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Passing from bulk to bulk-surface evolution
in the Allen—Cahn equation

Matthias Liero

Abstract. In this paper we formulate a boundary layer approximation for
an Allen—Cahn-type equation involving a small parameter ¢. Here, € is
related to the thickness of the boundary layer and we are interested in
the limit ¢ — 0 in order to derive nontrivial boundary conditions. The
evolution of the system is written as an energy balance formulation of the
L2-gradient flow with the corresponding Allen-Cahn energy functional.
By transforming the boundary layer to a fixed domain we show the con-
vergence of the solutions to a solution of a limit system. This is done
by using concepts related to I'- and Mosco convergence. By consider-
ing different scalings in the boundary layer we obtain different boundary
conditions.
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1. Introduction

In the recent years there has been a growing interest in the coupling of bulk
and surface processes. One important example is the theory of spinodal decom-
position of binary mixtures where dynamic boundary conditions are used to
model the effective short-range interaction between the two mixture compo-
nents and the wall (i.e., the boundary), see e.g. [20,29] and the references
therein. Moreover, we refer to [7,8,15,17,19,26,30,37] for an (incomplete) list
of articles related to the mathematical analysis of dynamic boundary condi-
tions for various evolutionary systems including the heat equation, the iso-
and non-isothermal Allen—Cahn equation, the Cahn—Hilliard equation and the
Caginalp system. In addition, we point out to the book [39] for the connection
to Feller semigroups and Markov processes.

This work was supported by the DFG research center MATHEON in project D22.
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F1GURE 1. Transformation of the boundary layer

In this paper we discuss the question whether such dynamic boundary
conditions can be obtained as a limit of a family of bulk systems in the case of
the Allen-Cahn equation. More precisely, for a domain Q with C2-boundary T’
we introduce a boundary layer of thickness € > 0, denoted by X, that shrinks
to T' as € tends to 0 (see Fig.1). In the domains  and ¥. we consider the
following system of (bulk) Allen-Cahn-type equations

ThOue — ApAue + Wi(ue) =0 in £,

1
TeOe — AcAug + EWS’(us) =0 in X,

subject to natural continuity and transmission conditions (see (1)) at the com-
mon boundary between the fixed bulk domain 2 and the thin boundary layer
Ye. Here, Wy, and W are given, in general nonconvex, bulk and surface poten-
tials.

In order to derive nontrivial boundary conditions when ¢ goes to 0 we
assume that the relaxation time 7. and the diffusion coefficient A. depend
on ¢ in the boundary layer ¥.. This amounts to different length and time
scales in the bulk and in the boundary layer. We then show that the solutions
of this system converge (up to subsequences) to a solution of a limit system
which describes the coupling of bulk and surface evolution. The specific form
of the derived limit system depends on the scalings of the coefficients 7. and
A.. In particular, we will derive a hierarchy of dynamic and static boundary
conditions depending on the scalings.

This approach is quite common in the derivation of lower-dimensional
models in static elasticity, see e.g. [9,16]. Furthermore, we refer to [35] for the
derivation of models for conductive thin sheets using asymptotic expansion
and to [10] for the (non-rigorous) derivation of boundary conditions for the
heat equation.

Here, however, we give a rigorous convergence proof which is based on
an energy balance formulation of the underlying gradient flow structure of the
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Allen—Cahn equation. More precisely, by defining the Allen—Cahn energy func-
tionals & the bulk equations can be written as L2-gradient flow in form of a
force balance between the dissipative forces and the potential restoring forces
given by the derivative of £.. This force balance formulation is equivalent to a
scalar energy balance equation written in terms of the energy functionals and
quadratic dissipation potentials R., which in this case are given by the squares
of the L2-norm (see also [1,24])

Ec(us(t)) + /0 [Rs(us) + R:(fDSs(us))] ds = & (u:(0)),

where R? denotes the dual dissipation potential, i.e., the Legendre transform
of R..

The energy balance formulation opens the door for the application of
notions of variational convergence such as Mosco and T'-convergence [3,6,11].
Here we follow the ideas in [33] (see also [5,21,22]) where a method to prove
the convergence of gradient flows for I'-converging energy functionals was pre-
sented and applied to derive the limiting dynamics of vortices for the heat
flow of the Ginzburg—Landau energy. However, we emphasize that the con-
vergence of the gradient flow cannot follow from the I'-convergence of the
energy functionals only and extra conditions are required for the interplay of
the convergence of the energy and the dissipation potentials. These extra con-
ditions amount to the construction of mutual recovery curves for the energy
and dissipation potentials.

Additionally, for A-convex energy functionals the evolution of the system
can be equivalently described by an evolution variational inequality

Ec(ue(t)) + (Getie (1), us(t)—u) < E(u) — Ac(ue(t)—u) Vau,

where G. denotes the linear and self-adjoint operator associated with R. and
A corresponds to the A-convexity of &..

We show that we can pass to the limit in the energy balance and the
evolution variational inequality, respectively, in order to obtain correspond-
ing limit formulations, written in terms of limit functionals & and Rg, which
describe the coupling of bulk and surface evolution.

Let us remark here that the purpose of this paper is twofold: first, we
want to identify the relevant scalings in the boundary layer system for deriving
nontrivial boundary conditions. In particular, this identification can be used
to obtain more information about the structure of the limit systems (see, e.g.
[4]). As a longterm goal we shall apply this approach to the related problem of
deriving interface conditions in reaction-diffusion systems. Nonstandard inter-
face and transmission conditions in semiconductor heterostructures and bio-
logical systems are of great importance (see [14,18,36]). Especially in organic
photovoltaics interfaces are the fundamental building block, see [28, Sect. 8.

