Nonlinear Differ. Equ. Appl. 19 (2012), 1-18
(© 2011 Springer Basel AG

1021-9722/12/010001-18 . . . -
published online May 27, 2011 Nonlinear Differential Equations

DOI 10.1007/s00030-011-0115-4 and Applications NoDEA

Regularizing and decay rate estimates
for solutions to the Cauchy problem
of the Debye—Hiickel system

Jihong Zhao, Qiao Liu, and Shangbin Cui

Abstract. In this paper we establish some regularizing and decay rate
estimates for mild solutions of the Debye-Hiickel system. We prove that
if the initial data belong to the critical Lebesgue space L"Z*L(]R”)7 then

the L%norm (5 < g < oo) of the Sth order spatial derivative of mild
181

solutions are majorized by Ki(K2|8])/lt” = ~'*24 for some constants
Ki and K3. These estimates particularly imply that mild solutions are
analytic in the space variable, and provide decay estimates in the time
variable for higher-order derivatives of mild solutions. We also prove that
similar estimates also hold for mild solutions whose initial data belong to
. _24n
the critical homogeneous Besov space By,oo ” (R") (5 < p < n).
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1. Introduction

In this paper we consider the Cauchy problem of the Debye—Hiickel system:

Ow=V-(Vv—ovVe) inR" x (0,00), (1.1)
Ow =V - (Vw+wVe) inR" x (0,00), (1.2)
Ap=v—w inR" x (0,00), (1.3)
v(z,0) = vo(z), w(z,0)=we(z) inR". (1.4)

Here v = v(z,t) and w = w(x,t) are the scalar functions representing the den-
sities of positive and negative ions, respectively, in an electrolyte, ¢ = ¢(x,t)
is the scalar function representing the electric potential, and vg,wqy are the
initial data of v and w, respectively. Throughout this paper we assume that
n > 2.
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The Debye—Hiickel system was formulated by W. Nernst and M. Planck
at the end of the nineteenth century as a basic model for the diffusion of ions in
an electrolytes (cf. [5]). It also arises from mathematical modeling of semicon-
ductors (cf. [6,20]), plasma physics (cf. [7]), chemotaxis (cf. [4]), and etc. We
refer the reader to see [1-3,6,9,11-13,17,18,21,22] and the references therein
for previous works on this system of equations concerning existence of (large)
weak solutions, (small and local) mild solutions, convergence rate estimates to
stationary solutions of time-dependent solutions and other related topics.

The purpose of this paper is to establish regularizing and decay rate esti-
mates for mild solutions of the Debye—Hiickel system. Our interest on this
topic is inspired by the series of interesting works of Giga and Sawada [8],
Sawada [19], and Miura and Sawada [15] on the Navier—Stokes equations. In
those works the authors proved the regularizing and decay rate estimates for
mild solutions of the Navier—Stokes equations with initial data belonging to
the usual Lebesgue space L™(R™), the homogeneous Sobolev space H % ~1(R")
and the space BMO™! of derivatives of BMO functions, respectively (see
[14] for definitions of these function spaces). It is worth noticing that these
estimates not only imply that mild solutions are analytic in space variables,
but also give decay rate estimates for the higher-order spatial derivatives of
solutions. For the Debye-Hiickel system (1.1)—(1.4), however, to the best of
our knowledge, no similar research was performed before the present work. We
observe that since the system (1.1)—(1.4) is different from the Navier—Stokes
equations, the estimates for this system of equations are variant from those for
the Navier—Stokes equations. The main new difficulty is caused by the term V¢
in (1.1)—(1.2), which, by (1.3), is a nonlocal functional of v and w. To overcome
this difficulty, we shall split the estimates for ||07v(x)|| L« and ||0%w(z)|| L« into
two cases: the case § < ¢ < n will be treated by using the classical Hardy—
Littlewood—Sobolev inequality and the Calderén—Zygmund theorem, and the
other case n < ¢ < oo will be estimated by using the well-known Gagliardo—
Nirenberg inequality.

