X, for small data in A, and
estimates (3.6), (3.7) lead to the existence of a unique solution to (3.1), that
is, u = ul'™ 4+ Fu, satisfying (3.4). We simultaneously gain a local and a global
existence result.

Therefore, we shall only prove (3.6) and (3.7). For the sake of brevity, we
will omit the proof of (3.7), which is analogous to the proof of (3.6).

We notice that, for any u € X, it holds:

lu(t, )l ze S (1462073 Jlul|x, (3.8)
for any ¢ € [1,00] if n = 1, for any ¢ € [1,00) if n = 2, and for any ¢ €
[1,2n/(n —2)], if n > 3, and

e (t, e S (14620731 ) x, (3.9)

for any ¢ € [1,2]. Indeed, (3.8) and (3.9) hold for ¢ = 1,2, as a consequence
of (3.3), and so they hold for any ¢ € (1,2), by interpolation. Moreover, s-
ince (3.3) implies

_n

[Valt, ez S (14652 [ful|x,
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we may use Gagliardo—Nirenberg inequality to get (3.8), for any ¢ € (2, 0]
if n =1, for any q € (2,00) if n =2, and for any ¢ € (2,2n/(n —2)|, if n > 3.
In the following, we write p < n/(n — 2); to mean that the finite expo-
nent p verifies p < 14 2/(n —2) if n > 3, i.e., that H! embeds in L?P.
We are now ready to prove Theorems 1.1 and 1.2.

Proof of Theorem 1.1. Let f = |uP. We first prove that
10e(Fu)(t, )2 S (1 + ) lull. (3.10)
We use estimate (2.6) in [0,¢/2], and estimate (2.5) in [¢/2,¢]. Then

t
10:(Fu)(t, )| 2 S/ 1001 (8 = 7,0) #(a) [l -)[Pl| L2 dr
0

~

t/2
e /0 (L4t =7) 7T (lulr )Pl + [lulr, ) Pll2) dr

t
[ @t Pl dr
t/2

~

t/2
</0 (4t =7) 5 (Jlulr, e + lulr, )I2,) dr

t
[ @t el dr
/2

Recalling that p < n/(n — 2);, we may use u € X and (3.8), to get:

lur )Ze S @4 7) 7 EPD ]k,

lu(r, T2 S (L4 7) "7 07D fu .

Here and in the following, we use:
1+t—7~1+t, foranyT€[0,t/2],
1+7~1+t¢t, forany T € [t/2,t].

Therefore, we obtain:

t/2
||3t(FU)(t,')IIL25IIUII§</ (I+t—7) i (147) 2P Ddr
0

n

t
% / (+t—7) 1 (1+7) 330D
t/2

t/2
~ ful% (14 1) %1 / (147 30-D g
0

t

+ JJulf 1+t~ 5@E=D //2(1 +t—7)"tdr
t

~ (L4 6)7 ful,

thanks to n(p —1)/2 > 1, i.e., p > 14 2/n.
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Similarly, we may derive the estimates
IV(Fu)(t, )2 S (14672 Jul%, (3.11)
[(Fu)(t, )z S M- (3.12)

Using estimate (2.9) or, respectively, estimate (2.12), in [0,¢/2], and esti-
mate (2.8) or, respectively, estimate (2.11), in [t/2,¢], with m = 2, we get

A t/2 L
V7 (Fu)(t,-)l| 2 S/O L+t —7)7 372 (fJulr, s + lulr, ) 7s20) dr

t .
+ / (Lt t— )4 flu(r, )2y dr
t/2

t/2 .
< ||u\|€(/0 (it m)-3-1 (14 r)-30-D g

n

t .
Tl / (I4+t—7) 5 (14r) i 50D,
t/2

t .
4l (1 + 6~ FFE-D / (1+t—7)"%dr
/2
_n_J
~ (L4727 ullk,
for j = 0,1, where we used again p < n/(n—2)4,u € X, (3.8),and p > 14+2/n.
Finally, we derive the estimates

[Fu(t, e < lullk, (3.13)
18:(Fu)(t, )l < (1 +6) 7 lullk. (3.14)

We may use (2.15) and (2.17) to obtain
t
ok F(E e S [ (14— fulr ) dr

t
S llull /0 (1+t— T)_k 1+ T)-%(p—l) dr

~ (L4 1) 7" [full%,
for k = 0,1, where we used again p > 1+ 2/n, u € X, and (3.8).

