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1 Introduction

The aim of this paper is to prove the bifurcation of “large” Cantor families of
small amplitude periodic solutions for wave equations like

Ugt — Ugg + f(I,U) =0
{ u(t,0) = u(t,7) =0 (1.1)

where the nonlinearity f vanishes at v = 0, f is just C* with respect to u, for
some k large enough, and H' with respect to . The frequencies of these periodic
solutions form a set of asymptotically full measure.



248 M. Berti and P. Bolle NoDEA

If f(x,0) = 0 then (u,us) = (0,0) is an elliptic equilibrium of the infinite
dimensional Hamiltonian system associated to (1.1).

Bifurcation of small amplitude periodic and quasi-periodic solutions of (1.1)
has been first proved, for analytic nonlinearities, by Kuksin [14] and Wayne [22]
via KAM theory. Further extensions of the KAM techniques have been developed
e.g. in [16], [8] [15], and, more recently, in [11], [23].

In the early nineties Craig-Wayne [10] introduced the Lyapunov-Schmidt
reduction method to find periodic solutions of nonlinear wave equations in the
case of periodic boundary conditions, solving the small divisor problem present
in the range equation via an analytic Nash-Moser type technique, see also [9].
Subsequently Bourgain [5]-[6]-[7] developed this method to find also quasi-periodic
solutions (in Gevrey class).

Another approach to overcome the small divisor problem for finding analytic
periodic solutions of (1.1) has been proposed by Gentile-Matropietro-Procesi [13]
via the Lindsted series power expansion method.

We underline that in all these papers the nonlinearity f is required to be
analytic in both (x, u), fact which is exploited in the structure and in the estimates
of the corresponding recursive schemes. In [20], adapting the method of [10], Su
proved existence of periodic solutions of (1.1) which are Sobolev functions in both
(t, z) for the specific nonlinearity f = —m?u+ g(z)u® where g(x) belongs to some
Sobolev space (and is even). Since such an f is analytic with respect to u, one
could expect existence of periodic solutions analytic in time.

Actually, in [4], for nonlinearities analytic with respect to u but just H! with
respect to x, existence of periodic solutions of (1.1) which are analytic in time and
valued in H3(0,7) N H(0, ) was proved.

On the other hand, for nonlinearities f just of class C* with respect to u one
could expect existence of periodic solutions which are differentiable up to some
finite order in time, and no more. However the iterative Nash-Moser scheme of
[4] (and [10]) has to be deeply modified. This is done in this paper.

Let us explain the main difficulties. In [10]-[4] analyticity plays an impor-
tant role at several stages. However, as in any Nash-Moser scheme, the most
delicate step is the inversion of the linearized operators obtained at each itera-
tion. The method developed in [10] is based on the Frolich-Spencer estimates
[12] and exploits analyticity in the exponentially fast decay off-the diagonal of the
coefficients of the matrices representing the linear operators.

On the other hand, the new method in [4] dealt with nonlinearities only H*
with respect to x and, what is more important, it did not use analyticity with
respect to time for the inversion of the linearized operators.

Once this key property of invertibility is obtained in Sobolev spaces, a
Nirenberg - Moser type interpolation estimate for the inverse operator in high
Sobolev norms is needed (see property (P5) proved in section 5). In particular,
(4.9) is necessary for the convergence of the iterative scheme, see remark 4.2.

Next, also other steps of the Nash-Moser iteration scheme of [10]—[4] have
to be modified. In doing this we adapt ideas of [17], [18], [19]. We describe the
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main changes, which are based on functional inequalities and a-priori estimates,
in section 4, see remarks 4.1, 4.3, 4.4.

In order to focus the attention on the main issue -namely the solution of the
range equation via a differentiable Nash-Moser iteration scheme- we consider the
completely resonant nonlinear wave equations of [4], without making any attempt
to deal with nonlinearities which would require to solve differently the bifurcation
equation.

Finally we mention that, for zero measure sets of frequencies, existence of
periodic solutions of wave equations can be proved just using a standard implicit
function theorem, see [1], [2], [3].

1.1 Main result

We first introduce, for any integer k£ > 1, the set of nonlinearities
Fi = {f c 0([0,7] x R,R) : urs f(-,u) is in Ok(R,Hl(O,w))}.

Since H'(0,7) is continuously embedded in C([0, 7], R), if f € Fj then 0. f €
C([0,7] x R,R), VO <[ < E.

Remark 1.1 If 8, f(x,u), 0,0, f(x,u) exist and are continuous for all 0 < [ <
k, then f belongs to Fi. These assumptions are not necessarily satisfied by
nonlinearities like f(z,u) = a,(z)u”, p € N, where a,, € H'(0, ), which, however,
belong to Fy, Vk.

Remark 1.2 Since we look for small amplitude solutions, we could more gen-
erally consider nomlinearities f : [0,7] X (—p,p) — R defined locally in some
neighborhood (—p, p) of u = 0. However we prefer to avoid technicalities in the
definition of F.

Normalizing the period to 2w, we look for solutions of

WUgy — Uy + f(z,u) =0
{ u(t,0) =u(t,7) =0

where the nonlinearity f € Fj, satisfies, for some p € N, 2 < p <k,

H), flz,u) = ay(z)u? +r(z,u) with a, € H'(0,7) and
r(z,0) = (Oyr)(z,0) = ... = (92r)(x,0) = 0.

We look for solutions of (1.2) in the Sobolev space
H® = {u =Y ez exp (ilt) w(zx) | w e Hi((0,7),R),u =u_ vVl € Z,
ul? = e (2 + Vw3 < +o00}

even

(T, Hg (0, 7))

of even 2m-periodic in time functions with values in H} (0, 7).
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We fix for the sequel the constant s > 1/2 so that H® is a multiplicative
Banach algebra
[uruglls < C(s)[urllsluzlls,  Vur,up € H?,
and
lullpoe (r,1130,m)) < C(S)ulls,  Vue H”. (1.3)

After the rescaling u — du, § > 0, equation (1.2) takes the form

Wl ugy — Ugy + 6P Lg(d, 2,u) =0 (1.4)
u(t,0) =u(t,m) =0 '
where Fa. 6u) (. 6)
x,0u r(x,du
g(d,x,u) := e ap(z)uP + 5

To find solutions of (1.4) we implement the Lyapunov-Schmidt reduction
according to the orthogonal decomposition

H*=(VNnH*)®(WnH?)

where

W= {w = Zexp(ilt) wy(z) € HY | /0 wi(x)sin(lz)de =0, Vi € Z },
l€eZ

and
V= {v = Z2cos(lt)ul sin(lx) ‘ u €R, ZlQ\ul\Q < +oo}
1>1 1>1
is the space of the solutions of vy — v, = 0 that belong to Hg (T x (0,7), R) and
are even in time.
Projecting (1.4), setting u = v + w, v € V, w € W, and imposing the
“frequency-amplitude” relation

