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Abstract. We consider a singularly perturbed phase-field model of Caginalp
type which is thermally isolated and whose order parameter ¢ is subject to
a dynamic boundary condition. More precisely, we indicate by € a (small)
coefficient multiplying O:u in the heat equation, w being the temperature,
and we construct a family of exponential attractors which is robust as £ goes
to 0. This is physically meaningful since the limiting problem is the viscous
Cahn—Hilliard equation for the sole ¢ with a dynamic boundary condition.
The upper semicontinuity of the global attractor is also analyzed. The paper
extends and revisits some results previously obtained by A. Miranville et al.
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1. Introduction

A well-known mathematical model which describes phase transitions in presence
of temperature variations, but in absence of mechanical stresses, is the phase-field
system (see [7], cf. also [5,25])

0019 — A+ f1 (¢) — Au =0, (1.1)
satu+)\8t¢—Au = 0, (12)

in Q x (0,+00), Q being a bounded domain in R? with smooth boundary T'. The
variable ¢(z, t) represents the order parameter (or phase-field), while u(x,t) stands
for the (relative) temperature. The given parameters ¢ and e are positive, while the
constant A represents the latent heat. Moreover, the function f; is the derivative
of a double-well like potential which accounts for the presence of different phases.
Of course, A is the spatial Laplace operator.



536 C. G. Gal, M. Grasselli and A. Miranville NoDEA

There is a consistent literature on the mathematical analysis of system (1.1)—
(1.2) when ¢ is subject to homogeneous Neumann (or Dirichlet) boundary condi-
tions. In particular, the associated dissipative dynamical system has been analyzed
in details as well as the convergence to steady states (see, e.g., [1-4,10,12,17,20—
23,34, 35,39]). It is also worth observing that system (1.1)—(1.2) can be viewed
as a singular perturbation of the celebrated Cahn—Hilliard equation that accounts
for phase separation dynamics (see, e.g., [28,29] and references therein). In fact,
if we formally set ¢ = 0 in equation (1.2), then we can easily deduce the (viscous)
Cahn—Hilliard equation

N0, — A(60rp — Ao + f1(¢)) =0, (1.3)

in Q x (0, 4+00) , which reduces to the classical Cahn-Hilliard equation when 6 = 0
(see [6], cf. also [33,36]). More recently, system (1.1)—(1.2) has been endowed with
a dynamic boundary condition for ¢ which accounts for possible interactions of
the material with the walls (see [19], cf. also [8,9,11,18,26,30,32,38] and references
therein). This condition reads

O0rp = aArp — Ondp — Bd — fa(¢), (1.4)

on I'x (0, +00). Here o and 3 are given positive constants, Ar denotes the Laplace—
Beltrami operator on the surface I', 9, stands for the outward normal derivative,
and f5 is a given function satisfying suitable assumptions. The corresponding prob-
lem, with u subject to homogeneous Neumann conditions, has been interpreted and
studied in [19] as a dissipative dynamical system, proving the existence of families
of exponential attractors { M.} and global attractors {.A.}. The authors have also
shown the uniformity of the former with respect to € as well as the upper semi-
continuity of the latter as € goes to 0. Here we want to complete their analysis by
proving the robustness of {M_}, i.e., we obtain the explicit control of the Haus-
dorff distance between M. and Mg by a constant times some power of €. This
result says that the nontransient dynamics of the phase-field system (1.1)—(1.2)
with the dynamic boundary condition (1.4) is close to the one of equation (1.3)
subject to (1.4) (for similar results see, e.g., [26,27] and references therein). In
addition, we will also give a slight generalization of the upper semicontinuity re-
sult. We recall that the upper (and lower) semicontinuity of the global attractor
for a phase-field system like (1.1)—(1.2) endowed with standard boundary condi-
tions has been already analyzed in [13-16]. However, only in [27] the existence
of a robust family of exponential attractors is established, provided that v and ¢
satisfy homogeneous Dirichlet (or Neumann) boundary conditions. We will follow
a similar strategy.

Summing up, we are concerned with the study of the following boundary
value problem:

56,5(;5:A¢—f1(¢)+/\u+gl, in QX(O,+OO), (15)
01 = aArd — Ond — Bd — f2(¢) + g2, on T x (0,+0c0), '
edu — Au = —X0:¢p, in Q x (0,4+00), 16
Onu=0, on I'x (0,400), (1.6)
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endowed with the initial conditions

¢|t:0 = ¢o, Ult=0 = U0 - (1.7)

Here g1 and g» are given external forces. The limiting equations of the above
problem are formally obtained by taking ¢ = 0. This yields

{ 60ydg = Aoy — f1 (¢p) + Mo+ 91, in Qx (0,+00), (18)
3t¢0 = OZAF(% - an¢0 - 5¢o — f2 (¢0) +g2, on I'x (0, +OO) s '
NOigy = Atig, in Qx (0,+00), (1.9)
Onlp =0, in T x(0,400), ’
with initial condition
Bojt—o = bo- (1.10)

Note that (1.3) can replace the first of (1.8) and (1.9). Moreover, ¢, also
fulfills the boundary condition

O (00199 — Ay + f1(g) — 91) =0, (1.11)

on I' x (0, +00). Therefore, the spatial average of ¢, is conserved.

The paper is organized as follows. In Section 2 we recall some existence results
and several useful estimates proved in [19] (see also [18]) and state the main result,
i.e., the existence of a robust family of exponential attractors. Section 3 is devoted
to the most crucial step, namely, estimates on the difference between the solutions
to problem (1.5)—(1.7) and problem (1.8)—(1.10). This result allows us to prove in
Section 4 the existence of a family of exponential attractors that is robust with
respect to €. Finally, in Section 5, we slightly extend the result of [19] on the upper
semicontinuity of the global attractors A, at ¢ = 0, taking a larger phase-space.

