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1 Introduction

We study the Cauchy problem for the following Dirac–Klein–Gordon equation in
one space dimension:{ Du +mu = wu, u(0) = u0,

�w +Mw = u†u, w(0) = w0, ∂tw(0) = w1.
(1.1)

where m,M ≥ 0 are masses, u is a function from R
2 to C

2 such that

u =
(
u
v

)
=
(
u(t, x)
v(t, x)

)
, (1.2)

and w is a function from R
2 to R such that w = w(t, x). The Dirac operator D is

defined by D = iγ0∂t + iγ1∂x with the Dirac matrices, see also section 6,

γ0 =
(

0 1
1 0

)
, γ1 =

(
0 −1
1 0

)
. (1.3)
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The d’Alembert operator stands for � = �c = ∂2
t − c2∂2

x with the propagation
speed c. It is well known that D2 = −�1I where I is a unit matrix. We write
down the right hand side of equations in full,

wu =
(
wu
wv

)
, u†u = (u, v)γ0

(
u
v

)
= 2�(uv) for u =

(
u
v

)
, (1.4)

where u is the complex conjugate of u. The initial data u0 and w0, w1 are functions
from R to C

2 and from R to R respectively such that

u0 =
(
u0
v0

)
=
(
u0(x)
v0(x)

)
and w0 = w0(x), w1 = w1(x). (1.5)

We study the existence of solutions (u, w) for this problem. Especially we
are interested in the smaller order of Sobolev space where solutions being. There
are available results. In ’73, Chadam [2] proved the time global existence of
(u, w) ∈ H1 ⊗ H1. In ’00, Bournaveas [1] proved the time global existence of
(u, w) ∈ L2 ⊗ H1. In ’02, Fang [3] gave the parallel proof with [1] and later in
’04 [4] he proved the time local existence of (u, w) ∈ H−1/4+ε ⊗ H1/2+δ with
0 < ε ≤ 1/4, 0 < δ ≤ 2ε, and the time global existence of (u, w) ∈ L2 ⊗H1/2+δ.
So the regularities of solution u have been successively reduced. The appropriate
null form estimates on u†u were derived and utilized effectively for the solutions
with low regularity. However, the orders of Sobolev space for w are greater than
1/2. The case w ∈ H1/2 is called critical in [4]. Indeed the Sobolev embedding
theorem in one dimension Hs ↪→ L∞, s > 1/2 plays an important role for the
estimates on wu in available papers [1], [2], [3], [4]. We remark that the embedding
H1/2 ↪→ L∞ fails.

In this paper we deal with the solutions in critical setting (u, w) ∈ H−1/4+ε⊗
H1/2. Moreover we consider the super critical solution w ∈ Hs, s < 1/2 in
exchange for the additional regularity of solution u. For a proof, we employ the
arguments in the series of papers by Fang and Fang–Grillakis [4, 5, 6] for the study
on the same problem to ours in space dimensions 1,2 and 3 respectively with some
improvements. See also [12].

We investigate the solutions of wave equations in Fourier space for variables
(τ, ξ). We take a notice of that the Fourier transform of solutions for wave equa-
tions with a propagation speed c are described mainly by variables for the light
lines τ−cξ and τ+cξ, and Dirac equation consists of the system of wave equations
with a propagation speed c = 1. In this paper we deal with the Klein–Gordon
equation with the general propagation speed c > 0, against [4]. We make use of
the rooms for the arguments on the solution w for Klein–Gordon equation which
come from the enough smoothing effect in comparison to Dirac equation. It is
sufficient for the proof to derive the bilinear estimates which work with these vari-
ables τ − cξ and τ + cξ for only c = 1.

Here we introduce the notation. We denote the Fourier transform with
respect to x and t variables by Fx and Ft respectively or simply taking a hat̂ ,
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and use a tilde f̃ = FtFxf . We use 〈x〉 = 1 + |x|. For s ∈ R, norm of Sobolev
space Hs is defined by

‖f‖Hs
x

= ‖〈ξ〉s
f̂‖L2

ξ
. (1.6)

The mixed norm for L2
τL

2
ξ is defined by

‖f‖L2
τ L2

ξ
=
(∫

R2
|f(τ, ξ)|2dξdτ

)1/2

. (1.7)

The following cut-off function ψ is provided and be often used through this paper,

C∞
0 
 ψ(t) =

{
1, |t| ≤ 1,
0, |t| ≥ 2.

(1.8)

We denote the rescaled function by ψT (t) := ψ(t/T ).

We state our main theorem.

Theorem 1.1 Let m,M ≥ 0. Let c > 0. Let 0 ≤ 2a < s ≤ 1/2 or 0 ≤ a <
1/4, 1/2 < s ≤ 1 − 2a. Then for any u0 ∈ H−a, w0 ∈ Hs, w1 ∈ Hs−1, there
exists T > 0 and a unique solution (u, w) for (1.1) in the time interval [−T, T ]
satisfying

u ∈ C(−T, T ;H−a), w ∈ C(−T, T ;Hs) ∩ C1(−T, T ;Hs−1). (1.9)

Moreover when 0 = a < s < 1/2, the solution (u, w) can be extended to global
time,

u ∈ C(R;L2), w ∈ C(R;Hs) ∩ C1(R;Hs−1). (1.10)

Remark 1.2 Time local solutions (u, w) ∈ H−a ⊗ Hs with the case 0 ≤ a <
1/4, 1/2 < s ≤ 1 − 2a were obtained by Fang [4] for c = 1. We remark that when
even the critical case s = 1/2, we can take any a < 1/4 in this theorem. In regard
to a time global solution, we impose the lower regularities s than previous works
too.

