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of elliptic type.

1. Introduction

Anisotropic operators modelize directionally dependent phenomena. In this
paper, we consider problems posed on domains in the Euclidean space R™ in
dimension n > 2, and we provide ourselves with an anisotropic configuration
P = (p1,...,pn) with p; > 1 for all i = 1,...,n. We define the anisotropic
Laplace operator A4 by

"0
Ay = E VPhiy (1.1)
p . (2
i=1 O
where V2iu = [0u/0x; Pi=29y/dx; for all i = 1,...,n. Nonlinear equations of

the type A5 u = f(-,u) appear in several places in the literature. They appear,

for instance, in biology, see Bendahmane-Karlsen [11] and Bendahmane—

Langlais—Saad [13], as a model describing the spread of an epidemic disease in

heterogeneous environments. They also emerge, see Antontsev—Diaz—Shmarev

[5] and Bear [10], from the mathematical description of the dynamics of fluids
with different conductivities in different directions.

We consider anisotropic problems of critical growth of the type

{—A?u:)\|up*2u+f(~,u) in Q, (1.2)

ue DVP (Q), '
where A4 is as in (1.1), Q is a domain of R", Dl’ﬁ(Q) is the anisotropic
Sobolev space defined as the completion of the vector space of all smooth
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functions with compact support in Q with respect to the norm ||ul| 1.7 ) =
Sy 10u/0x]| Lei (), p* s the critical Sobolev exponent [see (1.4) below],
A is a positive real number, and f is a Caratheodory function in € x R satis-
fying the growth condition

1f(u)| < O(ulTt +1) ae inQ (1.3)

for some real number ¢ in (1, p*) and for some positive constant C' independent
of w.

We are concerned with the doubly critical situation py = p*, where p; =
max(p1,...,pn) is the maximum value of the anisotropic configuration and p*
is as above the critical Sobolev exponent for the embeddings of the anisotropic
Sobolev space D7 () into Lebesgue spaces. In this setting, not only the
nonlinearity has critical growth, but the operator itself has critical growth in
particular directions of the Euclidean space. As a remark, the notion of critical
direction is a pure anisotropic notion which does not exist when dealing with
the Laplace operator or the p-Laplace operator. Given i = 1,...,n, the ith
direction is said to be critical if p; = p*, resp. subcritical if p; < p*. Critical
directions induce a failure in the rescaling invariance rule associated with (1.2).

Given an anisotropic configuration P’ satisfying Z?:l 1/p; > 1 and p; <

n/(Xr, i —1) for all j =1,...,n, the critical Sobolev exponent is equal to

A p——
= 5 T .
21:15_1

Possible references on anisotropic Sobolev spaces are Besov [14], Haskovec—
Schmeiser [38], Kruzhkov-Kolodii[40], Kruzhkov-Korolev [41], Lu [47],
Nikol’skii[53], Rdkosnik [54,55], and Troisi [65].

We aim in describing the asymptotic behaviors in energy space of
Palais-Smale sequences associated with problem (1.2). Before stating our main
result, let us fix some notations. For any p > 0 and any point a = (ay, ..., a,)

(1.4)

in R", we define the affine transformation Tfa :R"” — R"™ by

— P1=p pn—p*

Tulfa(l'l,...,xn):(ﬂ (21— A1), b Pn (X — ap)). (1.5)

As is easily checked, (1.5) provides a general rescaling invariance rule associ-
ated with problem (1.2) with f = 0. In particular, u solves —A5u = |ulP”" —2u

Luo (17,)~" solves —Agpv = [v]” ~20

in Q if and only if the function v = p~ e

—
in 7,P,(Q), where

P -py p* —pp

(Tui‘fa)_l(xl,...,xn)z(u PLX A A, P Ty 4 Gp).

Given (pa)a a sequence of positive real numbers converging to 0, (z4)a & con-
verging sequence in R™, \ a positive real number, U a nonempty, open subset
of R™, and u a nontrivial solution in D7 (U) of the problem

A — p*—2 .
{ Apu = \ul u inU, (1.6)

we DVF (U),
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where A% is as in (1.1), we call p-bubble of centers (2q)q, weights (ja)as

multiplier A, domain U, and profile u, the sequence (B,), defined by
Bo=—uor? N

fro et

for all o, where T#p 2, s as in (1.5). One can find existence and regularity

results for problem (1.6) in Vétois [68]. In the following, we implicitly extend

profiles of bubbles by 0 outside of their domains so as to regard them as func-

tions in D7 (R™). With the above notations, we define the energy E(B,) of

a p-bubble (Bg)s by
2l dx = v /‘
/ [ Z P*pi Ox;

i=1

i1 pz‘Rn
(1.7)

the second equality in (1.7) being obtained by testing (1.6) with u and inte-
grating by parts.
We approximate problem (1.2) with the problems

{ —Apu= Ay |ul™ U+ f(,u) in €,

u € Dlvp (), (1.8)

where A4 is as in (1.1), (Aa)a is a sequence of positive real numbers converg-
ing to A, and (r4). is a sequence of real numbers in (1,p*] converging to p*.
Associated with problems (1.2) and (1.8), we define the functionals I, and I«

in D7 (Q) by
Z / " dx — /F(x u)dz — A—a/|u|r" dz (1.9)
1 Di 7 Ta
Q

Q

n

I
pz /‘arz

where F'(z,u) fo (z,s)ds. We say that a sequence (ug)q in DV7P (Q) is
Palais— Smale for the functionals (1), if there hold |1, (u,)| < C for some pos-
itive constant C' independent of o and DI, (uq) — 0 in DV7 (Q) as o — +o0.
We say that (uq)q is a bounded Palais—Smale sequence for the functionals
(In)a if (ta)a is moreover bounded in D7 (Q).