This concludes the proof of (3.6), for f = |u|P, and so the proof of The-
orem 1.1. U

Proof of Theorem 1.2. Let f = |u[P. In this case, the proof of (3.6) is more
delicate, and singular linear estimates (2.20) and (2.21) play a fundamental
role.

First we prove (3.10). Thanks to the assumptions p < 2, we may set m =
2/p €[1,2), and use (2.21) in [0,¢/2] and (2.20) in [t/2,t]. We notice that

n (1711 _ ;) _ @ <2, (3.15)
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if, and only if, p < 1+ 4/n, so that the assumption p < 1+ 2/n is sufficient.
Therefore, we get

t/2 )
o Fu)t oz 5 [ ()20
0
x (t =) EED) (Jug(r, )12, + lue(r, ) 122) dr
t
[ e - G ) dr
Now, thanks to u € X and p < 2, using (3.9), we derive
lue(r, B, < (14 7) " EED=2 ||y %,
e (7, )2 S (L4 7)~(EFDP |

In the first integral, we may proceed as we did for f = |u|P; the assumption p >
1 is sufficient to get

t/2 1 n(1 _1
[ e B0 ) D (I + ) dr

t/2
S A+~ ullk / (L4 7)7EED ™ dr = (14 )75 fulk
0

In the second integral, we should pay more attention, since we have

/W(l t =) (= 7) E G g, 2 dr

S @0 [ reon e 1D ar
t/2

The difference with respect to the previous cases, is that, integrating, we lose

a power tif(m ) in the estimate:

/tu+t—7r1@—ﬂ%%9d7zL (3.16)
/2

n

We remark that the singular power (¢ — T)_E(%_%) is integrable at 7 = ¢, due
o (3.15).

However, the loss in (3.16) does not influence the final estimates, since,
for any p > 1, we get

(146" G2l < (14671 . (3.17)

Now we prove (3.11). Setting m = 2/p as before, we have that

1 1 n(p—1)
) =
"(m 2) 3 &
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where we now used the assumption p < 1+ 2/n. We use (2.9) in [0,¢/2]
and (2.8) in [t/2,t], to obtain:

t/2 )
IVu(t, )z < / (Ut =) 5 (fur(r B, + lue(r [2a) dr

t
[ =BG () ar
/2

S+ |fulf%

In particular, here we used

[N

t
/ (1+t_7)_%(%_ )=3dr ~ (1+t)_7'(m—5)+%’
t/2

due to (3.15), so that

3k

t
st [ - G tar st trr <t
t/2

Similarly, we may prove estimate (3.12). Using (2.12) in [0,¢/2] and (2.11)
in [t/2,t], we get:

t/2
l[u(t, )22 5/0 L+t =7)7% (fluelr )go + ue(r,)52) dr

t
+/ (U4t — 1) EG D) uy(r, |2, dr
t
<A+ [l

To derive this latter it was sufficient again to use 1 < p < 1+ 4/n. Indeed, if
one is not interested in having a solution with Vu(t,-) € L2, the bound of p
from above may be relaxed to p < 2ifn <3,and p < 1+4/n,if n > 4.

Finally, we obtain (3.13), (3.14) by applying (2.15) and (2.17), as in the
case f = |u|P; we obtain

t
10 (Fu)(t, Yl < / (L4t =) Jug(r, ) |E, dr

t
Shelle [@st=n™@en deorar
0

~ L+ )" [lull’,
for k = 0,1, using p > 1. This concludes the proof of (3.6), and so the proof
of Theorem 1.2. O

Remark 3.1. The compensating effect in (3.17) depends on the choice m =
2/p. A different choice for m € [1,2), verifying (2.10) and mp < 2, would led
to:

t
/ , (A4t =) (=) F G2 g, )|y dr S (14 8) " 51/ ™7P |y B
t/2
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and

In particular, one cannot obtain the desired estimate, by fixing an exponent m,
uniformly chosen for any p close to 1. This delicate situation shows how to grasp
the critical exponent, one has to use the “correct” linear estimate, when it is
necessary to compensate possible losses due to the integration of Duhamel’s
part of the solution.

