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1. Introduction

Stochastic partial differential equations driven by jump processes gain atten-
tion quiet recently due to its important applications in Mathematical Physics
(see [4,29]) and also in Biomathematics (see [32]). Detailed literature on this
subject can be found in the books by Applebaum [5], Ikeda and Watanabe [15],
and Peszat and Zabczyk [26] (and references therein). In the last few years sev-
eral interesting results have been established. To name a few, de Acosta [1,2]
first studied the large deviations for Lévy processes on Banach spaces and large
deviations for solutions of stochastic differential equations driven by Poisson
measures; Albeverio et al. [3] proved the existence and uniqueness for solutions
of parabolic SPDEs driven by Poisson random measures; absolute continuity
of the law of the solutions of parabolic SPDEs driven by Poisson random
measures was proved by Fournier [11] using techniques from Malliavin calcu-
lus; Hausenblas [13], Mandrekar and Riidiger [20] and Riidiger [28] extensively
studied the existence and uniqueness of stochastic integral equations driven by
Lévy noise and compensated Poisson random measures on separable Banach
spaces; Mueller [24] proved the short time existence for the solutions (which is
a minimal solution) of stochastic heat equation with non-negative Lévy noise;
Rockner and Zhang [27] established the existence and uniqueness results for
solutions of stochastic evolution equations driven by Lévy noise and obtained
the large deviation principles for the additive Lévy noise case; Zhao and Chao
[33] established the global existence and uniqueness of the strong solution for
2D Navier—Stokes equations on the torus perturbed by a Lévy process.
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This work deals with an infinite dimensional shell model, a mathematical
turbulence model that received increasing attention in recent years. Appar-
ently there are only a few rigorous works on infinite dimensional shell model,
namely [6,9] one in the deterministic case and the other in the stochastic case
with additive noise respectively. In both of these works a variational semigroup
formulation has been introduced. In [21] the existence and uniqueness of the
strong solutions of the stochastic shell model of turbulence perturbed by mul-
tiplicative noise have been proved. The authors have also established a large
deviation principle for the solution of the shell model. Our present work deals
with a more general stochastic model, with Lévy noise: the proofs of existence
and uniqueness of strong solutions are considerably more difficult in this case.

In this paper, in the framework of Gelfand triple V. C H = H' C V' (see
Sect. 3 for precise definitions), we consider the following abstract form of the
GOY model of turbulence with Lévy noise:

du + [vAu + B(u,u)] dt = f(t)dt + Veo(t,u) dW (t) + E/ g(u, z)N(dt, dz)
z

u(0) = uyg,
The operators A and B are defined in Sect. 3. W (¢) is an H-valued Wiener

process with positive symmetric trace class covariance operator Q. N (dt,dz) =
N(dt,dz) — dt\(dz) is a compensated Poisson random measure (cPrm), where
N(dt,dz) denotes the Poisson counting measure associated to Poisson point
process p(t) on Z and A\(dz) is a o-finite measure on (Z, B(Z)).

The main result of the paper is the following theorem. The spaces
V,V' H,Hy, Lo(Ho; H),H3([0,T] x Z; H),D([0,T]; H) which appear in the
statement of this theorem are defined in Sect. 2.

Theorem 1.1. (Main Theorem) Let us consider the above stochastic GOY
model of turbulence driven by Lévy processes with the initial condition ug(x).
Let ug be Fo measurable and Elug|* < co. Let f € L*(0,T;V"). Assume that
o and g satisfy the following hypotheses of joint continuity, Lipschitz condition
and linear growth:

(i) The function o € C([0,T) x V; Lgo(Ho; H)), and g € H3([0,T] x Z; H).
(ii) For allt € (0,T), there exists a positive constant K such that for all
u€e H,

ot w2, + /Z g, 2) B Ad2) < K(1+ [uf?).

(i) For all t € (0,T), there exists a positive constant L such that for all
u,v € H,

lo(t,u) — U(t,v)|%Q + /Z lg(u, 2) — g(v, 2)|5\(dz) < Lu —v]?.
Then there exist a unique adapted process u(t,z,w) with reqularity
u e L*(Q; L*0,T;V)ND(0,T; H))

satisfying the above stochastic GOY model in the weak sense.
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The construction of the paper is as follows. In the next Section, we give
definitions, basic properties and Itd’s formula for the Lévy noise. In Sect. 3,
we describe the functional setting and formulate the abstract stochastic shell
model (namely GOY model) when the noise coefficients are small. In Sect. 4,
we prove certain a-priori energy estimates with exponential weight. These esti-
mates together with the local monotonicity property of the sum of the linear
and non linear operators play a fundamental role to prove the existence and
uniqueness of the strong solution. The main result of this paper as given in
the above theorem has been proved in Sect. 4.

2. Preliminaries

In this section definitions and basic properties of Hilbert space valued Wiener
processes and Lévy processes have been presented. Most of the materials in
this section have been borrowed from the books by Da Prato and Zabczyk [10],
Applebaum [5], and Peszat and Zabczyk [26]. Interested readers may look into
these books for extensive study on the subject.

Definition 2.1. Let H be a Hilbert space. A stochastic process {W }0 <t<T

is said to be an H-valued F;-adapted Wiener process with covariance operator

Q if

(i) For each non-zero h € H, |Q'?h|~'(W(t),h) is a standard one-
dimensional Wiener process,

(ii) For any h € H,(W (t),h) is a martingale adapted to F.

If W is a an H-valued Wiener process with covariance operator ) with
Tr @ < oo, then W is a Gaussian process on H and

EW(t) =0, Cov (W) =tQ, t>0.
Let Hy = Q'/2H. Then H, is a Hilbert space equipped with the inner product

('a ')07
(u,0)0 = (Q72u,Q720) , Vu,v € Ho,

where Q~1/2 is the pseudo-inverse of Q'/2. Since @ is a trace class operator,
the imbedding of Hy in H is Hilbert—Schmidt.

Let Lg denote the space of linear operators S such that SQY? is a
Hilbert-Schmidt operator from H to H. Define the norm on the space Lg by
S, = Tr(SQS").

Definition 2.2. Let I = [a,b] be an interval in R*. A mapping g : I — R?
is said to be cadlag if, for all ¢ € [a,b], g has a left limit at ¢ and g is right
continuous at ¢, i.e.,

in (a,b) with each t,, < ¢t and lim,_oot, =t
exists;

in (a, b) with each ¢,, > t and lim,, ooty =t

9(t);

(i) for all sequences (t,,,n € N) in
we have that lim,—c0g(t,)
(ii) for all sequences (t,,n € N) in
we have that lim, .g(t,) =
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(iii) for the end-points we stipulate that g is right continuous at a and has
left limit at b.

Definition 2.3. Let (9, F, F;, P) be a filtered probability space, and E be a
Banach space. A process (X;);>o with state space (E,B(FE)) is called a Lévy
process if
(i) (Xi¢)e>o is adapted to (Ft)e>o,
(i) Xo=0as,
(i) (X¢)¢>o0 has increments of the past, i.e. X; — X is independent of Fj if
0<s<t,
(iv)  (Xi)e>o is stochastically continuous, i.e. Ve > 0,lim,_; P(|Xs — X¢| >
g) =0,
(v)  (Xi)e>o is cadlag,
(vi)  (X})¢>0 has stationary increments, i.e. X; — X, has the same distribution
as X; 5,0<s<t.