Theorem 1.1 below is referred to as a bubble tree decomposition. With
this result, we provide a complete description of the asymptotic behaviors in
DT (Q) of bounded Palais-Smale sequences for the functionals (Iy)s defined
n (1.9). Bubble tree decompositions were obtained by Struwe [62] for the
equation —Au = u? ~!, where A is the classical Laplace operator and 2* =
2n/(n — 2) is the critical Sobolev exponent. Related references to Struwe
[62] are Brézis—Coron [17], Lions [45,46], Sacks—Uhlenbeck [58], Schoen [60],
and Wente [70]. We also refer to El Hamidi-Vétois [29] for an extension of
Struwe’s result to the anisotropic Laplace operator in case py < p*. Here, we

ox;

and

dx—/F(x,u)dx—}%/Mp* dz, (1.10)
Q
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treat the more involved case of critical directions py = p*. The definition of
asymptotically 7 -stable domains is postponed to Sect. 3. Roughly speaking,
asymptotically stable domains are domains which, in the limit of the resca-
lings, still satisfy the segment property. This notion, see El Hamidi—Vétois [29]
and Vétois [67], turns out to be fundamentally associated with the question
of proving bubble tree decompositions for anisotropic critical equations. We
state our result as follows.

Theorem 1.1. Letn >3 and p = (p1,...,pn), and assume that S l/pi>1
and py = p*. Let Q be an asymptotically P -stable, bounded domain of R™, and
f be a Caratheodory function in Q x R satisfying the growth condition (1.3).
Let (A\o)a be a sequence of positive real numbers converging to \, and (rq)a
be a sequence of real numbers in (1,py] converging to ps. For any bounded
Palais—Smale sequence (uq)q for the functionals (I1n)e defined in (1.9), there
exist a solution us of problem (1.2), a natural number k, and for any j =
1,...,k, a P-bubble (BL), of weights (1il,)e and multiplier Xj satisfying
(pd )p+="e — Xj/)\ as o — 400, such that, up to a subsequence, there holds

k
Ua =l + »_ B) + Ra (1.11)

j=1

for all a, where Ry — 0 in DY (R™) as a — +o00. Moreover, there holds

k
In(ta) = Ioo(uss) + Y E (BL) +0(1) (1.12)

j=1
as a — +oo, where E, I, and I, are as in (1.7), (1.9), and (1.10). If in
addition the functions u, are nonnegative, then us and (BL)a,...,(BE), are

also nonnegative.

We give examples in Sect. 2, see Corollary 2.5, of Palais—Smale sequences
which blow up, namely which develop at least one p-bubble in their decom-
positions.

The analogue of Theorem 1.1 for the case p; < p* was established in
El Hamidi-Vétois [29]. The essential difference in our doubly critical setting
p4+ = p* lies in the effect of the transformation (1.5). Indeed, contrary to
the case p; < p* where all directions are subcritical, the domain is only
rescaled with respect to some directions, the noncritical ones, in case p; = p*.
Therefore, we observe a concentration phenomenon on affine subspaces of
R™ spanned by critical directions. For instance, Fig. 1 below illustrates the
rescaling of a three-dimensional ball, the first two directions being noncriti-
cal and the third direction being critical. Together with the rescaling of the
domain, the equation in (1.2) is rescaled. At the limit, we find the purely
invariant problem (1.6). This problem is studied in Vétois [68]. We established
in [68] an existence result on cylindric domains and a general regularity result.
We refer to Sect. 2, see Corollary 2.2, for examples of solutions of the limit
problem (1.6).
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FIGURE 1. Rescaling of a ball (n =3, p1 = p2 = 1.5, p3 = 6).
The first line describes the scale in the rescaling. The second
line describes the deformation of the domain

As a last remark concerning the case p; = p*, it is a borderline case for
the boundedness of Palais—Smale sequences. Indeed, while any Palais—Smale
sequence is bounded in case py < p* for nonlinearities of the type |u|" ~2u +
f(z,u), 7o — p* (see El Hamidi-Vétois [29]), we get examples of unbounded
Palais-Smale sequences in case py > p* for the nonlinearity |u|P+~2u (see
Fragala—Gazzola—Kawohl [31]).

Theorem 1.1 should be seen as a general key step in the analysis of blow-
up for critical anisotropic equations. We have in view the numerous applica-
tions of bubble tree decompositions which have been developed for the equation
—Au = u? ~'. Among other applications, bubble tree decompositions turn
out to be key points in the use of topological arguments such as Lusternik—
Schnirelmann equivariant categories. They also turn out to be key points in
the analysis of ruling out bubbling and proving compactness of solutions. Pos-
sible references in book form on these subjects are Druet—-Hebey—Robert [26],
Ghoussoub [36], and Struwe [63].

In the isotropic configuration where p; = p for all ¢ = 1,...,n, there
holds p < p* and all directions are subcritical. In this particular situation, the
operator (1.2) is comparable, though slightly different, to the p-Laplace oper-
ator A, = div(|Vu|P~2Vu). Possible references on critical p-Laplace equations
are Alves [2], Alves-Ding [3], Arioli-Gazzola [8], Demengel-Hebey [22,23],
Filippucci—-Pucci-Robert [30], Gazzola [35], Guedda—Veron [37], Saintier [59],
and Yan [71]. Needless to say, the above list does not pretend to exhaustivity.

In case p; < p*, namely when all directions are subcritical, anisotropic
equations with critical nonlinearities have been investigated by Alves—El
Hamidi [4], El Hamidi-Rakotoson [27,28], El Hamidi-Vétois [29], Fragala—
Gazzola-Kawohl [31], Fragala—Gazzola—Lieberman [32], and Vétois [67]. Other
possible references on anisotropic problems like (1.1) are Antontsev—Shmarev
[6,7], Bendahmane—Karlsen [11,12], Bendahmane-Langlais—Saad [13],
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Boccardo-Gallouét—Marcellini [15], Boccardo-Marcellini-Sbordone [16], Cian-
chi [20], D’Ambrosio [21], Di Castro [24], Di Castro-Montefusco [25], Garcia-
Melidan—Rossi-Sabina de Lis [34], Kolodii[39], Li [42], Lieberman [43,44],
Marcellini [48], Mihailescu—Pucci-Radulescu [50], Mihéilescu-Radulescu—
Tersian [51], Namlyeyeva—Shishkov—Skrypnik [52], Skrypnik [61], Tersenov—
Tersenov [64], and Vétois [66,68,69].