Before giving our main results, let us first recall the concept of mild solu-
tions of the system (1.1)—(1.4). Note that from (1.3) we have

o(x,t) = (—A)_l(w —v)(x,t) = Ex (w—v)(z,t), (1.5)

where E(z) = —5- log|z| if n = 2 and B(z) = 37 2 T(2—1)[z[~ "2 ifn > 3
defined for all x € R™\ {0}. Hence, by the well-known Duhamel principle, the
system (1.1)—(1.4) can be reduced into the following integral equations:

t
v(t) = Py — / "IAY . [pV((=A) Y w — v))](7) dr, (1.6)
0
t
w(t) = ePwg + / =AYy . WV ((=A)"H(w — v))](7) dr, (1.7)
0
where e'® is the convolution operator in S’'(R™) with the heat kernel G(z,t) =

(4mt)~% exp(—%). A solution of (1.6)—(1.7) will be called a mild solution of
(1.1)—(1.4).



Vol. 19 (2012) Solutions of the Debye—Hiickel system 3

In what follows, for © = (x1,...,2,) € R” and 8 = (04,...,0,) € Nf,
where Ng = NU {0} and N = {1,2,...}, we denote 97 = 97 ...9%" and
|B] = |B1] + - - + |Bn|. Besides, for two Banach spaces X and Y, the product
space X x Y will be equipped with the norm ||(v, w)||xxy = ||v|x + ||w]||y. For
simplicity, if ¥ = Y, we simply denote ||(v, w)||xxx as ||(v, w)]| x. By [22], there
exists € > 0 such that for any (vg,wo) € (L= (R™))? with [ (vo,wo)ll 3 < e,
the problem (1.1)—(1.4) has a unique mild solution (v, w) in the product space
(X,)? for any given p € (%,n), where

X,=C([0,00), L% (R™))N{u : uc C((0,00), LP(R™)) and sup '~ 27 ||u|z» <oo}.
t>0

Moreover, by Karch [11], there exists ¢ > 0 such that for any (vg,wg) €
(B;z:;(R”))Q with ||(vo, wO)HB_H% < g, the problem (1.1)—(1.4) has a unique

mild solution (v, w) in the product space (V,)?, where

Y =C.(0, oo),Bp_,i:;(Rn))ﬁ{u :ueC((0,00), LP(R™)) and supt'™ 2 ||u/|Lr < oo}
>0

. . 72+ﬁ

Here the notation C.([0,00), Bpco ” (R™)) denotes the set of bounded maps
L2+ . .
from [0,00) to Bpeo " (R™) which are continuous for ¢ > 0 and weakly
continuous for ¢ = 0. It is easy to see that, equipped with norms
-2
lllx, = supiso vl 3 +supesot™ 2 [[v]|ze and ||vlly, = supyso llv]l 24z +
P oo
SUP;~q t7 2 [lv|lz», respectively, &, and ), are Banach spaces.
The main results of this paper are as follows:

Theorem 1.1. Let (vo, wo) € (L2 (R™))? be such that ||(vo,wo)|, 3 < e, where
e is as above. Let p € (%,n) and (v,w) € (X,)* be the solution of (1.1)~(1.4)
mentioned above. There exist constants K1 and Ko depending only on n,p and
€ such that

1080 (t), 8w (t))|| e < K1 (K| B))Ple #1430 (1.8)
Jorall 3 < q<oo,t>0 and 3 € Nj.

Theorem 1.2. Let p € (5,n), and let (vo,wo) € (B;Q%(R”)F be such that
H(vo,wo)HB;g;% < e, where ¢ is as above. Let (v,w) € (¥,)? be the solution
of (1.1)—(1.4) mentioned above. There exist constants K1 and Ko depending
only on n,p and £ such that
_1Bl 4 n
107 0(t), dfw(t))||La < K (Ko|B])\ Pl 1 (1.9)
forallp < q<oo,t >0 and B € Nj.

Remark 1.3. (i) The inequality (1.8) shows that mild solutions of (1.1)—(1.4)
with initial data in (L2 (R"™))? are spatially analytic, and the L%-norm (% <
q < o0) of its Sth order spatial derivative decay to zero as t — oo in a rate of

the form f%*H‘i. The inequality (1.9) shows that similar results hold for
mild solutions of (1.1)—(1.4) with initial data in (B;i:_;(}R”))2
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(ii) As was shown in [22], for large initial data (vg,wp) € (L= (R™))?,
there exists T' > 0 such that the system (1.1)—(1.4) has a unique local-in-time
mild solution. For a such solution, we have a similar estimate as (1.8), but
with ¢ > 0 replaced by ¢t € (0,7) and the constants K; and Ky depending also
on T'. A similar remark can be made to Theoreg%r 1.2 for solutions whose initial
data belong to the closure of (S(R"))? in (Bp,o * (R™))?, where S(R™) is the
Schwartz space.