The jump of X; at ¢ > 0is given by AX; = X;— X, . Let Z € B(RT x E).
We define
NtZ)=NEtZw) = Y x, (LX)
5:0<s<t

In other words, N (¢, Z) is the number of jumps of size AX; € Z which
occur before or at time t. N(¢,Z) is called the Poisson random measure (or

Jump measure) of (X;)¢>0. The differential form of this measure is written as
N(dt,dz)(w).

We call N(dt,dz) = N(dt,dz) — dtA(dz) a compensated Poisson random
measure (cPrm), where dtA(dz) is known as compensator of the Lévy pro-
cess (X;)¢>0. Here dt denotes the Lesbegue measure on B(R™), and A(dz) is a
o-finite measure on (7, B(Z)).

Lemma 2.4. If X = (X;)i>0 is a Lévy process, then X, is infinitely divisible
for eacht >0

For proof see Proposition 1.3.1 of [5].
Lemma 2.5. If X = (X;)i>0 is a Lévy process, then
bx, (u) = et
for each u € R%, t > 0, where 1 is the Lévy symbol of X;.
For proof see Theorem 1.3.3 of [5].

Lemma 2.6. If X = (Xy)i>0 is stochastically continuous, then the map t —
bx,(u) is continuous for each u € R,

For proof see Lemma 1.3.2 of [5].

Lemma 2.7. If X = (X,)¢>0 s a stochastic process and there exists a sequence
of Lévy processes (Xn,n € N) with each X,, = (X,,,t > 0) such that X,,
converges in probability to X; for each t > 0 and

lim limsup P(| X, — X¢| > a) =0,

n—oo 0
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for all a > 0, then X is a Lévy process.

For proof see Theorem 1.3.7 of [5].
Ezample 2.8. (Brownian motion) A (standard) Brownian motion in R? is a
Lévy process B = (By)i>o for which

(B1) B¢ ~ N(0,tI) for each t > 0,
(B2) B has continuous sample paths.

It follows immediately from (B1) that if B is a standard Brownian motion
then its characterestic function is given by

om.(0) = eap (51l

for each u € Rd,t > 0.

Ezample 2.9. (The Poisson Process)The Poisson process of intensity A > 0 is
a Lévy process N taking values in NU {0} wherein each N(t) ~ 7(At), so that
we have

for each n =0,1,2,... . . }
The compensated Poisson Process N = (N(t),t > 0) where each N(t) =
N(t) — At. Note that E(N(t)) = 0. and E(N(¢)?) = At for each t > 0.

Lemma 2.10. Let Z be bounded below, then N(t,Z) < oo (a.s) for all t > 0.
For proof see Lemma 2.3.4 of [5].

Lemma 2.11. (i) If Z is bounded below, then (N(t,Z),t > 0) is a Poisson
process with intensity A\(Z).

(i) If Z1,...,Zm € B(R? — {0}) are disjoint and bounded below and if
$1y.-.,8m € RT are distinct, then the random variables N(s1,21),...,
N (8, Am) are independent.

For proof see Theorem 2.3.5 of [5].
Lemma 2.12. Every Lévy process is a semimartingale.
For proof see Proposition 2.7.1 of [5].

Definition 2.13. (Poisson integration) Let N be the Poisson measure associ-
ated to a Lévy process X = (X;)¢>0. Let g be a measurable function from R?
into R? and let Z be bounded below; then for each t > 0, w € €, we may
define the Poisson integral of g as random finite sum by

/Zg(Z)N(t,dZ)(w) =Y 9N Az W)
z€Z

Note that each [, g(z)N(t,dz) is an R? valued random variable and gives rise
to a cadlag stochastic process as we vary t.
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Now, since N(t,{z}) # 0 & AX, = z for at least one 0 < u < t, we have
/ g(z)N(t,dz) = Y g(AX,)xz(AX,). (2.1)
z 0<u<t

Lemma 2.14. (The Lévy-It6 decomposition) If X = (Xy)i>0 s a Lévy process,
then there exists b € R?, a Brownian motion Ba with covariance matriz A and
an independent Poisson random measure N on RY x (R? —{0}) such that, for
each t >0,

X, = bt + Bu(t) +/ ZN(t,dz) +/ ZN(t,dz).
lz]<1 |z[>1
For proof see Theorem 2.4.16 of [5].

Definition 2.15. Let £ and F be separable Banach spaces. Let F; := B(RT x
E) ® F; be the product o-algebra generated by the semi-ring B(R* x E) x F;
of the product sets Z x F, Z € B(R" x E), F € F; (where F; is the filtration
of the additive process (X;);>0). Let T > 0, and

H(Z) = {g :R* x Z x Q — F, such that g is Fr/B(F)
measurable and g(t, z,w) is Fy-adapted Vz € Z,Vt € (0, T]}

Let p > 1,
T
HE ([0,T] x Z; F) = {g e H(Z): /0 /ZIE[||g(t,z,w)||§’,])\(dz) dt < oo}

Let H be a vector with components (H', H?,..., H%) taking values in
H3([0,7] x Z; E); then we may construct an Ré-valued process A = (A(t),t >
0) with components (A!, A2,..., A9) where each

Ai(T):/OT ‘ KlHi(t,z)N(dt,dz).

The construction of A extends to the case where H is no longer lies in
H3 ([0, 7] x Z; E) but satisfies

P(/OT/E|H(t,z)|)\(dz)dt<oo> =1

In this case A is still a local martingale. It is an L'-martingale if

/OT[EE(IH(t,zM)A(dz) dt < oo.

Let us introduce the compound Poisson process P = (P, t > 0), where each
P(t) = [, zN(t,dz). Let K be a predictable mapping; then, generalizing equa-
tion (1.1), we define

/OT/ZK(t,z)N(dt,dz) > K(u,AP.)xz(AP,) (2.2)

0<u<t
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as a random finite sum.
In particular, if H satisfies the square-integrability (or integrability) con-
dition given above we may then define, for each 1 <1 <d,

//H’tz (dt,dz) //Hltz (dt,dz) //Hltz (dz)d

Definition 2.16. An R%valued stochastic process Y = (Y;);>0 is a Lévy-type
stochastic integral if it can be written in the following form, for each 1 < i < d,
t>0,1<i<d 1<j<mt>0,wehave |G'|/2, F! € L*[0,T],H' €
H3 ([0, 7] x Z; E) and K is predictable:

Yi(t) :Y"(o)+/0 G'(s) ds+/0 F;(s)dBf(sH/O | |<1Hi(s,z)l\7(ds,dz)

—|—/ . K'(s,z)N(ds,dz) (2.3)

Here B is an m-dimensional standard Brownlan motion and NV is an indepen-
dent Poisson random measure on R* x (R? — {0}) with compensator N and
intensity measure A, which is a Lévy measure.

We often simplify complicated expressions by employing the notation of
stochastic differentials to represent Lévy-type stochastic integrals. We then
write (2.3) as

dY (t) = G(t)dt + F(t)dB(t) + H(t,z)N(dt,dz) + K(t, z)N(dt, dz).

When we want particularly to emphasize the domain of integration with
respect to z, we will use the equivalent notation

dY (t) = G(t)dt + F(t) dB(t) + H(t,z)N(dt,dx)
|z|<1

+ K(t,z)N(dt,dz).
|z]>1
Clearly Y is a semi martingale.