2. Preliminaries and main results

Following [19,26], it is convenient to introduce an additional variable ¢ := ¢ and
to interpret the dynamic boundary condition (1.5) as an evolution equation on the
boundary I'. Hence, for any € € (0, 1], problem (1.5)—(1.7) becomes

Problem P.. Find (¢,v,u) such that

60rp = Ad— f1(¢) +Au+g1, in Qx(0,+00),
O) = aAry) — ¢ — Y — fa (¥) + g2, on T x (0,+00), (2.1)
Y =9r,
edu — Au = —Nd¢p, in Qx (0,+0),
{ Opu =0, on T x(0,400),
with the initial conditions

Plt=0 = ¢0, Y=o =%o, Ujp=0 = Uo- (2.3)
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Observe that, due to the boundary conditions (2.2), the enthalpy is con-
served, namely,

I = 5<u(t)> + /\<¢(t)> =£ <u0> +A <¢0> ’ (24)

for any ¢ > 0, where (v) denotes the spatial average of a function v on €.
Let us introduce the Hilbert spaces
V, = H* (Q) x H*(T) x H* (Q),

for any s € N. The spaces H® (2) and H® (I') are endowed with the norms induced
by their standard inner products and are denoted by ||« || (o) and ||« || grapy. if
s > 0, while, if s = 0, by |||, and |[-[|, 1, respectively. In particular, (-, )2
denotes the standard scalar product in L?(2). Then (see [19,26]) we introduce the
function space

DY = {(g,u) € Voo = gy, (Gau)p =0, LM}, (25)

for any given € € (0, 1] and any fixed M > 0. This space is a complete metric space
endowed with the metric induced by the Va-norm.
We assume that
g1 € LX(Q), g2 € L*(D), (2.6)
while, concerning the nonlinear functions f; : R — R, we assume that they belong
to C’'(R) and satisfy the conditions
lim inf f/ (y) >0, (2.7)

ly|—+o0
fi )y > viy® — v, (2:8)
for some positive v1 and some nonnegative vy, vq, 5. In addition, we assume the
local Lipschitz continuity of f/, i =1,2.
On account of [19, Lemma 2.1] (see also [27, Lemma 1.3]), the following a
priori estimate can be proven.

Theorem 1. Let assumptions (2.6)—(2.8) be satisfied. Then, every sufficiently
smooth solution (¢ (t) ¢ (t),u(t)) to P. satisfies the following estimate:

(6 (0,6 (0),u(®) |2, + € 19 OIZ + 196 ()12 + 100 (D113
t+1

+ [ (106 ) + 1905 6 ry) s

t
2 - 2 2
< Q1 (9o, vo, u0)l13, ) e + Q1 (Il + a3 ) . (2:9)
where p > 0 and the positive and monotone increasing function Q1 are independent
of €.

Existence and uniqueness for P, have also been proved in [19] (see also [18] for
a slightly more general result). Clearly, Theorem 1 entails that the corresponding
semiflow has a bounded absorbing set in V5.



Vol. 15 (2008) Singularly Perturbed Phase-Field Equations 539

Theorem 2. Let assumptions (2.6)—(2.8) be satisfied. Then, for every (¢, o, ug) €
DM problem P. has a unique solution (¢(t),¥(t),u(t)) € C([0,+00), DM) which
satisfies estimate (2.9). Consequently, P. defines a semiflow Sf : DM — DM
defined by

Si (¢, %0, up) := (¢(t)71p(t),u(t)) , Yt>0. (2.10)
Let us now consider the limiting problem Py which can be formulated as
Problem Py. Find (¢, v, o) such that

58L$0:A$07_ fl (&70)4')\@0"'_91772” Q x (O,+OO),

Qﬂ/Jo - aAFwO - 6n¢0 - ﬁ% - f2 (¢0) +g2, on I'X (07 +OO) ) (2'11)
/ll)O = ¢O\F )

AOpy = Atig, in Qx (0,+00), (2.12)
Ontto =0, on I x(0,400), '
with the initial conditions
Boje—o = $0>  Pojt=0 = Yo - (2.13)
Observe that, from the first equations of (2.11) and (2.12), it follows that
{ 75}@0 + )\QEO = 7)\(A$0 — fl(ao) + 91) s (214)
3nu0 =0.

Therefore T (t) is uniquely defined by (2.14), provided that ¢ (¢) is known. Then,
by standard elliptic estimates, it follows that there exists a nonlinear operator

(see [27])
Le 01(H2 (), {ve H2(Q) : dgv = o}) : (2.15)

such that, for any t > 0 and any ¢, (t) € H%(Q),

Uo(t) = Ly (1)) - (2.16)

Consequently, the solution to Py exists only for initial data (¢g, o, uo) belonging
to the infinite dimensional submanifold LM of the phase space V defined by

LM = { (¢o, %0, u0) € Va : tho = o, uo = L (o),
Onuo = 0, [A{do)| < M}. (2.17)

The following theorem is a direct consequence of the results in [19,27].

Theorem 3. Let assumptions (2.6)~(2.8) be satisfied. Then, for every (¢o, 0, uo) €
LM problem Py has a unique solution (¢q(t), 1o (t), o (t)) € C([0, +00); LM) which
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satisfies the following estimate:

1Bo (5. (8) 70 ()13, + 1060 ()2 + |25 ][z + [[048 (1)1

t+1

+ / (110080 (), 0050 () dutio () I3, + 19270 () g - ) s

t
< Q2(11(¢0, %o, uo)ll3, Y + Q2(llgalls + lorll3r ) (2.18)

for some p > 0 and some positive and monotone increasing function Q. Conse-
quently, Py defines a semiflow SY on the manifold LM by setting

SOLLM LM S0, tho, o) = (B0(t), Bo(t), To(8) . (2.19)

Let us now introduce the projection P : LM — I/[:M, by setting P (¢o, vo, ug) =
(¢0,%0), where

LM = { (¢, 10) € H2(Q) x H2(T) : oo = doir, |A (do)| < M}. (2.20)
Then, we define a semiflow §? on the complete metric space LM by setting
SPLM LM, 5P(d0,0) = (Bo(1), (1)) . (2:21)

where (¢, (t),1,(t)) is the unique solution to (1.3)-(1.4) and (1.11) with ¢, =
$O|F. This is nothing but the dynamical system associated with the viscous Cahn—
Hilliard equation subject to no-flux and dynamic boundary conditions. It is clear
that PSY = §t0 On the other hand, SY can be obtained from g? by a lifting
of LM to LM defined through (2.14). It is known that (@\0, LM) is a dissipative

dynamical system and possesses an exponential attractor M}! which is contained
in a bounded subset of H?(Q) x H3(T) (see [27]). Correspondingly, we set

MY = { (¢, 0,u) e LM : (¢,0) e MY, u=L(8)}. (2.22)
We are now ready to state the main result of this paper.