The remaining part of this paper is organized as follows. In Section 2, we
state some preliminary results. Section 3 is devoted to presenting the proof of
Theorem 1.1. Section 4 is devoted to presenting the proof of Theorem 1.2.

2. Preliminaries

In this section we collect some preliminary materials for the reader’s conve-
nience. We first recall the definition of the homogeneous Besov space B o (R™)
in the version of the heat kernel characterization of this space:

Definition 2.1. (cf. [14]) Let o > 0 and 1 < p < co. We define
B;&(R"):{u € S'(R") : e"®uecC((0,00), LP(R™)) and iggt%HemuHm < oo}

with norm

ull 7o, = supt 2 ||e'ul| Lo
’ >0

Here S’(R™) represents the dual of the Schwartz space, i.e., the space of

tempered distributions. It is well-known that (B, 5 (R"), || - || Bre ) is a Banach
space (cf. [14]).

Next we give the regularizing and decay rate estimates for the heat oper-
ator ef®:

Lemma 2.2. (i) Let1<p<gq<oo. Then for any u € LP(R"™) we have

l02eullpa < C(n)IBI'5 ¢ % G- lullps  for allt >0, 8 € NG,
(2.1)
(ii) Let 5 <p<q<oo. Then for any u € Bii:%(R”) we have
182" ul| e < C(n )\ﬁ|ﬂt_m_1+%\\u||3_2+% for allt >0, B € NI.
o (2.2)

Here C(n) is a constant depending only on n.

Proof. For (i), we refer the reader to see Lemma 2.1 of [8]. To prove (ii)
we observe that since e'® is the convolution operator with kernel G(z,t) =

(47t)~ 2 exp(— ‘xl ), the Young inequality yields

1,1
10ze" 2 ull Lo < 10:G (@, )z llullre < 77272 Jullza. (2.3)
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On the other hand, it can be easily seen that
- L A\Bi s
dPethu = H (@cieﬁA) e2Bu. (2.4)
i=1

Hence, using (2.3), (2.4) and Definition 2.1 we get

A 2187 LN
05 e A ullpa < Hllazl Cill (La,La)lle2"ullLa
i=1
_1 t\ 2 575) A
< C(n)|n" 2 1 llesZullLr

H VL)) e

1Bl _ 18l _q n t\'" 2
< C(n)|B| 2 z it sup (7) ! ||€£A“||LP
t
t>o0
181

181 7*71 n
<cmslzt” 2 TR ull _oyn.
B P

P,00

Here |T|z(zr,re) denotes the operator norm of the linear operator T :
LP(R™) — L(R™). This finishes the proof of Lemma 2.2 (ii). O

The following is the well-known Hardy—-Littlewood—Sobolev inequality

(cf. [14]):

Lemma 2.3. For any 1 < p < n, the operator (—A)*% is bounded from LP(R™)
to L7=7 (R™), i.e., for any u € LP(R™) we have

I(=2)"2u]| 22 < C(n,p)lfuls, (2.5)
where C(n,p) is a constant depending only on n and p.

The following preliminary result is due to C. Kahane (cf. Lemma 2.1 of

[10]):

Lemma 2.4. Let § > % Then there exists a positive constant C' depending only
on § such that

> (i) lafl*1=3|8 — a|If=21=3 < C(8)|8]#1=°  for all B € NZ.  (2.6)

asp
Here, the notation o < 3 means that a; < §; for all i = 1,2,...,n, and
(Z) =11, % Note that the dependence of C(d) on 4 is merely of the
form Z] 1]*5*5.

Finally we recall the following useful lemma, whose proof can be found
in [8]:

Lemma 2.5. Let 1pg be a measurable and locally bounded function in (0, 00). Let
{¥j}32, be a sequence of measurable functions in (0,00). Assume that o € R
and p,v > 0 satisfying p+ v = 1. Let B, > 0 be a number depending on
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n € (0,1), and assume that B, is nonincreasing with respect to 1. Assume that
there is a positive constant o such that

t

0< o(t) < Byt + o / (t — 7)~Fr=Vap(r) dr (2.7)
(I—m)t
and
¢
0<v1i(t) < Byt~ + 0/ (t—7)" "1 Y;(1) dr (2.8)
(1-n)t

forallj > 0,t >0 andn € (0,1). Let ng be a unique positive number such that
I(no) = min{s, I(1)} with I(n) = [;_ (1 —7)"#7=°"" dr. Then

1-n
V() < 2Byt~ forallj >0 andt > 0. (2.9)

Remark 2.6. From the proof of the above lemma (see [8]) we see that in (2.9),
1o can be replaced with any 0 < n < .