Let Y be a general Lévy-type stochastic process with stochastic differen-
tial

dY'(t) = G'(t)dt + F;(t) dB’ (t) + Hi(t, z)N(dt,dz)
|z|<1

+ K'(t,2)N(dt,dz). (2.4)
|21>1

where, for each 1 < i < d, 1 < j < m,t >0, |G'/?, F; € L2[0,7T] and
Hi € H2([0,T] x Z; E). Let

dY,(t) = G'(t) dt + F}(t) dB’ (t),
and the discontinuous part of Y

dYy(t) = H(t,z)N(dt,dz) + K'(t,z)N(dt,dz),

|z|<1 |z|>1
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so that for each t > 0
Y(t) =Y (0) + Ye(t) + Ya(t).
Assumption 2.17. For allt > 0,

sup sup |H(s,2)| <o a.s

0<s<t0<|z|<1
Lemma 2.18. (It&’s theorem 1) If Y = (Y;)i>0 is a Lévy-type stochastic inte-
gral of the form (2.4), then, for each f € C*(RY), t > 0, with probability 1 we
have

- 1(Y(0))
/8f dYZ /66]” -)) [YCIJ/Z:J]()
//>1 —)+ K(s,2)) = f(Y(s—))] N(ds,dz)
//<1 )+ H(s,2)) — f(Y(s—))] N(ds,dz)
/ / i<t =)+ H(s,2)) = f(Y(s-)
—H'(s,2)0; f(Y(s —))] A(dz) ds. (2.5)

For proof see Theorem 4.4.7 of [5].
Definition 2.19. Let M be a Brownian integral with the drift of the form

/F’ )dB (s /Gl

where each FJ?, (GHY?2 € L2[0,T) forall t > 0,1<i<d,1<j<m.
For each 1 < ¢ < j, the quadratic variation process, denoted as
([M?, M7](t),t > 0), is defined by

(M, M)( Z/ Fi(s)Fl(s

Lemma 2.20. (Burkholder’s Inequality) Let M = (M(t),t > 0) be a (real-val-
ued) Brownian integral of the form

1= /O Fi(s) dB, (s)

where each FJ € L2[0,T],1 <j <d,t > 0. Let

= i/ot Fj(s)*ds

for each t > 0. Then M is a square-integrable martingale. Let B([M, M](t)P/?)
< 00, then for any p > 2 there exists a C(p) > 0 such that, for each t > 0,
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E(M(1)") < CEE (M, M](1)"/?) .
For proof see Theorem 4.4.21 of [5].

Lemma 2.21. (Burkholder-Davis-Gundy Inequality) For every p > 1, there is
a constant C)p, € (0,00) such that for any real-valued square integrable cadlag
martingale M with Mo =0, and for any T > 0,

C'E[M, MJ5/* <E sup |M,|P < C,E[M, M]5/”.
0<t<T

For proof see Theorem 3.50 of [26]

Definition 2.22. Let g : RT x Z x Q — F be given. A sequence {g, }nen of
Fr/B(F) measurable functions is LP- approximating g on (0,7] x Z x Q w.r.t.
A® P, if g, is A ® P-a.s. converging to g, when n — oo, and

T
i [ [ Ellga(t.zw) - gt 5017 dA =0,
i.e., |lgn — g|| converges to zero in LP((0,7] X Z x Q, A ® P), when n — oo.

Definition 2.23. Let p > 1,7 > 0. We say that ¢ is strong p-integrable on
(0,T) x Z,Z € B(E), if there exists a sequence {g,}nen € L(F) of simple
functions, such that g,, is LP-approximating g on (0,7]x Z xQ w.r.t. \® P, and

for any such sequence the limit of the natural integrals of g, w.r.t. N (dt,dz)
exists in LP(Q, F, P) for n — oo, i.e.,,

/ / (t, z,w)N(dt,dz)(w) = nlirr;o/ /gn t,z,w)N(dt,dz)(w) (2.6)

exists. Moreover, the limit (2.6) does not depend on the sequence {gy }nen €
Y (F), which is LP-approximating g on (0,7] x Z x Q w.r.t. A® P. We call the
limit in (2.6) the strong p-integral of g w.r.t. N(dt,dz) on (0,T] x Z.

Lemma 2.24. Let p > 1. Let g be strong p -integrable on (0,T] x Z,Z € B(E).
Then the strong p-integral fot [, 9(s,z,w)N(ds,dz)(w), t € [0,T], is an F;-
martingale with mean zero.

For proof see Theorem 4.10 of [28].

Lemma 2.25. Let f € L1([0,T)], E); then f is strong 1-integrable w.r.t N (dt, dz)
on (0,T] x Z, for any 0 <t <T, Z € B(E). Moreover

[ /fszw dsdz]<2// 11£(s, 2, w)[[] AM(dz) ds

For proof see Theorem 4.12 of [28].

Lemma 2.26. Suppose that (F, B(F)) = (H,B(H)) is a separable Hilbert space.
Let g € H3(E), then g is strong 2-integrable w.r.t. N(dt,dz) on (0,T] x Z, for
any 0 <t <T, Z € B(E). Moreover

l 1 // [llg(s, z,wl*] X(ds) d=  (2.7)

g(s,z,w) dsdz
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For proof see Theorem 4.14 of [28].

Lemma 2.27. Let 1 < p < 2 and let E be a separable Banach space. Assume
that g € HE ((0,00) X Z; E). Then there exists a constant C = Cp(E)22~? only
depending on E and p such that for 0 < q<p

// 520\ N(ds, d2)| < CE </0T/Zg(t,z,w)|p)\(dz)dt>q/p.

For proof see Corollary C.2 of [8] and Proposition 2.4 of [14].

E sup
te[0,T)

3. The stochastic GOY model of turbulence

The GOY model (Gledger-Ohkitani—Yamada) [25] is a particular case of so
called “Shell model” (see [12]). This model is the Navier—Stokes equation writ-
ten in the Fourier space where the interaction between different modes is pre-
served between nearest modes. To be precise, the GOY model describes a
one-dimensional cascade of energies among an infinite sequence of complex
velocities, {u,(t)}, on a one dimensional sequence of wave numbers

kn =ko2", ko>0, n=12,...

where the discrete index n is referred to as the “shell index”. The equations
of motion of the GOY model of turbulence have the form

duy, )
% + vk2up, + i (akpuf w0 + bkp_yul_jul
+ Chp_ou)_jul_o) = fn, forn=1,2.., (3.1)

along with the boundary conditions
U_1 = Uy = 0. (32)

Here u}, denotes the complex conjugate of u,,, v > 0 is the kinematic viscosity
and f, is the Fourier component of the forcing. a,b and c¢ are real parameters
such that energy conservation condition a + b+ ¢ = 0 holds (see [16,25]).

3.1. Functional setting
Let H be a real Hilbert space such that

H = {u = (u1,ug,...) €C>: Z lun | < oo}.

n=1
For every uw,v € H, the scalar product (-,-) and norm | - | are defined on H as
o o 1/2
(u,v)g = Re Zunv;, lu| = (Z un|2> .
n=1 n=1

Let us now define the space

V= {u eH: Zki\un\z < oo},

n=1
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which is a Hilbert space equipped with the norm

00 1/2
lull = <Z kilunl2> :
n=1

The linear operator A : D(A) — H is a positive definite, self adjoint linear
operator defined by

Au = ((Au)q, (Au)g,...), where (Au), = k2u,, Yu € D(A).  (3.3)
The domain of A, D(A) C H, is a Hilbert space equipped with the norm

- 1/2
ullpay = [Aul = (Z ki|un|2> , Vue D(A).

n=1
Since the operator A is positive definite, we can define the power A/2,
Al/Qu: (klul,kQ’uQ,...), Yu = (Ul,’LLQ,...).