Theorem 4. Let assumptions (2.6)—(2.8) be satisfied. Then, for every fized M > 0,
there exists a family of compact sets MM C DM where € € [0,1] and D)! := LM,
with the following properties:

(i) The sets MM are semi-invariant with respect to the semiflows S§ associated
with problem P., that is,

Sg (MY cmM ) ve>o. (2.23)

(ii) The fractal dimension of the sets MM is finite and uniformly bounded with
respect to ¢, i.e.,

dimp (MY, DM) < Cyr < 400, (2.24)

where Cyy is independent of e.
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(iii) Each MM attracts ezponentially any bounded subset of DM | that is, there ex-
ist a positive constant p and a monotonic nonnegative function Q, depending
on M but independent of e, such that, for every bounded subset B of DM | we

have

distpy (7B, M) < Q| Bl|pa )e™ ", (2.25)
where distpym (X,Y) = sup,¢ex infyey ||z —ylly, s the Hausdorff semidis-
tance.

(iv) There exist positive constants K and x € (0,1), depending on M but inde-
pendent of e, such that

disti"™" (Mp!, M) < Ke®, (2.26)
where dzst%%’]m (X,Y) := max{distpw (X,Y),distpm (Y, X)} is the Haus-
dorff distance.

Remark 1. Let us recall that the only novelty here is property (iv) and its proof
since the rest was already proven in [18, Thm. 4.2].

3. Estimates on the difference of solutions

The main goal of this section is to estimate the difference of the solutions to
problems P. and Py. This is a very crucial step in order to prove property (iv) of
Theorem 4 (cf. next section) and it has an interest on its own.

We argue as in [27] using the boundary layer technique devised in [37]. Thus
we start by computing the first terms of the asymptotic expansions of the solution
(¢ (t),9 (t),u(t)) of problem P. as ¢ — 0. This is done by introducing the fast
variable 7 := t/¢ and expanding this solution as follows:

o) =do(t,m) +edu(tym) + -,
Y (t) = o (t,7) + e (6,7) + -+ (3.1)
u(t) = uo (t,7) +eur (£,7) + -+,

where ¢;(t,7), ¥;(t,7) and u,(t,7) are functions (independent of &) of the form

¢i(t7 T) = 51 (t)+$i (T) A (tv T) = El (t)+{/;1(7—) y Uy (t, T) =U; (t)+ai (T) ) (32)
with
lim ¢l( ) = liI_"I_l ¥i(r) = lim (1) =0. (3.3)

T—+00 T—+00 T—+00
Inserting expansions (3.1) into equations (2.1)—(2.2), we obtain some equations
for the terms ¢;(t,7), ¥;(t,7) and wu;(¢,7). Indeed, at order e, it follows from
equation (2.1) that

30-00(t) =0,  dy1o(r) =

Consequently, by (3.3), we have ¢o(T) = 0, 1o(7) = 0. At order ¢, equations (2.1)
yield

{ 5ai50( ) A¢O ( 0 ) + /\UO + g1, (34)
Dutho(t) = aAriy (t ) Ondo(t) — B (t) — fo(to(t) + g2 -
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On the other hand, we deduce from equation (2.2) that

A0y (1) = ATig(t),
{ anﬂo(eg)): 0, 0( ) (35)
and
Drlin(T) — Alig(T) = —Adr (1),
{ anag(r) =0, ' 1 (36)
with

§0-01(T) = Nig(7), 0y (1) =0.

Consequently, on account of (3.3), the remaining boundary layer terms are found

from
o0

b1(7) = %/ﬂo(s)ds, (1) =0. (3.7)

T

Expanding now the initial data, we have

{ 61(0) +1(0) = 0, G(0) =0, B(0) = 6(0). 58)

%0(0) = 11(0) = ¥1(0) = 0, (0) = ¥(0),

and
U (0) + (0) =0, ﬂ(](O) = U(O) — ﬂo(O) .
Hence, the function (6o (t), 1o (1), Uo(t)) solves (3.4)—(3.5) with initial data ¢,(0) =
$(0), 1o(0) = 9(0), that is,
(B0(0): Bo1). 00 (1)) = SP(6(0), 1:(0), £(6(0)) ) - (3.9)

Recalling [27], we observe that it suffices to seek for a solution of problem P. of
the form

(t), (3.10)

where (¢ (t), 1 (t),Uo(t)) is given by (3.9), the boundary layer term u(7) solves
{ -tu(r) — At(r) + A a(r) =0,
Onu(T) =0, (3.11)
u(0) = u(0) — L(¢(0)) ,

and the boundary layer terms ¢(7) and () are defined by (3.7) (where @o(7),
¢1(7), Y1(7) are replaced by u(r), ¢(7) and ¢ (7), respectively). Moreover, the
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boundary layer terms (t) ( ) and u(t) satisfy the following problems:
600(t) = AG(t) = L[ F1(B(t) + £6(7) + £0(1)) — 1 (B(1))]
() + Ad(r >
OY(t) =

1) = aAr{(t) — Ond(t) - 6%) (312)
= L[R2(o(t) +0(0) ~ fa(i)] ~ 0

and
edyli(t) = AT(t) + 9, p(t) — dyin(1),
Onti(t) =0, (3.13)
u(0) =0.

The next lemma provides some estimates on the boundary layer terms u(7)
and ¢(7), given by (3.11) and (3.7), respectively. The result is a straightforward
consequence of standard energy estimates.

Lemma 5. The following estimates hold:
()l 1220 + 10-u(7) |2 < Clla(0)]| m2(ye™"7, (3.14)
¢()lm2(0) + [10-0(T) | 12(0) < Cll@(0)]|g2(0ye™ ", (3.15)
where p, C > 0 are both independent of .

We can now estimate the remainder terms (;AS(t), 12(15) and u(t) in expan-
sion (3.10).
Lemma 6. The following estimate holds:
S T~ 2 ~ ~ .
[(6(t), (1), a(t)) ||, + 18:0(D)13 + 180 () [5.r + ellOa(t)]|3 < Ce™*,  (3.16)
where the positive constants C and L depend on [|(¢(0),1(0),u(0))||v,, but are

independent of €.