3. Proof of Theorem 1.1

In this section we give the proof of Theorem 1.1. We follow the idea of [8] and
first prove a variant of Theorem 1.1 under some additional regularity assump-
tions. In what follows, we shall use notations C;(a,b,...) and CN’i(a7 b,...)
to denote various constants which depend only on the indicated parameters
a,b,. ...

Proposition 3.1. Let the assumptions of Theorem 1.1 be satisfied. Furthermore,
we assume that

(070(t), 05w (1)) € (C((0,00), LU(R™)))? (3.1)

or all 2 < g < o0 an € N§. Then for any 0 € (5, 1], there exist positive
g <gc< dBeNy. Th §€ (5.1, th st positi
constants K1 and Ky depending only on n,p,e and § such that

1020 (t), 02w (t)l|ze < Ky (K |B) =04~ 5 ~1 4 (3:2)

forall 3 < q<oo0,t>0 and B € Nj.

Proof. We deduce by induction on m = || and split the proof into two steps.

Step 1. We first prove (3.2) for m = 0. Note that from [22] we know that
for any (vg,wp) € (L% (R™))? with [[(vo,wo)|[, 3 < €, the corresponding mild
solution satisfies ||(v(t),w(t))||x, < Ce for some universal constant C, i.e.,

sup [|(v(t), w(®) 3 +iggtl‘%\l(v(t)»w(t))llm < Ce. (3.3)

Hence (3.2) is trivial if either ¢ = § or ¢ = p. Moreover, by interpolation,

(3.2) also immediately follows if ¢ € (4,p). In what follows we consider the
case ¢ € (p,o0]. Let n € (0,1) be a constant to be specified later. By taking
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Li-norm of both sides of (1.6) and dividing the time integral into two parts,

we have
t(1-n) t
[o(®)[lze < lle"vollze + </ Jr/ ) [et—mAY
0 t(1—n)

[V ((=2) " (w = v))]llza(r) dr

We shall estimate the three terms one by one. For A, by Lemma 2.2 (i),
we easily see that

Ay < Cr(n)t™ 2 gy < Ch(n, o)t (3.5)

For As, by Lemma 2.2 (i), Lemma 2.3 and (3.3) we have

t(1—n)
Ao = [ AT V((=A) (w0 = ) e(r)

t(1-m) Ly |
< Cy(n) / (t— )3 FEE D o) 5
0

<[V((=2)"H(w =) (T)I|, 22 dr
t(1-n) W
< Cz(n,p)/o (t =) "= 2 o(7) ]| g [(0(7), w(T)) || e dr

t(1-m) o .
< Ch(n, p)e? / (t— ) E T dr
0

< Cy(n,p,e)y 2t~ 12 (3.6)

For As, by using Lemmas 2.2 (i), 2.3 and (3.3) again we see that

T e IAY . (A — La(T)dr
A= [ Y () ) d

t
<o [ -G D)
t

(1—m)
<[[V((=A)" (w =) (1) 2z, dT

< Cs(n, p) /t(l )(t*T)_Tn”IIW(T)IILQH(U(T),w(T))HLP dr

<Csnp) [ = ry B B o) a1
t(1—n)
Combining (3.5)-(3.7) and denoting B, = C1(n,&) + Ca(n,p,e)n~2, we
see that (3.4) yields

t
[v(®)][ze < Byt~ 4 Cs(n, p, 5)/ (t—7) 37 % o(r)| L dr.
t(1-n)
(3.8)
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Similarly we can deal with (1.7) to obtain that

t
lw()llze < Byt~ *% + Cs(n, p, 6)/ (t = 7) 7575 fw(r)| o dr.

t(1—n)
(3.9)

From (3.8) and (3.9) we have

[0, w(®) |20 < Byt~ +Cy /tu (=) R (), wm) s dr
(3.10)

where B, = 2B, and C; = 2Cs(n,p,). By applying Lemma 2.5, we get
the desired estimate (3.2) for || = m = 0 with Ky = 2B,,, where ny =
no(n,p,e) € (0,1).