Second, the paper contributes to the theory of application of I'-conver-
gence methods to evolutionary problems, especially to gradient flows. We refer
to [2,23,25] for the application of the principles of I'-convergence to rate-
independent evolution, Hamiltonian systems and Wasserstein gradient flows,
respectively.
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The paper is organized as follows: in Sect.2 we introduce the underly-
ing geometry of the boundary layer approximation and present the system of
Allen—Cahn-type equations along with technical details such as growth condi-
tions, etc. The bulk system will then be cast into the gradient flow framework,
in particular in the energy balance formulation. Furthermore, we introduce
a change of coordinates in order to transform the system to a fixed domain
(see Sect.2.3). In this change of coordinates we characterize a point in the
boundary layer by its projection and distance onto, resp., to I'. Therefore we
can decompose directions in Y. into tangential and normal parts relative to
I'. The normal direction is then rescaled in order to obtain a fixed domain.

In Sect. 3 we present the main result of the paper, i.e., the limit passage
in the energy balance. This is based on the results in [33] which for the conve-
nience of the reader will be reformulated here. Applied to our specific problem
the construction of the mutual recovery curves is akin to the construction of
the recovery sequences for the energy functionals in the sense of I'-convergence.

In the final Sect. 4 the derived limit models will be discussed. In particu-
lar, depending on the scaling of the relaxation time and the diffusion coefficient
in the boundary layer we obtain the usual Dirichlet- and Neumann boundary
conditions as well as dynamic boundary conditions and boundary conditions
that are to our knowledge not addressed in the literature so far, e.g., coupling
of the bulk equation to an elliptic equation for the trace on ' (see (17))

Notably, we also obtain the system recently considered in [37] where it
was studied regarding existence and uniqueness of global solutions, as well as
asymptotic behavior and the existence of a global attractor. The system con-
sists of the following bulk equation and dynamic boundary condition for the
bulk and surface order parameters u and U = u|rp

ThOu — ApAu+ Wi (u) =0 in Q,
70U — AArU + Ay 24 + W/(U) =0 onT,

where Ar denotes the Laplace—Beltrami operator on I'.

2. Setting of the model

2.1. Definitions and notations

We consider an open and bounded domain Q C R, d > 2, with a C?-boundary
denoted by I' := 9. For a sufficiently small parameter £ > 0 we introduce the
domain 2. defined by

Q.= {z e R? : dist(z,Q) < e},

where dist(z, Q) := inf,cq |z — y| denotes the distance to Q. We call the set
Y. := Q. \ Q the boundary layer (or e-neighborhood) of Q. Obviously, we have
the convergence 2. — ) for ¢ — 0 with respect to the Hausdorff distance.

Let T > 0 be a finite time horizon. In the domain €. we consider the
following system of Allen—Cahn-type equations:
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ThOsue — ApAue + Wi(u:) =0 in [0,7T] x £,

1, . (AC.)
T.Ome — AcAug + EWS (ug) =0 in [0,7T] x X,

where 7, 7. > 0 denote the relaxation times, Ay, A, the diffusion coefficients,
and W, W/ are the derivatives of potentials W}, Wy € C!(R) in the bulk
and in the boundary layer, respectively. The equations above are subjected to
the following natural boundary and transmission conditions at 0. and at the
interface I'

A% =0 on [0,T] x 9.,
Ap Qe = A, 9 on [0,T] x T, (1)
[ue]l =0 on [0,T] x T,

where v denotes the outer unit normal on I and 0€2, and [ - ] denotes the jump
across the interface I'. Finally, the system is completed by imposing the initial
condition u.(0) = u in €.

We assume that in the boundary layer Y. the coefficients satisfy the
scalings

—agR

Te=¢ "7y and A, = E*BEAS
for given 75, As > 0 and ar € R, g €]—1,00].

The nonlinearities Wi, and Wy are at least of quadratic growth and satisfy
the growth conditions

oo d=2,

d (WGrow)
2 d>3.

|Wé/s(u)\ < C(1+ul?) withpe[l,q[ and g¢= {

These are the same growth conditions imposed in [37] for the bulk poten-
tial Wy, while we have a stronger growth condition for the boundary potential
since we are in the full d-dimensional domain Y. in contrast to the (d—1)-
dimensional boundary I" in [37].

A prominent example for the (nonconvex) potentials W}, and Wy is the
double well potential u +— %(1—u2)2, which obviously satisfies the above
growth conditions for d = 2, 3.

We show that solutions of the system above converge in a certain sense
to a solution of a limit system which consists of the bulk equation in €2 in
(AC.) coupled to an equation posed on the boundary I'. As we will see, the
form of the latter equation will heavily depend on the choices for the scaling
exponents ag and [Fg.

To put the above system in an abstract framework we introduce the func-
tion spaces V. := H'(€2.) and H. := L2(€.). Then, the weak formulation of
the system (AC.) reads: Find u. € H'(0,T; H.) NL%(0, T; V2) with u.(0) = u?
such that for all ¢ € V. and almost all ¢ € [0,7] we have

0= / [Gg(x)&gug@ + A (2)Vue - Vo + W (z, ua)ga} dz, (w-AC.)
Q

=
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where we use the notation

in Q Ay, in Q -) in Q
G.(z) = {Tb in E, Ac(z) = {Ab in E, W.(z,.) = {1?(()) in E,
Te m £ e m £ = s n -

€

The existence of solutions of (AC,), resp. (w-AC,), follows from standard
arguments, see e.g. [31,37].

Theorem 2.1. (Existence of solutions) For fized € > 0 let u? € V. be given.
Moreover, assume that the growth condition (Wgyow) holds. Then, there exists
a solution u. € HY(0,T;L2(Q.)) NL>(0,T; HY(Q.)) of the system (AC.).

2.2. Different formulations of gradient flows

It is well know that Eq. (AC.) is the L2-gradient flow of the Allen—Cahn func-
tional & : V. — R defined by

A
£.(u) = / [52(93)Vu2 FW. (20| da
Qe

More precisely, by deﬁning the symmetric and positive metric tensor G. :
H. — H via (G.1,7) fQ x)udde the equation in (w-AC.) can then be
written in the form

Gette (t) = —DE. (uc(t)), (fbe)

with D&, (u) denoting the Gateaux derivative of &, which is well-defined due
to (Warow)- Note that we (notationally) distinguish between H. and H} since
the former is the space of velocities u, while the latter is the space of forces
& = D& (u). Thus, G. maps velocities to forces. The equation above can be seen
as a force balance formulation of the gradient flow, where G 4. and DE. (u.) are
the dissipative and potential restoring forces, respectively. Defining the inverse
operator K. = G- ':H*—H., mapping forces to velocities, we can write the
force balance (fb.) as rate equation in H.