The rest of this paper is organized as follows. In section 2, we gather the
elemental estimates which play a role for the calculation in the other sections.
In section 3, we give the estimates on the solutions to the reduced-wave equa-
tions which constitute to the Dirac equation, and wave equation respectively. In
section 4, we derive the bilinear estimates for the Sobolev space with negative
index. In section 5, we prove the existence results by applying the standard con-
traction mapping principle. In section 6, we discuss about the Dirac equation
with another sets of Dirac matrices to (1.3).
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2 Preliminaries

We often use the following elementary estimates, see [7], [11] and so on.

Lemma 2.1 Let a, b ∈ R. Let p, q satisfy p + q > 1. Then the following integral
converges. ∫ ∞

−∞

dx

〈x− a〉p〈x− b〉q . (2.1)

Set κ = min(p, q, p+ q − 1). The following estimates hold,

(i) In the case max(p, q) = 1, for any ε > 0∫ ∞

−∞

dx

〈x− a〉p〈x− b〉q
� 1

〈a− b〉κ−ε
. (2.2)

(ii) In the case max(p, q) �= 1,∫ ∞

−∞

dx

〈x− a〉p〈x− b〉q � 1
〈a− b〉κ . (2.3)

(iii) For any p, q, ∫ ∞

−∞

dx

〈x− a〉p〈x− b〉q � 1
〈a− b〉κ . (2.4)

The following estimates are also easy.

Lemma 2.2 Let c > 0. There exists C such that

〈τ + ξ〉〈τ − ξ〉
〈ξ〉〈τ + cξ〉〈τ − cξ〉 < C for any τ, ξ. (2.5)

Proof. In the case c > 1. When 0 < ξ < τ , we estimate

|τ + ξ| = τ + ξ < τ + cξ = |τ + cξ|, (2.6)
|τ − ξ| = τ − cξ + (c− 1)ξ ≤ |τ − cξ| + (c− 1)|ξ|. (2.7)

When 0 < τ < ξ, we estimate

|τ + ξ| = τ + ξ < τ + cξ = |τ + cξ|, (2.8)
|τ − ξ| = ξ − τ < ξ = |ξ|. (2.9)

We finish the proof for the case τ, ξ > 0. The other cases follow by taking τ ′ = −τ
or ξ′ = −ξ.
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In the case c < 1. When 0 < ξ < τ , we estimate

|τ + ξ| = τ + ξ < τ/c+ ξ = |τ + cξ|/c, (2.10)
|τ − ξ| = τ − ξ < τ − cξ = |τ − cξ|. (2.11)

When 0 < τ < ξ, we estimate

|τ + ξ| = τ + ξ < τ/c+ ξ = |τ + cξ|/c, (2.12)
|τ − ξ| = ξ − τ < ξ = |ξ|. (2.13)

We finish the proof for the case τ, ξ > 0. The other cases follow by taking τ ′ = −τ
or ξ′ = −ξ. �

3 Linear estimates

In this section we give the linear estimates for the solutions to the following inhomo-
geneous reduced-wave equations and inhomogeneous wave equation respectively:

∂tu+ ∂xu = F, u(0, x) = u0(x), (3.1)
∂tv − ∂xv = G, v(0, x) = v0(x), (3.2)

∂2
tw − c2∂2

xw = H, w(0, x) = w0(x), ∂tw(0, x) = w1(x). (3.3)

We prove the following estimates.

Proposition 3.1 Let a + b < 1/2, max{−a, 1 − b} �= 1/2 and max{b − 1, a +
b− 1/2} ≤ a. Let u and v be solutions to (3.1) and (3.2) respectively. Then the
following estimates hold respectively,∥∥∥∥∥ 〈τ + ξ〉1−b

〈τ − ξ〉a ψ̂T ∗ ũ
∥∥∥∥∥

L2
τ L2

ξ

� ‖u0‖H−a +

∥∥∥∥∥ F̃

〈τ + ξ〉b〈τ − ξ〉a

∥∥∥∥∥
L2

τ L2
ξ

, (3.4)

∥∥∥∥∥ 〈τ − ξ〉1−b

〈τ + ξ〉a ψ̂T ∗ ṽ
∥∥∥∥∥

L2
τ L2

ξ

� ‖v0‖H−a +

∥∥∥∥∥ G̃

〈τ + ξ〉a〈τ − ξ〉b

∥∥∥∥∥
L2

τ L2
ξ

. (3.5)

Remark 3.2 For instance, when a+ b < 1/2 and a ≥ 0, estimates (3.4) and (3.5)
hold.