=s"e, g:= 061, (1.5)

with s* = %1 to be chosen later (see (1.8)), yields

—Av = s*Tlyg(d, z,v + w) (@) (1.6)
Low = ellwg(d, z,v 4+ w) (P) '
where
Av = vgp + Uy, L, = —w?d? + 0?

and IIy, Ilyy denote the projectors respectively on V and W.
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For § = 0 the (Q)-equation reduces to
—Av = s"IIy (ap(x)vP). (1.7)
We assume for simplicity that
Iy (ap(z)v”) £ 0,

which is equivalent to
Jv €V such that / ap(z)vPTt £ 0, with Q:=T x (0,).
Q

Taking

o {1 if 3v € V such that [, ap(z)oPt! >0 (1.8)

—1 if Jv € V such that [, a,(z)vP™ <0

equation (1.7) possesses at least one solution © € V' (in fact infinitely many) which
can be seen (cfr. [4]) as a critical point of “mountain pass” type for the functional

v 2 p+1
= [Vl —s*ap(x)Ldtdx.
Q 2 p+ 1

Dy (v) :

We assume the following nondegeneracy condition (of KAM type) which can be
verified on several examples, see [4].

(ND) There exists a nondegenerate solution ¥ € V'\ {0} of equation (1.7), namely
h = 0 is the unique solution of the linearized equation

—Ah = s*ly(pay(z)o*~*h) , he V.
We can state our main existence result.

Theorem 1.1 Let f(z,u) satisfy assumptions (H), with p > 2 and (ND). Fiz
s > 1/2. There is k := k(s,p) € N such that if f € Fy, there exists 5o > 0, a
Cantor like set C C [0,0¢) of asymptotically full measure, i.e. satisfying

lim meas(C N (0,7)) _1
n—0+ n 7
and a C'-curve [0,80) 3 & — u(8) € H® such that:
o (i) Jlu(d) — dv]ls = O(6?)

e (ii) V& € C, u(d) is a 2m-periodic solution of (1.2), with w = w(§) given by

(1.5).
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As a consequence, V8§ € C, u(0)(t,z) := u(d)(w(d)t, x) is a 27 /w(d)-periodic solu-
tion of (1.1).

The order k of differentiability of the nonlinearity f € Fj has to satisfy
k> max{p+ 3,5+ 5+ 3} (1.9)

where § > 0 is defined in (4.27), see also the comments after (4.28). The function
u(8) defines a C' Whitney extension of the family of periodic solutions of (1.2)
constructed in the above theorem, see [4].

Remark 1.3 The condition k& > max{p + 3, s + 3} is assumed for the regularity
of the composition operator g(d, z,u) in Lemma 2.6, and k > s+ 3+ 3 is used for
the convergence of the Nash-Moser scheme, see remark 4.3.

The main changes to be introduced to prove Theorem 1.1 with respect to the
method of [4], regard the solution of the range equation through a differentiable
Nash-Moser iterative scheme. This is done in sections 4 and 5, see remarks 4.1,
4.2, 4.3, 4.4.

On the other hand, we follow [4] to overcome the problem posed by an infi-
nite dimensional bifurcation (Q)-equation performing a further finite dimensional
Lyapunov-Schmidt reduction. Let us introduce the decomposition

V=VieW
where
N .
Vii=queV |v=>37", cos(lt)u sm(l:c)}

(1.10)
Voar=qveV [v=> ycos(lt)u sin(lac)},
and N is defined in Lemma 3.1. Setting v := v; + va, v1 € Vi,vs € Vj, system
(1.6) is equivalent to

—Avy = s Iy, g(6, x,v1 + v2 + w) (
_AUQ - S*HV29(67 x, U1 + V2 + ’U)) (Q2)
Low = ellyg (6, z,v1 + vg + w) (

where Iy, (i = 1,2) denote the projectors on V;.

As in [4] we solve first the (Q2) equation. This requires minor modifications
for Lemma 3.1 and the new Lemma 3.2 below. Finally, we can solve the (Q1)
equation exactly as in [4].

2 Preliminaries on composition operators

We first recall some interpolation estimates and smoothness results for the com-
position operators, which we shall often use in the sequel.
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The positive constants C(s), C(s") can assume different values from line to
line.

Lemma 2.1 (Moser-Nirenberg) Let s’ > 0 and s > 1/2. Yuy, ug € Hs' N Hs,
we have

IN

lruzlly < O (lurll o m,mo.m lualls + u ozl o ez omy ) (2:1)

() (Il lslluzllyr + el lwa s ) (2.2)

IN

Proof. For the proof of (2.1) when s’ € N see e.g. [21, Proposition 3.7]. The same
estimates work also for maps valued in H{ (0, 7), because H}(0,7) is an algebra.
Next (2.2) follows by (1.3) since s > 1/2. g

Lemma 2.2 (Logarithmic convexity) Let 0 < o« < a < b < S witha+b
=a+ 3. Then Yuq,ug € HP

Juallalluzll < Mozl + (0= Vlualallualls with A= £=5. (23)
In particular
lullallells < llullallulls, — Vue HP. (2.4)
Proof. By the convexity of the map o +— log ||ul|, (see e.g. [18] chapter 1),
{ lulla < [ludlluzlls™  with  a:=da+ (1=
luzlly < fluzlla Mluzll3  with b= (1= Ao+ A5.
Then (2.3) follows by Young inequality. O

Lemma 2.3 Let f € F1. Then the composition operator y(z) — f(x,y(x)) is in
C(H'(0,m), H*(0,7)) and satisfies, with the notation M := ||y||r (0,

17 y@)lla < C( max, 1FC )l + max 197Gl lylla )
(2.5)

Proof. Let y(z) € HY(0,7), M = |ly|lz~, 2(z) = f(x,y(z)). We shall use for
convenience the notations

A(f, M) = el G wllas, B, M) = el 10uf ()1 -

A(f,M) and B(f, M) are finite because f € F; and so u — ||f(-,u)||g: and
w— ||Ouf(-yu)|| g1 are continuous.
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First, f being continuous, it is clear that we have z € L>°(0,7) C L?(0, )
and

IzllL2 < Cllzllz= < O max, (5 u)llee < CA(f, M). (2.6)

In the case when f is smooth (say C?), it is clear as well that we have z € H*(0, )
and