Ue(t) = —KDE(uc(t)) =1 —Vg.E:(ue(t)), (rec)

where Vg_ &€ denotes the gradient of 8 with respect to the metric tensor G..
Note that we have (£, K.n) = fQ 1577 dz. The operator G. defines the
quadratic dissipation potential R. (1 ) (ggu,u) whose Legendre transform
is given by K¢, i.e., we have R} () = %(5, ICs§>, where & denotes the “dual vari-
able” (also called chemical potential or thermodynamically conjugated driving
force, see [24]). Furthermore, by using the chain rule we have that

E(ue(0)) — Ec(uc(t)) = /Ot<geu5,u5>ds
_ /;(Dc‘,'(us),lCEDSE(uE))ds
-/ " [Refic) + R2(-DE.(u.))] ds.
0
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Hence, we see that the force balance (fb.) and the rate equation (re.) are
equivalent to the energy balance

E(ue(t)) + /0 [Re(ug) + RI(—DE(u.))| ds = E(u:(0)). (ebe)

This formulation (which is based on a principle by De Giorgi and whose
solutions are also called curves of maximal slope see [1, Sect. 1.3]) is indeed
equivalent due to the Legendre Fenchel equivalences for convex potentials, i.e.,

j=DR.(v) <= v=DRI(W) < Re(v) +Ri(W) = (v, ).

We also used the chain rule & (u) = (D& (u), ).

In fact, in (eb.) we only need the lower estimate “<”, the reverse estimate
follows from the definition of the Legendre transform. The advantage of (eb.)
is that it is a scalar equation in R in contrast to Eqgs. (fb.) and (re;) in H
and H., respectively.

Let us remark here that 2R.(u) and 2R (—DéE:(u)) are nothing but the
squares of the so called metric derivative of v and the metric slope of & cal-
culated with respect to the metric induced by G., see [1].

If the potentials W}, and Wy are Ap-convex, resp., As-convex, (s
Wh/s(s) — %|s|2 is convex) the energy functional satisfies the convexity esti-
mate

58(17)258() (DE.(w), i—u) + A (i—u) Ve Ve,

where A.(w) = [, 2|w|? dz + 5. 2=|w|? dz. Note, that A, and As do not
have to be posmve and therefore Wb and W; are in general nonconvex. The
double well potential u — i( 1—u?)? is A-convex with A = —1. Moreover, every
W € CLL(R) is A-convex.

Using the force balance formulation (fb.) we arrive at the equivalent for-
mulation as evolution variational inequality (see [1,12])

Ec(ue(t)) + (Getie (t), ue(t)—u) < E(u) — Ac(ue(t)—u) VYue Vi (evig)

Note that this formulation is written only in terms of the functional &£
and the operator G., and is therefore derivative free.

We study the behavior of the solutions u. when € — 0. In this case the
boundary layer X, shrinks to I' and we show that the “limit” of the sequence
ue|s, describes the evolution on T.

2.3. Transformation of the problem

In order to provide a notion of convergence of the solutions u. we transform
the variable domain €2, to a fixed domain.

For this, note that due to the smoothness of the boundary I' and for
sufficiently small € a point x € 3. can be characterized in the following way:
there exist unique y € I' and ¢ €]0, [ such that x = y+dv(y) (see, e.g. [40,
Chap. 2|), where v denotes the unit outer normal on I' (see Fig. 1). Hence, we
introduce the change of coordinates in .
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Xe(y,0) ==y +ebv(y), (y,0) € 'x]0,1],
Yo(z) i= (ye(2), 0:(x)) := (Po(2),de(w) /), x €,
where P. and d. denote the projection from ¥, on I' and the distance to T,
respectively.

With this change of coordinates we define ¥ := I'x]0, 1[ and for a func-
tion u: X — R we set U = uo X, : ¥ — R. Since the boundary I is of class
C? we have that the outer unit normal satisfies v € C!(I'; RY). Therefore, if
u € HY(X.) we have U € H*(X). More precisely, it holds

(o) = (G e oma v (ol otecon) (G ).

where VrU € 7(T') denotes the tangential gradient of U on T', P(y) is the
projection onto the tangential space at y € T', S = —9r /0y is the so-called
shape operator (see, e.g. [13]) and Q. is such that Q.(P—e6S) = P.

The tangential gradient VrU on I' can be characterized in the following
way (see [13,34]): For V : T — R denote by V a smooth extension of V to RY,
then VV (y) = P(y)[VV]. It is easy to check that this definition is well-defined
and independent of the extension 177 moreover, we have that P = [—v ® v.
Similarly, the divergence on I' for vector fields V can be defined as

divpV = divV — V(\~/ V),

where V is again a smooth extension of V. In this framework the Laplace-Bel-
trami operator Ar has the simple form ArU = divp(VrU). For a vector field
V € L3(T;7(T)) such that divpV € L?(T') and U € HY(I') we have Green’s
formula

—/VFU~VdF:/UdiVFVdF.
r r

In contrast to ¥, we leave the bulk domain € untransformed. Hence, we
introduce the spaces for the bulk variable u :  — R and the surface variable
U:YX—-R

Vi={(u,U) e H{Q)xH'(Z) : ulr = Ulgp=oy }, H:=L3Q) x L2(%).

The measure on ¥ is given by du = dI'® d\!, i.e., the product of the
surface measure on I" and the one-dimensional Lebesgue measure on ]0, 1[. The
space H!(X) is defined in the usual way, i.e., the closure of C!(3) with respect
to the norm || - g1 (5, where

0y = [ [I0F + V20 + 10007 d

Now, substituting the above transformations in £, we arrive at the trans-
formed energy functional E. : V — [0, 0o[, for u = (u,U) defined by

Ew) = [ [5270R  Wh] ds

1

A.
+/ {2 (VFU . Bs(y,e)VrU + ? |(99U2> + WE(U)] Je(y,e)d‘u,
b
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where B, = (QQET(@E and J. describes the change of volume due to the transfor-
mation. Additionally, the transformed dissipation potential R. : H — [0, 00|
reads

. Tb . Te
Ra(i) = [ Blide+ [ FIUPL0)an

We denote by G, : H — H* the associated operator, i.e., R.(1) =
1(G.1t, ). The inverse operator K. = GZ! : H* — M gives the dual dissi-
pation potential R}, more precisely, for a dual variable & = (£, Z) it reads

Es(us(t))Jr/O [R.(it.) + R:(~DE.(w.))| ds = E.(u.(0)).  (EB.)