Proposition 3.3 Let a < 1/4, b ∈ R. Let w be solution to (3.3). Then the
following estimate holds,∥∥∥∥∥ 〈τ + cξ〉1−a〈τ − cξ〉1−a

〈ξ〉b
ψ̂T ∗ w̃

∥∥∥∥∥
L2

τ L2
ξ

� ‖w0‖H1−a−b + ‖w1‖H−a−b +

∥∥∥∥∥ H̃

〈ξ〉b〈τ + cξ〉a〈τ − cξ〉a

∥∥∥∥∥
L2

τ L2
ξ

. (3.6)
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Proof of Proposition 3.1.
We firstly prove (3.5). We have two expressions for the Fourier transform of

the solution ṽ to (3.2), see [12].

ṽ(τ, ξ) = δ(τ − ξ)v̂0(ξ) − i×


∑∞

k=1(k!)
−1(̂it)k ∗τ δ(τ − ξ)

∫
(σ − ξ)k−1G̃(σ, ξ)dσ

or
(τ − ξ)−1G̃(τ, ξ) − δ(τ − ξ)

∫
(σ − ξ)−1G̃(σ, ξ)dσ,

(3.7)

We split a inhomogeneous term G =: G1 + G2 with regard to the support in
Fourier space, neighborhood of τ = ξ and otherwise.

G̃1(τ, ξ) = ψ(τ − ξ)G̃(τ, ξ), G̃2(τ, ξ) = (1 − ψ(τ − ξ))G̃(τ, ξ). (3.8)

As in [12], we try to estimate for the following terms,

ṽ(τ, ξ) = δ(τ − ξ)v̂0(ξ) − i

∞∑
k=1

1
k!

(̂it)k ∗τ δ(τ − ξ)
∫

(σ − ξ)k−1G̃1(σ, ξ)dσ

− i
G̃2(τ, ξ)
τ − ξ

+ iδ(τ − ξ)
∫
G̃2(σ, ξ)
σ − ξ

dσ. (3.9)

We estimate for the terms with Delta’s function. For any function f(ξ) and k ≥ 0
we have∥∥∥∥∥ ψ̂T ∗ (̂it)k ∗ δ(τ − ξ)f(ξ)

〈τ − ξ〉b−1〈τ + ξ〉a

∥∥∥∥∥
L2

τ L2
ξ

=

∥∥∥∥∥∥
∥∥∥∥∥ ψ̂T ∗ (̂it)k ∗ δ(τ − ξ)

〈τ − ξ〉b−1〈τ + ξ〉a

∥∥∥∥∥
L2

τ

f(ξ)

∥∥∥∥∥∥
L2

ξ

(3.10)

We set hk(τ) := ψ̂T ∗ (̂it)k and concentrate on L2
τ norm to calculate∥∥∥∥∥ hk(τ) ∗ δ(τ − ξ)

〈τ − ξ〉b−1〈τ + ξ〉a

∥∥∥∥∥
L2

τ

=

∥∥∥∥∥ 〈τ〉1+a−b
hk(τ)

〈τ〉a〈τ + 2ξ〉a

∥∥∥∥∥
L2

τ

(3.11)

� 1
〈ξ〉a ‖〈τ〉1+a−b

hk(τ)‖L2
τ

� (k + 1)1+a−b

〈ξ〉a . (3.12)

Consequently we have the boundedness by ‖〈ξ〉−a
f‖L2

ξ
. For the second term in

R.H.S. of (3.9),∥∥∥∥ 1
〈ξ〉a

∫
(σ − ξ)k−1G̃1(σ, ξ)dσ

∥∥∥∥
L2

ξ

(3.13)

� 2k+b

∥∥∥∥∥∥ 1
〈ξ〉a

(∫
|σ−ξ|<2

〈σ + ξ〉2a
dσ

)1/2
∥∥∥∥∥∥

L∞
ξ

∥∥∥∥∥ G̃1(τ, ξ)

〈τ + ξ〉a〈τ − ξ〉b

∥∥∥∥∥
L2

τ L2
ξ

, (3.14)
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here

1
〈ξ〉2a

∫
|σ−ξ|<2

〈σ + ξ〉2a
dσ �

∫
|σ−ξ|<2

〈σ − ξ〉2a
dσ ≤ C. (3.15)

Similarly for the forth term,∥∥∥∥∥ 1
〈ξ〉a

∫
G̃2(σ, ξ)
σ − ξ

dσ

∥∥∥∥∥
L2

ξ

(3.16)

�

∥∥∥∥∥∥∥
1

〈ξ〉a

∫ ∣∣∣∣∣ 〈σ + ξ〉a

〈σ − ξ〉1−b

∣∣∣∣∣
2

dσ

1/2
∥∥∥∥∥∥∥

L∞
ξ

∥∥∥∥∥ G̃2(τ, ξ)

〈τ + ξ〉a〈τ − ξ〉b

∥∥∥∥∥
L2

τ L2
ξ

, (3.17)

here we obtain from assumptions on a, b and Lemma 2.1,

1
〈ξ〉2a

∫ ∣∣∣∣∣ 〈σ + ξ〉a

〈σ − ξ〉1−b

∣∣∣∣∣
2

dσ ≤ C. (3.18)