Z(x) = Ouf(@,y(@))y (x) + 02 f (2, y(2)) = a(z) + b(x) + c(z) (2.7)

with

c(x) ::/ 020y f (z,u) du.
0
Using that 9, f is continuous, we obtain, as in (2.6),
lallzz + [blle < 0uf (@, y(@)llzoelly’llL2 + 02 £ (-, 0) 22
< CB(f,M)||/|lz= + A(f, M). (2.9)

Moreover
M

el <2v [ ([ jos0us (ol du) do
0 —M

by the Cauchy-Schwarz inequality and because |y(z)| < M, Vz € (0,7). Hence,

by Fubini theorem,
M T
QM/ (/ 10200 f (2, u)|? da:) du
M NJo

M
2M [ 0uf ()l du < AMPB(SM). (2.10)
-M

IN

lellZ

IN

(2.5) is a consequence of (2.6)—(2.10) and the fact that M < C||y||z:-

If we remove the smoothness assumption on f and assume only f € Fi, we
can consider some regularizing sequence of smooth maps (fn) such that
A(fn—f,M)+B(fn—f, M) — 0as N — oo and introduce zy () := fn(z,y(z)).
It is clear that ||zny — 2|/~ — 0. Writing (2.7) for zx(z) and passing to the limit
with the help of (2.9)—(2.10), we obtain that (2.7) is still true for z (note in par-
ticular that the last integral in (2.8) is well defined for almost all = € (0, 7)), and
that 2 € H(0,7) satisfies (2.5).

Finally, (2.7), the properties of f and 0,f, the embedding H'(0,)
C C(]0,7]) and the Lebesgue convergence theorem imply the continuity of the
map y(z) — f(z,y(z)) from H(0,7) to H(0, 7). |
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Lemma 2.4 Let f € Fp1 satisfy (H)p for some p > 0. Then the composition
operator

y(x) — g(6,z,y(x)) = 077 f(z, 6y(x))
maps H(0,m) into H'(0,7) and satisfies
19(8, z,y(@)||rr < Cllyllar) - (2.11)
Moreover the map (8,y) — g(8,x,y(x)) is in C([0,50) x H(0,7), H(0,7)).

Proof. Since f satisfies (H), we have by the Taylor formula,

(6, z,u) =u? /1(8pf)(a: 5su)wds

g ) ) o U ) (p _ 1)! *

Then, applying Lemma 2.3 with 92f € Fj, and since H(0,7) is an algebra,
Vy € H'(0,m),

(1—s)Pt

st S Hl(o,ﬂ')

9(6,,y(x)) = (y(x))p/o (05f) (@, dsy(x))

and (2.11) holds.

Moreover, still by Lemma 2.3, the map (4,y,s) — (92f)(z,dsy(x)) is in
C([0,80) x HY(0,7) x [0,1], H*(0,7)). Hence, since y(z) — (y(x))P belongs to
C>®(H(0,7), H'(0,7)), also the map (4,y) — g(6,z,y(z)) belongs to C([0, do)
x HY(0,7), HY(0,m)). O

Lemma 2.5 (Composition operator) Let f € F satisfy (H)p for somep >0
and k > p+ 1. Then the composition operator

u(t,x) = g0, x,u(t,z)) = 67" f(x, 6u)
maps H* N H* into H® for any 0 < s’ <k —1, and satisfies

98, z,w)llsr < C(s", Julls) (X + [lulls) - (2.12)
Moreover the map (8,u) — (68, x,u) is in C([0,00) x (H* N H®), H*").
Proof. We prove the lemma when s’ = [ is an integer (for s’ ¢ N it could be
proved using Fourier dyadic decomposition). We show, by iteration, that for
leN,I<k-1,

lg(, 2, w)lli < C ull) (X + [fully),  Yue€ H NH?

and that if u,, — v in H* N H' and §,, — &, then g(&,,z,u,) — g(d,z,u) in H.
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For [ = 0, applying Lemma 2.4,

19(0, z,u)|lo < CI}%@%HQ(&%U(@'))HHl(O,w)SC(Itnea}I)5||u(tv')||H1(0,7r))

(1.3)
< C(lulls)-

Moreover, if u, — win H® and §,, — 0 then max;er |[u,(t,-) —u(t, )| g1 0,7 — O.
Hence, by the continuity property in Lemma 2.4 and the compactness of T,
maxgeT ||g(§n7xaun(t>)) - g(éa‘r,u(ta’))”Hl(O,ﬂ) — 0 ) whence g(énaxaun) -
g(8,w,u) in HO.

Now assume that the above property holds up to order [, with [ +1 < k — 1. We
have

9(0, 2, w)lli41 < llg(6, 2, u)llo + 110 9(6, 2, w)lli = llg(8, 2, w)llo + [[Oug (6, x, u)Orullr,

where 0,9(8, z,u) = 6~ @19, f(z,6u), O, f € Fr_1 and 9, f satisfies (H)max(07p_1).
As a consequence, since k — 1 > max(p,l + 1), by the induction assumption, we
have

10ug(8, 2, W)l < O lulls) (L + llull),  Yue H' NH? (2.13)
and, by Lemma 2.4,
10ug (0, 2, u)|| oo (1317 (0,7)) < C[ulls) - (2.14)
For [ = 0, we get
19(0,z,u)lly < C([lulls) + 18ug (6, 2, w)l| Lo ;11 0,7y ully < C(lJulls) (X + [Jull1).

For [ > 1, applying (2.1), (2.14), (1.3), for any § € (1/2, min(1,s)), (2.13),

g6z, w1 < CClully) + €O (10ug(6, 2, W) a0 0,00 D2l

+ 1096 2, W)l Orul o 13 0,0
< O [lull )1+ [ulir) + CO0ug(6, 2, w) | el
< O full )+ llig + allulsa) (2.15)

Now, by the interpolation inequality (2.4), since max(l + 1, 8) > max(l, 5+ 1),
lullellullsra < flulliallulls < ulliaflulls

and, by (2.15), we get (2.12) for s’ = [+ 1. The continuity property is obtained
in the same way. O
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Lemma 2.6 (Regularity) Let f € Fi satisfy (H), for somep > 0 and k > p+3.
Then, provided 0 < s’ < k — 3, the map

[ [0,80) x (HS N H*') — H¥
“ { (6) > 9(0, 2, u)

is C', and D2G exists everywhere and is continuous in [0,80) x (H* N H*).
Moreover

DG w)[h] = dug(d,a,u)h, DG, w)[h h] = (929)(3,x,w)h?, Vh € HNHY,

and

{ 10u9(, x,u)l|sr < O, [|ulls) (1 + [Julls) (2.16)

1029(3, 2, u)lls < C(s", [[ulls) (1 + [lulls) -
Proof. First of all,

Oug(8,2,u) = 6~ PV, f)(z,0u), 02

u

9(8,z,u) = 6~ P72 (92 f)(, 6u)

where 0, f € Fj_1 satisfies (H)max(o,p—1) and 9 f € Fy_o satisfies (H)max(0,p—2)-
Applying Lemma 2.5 to the composition operators induced by 9, f, 02 f, we get
the bounds (2.16).