Step 2. Next we prove (3.2) for m > 1. Since the arguments for the cases
5 <q<mnandn < q < oo are different, we consider the two different cases

separately.
Case 1: § < ¢ < n. In this case, we first differentiate (1.6) to get

afv(t) = Bfemvo - /Ot afe(t_T)AV oV ((=A) " Hw — )] () dr.

For n € (0,1) to be chosen later, we split the time integral into two parts
and get:

t(1—n) t
10%0(B)]1ze < 102D vnlla + ( / + / )
0 t(1-n)

x|07e AV - [V ((=A) " (w = v))]||za(T) dT
— By + By + Bs. (3.11)

For By, by Lemma 2.2 (i) we have

By < Cs(n)ym=t™ 2 " 3|fug||, 3 < Cs(n,e)m™ 0™ 2 713 (3.12)

Here we used the evident facts that m? = m™ % for m = 1, and T <
m — 4 for m > 2 and § € (4,1]. For By, using Lemmas 2.2 (i), 2.3 and (3.3),



Vol. 19 (2012) Solutions of the Debye—Hiickel system 9

we have

t(1—m)
By = / 07" 72V - [V ((=A) " (w = )] La () dr
0

t(1—m)
s%mm/ 16 F AV | £z
0

l07e ETAIIE(M%M)HU(T)IIL% [(o(r), w(7))|| Lo d7

n

B N e
< ol pyn® [ (2) o)l 507, w(r)) s dr

m (1O Ty g .
< Cgs(n,p)e mT/ BRI TR T
0
m
2

“ltag, (3.13)
For B3, by using the Leibniz rule we have

Bo= [ 02N (= 8) 7 (w = o) () dr
t(1—mn)

t it to1 —
< /(1 e 2V e nlle = 207wV ((=8) 7 (w = v))] s (r) dr
t(l—n

IN

crm [ (55T) 1T R0l w (- a) T w - o)l () e

IN

ey [ (t”)_aue"T“[(afv)V<<—A>”<w—v))mm(r)dr

t(1—mn) 2
+Cr(n) t‘:lin) (t ; T)7% e TA L<§:<B (f) (87v) (Bf_wv ((*A)_l(w - v)))} . () dr
verm [ ) e o (A w — o)) dr
= B31 + B3z + Bgs. (3.14)

Here, the notation v < (3 means that v < 8 and |y| < |8]. For Bsy,
Lemma 2.2 (i) implies that

N T Y
B3 SCs(mp)/ ( 5 )
t(1—n)

t

< Cs(n, p, 5)/ (t—7) 27 % 00v(7) || o dr. (3.15)
t(1—n)

1070 ()| Ll (v (), w() || 2o dr
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For Bss, by the induction assumption and Lemma 2.4 we get

ozamn [ (57 2 (O)eeeis

t(1=n) 0<y<B
x| (85_71)(7),85_Vw(7')) lL» dT

' T o v n
§C9(nap)/ (t 9 ) Z <5>K1(K2’7|)757_2_1+2q

t(lfn) 0<~y<p

XKl(K2|6—ry‘)'ﬁ*"/‘*(;T—@_l_,'_% dr

< Co(n,p, ) K2KT=2m™m =0 ()t~ % ~ 1+ 24, (3.16)

where I(n) = fll_n(l —7)7 %7 2 2723 dr. For Bss, using Lemma 2.2 (i)
again, the Calderén—Zygmund theorem, the result of Step 1 and the induction
assumption, we obtain

BasCuolnp) [ (557) T 100l 10T w0 = )l e

T
t(1-n)

<cutnn) [ (555) T 0l 108 ol 02 e

t(1—n) ne
< Cho(n,p,0) KT Ky > m™ I (n)t~% ~*2a. (3.17)

Combining estimates (3.12)—(3.17) and denoting

B, = Cs(n,e)m™ ° + Cg(n, p,e)(2m) Ty~ 572
+Cll (na D, 5)K12K£n_26mm_6l(n)7

where C11(n,p,d) = Co(n,p,0) + Cio(n,p,d), we see that

1070(®)]le < Byt~ % 715
t

+Cs(n,p ) / (t = 1) 37 5 (9u(r), 0w ()| 1a dr.

t(1-m)
(3.18)
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The estimate for d%w(t) is similar, so that

|07 w(t)|Le < Byt~ 71
t
+Cs(n, p, 5)/ (t =) "B [(07u(r), 07w(7))|| L dr.
t(1—m)
(3.19)
From (3.18) and (3.19) we obtain

1@F0(t), Dfw(t)) s < Byt~ %14

t
+C’12/ (t—T)finlJr%H(@gv(T),8511}(7’))”” dr.
t(1-n)
(3.20)
Here B, = 2B, and Ci» = 2Cs(n,p,e). Hence, by Lemma 2.5 and
Remark 2.6, there exists 7,,, such that for any 0 < n,, < 7,

1(820(t), 0Pw(t))|| e < 2B, t~ % T2 for all t > 0.