Furthermore, we define the space

D(AV?) = { = (g, uz, ) 2 Y K < O"}
n=1

which is a Hilbert space equipped with the scalar product
(u,v) parrzy = (AY 24, AY%), Yu,v € D(AY?),

and the norm

0 1/2
l[ull parrzy = (Z kiunl2> :
n=1

Note that V = D(AY?). We consider V' = D(A~1/2) as the dual space of V.
Then the following inclusion holds

VCcCH=H cV.
We will now introduce the sequence spaces analogue to Sobolev functional
spaces. For 1 <p < oo and s € R

oo

1/p
W = u=<u1,u2,...>:||AS/2u||p:(Z(kmuu)p) <oy,

n=1
and for p = co
W = {u = (u1,ug,...) : [|A%2u)|e = sup (k3|u,|) < oo},
1<n<oco
where for u € WP the norm is defined as
lullwes = [|A*2ullp.

Here || - || denotes the usual norm in the I sequence space. It is clear from the
above definitions that W2 =V = D(A'/2).
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Remark 3.1. For the shell model we can reasonably assume that the complex
velocities u,, are such that |u,| < 1 for almost all n. Then

o0 o0 2
it = 3 ol < (z w) ol
n=1 n=1

which leads to H C [%.

We now state a Lemma which is useful in this work. We omit the proof
since it is quite simple.

Lemma 3.2. For any smooth function u € H, the following holds:
Jullts < Clul? ffull® (3.4)
3.2. Properties of the linear and nonlinear operators
We define the bilinear operator B(-,-) : V x H — H as
B(u,v) = (Bi(u,v), Ba(u,v),...),

where
B — ik 1 * * 1 * * * * 1 * *
n(u; U) = 1Rp Zun-i—lvn—l - §(UH+1UTL+2 + un+2vn+1) + gun—lvn—Q .

In other words, if {e, }52; be a orthonormal basis of H, i.e. all the entries of
e, are zero except at the place n it is equal to 1, then

o0
. 1 1 1
Blu,0)=i Y- b Juhavi—  (hathan st Ui ) e
n=1

(3.5)

The following lemma says that B(u,v) makes sense as an element of H,
whenever v € V and v € H or w € H and v € V. It also says that B(u,v)
makes sense as an element of V’. Here we state the following lemma which has
been proved in Constantin, Levant and Titi [9] for the Sabra shell model, but
one can also prove the similar estimates for the GOY model (see [6]).

Lemma 3.3. (i) There exist constants Cy > 0,Cq > 0,

|B(u,v)| < Ci|lu|||v], YueV, veH, (3.6)
and

|B(u,v)| < Colul|lv||, Yue H, veV. (3.7)
(ii) B:HxH — V'’ is a bounded bilinear operator and for a constant C5 > 0
|1B(u,v)||v: < Cslullv|, Vu, veH. (3.8)
(ili) B : H x D(A) — V is a bounded bilinear operator and for a constant

Cy>0
| B(u,v)|lv < Cylul|Av|, Yu € H, v € D(A). (3.9)

(iv) For everyu eV andv € H
(B(u,v),v) = 0. (3.10)
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We now present one more important property of the nonlinear operator B
in the following lemma which will play important role in the later part of this
section. The proof is straightforward and uses the bilinearity property of B.
Lemma 3.4. If w =u — v, then

B(u,u) — B(v,v) = B(v,w) + B(w,v) + B(w,w).
With above functional setting and following the classical treatment of the

Navier—Stokes equation, one can write the stochastic GOY model of turbulence
(3.1) with the Lévy forcing as the following,

du + [vAu + B(u,u)] dt = f(t)dt + Veo(t,u) dW (t) + 6/ g(u, z) N (dt, dz)
z

(3.11)
u(0) = wo, (3.12)
where u € H, the operators A and B are defined through (3.3) and (3.5) respec-
tiVQIY7 f = (fh f27 o ')7 U(tu ’LL) = (Ul (t7 u1)7 02(t7 u2)7 e ) Here (W(t)tZO) is a
H-valued Wiener process with trace class covariance, and the space Lg has
been defined in Sect. 1. Here g(u, z) is a measurable mapping from H x Z into
H and let D([0,T], H) be the space of all cadlag paths from [0, 7] into H.
Assume that o and g satisfy the following hypotheses of joint continuity,
Lipschitz condition and linear growth:
Hypothesis 3.5. The main hypothesis is the following,
H.1. The function o € C([0,T] x V; Lo(Ho; H)), and g € H3([0,T] x Z; H).
H.2. For allt € (0,T), there exists a positive constant K such that for all
u€ H,

ot )l + [ lotu A < K1+ fuP)
z
H.3. For all t € (0,T), there exists a positive constant L such that for all
u,v € H,
lo(t,u) — a(t,v)&Q + /Z lg(u, 2) — g(v, 2)|5\(dz) < Lu —v]?.

The following lemma shows that sum of the linear and nonlinear operator
is locally monotone in the I*-ball.

Lemma 3.6. For a given r > 0, let us denote by B, the closed I*-ball in V :
B, — {v eVi|lvflu < r}.

Define the nonlinear operator F on 'V by F(u) := —vAu — B(u,w). Then for
0 < e < g%, where L is the positive constant that appears in the condition
(H.3), the pair (F,\/eo + ¢ [, g(.,z)\(dz)) is monotone in B,, i.e. for any

u€eVandv € B,

+e |0(t,u)—0(tvv)|%Q+/ZIg(u,Z)—g(vaz)l2A(dZ) <0 (3.13)
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where w = u — v.
Proof. First note that,
v(Aw,w) = v|w|*
Next using the Lemma 3.4 and Eq. (3.10) from Lemma 3.3, we have
(B(u,u) — B(v,v),w) = (B(v,w) + B(w,v) + Blw,w),w) = (B(w,v),w).
Now using the definition of the operator B and Eq. (3.4) from Lemma 3.2, we
get for C' > 0,

1 1
. * * * * * * * *
§ ikn |:4Un1wn+1wn - §(wn+1vn+2 + Wy oV )W+

n=1

|(B(w,v)7w) =

1
+ Uit

< Cllollislwllpslwll

||v||z4\w|1/2||w||3’/2

lwl? +
Z Jul? + o0
Since v € B, the above relation yields

A

| /\

Tl ol

4
14 r
~(B(w,0),w) < Sl + Sfwp.

Hence by the definition of the operator F',

4

(F(w) = F(v),w) < =5[] + = |wl* (3.14)
We have

v 2 2

(F(uw) —~ Fo),w) + 2l ~ 5wl <0
But V C H = 4|w|* < %[jw|]*. We get,

(F(u) = F(v),w) + S|wf* = Zfwf* <0
Using condition (H.3) one can deduce that,

4
v
(F(u) =F(v), w) = 3|w|2 i[ld(t, u)—o(t,v)lL,
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4. Energy estimates and existence result

Let H, := span {ej,es,...,e,} where {e;} is any fixed orthonormal basis
in H with each e¢; € D(A). Let P, denote the orthogonal projection of H
to H,. Define u” = P,u, not to cause any confusion in notation with ear-

lier u,. Let W,, = P,W. Let 0, = P,o and [, g"(u™*(t—),2)N(dt,dz) =

P, [, g(u(t—),z)N(dt,dz), where g" = P,g. Define u™* as the solution of the
following stochastic differential equation in the variational form such that for
each v € H,,

d(u™=(t),v) = (F("(t)),v) dt + (f(t),v) dt + Ve(on (t, u™(t)) AWa(t), v)

+e / (g™ (u™=(t—), 2),v) N(dt, dz), (4.1)
Z

with 4™#(0) = P,u(0).