We give examples of solutions and Palais—Smale sequences for problem
(1.2) in Section 2, we discuss our geometric hypothesis on the domain 2 in
Sect. 3, we prove a concentration result in Sect. 4, and we prove Theorem 1.1
in Sect. 5.

2. Examples of solutions and Palais—Smale sequences

This section is devoted to the construction of solutions and Palais—Smale
sequences for problem (1.2). We begin with providing a class of examples in
the situation where P’ consists in two distinct exponents p_ and p, . In other
words, we assume in the following that there exist n_ > 1 and ny > 1 such
that n=n_+4+n, ,p1=---=p,_ =p_,and p,_41 = --- = p, = p. Proposi-
tion 2.1 below is the basic tool in our constructions. We state our examples in
Corollaries 2.2, 2.3, 2.4, and 2.5. Proposition 2.1 relies on a direct computation.

Proposition 2.1. Letn_ > 1,ny > 1, n=n_+ny, and p = (p1,...,Pn),
and assume that py = --- =p,_ =p_ and py,_41 = -+ =Dy, = p4+. Let € and
A be two real numbers. Let 2 = Q1 x Qq, where Q1 is a nonempty, open subset
of R™ and Qs is a nonempty, open subset of R™+. Let v be a solution of the

problem
b bo ) — [P+ o 4ol Pu in Q,

- EZL;I 821 ( Ox; ox;
veEDLVP- (Q) N LP+ () (NLP- (1)  ife#0 and Qy is unbounded),

p_—2

(2.1)
and let w be a solution in DVP (Qy) of the problem
— ik 32»1» ( g;i " g;i =M e — ol e in O (2.2)
w € DVP+ (Qy) N LP- ().
Then the function u defined on € by
u(T1, ..., o) =0 (a:l, . ,xm) w (xn,-s-l, . ,xn) (2.3)
is a solution in DY (Q) of the problem
{—A?u:/\u|p+_2u+s|u|p_2u in €, 2.4
we DYP (Q)NLP+(Q) (NLP- () ife#0 and Q is unbounded). .
Proof. A direct computation provides the result. O

In case ¢ = 0, Q1 = R"—, and Qs = R™+, see Vétois [68], we have the
following corollary.
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Corollary 2.2. Letn_ >2,ny >1,n=n_+ny, and p = (p1,...,pn), and
assume that py = -+ =pp_ =p_, pn_41 ="+ = Ppn = P4, and py = p*. For
any point a = (a1,...,a,) in R™ and for any positive real numbers p and X,
there exists a nonnegative solution U, , x in DVT (R™) 0 CY(R™) of problem
(2.4) with e =0 and Q =R"™ of the form

P_—py P_—pq

1
Ua7u7)\(x1,...,xn):u_1)\’)+PZ/{<M = (mi—a) . T (T —an),

1 1
AP+ (xn,jtl - an,+1> PR AP+ (:L'n - an))a

where

n_—p_

U(xh,_.,xn): (n (n_p):v—1> 2 . -

_ p-—1 _ _P—
(- —1) Lt Sy a7
py—1
n P+
xW Z |z P+~ )
i=n_-+1

where W is such that W > 0 and W < 0 in (0, R), and W = 0 in [R, +00)
for some R > 0.

Since the function W has compact support, Corollary 2.2 provides a
class of solutions of the purely invariant problem (1.6) on cylindric domains
Q =R" x V for all nonempty, open subsets V' of R™+.

Now, we consider the case of a bounded domain 2 = ; x Q5. Using a
result by Franchi-Lanconelli-Serrin [33], we get the existence of a solution of
problem (2.2) which has compact support in €5 for A > 0 large (see Vétois
[68]). In order to apply Proposition 2.1, it remains to find solutions of prob-
lem (2.1).

In case n_ > 3, p— = 2, and p; = 2*, see Bahri-Coron [9], we get the
existence of a nonnegative, nontrivial solution of problem (2.1) with e = 0 for
noncontractible, smooth, bounded domains €. Therefore, we state a second
corollary of Proposition 2.1 as follows.

Corollary 2.3. Letn_ >3, ny > 1, n=n_+ny, and p = (p1,...,pn), and

assume that p1 = -+ =pn_ =2, Pp_41 = -+ = pp = 2°. Let Q = Oy x Qg
where Q) is a nonempty, noncontractible, smooth, bounded, open subset of R™~
and Qo is a nonempty, open subset of R™*. Given a point a = (aq,...,a,) in

Qq, for A > 0 large, there exists a nonnegative, nontrivial solution of the form
(2.3), in DLP(Q) N CY(Q), of problem (2.4) with & = 0.
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In case n_ >4, p_ = 2, and p; = 2*, see Brézis—Nirenberg [19], we get
the existence of a nonnegative, nontrivial solution of problem (2.1) for € > 0
small, on smooth, bounded domains ;. We then state a third corollary of
Proposition 2.1 as follows.

Corollary 2.4. Letn_ >4, ny >1,n=n_+ny, and p = (p1,...,pn), and

assume that py = -+ = pp_ = 2, Pp_41 = -+ = pp = 2%, Let Q = Oy x
where Q1 is a nonempty, smooth, bounded, open subset of R"~ and Qs is a non-
empty, open subset of R™+. Given a point a = (a1,...,a,) in Qa, for A >0

large and € > 0 small, there exists a nonnegative, nontrivial solution of the

form (2.3), in DYT (Q) N CH(Q), of the problem (2.4).

In case n_ > 5, see Rey [56,57], we get the existence of families of solu-
tions of problem (2.1) with 0 < £ < 1 on smooth, bounded domains €, which
are bounded in D12(£2;) and which blow up as € — 0 at nondegenerate, crit-
ical points of the regular part of Green’s function. Using this result, we state
a fourth corollary of Proposition 2.1 as follows.

Corollary 2.5. Letn_ >5,ny >1,n=n_+ny, and p = (p1,...,pn), and
assume that p1 = -+ =pn_ =2, Ppp_41 = -+ = pp = 2°. Let Q = Oy x g,
where Q1 is a nonempty, smooth, bounded, open subset of R™= and Qs is a
nonempty, open subset of R"+. Let (¢4)a be a sequence of positive real num-
bers converging to 0. Given a point a = (a1,...,a,) in Qa, for X > 0 large,

there exists a bounded, blowing up, Palais—Smale sequence for the functional
I defined in (1.10) with f = 0.