Moreover, in the A-convex case the evolution of the transformed system is
equivalently described by the following evolution variational inequality which
corresponds to (evi.)

Ec(ue(t)) + (Getre (1), ue(t)—u) < E(u) — Ac(uc(t)—u), (EVI.)

where A.(u) = [, 2 |ul?dz + [, 3|U[*Ldp.

We will use both formulations, (EB.) and (EVI.), for the convergence
analysis. Note that (EB.) contains the derivative of the energy functional E.
while (EVI.) does not. Conversely, (EVI.) contains the derivative of the dissi-
pation potential R. while (EB,) is free of it.

The following lemma is concerned with the convergences of the geomet-
rical quantities B, and J..

Lemma 2.2. [t holds that B. — 1 uniformly in X, with 1 denoting the identity
in the tangent bundle of T, and J./e — 1 uniformly in 3.

The easiest (although not most elegant) way to see that the convergence
is indeed as stated, is to switch to local coordinates and calculate B. and J.
explicitly in terms of the covariant and contravariant basis vectors (see [9] for
a related problem in the theory of elastic shells).

3. Convergence of the system

Our result is formulated abstractly in terms of Mosco convergence of E.
towards a limit Eg and of R. towards Rg. For functionals F,,, defined on a
Banach space Q, the definition of Mosco convergence is as follows:

(i) Liminf estimate for weakly converging sequences:

N gn — q = F(q,) <liminf F,(q),
F, — F & .. . nmoe
" (ii) Existence of strongly converging recovery sequences:

Vg€ Q3(qn)n: Gn — q and F(q) > limsup Fr,(gn).

n—oo
Hence, Mosco convergence is nothing but I'-convergence in the weak and
in the strong topology.
Since it is essential to choose the right topology for computing the I'-
or Mosco limits, the first step in our convergence proof is to derive a priori
estimates for the solutions (u.,U.). This is addressed in the following lemma.
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Lemma 3.1. (A priori estimate) Let E.(u.(0)) < C < oo and define Qr =
O x]0,T[ and X7 = X x]0,T|. Then, there exist constants Cy,Ca,C3,Cy > 0,
independent of €, such that

el 5 O

el

| DuE-(ue + |DyE. (u. < Cy, (2a)

||L2(QT) Py aR| HL2(E y =

and
2 2 2
||V“€(t)HL2(Q) + H“E(t)HIﬂ(Q) +|Ue t)HLZ(E) < Cs,

0| UL (8)||?

||L2(Z) + 1+5E ||89U

Dlres) < Ca, (2b)

for all t €10,T7.

Proof. The estimates in (2) are a direct consequence of the energy balance
(EB¢). We remind that the relaxation time and the diffusion coefficient are
given by 7. = 7,6 %, A, = A,e 7. The energy functional satisfies the esti-
mate

E-(ue) > C([IVuellf 2oy + l[ucllP2o) + U720
+5176E||VFU6H32(2) + Ef(ﬁﬁl)”aGUs”%%z)) -G

where we have used the quadratic growth of the nonlinearities W}, and Wy as
well as Lemma 2.2. The dissipation potential satisfies

Re(tie) > ClltelFa i) +e ™ U Facs));
RZ(€:) = CIDuE: (ue) [ 20+ DU Ee (ue) [ (s))-

By assumption the lefthand-side in the energy balance (EB.) is bounded,
thus we arrive at (2). O

The a priori estimates show that the critical scaling for the relaxation
time 7. = e~ *R75 is agr = 1. For ar < 1 we expect the time derivatives in ¥ to
blow up while the thermodynamically conjugated driving forces tend to 0 in
the limit. This means that we have a much faster timescale in the boundary
layer, such that in the limit the system is always in equilibrium on the bound-
ary. Conversely, ag > 1 amounts to a slower timescale in the boundary layer
with no evolution. In contrast to these degenerate cases ag = 1 results in a
nontrivial dynamic boundary condition as in [37].

In addition, we find the characteristic values Sg € {—1,+1} for the sca-
lings of the diffusion coefficient A, = ¢~%€ A, in the boundary layer. For fg > 1
all derivatives have to vanish such that U is constant (in every connected com-
ponent of X). However, it is not fixed and may evolve in time, we refer to this
as the fast diffusion case. Conversely, for Jg < 1 we expect the tangential
derivatives to blow up in the boundary layer (no diffusion case). For g = 1
we expect genuine surface diffusion.

The crucial point is that in all of the cases above the derivative with
respect to 6 has to vanish. Hence, in the limit the surface variable U is given
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only by its trace on I' which allows for the reduction to surface evolution, see
Sect. 4 for the final discussion.

Lemma 3.1 shows that we can extract a (not relabeled) subsequence u. =
(ue, Ue) such that for the bulk variable u. we have the convergence

ue = u in L0, T; HY(Q)), 3)
. —u in L2(Qr).