Theorem 4.1. Under the above mathematical setting let f be in L2([0,T], H),
u(0) be Fo measurable, o € C([0,T] x V;Lo(Ho; H)), g € H3([0,T] x Z; H)
and E|lu(0)|? < co. Let u™¢ denote the unique strong solution of the stochastic
differential equation (4.1) in D([0,T], Hy,). Then with K as in condition (H.2),
the following estimates hold:

Foralle, and 0 <t <T,

t
Bl () +v [ Bl ()| ds
0
1 t
< (14 eRTeT) (B + 3 [ 11l as+eKT), (42
0
and for all e > 0,

T
B | sup e +20 [ un (o) dr
0<t<T 0

T
<c (Eu<o>|2, / oL dt,u,T)
(4.3)

Proof. Applying It&’s lemma to the function |u™(t)|? and using the properties
of the operators A and B, we notice that,

dlu™=(#)]* + 2v[lu™* (t)]|* dt
= 2(f(t),u™(t))dt + e Tr(o, (t,u"™*(t))Qon(t, u™* (¢t))) dt

+2v/e(o (t, u™= (), u™ < (t)) AW, (t) + 6/2 lg™ (u™(5—), 2)|>N(ds, dz)
+2€/Z (u™*(s—),g" (u™*(s—), 2)) N(ds,dz)
Using the inequality

2ab < da® + %bQ
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on 2(f(£), u™<(t)), we obtain
dlu™e ()] + 2v[lu™* (@) [|* dt < (v][u™*(#)]* + 1||f(1f)||%//) de
te|on (t, u™= (¢ ))\zdt
v [ 1o (=), 2PN s, a2
+2ve(on (b, u™ (1)), u™e (1)) AW, (t)
toe /Z (W™ (s=), " (™= (s—), 2)) N(ds, dz).

t
7N = inf {t s u™e (8)]? +/ lu™(s)||* ds > N}.
0

Then integrating one can deduce

Define

tATN
™ (A ) 2 4 o / s (5)]? ds
0

1t/\TN tATN
< [u(0) + / 1F()I3 s + / lon(s, um ()| ds

e [ ey, 2PN (s, de)
o e

t/\‘f‘N

+2\f/ (s,u™(s)),u™(s)) dW,(s)
+2/0 E/Z(u”’e(s—),g”(u"’a(s—) 2)) N(ds, dz). (4.4)

Hence we can write this as

tATN
™ (A ) P o / = (s)]? ds
1 tATN tIATN 9
<OF+5 [ @R st [ dotsane )P ds

/ [ g (s, A ds

tATN

—&—2\[/ (n(s,u™=(s)),u™(s)) AW, (s)

[ [t P s a2

—&-2/0 E/Z(u”’E(s—),g”(u”’e(s—),z)) N(ds,dz). (4.5)

Using Holder’s inequality, one can note that if g" is strong 2-integrable w.r.t
N(dt,dz), |g"|? is strong l-integrable w.r.t N(dt,dz). Hence taking expecta-
tion on both sides of (4.5), using the Lemma 2.25 on |¢"|?, and using the fact
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that the stochastic integrals appeared in

2\@/0 TN(ffn(Svu”’E(S))au"’E(S))de(S)

> / e / (W (5—), g" (u"* (s—), 2)) N(ds, dz)

are martingales, and having zero averages, we get

tATN
E {|u”’5(t/\7'N)2 —|—1// u"’E(S)HQdS}
0

and

<BuOP+ [ 176
—|—/ ” [ lon (s, u™ (s))m ds

[ e[ [ o) as

Then we use the hypothesis (H.2) to obtain
tATN
E [|u"75(t/\TN)|2—|—V/ ||u"75(s)|2ds]
0

) 1 tATN ) tATN )
<E|u(0)| +;/0 I1f ()5 ds+z—:K/0 E (1+[u™*(s)]?) ds.

So finally we obtain

tINTN
E [|u”’€(t/\7'1\/)|2 —|—1// ||u"’5(s)||2ds}

0

1 tATN t/\TN
§E|u(0)\2+;/0 £ (s)]12 ds+5KT+aK/ E (ju™*(s)]?) ds.
In particular
E [[u™(t A7) 2]
) 1 tATN t/\TN )
SEROF -+ [ 1@ ds+ KT+ [ E (4 (0)?) ds

Applying Gronwall’s Inequality, we obtain

1 tATN
E [[u™(tATn)?] < e T []E|u(0)2 + ;/ | £(s)|I3 ds + 5KT} .
0

So we get

tATN
E [|u"’€(t/\TN)|2] —|—1// E\\u”a(s)||2ds
0

1 tATN
< (14 eKTeKT) (E|u(0)|2 + = / Ilf(s)|I3ds + eKT) .
0

Taking the limit as N — oo we have the result (4.2).
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To prove (4.3), we proceed in the similar way as above, but we take
supremum upto time T' A 7y before taking the expectation in equation (4.4),

TATN
B| s jrcPar [ e
0<t<TATn 0
1 TNATN TNATN
§E|u(0)|2—|—*/ £ ()3 dt—i—EKT—i—EKE/ sup |u™¢(s)[*dt
v Jo 0 0<s<t
t
+2ﬁE[ sup /(on(s,u"’a(s)),u”’g(s))de(s)}
0<t<TAry |Jo
t
+25E[ sup / / (u™%(s—),¢g" (u™*(s—), z)) N(ds,dz) } (4.6)
0<t<TATNn |JO JZ

Applying Burkholder-Davis—Gundy inequality, condition (H.2) and Young’s
inequality to the term

2z [ s | [t awa s

0<t<TATN

we get,

|

2\@E{ sup /O(Jn(s,u"’a(s)),u"’a(s))de(s)

0<t<TATN

A 1/2
TN
< 2V/2¢E / |o(s,u”’5(s))lzlu"’5(s)ZdS]

0

TATN 1/2
< 2V2:KE (/ (1+ [ (8)[2) Jum= (2)2 dt)
0

r 1/2

TATN
< 2v2eKE sup  |u™c(t)] (/ (14 Ju™=()[?) dt)
0<t<TATN 0

{Young’s inequality ab < na® + C(n)b* (n > 0)

1
8v2eK’

TATN
E ( sup |u"’5(t)|2> + 8KE / |u™¢(t)[* dt + 8 KT
0

0<t<TATN

1
for C(n) = et by taking n = Cn)=2 2€K:|

1 TATN
< EE ( sup |u"’5(t)2> —|—8EKE/ sup |u™°(s)|[* dt+8eKT.
0

0<t<TATN 0<s<t

(4.7)
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Now again by applying Burkholder—-Davis—Gundy inequality in the form given
in Lemma 2.27, condition (H.2) and Young’s inequality to the term

2 s | [ [ et (oo),0) S|
we get,
%F. {qu / t [ (50,67 (5-),2)) N, ) ]

[ TATN 1/2
< 2V3E / /Z |<u”’€<s),g"<u"’€(s>,z>>|2A(dz)ds]

[ TATN 1/2
<avam| [ [ |u”’€<s>|2|g"<u“’f<s>,z>|2A<dz>ds]

0<t<TATN

TATN 1/2
< 2V2¢E sup  |u"c(t)] </0 /Z lg™ (u™* (5), 2)|*A(d2) ds)

TNATN 1/2
< 2V2eE sup  |u™%(t)] </ K(1+[u™(s)]?) ds)
0

0<t<TATN

[Young’s inequality ab < na* + C(n)b* (n > 0)

for C(n) = i, by taking n = ,C(n) = 2\@5}

1
4n 8v/2¢
2€E|: sup /0 /Z(u”’e(sf),g”(u”’a(sf),z)) N(ds,dz)