We end this section with a more classical example of Palais—Smale sequ-
ences which holds in the general situation. We let n > 3 and p’ = (p1,...,pn),
and we assume that ) . 1/p; > 1 and p; = p*. We let X be a positive real
number, ) be a bounded, open subset of R™, and f be a Caratheodory func-
tion in Q x R satisfying the growth condition (1.3). We let (r, ) be a sequence
of real numbers converging to p,, and we assume that ¢ < r,, < p for all a,
where ¢ is the real number in (1.3). By standard variational arguments, for
any «, we then get the existence of a function u, in Dl’ﬁ(ﬂ) such that there
hold [, |uq|™ dz = X and

p
il Oua —/F(J:,ua) dx
bi Ox; Q
1=1
= min dx —/ F dx |,
weDVP (Q) (z 1 pz axz ( ) )
Jolul™® dz=X

where F'(z,u) fo (z, s)ds. In particular, for any «, there exists a positive
real number A\, such that the function u, is a Solutlon of problem (1.8). The

sequence (uq)q is a bounded Palais-Smale sequence for the functionals (1, )
defined in (1.9).
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3. The asymptotic stability of domains

This section is devoted to the geometric condition of asymptotic stability of
domains which is in the statement of Theorem 1.1. The notion of asymptoti-
cally stable domains was introduced in El Hamidi-Vétois [29]. We state the def-
inition below, and we comment this notion in our critical setting p4 = p*. We
first recall that a nonempty subset U of R" is said to satisfy the segment prop-
erty if for any point a on U, there exist a neighborhood X, of a and a nonzero
vector o, such that X, NU + to, C U for all real numbers ¢ in (0, 1). Adapt-
ing classical arguments, as developed, for instance, in Adams—Fournier [1],
we get that any nonempty, open subset U of R™ satisfying the segment property
is such that the anisotropic Sobolev space Dl*?(U ) consists of the restrictions
to U of functions in Dl’?(R”) with support in U. The definition of asymptot-
ically stable domains states as follows.

Definition 3.1. A nonempty, open subset  of R” is said to be asymptotically
— . o . .
p'-stable if for any sequence (pq)o of positive real numbers converging to 0
and for any sequence (7, )q in R", the sets Qo = 7,0, (Q2), where 7.7 . is as
in (1.5), converge, up to a subsequence, as « — 400, to an open subset U of
R™ which is either empty or satisfies the segment property. The convergence
is in the sense that the two following properties hold true:

(i) any compact subset of U is included in Q,, for « large,

(ii) for any compact K C R™, there holds |[K N Q,\U| — 0 as a — +o0.

We use the notation , — U when (i)—(ii) are satisfied.

Limits in the sense of (i)—(ii) are unique up to sets of measure zero.
Uniqueness, without subtracting sets of measure zero, is recovered when requir-
ing in addition that the limit set is open and satisfies the segment property.
The asymptotic stability of domains is a subtle notion. Figure 2 below illus-
trates what can go wrong with a domain which is not asymptotically stable.
The annular cylinder in Fig. 2 bends on itself and converges to a domain of the
type (R2\'H) x [a, b], where a < b and ‘H is a halfline. In particular, the limit
domain does not satisfy the segment property, and thus the annular cylinder
is not asymptotically stable.

On the other hand, the ball, illustrated in Fig. 1, provides an example of
a domain which is asymptotically 7’-stable for any anisotropic configuration
7. More generally we get the following result.

Theorem 3.2. Letn >3 and p = (p1,...,pn), and assume that S l/pi>1
and py = p*. Then any nonempty, convex, bounded, open subset of R™ is
asymptotically P -stable. Moreover, the limit domains U in Definition 3.1 can
be chosen to be either empty or conver.

Proof. We refer to Vétois [67, Theorem 2.1] for the proof of Theorem 3.2 which
works the same as in case py < p*. O

The convexity provides an easy geometric condition for asymptotic sta-
bility of domains. Contrary to the case py < p*, there is no regularity type
condition. Indeed, there exist domains which are not asymptotically stable for
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FIGURE 2. Rescaling of an annular cylinder (n = 3, p; = 1.1,
p2 = 2, ps = 44/9). The first line describes the scale in the
rescaling. The second line describes the deformation of the
domain

all anisotropic configurations satisfying py = p*. For instance, we can easily
show that annular domains of the type A = {x € R™; a < |z| < b}, where
0 < a < b, are not asymptotically stable in case py = p*. In order to prove
this claim, we let I, = {i € {1,...,n}; p; =p4}, io be such that p;, # p4,
zo = (29,...,29) be the point in R™ such that 2% = a and z!, = 0 for all
i # g, and (f1a)a be a sequence of positive real numbers converging to 0. We
then get that T#—ZLI (A) = {z e R";0 < 3 i, ? < b? —a®} as a — +o0,
and that the limit domain does not satisfy the segment property. It follows
that the domain A4, even though being smooth, is not asymptotically stable in

*

case py = p*.

In Theorem 3.3 below, we give a general class of asymptotically stable
domains as products of two domains, one of which being asymptotically sta-
ble with respect to noncritical directions, and the other satisfying the segment
property in critical directions. One can find a detailed discussion in E1 Hamidi—-
Vétois [29] and Vétois [67] about asymptotically stable domains with respect
to noncritical directions. Our result states as follows.

Theorem 3.3. Letn >3, p = (p1,...,pn), and assume that S 1/p > 1,
Pt =D Pnonyt1 ="'+ =Pn =Dy, and p; < py foralli <n—ny. Let Qy be
a nonempty, bounded, open subset of R"™"+ and 3 be a nonempty, bounded,
open subset of R™+. Then Qy x Qs is asymptotically p -stable if and only if Oy
is asymptotically q -stable, where ¢ = (p1,... s Pn—n. ), and Sy satisfies the
segment property.