To prove that G is differentiable with respect to u, write

lg(6,z,u+ h) — g(6,z,u) — Oug(d, z,u)h||y =

<

/

1
Hh/ (Oug(d,z,u+ oh) — 0yg(d, x,u)) do
0

S

C(SI)”h”max(s,s’) m[%}i] ‘ aug(57 z,u+ Uh) - aug((sa z, U)'
oe|0,

max(s,s’) - O(”h”maX(&S/))

by the continuity property of u — 9,9(d,x,u) derived from Lemma 2.5. Hence

D,G(d,u)[h] = 0ug(6,x,u)h, Vh € H*NH*  and (4, u) — D, G(4,u) is continuous,

still by Lemma 2.5. Similarly G is twice differentiable in u and D2G is continuous.
At last, to prove that G is differentiable with respect to §, write

59(6,2,u) = 5~ o, 5u)  where  fa,u) == udf(x,u) — pf(w,u).

We have f € Fj_; and f satisfies (H),,,. Since k > max{p+3, s’ +3} we deduce
that G is differentiable with respect to ¢, with continuous derivative, again by
Lemma 2.5. O



258 M. Berti and P. Bolle NoDEA

3 Solution of the (Q2)-equation

By a direct bootstrap argument the solution v € V' of the zero order bifurcation
equation (1.7) satisfies o € VN C>(Q). In particular there exists R > 0 such that

Iolls < R.

For the sequel R > 0 is a fized constant.
We look for a solution of

vy = 5" (—A) My, g(8, z,v1 + va +w). (3.1)

We recall that V5 is defined in (1.10). In what follows, B(r; E) will denote the
open ball of center 0 and radius r in the normed vectorspace E.

Lemma 3.1 (Solution of the (Q2)-equation) There exists N :== N(R) € N,
o > 0 such that:

a) Vjulls < 2R, Y|wls < 1, ¥ € (0,00), there exists a unique vq
= vg(8,v1,w) € VaNH 2 with ||va(d, vy, w)||s < 1 which solves the (Q2)-equation.

b) vs(-,-,-) € O ([0, 8o) x B(2R; Vi) x B(L; W N H®), Va ﬂHS+2) and D2,v;
exists everywhere, is continuous and bounded in [0,5¢) x B(2R; V1) x B(1; WNH?®).

Proof. The proof is as in Lemma 2.1 of [4], using Lemma 2.5. b) is a consequence
of Lemma 2.6. O

For the differentiable Nash-Moser scheme that we shall use to solve the range
equation we have to prove that ||ve(0,v1,w)||s depends in a linear way on ||w||s .
We shall need also estimates on the differentials (up to order 2) of vy with respect
to w, Vs < s’ < k — 3. This requires to improve lemma 2.1-d) of [4].

Lemma 3.2 Suppose w € WNHS NH*, 0< s <k—3 and |w|, < 1. Then
vo(8,v1,w) € Vo N H*+2 and, V5 € (0,8), V||v1]|s < 2R,

a8, v1,w) 42 < K (14 o]l
| Duva(6, v, w) W)z < K [(1+ o) [0l + 121l (3.2)
| D2 v (8,00, w)li, Bl 2 < K| (1 [wllo)IAI2 + [l 21l
for some K := K(s") > 0. Moreover, for s’ =0, we have
| Duva(6, v, w) Az < KlA]o (3.3)

Proof. By a bootstrap argument like in lemma 4.1-d) of [4], using the regularizing
properties of (—A)~™1 vy (w) 1= vy (d, v1,w) € VN H® T2, Next, since vg(w) solves
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(3.1), we get

lez@)losz = [[(=2) " M8 2,0 + va(w) + w)

s'+2

< HHV29(5a x,v1 + va(w) + w)

)
<O or + ea(w) + wll) (14 or + va(w) + wlly )

< Kos', By Jwll) (1+ loalls + Il + llos(w) )

IN

(6! R) (14 208 4 ol 4 [a(w)).

Iterating still n times the above estimate, where n is the smallest integer such that
s’ —2n < s, we finally obtain the first bound in (3.2) (we recall that N depends
only on R and f).

The two other bounds of (3.2) can be proved in the same way by the expres-
sions

Dova(w)[h] = (—A) "My, 0,g(8, 7, v1 + va + w) (h + Dy (w)[h]) (3.4)
and
D2uy(w)[h, h] = (=) My, (829(6, 2, v1 + vz +w)(h + Dyva(w)[h])?
+ 0ug(8, z, vy + vy + w) D2 vy (w)[R, h]) .

At last, by (3.4) and the regularizing property of (—A)~1,

| Duvs(@)Blllz < Cll0ug(d, 2, v1 + v + w)l,

h+Dw02(w)[h]HO.

By (216>7 ||aug(57x7vl + v +w)Hs < C) V||v1||s < 2R7 HU2||S < 17 ||w||s < 1.
Finally, using (4.6) because D,,va(w)[h] € V3,

1
1Dwvs(w)hlllz < C(lnllo + 5 [ Duwva(w) 8] )
which implies (3.3), provided that N has been chosen large enough. O

4 Solution of the (P)-equation

We have to solve the (P)-equation with vy = v9(4, v1,w), namely

Low = elly T'(6, v1,w) (4.1)
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where
(6, v1,w) := g(d, z,v1 + w + v2(d,v1, w)). (4.2)

The solution w(d,v1) of the (P)-equation (4.1) is obtained by means of a
Nash-Moser Implicit Function Theorem for (J,v1) belonging to a Cantor-like set
of parameters.

We consider the orthogonal splitting

W — W(Nn) EB W(NH)J-

where
We) — {w ew ’ w = Z exp (ilt) wl(aj)},
<N,
WL — {w eWw ’ w= Z exp (ilt) wl(x)},
[1|>N,
with!
No =[], (4.3)
A =1In Ny and x > 1. We denote by
Py, : W — W& and Py W — WL

the orthogonal projectors onto W™») and W V)L

Remark 4.1 One major difference with respect to the analytic case is making
the sequence of finite dimensional truncations N, increase super-exponentially
fast like in (4.3) (in [10]-[4] we had N, = Ny2"). This is useful to prove the
smallness of the remainder r,, defined in (4.14), see remark 4.3.