Moreover, the second estimate in (2a) shows (by eventually extracting
another subsequence) that we have the convergence DEy(u.) — & in L2(Qr),
where Ey,(u) denotes the bulk energy part. However, due to (3) we can argue
that u. — u in LY(Qp) with 1 < ¢ < oo for d =2 and 1 < ¢ < 2d/(d—2) for
d > 3. In particular, considering an almost everywhere converging subsequence

and using the growth condition (Wgyow) the Dominated Convergence theorem
yields & = DEy,(u), hence

DEj,(u.) — DEp(u)  in L*(Qr). (4)
Moreover, we have the following convergences for U,

U. U  in L®(0,T;L3(Q)), (5)
OU. — 0 in L®(0,T;L3(%)),

where the last convergence follows from S > —1 and 5’(1+ﬂ5)||39U5(t)||iz(2)
being bounded. Depending on the value of Jg we find a subsequence such that
the tangential gradients of U, satisfy

VrU. 2 VrU for fe =1\ . 100 9
L>®(0,T; L% (). 6
VU, -0 forge>1) BT OTLAE) (6)

Furthermore, we can assume that
forag=1: U.—U and DE,.(U.) —Z, (7)

where we denoted by Es . the surface energy part such that E.(u, U) = Ep(u)+
Es.c(U). The limit = € L?(X7) is to be determined. For the remaining cases
ar < 1 and arg > 1 we have

DES,E(Ug) —0 forag<1
U. —0 for ag > 1

} in L2(Z7). (8)

Obviously, the energy functionals E. blow up if the derivative with respect
to 6 does not vanish (for Bg > 1 the same holds for the tangential derivatives).
Thus, we expect the limit problems to be defined on the subspace of functions
that are constant in normal direction (and tangential direction for fg > 1).

Let us consider the case g > 1 first: We define the reduced spaces Viang,
Veonst and their closures in H via

Viang = {(v,U) €V : OgU =0 a.e. in B}, Hiang := VtangH7

Veonst := {(u,U) €V : U =const a.e. in B}, Heonst := VCOHStH

In the following theorem we prove the Mosco convergence of the energy
functionals E. for g > 1 in V.
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Theorem 3.2. (Mosco convergence for §g > 1) For g = 1 the energy function-
als Ec converge in the sense of Mosco to the limit functional Eqang : V — Roo
given by

Eb(u) + fZ [éb VFU|2 + WS(U)} dp if ue Vtangv
+00 otherwise.

Etang(u) = {

For Pg > 1 the Mosco limit of Ec, denoted Ecopss, is given by

Ev(u) + [W(U)du if u € Veonsts
Econst (u) == =
400 otherwise.

Proof. Here we only consider the case g = 1. The result for the other case
follows analogously.

Liminf estimate for weak convergence. For all sequences u. = (u., Uz) —
u = (u,U) in V we have to show Egang(u) < liminf._,¢ E.(u.). Assuming that
liminf. . E.(u:) < oo due to the weak lower semicontinuity of the norm on
V we necessarily have that u € Viang.

The compact embedding V CC L4(2)xL4(X), where ¢ € [1,00[ for d = 2
and ¢ < 2d/(d—2) otherwise, yields the strong convergence (ue, U:) — (u,U)
in L7(Q)xL%(X). Thus, using the growth conditions for W}, and W we con-
clude that

/S2Wb(u5)dx—>/QWb(u)dx and /ZWS(UE)d,uH/EWS(U)d,u.

As before, we denote the bulk and surface energy parts of E. by E;, and
Es.c, such that E.(u.) = Ep(ue) + Es(Ue). It holds that

Je(y,0)

Ag
E.u) 2 Buu) + [ | G0 Byt + (o) 0y

b

Hence, by the uniform convergence of B. and J. /e we obtain the lim inf
estimate.

Limsup estimate for strongly converging recovery sequences. The con-
struction of recovery sequences . such that 4. — u and E.(u.) — Epang(u)
is straightforward: For w ¢ Viang the result is trivial since Ejang(u) = 0o and
we may take 4, = u and argue as in the first step.

For w € Viang we can choose the constant sequence u. = u since the
derivative with respect to # does not appear in E. and we can conclude

As Je(y, 0
E.(u) = Ep(u) +/ [QVFU ‘B (y,0)VrU + Wi(U) %du — Etang (u),
b
where we used Lemma 2.2 again. O

The remaining case G €]—1,1[ is more complicated since we lose the
uniform coercivity of the energy functionals on V. Hence, we have to work in
the coarser topology of the bigger space W defined by

W= {(u,U) € HY(Q)xL*(2) : 0pU € L*(X), ulr = Ul{g—oy }-
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Let us point out here that the existence of the derivative with respect to
6 in L2(3) suffices for the well-definedness of the trace on I since for arbitrary
U € C>(X) it holds that

1Ulgo=0y L2y < C(I1U L2y + 106U |2 (s3y) -

As before we introduce a reduced space of functions which are constant
in normal direction

Wiodigt := {(u,U) € W 1 9gU =0 a.e. in B} .

Since the convergence of the surface variable U, is in general only weak in
L%(¥) and the nonlinearity W is allowed to be nonconvex we have to replace
W in the limit by its convex envelope, denoted W * in the following (see, e.g.
[6,11]).

Theorem 3.3. (Mosco convergence for —1 < B < 1) The energy functionals
E. I'-converge on W to the limit functional Eyoqir : VW — Roo given by

E W (U) d i .
Enodinr(u) = { b(u) + fE S (U)dp Tuc . diff
00 otherwise.

Proof. Liminf estimate for weak convergence. Let ue = (ue,Us) — u = (u,U)
in W. By arguing as in Theorem 3.2 we can assume that u € Wjoqig and
SUPg<. <, Ec(u:) < 00. We have the estimate

J:(y,0)
E

E.(ue) > Eb(u5)+/EWS**(UE) dp.

Applying liminf._.o to both sides of the estimate and using the uniform
convergence of J. /e and the weak lower semicontinuity of U — [, W**(U)dpu
on L2(X) we conclude that liminf. o E.(u:) > Epodinr(u).