Proof. We first note that the functions ¢(7), E(;AS(t) and azz(t) are uniformly bounded
with respect to ¢ in H2(Q), H?(2) and H?(T'), respectively. This easily follows from

estimates (3.14)~(3.15), (2.9), (2.18). In particular, the initial datum ¢(0) is uni-
formly bounded in H?(Q2) as ¢ — 0. Observe preliminarily that all the constants
C; are independent of . Moreover, note that (2.7) entails
for some K; >0,i=1,2.

Multiplying the first equation of (3.12) by 9;¢(t), integrating over 2, and
using the second equation of (3.12), we have

2 (IVot)I3 + af Vro(t)13 D(6))13.r) + 28]0:0(1)|13 + 21|80 (1) |3 1
< CL(I18) 121 @y + 112 1) + Co(1(T) 320 + [TDZ) . (3.18)
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where C; > 0 only depends on K; and Cy > 0 only depends on H%(O)”HZ(Q).
We now differentiate both equations of (3.12) with respect to ¢, multiply the first
equation by 9;¢(t) and integrate over ) to obtain

8.(510:30) 13 + 10:50) 13 1) + 21030y + 210D
A (D,(1), DD, < 2B + 2K D0 ¢
= 2|((A @0+ <itr) +300) = @) ) rdu(0). 2500 |
= 2[(F{(@o(t) + £9(r) + £0(1)) 21(7), 0:(0)) |
2T _ ~ _ _ ~
~2{(# ~ F30) )W 1) 01
(o) +<500) ~ 100, 050) |

3

+ 020 2 (1 + [8:6()3) + 10:0ad(T) 20 (1 4+ 0 (B)[3r) - (3.19)

Our aim is to estimate all the remaining terms on the right-hand side of (3.19).
Since 9,0 (t), Oithy(t) are bounded in L?(2) and L*(T), respectively, it follows,
with the help of estimates (2.9) and (2.18), that

_g K (F1@o() +26(r) +2(6)) — 11 (B0(1) ) 0: (1), atgg(t)>j
< C5(1+ [(1)]|0:0o (1), 10:5(1)]),
< Ca(1+ 12003 + 6)]13) + %ua(t)n%{l(m +10:6() 171y (3:20)

where the constants C3, Cy depend on the norm of the initial data ¢(0), ¥(0) and
u(0) in H?2. Similarly, we have

2[( 11 (Go(6) + (7) + 23(1) (), Au(1)) |
< 5|03 (7) | () (1 + [2e6(B)]3) , (3.21)

and
=2 [{ (st + <600) - 5500 0 Wt)>z,r]

~ ~ 1~ ~
< Cs(L+ 10 @50 + 0®)3,r) + §||1/)(t)||?ql(r) 0Oy - (3:22)

Multiplying now the first equation of (3.13) by d;u(t) and integrating over €2, we
obtain

o, (I3 13 + 2(0m0(). 51)), ) + 22/0,7(1) 13 + 2A(013(2). 23(1),
= 2(07uo(t), u(t) ), < 1070 (t)l| s )+ (1 + 1@ 171 (qy) - (3:23)
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Then, combining (3.18)—(3.22) and adding the resulting inequality to (3.23), we
get

d ~ ~
aA(t) < Cr (1410710 (1) 1T g1 )y + 10c0(t /)| 2 () + 105u(t/€)[l2) A(t) , (3.24)

where we have set

A(t) = 8[10:0(t)II3 + 100 ()13, - + 167 () + ¥ )
+ IVat)|[5 + 2(0yuo(t), u(t)), + K .
The positive constant K will be chosen large enough such that A(t) > 0 for any

t > 0, but we still need to estimate the term (7(t))2. We integrate the first equation
of (3.12) over Q and, using the second equation, we find

Na(t)) =5(a(t)) + (1)) + B{H))
+ LA @ol) +23(r) + £0) ~ 1 (Fo(0))

+ (B0 +20(0) - f2(0)) (325)

r )
where (v)r stands for the average of v over T
Recalling Theorems 1 and 3 and the fact that the functions ¢(t) = ¢ (t) +

ed(T) +ed(t), ¥(t) = Uy (t) +eb(t) and By (t), Yy (t) are uniformly bounded in L
with respect to e, it follows from (3.25) that

N2(a())” < Cs(1+100(®) 13 + 100 ®) 3.r + 1613 + 1P ®)3r) - (3:26)

Combining (3.24) with (3.26), choosing K large enough and then applying Gron-
wall’s inequality, taking into account the fact that (see (2.18))

t+1
/ (1 + 10770 ()11 2y + 10:0(5/€) |20y + 1 95(5/€) o) ds < Co,

~

we find
10013+ 18D 13 1 + 1602 e 57)
+ Hw(t)”%’l(l‘) + ||ﬂ(t)||%11(9) < Cpoeft,

where the constants C19 and Cy; depend on [|(¢(0),1(0),u(0))||v,. Finally, esti-
mate (3.16) follows from (3.27) (cf. [18,19] for more details). This finishes the proof
of the lemma. g

On account of the asymptotic expansion (3.10), arguing as in [27], we deduce
from estimates (3.14)—(3.16) that
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Corollary 7. Let (¢,1,u) be a solution to P. and (¢y, 1y, Uo) be a solution to Py
with initial data (¢(0),1(0)). Then, there holds

()~ ot Lr2(en + 16(8) — B O) 2oy + lu(t) — o (8) 20
T 11:6(8) — Do (D2 + 1946() — BTo(t) .
+ ldru(t) — B (1)
< O([[u(0) = £(6(0)) [ 2 e ™% +2€). (3.28)

where p > 0 is a constant depending only on Q, I and the positive constants C, L
depend on ||(#(0),4(0),u(0))|lv,, but are independent of €.

Corollary 8. The following estimates hold:
[0eu(t)|l2 < Q(II(4(0),%(0), u(0))]}v,)

<[ 200 - £6O) e ] 329
() = £(60) 1200y < Q|| (#(0), 0(0), u(0)) v )
x [e+ [|u(0) = £(6(0) [l j2gee "] - (3.30)

where p > 0 and the positive and monotone increasing function @QQ are independent
of €.

We conclude this section with two estimates on the difference of two tra-
jectories of (S5,DM) that are also necessary for the construction of exponential
attractors in the next section. For the details of the proofs, the reader is referred
to [18, Lemma 4.6] and [19, Lemma 17].