Proof of Theorem 3.3. We let (uq)a be a sequence of positive real numbers

converging to 0, (zl), be a sequence of points in R"~"+ and (22), be a
sequence of points in R™+. For any «, we let x, = (z1,22). We remark that

TP (X ) =7 () x (Q—a?), (3.1)

Ha T TP 73
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where = (p1,...,pn) and ¢ = (P1,-- - Pn—n,). We first assume that
Q) is asymptotically ¢ -stable, and that  satisfies the segment property.
Passing if necessary to a subsequence, we get that there exists an open sub-
set Uy of R"™"+ either empty or satisfying the segment property, such that

>
Tuq .1 (1) — Uy as a — +oo in the sense of Definition 3.1. In case |22] —
@y o«

+00 as @ — 400, we easily get that TE’IQ(Ql x Q) — 0 as o — +oo.
Therefore, passing if necessary to another subsequence, we may assume that
the sequence (z2), converges to a point as in R™+. We then claim that
Qy — 22 — Qp —az as a — +oo, or equivalently that Qy — z, — Qs as
a — +oo, where z, = 22 — ay. For any compact subset K of (s, we get
A(K,R™\(Q2 — z4)) > d(K,R™"\Q2) — | 24| for all a. Since z, — 0 as a — +o0,
it follows that lim inf,_, ;oo d(K,R™\(Q2—24)) > 0, and thus that K C Q5—z,
for o large. Now, we prove that for any compact subset K of R™+, there holds
[K N (Q2 — 20)\Q2] — 0 as @ — +oo. As is easily seen, it suffices to show
that for any point a in R"+, there exists an open neighborhood X, of a such
that | X N (Q2 — 24)\Q2| — 0 as & — +o0. In case a belongs to Qg, for r >0
small, there holds B, (r) C Qg, and thus |B,(r) N (2 — 24)\Q2| = 0 for all «.
In case a belongs to R™+\Qy, for r > 0 small, there holds B,(r) C R"+\Qq,
B,(r) C R™\(Qs — z4) for a large, and thus |B,(r) N (Qa — 24)\ Q2| = 0 for «
large. Now, we assume that the point a belongs to the boundary of {25. Since
Qo satisfies the segment property, by Maz'ya—Poborchi [49, Section 1.3.1], we
get that there exists a Cartesian coordinate system (1,...,&,,) of R"+, a
continuous function ¢, : R™~! — R, and an open neighborhood X, of a
such that the set X, N2y consists of the points ({1,...,&,, ) in X, satisfying
§ny < @alr,--. & —1). We then let Y, be a bounded, open neighborhood of
a such that Y, C X,. Since z, — 0 as a — +o0, it follows that, for o large,
the set Y, N (22 — 24)\Q2 consists of the points (£1,...,&,, ) in Y, satisfy-
ing va(&1y---5&ni—1) < &np < @alls 4+ 28, &1 + zf{+71) -z, , where
Zo = (21, ..., 2, ) in the coordinate system ({1, ..., &, ). By the continuity of
the function ¢,, we then get |Y, N (Q2 — 24)\Q2| — 0 as @ — +o00. This ends
the proof of our claim, namely that Qs — 22 — Qy — ay as a — +oo. Taking
into account (3.1), we then get T}Z,% (Q1 xQ) = Uy X (Q2—az) as a — +oo.
Moreover, in case U; is nonempty, since both U; and 9 satisfy the segment
property, we get that Uy x ({22 — as) satisfies the segment property. Since this
holds true for all sequences (pq)q and (z4)aq, it follows that ©; is asymptoti-
cally P -stable. Conversely, we assume that €, x ) is asymptotically p'-stable.
For any «, we let z, = (z},22), where 22 = 0 is fixed. Passing if necessary to a
subsequence, we get that there exists an open subset U of R™, either empty or
satisfying the segment property, such that leyza (21 x Qo) = U as a — +oo.
Welet Uy ={z e R* ™+; JyeQo (z,y) €U} Weclaim that U = Uy xQy.
Clearly, we get U C Uy x 9. On the other hand, we proceed by contradiction
and assume that there exists a point (x71, z2) in Uy x Qg which does not belong
to U. By definition of Uy, there exists a point yo in o such that (z1,y2)
belongs to U. It follows that By, (¢) x By, (¢) C U for small positive real num-

() — U, we then get By, (¢) C Tj (€) for

1
as Ty

. -
bers . Moreover, since 7,7
lu’(X7 [e3
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FIGURE 3. Rescaling of a cylinder (n = 3, p1 = ps = 1.5,
ps = 6). The first line describes the scale in the rescaling.
The second line describes the deformation of the domain

"
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FIGURE 4. Rescaling of (0,1)%2 x B? (n = 4, p; = py = 1.5,
p3 = py = 6, projection onto {0} x R?). The first line describes
the scale in the rescaling. The second line describes the defor-
mation of the domain
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a large, and we also get |(By, () X By, (€))\U| = 0. This is in contradiction
with the segment property satisfied by U. This ends the proof of our claim,

namely that U = U; x 3. By (3.1) and since lewa (Q) — U, it follows that

le 41 (1) — Up as a — +00. Moreover, since U satisfies the segment prop-
erty, we also get that both U; and Qs satisfy the segment property. Since this
holds true for all sequences (tio)o and (x)),, it follows that ©; is asymptoti-

cally ¢-stable. This ends the proof of Theorem 3.3. ]

Figures 3 and 4 above illustrate Theorem 3.3 in the cases of two different
cylindric domains. In Fig. 3, we rescale the cylinder B2 x (0, 1), where B? is the
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unit two-dimensional ball. The limit domain is of the form H x (0, 1), where
H is a halfplane. In Fig. 4, we rescale the cylinder (0,1)? x B? (in projection
onto {0} x R?). The limit domain is R? x B2,

4. The concentration on critical directions

In this section, we prove a concentration result which is the main tool in the
proof of Theorem 1.1. We let (£2,)o be a sequence of nonempty, bounded, open
subsets of R™, (Ay)a be a sequence of positive real numbers, and (r4). be a
sequence of real numbers in (1, p] converging to py. For any «, we define the
functional (Jq)q by

Zpl/ Gl do —%/ fuf™ da (@.1)

o [e%

for all functions u in D7 (£2,). We say that a sequence (ug ) is Palais-Smale
for the functionals (J,)a if there hold uq € DV7 (), |Jol(ua)| < C for
some positive constant C' independent of o, and [|DJq(ua)| p1.7 o,y — 0 as
a — +00. Moreover, (u,)q is said to be bounded if there hold

Pt pi(ra=1)
)\a/ |ug | de < C' and  Ao* / lug| P+ dx<C (4.2)

a1 a4

for some positive constant C' independent of a. In particular, bounded Pa-
lais-Smale sequences for the functionals (.J,), are bounded in D7 (R™). Our
concentration result states as follows.