Limsup estimate for recovery sequences. Let u € Wyoqig be such that
Enodii(u) < o0o. By the density of Viang In Whoair we can find a sequence

(Ue)e>0 C Viang such that u. — u (strongly) in W and EUHVFUEHi%E) — 0,

where o = 1—0¢ €]0,2[. Since u. = (., U.) converges strongly in W we can
extract a (not relabeled) sequence such that U.(y,0) — U(y, 8) a.e. in X. Using
Fatou’s lemma we obtain

lim sup E. (4.) glimsup{Eb(ﬂa)—i—/ [050|Vp[75|2+WS(U5)} Wd“}
>

e—0 e—0
< Eb(u)+/ Ws(U)dp.
p

The left-hand side, also known as T'-limes superior (or upper I'-limit),
is weakly lower semicontinuous on W (see [6,11]). Hence, by taking the
lower semicontinuous envelope on both sides we arrive at limsup,_,, E-(u.) <
Enodirt (w). O

Let us emphasize here that for W satisfying the growth condition
(Warow) the directional derivative (DE,cqig(u),w) is in general not well-
defined for w,w € Wieqi since we do not have the embedding Wyoaig C
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Li(Q) x LX) for 1 < g < ooford=2and 1 <q < 2d/(d—2) for d > 3.
Thus, we restrict ourselves to the case of a quadratic potential, such that
Ws(U) = £|U|? with ws > 0. In this much simpler case the (strongly converg-
ing) recovery sequences are given by 4. in the proof of Theorem 3.3. Hence,
E. Mosco converges to Eoqig in W.

The limits for the dissipation potential R, and the dual dissipation poten-
tials RZ for the cases ar = 1, ag > 1 and ar < 1 are easily computed. Note
that for the last two cases the uniform coercivity of R} and R. on H* and H,
respectively, is lost.

For the nondegenerate case ag = 1 we have the convergence

Tb .2 Ts 17712
—|u]*d —|U|*d
S+ [ FI0R

R. 5 Rayn  with  Rayn () = /
Q

while for the other two cases (the slow and the fast evolution cases, see dis-
cussion in Sect. 3) it holds
Tb .12 —
. . . oo —lu|*dz if U =0,
ar > 1: Ro(@) — Ryow () with Ry (i, U) = /Q p liFde i
00 else,

ar < 1: R.(%) — Reast ()  with  Reage (42, U) :/ 7é—b|1l|2dgc.
Q

The Legendre transforms are easily computed as

—1
! To (g2 -
* —_ T N _ b d f = 0,
slow(ga:‘) = /Q 132*|£|2d$ and Rfast(ga':*) — /(; 9 |§| T 1

00 else.

We see that the limits for R. correspond to the observations made in
Sect. 3. For ag > 1 we obtain the static condition U = 0, i.e., fixed (boundary)
evolution. While for ar < 1 the condition = = 0 for the thermodynamically
conjugated driving force means that the (boundary-)system is in equilibrium.

3.1. Passing to the limit in the energy balance (EB,)

In this subsection we focus on the energy balance formulation (EB.) and show
that the limit w = (u,U) in (3)—(7) is a solution of the limit system (Eq, Ro)
with Eg = Etang, Econsts Enodif @1d Ry = Rgiow, Rayn. In particular, we do not
treat the case Ryg = Rpast since in this limit case the chain rule is not available.
Hence, the abstract framework discussed in Sect. 2.2 does not apply and we
are not able to characterize the limit u as a solution of a corresponding force
balance formulation, i.e., a system of partial differential equations. However,
we show in the following subsection that for A-convex energies the EVI-formu-
lation can be used instead.
In particular, we show in this subsection that

imipt {E.on0) + " [Re(d) + RY(~DE. (u)] s}

E—

> Eo(u) + [ [Roa) + Ri(~DEs(w)] ds
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Here and subsequently we use the the notation Vo = Viang, Veonst and
Wiodait when we refer to the domains of the corresponding limit energy func-
tionals Eg = Egang, etc. Note that the situation for Ei.ne and Econet is quite
different from that for E,,qig due to the different underlying space, which fails
to be compact in L2(€).

Remark 3.4. In order to pass to the limit we use the pointwise (in time)
weak convergence of the solutions in the space V (resp., W), i.e., u.(t) —
u(t) in V (resp., W). Indeed, let Vyeax denote the space V endowed with the
weak topology then the continuous embedding L>(0,7;V) N HY(0,T;H) C
C([0, T); Vweak) (see, e.g. [31, Sect. 8.3]) implies that the weak* convergence
w. = win L0, T; V)NHY (0, T; H) implies u. (t) — w(t) in V (the same holds
for V replaced by W). This can be seen by means of a simple contradiction
argument.

Following the ideas in [33] we define for a given curve u.: [0,T] — V with
ue(t) = u(t) in V (resp., in W) the energy excess D : [0,T] — [0, 00] by

De(t) = Ec(ue(t)) — Bo(u(t)), D(#) =limsupDc(t) > 0.

We call u. well-prepared initially if D(0) = 0.
The additional conditions for the convergence of the gradient flow given
in [33] can be directly translated in our case to

[
1. (Lower Bound) There exists f € L(0,T) such that for every ¢ € [0, 7]

e—0

Jim inf /0 R.(d1.)ds > /0 [Ro(@) — £(5)D(s)] ds. )

2. (Construction) There exists a locally bounded function g on [0,7] such
that for any ¢y €]0,T[ and any smooth curve @ :Jtg—0d, to+3[ — Vp satis-
fying u(ty) = u(t) there exists a u. :Jtg—0d, to-+d[— V such that u.(tg) =
u(tg) and

lims(l)lp R: (e (to)) < Ro((to)) + g(to)D(to), (10a)
. d_ . d_ .
liminf ——Ee(Ue)li=to 2 ——Eo(®)le=t, — 9(t0)D(t0)- (10b)

The energy excess D should be interpreted as a small perturbation. It
is shown in [33] that D = 0 holds using Gronwall ’s lemma. However, in the
proof of the convergence result in Theorem 3.5 we show that one can actually
take f = g = 0. While the first condition in (9) asks for a liminf estimate for
the (integrated) dissipation potential R. the second condition in (10) can be
interpreted as a liminf estimate for the dual dissipation potential along the
derivative of the energy functionals. Indeed, adding (10a) to (10b) we arrive
at the following

liminf R*(~DE, (w.)) > lim inf [—(DEE(uE),ﬁE> “R. (ﬁe)}

e—0 e—0

> —(DEg(u),u) — Ro(u) — 2gD.
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Taking the supremum over all m yields the limit dual dissipation potential
Rayn(—DEo(u)) at the lefthand side.