Let 0, = % Since I(n,,) is strictly monotone decreasing in m and
I(m) — 0 as m — oo, we can choose my sufficiently large such that
1

I(+) < ﬁ for all m > mg. Hence, we obtain

[(0Pv(t), dPw(t))||pe <2B1t~ 2 'T2a forallt>0and |8 =m. (3.21)
By (3.21), we can choose K; and Kj sufficiently large such that (3.2)
holds for all 8 satisfying |3| < mg. Hence, to get the desired assertion it suf-
fices to prove that it is possible to choose K; and K, sufficiently large such

that also 2B1 < K3 (Kgm)m_5 for all m > my. For this purpose we note that
it is clear that

1 ! W n
I() :/ (1—7) 272 2t2at2 dr <2/e <4 forallm>1,
m 1— L

so that we can calculate 2B 1 as follows:

QB; é 4[05 + 062%m6+% + 4011K12K§”725]mm_5.

e
IA

Note that there exists a constant Cy3 > 2 such that 2% md+3 < 2m—9y,5+
O7=%. Hence,

2B 1 < 4[Cs 4 CoCl0 +4CH KKy~ |m™—°

4
< 4[(Cs + Co)CT0 + 40 K2K =20 )m™ 9.
Now if we choose

Kl = 8(05 + Cﬁ) and KQ = maX{C13,32C'11K1},

then we obtain (3.2) immediately. This concludes the case § < ¢ < n.
Case 2: n < ¢ < oo. For any p € (§,n) and n < ¢ < oo, by using the
Gagliardo—Nirenberg inequality (cf. [16]) we have

107v()llze < Cn,p) |20 4 10707 v(t)lI", (3.22)
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where 6 is the unique number in (0, 1) determined by the following equation:
LV (2—") (1-0),
q p
namely,
(4p—n)q

2p—n
4dp—n

(3.23)

GZ{QW-HW—WJ ifn<q< oo,
if g = o0.
Now from (3.22), (3.23) and the result of Case 1 we see that
10Z0()]la < Cln,p) (KT (1] 8) 71 [050(0)]], 3 )°
X (K7 (Ko (8] +2) 725 1500020 1) 1)
x K1 (K| 8))P1° (K5 (18] + 2))(181+2)(1=0)y=1gto- (1252 4+1-35)(1-6)

< C(n,p) K (K (18] + 2))81+2¢ 2 ~1435. (3.24)

It is clear that there exists a constant C4 > 2 such that |3]? < C"li‘, SO
that

|B]+2
(Ka(18] +2))712 = K2\ <1 n é) (Kl B < 962 K2(Cra|8)).

Hence, we can choose K7 and K> sufficiently large such that (3.2) holds for all
5 < q < co. This completes the proof of Proposition 3.1. (

Having proved Proposition 3.1, we see that Theorem 1.1 immediately fol-
lows if we prove that the mild solution (v, w) of (1.1)—(1.4) always satisfies the
regularity assumption (3.1). In what follows we prove that this is indeed the
case.

Proposition 3.2. Let (vg,wo) € (L3 (R™))? be such that [ (vo,wo)ll 5 < e,
where € is as before. Then the unique mild solution (v,w) of (1.1)—~(1.4) sat-
isfies (3.3) and

i“%’t%“‘%||<6£v<t>,a£w<t>>||m < K (K,|8))P1=0 (3.25)
>

for all % < g < o0t >0 and B € Nj, where f(l and f(g are constants
depending only on n,p,e and 6.

Proof. Recall that the mild solution (v(t),w(t)) € (X,)? (for any given p €
(4,n)) is obtained by using the following Picard iteration procedure:

(yo(t),wo(t)) = (emvo,emwo) - ‘ ‘
Ujfl(t) = elPyy — fgte(t_T)AV- [UJV ((—A)_1 (wj - v’))] (1) dr,
wIH0) = 2y T3 A Y ()7 (w8 )] ).