To prove Theorem 1.3, we may follow the proof of Theorem 1.1, but now
we use the solution space

X =C([0,00), W N H?*) N C'([0,00), L' N L?), (3.18)

with norm given by

lulx = sup {(1+0)% (llutt, e + (1 + O (A u) 2, 2)

te[0,00)
 lut, as + L+ O IVult, Yo+ (4 Olluat s f - (319)

As we did to prove Theorems 1.1 and 1.2, we will only prove (3.6), where
now X is given by (3.18), (3.19).
For any u € X, it holds:

IValt, e S (146207073 |lu|x, (3.20)

for any ¢ € [1,00] if n = 1, for any ¢ € [1,00) if n = 2, and for any ¢ €
[1,2n/(n —2)], if n > 3. Indeed, on the one hand, (3.20) holds for ¢ =1, as a
consequence of (3.19). On the other hand, since (3.19) implies

lult, Miga S (14875 lulx,

by the equivalence of the norm of ||Af||z2 and || f]| 2, we may use Gagliardo—
Nirenberg inequality to get (3.8), for any ¢ € (1,00] if n = 1, for any ¢ € (1, 00)
if n =2, and for any ¢ € (1,2n/(n — 2)], if n > 3.

Proof of Theorem 1.3. We first prove
IAFu)E, )Lz + 10 (Fu)(t, )z S 1+ 1) ullk, (3.21)

as we did to prove (3.10), in the case f = |ulP. We use estimate (2.4) in [0,¢/2],
and estimate (2.3) in [t/2,¢]. Then

[A(Fu)(, )| L2 + 10 (Fu) (2, )| >

t/2
5/ A+t =) 5 (V)5 + V()] 2,) dr
0

t
[ =D V() dr
t/2
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Now, using u € X, (3.20), and p < n/(n —2), we get

IVl )z < (1+

)BT Julf
|Vu(r.

_n_n(h 1)—PR
M S (147) 7572075 [y}

Therefore, we obtain:

[A(Fu)(, )l L2 + 10 (Fu)(t, )| >

t/2

< ”uHI))(/ (1+t—7)7%*1 (1+T)7%(p—1)7%d7
0

t o )

Sl [ @t @R gy
t/2

T t/z n P
~ Jlull% (1+8) 75 / (14 7)- 2005 gr

0

t
+||u||§((1+t)—%—%@—1)—%/ (1+t—7)"tdr
t/2
~ 1+ ulk,

thanks to p > 14 1/(n + 1). Let us prove (3.12). Using estimate (2.12)
in [0,¢/2], and estimate (2.11), in [t/2,t], with m = 2, we get

t/2
P S [ Q=07 (I9um ) + [Vutm ) ) dr
t
+ [ Ivum g dr
t/2
t/2
Shulle [ @+t-r)F@en e tar
’ t
kg [ @+n) et
t/2
t/2
~ Ilull% (1+t)—%/ (1+7)-26-0-% g
0

t
Hlulf @+ttt

t/2
~(141)7 1 ulk,

1dr

where we used again u € X, (3.20), p<n/(n—2)y andp>1+4+1/(n+1)
Finally, we derive estimates (3.13), (3.14), and

IV (Fu)(t, o S L+ 872 ul /%

(3.22)
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We may use (2.15), (2.16), and (2.17), to estimate

t )
IV Fu) e S [ (4t = 1) [Tl ), dr
0

t .

