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1 Introduction

In this paper we present estimates for nonlinear differential equations in which
the ellipticity bounds degenerate.
We consider the following equation

div A(z, Du) = 0 in QcR" (1)

for a mapping u : 2 — IR™, where 2 is a bounded open subset of IR™. Following
the lead of the familiar p-harmonic operator we suppose that A : Q x R™"*™ —
IR™ ™ satisfies the following assumptions, for almost every = € Q, all £,n € IR"*™
and all A € IR

[A(@,8) — Alz,n)| < a(@)[€ —nl(|€] + [n])P~2,
(A(z,€) — Az, m),& —m) = b(x)|§ — n(I€] + )P~ (
Az, NE) = [A[PT2NA(z, §).
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where 2 < p < n, 0 < b(z) < a(x) < co. The above three conditions imply the
so-called distortion inequality

Liep 221 z, 8|71 x x

The factor K = K(x) > 1 depends on a(x) and b(x) and is called distortion
function for Equation (1).

In what follows K (z) belongs to the exponential class Exp(2), defined via
the Orlicz function P(t) = e* — 1. Precisely, we assume that

/eﬁK(w)dx < +o0 (6)
Q

for some G > 0.
Note that Equation (1) is the Euler - Lagrange equation of the variational
integral

Elu] = / (A(z, Du), Du)dz (7)
Q
The natural setting for solutions of (1) pertains to the “finite energy” solutions,
namely to the functions for which £[u] is finite. A simple use of Hélder inequality
in Orlicz spaces implies that the gradient of a finite energy solution of the equation
(1) lies in the Orlicz-Zygmund space LP log ™" Ljo. (€, IR**™), which is contained
in L1(Q, R™™*™) for every q < p.
Recall that L? log® L;5.(Q), 1 < p < 400, a € IR, is the Orlicz space defined
via the function P(t) = t¥ log®(e + t), i.e. the space of all measurable functions f
on 2 such that

/Q|f|ploga (eJr ||,]'C]]|p) dr < +oo

A solution u of Equation (1) verifies the following integral identity
/(A(x, Du), D®)dx =0
Q
for all ® € C3°(£2; IR™). It is worth pointing out that such identity remains valid
also for functions not having “finite energy”. This leads us to consider the so-called

very weak solutions introduced by Iwaniec and Sbordone in [11].

Definition 1.1 A mapping u € WH4(Q; IR™), for ¢ < p, is a very weak solution
of Equation (1) if

/(A(x, Du), D®)dx =0
Q

for all ® € Cg°(2; IR™).
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After [11], many papers have been devoted to the study of the regularity of
such solutions (see for example [3], [7], [13] ). All the previous results concern the
case K(z) € L™ and show that very weak solutions are actually “finite energy”
solutions provided the degree of the integrability of the gradient is not too far
from the natural one.

As far as we are aware there have been no results concerning regularity of
very weak solutions in the case K(z) not bounded.

Here we fill this gap. Obviously, we have to confine ourselves to the study of
mappings whose gradient is in a Zygmund class not too far from the natural one,
i.e. the space LPlog™" Lio(Q; IR™¥™).

Theorem 1.2 Let u be a very weak solution of (1) and assume that the distortion
K (x) satisfies the assumption in (6) for a fixed 3 > 0. There exists o = ¢1(n)8 > 0
such that if

Du € LPlog™® ! Lipe(Q; R™™)
then u is a finite energy solution .

The techniques developed in previous papers do not seem to work here.
Our new approach interplays between familiar results and classical tools such
as Whitney cubes, maximal functions and an isoperimetric type inequality. In
general, unfortunately, it is not possible to use test functions whose gradient is
proportional to the gradient of the solution neither in treating very weak solutions
nor in degenerate equations. In order to construct suitable test functions, we will
need to adapt a well known technique due to Lewis ([12]), and later developed in
[1], [3], [13], to the case of degenerate equations.

Recently, regularity properties of “finite energy” solutions have been inves-
tigated in [2], [9], [14], showing that the scale of improved degree of regularity is
logarithmic.

Finally, it is worth pointing out that in the limit case p = n our results
give the same higher integrability property for the Jacobian of mappings with
exponentially integrable distortion, recently proved in [5].

Y

2 Preliminary results

This section is devoted to some results useful in the sequel. Let g € L'(IR™) and
define the Hardy-Littlewood maximal function of g as

Myg(x) = sup {é oizcQcm)

where ) is a cube with edges parallel to the coordinate axes. The following
proposition holds:
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Proposition 2.1 Let g € L'(IR™). For all but countable number of parameters
t > 0, we have

/ ol < Clle € ™ Mo() > 8 £ © / g(@)ldz  (8)

lgI>%

The proof, based on Vitali’s lemma and on the Calderon-Zygmund decomposition,
is well known (see for example [16], [17]). Let us denote by x4<; the characteristic
function of the level set {x € U : g(z) < t} and recall the following elementary
fact from measure theory.