The convergence of the recursive scheme is based on properties (P1)-(P2)-
(P3)-(P4)-(P5) below.

e (P1) (Regularity) I' is in C'((0,80) x B(2R; V1) x B(1; W N H®); H?).
Moreover D2T exists everywhere, is continous and bounded on [0, d)
x B(2R; V1) x B(L; W N H?).

(P1) is a consequence of the regularity of the composition operator induced
by g(d,z,u) on H® (see Lemma 2.6), and the regularity of the map wvs(-,-,-) of
Lemma 3.1.

I The symbol [a] denotes the integer part of a € R.
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e (P2) (Tame) For all ||v1]|s < 2R, |lw||s <1,Vs<s <k-1,
IT(0, v1, w)lls < C() (1 + [lwlls)-

(P2) is a consequence of (2.12) and (3.2) (where we need only s’ < k — 1 in the
first bound).

e (P3) (Taylor Tame) For all ||v1]|s < 2R, ||w||s <1,Vs < s <k -3,

Hr((s, vr,w 4 h) — T8, v1,w) — DyT(8,v1,w)|[h]

s/

< () (Il 10112 + IRSI1AL )
for all h € H¥'. In particular, for s’ = s,

|08, 01w+ ) = D8, 01, w) = Dul(G o0, w)b]| < CIRJZ.  (44)

Since
2
D28, viw)[h k] = (929)(8, 2, v1 +w + va (8, v1, w )(h+Dwv2 (6, 01,w)[h))
+ (0u9) (0,7, v1 + w + v2(8, v1,w)) D2 va (8, vy, w)[h, hl,

(P3) can be derived from the bound on || D2 (8, v1,w)[h, h]||s provided by (2.16),
(3.2) and (2.2).

¢ (P4) (Smoothing) VN € N,
[P ullssr < N'ulls, Vu e H* (4.5)
[Pyvulls < N~ "|ullssr,  YueH. (4.6)

The next property (P5) is an invertibility property of the linearized operator
Ly (8,01, w)[h] := Lyh — ePyIly Dy T(8,v1,w)[h],  Yhe W),

Definition 4.1 (Melnikov Non-resonance conditions) We define

AL (v, w) = {5e [0, 60) ‘|wl il > (lﬂy wl—j—¢

(51}1,w)‘>
VIEN, j21, 14, g <l <N, j<2N}

l+])

for some constant 0 < v <1, 1 < 7 < 2, where
1
M(6,v1,w) = @/ 8ug(5,x,v1(t, x) + w(t,x) + v (4, vl,w)(t,x)> dtdx, (4.7)
Q

Q:=T x (0,7) and w, e are related to ¢ in (1.5).

The next property is proved in section 5.
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e (P5) (Invertibility of L) Fix 1 <7 < 2,0 <+ < 1. Suppose

—1
[w[ls+o <1 where o= % (4.8)
There exists dg := do(7y, 7, R, f) > 0 such that,

Vijur|ls <2R, Ve AN (vi,w)N[0,d),

L (8,v1,w) is invertible and L3 (8, v1,w) : W) — W) satisfies Vs’ > s

T—1

|ext 6,00y < )™

S (Il + lwollosolinlls) — (49)

Y
for some positive constant K (s’). In particular, by (4.9) and (4.8),

Hc;vl(a,vl,w)[h]Hs < %NHHhHS. (4.10)

Note that, under assumption (4.8), we have already established in [4] the
invertibility of Ly (in [4] analyticity was not used at this step). The new problem
here is to prove the interpolation type estimate (4.9) in high Sobolev norms.

Remark 4.2 The importance of (4.9) is that the big norm ||w||s 4, will be com-
pensated by the small norm ||A||s along the Nash-Moser iteration. This is sufficient
to imply convergence. It is used in Lemma 4.2.

4.1 The Nash-Moser scheme

We define inductively the sequence {wy, }r>0-

Proposition 4.1 (Induction) Let Ag := {(5,v1) | 6 € [0,00), |lv1]|ls < 2R}. N,

being defined in (4.3), 3 €9 == eo(y, T, 8, R, f) > 0, such that for 5571 < &g, there
exists a sequence wy, = wy(6,v1) € W) of solutions of the equation

(P —N,) Low, — Py, Ty T(8,v1,w,) =0,
defined inductively for (§,v1) € A, C A1 C ... C Ay} C Ay where
Ay = {(5, V1) € Ap_y | € A]V’:(vl,wn,l)} C A,
satisfying
[wplls+o <1 where 0= ——, (4.11)
wy, = Y1 hi with hy € WD such that
Iholls < le|Ko,  llhalls < Klely "N 77" VI<i<n (4.12)

for some constants Ky , K >0.
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Proof. In the proof K, K’ denote absolute constants depending on f, R, v, 7, s,
s’ at most. We shall possibly indicate only the dependence on the index s’ > s.

First step: initialization. Let Ny := [e*] be given. If
1
lw—1|No < |w —1|e* < 3

then Ly ) is invertible and |[L Al < 2[|A]s, VA € W o) This is straight-
forward, noticing that the eigenvalues w?l?2 — 52 (0 <1 < No, j > 1, 7 # 1) of
L, jw o) satisty

. . . ) ) 1
w22 = 12 = ol = jl(@l + ) = (1=l = lo = 1No ) (i +5) = (1= 5)-

By the Contraction Mapping Theorem, using Property (P1), there exist €1 > 0,
Ko > 0, such that, V||v1||s < 2R, V|e| < min{ey, e~*/4}, the equation

(P — No) wao - EPNOHWr((S, V1, wo) =0
has a unique solution wg(d, v1) satistying ||wo (8, v1)||s < Kole].

Second step: iteration. Suppose we have already defined a solution w, €
WNn) of equation (P — N,,) satisfying the properties stated in the proposition.
We want to find a solution

Wpt1 = Wy + Apt1, hpgr € W Nnt1)
of the equation
(P— Npi1) Lowyy1 — Py, T (8,01, w,41) = 0.
Develop

Lo(wy +h) — Py, OwI(d,v1, w, + h)
= Lywy, —ePn,  HwI'(6,v1, wy) + Loh
—EPN7L+1nwaF((S, V1, wn)[h] + Rn(h)
=7, + Ly, (6,01, wy,)[h] + Ry (h)

(4.13)

where, since w,, solves equation (P — N,,), r,, € W®n)L

Tn 1= wan - EPN HWF(67 U1, wn) = _EPJJ\fn,PN HWF(é, v, wn)

n+1 nt1

Ru(h) = —ePy,, Iy (F(é, o1, wn + ) — T(8,v1,wn) — Dy T8, 01, wn)[h]).
(4.14)