Lemma 9. Let (¢;(t), (1), u;(t)) = S5 (boi, Yoi,uo0:i), ¢ = 1,2. Suppose that they
belong to a bounded absorbing set in Vo, of radius R > 0. Then, the following
estimates hold:

(61 = 82) (D1 Fr2(0) + 181 = D2) T2y + I (ur — u2) ()| 72
< CeM(|lgor — Po2llFr2 (o + o1 — Yool Frzry + luor — wozllfrz(oy) »  (3:31)
(61 = @2) )72y + 1 (01 — ©2) ()72 () + (11 — u2) (B[ ()

t+1
T‘fu(n%l — b02ll7r2 () + Y01

- 7/102”?{2@) + [luor — uOQ”%ﬂ(Q)) ) (3.32)
for all t > 0, where the constants C, L depend on R, but are independent of ¢.

<C

4. Proof of Theorem 4

The proof follows from the application of an abstract result (see [27, Prop.3.2] and
references therein) which is reported below for the reader’s convenience.
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Theorem 10. Let B. C @, € € [0,1], be a family of closed and bounded subsets of
the Banach space ® and let 3¢ : B. — B, be a family of maps which satisfy the
following properties:

(1) There exists another Banach space ®1, which is compactly embedded into P,
such that, for every by, b5 € B., the following estimate holds:
1305 — X050, < CfI05 —b5le, (4.1)
where the constant C' is independent of .
(2) There exist nonlinear “projectors” I, : B, — By such that, for every b° € B,
[550b° — S0 Meb*|le < eL*, VkeN, (4.2)
where Efk) denotes the k-th iteration of 3¢ and the constant L is independent
of €.
Then, the discrete semiflows Efk) possess a family of exponential attractors M2
which satisfy the discrete versions of (2.23)—(2.26).

In our case, we set ® = DM and ®; = V3. Note that V3 is compactly
embedded into DM. Then, recalling (2.9), we define the sets B. C DM for every
e € (0,1], in the following way:

B. = { (60, Y0, u0) € D' : |(d0, Yo, wo)l, < 21 (lgall3 + loal3r) }- (43)

Similarly, on account of (2.18), we set

By := {(%J/fo,uo) eLM: ||(¢0,1/1())\|§{z(gz)xH2(p)

<20 (Il + lon )} (a4)

These sets are uniform (with respect to €) bounded absorbing sets for the semi-
flows (2.10) and (2.19) thanks to Theorems 1-2 and Theorem 3, respectively. Thus,
there exists a time T' > 1, independent of €, such that

So(B.) CB., Vee[o,1]. (4.5)

Setting ¥ = 57, we easily realize that these maps satisfy the smoothing prop-
erty (4.1), thanks to estimate (3.32). Besides, following [27], we define the projec-
tions II. : B. — By by setting

IL (o, 0, uo) == (Ao + euo, Yo, L( Ao + cuo)) , (4.6)

which are well defined since |A{(¢g)+e(ug)| = |I-(¢o, up)| < M. Thus, estimate (4.2)
follows from estimate (3.28) and the obvious estimate

T (0, Yo, uo) — (¢0,1/10»£(¢0))||V2 <Ceg,

which holds for every (¢g, %o, ug) € B., for some C' > 0 independent of . Hence,
Theorem 10 yields a discrete family of exponential attractors M for the discrete
semiflows 37 - acting on the absorbing sets B.. We now set

Mg = UtG[T,TJrl]StEMg .
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Then, thanks to (3.28) and (3.30)-(3.32), we can argue as in [27] and deduce
that M. fulfills assumptions (2.23), (2.25)-(2.26). Finally, property (2.24) follows
from (3.29)—(3.30) (see also [27, Lemma 3.3]) and (3.31)—(3.32).

5. Global attractors revisited

In [19], the authors also establish the existence of the global attractor A. for
(S5, DM) and its upper semicontinuity at ¢ = 0 (see [19, Thm. 4.3]). Here we wish
to improve the latter result, by enlarging the phase space for the temperature u,
according to the approach followed in [18].

Let us set Z, := HI(Q) x HY(T) x HI=1(Q), for any ¢ > 1. Then, for any
e € (0,1], we introduce the set

XM = {(6,0,u) € B(Q) x HT) x H'Q) - ¥ =g, LI <M}, (5.1)

where M > is given. This set is a complete metric space with the metric induced by
the norm in Zy. From [18], we know that the semiflow S§ can be defined on X*. The
existence of a bounded absorbing set has already been proven in [18, Lemma 4.3],
but here we give a slightly different estimate which shows, in particular, the uni-
formity with respect to €.

Lemma 11. Let assumptions (2.6)—(2.8) be satisfied. Then, for any (do, Yo, up) €
XM the trajectory ((t), ¥ (t), u(t)) = S£(do, 1o, uo) satisfies the estimate

(6(), (), u(®)|]5, + 10e6®) 3 + [0 (DI3 ¢
t+1
+ / (19e(3) 1211 () + 1080 (8) 121 ry + €llBru(s)][3) ds

t
< Q(II(¢o, %0, uo)l|Z,) e~ + Q(llgr[13 + llg2113 r) » (5.2)
for some p > 0 and some positive increasing function Q which are both independent

of €.

Proof. We proceed formally (see [18] for details on a rigorous argument). Consider
system (2.1). Then, take the inner product in L?(Q) of the first equation with 9;¢(t)
and the inner product in L?(T") of the second equation with d;1)(t), respectively.
Adding these relations together with the one obtained by taking the inner product
of the first equation of (2.2) with u(t), we deduce that