0<t<TATN

|

1 TATN
<-E { sup |u"’€(t)|2} + 8’ KR / [u™(t)|* dt + 8e* KT
4 |o<t<TAry 0

1 TATN
<-E [ sup |u"’s(t)2} +8€2KE/ sup |u™¢(s)|>dt + 8*KT.
4 |o<t<TArn 0 0<s<t

(4.8)
Replace (4.7) and (4.8) in (4.6),

TATN
E { sup |u”’5(t)|2} + 21// E|lu™ (t)||? dt
0

0<t<TATN

2 TATN
< 2E[u(0) + 2 /O ()12 dt +2:KT(9 + 8¢)

TATN
+2eK(9+ 8E)E/ sup |u™c(s)[*dt. (4.9)
0

0<s<t
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Note T A7y — T a.s. as N — oo. Thus taking the limit in the above estimate
(4.9) as N — o0, one can get for all €

T
]E[ sup |u"’5(t)|2] +2u/ ElJu™= (£)2 dt
0<t<T 0

9 (T
< 2E[u(0)|? + ;/ £ (D3 dt +2e KT(9 + 8¢)
0
T
+2:K(9+ Ss)E/ sup |u™c(s)|*dt. (4.10)
0 0<s<t
In particular

2 T
E { sup |u”’€(t)|2] < 2E|u(0)|* + f/ £ dt + 26 KT(9 + 8¢)
0<t<T v /o

T
422K (9 + 82)E / sup [ (s)2dr. (411
0

0<s<t

Now by applying Gronwall’s Inequality, we obtain

E [ sup |u”’€<t>|2]
0<t<T

2 T
< e2eKT(9+8¢) [2Eu(0)|2+y /0 | £()||3) dt+2e KT (9 + 8¢) (4.12)

Now using by (4.12) in (4.10) one can deduce that

T
E[ sup u"’E(t)|2} +21// E|lu™ (t)||? dt
0<t<T 0

< (1 +2eKT(9 + 85)62EKT(9+85))

2 T
X (2]Eu(0)|2 + f/ IF@)3 dt +2e KT(9 + 85)) . (4.13)
vJo

Hence, we obtain

T
]E{ sup |u”’5(t)|2] +2u/ EjJu™= (£)[2 dt
0<t<T 0

T
<C (EIU(O)IQ,/O [FOI# dtw,T) :
O

Theorem 4.2. Let f be in L2([0,T], H), u(0) be Fo measurable, o € C([0,T] x
V;Lo(Ho; H)), g € H3([0,T) x Z; H) and Elu(0)[* < oco. Let u™¢ denote
the unique strong solution of the stochastic differential equation (4.1) in
D([0,T], Hy). Then with K as in condition (H.2), the following estimates hold:
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For any 6 > 0,

T
E|u™#(t)|%e~° + 2u/ E[u™e(t)|%e % dt
0

eK
<(1+eKTeKT) <E|u( )+ 5/ #)2e~%t dt + = 5 ) (4.14)

and for any § > 0,

T
E[ sup |u”’5(t)265t} -|—4I// E|ju™¢(t)||2e~% dt
0<t<T 0

<c <E|u(0)|2,/OT £ ()26~ dt, 5, T). (4.15)

Proof. In order prove this theorem we use the same method as in the previous
theorem and also use the same stopping time argument.

We consider the function e =% |u™¢(t)|? for § > 0 and apply the It6 Lemma
to get,

d [|u"’€(t)|2e_5t} + 2vju"(t) HQe_‘St dt + o|u™*® (t)|26_5t dt
— (), W( )+ < e 6,87 (0) Qo ()

F2VE(on (tu™(0) u" (1) Wi (1)
st /|g u™E(t—), 2)|2N (dt, dz)
1270 / € (u (=), g" (™ (1), 2)) N(dt, d). (4.16)

Note that
2F (1), (1) < ™ () + <l
So from the above relation we get
d [Ju™e () Pe™%] + 2v|lum™= () ||?e % dt
< %|f(t)|26_6t dt + & Tr(o, (t, u™= (1)) Qo (t, u™= (t)))e ™% dt
F2VE (o (t, u™E (1)), u™E (£))e 0 AW, (1)
b /Z elg™ (™ (t=), 2) PN (dt, d=)

27 [ (@ (1), g7 (). 2) Nt ). (4.17)

Hence upon writing (4.16) in the integral form, then taking expectation and
proceeding as in the previous stopping time given in the proof of Theorem 4.1
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one can get

T
Eju™ (1)~ + 2 / [ume (£) |26 dt
0

1 T T
6/ 1£()]%e "”dtJrIE/ elon(t, u™E (1)) |?e 0t dt

+E/ —‘”/g\g u™ (1), 2) 2\ (dz) dt.

Since the terms

< Elu(0)]* +

T
9\ /0 (o (£ 0™ (1)), w2 (£))e =5 AW, (1)
and

/ / mE(t-), 9" (W™ (t-), 2)) N(dt, d2)

are martingales and having zero averages. Now applying (H.2) one can obtain
T
Eju™ (£)[2e=* + 20 / [ ()26 dt

1 T
§E|u(0)|2+5/ |f(t)|%e *5tdt+ 6K/ E|u™*(t)|?e %t dt.  (4.18)
0
In particular
E|u"’€( )|2 —0t

eK
< Efu(0)? + a/ ()7 dt + = +5K/ B (£)2e =% dt.
Applying Gronwall’s Inequality we get,

K
E‘un a( )|2 —6t < eaKT [Elu( |2 5/ |2 _6tdt+ 55

By using above relation in (4.18) one can deduce that
T
E|u™¢ (t)|?e % + 21// E||u"™(t)||?e % dt
0
eKT 2, [T 2,6t eK
< (1+eKTe™ ") | Elu(0)] +g [f(t)|%e dt+7 . (4.19)
0

This proves (4.14).
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Now for getting (4.15) we proceed as above and taking supremum before
taking the expectaion, in (4.17)

T
E[ sup u"’e(t)|2e‘st} —|—21// E[u™(t)|%e% dt
0<t<T 0

1 T s
§E|U(0)|2+g/o ‘f(t)|2e_5tdt+EoiuI<)T/0 €|0'n(t7un75(t)|26—5t dt

12JZE sup / (b (1)) ™ (1)) AW (1)

0<s<T
+E sup / /5|g u™e(t=), 2)|*M(dz) dt
0<s<T
+2E sup / e*&/s(u"’a(t—),g”(u"’a(t—),z))N(dt,dz)
0<s<T
)2+ )|2ect g nye(o)|2,—0t eK
< E|u(0)]* 4+ (t)|*e " dt + eKE sup |u™®(s)[e”°" dt| + —
5 0 0<s<t 0
+2y/eE sup /(on(t uve (1)), u™e (t))e o de(t)‘
0<s<T
+2¢E sup / it / me(t), g (e (t—), 7)) N(dt,dz)| . (4.20)
0<s<T

Next we consider

2\eE [ sup

s | [ de<t>H

and applying Burkholder-Davis—Gundy Inequality, Young’s Inequality and
condition (H.2), we get

2/eE [ sup /s(an(t,u"’g(t)),u"’a(t))e_‘” dW,(t)
0

0<s<T

T 1/2
< 2V/2¢E / |0n(t,un’e(t)|2|u”’5(t)|2€*25t dt]
0

T 1/2
< 2V2eKE [/ (1 + |u”’5(t)\2) |un,a(t)|2e_25t dt]
0

T 1/2
< 2V2KE < sup IU"’E(t)e‘;t/r") (/ (1 + ™)) e dt)
0

0<t<T
1 2 -5t g 2 -5t 8e kK
gIE[ sup |u™e (t) 2 }+85KIE/ e (1) [2e 0t dt + S
4 lo<i<r 0 0
1 r 8e K
gE[ sup |u"’5(t)|26_5t} +8€KIE/ sup |u™e(s)[2e % e+
4 |o<i<T 0 0<s<t