Lemma 2.2 Let g, : U — IR be measurable functions converging to g almost
everywhere. Then for each reqular value t of the limit function g, we have

ngﬁt(x) - ngt(x) ae xelU (9)

Next Lemma reminds us Whitney’s decomposition

Lemma 2.3 Let F be a non-empty closed set in IR™ . There exists a disjoint
collection of dyadic cubes {Q1,Q2,...} such that

R"\ F = U Q;
i=1
and
diam@); < dist(Q;, F) < 4diam@); .
Observe that, by triangle inequality, it is possible to get that 7n(Q); intersects F

for i =1,...,n. Moreover, for @} = %Q,; for all : =1,... ,n the following results
hold ([16])

Proposition 2.4 If Q; and Qj intersect, then
1. . .
Zdlain < diamQy < 4diam@Q);

Proposition 2.5 For each fixzed Q, there are at most 41" cubes in the set
{Q1,Q5, ... } which intersect Q7.
3 An Isoperimetric type Inequality

Our starting point is the following isoperimetric type inequality proved in [8] under
more general assumptions.
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Proposition 3.1 Let E be a curl free matriz field in L1(Q, IR"™™) and B a
divergence free matriz field in LY (Q, R™ ™) where 1 < q,¢* < 0o satisfy %—&—q% =
1+ 1. Suppose that H = |E|? + |B|*, % +1 =" is such that

n

liminf ¢ = H(z)dx=0 (10)
t—o0 H>t
Then
‘/(B,E) dz| < C(n) ( HdH"*)y , (11)
Q 0Q

In the sequel we shall need to control the boundary integrals by the volume inte-
grals. The next Lemma, which can be found in [6], is crucial to this aim.

Lemma 3.2 Let us give a Whitney’s decomposition Q = | J;=, Q; and f a function
in C§°(R). There exist concentric cubes Q; C 0; C QF C ™nQ; such that

n )

( /8 oM cmnl) T <om ol (7{62 1£] dx) o (12)

foralli=1,2,...

Finally we recall the following version of the Sobolev-Poincaré inequality
(see [11]).

Lemma 3.3 For each matriz field A € L}, .(€; IR"*™) with divA(xz) € L"(IR"),

loc

1 < r < oo, there exists a divergence free matriz field A, € L}, .(Q; R"™™) such

that
(/B [A(z) — Ao dx) o < C(n,r) (/B |divA(x)|de> (13)

for every ball B strictly contained in €.

4 The Main Estimate

This section is devoted to the following crucial estimate. The idea of the proof
comes from [6], Theorem 9.1.

Theorem 4.1 Let E be a curl free matriz field in LI(Q2, IR™*™) and B a diver-

gence free matriz field in L*(Q, R™*™), % + % = -5, with compact support. For

all but countable number of parameters t > 0 we have

‘/ (B,E)dz| < C(n)t=1 |[{z € R": MH > 2t}|
MH<2t

< C(n)tw H(z)dx (14)
H>t

where H = |B|* + |E|1.
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Proof. We need only to prove the first of the two inequalities in (14); the second,
and the restriction on ¢, being a consequence of the maximal inequality stated in
Proposition 2.1. We first prove it for smooth matrix fields and then we proceed
by an approximation argument.

First Step: E, B in C§°(; R™*™).
By a simple use of Divergence Theorem we have the following identity

/f(B,E) d = _/ (B,E) do (15)

R™\F
where F is a closed subset of IR"™. Choose F to be the level set of M H, namely
F={rxeR": MH(z) <2t}

and consider Whitney’s decomposition of IR™ \ F into dyadic cubes
R\ F={]JQi
i=1

(see Lemma 2.3 and the subsequent Propositions 2.4 and 2.5). Using Lemma 3.2
we find concentric cubes @; C O0; C QF C ™nQ;, for which

( / ) H) < 40(n)|Qul 7T (16)

This latter bound is due to the fact that the expanded cubes 7n @Q); intersect F.
Although the cubes [J;, i = 1,2,... may overlap slightly, there can exist at most
N = 41™ of such cubes having nonempty intersection. This is why we have the
following finite expansion