S LNIVOIE + el Vrv Ol + B0 + ]3]
+ %% [2<F1 (6(1)), 1>2 T 2<F2 (¥(t)), 1>27J
+ [IVu(t) |13 + 8[10:p(t)|I13 + [|0ep (1) |I3.p
= <5t¢(t)791>2 + <6t¢(t)792>2’F ) (5.3)
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where F;(w fo fi(y)dy, i = 1,2. Let us now take the inner product in L?(£2)
of the ﬁrst equatlon and second equation of (3.2) with 2£¢(t), and 2&y(t), re
spectively, for some £ > 0 to be fixed below. Combining the resulting relations
with (5.3), we get, for some 0 < k < &,

d

ZE(t) + RE(t) = Ai(t), (5.4)

where
E(t) = [Vo@)lz + a Vev )3 r + Ble )3
+2(Fi (), 1>2 +2( B (u(1), 1>2’F
+ellu(t)llz + €[5 + IOl r] + Eo
for some Ey > 0 such that E(t) is nonnegative (cf. (2.7)) and
A1) = 2( 1 (6(8)) = f1(9(8)9(0), 1)
+26(B(0(0) ~ L6V, 1),
= (26 = w)(IVo®3 + allVre @3 - + Bllv(®)13 r)
~2(6-0)|(A1(00).00), + (R(00).40), |
= 2(0[10e O3 + 10 ()3 1) + (Dedr(t). 91),
+ (0 (t), 92), 1 — 2IVu)lI3 + 265 [8]lo(0)13 + ¥ ®)II3 r]
+ wel[u®) 3 + 26\ (u(t), (1)), + nEo
Observe now that
26N, 6)2 = 26M(u — (u), 6), + 2| QUL (u) — 26e(Q(u)?. (5:5)

On the other hand, we know that there exists a positive constant C such that, for
all v € HY(Q),

[o = @13 = [[v]|3 = [2/(v)* < C||Volf3 - (5.6)
Let us rewrite A; in the following way:

Ma(0) = 2 (R (600) ~ £ (@(0)o(0).1), + (F(0(0) = R(w(0)0i0).1), |
— (26— r)(IVe(t H2+a|\vrw( Nar + Blv@®l3r)
) [ (6(0), 801, + (o (00)), 001, ]
—2ge|m<> <atq><>, D+ (O(0),92), 1
250003 + 10(0) ) — 2 Tu(t) 3
+ 26T (u) + rellu(®)|3 — 220 u)?
+ 26k 8003 + (1)) +26Mu — {u), 6),. 57)
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Then, recall that, owing to (2.10), we have

Cul i)+ Jyl) < 2fi(y)y + Cy,
Fi(y) - fily)y < Chlyl* + CF,

for any y € R and ¢ = 1, 2. Here Cy,, C., C}i and C’}’i are positive, sufficiently large
constants that depend on f; only. Using these inequalities, we infer from (5.7) that

A(D) € ~(26 — 5 K(C}, +Cl) — 268) (6D sy + 0O 3 )]
— (@IaOIE + 1900 ) + a1 + a3 + loa )
~2(6-0)|(A1(00).00), + (R(00).40), |
261011 {u) — 2(¢ - el ()?
~ 21— k20) [Vu(B)3 + X2 0(0) . 6.9

Let us now estimate the average (u). Integrating equations (2.1) over 2 and I" and
adding the resulting identities, we obtain

IR
2||£: (2D} + 306 g (5.9)

We multiply (5.9) by

26|01

C= N e

provided that xkde < A2, and we add the resulting relation to (5.4). Then, we derive
the inequality

@ [B) + ce(u(e)] +x[B) + ce(u(t)]
<—(26-kK—k Cfl +CY,) — 26k — EX°C O) [l Wy + ¥ ]
— (8110ep(t))13 + Nl 0w (t )HZF) +Cs(1+ ||gr 3 + ||92||§F)

~2(6-r) Kfl(qs( ) 6()) +<fz(¢(t)),¢(t)>2)r} — 2( = Rl (u)?

AT 4 ML

= 2(1 = w<O) [Vul) I + e (Outhe + S (i

+ S 20+ 50 (5.10)
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Due to assumption (2.11), we have that, for any n > 0, there exists C,, > 0 such
that (cf. [27, (4. 16)])

‘< >’ = <‘fl ‘> < n<f1 (¢>(t))7<z>(t)>2 +Cy, (5.11)
‘< > ‘ = <‘f2 () ‘>F < 77<fz(¢(t))’1/)(7f)>27F +Cy. (5.12)

Thus, thanks to the above inequalities, we deduce that (cf. also [19])
d
7 [E(t) + ¢eu(t))] + & [E(t) + C5<u(t)>}
+ 6 (leOlFn @) + 1RO 17 1) + 3ll0ed O3 + 10 )3 r + [Vu(®)]3)
< C(1+llgull3 + llg2ll3.r) - (5.13)

where k, k' and C are positive constants that are independent of . On the other
hand, one can easily check that there exists a positive constant C' independent of
¢ such that, for all t > 0,

As(t) < C’(E(t) + Cs<u(t)>) , (5.14)
where
As(t) = o)l ) + 19O 7 @) +ellu@®)]3-
Applying Gronwall’s inequality to (5.13) and taking (5.14) into account, we obtain
t4+1

As(t) + / (o)l ) + 19 ()7 ) + 0110 b (s)]13) ds
t
t+1
+ / (I0eo ()5, + [ Vu(s)l3)ds < C(EO)e™ + 1+ |lg1[3 + lg2l3r) . (5.15)
t
for all ¢ > 0, for some p > 0 and C' > 0 independent of ¢ and e.
Hence, using (5.15) and arguing as in [18, Lemma 4.3, (4.20)—(4.23)], we
deduce that

10ep )3 + 110 )3 + [ Vu(t)]]3
t+1

+ / (10e0(9) 1312 0y + 106 ()11 ry + €llOpu(s)lI3)ds

i
< Q(II(¢o, %0, uo)ll3ar ) e~ + Q(llgn |13 + llg2
and it follows from (2.1) that

Mu(t)) < Q(ll (b0, vo, uo)llza)e ™ + Q(llgall3 + llg2ll3 r) , (5.17)

for some p > 0 and some positive increasing function @, both independent of €.
Finally, (5.2) is derived from (5.15)—(5.17), arguing as in the final part of the proof
of [18, Lemma 4.3]. O

51) (5.16)
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The next lemma shows the existence of a compact absorbing set in XM
namely,

Lemma 12. Let assumptions (2.6)—(2.8) be satisfied. There exists a positive mono-
tone nondecreasing function Q (independent of €) and, for any Ry > 0, there exists
to = to(Ro) > 0 such that

1(6(1), o (t), u(®))]],,, < QRo), Vi =>to, (5.18)

for any (¢o,v0,u0) € B(Ro) C XM where B(Ry) is a ball of radius Ry, centered
at 0.