(4.21)
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Now again applying Burkholder—Davis—Gundy Inequality in the form given in
Lemma 2.27, Young’s Inequality and (H.2) to the term

) —dt n,Ee (4 e (=), 2 \T g
/Oe /Z<u (t-), g (u™* (t—), 2)) N (dt, dz)

2¢E { sup
0<s<T

we get,

2e¢E [ sup
0<s<T

° —ot n,e ™ (=), 2 \7 Z
/Oe /z(“ (1), g™ (u™ (1), 2)) N(dt, d2)

. 1/2
<2vam( [ [ |<u"»€<t>,g"<u”’€<t>,z>>e‘”|2A<dz>dt>

:(
1/2
E(/ /|g" ne( |u"8(t)|26_25t)\(dz)dt>

1/2
< 2V2¢R /0 K (1+ [u™=(t)]?) [u™e (t)[2e =2 \(dz) dt)

<2\f5

T 1/2
< 2V2E (sup |u"’€<t>|e‘”/2) ( / K(1+un’5(t)|2)e§tdt>
0

0<t<T

1 4 ’K
<-E { sup |u"’5(t)|2e&] +8€2KE/ sup |u™*(s)|“e 8 .
4 lo<t<r 0 0<s<t 5

(4.22)

By applying (4.21) and (4.22) in (4.20) one can deduce that

T
E [ sup |u"’5(t)|2e_5t} —|—4V/ E||u™*(t)|%e~% dt
0<t<T 0

T
< 2EJu(0) ? + %/ ()Pt ap 4 ZEOHE)
0

T
12K (9 + 8)E / sup [u™e (s)[2e— dt. (4.93)
0 0<s<t

From the above expression one can write,

E| sup |u™°(¢ t)|%e ‘”} < 2E[u(0)]* + / (t)|%e Ot ¢
0<t<T 5
)

2eK(9+ 8¢
8

T
+2eK(9+ SE)E/ sup |u™e(s)[2e 0 dt.
0

0<s<t
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Applying Gronwall’s Inequality

E[ sup |u"’5(t)2e_6t]

0<t<T
2 [T 26K
SeQEKT(9+8E) l2E|u(O)2+5/ |f(t)‘2€_5t di+ € (§+8€) (424)
0
Using (4.24) in (4.23) we get
T
E { sup |u"’5(t)|265t] +4u/ E||u™*(t)||%e~° dt
0<t<T 0
< (1 +2:KT(9 + 85)625KT(9+85)>
2 [T 2e K
X (2]E|u(0)2+ g/ |F(t)]Pe 0t dt + 5(%+85)>. (4.25)
0
By using the above we get the required result (4.15) O

Definition 4.3. (Strong Solution) A strong solution u® is defined on a
given probability space (Q,F,F;, P) as a L2(;L>(0,T; H) N L2(0,T;V) N
D(0,T;H)) valued adapted process which satisfies the stochastic GOY
model

du® + [VAu® + B(u®,u®)] dt = f(t) dt + Veo(t,u®) dW (t)
+e /Z g(u®, z)N(dt,dz) (4.26)
u®(0) = wo,

in the weak sense and also the energy inequalities in Theorems 4.1 and
4.2.

Theorem 4.4. Let u(0) be Fy measurable and Elug|*> < oo. Let f €
L2(0,T;V'). We also assume that 0 < ¢ < % and the diffusion coefficient
satisfies the conditions (H.1)-(H.3). Then there exists unique adapted process
uf(t, z,w) with the regularity

u® € L2(Q;D(0,T; H) NL*(0,T;V))

satisfying the stochastic GOY model (4.26) and the a priori bounds in Theo-
rems 4.1 and 4.2.
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Proof. Part I (Existence)

Using the a priori estimate in the Theorems 4.1 and 4.2, it follows from
the Banach—Alaoglu theorem that along a subsequence, the Galerkin approx-
imations {u"¢} have the following limits:

u™® — v weak star in L2(Q; L>°(0,T; H)) N L2(; L2(0,T; V),
F(u™®) — F¢  weakly in L2(Q; L2(0,T; V")),

on (-, u™) — S°  weakly in L?(Q;L2(0,T; Lg))

g"(u™e, ) — G weakly in H3([0,T] x Z; H). (4.27)

The assertion of the second statement holds since F'(u™¢) is bounded in
L2(Q;L%(0,T;V")). Likewise since diffusion coefficient has the linear growth
property and u™* is bounded in L?(0, T’; V') uniformly in n, the last two state-
ments hold. Then «® has the Ito differential

du (1) = Fg(t)dt + VaS () AW (t) + / GE ()N (dt, d=)
zZ
weakly in L2(Q; L%(0,T;V")).

Let us set,

)= 5 [ Il s (4.28)

where v*(t,z,w) is any adapted process in L>°(Q2 x (0,7); H). Here we sup-
press the dependence of € in the notation of  to make it easier to read. Then
applying the Tté6 Lemma to the function 2e~"(")|u™=(t)|2, one obtains

d|e "= = e (2F (™ (1) — (t)u™ (), u™(t)) dt
+ee " Dloy (t,u™(1)[F, dt
+2vee " (o, (8, ™5 (t)), w5 () AW (2)
LT, / g™ (u™ (t—), 2)|2 N (dt, dz)
z
2¢O [ @), " 0 (0-),2) N (o).
z
Integrating between 0 < ¢ < T and taking expectation,

E [e" @ (T)[2 - |u(0)]?]

T
- / e P (um (1)) — F(yume (1), u (1)) db

0

T
+E/0 e_r(t)€|0'n(t7un7e(t))|%(g dt
T
0

+2./ZE / =" (g (6, u™= (1)), () AW (8)
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+E€/ r(t)/ g™ (™= (1), )| A(dz) dt
228 [ o2 [ ) (o), ) Nt ).
0 A
But the terms
T
2V [ (ot (), 0)) AW o)
0
and
T -
2/ €_r<t>e/ (W™ (t—), g" (™= (t—), 2)) N(dt, dz)
0 Z
are martingales and having zero averages. Hence we get
E [6_7.(T)|un7g(T)‘2 _ ‘un,e(0)|2]

T
=E l / e " (2F (W™ (1)) — #(E)u™E (), u™E (t)) dt
0

—i—E/ e Oc|r (1, um (1))[2,, dt

/ e [ lg" (0,2 M)

Then by the lower semi-continuity property of the weak convergence,

T
lim inf E [ /O e O (2B (™ (1)) — F(Eu™E (£), uE (1)) dt

n

T T
+/ e Delo (t, u™ (1)) 2, dt+/ e"“(”s/ g™ (u™ (), 2)[* A(dz) dt
0 0 Z
= liminf E [eﬂ’(T)\un’E(Tﬂ2 - |Un’6(0)|2}

>E e TP (D - u(0)]

' T
—F [/ e "W (2F5 (1) — F(t)us (t), u (1)) dt + E/ efr<t>|55|iQ &
; 0

T
+/ e‘“%/ |GE|2>\(dz)dt}
0 Z

Hence we get

n

T
Jim inf E { / e~ QP (1)) — #(E)u™E (1), u™E (1) dt
0
T
[ Ot g ar [ Oc [l w0, 2 Az a
0
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T T
28| [ O @R - HOu Ot @) e [ OIS R a
0 0

T
s [ [ o) ar]. (4.29)
0 Z

Now by monotonicity property from Lemma 3.6,

2E

T
[) 6,7«(,5) (F(un,e(t)) _ F(Ua(t))7un’6(t) _ Ug(t)) dt‘|

[T
o e—r(t)f u™e —F 2
E /0 (t)[u™=(t) — v°(t)] dt]

T
+E /0 e " Welo, (£, u™ (1)) — Un(tavs(t)”%(g dt}

T
e—r(t) elg™ (u™e 2) — " (vE z 2 2
+E /0 /Z g™ (W™ (1), 2) — g™ (v (1), 2)["A(d )dtl
<0.