We commute 〈τ − ξ〉α and ψ̂T ∗τ H(τ, ξ) for any function H(τ, ξ). When
α ≥ 0 we estimate pointwisely, from 〈τ − ξ〉 ≤ 〈τ − σ〉 + 〈σ − ξ〉

|〈τ − ξ〉α
ψ̂T ∗H(τ, ξ)| ≤

∫
(〈τ − σ〉α + 〈σ − ξ〉α)|ψ̂T (τ − σ)H(σ, ξ)|dσ (3.19)

≤ |〈τ〉α
ψ̂T | ∗ |H(τ, ξ)| + |ψ̂T | ∗ 〈τ − ξ〉α|H(τ, ξ)|. (3.20)

When α ≤ 0, from 〈σ − ξ〉 ≤ 〈σ − τ〉 + 〈τ − ξ〉

|〈τ−ξ〉α
ψ̂T ∗H(τ, ξ)| ≤ 〈τ−ξ〉α

∫
(〈τ−σ〉−α + 〈τ − ξ〉−α)

|ψ̂T (τ − σ)H(σ, ξ)|
〈σ − ξ〉−α dσ

(3.21)

= 〈τ − ξ〉α

(
|〈τ〉−α

ψ̂T | ∗ |H(τ, ξ)|
〈τ − ξ〉−α

)
+ |ψ̂T | ∗ |H(τ, ξ)|

〈τ − ξ〉−α .

(3.22)

From these pointwise estimates, we have for α ∈ R,

‖〈τ − ξ〉α
ψ̂T ∗H(τ, ξ)‖L2

τ L2
ξ

� ‖〈τ − ξ〉α
H(τ, ξ)‖L2

τ L2
ξ
. (3.23)

We also obtain from above calculations twice, for α, β ∈ R,

‖〈τ − ξ〉α〈τ + ξ〉β
ψ̂T ∗H(τ, ξ)‖L2

τ L2
ξ

� ‖〈τ − ξ〉α〈τ + ξ〉β
H(τ, ξ)‖L2

τ L2
ξ
. (3.24)
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We then estimate the third term in R.H.S of (3.9) easily,∥∥∥∥∥ 〈τ − ξ〉1−b

〈τ + ξ〉a ψ̂T ∗ G̃2(τ, ξ)
τ − ξ

∥∥∥∥∥
L2

τ L2
ξ

�
∥∥∥∥∥ G̃2

〈τ + ξ〉a〈τ − ξ〉b

∥∥∥∥∥
L2

τ L2
ξ

. (3.25)

We complete the proof for (3.5). The proof for (3.4) is similar. �

Proof of Proposition 3.3.
We see easily it is sufficient to prove the case b = 0 in (3.6). The solution for

wave equation consists of the solutions for reduced-wave equation. The Fourier
transform with respect to x of the solution ŵ for (3.3) is given by

ŵ(t, ξ) =
eicξt + e−icξt

2
ŵ0(ξ) +

eicξt − e−icξt

2icξ
ŵ1(ξ) (3.26)

+
∫ t

0

eicξ(t−t′) − e−icξ(t−t′)

2icξ
Ĥ(t′, ξ)dt′ (3.27)

So the estimate (3.6) for the region |ξ| > 1 is derived similarly with the above
arguments. From here, we restrict the region |ξ| < 1 in L2

τL
2
ξ . For the second

term,

eicξt − e−icξt

2icξ
ŵ1(ξ) = e−icξt

∞∑
k=1

tk(2icξ)k−1

k!
ŵ1(ξ). (3.28)

We take Fourier transform with respect to t and estimate similarly to (3.10),

‖〈τ + cξ〉1−a〈τ − cξ〉1−a
ψ̂T ∗ δ(τ + cξ) ∗ t̂k ξk−1ŵ1(ξ)‖L2

τ L2
ξ

(3.29)

� ‖〈ξ〉1−a
ξk−1ŵ1(ξ)‖L2

ξ(|ξ|<1) � ‖w1‖H−a . (3.30)

For the third term, we split again the inhomogeneous term H =: H1 + H2 as
follows,

H̃1(τ, ξ) = ψ(|τ | − |ξ|)H̃(τ, ξ), H̃2(τ, ξ) = (1 − ψ(|τ | − |ξ|))H̃(τ, ξ). (3.31)

We estimate on H1,∫ t

0

eicξ(t−t′) − e−icξ(t−t′)

2icξ
Ĥ1(t′, ξ)dt′ (3.32)

=
1

2cξ

(∫
eicξt − eiσt

σ − cξ
H̃1(σ, ξ)dσ −

∫
e−icξt − eiσt

σ + cξ
H̃1(σ, ξ)dσ

)
(3.33)

=
∞∑

k=1

(−it)k

k!