Inversion of Ly, ., (6,v1,w,). By property (P5), L, ., (6,v1,w,) is invertible

because (4.11) holds, and for (J,v1) restricted to the set of parameters

Apiy = {(ml) €A, |de AY\;;l(vl,wn)} CA,.
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The inverse operator satisfies, by (4.10),

K
[ene@ o nl| < SNZEIL. e w e 4s)

By (4.13), solving equation (P — N,,41) means finding a solution h € WNn+1) of
= L, (0, 01,wa) 7 (ra + Ra(h))

namely a fixed point of the map

G s W) o W) Gy (h) =~ (6,01, w0) ™ (ra + Ra(R))

Lemma 4.1 (Contraction) Given 8 > 0 (to be specified later), we set

By =1+ |lwnlls15-

There exists K1 := K1(8) > 0 such that G,41 1s contraction in the ball
Buii(s) == {h e W) | NRlls < ppt1 = 2|fy€|K1N:z-+1lN ﬁB }

provided

€ (r— 1
K e |N +1P n+1_2K2|7 N? 1)N B, <= (4.16)

n

3
+
=
l\D

Proof. By (4.15)

gn+1 (h)

- Jestbonra o)

K T
< SN (Il + IRa ()1

K i _
< N (e NP T T ()l + Je] [1RI2) (4-17)

S S

using the smoothing estimate (P4) since 7, € W»)L "and (4.4). Here, for brevity,
L(wy,) :=T(8,v1,wp).
Now, the tame estimate (P2) entails

1P, TIw T (wn) 54 < K(B)(A+ [wnllssp) = K(B8)Bn (4.18)
because ||wy|ls <1 by (4.11). By (4.17) and (4.18) we get

| 'jKlNT H(NP B+ I1112) (4.19)

n+1

Gua(B)], <
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for some K7 := K1(8) > 0. If ||h||s < ppt1 then

and therefore G, 11 maps By,11(s) into By,41(s) if

€ — T
| |KNT7L—+11NHBB"+‘ ‘KlN Tl P

Gn+1(h)

S

E T T
7|K1Nn+11N BB +| |K1N+1 Pn+1 < Pn+1-

By the definition of p,1, the previous condition holds, if (4.16) is verified.
The condition to prove that G, 41 is a contraction is similar. O

Remark 4.3 By (4.17)(4.18) the term 7, is estimated like ||7,||s < K|e|N,?B,.
In the next Lemma 4.3 we obtain an a priori-estimate on the growth of the B,
independently of 3, implying the super-exponential smallness of ||r,||s for 5 large
enough, see (4.27). Here the tame estimates are deeply exploited.

In [10]-[4] the smallness of r,, was proved exploiting analyticity.

Now the main task is to estimate the growth of the B, i.e. to control the
divergence of the high norms |Jw,,||s+s of the approximate solutions wy,.

Lemma 4.2 There exists Ko := Ko(83) > 0 such that, if

K, e |NT Lo = 2K, K1 N2(T UN B, < (4.20)

DO =

and |e|2Koy~! <1, then
B, <(1+N"YB, ;. (4.21)
Proof. We have
By =1+ |wnlls+s < 1+ |wn-1lls+8 + [hnlls+s = Bao1 + [halls+s . (4:22)

Now we use the estimate for the inverse Ly, (4, v1,w,_1)"! in high Sobolev norm
given in property (P5).
Since h,, = —Ln, (6,01, Wn_1) " (11 + Rn_1(hy)), we obtain

(P5) NT 1
||han+5 < K(ﬁ)

(Iramslloss + I Raca (bl st

Hlwn-1llst oo (Irn-lls + | Ra-1(hn)lls))

(P4) T—1
< k(e

(Irn-sllos + lelQu-1 (h)llot)

o NpE
+K (ﬁ)#”wn—l“S+B<‘|T7L—1||s + |5|||Qn—1(hn)||8) (4.23)
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because w,,_1 € W(N”—l), and having defined
anl(h) = P((Sv V1, Wn—1 + h) - F(av Ulvwnfl) - DwF(6; Ulawnfl)[h] .
Now we use the tame estimate
||7"n71Hs+,3 = |5|||P1¢n,1PNnHWF(wn71)HS+B < K(ﬂ)\ElHF(wnfl)st
(P2)
< elK'(B) (1 + [lwn—1l[s+5) = |e|K'(8) Bn-1 (4.24)
and the Taylor tame estimate (P3)
”anl(hn)”erﬁ K(ﬁ) (HwnflnerﬁthH? + ||hn||Sth||s+ﬁ)

< K(B)(Ba-12 + pallhalloss) (4.25)

IN

because ||hy,||s < pn.
We insert in (4.23) the estimates (4.24), (4.25), |rn—1lls < Je|C and
|Qn—1(hyn)|ls < C, to obtain
lel
2
Y
for some positive Ko := Ko(3). By (4.20)

4o Sl
th||s+ﬁ < K N:z— 1+ B”_lJr(KQ'nyn lpn)HhHHS-&-ﬂ

D R [ e
whence
[ ls48 < 2K2|2N;”"Bn_1 <N, YOB, (4.26)
for 2Ks|ely~1 < 1. By (4.22) and (4.26) we get (4.21). |

The recurrence inequality (4.21) is very important because it proves a bound
for the divergence of the B,, independent of 3, provided that ¢ (or ¢) is smaller
than some positive constant which depends on .

Lemma 4.3 (Bound of B,) There exists C = C(x, A, 7,0) > 0 such that B,, <

CBONﬁ(TfH*U) '

Proof. Set for brevity a := 7 — 1 + o. Iterating (4.21) and using N,, < X" <
N, +1 < 2N, we get

x"—1
x—1

By < BoIl'_,(1+ N®) < BoIl"_, (1 + e*™') = BoIT", (e~ X' + 1)
xnt! X _
< C'Bpe® =T < CByN,;y 17,

where ' = 25 1°C" = Qﬁaﬂjﬁf(e—a)‘xi + 1) is finite and independent of n. O
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There remains to check condition (4.16). We choose

B:=x(t+0)+

X (r—1+0) where oi=——". (4.27)
x—1
Lemma 4.4 For ey~! small enough (independently of n) condition (4.16) hold.
Proof. By Lemma 4.3, condition (4.16) to have the contraction holds if

NACBoNg 1T <

l\DM—l

= 2K7— > Nn<+1
Now, since Np11 < X < (N, + 1)X, and by the definition of 3 in (4.27),

2

2K1 C,BO(N + ]_)2X(7' 1)Nn—ﬁ+ﬁ(7—1+0)

IA

Cn
= 2K12—20B0(1 + N1 =1 yx(r—2-0)
v

< K

= ~2
since 7 < 2 and o > 0. Condition (4.16), holds for ey~ > 0 small enough. O

Next we check that estimate (4.12) holds for h,4i. By the estimates for
Pn+1 in Lemma 4.1, for B,, in Lemma 4.3, and by the definition of 3 in (4.27),

||hn+1||s < 2|5|7_1K1Ng+11N By,
< 2lely T K NI OBy N, X(7+)

< 20ely K CByN, T 2x 0+ < Kle|y N, Y,

for some K > 0. We used that NX > N, 1(1+ N;1)™% > N, 127X,

To complete the inductive argument and the proof of Proposition 4.1, we
have still to verify that (4.20) holds when n is replaced by n+1 and that condition
(4.11) holds for wy, 1.