As was shown in [22], ||(v7(t), w’ (t))|x, is uniformly bounded, i.e., there
exists a universal constant C' such that for all ¢t > 0,

supsup |(v/ (t), w’ (t))[| 3 +supsup '~ |(v/ (t), w’ (t))[| oo < Ce,
j=>0 t>0 j>0 t>0
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and, furthermore, {(v?(t), w’ (t))}52, is a Cauchy sequence in (X,)2. The solu-
tion (v(¢),w(t)) is then obtained by taking the limit:

(v(t),w(t)) = jlirgo(vj(t),wj (t)) in LP(R™) for all t > 0.

To prove (3.24), we fix 3 € NI and set b7 (t) = ||(92v7(t), 0%w’ (t))||La. Then
we can argue in the same way as in the proof of Proposition 3.1 to conclude
that

_181
2

. A~ — n t _n _ n .
hItL(t) < Byt It2q +C’/ (t—7) 2a7 1tz h (t)dr forall j >0 andt >0,
t(1—=m)

where C is a constant depending only on n,p and ¢, and Bn is similar to B,,.
Hence, by applying Lemma 2.5, there exist K, and K, depending only on
n,p,€ and § such that
#5135 || (8807 (1), 9% (8))|| o < K1 (K| 8))/P1 =% for all >0 and ¢ > 0.
(3.26)
This yields the fact that there exist (f(¢), g(t)) € (L9(R"))? and we obtain
a subsequence {(92v7x(t), 0%w* (t))} such that
im (9507 (t), 0Pwi*(t)) = (f(t), g(t)) weakly in (LY(R™))* for all t > 0.

j (3.27)

By uniqueness of the limit, we see that (0%v(t),0%w(t)) = (f(t),g(t)).
Besides, from (3.26) and (3.27) it is obvious that

1Bl 1_n T —
A (70, 00) e < Ra(Ral )P for all £ 0.

Hence, we have
£2 5 (080(8), 08w (1)) ]| e < Ky (Ra|B)P—0 for all ¢ > 0,
i.e., (3.25) holds. This completes the proof of Proposition 3.2. O

Proof of Theorem 1.1. This follows immediately from Propositions 3.1 and 3.2.
O

4. Proof of Theorem 1.2

In this section we give the proof of Theorem 1.2. Similarly as in the proof of
Theorem 1.1, this will be fulfilled by establishment of two propositions.

Proposition 4.1. Let the assumptions of Theorem 1.2 be satisfied. Furthermore,
we assume that

(0Fv(t), fw(t)) € (C((0,00), LU(R™)))? (4.1)

for allp < g < oo and § € Nij. Then for any 6 € (%,1], there exist positive
constants Ky and Ko depending only on n,p,e and § such that
1@F0(t), Fw(t))llne < Ki(Ks|)71-0¢~5 ~1+ 4 (4.2)

for allp < g <oo,t >0 and f € Nj.
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Proof. We prove this proposition by induction on m = |3].
Step 1. We first assume that m = 0. By [11], for any (vo,wq) €
._o4n
(Bpwjp (R™))? such that ||(v07w0)||B_2;% < g, the corresponding mild solu-

s

tion (v(t),w(t)) € (Vp)* satisfies ||(v(t),w(t))|y, < Ce for some universal
constant C| i.e.,

sup [|(v(t), w(t))| , —2+2 +supt'~ 3 ||(v(t), w(t))|r < Ce. (4.3)
t>0 Bp,co t>0

This implies that (4.2) holds for ¢ = p. Hence, by interpolation, it suffices
to prove that (4.2) also holds for ¢ = co. Let n € (0,1) be a constant to be
specified later. We rewrite (3.4) for ¢ = oo as follows:

t(1—n) t
@z~ < vl + ( / + / )
0 t(1—m)

X He(th)AV [V ((—A) N (w —v))] H (r)dr

LOO
=F, + E>+ Es. (4.4)
For Ep, by applying Lemma 2.2 (ii) we get
E, < él(n)t—1||u0||3,2+% < Cy(n,e)t™t. (4.5)