∫
eiσt (σ − cξ)k−1 − (σ + cξ)k−1

2cξ
H̃1(σ, ξ)dσ (3.34)
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We take Fourier transform with respect to t and estimate,∥∥∥∥〈τ + cξ〉1−a〈τ − cξ〉1−a
ψ̂T ∗ t̂k ∗ (τ − cξ)k−1 − (τ + cξ)k−1

2cξ
H̃1(τ, ξ)

∥∥∥∥
L2

τ L2
ξ

(3.35)

�
∥∥∥∥〈τ + cξ〉1−a〈τ − cξ〉1−a (τ − cξ)k−1 − (τ + cξ)k−1

2cξ
H̃1(τ, ξ)

∥∥∥∥
L2

τ L2
ξ

(3.36)

�
∥∥∥∥∥ H̃

〈τ + cξ〉a〈τ − cξ〉a

∥∥∥∥∥
L2

τ L2
ξ

, (3.37)

at the last inequality, we use |τ |, |ξ| � 1.
On the other hand, we estimate on H2,∫ t

0

eicξ(t−t′) − e−icξ(t−t′)

2icξ
Ĥ2(t′, ξ)dt′ (3.38)

= −
∫
eiσt H̃2(σ, ξ)

(σ − cξ)(σ + cξ)
dσ +

eicξt

2cξ

∫
H̃2(σ, ξ)
σ − cξ

dσ

− e−icξt

2cξ

∫
H̃2(σ, ξ)
σ + cξ

dσ (3.39)

= −
∫
eiσt H̃2(σ, ξ)

(σ − cξ)(σ + cξ)
dσ + eicξt

∫
H̃2(σ, ξ)

(σ + cξ)(σ − cξ)
dσ (3.40)

+
eicξt − e−icξt

2cξ

∫
H̃2(σ, ξ)
(σ + cξ)

dσ. (3.41)

We take Fourier transform with respect to t,

− H̃2(τ, ξ)
(τ − cξ)(τ + cξ)

+ δ(τ−cξ)
∫

H̃2(σ, ξ)
(σ − cξ)(σ + cξ)

dσ (3.42)

+
∞∑

k=1

δ(τ + cξ) ∗ (̂it)k
(2cξ)k−1

k!

∫
H̃2(σ, ξ)
σ + cξ

dσ.

(3.43)

The estimates for the first term is obvious. We estimate the second and third
terms,∥∥∥∥∥〈ξ〉1−a

∫
H̃2(σ, ξ)

(σ − cξ)(σ + cξ)
dσ

∥∥∥∥∥
L2

ξ(|ξ|<1)

(3.44)

�
∥∥∥∥∥〈ξ〉1−a

∫
1

〈σ − cξ〉1−a〈σ + cξ〉1−a dσ

∥∥∥∥∥
L∞

ξ (|ξ|<1)

∥∥∥∥∥ H̃

〈τ + cξ〉a〈τ − cξ〉a

∥∥∥∥∥
L2

τ L2
ξ

,

(3.45)
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∥∥∥∥∥〈ξ〉1−a
ξk−1

∫
H̃2(σ, ξ)
σ + cξ

dσ

∥∥∥∥∥
L2

ξ(|ξ|<1)

(3.46)

�
∥∥∥∥∥ 1

〈ξ〉a

∫
H̃2(σ, ξ)
σ + cξ

dσ

∥∥∥∥∥
L2

ξ(|ξ|<1)

�
∥∥∥∥∥ H̃

〈τ + cξ〉a〈τ − cξ〉a

∥∥∥∥∥
L2

τ L2
ξ

(3.47)

We complete the proof for (3.6). �

4 Bilinear estimates

Here we give the bilinear estimates for the inhomogeneous terms of Dirac–Klein–
Gordon equation. The following proposition is essential in this section. The special
case β > 1/2, β ≥ α = γ ≥ −β is given in [8].

Proposition 4.1 Let α+β > 1/2. Let γ < (resp. ≤) min{α, β, α+β−1/2} when
max{α, β} = 1/2 (resp. �= 1/2). Then the following estimate holds,

‖fg‖H−α � ‖f‖Hβ ‖g‖H−γ . (4.1)

Proof. We employ the duality argument. We prove for any ϕ ∈ L2
ξ ,∫

〈ξ〉−α
f̂g ϕ dξ � ‖〈ξ〉β

f̂‖L2‖〈ξ〉−γ
ĝ‖L2‖ϕ‖L2 . (4.2)

We set u = 〈ξ〉β
f̂ and v = 〈ξ〉−γ

ĝ.∫
〈ξ〉−α

f̂g ϕ dξ =
∫ 〈η〉γ

u(ξ − η)v(η)ϕ(ξ)

〈ξ〉α〈ξ − η〉β
dηdξ (4.3)

≤ ‖v‖L2
η

∫ 〈η〉2γ

∣∣∣∣∣
∫
u(ξ − η)ϕ(ξ)

〈ξ〉α〈ξ − η〉β
dξ

∣∣∣∣∣
2

dη

1/2

(4.4)

≤ ‖v‖L2
η

{∫
〈η〉2γ

(∫
|u(ξ − η)ϕ(ξ)|2 dξ

)(∫
1

〈ξ〉2α〈ξ − η〉2β
dξ

)
dη

}1/2

(4.5)

≤ ‖v‖L2
η
‖u‖L2

η
‖ϕ‖L2

ξ

(
sup

η
〈η〉2γ

∫
1

〈ξ〉2α〈ξ − η〉2β
dξ

)1/2

, (4.6)

here we have the boundedness from Lemma 2.1,∫
1

〈ξ〉2α〈ξ − η〉2β
dξ � 1

〈η〉2γ . (4.7)

We obtain (4.2). �
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As a corollary, we obtain the following.