Proof. Following a formal argument (cf. [18, Lemma 4.4]), we differentiate the first
two equations of (2.1) and the first equation of (2.2) with respect to time. Then,
we multiply the resulting equations by 82¢(t), 02¢(t) and dyu(t), respectively.
Integrating by parts and adding the resulting relations, we deduce that

10:d(t) 131 0y + 1860 ()| Frr oy + €llBru()]]3]
+102p()13 + 1070 (813, + VOru(t)||3
/ 11(6() (1) (1) — / R(6(0)0aR6@aS . (5.19)

3l

Using Holder’s and Young’s inequalities, we get

1000 sy + 10060 sy + <l Do) )
+1820(6) 13 + 1976(1) 3. + V00 (t) 3
<o(lf@masol+ HEosol). 620

for some C' > 0 that is independent of € and of the initial data. On account
of the embedding H?(Q2) — C(£2), we can find a positive monotone increasing
function @, independent of ¢, such that

%(Ilaté(t)\\fp(m 10 (O3 ) + ellOeu(t)]13)
+ 1870013 + 1070 () 13,0 + [ VOu(t)|3
< Qe r2() 10613 + QI ()l rr2r)) 10 ()13 - (5.21)
Recalling (5.2), we can apply the uniform Gronwall lemma to (5.21). This yields

10:b () 12 () + 10 )7 1y +ellOu(®)]3 < Q(Ro), VE=to,  (522)
where tg = to(Ro) > 0 is independent of . We can now use (5.2) and (5.22) to
derive (5.18), arguing as in the proof of [18, Lemma 4.4]. O

We also recall the continuous dependence estimate (see [18, (3.42)]).
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Lemma 13. Let assumptions (2.6)
inating from XM namely (¢;(t),
following estimate holds:

(@1 = ¢2) ()17 2y + (1 = ) (O30 0y + &l (wr = u2) ()3
< Ce" (po1 — do2llir oy + 11 — Yool Fry + €lluor — uozll3),  (5.23)
where C' and L are independent of .

On account of (5.2), (5.18) and (5.23), we deduce (cf. [31]) the

—(2.8) be satisfied. Consider two trajectories orig-
Z(t)aul(t)) = Sta(w()iu ¢0i7u0i)7 1= 17 2. Then) the

Corollary 14. Let assumptions (2.6)—(2.8) be satisfied. Then, for each € € (0,1],
the dynamical system (S5, XM) has a connected global attractor A. that is bounded
mn Zg.

Remark 2. It is worth noting that, in order to prove the result of Corollary 15,
the nonlinearities f; need only be in C*(R).

We also recall that, owing to Theorem 4, the dynamical system (S?, LM) has
the global connected attractor Ag that is bounded in V3 C Zj3. More precisely,
recalling (2.22), this attractor is defined by

Ao = {(d.0,u) e LY = (¢,9) € Ao, u=L(¢)},

where Ay is the global attractor, bounded in H3(€2) x H3(T), of the dynamical
system (§?,H:M ) generated by the viscous Cahn—Hilliard equation with dynamic
boundary conditions.

Using estimates (5.2) and (5.22), we can argue as in the proof of [19, Theo-
rem 4.3] to get the

Theorem 15. Let assumptions (2.6)~(2.8) be satisfied. Then, the family {A:}.c(o,1)
is upper semicontinuous at € = 0, that s,

lim distgam (Ae, Ag) =0,
e—0t N

where distxy denotes the Hausdorff semidistance in XM,

Acknowledgements

The second author was partially supported by the Italian PRIN Research Project
2006 Problemi a frontiera libera, transizioni di fase e modelli di isteresi.

References
[1] S. Aizicovici, E. Feireisl, F. Issard-Roch, Long time convergence of solutions to a
phase-field system, Math. Methods Appl. Sci. 24 (2001), 277-287.

[2] P.W. Bates, S. Zheng, Inertial manifolds and inertial sets for the phase-field equa-
tions, J. Dynam. Differential Equations 4 (1992), 375-397.



554 C. G. Gal, M. Grasselli and A. Miranville NoDEA

[3] D. Brochet, X. Chen, D. Hilhorst, Finite dimensional exponential attractor for the
phase-field model, Appl. Anal. 49 (1993), 197-212.

[4] D. Brochet, D. Hilhorst, Universal attractor and inertial sets for the phase-field
model, Appl. Math. Lett. 4 (1991), 59-62.

[5] M. Brokate, J. Sprekels, Hysteresis and Phase Transitions, Springer, New York, 1996.

[6] J.W. Cahn, J.E. Hilliard, Free energy of a nonuniform system. I. Interfacial energy,
J. Chem. Phys. 28 (1958), 258-267.

[7] G. Caginalp, An analysis of a phase field model of a free boundary, Arch. Ration.
Mech. Anal. 92 (1986), 205-245.

[8] R. Chill, E. Fasangové, J. Priiss, Convergence to steady states of solutions of the
Cahn—Hilliard and Caginalp equations with dynamic boundary conditions, Math.
Nachr. 13 (2006), 1448-1462.

[9] L. Cherfils, S. Gatti, A. Miranville, Existence of global solutions to the Cagi-
nalp phase-field system with dynamic boundary conditions and singular potentials,
J. Math. Anal. Appl. 343 (2008), 557-566.

[10] L. Cherfils, A. Miranville, Some remarks on the asymptotic behavior of the Caginalp
system with singular potentials, Adv. Math. Sci. Appl. 16 (2007), 107-129.

[11] L. Cherfils, A. Miranville, On the Caginalp system with dynamic boundary condi-
tions and singular potentials, Appl. Math., to appear.

[12] A. Damlamian, N. Kenmochi, N. Sato, Subdifferential operator approach to a class
of nonlinear systems for Stefan problems with phase relaxation, Nonlinear Anal. 23
(1994), 115-142.

[13] C. Dupaix, A singularly perturbed phase field model with a logarithmic nonlinearity:
upper semicontinuity of the attractor, Nonlinear Anal. 41 (2000), 725-744.

[14] C. Dupaix, D. Hilhorst, A singularly perturbed phase field problem: upper-semi-
continuity of the attractor, in “Nonlinear analysis and applications (Warsaw, 1994)”
GAKUTO Internat. Ser. Math. Sci. Appl. 7, 101-112, Gakkotosho, Tokyo, 1996.