Proposition 4.1. Let n > 3 and p = (p1,... ,Dn), and assume that
S l/pi > 1, pr = D5, Ppenig1 = - = pn = Py, and p; < py for all
i <n—ny. Let U be an open subset of R™ either empty or satisfying the seg-
ment property, and (Qa)a be a sequence of nonempty, bounded, open subsets
of R™ converging to U in the sense of Definition 3.1. Assume that there exists
a bounded, open subset V' of R™+ such that the sets U and Q) are included in
R™ "+ xV for all a. Let (A\y)o be a sequence of positive real numbers converg-
ing to A >0, and (14)a be a sequence of real numbers in (1,py] converging to
py. Let (uq)a be a bounded Palais-Smale sequence for the functionals (Ju)a
defined in (4.1). Then there exists a function us in DYP (U) (uso = 0 in case
U = 0) and a finite number k of distinct points y; = (y{, . ,yi n+) in R "+,

Jj =1,...,k, and nonnegative, nontrivial, finite measures &; with support in
V ]:1 .., k, where

Vyj = {(y{,,y%_,w)} xV (4.3)

such that, up to a subsequence, there holds

k
[al — lus P + D& (4.4)

Jj=1
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as a — +oo in the sense of measures on compact subsets of R™. Moreover,
there exists a positive constant Ag = Ao(p) such that for any j = 1,...,k,
there holds

n+py

AP+ gj (Vyj) > Ao, (45)

where Vyj is as in (4.3). In particular, if A =0, then k = 0.

Proof of Proposition 4.1. Passing if necessary to a subsequence, we may
assume that the sequence (uq ), converges weakly to a function wus in DLP
(R™) and that (uq)q converges to ue, almost everywhere in R™. Since Q, — U
as a — —+0o in the sense of Definition 3.1, we get that the support of the func-
tion s is included in U. In case U # (), since U satisfies the segment prop-
erty, it follows that the function u., belongs to the anisotropic Sobolev space
DT (). We fix a positive real number R, and we let By(R) be the (n—n.)-
dimensional ball of center 0 and radius R. For any «, we let v, = Uq — Uso-
By Banach-Alaoglu theorem, since the sequence (v, ) is bounded in D7 (U)
and since the sets U and (), are included in R”~"™+ x V, where V is bounded,
passing if necessary to a subsequence, we may assume that there exist nonneg-
ative, finite measures p and vy, ..., v, on By(2R) x R™+ such that v, [P+ — u
and |0v, /0x;|Pi — v; as @ — +00 in the sense of measures on By(2R) x R™+,
for all ¢ = 1,...,n. Moreover, the supports of the measures p and vq,...,v,
are included in By(2R) x V. Since the sequence (uq)q is bounded in LP+(R™)
and converges to us, almost everywhere in R™, by Brezis—Lieb [18], we get

/uﬁ*godx—>/ugggpdx+/ pdu (4.6)
U U Bo(2R)xV

as a — +oo for all bounded, measurable functions ¢ on By(2R) x R™+. Since
there holds |Oug /0x;|Pi > |0V /0xi|PF — |Otuce /Oxi|P, where Vg = U — Uoo fOr
all « and 7 =1,...,n, we also get

i
liminf/ <pda:2/ @dyi—/
a—+o0 Jiy Bo(2R)xV U

as o — +oo for all bounded, measurable functions ¢ on By(2R) x R™+. Bor-
rowing some ideas in Lions [45,46] with the tricky difference here that the
concentration holds on n-dimensional affine subspaces of R", see the analysis
in Vétois [68], we can prove that there exists an at most countable index set
J of distinct points y; in By(R), j € J, such that

Ppi

Ot pdz (4.7)

(93?1‘

Suppu N By(R) XV C U Vy, (4.8)
jed

where Vy]. is as in (4.3). Moreover, since p; = p*, by the anisotropic Sobolev

inequality in Troisi [65], we get that for any Borelian set A in By(R), there
holds
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+

n
A X V) < A][vi(Ax V) (4.9)
i=1
for some positive constant A = A(7p’). We then prove (4.5) by using Palais—
Smale properties of the sequence (uq),. For any nonnegative, smooth function
© with support in By(2R) x R™+, we get
n

Oug, [P Oug
Z / pdz +/
— Qo Qo 8:EZ

(“)xi
=1
= / [ua|™ @ dz 4+ DJy (uy) - (Uatp)
Qa

<o </Q [ua [Pt o dz +/Q gpdz) +0o(1) (4.10)

o o

pi—2 3ua Op i
(935z Oz,

as o — +oo. For any i = 1,...,n, the functions |Qu/0x;|Pi~20u,/0x; keep
bounded in LPi/ (pifl)(R”), and thus converge, up to a subsequence, weakly
to some function t; in LPi/Pi=1(R™) as a — -+oco. Moreover, for any i =

1,...,n—ng, since p; < py, by the compact embeddings in Rakosnik [54], we
get that the sequence (uy)q converges to us in LPi(Supp ¢) and thus that
Oug |72 6ua Op Op
d iUoo d 4.11
/Qa ox; 81’1 * Oz, v / Yau ox; v ( )
as @ — +oo. For any c and any it =n —ny +1,...,n, we get
/ Oug, |P+ 2 aua Dy d Oug, ||P+ 1 o Do
Ua || P .
o, | 0z 8%‘1 “Oz; O || o+ (0.) L7 (Qa) || O Lo (R™)
(4.12)

By (4.6), (4.7), (4.11), and (4.12), passing to the limit into (4.10) as & — +o0,
we get
n—m4y

