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0. Introduction

In the work [D-cal] we introduced differential operators on noncommutative rings
and showed that they enjoy some nice properties (for example compatibility with
localizations). We proved that if the enveloping algebra U(g) of a Lie algebra g
acts as a Hopf algebra on a ring, then it acts by differential operators.

Let g be semisimple and let U = Uy(g) be the quantized enveloping algebra or
the quantum group corresponding to g. Let U be its “Cartan” part. We would
like to consider (noncommutative) schemes with the action of the quantum group
U. It was one of our first conclusions that such schemes should be “defined over
SpecU?”. That is, one should be working in the category of objects (say rings)
which are graded by a fixed abelian group I' (in our case I' = @ — the root
lattice). This leads us to the definition of quantum differential operators, which
naturally includes the “grading” action of I'. These differential operators also have
the same nice properties, and one of our results in [D-cal] is the following: As-
sume that the quantum group acts as a Hopf algebra on a ring R so that R is a
diagonalizable U%-module. Then U acts by quantum differential operators.

In this paper we want to illustrate our theory by constructing the localization
for the quantum group U which is parallel to the Beilinson-Bernstein localization
construction for the enveloping algebra U(g). Namely, we construct the quantum
flag variety X with a “sheaf” of quantum differential operators and a natural ho-
momorphism from the quantum group to the global differential operators on X.
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We also prove that the functor of global sections is exact on the category of D -
modules, if f is dominant. In this paper we work out the “generic case”, (¢ generic)
and we plan to treat the root of unity case in the near future.

Let us point out some features of our construction. First of all, the “structure
sheaf” of X consists of noncommutative rings. Also rings of “functions” on dif-
ferent shifts of the “big cell” in X appear to be nonisomorphic (whereas in the
classical case they are all polynomial rings). Moreover, we don’t hope to be able
to write down these rings (or quantum differential operators on them) in terms
of generators and relations. However, we believe that Bernstein’s theorem on the
dimension of a D-module still holds for quantum D-modules. Some evidence for
this was produced in [D-cal] and it is true in the (already nontrivial) case of sls.
Hence, we expect to have a nice category of holonomic quantum D-modules.

Let us briefly describe the contents of the paper. In Section I we recall some
facts about the quantum group. In Section II we construct the deformation of the
classical “base affine space” G/u (u is the unipotent radical of a Borel subgroup
B in G). In Section III we use the above deformation to construct the desired
deformation X of the flag variety G/B. More precisely, we construct the category
(Proj R) of “quasicoherent sheaves” on X. This is a “projective variety” and we de-
fine the category of quasicoherent sheaves on it. There is a natural functor of global
sections I' and we define the cohomology as the derived functor of this left exact
functor I'. We define the covering of X by “shifts u™ of the big cell”. This gives rise
to the Cech cohomology which coincides with the one defined above. By comparing
the Cech complex of a coherent sheaf with its classical specialization, we are able
to prove a weak ampleness result for the line bundles (Theorem 4), which suffices
for the applications to D-modules. In Section IV we define D -modules on X and
prove that D j-modules have no higher cohomology if f is dominant (Theorem 5.2
and Proposition 7.1). We then state a conjecture that the global sections of D are
“the right ones”. The Borel-Weil theorem is proved along the way (Theorem 8).

We should mention that the localization for the quantum group sly was con-
structed “by hand” in [H]. The construction in the general case was attempted by
Joseph ([Jo]). His definition of differential operators, however, is not satisfactory.
In particular there is no homomorphism from the quantum group to his differential
operators. Nevertheless, we were inspired by papers [Jo|, [JL1], [JL2], [JL3] and
use some of the results from [Jo]. We thank Vinay Deodhar, Alexander Beilinson,
Vladimir Drinfeld and Uma Iyer for useful conversations.

I. Preliminaries on quantum groups

1. The quantum group U

Notation: A = Q[q,q~ "], where ¢ is an indeterminate, A = Ag—1), b = Q(q),
k C K — any field.