Corollary 4.2 For j = 1, 2, let αj +βj > 1/2 and γj < (resp. ≤) min{αj , βj , αj +
βj − 1/2} when max{αj , βj} = 1/2 (resp. �= 1/2). Then the following estimates
hold,∥∥∥∥ ũv

〈ξ + τ〉α1〈ξ − τ〉α2

∥∥∥∥
L2

τ L2
ξ

� ‖〈ξ+τ〉β1〈ξ−τ〉β2 ũ‖L2
τ L2

ξ

∥∥∥∥ ṽ

〈ξ + τ〉γ1〈ξ − τ〉γ2

∥∥∥∥
L2

τ L2
ξ

,

(4.8)∥∥∥∥ ũv

〈ξ+τ〉α1〈ξ−τ〉α2

∥∥∥∥
L2

τ L2
ξ

�
∥∥∥∥∥ 〈ξ + τ〉β1

〈ξ−τ〉γ2 ũ

∥∥∥∥∥
L2

τ L2
ξ

∥∥∥∥∥ 〈ξ − τ〉β2

〈ξ + τ〉γ1 ṽ

∥∥∥∥∥
L2

τ L2
ξ

. (4.9)

Proof. We prove (4.9) only. We set the following operator P ,

(PF )(τ, ξ) = F ( τ−ξ
2 , τ+ξ

2 ) for F = F (τ, ξ) (4.10)

and which implies

(PF )(ξ + τ, ξ − τ) = F (τ, ξ). (4.11)

We remark the following property of P ,

‖PF‖L2
τ L2

ξ
∼ ‖F‖L2

τ L2
ξ
. (4.12)

We calculate∥∥∥∥ ũv

〈ξ + τ〉α1〈ξ − τ〉α2

∥∥∥∥
L2

τ L2
ξ

=
∥∥∥∥ (Pũ)(ξ + τ, ξ − τ) ∗ (P ṽ)(ξ + τ, ξ − τ)

〈ξ + τ〉α1〈ξ − τ〉α2

∥∥∥∥
L2

τ L2
ξ

.

(4.13)

By changing the variables τ + ξ → τ, τ − ξ → ξ, we continue

∼
∥∥∥∥ (Pũ)(τ, ξ) ∗ (P ṽ)(τ, ξ)

〈τ〉α1〈ξ〉α2

∥∥∥∥
L2

τ L2
ξ

(4.14)

We then apply Proposition 4.1 to both the variables τ and ξ, and continue

�
∥∥∥∥∥ 〈τ〉β1

〈ξ〉γ2 (Pũ)(τ, ξ)

∥∥∥∥∥
L2

τ L2
ξ

∥∥∥∥∥ 〈ξ〉β2

〈τ〉γ1 (P ṽ)(τ, ξ)

∥∥∥∥∥
L2

τ L2
ξ

(4.15)

∼
∥∥∥∥∥ 〈ξ + τ〉β1

〈ξ − τ〉γ2 ũ(τ, ξ)

∥∥∥∥∥
L2

τ L2
ξ

∥∥∥∥∥ 〈ξ − τ〉β2

〈ξ + τ〉γ1 ṽ(τ, ξ)

∥∥∥∥∥
L2

τ L2
ξ

. (4.16)

�
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5 Time local and global existence

Now we are ready to prove Theorem 1.1. We restrict time interval [−T, T ] and
consider the following system,{

Du = −mψT u + ψ2
Twu

�w = −MψTw + ψ2
T u†u

(5.1)

We apply the standard contraction mapping principle to obtain a solution for the
rescaled equations.

Proof of Theorem 1.1. Firstly we investigate the equation by a scaling argument.
We consider the following system for λ > 0{

Du = −mλu + wu
�w = −Mλ2w + u†u

(5.2)

Then (u, w) is a solution for (5.2) with λ = 1 if and only if the following (uλ, wλ)
is a solution for (5.2),

uλ(t, x) = λ3/2u(λt, λx), (5.3)
wλ(t, x) = λw(λt, λx). (5.4)

We calculate the initial data u0λ(x) = uλ(0, x) = u0(λx) and w0λ(x) = wλ(0, x) =
w0(λx) where u0 and w0 are in (1.5). We have

‖u0λ‖H−a ≤ λ1−a‖u0‖H−a , ‖w0λ‖Hs ≤ λ1/2+s‖w0‖Hs . (5.5)

Therefore we can reduce the size of initial data and mass terms for small λ with
a < 1, s > −1/2. In the following, we seek for the solution (uλ, wλ) of (5.2), and
for simplicity, we abbreviate (uλ, wλ) = (u, w).