For Es, using Lemmas 2.2 (i), 2.3 and (4.3) we have

t(1-n)
Bz = / e =IAY - [V ((—A) " (w — v))] 1 (7) dr
0

5 t(1-m) .
< Cz(n,p)/o (t =7)" 2 llo() e [[(v(7), w(T))l|Lr dT

n

_ t(1—m) "
< Oy(n, p)e? / (t—7)"» 2 % dr
0

< Co(n,p,e)n *t . (4.6)
For Ej3, using Lemmas 2.2 (i), 2.3 and (4.3) again we get

t
Bo= [ e AV 09(-2) Hw - o)) (r) dr
t(1—n)
t
< 03(7%11)/ (t = 7)" 2 |lo() L[| (v(7), w(T))| e dT
t(1—m)
t
<Calnp) [ (e BT o) o dr (4.7)
t(1-n)
Combining (4.5)(4.7), and denoting B,, = Cy(n,¢) + Ca(n,p,e)n~2, we
have
t
[o(®)l| e < Byt™" + Ca(n, p, 5)/ (t—=7)" %7 2 o(r)| Lo dr.
t(1-n)
(4.8)
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The estimate for w(t) is similar. Hence,

[(w(), w(t)|| L < Byt™' +Cy /t(1 )(t —7) B (o(7), w(T)) || dr
(4.9)

where B,, = 2B,, and Cy = 2C3(n, p, ¢). Now from (4.9) and Lemma 2.5 we see
that (4.2) holds with K; = 2B, for m = 0 and some 19 = 19(n, p,c) € (0,1).

Step 2. Next we assume that m > 1 and proceed to prove that (4.2) holds
for |3| = m, provided it holds for all 5 € N} such that |3] < m — 1. We only
need to consider the case p < ¢ < n, because if this case is proved then the rest
case n < g < oo can be proved similarly as in the corresponding case treated
in Sect. 3. For this purpose, by taking the L9-norm of d%v, we see that for
some 7 € (0,1) to be specified later, we have

t(1—n) t
J020(t)]r < 0221 + ( [+ )
0 t(1-m)

x (|07 DAV - [V ((=A) " (w — ))]||a(7) dr
= F, + F, + Fj. (4.10)

For F, using Lemma 2.2 (ii), it can be easily estimated that

P < C~’5(n)m%t_%_1+2%||vo||sz+g < Cs(n,e)m™ %t 2 ~1Tea (4.11)
p,o0

For Fy, similar to the derivation of (3.13), we get
Fy < Co(n,p,e)(2m) %y~ # 3¢ %714, (4.12)
For F3, similar as we have done for Bz, we can obtain that

Fy < Cr(n,p,6)K2K Xm0 ()t~ 2~
t
+Cs(n,p,e) / (t—7) "3 % (00v(r), 0 w(T))| Lo dr,
t(1-n)
(4.13)

where I(n) = fll,n(l — 7)" 27 2 2723 dr. Combining estimates (4.11)-

(4.13) and denoting B, by
By =Cs(n,e)m™ " +Co(n, p,)(2m) E 1y~ F 72 4+-Cq(n, p, §) KT K"~ 'm™°I(n),
(4.10) implies that
|07v() e < Byt~ % 715
+Cs(n,p,<) /tt (t =) B [(070(r), 0Fw(r))| L dr.

(1—m)
(4.14)
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It can be done analogously for 9%w(t). Hence,

H(afv(t), 3fw(t))HLq < Bntf%**%

t
+ég/ (t —7) "2 2% (8Pu(r), 8%w(T))| e dr.

t(1—n)
(4.15)

Here B, = QBn and Cy = 2Cs(n, p, ). Having obtained (4.15), we can
now follow a similar argument as that in the proof of Proposition 3.1 to get
the desired assertion. We omit it here. This proves Proposition 4.1. (]

.94
Proposition 4.2. Let p € (5,n). Assume that (v, wo) € (Bp,o:p (R™))? be such
that ||(v0,w0)HB_2+% < e, where ¢ is as before. Then the unique mild solution

(v,w) of (1.1)—(1110.04) satisfies (4.3) and
1Bl n o~ B
sup 2 1 (@Fu(0), Ofw(h)]| e < Ka(RalB)0 (4.16)
t>
forallp < q <oo,t>0andf € Ny, where K, and Ky are constants depending

only onn,p,e and J.

Proof. The prove is essentially the same with that of Proposition 3.2, so we
omit it. g

Proof of Theorem 1.2. This is an immediate consequence of Propositions 4.1
and 4.2. 0
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