Vol. 5 (1999) Localization for quantum groups 125

Let (asj)i j=1,..,n be a Cartan matrix of finite type (i.e., the corresponding
Lie algebra g is finite dimensional) and choose d; € {1,2,3} such that (d;a;;) is
symmetric. Consider the k-algebra U with generators

E,Fi,Ki, K", i=1,...,n
and relations
K,K; = K;K;, KK '=1, i,j=1,...,n

K,E;K; ' =q%E; KF;K;'=q %% F, i,j=1,...,n
K, — K *
qt — g4

> M) mEE—0 iz
d;

r+s=1-—a;;

s 17(11" r s . .
> <1>{ s j] FIFFF =0,  i#j.

r+s=1—a;; i

EiFj_FjEizéij i,j:l,...,n

In the last two relations we used brackets to denote Gaussian binomial coeffi-
cients. Specifically, we have for m € Z,d,t € N,

[m]a = , o [Ha! = [talt = 1a- - [2]a[1]a
and

= R €A

In fact U is a Hopf algebra with the comultiplication A, the coidentity ¢, and
the antipode S defined as follows:

[m} [m]a[m —1a---[m —t+1]q
d

AE)=E®1+K ®FE, AF)=FK '+10F
A(Kz):K,L@K“ i:l,...,n
E(Ei):0:€(Fi), €(Kl‘):1, Z':].,...,n
S(E;) = -K;'E;, S(F)=-FK,; S(K;)=K"

The algebra U has a triangular decomposition. Namely, let U~,U° and U™ be
the subalgebras of U generated by F; (resp. K, Ki_l, resp. E;), i =1,...,n. Then
the multiplication map defines the isomorphism

U-e@U°eUT = U.
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2. The integral form U4 and the Frobenius homomorphism

Put

and

, t1=1,...,n, c€Z, teN.

|: Ki; C:| B t qdi(cferl)Ki o qfdi(cferl)K;l
t s=1

qd,',s — q—dq‘,s

Let Us be the A-subalgebra of U generated by Ei(m), Fi(m), K;, Ki_l, i =
1,...,n, m € N. It is known ([Lu]) that U, is a Hopf subalgebra of U. Let U,
Us, UX be the A-subalgebras of U, generated by Fi(m) (resp. K, Ki_l, {K;‘O},
(m)

resp. E;"). Then we have the triangular decomposition

Usa=U, UKo U}.

Let 0 # A € C. Let Ay be the image of A under the homomorphism of Q-
algebras A — C defined by ¢ — A. Put

Uy :=Ujs ®4 Ay.

It is known ([Lu]) that Uy is a Hopf algebra and that the specialization map
Us — U, is a Hopf algebra homomorphism. In particular we obtain the Hopf
algebra U; which turns out to be closely related to the universal enveloping algebra.

2.1. Let g = gg be the split semisimple Lie algebra corresponding to the Cartan
matrix (a;;). Let h C g be a Cartan subalgebra, Q C P C bh* the root lattice
and the weight lattice respectively. Let 7 = {aq,...,an} C @ be a set of simple
roots, R4 the set of positive roots, {Ha}acr, C b the corresponding coroots,
Q4+ = X7,y the semigroup of weights that are > 0. Let wq,...,w, € P be the
fundamental weights and P, = 37 w; the semigroup of dominant weights. Let
P(X\) C P be the multiset of weights in the finite dimensional g-module with the
highest weight A\ € P,.
Define the nondegenerate symmetric pairing

(,):PxP—-Q

by
(iley) = diay.
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Let h C b C g be the Borel subalgebra corresponding to w. Let f;, h;,e; @ =
1,...,n be the standard generators of g (so that e; € b). Let

fi(r) = fr/rl, el(.r) =" /r!

be the corresponding divided powers in the enveloping algebra U(g) = Ug(g).
According to [Lu] we have the following surjective homomorphism of Hopf algebras,
called the Frobenius map

F:Uy—Ulg), F(BN) =", FED)=f", P(K)=FE") =1

The kernel of F' is generated by the central (in Uy) elements K; — 1.