Let us point out that the limit system considered in [33] is finite dimen-
sional. Therefore, we have to adapt the results for our purpose. In particular,
we have to show that the Gateaux derivative of the limit energy functional is
well-defined in H.

The main result for Eg = Etang, Econst and Enodif and Ry = Rgyn reads as
follows:

Theorem 3.5. (Convergence of gradient flow for g > —1 and ar = 1) Let u.
be a family of solutions of the energy balance (EB.) converging as in (3)—(7) to
a limit w. If D(0) = 0, i.e., uc is well prepared initially, then D =0 on [0,T]
and w is the solution of the gradient flow for Ey and Rayn, i.e., it holds that

&w@»+A [Ragn (@) + Riyn ( —~ DEo(w)) | ds < Eo(u(0)). (1)

Proof. The weak convergence DE.(u.) — & = (DEy(u),Z) in L2(0,T;H*)
implies that DEq(u) € L2(0,T; M), where Ho = Vo . Indeed, multiplying
with a fixed w € L2(0,T; Vo NV) leads to the convergence
T T T
/ (DE. (u.), @) dt —>/ (DEo(u), @) dt :/ (€, @) dt.
0 0 0

Here we used the continuity properties of the associated Nemytskii opera-
tors u — Wy (u) and U — W/(U), respectively (see [31]). The density of VoNV
in ‘Hy yields now DEg(u) € L2(0,T;Hg).

We see that w € L?(0,T;V, NV) satisfies the conditions (10a) and (10b):
We easily check that fg R.(u)ds — fg Rayn (@) ds holds and conclude that

liminf/o RI(—DE.(u.))ds > hminf/o [—(DE.(u.),u) — R(w)] ds

e—0 e—0

- /0 [~ (DEo(w), @) — Raya(@)] ds.

Taking the supremum over all @ € L2(0,T;Hg) we arrive at the liminf
estimate for the dual dissipation along DE. (u.).

The Mosco convergence of the energy functionals and Remark 3.4 lead
together with the liminf estimate for R, to the lower energy estimate

EWMD+AmeHR®&®%wWh§&W@%

which is actually an equality due to the chain rule for ¢ — Eg(u(t)) and the
characterization of the Legendre transform. 0

The derivation of the corresponding energy balance for Ry = Rgow i8
remarkably easier and follows by the same arguments as in the proof of The-
orem 3.5 with u = 0.
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Theorem 3.6. (Convergence of gradient flow for Jg > —1 and ag > 1) Let u.
be a family of solutions of the energy balance (EB.) converging as in (3)—(7)
to a limit w. If D(0) = 0 then D = 0 on [0,T] and w is the solution of the
gradient flow for Eq and Ryow, i-€., it holds that

Ey (u(t)) + / Ry (i) + R (—DEy(u)) ds = En(u(0),

where Ey, and Ry, denote the bulk part of the limit energy and dissipation poten-
tial, such that Eo(u) = Ep,0(u) + Es0(U) and Ryow () = Ry (u).

Remark 3.7. The well preparedness of the initial conditions u.(0) can be trans-
lated into asking that E.(u.(0)) — Eg(u(0)), i.e., the initial energies converge.

3.2. Passing to the limit in the variational inequality (EVI.)

In order to derive limit systems for the case Ry = Rgast we turn to the evolu-
tion variational inequality (EVI.) which is an equivalent formulation in case of
A-convex energy functionals. It reads (integrated over time)

T T
/ [E.(ue) + (Gotte, ue—1i)] dtg/ [E.(@) — Ac(uc—a)] dt  (12)
0 0

for all w € L?(0,T;V). Note that we consider here the time-integrated ver-
sion of (EVI.). This is due to the fact that we have no estimates for the time
derivative of the surface variable U. Hence, we cannot argue with pointwise in
time convergence of the solution.

However, working with the integrated inequality bears problems since the
I'-convergence of the time-integrated functionals is in general not trivial. We
refer to [32,38] for the following result.

Proposition 3.8. Let F. denote a sequence of weakly lower semicontinuous func-
tionals on a reflerive and separable Banach space X satisfying the liminf esti-
mate for the weak convergence in X. Moreover, let w. — w (weakly-*if p = 00)
in LP(0,T; X). Then, it holds that
T T
/ Fo(w(t))dt < liminf Fo(we(t))dt.
0 =0 Jo
The main result for the case Ry = Rpa reads as follows

Theorem 3.9. (Convergence of gradient flow for fg > —1 and ag < 1) Let u.
be a family of solutions of the evolution variational inequality (12) converging

as in (3)—~(7) to the limit w. Then, u is the solution of the following evolution
variational inequality for Eq and Reast

T T T
/0 Eo(w)dt + /O /ﬂTbu(u—u)dxdtS /0 [Eo(@) — A(u—w)] dt  (13)

for allw € L2(0, T3 Vy), where A(u) = [, 2 |ul?dz + [, 2|U dp.

Proof. Let @ = (,U) € L2(0, T; VonV). It is easy to check that fOT E.(u)dt —
fOT Eo (@) dt. Moreover, from the estimates in Lemma 3.1 we infer that @, — @
in L2([0, T]x€Q) and e'~**U. — 0 in L2([0, T]x¥). Hence, we have that
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T T
/ (Gsﬂs,ug—ﬁ)dt:/ /Tbug(us—ﬂ)dxdt
0 0o Ja

T ) ]
+/ /TsslfaRUs(Ug—U)idudt
0o Jx €

T
— / / Tht(u—u)dadt.
o Ja

Thus, applying liminf to (12) and using Proposition 3.8 we obtain (13).
O

4. Discussion of the limit models

In this section we show that the limit models obtained in Sect. 3 can be
reduced to a real bulk-surface evolutionary system in . The main observa-
tion is that for a pair (u,U) in Viang, Veonst OF Whoaif We can characterize U
by a function defined only on the boundary I' = 0€2. More precisely, these
spaces are isomorph to the spaces Viang, Veonst and Whedig given by (Table 1)