Condition (4.20) (at rank n + 1) is exactly of the same type as condition
(4.16) and it holds true in the same way, for ey~ > 0 small enough.

Finally condition (4.11) at rank n + 1 holds true because, by the induction
hypothesis

n+1 n+1 n+1 ‘ |
||wn+1Hs+a < ZHh ||s+o < ZN‘Tlh || ZK,YNUN o—1
=0
_|€| +o0 »
< K=Y N'<1
v i=0

-1

for ey~" small enough, independently on n. O
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Remark 4.4 We have never used y < 2 as it is customary in several Nash-Moser
theorems, whence the convergence of this Nash-Moser scheme is arbitrarily fast!
This is due to the fact that, for semilinear f, the very strong Taylor tame estimate
(P3) holds. It is used in Lemma 4.2.

Now, choosing x > 1, we can optimize the choice of 3 which reflects on the
regularity assumptions on the nonlinearity f € Fy, see (1.9). For each 7 € (1,2)
the minimal value of 3 defined in (4.27) is

B(r) = min (X(T +0)+

X_l(T—l—l—a)) = (\/T+O'+\/T+O'—1>2.

The function 7 — 7+0 =7+ % is increasing for 7 € (1,2), as well as the

function 7+ B(7). For 7 — 1,

B(1) — Teig&) B(r)=1. (4.28)

Hence we can take for instance 8 = 2 for 7 close to 1. Note that for 7 = 1 the
existence of periodic solutions can be achieved using just the classical implicit
function theorem and not the Nash-Moser one, see [2], [3].

By the regularity property (P1) we can prove as in section 3.2 of [4] the
existence of a C' Whitney extension w(d,vy) for all (§,v1) € (0,80) x B(2R; V4).

Finally, once the (P)-equation has been solved, the part concerning the
solution of the (Q1)-equation and the measure estimate for the Cantor set remains
the same as in section 5 of [4]. We had just used that the path of solutions of the
bifurcation equation is C*, see Proposition 3.2 in [4]. The conclusions of Theorem
1.1 follow like in [4].

5 Analysis of the linearized problem: proof
of (P5)
Recalling (4.2), the operator £y (d,v1,w) can be written as

‘CN (57 U1, UJ) [h]
= Lwh — EPNHV[/DU,F((S, V1, w)[h]

— Loh — ePyTly (aug(a, @, v1 + w + (8, vy, w)) (h + Dyva(8, 1, w)[h]))
= Loh — ePyIly (a(t, z) h) — Pyl (a(t, 2) Dyv2(8, 01, w)[h])
where, for brevity,
a(t,z) := 0ug(d, x,v1(t,x) + w(t,x) + va(d, v1, w)(t, x)) .

We decompose
EN(d, vl,w) =D — M1 - M2
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where
Dh := Lwh — €PNH{/V(CLO($) h)
Mih = EPan((_l(t,l‘) h)
Moh = ePyIlw (a(t, ) Dyvalh])
and

T o

We deduce from (2.16) and (3.2) that, V|jv1]|s < 2R, V|]|w||s+0 < 1, V8 € [0, o)

a(t,x) :=a(t,z) — ap(x), ap(z) : ! /0 ' a(t,x)dt.

lalls: = | ©ug)(6.2 01+ w+ va(B 00, w0))| | < CEOA+[wle).  (5.1)
In particular,

lalls < llallsro < C- (5.2)

5.1 Inversion of D
Vh e WW) the k" time Fourier coefficient of Dh is
(Dh)y, = (W?k? + 02 hy, — emp(ao(x)hy) = Dihy
where Dy, : D(Dy) C F, — F}, is the operator
Dyh = w?k*h + 0%h — emy,(ag(x) h)
with

Fy = {f € Hi((0,7);R) | / f(z)sin(kz) de = 0} = (sin(kz))t,
0
7« HY((0,7); R) — Fy being the L?-orthogonal projector.

Lemma 5.1 (Diagonalization of D) There exists a Hilbert basis of WN) con-

sisting of eigenvectors {cos(kt)vy ;}tr,; of D with eigenvalues {w?k? — \i, ;} veri-

fying |
. ella

Mej = Mg (0,01, w) = 52 + eM (5, vy, w) + O(M)

where M (6,v1,w) is defined in (4.7).

Proof. Lemma 4.1 of [4]. O
If all the eigenvalues of D are different from zero we can define
|D|~Y/2h = Z exp (ikt)| Di| =2 hy, Vh = Z exp (ikt)hy, € W)
[k|<N |k|<N

where |Dy|~*/? : Fj, — F}, is the diagonal operator defined by

Uk,j

Vw22 = X ;]

|Di| Y20y = Vi>1, j# |k
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Lemma 5.2 If§ € A" (v1,w) then VO < k < N,

N 212 Y 1
O‘k'—f;}2|‘“k_)‘kvi|2W>O’ aozi,
and
1Dl 12a| < 2l (5.3)
) H' — /o
Proof. Lemma 4.3 and 4.2 of [4]. O

Lemma 5.3 (Estimate of |D|71/2) Let § € A} (vy,w). Vs’ >0

H|D|*1/2th < \%nhs,ﬂl . Yhew®™ (5.4)
whence, by (4.5),

H|D|‘1/2hHS/ < C]\:;;thHs/ . YhewW, (5.5)
Proof. Corollary 4.2 of [4]. O

5.2 Inversion of Ly

Write
Ly=D—M;— My = |D|1/2U(I _UR, - U*lng) \D[1/2
where
U= |D|_1/2D\D\_1/2 and R; = |D|_1/2Mi|D|_1/2, i=1,2.

Lemma 5.4 U is invertible and Vs' > s,
HU—th =l (1 n O(€||a0HH1)) Vhew, (5.6)
Proof. Lemma 4.4 of [4]. |

Lemma 5.5 (Analysis of the Small Divisors) Let 6 € A} (vi,w). There
exists C > 0 such that, ¥l # k,

_ |20 _
1 §C|kz I i :: 7(r 1)'
ooy ~¥2le|T— 2—7

(5.7)

Proof. Lemma 4.5 of [4]. O
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In Lemma 4.8 of [4] we had shown that the operator R; acts somehow
as a multiplication operator for a function with higher regularity, with ¢ more
derivatives. It is therefore natural to expect also a Moser type estimate for R
like (2.2). This is the content of the next lemma.