3. The center of U and the Harish-Chandra homomorphism

3.0. Let 7: U° — K[P] be the homomorphism defined by 7(K;) = ;. Thus 7 is
an isomorphism of U° onto the group ring k[Q]. Let W be the Weyl group. Since
it acts on k[Q], it also acts on U° via 7. Let p be the half sum of positive roots
and let ¢ : U — U° be the automorphism defined by ¢(K;) = ¢~ (*:IP) ;.

Using the triangular decomposition U = U~U°U™, consider the projection
p:U — U° Let Z C U be the center and denote the restriction

E=¢-plg:Z—U"
As in the case of enveloping algebras, one easily checks that £ is a ring homomor-
phism.
Theorem ([Ta], [JL1]). The map & is injective and its image is 7' (k[2P] N
KQ)Y .
3.1. Fix a field k C K. Put
E[P]* := Hom ,_a14(k[P], K).

We call a character f € k[P]* linear if f(w;) = ¢}« for some A € b* (the k-dual).
We say that a linear f is integral if A € P.

The Weyl group W acts on k[P]* via its action on k[P]. Consider the P-action
on k[P]* defined by

(f + B)wi) = ¢ f(wi), fekP]", BeP.
Given f € k[P]* we denote the corresponding central character by

xpi=f1-¢:Z— K.
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3.2. Definition. A character f € k[P]* is called dominant if x5 # xf+s for all
0+# 8 € Qs. Wecall f regular dominant if for all v € P, and all § € P(vy), 0 # v

we have X i1~y # Xf+0-
Recall that A € h* is dominant if \(H,) # —1,-2,... fori=1,...,n, a € Ry.

3.3. Lemma. Let f be a linear character corresponding to A € b*. Then f
is dominant (resp. reqular dominant) if and only if \ is dominant (resp. regular
dominant) (cf. [BB2]).

4. The R-matrix
For U-modules M, N their tensor product, M ® N is naturally a U-module via the
comultiplication A : U — U ® U. Since U is not a cocommutative Hopf algebra,
the linear isomorphism

""M®N—-NQM, mO&n—nm
is not a map of U-modules. However, we have the following structure ([CP],
Cor. 10.1.20). For any locally finite U-modules V', M there is defined a natural
isomorphism of U-modules

RM7le®VL>V®M.

In this work we will use the following property of R: Given locally finite U-
modules V', M, N, the isomorphism

Rueny - M@N@V —SVeoMeN
is the product of the isomorphisms
idy @Ry : MON®V —M®V ®N,
and
Ryuy @idy : M@V @N —VeMeN.
5. The highest weight modules
5.0. For a U-module M and g € k[P]*, denote by M, the subspace of M on which

UY acts by the character g (more precisely by g - 7). Nonzero elements of M, are
called vectors of weight g or of weight X\ if g is linear corresponding to A € h*.



Vol. 5 (1999) Localization for quantum groups 129

Let f € k[P]* and denote by K the one-dimensional (over K) U°U*-module
on which Ut acts trivially and U acts by the character f. The U-module

M(f) =U Qpoy+ Ky

is called the Verma module with the highest weight f. Note that Z acts on M(f)
by the central character xs4,. In case k # K we will extend the scalars from k
to K, i.e., we will consider M(f) as a module over the quantum group U ®; K
instead of U. However to simplify the notation we will denote this bigger algebra
again by U. Note that M(f) is a direct sum of K-subspaces

M(f)= @ M(f)s-s
BEQ+

It has a unique simple quotient L(f). If f is a linear character corresponding to
A € b*, we also write M (X) = M(f), L(\) = L(f).

5.1. In case A € P4, we take k = K and denote R(\) = L(\). It is a finite
dimensional U-module, that satisfies the Weyl character formula. In particular, for
each w € W there exists a unique (up to a nonzero scalar) vector e,y € R(X) of
weight w.

The category of finite dimensional U-modules is semisimple. It follows that
there exists a unique (up to a nonzero scalar) surjective map of U-modules

R(\) ® R(s) — RO\ + ). (1)
We would like to choose these maps in such a way that the P-graded U-module
R = ®xep, R(N)
is a P-graded associative algebra. The following theorem is essentially due to

Joseph and Letzter ([JL2]) and it is proved in [Jo], 2.2-2.5.