As in [4], we consider the iteration map Φ(uk, wk) = (uk+1, wk+1). We show
that Φ is a contraction map on the space,

ΘR = {(u, w) = (u, v, w); ‖(u, v, w)‖Θ ≤ R} (5.6)

where

‖(u, v, w)‖Θ =

∥∥∥∥∥ 〈τ + ξ〉1−b

〈τ − ξ〉a ũ

∥∥∥∥∥
L2

τ L2
ξ

+

∥∥∥∥∥ 〈τ − ξ〉1−b

〈τ + ξ〉a ṽ

∥∥∥∥∥
L2

τ L2
ξ

(5.7)

+

∥∥∥∥∥ 〈τ + cξ〉1−a〈τ − cξ〉1−a

〈ξ〉1−a−s w̃

∥∥∥∥∥
L2

τ L2
ξ

. (5.8)
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We restrict the case 0 ≤ 2a < s ≤ 1/2. We set b such that

a+ b < 1/2, 0 ≤ a < b+ s− 1/2. (5.9)

We firstly give the estimate for the norm of u. From Proposition 3.1,∥∥∥∥∥ 〈τ + ξ〉1−b

〈τ − ξ〉a ψ̂T ∗ ũ
∥∥∥∥∥

L2
τ L2

ξ

� ‖u0‖H−a +

∥∥∥∥∥mλψ̃T v − ψ̃2
Twv

〈τ + ξ〉b〈τ − ξ〉a

∥∥∥∥∥
L2

τ L2
ξ

. (5.10)

Obviously we obtain from a < b,∥∥∥∥∥ ψ̃T v

〈τ + ξ〉b〈τ − ξ〉a

∥∥∥∥∥
L2

τ L2
ξ

�
∥∥∥∥∥ 〈τ − ξ〉1−b

〈τ + ξ〉a ψ̂T ∗ ṽ
∥∥∥∥∥

L2
τ L2

ξ

. (5.11)

We remark b+ s > 1/2 and 1 − b > 1/2 to apply Corollary 4.2,∥∥∥∥∥ ψ̃2
Twv

〈τ + ξ〉b〈τ − ξ〉a

∥∥∥∥∥
L2

τ L2
ξ

� ‖〈τ + ξ〉s
ψ̂T ∗ w̃‖L2

τ L2
ξ

∥∥∥∥∥ 〈τ − ξ〉1−b

〈τ + ξ〉a ψ̂T ∗ ṽ
∥∥∥∥∥

L2
τ L2

ξ

.

(5.12)

We calculate the weight of norm for w̃ with a+ s < 1,

〈τ + ξ〉s ≤ 〈τ + cξ〉s〈τ − cξ〉s ≤ 〈τ + cξ〉1−a〈τ − cξ〉1−a

〈ξ〉1−a−s . (5.13)

The estimates for v is similar to above, that is∥∥∥∥∥ 〈τ − ξ〉1−b

〈τ + ξ〉a ψ̂T ∗ ṽ
∥∥∥∥∥

L2
τ L2

ξ

� ‖v0‖H−a +

∥∥∥∥∥mλψ̃Tu− ˜ψ2
Twu

〈τ − ξ〉b〈τ + ξ〉a

∥∥∥∥∥
L2

τ L2
ξ

. (5.14)

The estimates for the inhomogeneous terms are given by∥∥∥∥∥ ψ̃Tu

〈τ − ξ〉b〈τ + ξ〉a

∥∥∥∥∥
L2

τ L2
ξ

�
∥∥∥∥∥ 〈τ + ξ〉1−b

〈τ − ξ〉a ψ̂T ∗ ũ
∥∥∥∥∥

L2
τ L2

ξ

, (5.15)

∥∥∥∥∥ ˜ψ2
Twu

〈τ − ξ〉b〈τ + ξ〉a

∥∥∥∥∥
L2

τ L2
ξ

� ‖〈τ − ξ〉s
ψ̂T ∗ w̃‖L2

τ L2
ξ

∥∥∥∥∥ 〈τ + ξ〉1−b

〈τ − ξ〉a ψ̂T ∗ ũ
∥∥∥∥∥

L2
τ L2

ξ

.

(5.16)
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For w, we have from Proposition 3.3,∥∥∥∥∥ 〈τ + cξ〉1−a〈τ − cξ〉1−a

〈ξ〉1−a−s ψ̂T ∗ w̃
∥∥∥∥∥

L2
τ L2

ξ

� ‖w0‖Hs + ‖w1‖Hs−1 +

∥∥∥∥∥ Mλ2ψ̃Tw − ˜ψ2
T u†u

〈ξ〉1−a−s〈τ + cξ〉a〈τ − cξ〉a

∥∥∥∥∥
L2

τ L2
ξ

. (5.17)

We have∥∥∥∥∥ ψ̃Tw

〈ξ〉1−a−s〈τ+cξ〉a〈τ−cξ〉a

∥∥∥∥∥
L2

τ L2
ξ

�
∥∥∥∥∥ 〈τ+cξ〉1−a〈τ − cξ〉1−a

ψ̂T ∗ w̃
〈ξ〉1−a−s

∥∥∥∥∥
L2

τ L2
ξ

. (5.18)

We remark a ≤ 1 − a− s to apply Lemma 2.2,∥∥∥∥∥ ˜ψ2
T u†u

〈ξ〉1−a−s〈τ + cξ〉a〈τ − cξ〉a

∥∥∥∥∥
L2

τ L2
ξ

�
∥∥∥∥∥ ˜ψ2

T u†u
〈τ + ξ〉a〈τ − ξ〉a

∥∥∥∥∥
L2

τ L2
ξ

. (5.19)

We apply Corollary 4.2 with 1 − b > 1/2 again∥∥∥∥∥ ψ̃2
Tuv

〈τ + ξ〉a〈τ − ξ〉a

∥∥∥∥∥
L2

τ L2
ξ

�
∥∥∥∥∥ 〈τ + ξ〉1−b

〈τ − ξ〉a ψ̂T ∗ ũ
∥∥∥∥∥

L2
τ L2

ξ

∥∥∥∥∥ 〈τ − ξ〉1−b

〈τ + ξ〉a ψ̂T ∗ ṽ
∥∥∥∥∥

L2
τ L2

ξ

.