1<iy 1<61 <ia i1ig
+ > / (B,E) dx
1<y <ia<ig Oiyigig
(—1)N+! Z / (B,E) dz (17)
1<iy <--<ip Y Binin

where [J;, _;, stands for the rectangle [J;, N---N0;, . Now, applying Proposition
3.1 and using (16) we get

/D | (B, E)

i1,eenig

< Cn)t7T (|Qi] + -+ + Q) (18)
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for all 1 < k < 41™. The constant C'(n) may vary from line to line, but only
depends on n. Obviously, this estimate plays no role if the rectangle [J;, . ;, =
O;, N---N0;, is empty. Substituting (18) into (17) we obtain

‘/ (B,E) dz
MH<2t

Here each coefficient ¢; indicates the number of times that the given cube [J; is
present in O;, N---N0;, 0 with1 <4 < - <ipand k =1,2,...,N. For
a given k = 1,2,..., N, there are at most N*~! expressions (J;, N --- N 0;, # 0
in which [J; appears as one of its terms, as [J; may intersect at most 41™ of
the cubes 01,0, ... (see Proposition 2.5) . Consequently, we have the following
uniform bound for these coeflicients.

< C(n)tat Zci |Q (19)
=1

(i <1+N4+N24... 4 NN-1< NV

Therefore inequality (19) reduces to

/<B,E> da

MH<2t

< C(n)t71 Y |Qi| = C(n) t71 |IR™\F|
=1

C(n)ta= |{x € R™ : MH(z) > 2t}| (20)

Second Step: Approximation procedure

By a standard mollification argument, we can consider two sequences FEj,
By, € C&(Q, R™*™) such that E;, — FE in LI(Q,R"*™) and B, — B in
LS(Q’ ]Rnxm).

We can certainly assume that By, — E, By, — B and (By, E,) — (B, E) at
almost every point x € IR™. Since the functions Hy, = |By|® + |Ex|? converge to
H = |BJ* + |E|? in L*(IR™), we find that M H, — MH weakly in L'(IR™), thus
in measure as well. In particular,

kh_)rgo Hx € R": MHy(x) > Qt}’ =|{z € R": MH(z) > 2t}| (21)

for every ¢t > 0. We shall confine ourselves to a subsequence, again denoted by
{MH}}, so that M H;, — M H almost everywhere.
Since inequality (14) is valid in C§°(£2; IR"*™) we have

’/ (Bi, Ey)dz| < C(n)tn1 |{z € R": MH; > 2t}| (22)
MH, <2t

Passing to the limit in the right hand side is legitimate, by (21). Moreover the
bounds

|(By, Br)| < H ™" < [MHy(x)|7T
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imply that
X, <2¢(2) (B, E) < (26) 7 xo(z) (23)

Then Lemma 2.2 and (23) allow us to use the Lebesgue Dominated Convergence
Theorem and to conclude that

/ <Bk7Ek> de—/ <B,E> dr = / [XMHkSZt(fE)<Bk7Ek>
MH<2t MH<2t Q
—xmu<2(z){B,E)] dz — 0

The proof of Theorem 4.1 is now complete. O

5 Proof of theorem 1.2

This section is devoted to the proof of our main theorem.

Proof. (of Theorem 1.2) Let us fix a ball By strictly contained in Q and a function
v € C3°(£2) such that 0 < ¢ < 1 and suppy C By. Consider @ = 07T -y and
observe that it belongs to the Sobolev space W14(By; IR™) for all ¢ < p. To
shorten the notation, we introduce the function

A(z) = " () Az, Du) = A(z, 71 Du)
The last identity is due to assumption (4). Equation (1) yields for all ¢ < p
divA(z) = pA(z, Du)pP? 'V € Li1(By; R™)
Applying the divergence operator, we obtain
divA(z, 071 Du) = div(A(z) — A,)

where A, can be any divergence free matrix field. We use Lemma 3.3 to choose
A, such that (13) holds. Obviously

) ng
|A(z) — A,| € L*(By) for every s < T

Then @ solves the following nonhomogeneous equation
divA(x, Da) = divg

where
9(x) = [A(z) — A,] + [A(z, D) — A(z, 97T Du)]

belongs to Lﬁ(Bo; R™*™) for all ¢ < p.
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Now let us associate to @ the matrix fields B = A(z, Dii) — g, E = D@ which are
divergence and curl free, respectively. Setting H = |B|* + |E|9, with ¢ = (" L)

and s = 1(7;(;7:;)1727 we can easily check that
/ (B,E)dx < / (B, E) dx +/ (B, E) dx
H<2t {A<2t}n{MA<2t} {A<2tyn{MHA>2t}