Viang = { (v, U) € H'(Q)xH"(I") : ulp = U},
Veonst = {(u,U) € HH(Q)xRN" : wlp, =U", i=1,...,Nr},
Wiodait == {(u,U) € H'(Q)xL*(I) : u|r =U}
where Nr € N is the number of connected components I'; C I'. We denote by

Hiang, Heonst and Hyoair the closures of the spaces above with respect to the
L2-norm, such that

Hiang = Huoair = L2(Q) x LA(I')  and  Heonsy = L2(Q) x R,
With these characterizations the energy functionals E¢ang and Epoqig can
be reduced by integration over the variable 6 €]0, 1[ while for E.q,s we inte-

grate over y as well. The reduced energy functionals, denoted Eiang, Econst and
Enodiff are then given by

gtang(ua U) = gb (U) + /

As
[2|VFU|2 + Ws(U)| dL,
r

Nr
5const(ua U) = gb(u) + |F‘ ZWh(Ul)7
i=1

TABLE 1. Boundary conditions of the limit system for the
different parameter regimes of ar and fJg with all constants

set to 1
ag <1 ar =1 ar > 1
Bl <1 4+U=0 U+ 4U=0 ulr = up € H72(59)

Be=1 %L+ W/U)=ArU U+Z+W/(U)=ArU ulr = up € H(5Q)

Be>1 [ +W/(U)=0 U+[J].+Ws(U') =0 ulp =const on T




Vol. 20 (2013) From bulk to bulk-surface evolution 937

w
Enoaitr (1, U) 1= En(w) + U2 r),

where in each case & (u) = fﬂ[%|Vu|2 + Wy (u)]dz denotes the bulk energy.

Starting with the case ar = 1 we see that the limit energy balance in
(11) can be written in terms of & € {Eang, Econst, Enodii } and the dissipa-
tion potential Rayy. Here, in slight abuse of notation, Rayy is for each of the
energy functionals Eiang, Econst and Enodisr defined on the spaces Hiang, Heonst
and Hyoqi and obtained as before via integration with respect to the variable
0 or (y,0), respectively. Thus, the reduced energy balance reads

Eo(u(t),U(t)) + /0 Rayn (@, U) + Rayn (=D& (u,U))ds = & (u(0),U(0)).

To highlight the structure of the limit systems we now write down the
corresponding force balance equation written in terms of the reduced energy
and dissipation functional. It consists of two equations for the bulk and the
surface variable u and U = u|r, respectively. Using the chain rule and the
Fenchel equivalences we obtain

Tb@ + D.& (’U,7 U) -0
U+ Dyé&o(u,U))
For each of the energy functionals the first equation is formally equivalent
to the well-known Allen-Cahn equation in [0,77] x Q2

ThOru — ApAu + W (u) = 0. (ACpuik)

This equation is coupled to the boundary evolution of u|r = U, which
for the energy functional Eiang (limit case for S = 1) is described by

750U — AArU + A, %% + W/ (U) = 0. (14)

Hence, we obtain the surface Allen—Cahn equation with a contribution
given by the conormal derivative of the bulk variable u. The system (ACpu)
and (14) was studied in [37].

In the limit case for Sg > 1 the limit energy functional is given by Econst
and we obtain a simpler boundary condition, which consists of a system of
ordinary differential equations for each of the connected components I'; of the
boundary I', namely

T0U" + A [SE]. + W(U*) =0, (15)

where [g]; := ﬁ fr gdI" denotes the mean value of g : I'; — R over I'; C T
Finally, for & = Eneair (—1 < Be < 1) the boundary condition reads

750U + Ap 2% + wU = 0. (16)

This boundary condition can be found as a special case in [27].

In the case ar > 1 (Ry = Rglow) We obtain the bulk Allen-Cahn equation
(ACpux) and have no evolution on the boundary, i.e. U = 0. Which means
that the boundary values are fixed by the initial conditions. Since we assumed
in the convergence analysis that the initial energies converge, the initial val-
ues (u(0),U(0)) have to lie in the spaces Viang, Veonst and Vioaig for fg = 1,
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Oe > 1 and —1 < fg < 1, respectively. In particular, in the first case we
have ulr = u|r(0) € HY(T), while in the second case the boundary values
are constant (on each connected component) and in the last case we have
ulr = u(0)|r € Hz ().

At last we discuss the fast evolution case ar < 1 (Rp = Rgast). Choosing
u = u—hw, h > 0 in the limit evolution variational inequality (13) and letting
h — 0 we obtain the system

Tt + Dy &o(u, U)\ 0
Dy&o(u,U) -

Hence, for g = 1 the limit energy functional is given by Eiang and we
deduce that the bulk equation (ACpy) is in this case coupled to the nonlinear
elliptic surface equation

—AArU + Ay 9% + W/(U) = 0. (17)

While for & = Econst (B > 1) we have the following nonlinear equation
for each connected component of the boundary I"

Ap[4]. + W (U") =0. (18)

In the last case —1 < g < 1 and therefore & = Enoqix We obtain the
usual Robin boundary condition

At + WU = 0. (19)

Figure 2 shows details of numerical simulations of equation (ACpyx) in
a (polygonal approximation of a) circular domain using continuous piecewise

t=10 t =40 t =80

FIGURE 2. Detail of two solutions of Eq. (ACpyu) near
boundary with dynamic boundary condition (14) (top) and
Neumann boundary condition (bottom) for subsequent times
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affine finite elements in the bulk and on the surface (see, e.g. [14]). In particu-
lar, the behavior of two solutions of (ACpy,1x) near the boundary I' is depicted
for subsequent times in case of the dynamical boundary condition (14) and
the Neumann boundary % = 0. Here, both solutions are starting from the
same initial condition. The potential in the bulk is given by the double-well
potential Wi, (u) = £ (1—u?)? with k, > 0 while for the dynamic boundary
condition we additionally have the quadratic potential W(U) = % (1-U)? on
I with ks > 0. The dynamic boundary condition models a strong interaction
between the wall and the mixture components described by the order parame-
ter u (resp., U). In particular, due to the potential Wy and the surface diffusion
we have an accumulation of the phase U = 1 at the boundary I', which can be
clearly seen in the pictures.
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