Rearranging the terms,

E l / e "W (2F (u™e () — #(t)u™* (t),u™=(t)) dt
0
T T
+ /O e Wefon(t,u (1)}, dt+ /0 e /Z eg”(u"’s(t),Z)lzk(dZ)dt]

<E

T
/0 e " (2F (u™ (1)) — (1) (2u™* (1) — v*(¢)),v° (1)) dt]

+E

T
/O 677«(15) (2F(’U€(t)),un’6(t) — Ua(t)) dl;|

+cE

T
/0 e (20, (t, u™ () — 0 (£, 0°(1)), ou(t, Us(t)))LQ dt]

+cE

T
/ T / (20" (W™= (1), 2) — g (o5 (8), ), g™ (0= (1), 2)) A(d2) dt] .
0 z
Taking limit in n, using the result from (4.29), we get

T T
E / e*ﬂt)(2Fg(t)—f’(t)us(t),us(t))dws/ e "WIS° L dt
o 0

T
+ / e () / eG”)\(dz)dt]
0 zZ

T
<E [ /0 e (2F§ (t) — 7 () (2u (t) — vo(¢)),v°(¢)) dt]




Vol. 18 (2011) Shell model of turbulence perturbed by Lévy noise 643

+E

T
/0 e T 2F (8 (1)), uf (t) — v° (1)) dt]

+cE

T
/O e " (285(t) — o (t,v° (1)), o(t, v(#))Lg dt]

+cE

T
| e [ e - o0t 0.0.90% (0, 2) M) dt] .
0 z
Rearranging the terms, we obtain

E
0

T
/ e~ (QFg(t) B 2F(’06(t)), ue(t) - Uf(t)) dt‘|

+E

T
/0 =G (B)uf (t) — v (1) 2 dt]

+cE

T
/0 e S(t) - a(t,vs<t>>||%th]

+cE

/0 e / IG(t) —g<v€<t>,z>|2x<dz>dt]
<0.

Notice that for v¢ = u®, S(t) = o(t,u(t)) and G(t) = g(u(t),z). Take v° =
u® — pw® with g > 0 and w® is an adapted process in L2(€;D(0,T; H) N
L2(0,T;V)). Then,

T
uE l/o e "W (2F5 (1) — 2F (uf — pw®)(t), we(t)) dt

T
+u/ e—“t)f«(t)ws(t)ﬁdt] <0.
0

Dividing by p on both sides of the inequality above and letting p go to 0, one
obtains

E

/ " e (B (1) - F(uf (1)), 0 (1) dt} <0.
0

Since w*® is arbitrary, we conclude that F§(t) = F(u®(t)). Thus the existence
of the strong solution of the stochastic GOY model (4.26) has been proved.
Part IT (Uniqueness)

If v° € L2(D(0,T;H) N L%0,T;V)) be another solution of the
Eq. (4.26) then w® = u® — v® solves the stochastic differential equation in
L2(Q;L%(0, 75 V")),

dws(t) = (F(u(t)) — F(v®(t)))dt + Ve(o(t,u®(t)) — a(t,v°(t))) AW ()
+ /Z[g(us(ﬁ—)7 z) — g(ve(t—), 2)|N(dt, dz). (4.30)
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We denote o4 = o(t,us(t)) — o(t,v°(t)) and gq = g(u®(t—),z) — g(ve(t—), 2).
We now apply It6 Lemma to the function 2e~"(")|w®()[?, we get

d e Ot ()[2] = [—e D)t (1) 24+2e77O (Pl (6) = P (1), w' (1))

+ 2¢O Tr(04Qa) | dt + 2v/Ee ™ (4, w7 (1)) AW (1)

e, / 94 N(dt, dz) +2¢ Ve / (w (1), ga) N (dt, d).
z Z

Now using the local monotonicity of the sum of the linear and nonlinear
operators A and B, e.g. Eq. (3.14),we obtain

d e Ol ()] + vl (1) 2 at
< ee " Oog|?dt + 2v/ce "D (o4, wE (£)) AW (1)
+em® / elga> N (dt,dz) + 27" We / (w?(t), gq) N(dt,dz).
zZ Z

Now integrating from 0 <t < T and taking the expectation on both sides and
noting that e < 7. Also using the fact that

T
9z / =0 (g, wE (1)) AW (1)
0
and
T ~
2/ e_T(t)s/ (w*(t), gqa) N(dt,dz)
0 z
are martingales having zero averages, we get
T
E [e*r(t>|w6(t)|2} +UE / e [t (1) |2 dt
0
T T
< Ew(0)2 + ]E/ =] g2 dt + ]E/ 0 / £lgal2A(d2) dt
0 0 z
Using condition (H.3), one can deduce that
T
B[Ot (O] + (v~ <L) [ e Our @) d < Blu(0)?
0
Sine € < ¥, we obtain P-a.s.
E [ O (1) 2] < Elw(0)P,
which assures the uniqueness of the strong solution. O

Corollary 4.5. The existence and uniqueness of the strong solution of the sto-
chastic GOY model

du® + [vAu® + B(u®,u)] dt = f(t) dt + eo(t,u®) AW (t)
+/ g(uf, 2)N(dt, dz)
z

u®(0) = wo,
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can be proved similarly for the adapted process u®(t,z,w) with the reqularity
u € L2(Q;D(0,T; H) NL*(0,T; V))

under the hypotheses

A.1. The function o € C([0,T) x V; Lo(Ho; H)), and g € H3([0,T] x Z; H).

A2, For allt € (0,T), there exists a positive constant K such that for all
u e H,

elo(t,u)lL, +/Z\g(u72)|%w\(d2) < K1+ [full?).

A3. For all t € (0,T), there exists a positive constant L such that for all
u,v € H,

elo(t,u) — a(t,v)li, +/Z|9(u,2) —9(v,2)[rA(d2) < Llju —v|*.

Corollary 4.6. Sabra shell model of turbulence is the other well accepted model
in the literature, and the fundamental difference with the GOY model lies in
the number of complex conjugation operators used in the nonlinear terms which
are responsible for differences in the phase symmetries of the two models, and
as a consequence, Sabra shell model exhibits shorter-ranged correlations than
the GOY model (see [19]). The equations of motion of the stochastic Sabra
shell model have the following form

% + vkZu, +i (akn+1un+gufb+1 + bkpuni1uy_q
— Chkn_1Un_1Un—2) = fn, forn=1,2,...,
along with the boundary conditions
u_1 =ug = 0.

One can deduce from the above equation in the continuous setting with Lévy
noise as

du® + [VAu® + B(u®,u®)] dt = f(t) dt + eo(t,u®) dW (t)
+e /Z g(u®, z)N(dt,dz)
u®(0) = uo,

Under the Hypothesis 3.5, and under the same functional setting, the existence
and uniqueness of the strong solution can be established in L2(£2;D(0,T; H) N
L2(0,T;V)).
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