Sl [tk A 1t
0
_J_

SO+ ulk

for j+k =0,1, where we used again p > 1+ 1/(n+ 1), u € X, and (3.20).
This concludes the proof of (3.6), for f = |VulP, and so the proof of
Theorem 1.3. U

Appendix A: L! multipliers estimates

In this appendix we prove an L' estimate for multipliers, localized at low and
high frequencies. The employment of these estimates allow us to derive L! — L!
estimates for the solution to (1.1). The technique employed is well-known, but
we give some details for the ease of reading.

Lemma A.1. Let n > 1 and xo be a C* function, supported in B1(0) = {|{] <
1}, and constant in some neighborhood of the origin. Then:

2
Ky =51 <1 |£||£2 Xo) el', K =g (1 ﬂglg XO) eL'. (A1)

Proof. Let a € (0,1) be such that suppxo C B.(0) = {|¢{] < a}, and
let g2(¢) = [¢|” and g1(¢) = €. Then

(x) = (270)"" w:§ g](g)
K = om [ e I (@)

It is clear that K; € L, in particular, it is in L{ . Let |#| > a~!. Thanks to
—ix, ‘
et = Z ‘ 5 aﬁ] emg, (A.2)

after integrating by parts n — 1 times (the boundary terms vanish, since xq
identically vanishes near {|¢| = a}), we obtain:

(1) = |g~(n=D) o (Y it 9,(¢)
K0 =kl Y e () [ e ( a (5)) .

[v|=n—1
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Indeed,

L —xxy, / iae 9;(§)
e'*> 0,0 Xo(§) | d¢
2 o S T (1 — l¢f?
We split each of the integral in K; into two parts. We immediately get

87 g](g) )
/£<z|1 ¢ (1—|§|2 x(S)

Integrating one more time the remaining integral, we obtain:

iwg 57 9; (&) d
/:c1§|5|sa % (1 —ep el ) &
i— |z [? /§=|£1 c ¢ (1 _ |€|2 Xo(§)

iw&a o gj(f) de.
~|—1§|5|§a6 €5 0¢ (1 P xo(§) | d€

des [ e dg S
[E1<]z|~*

_|_
M=
—

|z

The first term in the right-hand side is bounded by |z|~177, whereas we may
perform one more step of integration on the second one, which leads us to

estimate
/ ‘€|j*(n+1) de < 1 if j =2,
|lz|~1<|¢|<a ~l1+loglz|  ifj=1.

In turns, we obtain: |K(z)| < ||~ ™tV (1 + log |z|), and |Ky(z)| < |=|~ "+,
for large |z|. That is, K; € L'. O

Lemma A.2. Let n > 1 and x1 be a C® function, supported in R™\B;(0) =
{l¢] > 1}, and constant for |x| > R, for some R > 1. Then:

Ko=3" <€|211 x1> eLl', Ki=g"! <g|§1 Xl) cL'. (A3)

Proof. Let b > 1, be such that suppy; C R"\B,(0) = {|¢| > b}. Recall-
ing (A.2), and following the proof of Lemma A.1, we integrate by parts n — 1
times:

() = ||~ =D (o) E ! i€ gy gj(g)
K=kl eV em e X () [ oo <|€|2_1><1<§>) e,

e (A.4)
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with go(§) =1 and ¢1(§) = £&. We immediately obtain

Ko (2)] < |z~ / €720 g < [~

[€1=a

whereas, to treat K for small |z|, we split (A.4) into two integrals. On the
one hand, we easily obtain:

||~ D) / €7D de < Ja|m YA+ |log [
<lg|< x|t

On the other hand, performing one more step of integration by parts of the
remaining integral, we get

£
e 0] &) ) de
/w—lsm <I£ al )>
3 et 9 : s
— |~”C|2 / =fz|-? (Ifl (€)>
/ 0,07 [ =) ) ae
ol-r<lel “\Jef -1 ’

which we may control by |z|~(»~1). To estimate K, j=0,1, for large |z|, it is
sufficient to perform two more steps of integration by parts in (A.4), obtaining:

J

K ()] < o]+ / €[~ g < [~

1€1=a

Summarizing, we proved that Ko, K1 € L! (and also in L, for any ¢ < n/(n—
1)). O
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