Lemma 5.6 (Bound of R;) Vs’ > s
|Run|| | < a1l 5 (Bl + lwlosolltll) . vREW®™ (5.8)

for some constant Ky := K;(s') > 0.
Proof. For h e W),
Rih= Y (Rih)exp(ikt) = £ |D|"/*PyTly (d(t,x) |D|—1/2h)
|k|<N
with
(Rih)y, = e |Dy| V%7, (d |D|_1/2h)k = |Dk|_1/2”k[”;Naklez_l/th} .

Set Ay, = ||am (z)||g1. From (5.9), (5.3) and (5.7), using that Ay =0,

A o’
[Run], <kic ¥ A S S Al

|| <N, 1%k Vakya v lI|<N

whence

’ 02 ’
Y K+ DR < ?\6\3_7 Y (K +1)sy

[k|I<N [k|<N

C2
= — PT35I (5.9)

where we have set

= Z sy exp(ikt) with Sk 1= Z Ak = Uil s S—k = Sk -
|k|<N [lI<N

It turns out that 5§ = Py(ac) where a(t) := Y, |l|7Ajexp(ilt) and ¢(t) :=
i< Ml exp(ilt). Therefore, by (5.9) and since s, s’ > 1/2, applying the
estimates on the product of Lemma 2.1,

3=T ||~y
Cy Vel T el
< () el (Nalsliel + il )
_ 3—7
()7l *F (llallsro kil + lallyo Il )

since ||allsy < |lal|ls+o and ||€]ls = [|k|ls, V. By (5.1) and (5.2) we deduce
(5.8). O

o

AN VAN

IN
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Remark 5.1 The loss of o derivatives in the previous Lemma is due to the small
divisors estimate (5.7) which is absorbed by the polynomial decay of the coeffi-
cients A,,.

Lemma 5.7 (Bound of Rj) Vs’ > s
g
HthHs/ < K2|7|(||h||s/ + ||w||s/+(,||h||s) . YhewW™ (5.10)

for some Ko := Ks(s') > 0.
Proof. Fix some § € (1/2,min(1,s)). Recalling that

Roh = e |D|~Y/2 PylLy (a(t,x) Dm[ |D|‘1/2hD

we have
Hth (524) C’ﬂ HPNHW<aD v2[|D|_1/2hD
s B ﬁ v s
le] H ~1/2 ’
< XL
< 0% a Dyvz||DI7Y/2h] -
@ e L
2 CEL e o)
< 0 (lallyy s |[Puve 101720
lalls|| Duea[1D1720] | ) (5.11)
s/ +5=
By (3.3) and since (1 —1)/2 < 0, § < 2,
lallys e | Duva[IDI20] | < Cllalloso| 1017720
C(s' +o0)
< ———— 1+ [lwlls4o)llnlls  (5.12)

\/,7

by (5.1), (5.4) and because (7 —1)/2 < 1/2 < s. We then distinguish two cases.
Ist case : s + (7 —1)/2 < 2. Then, by (5.2), (3.3) and the inequality § < s,

<
ﬁ

(5.4
lalls . SOH|D|—1/2hHO <

s+

D,,vs {|D|_1/2h}

C
hll e < =l
Y
(5.13)

2nd case : ' + (1 —1)/2 > 2. In particular, s’ > 3/2 > §+ 1/2. By (5.2) and
(3.2), which is still valid when s is replaced with 8§,
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lall|Duve[IDI720] | L, < O(1+ Tl ypzpa o) |IPI720]
s/ TT S
+CH|D|—1/2h(
s+t -2
(5.4) O
< (@ Tl 2l + Mbllsr—s)
23) C
< E— ’ 1 7 .
< = (Il + el ) (5.14)
using 7 —3 < 0, §+1/2 < ¢ and ||w||s < ||wl]ls+0 < 1 as assumed in (4.8).
Estimate (5.10) is a consequence of (5.11), (5.12), and (5.13) or (5.14). a

Next define
R:=U"'"R,+ U 'R,.

Lemma 5.8 Vpe N, Vs’ > s,

HRPh

1 _41\P
< (Kslet# ™) (Ihlls +pllwllysolibl) . vRe W™ (5.15)

s/

where K3 = 4(Ky (') + Ka(s')).

Proof. By induction. Statement (5.15) is true for p = 1 because, by Lemma 5.4,
5.6 and 5.7, for € small enough, Vs’ > s, 7 € (1,2),

B 3 8|1/2
[RRlLs < U Rabls + U~ Rall < K=l + lwll ool ) (5.16)

with K" := 2(K;1(s") + Ka(s")).
Next, suppose (5.15) holds for p. We want to prove it for p+1. By induction

IR al = |[ReRR)|
(5.15) INEY:
< (Kay ) (IRAlL + pllwlso IR )
(5.16)

< (K e3 ) (el ()b h
< 37 el v ez (Rllsr + lwllsr+ollRlls

(4.8) L 11
+ plwllo o 2Ky el ], )

p 1 1 p+1 ,

K (v 1el?)" K (Iblly + (1 + 2p)llwlrso 1Al )
pf —1j_1% ptl /

KE (v elt)" 2k (Il + (1 -+ p)lwllo ol )

-1 1 ptl
= (Kay ) (Il + @+ p)llosall)

because K3 = 2K’. This proves the statement. O

IN
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Finally we consider the Neumann-power series for the inverse

<17R>_1 =I1+Y R

p>1

Lemma 5.9 (Neumann series) There is u(s') > 0 such that Vs’ > s, V|e|2y~1 <
p(s');

| =my= ), < 2( Al + wllasolipll) (5.17)
Proof. Using (5.15)

I(I=R)"hlle < (ke + > IRPAll

p>1

_ 1\P
< Dl + 32 (K M el2) (Il + pllwlo o0l )

p>1
< 20Alls + 2(wlls tollRlls,

1

taking K3|5|%'y_ small enough. O

Proof of property (P5) completed. We have
—1
£yt =D 2 (1-R) U D7

whence

(5.5) N
L5 Rl < CT;H(I_R)_IU_1|D|_1/2}LHf

(517 N ) )
< - - -1/2p , —1|p|—1/2
< 0= (l071D7 20l + ol 0D 21

1

66 N7 _ _

< (11D 2hlly + wllsoll D120,
W

(55 N1

< (Il + el Al ).

completing the proof of property (P5).
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