< / <B,E)dm+c/ H"7 dx
MH<2t {H<2t}n{MH>2t}

< / <B E)dx + ct71|{MH > 2t}|

S/ BEdw—i—ctnl/ H dx
MH H>t

where in the last inequality we used Proposition 2.1.
Therefore, applying Theorem 4.1, we deduce

/ (B,E)dx < ctiT H(z)dx (24)
H<2t H>t

Elementary calculations give
(B,E) = ¢"*P(B,E) + ¢ (Ao(x) — A(x), Du) +p'¢? ~'Vo(A, (), u)

where p’ denotes the Holder conjugate exponent of p.
Setting F' = |A, — A||Du| + |V¢l||A,||u] we have

/ "7 (B, E) dx </ (B,E) dx—l—c/ Fdx (25)
H<2t H<2t H<2t

and combining (24) and (25)

/ o’ (B, E) dx < c/ Fdz + ctmT / H(zx)dx
H§2t H<2t H>t

Last inequality can be written as

/1 . p+p<BE)dac<c/ ., . Fdx—l—c)\/ , H(x)dx
Hn-1<9n—1)\ Hn=T<2n—1) Hn=T>)

for A = t7=1. Consider the function
D(N) = —(logfﬁ*1 A-—(1+a) log=*2 A) (27)

where o« > 0 will be determined later.
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Multiplying both sides of (26) by ®()\) and integrating with respect to A

between \g and oo for g > max{e!t* 2%} we get
1 »+0' (B F 1 »+' (B F
L oemmm, 1) ornn,
2« L log™ Ao 2« , log® Hat
an—T<x aAn-1x>x,

F 7
By TN G SR
@ JB, log® max{\g, H»-1} , log!tt™ A=t

An—1>xq

Note that for A > e!*® the function ®()\) is nonnegative. By the definition of H
one can easily check that

s < C[Ww'Hﬁ 4 G}
where G = |Vo|P|u[? +]A—A,|*". Using that the function t" log~**®) ¢ is increas-
ing for t > Ag and the assumption in (5) we get
Has ' It 4 @
Tto 7o =n 7 t
log"™* H»—1 logt® |:S0P+P/Hﬁ + G}

Pt K(2)(B,E) + G
log!t® [gpl’ﬂ’/Hﬁ + G}

in the set where HoT > Ag- The elementary inequality
ab < alog(l+a)+e’—1

for non-negative real numbers, implies

" K (2)(B,E) < % [e:cp <§K(x)> + "t (B, E)log(1 + o"7 (B, E>)}
Therefore, previous estimates yield
A _ () [ (4K (@) G

log't® o log't® o
"+ K (2)(B, E) log(1 + ¢*¥ (B, E))
log*t® [cpp"‘p'Hﬁ + G}
exp (gK(m)) G
log!te Hat log't® Hat
PP K (z)(B, E)
log® {@PJFP/Hﬁ + G]

logt* w1~ f

_|_

_C)
- B

_|_
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Integrating over the set where H T > Ap we obtain

. TP dz
H7=T>) log ® Hrn-1

< %/ . lexp (ﬁK(x)> + w

o dx
2 log® Hn—1

Hn—1>)\g

G
+C(n)/ ————dz
AT 5, loghte Famt

Now combining the last inequality with (28), we have

1 /
- - p+p B.E\Vd
o e e, P BB

p+p’
< (C(”) _ 1)/ . PTBE)
B 200 ) Jgnmtsa, log® Hot

G

i C(n) / 1 exrp <ﬂK(JZ)> d$—|—C’(n)/ 1 ﬁdfﬁ

/8 f{"_1>)\0 2 f]ﬁ>>\0 log to Hn»—71

F

n C(n) / o

@ JB, log® max{\g, H71}

1
In order to have C(ﬁn) ~ % negative, we choose o« = 4Cﬂ(n) , thus obtaining
1 /
Pt (B E)d
(n —1)2alog™ Ao /H%l e (5, ) da

< %/ . exp (ﬂK(x)) dac—i—C(n)/ . %dm
B Jaatsa, 2 A7T 52 logtt® Hat

F
C(n) / W
@ JB, log® max{\g, H»—7 }

Multiplying both sides of last inequality by log® \g, letting A\g tend to infinity,
and recalling the definition of F, it follows by monotone convergence theorem and
Lebesgue dominated convergence theorem that

/ (B, E)dz < C(n)/ (1961 1Al Jul + 1A~ Ao| | Du ] da
By By

since exp(5 K (x)), [ul?, |A — Aol”', |Ao| |u| and |A — A,| |Du| are integrable. In
conclusion (B, E) € L}, .(Q) and then u has finite energy. a
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