[15] C. Dupaix, D. Hilhorst, I. N. Kostin, The viscous Cahn-Hilliard equations as a limit
of the phase field model: lower semicontinuity of the attractor, J. Dynam. Differential
Equations 11 (1999), 333-353.

[16] C. Dupaix, D. Hilhorst, Ph. Laurengot, Upper semicontinuity of the attractor for a
singularly perturbed phase field model, Adv. Math. Sci. Appl. 8 (1998), 115-143.

[17] C.M. Elliott, S. Zheng, Global existence and stability of solutions to the phase-field
equations, in “Free boundary problems”, Internat. Ser. Numer. Math. 95, 46-58,
Birkh&user Verlag, Basel, 1990.

[18] C.G. Gal, M. Grasselli, The nonisothermal Allen-Cahn equation with dynamic
boundary conditions, Discrete Contin. Dyn. Syst. 22 (2008), 1009-1040.

[19] S. Gatti, A. Miranville, Asymptotic behavior of a phase-field system with dy-
namic boundary conditions, in “Differential Equations: Inverse and Direct Problems”
(A. Favini, A. Lorenzi, Eds.), Ser. Lect. Notes Pure Appl. Math. 251, 149-170, Chap-
man & Hall/CRC, Boca Raton, 2006.

[20] M. Grasselli, H. Petzeltovd, G. Schimperna, Long time behavior of solutions to the
Caginalp system with singular potential, Z. Anal. Anwendungen 25 (2006), 51-72.



Vol. 15 (2008) Singularly Perturbed Phase-Field Equations 555

[21] A. Jiménez-Casas, A. Rodriguez-Bernal, Asymptotic behaviour for a phase field
model in higher order Sobolev spaces, Rev. Mat. Complut. 15 (2002), 213-248.

[22] V.K. Kalantarov, On the minimal global attractor of a system of phase field equa-
tions (Russian), Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov (LOMI)
188 (1991), Kraev. Zadachi Mat. Fiz. i Smezh. Voprosy Teor. Funktsii. 22, 70-86,
186 [translation in J. Math. Sci. 70 (1994), no. 3, 1767-1777].

[23] O.V. Kapustyan, An attractor of a semiflow generated by a system of phase-field
equations without uniqueness of the solution (Ukrainian), Ukrain. Mat. Zh. 51
(1999), 1006-1009 [Translation in Ukrainian Math. J. 51 (1999), no.7, 1135-1139
(2000)].

[24] Ph. Laurengot, Degenerate Cahn—Hilliard equation as limit of the phase-field equa-
tion with non-constant thermal conductivity, in “Free boundary problems, theory
and applications (Zakopane, 1995)”, Pitman Res. Notes Math. Ser. 363, 135-144,
Longman, Harlow, 1996.

[25] G.B. McFadden, Phase-field models of solidification, Contemp. Math. 306 (2002),
107-145.

[26] A. Miranville, S. Zelik, Exponential attractors for the Cahn—Hilliard equation with
dynamic boundary conditions, Math. Models Appl. Sci. 28 (2005), 709-735.

[27] A. Miranville, S. Zelik, Robust exponential attractors for singularly perturbed phase-
field type equations, Electron. J. Differential Equations 63 (2002), 1-28.

[28] A. Novick-Cohen, The Cahn—Hilliard equation: Mathematical and modeling perspec-
tives, Adv. Math. Sci. Appl. 8 (1998), 965-985.

[29] A. Novick-Cohen, On the viscous Cahn-Hilliard equation, in “Material instabilities in
continuum mechanics (Edinburgh, 1985-1986)”, Oxford Sci. Publ., 329-342, Oxford
Univ. Press, New York, 1988.

[30] J. Priiss, R. Racke, S. Zheng, Maximal regularity and asymptotic behavior of solu-
tions for the Cahn—Hilliard equation with dynamic boundary conditions, Ann. Mat.
Pura Appl. (4) 185 (2006), 627-648.

[31] V. Pata, S. Zelik, Global attractors for semigroups of closed operators, Comm. Pure
Appl. Anal. 6 (2007), 481-486.

[32] R. Racke, S. Zheng, The Cahn—Hilliard equation with dynamical boundary condi-
tions, Adv. Differential Equations 8 (2003), 83-110.

[33] R. Rossi, Asymptotic analysis of the Caginalp phase-field model for two vanishing
time relaxation parameters, Adv. Math. Sci. Appl. 13 (2003), 249-271.

[34] N. Sato, T. Aiki, Phase field equations with constraints under nonlinear dynamic
boundary conditions, Commun. Appl. Anal. 5 (2001), 215-234.

[35] G. Schimperna, Abstract approach to evolution equations of phase field type and
applications, J. Differential Equations 164 (2000), 395-430.

[36] B.E.E. Stoth, The Cahn-Hilliard equation as degenerate limit of the phase-field
equations, Quart. Appl. Math. 53 (1995), 695-700.

[37] M.1. Vishik, L. A. Lyusternik, Regular degeneration and boundary layer for linear
differential equations with small parameter, Uspekhi Mat. Nauk. 2 (1957), 3—-122.

[38] H. Wu, S. Zheng, Convergence to equilibrium for the Cahn—Hilliard equation with
dynamic boundary conditions, J. Differential Equations 204 (2004), 511-531.



556 C. G. Gal, M. Grasselli and A. Miranville NoDEA

[39] Z. Zhang, Asymptotic behavior of solutions to the phase-field equations with Neu-
mann boundary conditions, Commun. Pure Appl. Anal. 4 (2005), 683-693.

Ciprian G. Gal

Department of Mathematical Sciences
University of Missouri

Columbia, MO 65211

USA

e-mail: ciprian@math.missouri.edu

Maurizio Grasselli

Dipartimento di Matematica “F. Brioschi”
Politecnico di Milano

1-20133 Milano

Italy

e-mail: maurizio.grasselli@polimi.it

Alain Miranville

Laboratoire de Mathematiques et Applications
Université de Poitiers

F-86962 Chasseneuil Futuroscope Cedex

France

e-mail: Alain.Miranville@math.univ-poitiers.fr

Received: 11 July 2007.
Accepted: 18 February 2008.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00417
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