R - 8uoo 8(,0
Z/Bo 2R)><V<pdyz ;/U‘ dx; pdz+ Z / %Uoo dx

<\ |uoo|p+<pdx+/ <pd,u—|—/ pdx
U Bo(2R)xV n

+C i Op

ox;
i=n—mnmy+1 g

(4.13)

Lo (Rn)

for some positive constant C' independent of ¢. We claim that

- dp - OUoo
Viloo —— d + / 1/)¢—<pdx:)\/ Uso|PT @dz.  (4.14
;/U Ox; ; v Oz U tce] (4.14)

Since the function u belongs to D7 (U) and since Qo — U as a — +00
in the sense of Definition 3.1, we get that there exist smooth functions b,
with compact support in €2, converging to us as a — +00 in DLT (R™), and
thus also in LP+(R™) by the continuity of the embedding of D7 (R™) into
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Lr+(R™). Since the sequence (uq)q is Palais-Smale for the functionals (Jq)a
defined in (4.1), it follows that

6ua 8ua 3@ " e |72 Bug Oba

Y / |ua|“-2 Uabap i + Do (ta) - (ba)

= Ao / a2 uabayp dz + o(1) (4.15)
Qa

as a — +00. By (4.2), we get that the functions A\, |uq|" ~2u, keep bounded

in LP+/P+=1(R™). Moreover the functions A\, |ua|" 2u, converge, up to a
subsequence, almost everywhere to A|uqo [P+ 2t in R™ as a — +00. By stan-
dard integration theory, it follows that the functions A, |uq | 2u, converge
weakly to A|uso|P+ 2use in LP+/(P+=1(R™). Passing to the limit into (4.15) as
a — +00, we get (4.14). Increasing if necessary the constant C in (4.13), it

follows from (4.14) that
- Ol
pdx — i——pd
A

oo |?
pdv; — / ‘
O ST 3
<\ / <pdu+/ pdx | +C z": Op
B Bo(GR)XV R» , 0x;

i=n—ny+1

(4.16)
Lo (R")

We let  be a smooth cutoff function on R”~"+ such that n = 1 in By(1),
0 <n <1in By(2)\By(1), and n = 0 in R"""+\By(2). For any point y =

(W1, -+ Yn—n,) in Bo(R) and for any positive real number ¢, we let ¢., be
the function defined on R™ by
1 1
Pe.y (xlv"" ) =1 (xl 7y1) - (xn—n+ 7yn—n+) .

Plugging ¢ = ¢, o, into (4.16), and passing to the limit as € — 0, we get

I

Il
=

vi (Vy) <A (Vy), (4.17)

(2

where V, is as in (4.3). By (4.9) and (4.17), we get that there holds either

p(Vy)=0 or Au (Vy)% > A7Fer (4.18)

for all points y in R®™"+. In particular, since the measure p is finite, it fol-
lows from (4.18) that the index set J in (4.8) is finite. Passing to the limit as
R — 400, by (4.6) and (4.8), we get the decomposition (4.4). Finally, (4.5)
follows from (4.18). O

5. Proof of the main result

In this section, we prove Theorem 1.1 by using Propositions 4.1 and 5.1 below.
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Proposition 5.1. Letn > 3 and P = (p1,...,pn), and assume that S 1/pi >
1 and py = p*. Then there exists a positive constant Ey = Eo(p) such that
for any positive real number X and any P -bubble (By)a of multiplier \, there
holds

E(B.) > EoA "/, (5.1)
where E(B,) is as in (1.7).
Proof of Proposition 5.1. Without loss of generality, we may assume that there
exists an index ny such that p,_,, 41 = --- = p, = p; and p; < py for all

i <n-—ny. Welet \ be a positive real number and (B,), be a p-bubble of
profile v and multiplier A. Since p; = p*, by the anisotropic Sobolev inequality

in Troisi [65], we get
Pi %
dx)

ulPt dx < A (/
IR 11(/,

for some positive constant A independent of u. By Young’s inequality, it follows
that for any positive real number ¢, there holds
Pt
pi (n=ny)p;
dx) ’

Pt
dz |. (5.2)

ou
81’1‘

n—m4

A ey
P+ < = _ n—mn
/n|u\ dx_n (n—mngy)e +i1:[(/Rn

1
n
+e Z /

i=n—mny+1

ou
8:171'

ou
axi

On the other hand, since u is a solution of problem (1.6), we get

n a Pi

Z/ Sul™ = )\/ P+ da. (5.3)

i—1 n 3% R™
Taking ¢ = 4%, since > ;" i = %, it follows from (5.2) and (5.3)
that

n—n4+py
n—nt Pi e n—nt Pi nont
ou AN " Ju

> [fa] = () omno (2 LL5 )
=1 i=1
We then easily get (5.1). O

Proof of Theorem 1.1. Without loss of generality, we may assume that there
exists an index ny such that p,_,, 41 = --- = p, = py and p; < py for
all i < n—ny. We let (uq)q be a bounded Palais—Smale sequence for the
functionals (1), defined in (1.9). Passing if necessary to a subsequence, we
may assume that (uq)a converges weakly to a function us in D7 (). Pro-
ceeding in the same way as in El Hamidi—Vétois [29], we can prove that e
is a solution of problem (1.2). By an easy adaptation of the argument in
Brézis—Lieb [18] and by the growth condition (1.3), we also get that, up to a
subsequence, (ul),, where u® = u, — Uy, is Palais—Smale for the functionals

[0

(Jao)a defined in (4.1) with A, = X and Q, = Q for all «, and that there holds
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Jo(ud) = I, (un) — In(use) +0(1) as a — +oo. If the sequence (ug ), converges
strongly, up to a subsequence, to the function us, in Dl’?(Q), then we get
(1.11) and (1.12) with & = 0. From now on, subtracting if necessary the weak
limit 4, we may assume that the sequence (uy ), converges weakly but not
strongly to 0 in D7 (Q), and that (ua)a is Palais-Smale for the functionals
(Jo)a with A, = X and Q,, = Q for all . In particular, passing if necessary to
a subsequence, we get

Pi

Oug
Y dx > 0.