(5.20)

Consequently we obtain

‖Φ(ψTu, ψT v, ψTw)‖Θ � ‖u0‖H−a + ‖v0‖H−a + ‖w0‖Hs + ‖w1‖Hs−1 (5.21)
+(λ+ λ2)‖(ψTu, ψT v, ψTw)‖Θ + ‖(ψTu, ψT v, ψTw)‖2

Θ.

(5.22)

We obtain for sufficiently small λ which also means sufficiently small initial data,
and appropriate R,

‖Φ(ψTu, ψT v, ψTw)‖Θ ≤ R. (5.23)

The estimate for the difference of each solutions is similar, see for reference [4]

‖Φ(ψT (u1 − u2), ψT (v1 − v2), ψT (w1 − w2))‖Θ (5.24)

≤ C(λ+ λ2 +R)‖(ψT (u1 − u2), ψT (v1 − v2), ψT (w1 − w2))‖Θ. (5.25)

We take C(λ + λ2 + R) < 1 to conclude the proof for the time local existence.
The continuous properties of solutions u and w with respect to t in H−a and Hs
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norms respectively follow from the embeddings,∥∥∥∥ û(t, ξ)〈ξ〉a

∥∥∥∥
L∞

t L2
ξ

�
∥∥∥∥ ũ(τ, ξ)〈ξ〉a

∥∥∥∥
L2

ξL1
τ

�

∥∥∥∥∥∥
∥∥∥∥∥ 〈τ − ξ〉a

〈τ + ξ〉1−b〈ξ〉a

∥∥∥∥∥
L2

τ

∥∥∥∥∥ 〈τ + ξ〉1−b
ũ(τ, ξ)

〈τ − ξ〉a

∥∥∥∥∥
L2

τ

∥∥∥∥∥∥
L2

ξ

�
∥∥∥∥∥ 〈τ + ξ〉1−b

〈τ − ξ〉a ũ(τ, ξ)

∥∥∥∥∥
L2

τ L2
ξ

, (5.26)

and from similar calculation,∥∥∥∥ v̂(t, ξ)〈ξ〉a

∥∥∥∥
L∞

t L2
ξ

�
∥∥∥∥∥ 〈τ − ξ〉1−b

〈τ + ξ〉a ṽ(τ, ξ)

∥∥∥∥∥
L2

τ L2
ξ

, (5.27)

‖〈ξ〉s
ŵ(t, ξ)‖L∞

t L2
ξ
�
∥∥∥∥∥ 〈τ + cξ〉1−a〈τ − cξ〉1−a

〈ξ〉1−a−s w̃(τ, ξ)

∥∥∥∥∥
L2

τ L2
ξ

. (5.28)

We now turn to the proof for the global existence in the case a = 0 and 0 <
s < 1/2. We give the a priori estimate. For u = t(u, v), we use the conservation
of charge, see [2, 3, 4]

‖u(t)‖2
L2

x
= ‖u(t)‖2

L2
x

+ ‖v(t)‖2
L2

x
= ‖u0‖2

L2
x

+ ‖v0‖2
L2

x
= ‖u0‖2

L2
x

(5.29)

for any t. On the other hand, for the bound of w, we use the energy estimate for
the inhomogeneous Klein–Gordon equation,

‖w(t)‖Hs � ‖w0‖Hs + ‖w1‖Hs−1 +
∫ t

0
‖u†u(t′)‖Hs−1dt′. (5.30)

We apply Proposition 4.1 with 1 − s > 1/2 for the inhomogeneous term,

‖uv(t′)‖Hs−1 � ‖u(t′)‖L2
x
‖v(t′)‖L2

x
≤ C. (5.31)

Therefore we obtain a priori estimate and derive the global existence. �

6 Discussions

In this section, we explain that our choice of Dirac matrices (1.3) is not the special
case to apply the arguments in this paper. We rewrite the Dirac operator D and
the inhomogeneous term u†u for the Klein–Gordon equation as follows,

D = iαj∂t + αk∂x, u†u = tuαju for j �= k (6.1)
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where αj , j = 1, 2, 3 are the Pauli matrices

α1 =
(

0 1
1 0

)
, α2 =

(
0 −i
i 0

)
, α3 =

(
1 0
0 −1

)
. (6.2)

We could deal with any pairs of (αj , αk), j �= k to compose D and †. The choice of
(1.3) corresponds to the case (j, k) = (1, 2). We consider the case (j, k) = (3, 2),
and the other cases are similar. We calculate in this case,

0 = Du + (m− w)u =
(
iut − ivx + (m− w)u

−ivt + iux + (m− w)v

)
, (6.3)

u†u = |u|2 − |v|2 (6.4)

for u = t(u, v). We set f = u+ v, g = u− v to obtain

0 =
(
ift − ifx + (m− w)g
igt + igx + (m− w)f

)
, (6.5)

u†u = �(fg) (6.6)

which turns to the case (j, k) = (1, 2).
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