al‘i

n
lim inf E /
a——+00 4 Q

1=1

By Palais—Smale properties and by Holder’s inequality, it follows that

2,

as a — 400, and thus that

To

a o Pi , Py —Ta Dy
- dx:/ lua|™ dz+o(1)<|Q 7+ (/ |ua " dx) T 4o()
Q Q

(9331‘

liminf/ [ua " dz > 0. (5.4)
Q

a——+00

For any «, we then define the concentration function @, : Ry — Ry by

Qo (s) = mag/_} lua|"" dz,
ve JP7 (s)

where

P4 —Pg

Py?(s):{(a:l,...,xn)eﬂ%n; |w; —yil <s P : Vie{l,...,n—n+}}

for any positive real number s and for any point y = (y1,...,¥y,) in R™. By
(5.4) and since the domain {2 is bounded, we get the existence of two positive
real numbers sg and &y such that there holds Q,(sg) > dp for all a. By the
continuity of the functions @, it follows that there exists a sequence (itq)q Of
real numbers in (0, sg) such that there holds Q, (o) = dp for all a. We let z,,
be a point in Q for which Q, (1) is reached, so that

mag/ﬁ |ug | dz = /ﬁ lua | dz = &y (5.5)
YEQ JPY () Py (o)

for all . We claim that if the constant dg is chosen small enough, then the
sequence (fq)q converges to 0. Indeed, if not the case, then for any e > 0,
there exists s. > 0 such that for any o and any point y in €2, there holds

/ﬁ ua |’ dz <e. (5.6)
PL (se)

By Proposition 4.1 with A, = X and Q, = Q for all « (in this case, we can
easily drop the segment condition), it follows from (5.6) that the sequence
(uq)a converges in fact strongly to 0 in LP+(€2). There is a contradiction with
(5.4), and this proves our claim, namely that if the constant dy is chosen small
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enough, then the sequence (pq)q converges to 0. For any «, we then define the
function u, by

- ~1
U = flaUq © (Tupa,xa> )
where 77 _ isasin (1.5). As well as (ua)a, the sequence (T )o is Palais-Smale

Pos T o

for the functionals (J,), with Ay = Aph™™ "™ and Q, = T;Ii’ma (Q) for all a.

Passing if necessary to a subsequence, we may assume that the sequence (Ay)q
converges to a nonnegative real number A. By an easy change of variable, we

also find
)\a/ [ig|™™ dz = )\/ lug|™ dx (5.7)
Q Q

.
Py
A /Q 7

o

and

(ra—1)p4

(ra=1)p4
dsr:—)\’”r 1/|uO¢| P+l (5.8)

Tt follows from (5.7) and (5.8) that () is a bounded Palais—Smale sequence
for the functionals (J,)s. Passing if necessary to a subsequence, since the
domain ( is asymptotically p'-stable, we may assume that there exists an open
subset U, either empty or satisfying the segment property, such that Q, — U
as a — oo in the sense of Definition 3.1. Moreover, since € is bounded and
since the maps 7, .~ do not rescale the domain in critical directions, we get
that the sets €, and U are included in R™ "+ x V for some bounded, open
subset V' independent of a. By Proposition 4.1, we get the existence of a func-
tion & in D7 (U) (@ = 0 in case U = ) and a finite number k of distinct
points y; = (y{, .. .,yﬁ;_,w) in R*™™+ 4 = 1,...,k, and nonnegative finite
measures §; with support in Vyj, 7 =1,...,k, such that, up to a subsequence,
there holds

k
[P — [+ ¢
j=1
as a — 400 in the sense of measures on compact subsets of R™. If A= 0, then
k = 0. Otherwise, in case A > 0, we claim that if the constant Jy is chosen

small enough, then k = 0. We assume by contradiction that k& # 0. By (5.5)
and by an easy change of variable, for any v and j =1,...,k, we get

/ﬂ |ao¢|p+ dz < do. (5.9)
Py (1)

Since there holds V', C Pg(l), passing to the limit into (5.9) as a — +o0, it
follows that

/ﬂ [ul"* dz+ &5 (Vy,) < do. (5.10)
Py (1)

On the other hand, by (4.5), we get &(Vy,) > AgA~(+P)/P+ Since there
hold p%" " < 1 for o large and Aubt ™ — X as a — +o00, we get A < A,
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and thus &;(V,,) > Ao\~ ("+P+)/P+  There is a contradiction with (5.10) in
case 0y < AgA~("tP+)/P+ This ends the proof of our claim, namely that if the
constant dg is chosen small enough, then k£ = 0. By Radon’s theorem, it follows
that the sequence (U, )q converges to u in L} (R™). By (5.5) and by an easy
change of variable, for any «, we get

/q | dz = 5. (5.11)
PE (1)

Passing to the limit into (5.11) as o — 400, it follows that

/ﬂ P da = 6,
Py (1)

0
and thus that the function u is not identically zero. In particular, the domain
U is not empty. The end of the proof follows Struwe [62] (see El Hamidi-
Vétois [29] for the case of the anisotropic Laplace operator with p, < p*),
and we sketch it for sake of completeness. We prove that the function w is
a solution of problem (1.6) with A\ = X, so that we can define the p-bub-

ble (Bl)a, Bl = pzluo Tz;,%. We then prove that there exists a sequence

(RL), converging strongly to 0 in DV? (R") such that, up to a subsequence,
(ul)a, where ul, = u, — BL + R}, is Palais-Smale for the functionals (J,)a
and satisfies J,(ul) = Jo(us) — E(BL) 4+ o(1) as a — +oo. We iterate the
above arguments in order to construct the p-bubbles (Bl)a, ..., (B%),. Our
induction has to stop for some finite number k since, by Proposition 5.1, the
energy of p-bubbles is bounded from below by a positive constant which only
depends on A and on the anisotropic configuration p’. We finally obtain (1.11)
and (1.12). Moreover, in case the functions wu, are nonnegative, their weak

limit u is nonnegative, and by considering the functions max(uf, — BZ,0),

we prove that the p-bubbles (Bl),, ..., (BF), are also nonnegative (see [29]).
This ends the proof of Theorem 1.1. O
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