5.1.1. Theorem. There exists a choice of maps (1) above that makes R a P-
graded associative algebra. Moreover, for this algebra structure on R, there exists
a choice of highest weight vectors ex € R(X) such that exe, = exyy in R. In
particular, exe, = eyex.
5.1.2. Remark.

1) By definition U acts on R as a Hopf algebra (that is R is a U-ring), i.e.,

u(ab) = u(pyaug)b,

where a,b € R, u € U and A(u) = u@1y @up) € U U.
2) It is not difficult to show (see for example Lemma 1.7 below) that the
algebra R as in above theorem is unique up to an isomorphism.
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II. Deformation of G/u

Let G be the simply connected group corresponding to the Lie algebra g, u C G
the maximal unipotent subgroup, and G/u the corresponding “base affine space”.
It is well known that G/u is a quasi-affine variety with the ring of regular functions
being the representation ring R of g. Namely, let R()\) be the irreducible finite
dimensional g-module with the highest weight A € P,. Put

R:= @ R(N).

AEPy

Then this U(g)-module is isomorphic to the (commutative) ring of regular func-
tions on G/u. We fix one such isomorphism and thus consider R as a P-graded
commutative ring with the multiplication given by a projection

R(\) ® R(u) — RO\ + p).

In the previous section 1,5.1 we introduced the analogous representation ring R
of the quantum group U (Thm. 5.1.1). This last ring R is a k-algebra that is no
longer commutative. Our next goal is to construct a deformation R4 of R over A
such that the fibre over the generic point Speck of SpecA is the algebra R. We also
show that R4 is naturally a U4-ring in such a way, that the specialization Ry — R
is compatible with the specialization Uq — U(g).

1. Construction of R4

1.0. Consider the representation ring R = ®xep, R(\) of U with the choice of
highest weight vectors ey € R()A) as in Theorem 1,5.1.1 above.

1.2. Fix A € P.. Define an A-submodule R4(\) of R(X) as follows. Let R(X), be
the weight p subspace of R(A) for p € P(X) (I,2.1). Then

Ra(\) = & Ra(N)y where Ra(\) = Ra(\) N ROV

and we define R4()), by the descending induction on the natural partial order
on .

RA()\))\ =A- €ex

x € R(A), | EZ.(M)JU € @ Ra(A), forall i=1,...,n
RA()\)H = V>'u’
M>1
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Proposition.
(a) Ra()) is a Ua-submodule of R(A).
(b) Ra(A), C Ra(N) is a free A-module of rank equal to dimy R(N),,.

Proof of proposition. (a) Let © € Rg(\),, 4 = Y nw;. Then EZ-(N).Z‘ € R4(X\) by
definition. Also K;z = ¢"%x € Az C Ra(A). It remains to show that Fi(M)x €
RA(X\). We will prove this by induction on M and by the descending induction on
the weight . We need to show that

BN FMy e Ra(N), for N> 1.

We use the following formula ([Lu]):

NY) (M M-t) |Ki;2t—N-M N—t
EVEM = 3 R ),{ }E< )

t
>0
t<N,t<M

If p = A, then Ei(N)Fi(M)x = Fi(MfN) . [K“A{_M] x. It follows from the lemma
below that
[Ki; N-M

. }xGAa:.

Hence by induction on M we conclude that

FM=N) {Ki;N B M} x € Ra(N)

3 t :

Thus ﬂ(M)x € Ra(A) if w = A If u < A, then we argue by the descending
induction on p using the same formula and the same lemma. This proves (a) in
the proposition.

(b) Notice that U~ - ey = R()A). Hence U} - ey will generate R(X) over k. Since
Uy -ex C Ra(A) and Ra(\) = ®,Ra(N), we conclude that Ra(\), generates
R(X), over k.

Consider the map

R 250 ([ RaV,).
1 V>N
This map is injective (if © < A). By descending induction on p we may assume
that each R4(\),, v > p is a finitely generated A-module. Since A is noetherian,
the same is true for Ra(\),. This proves that each R4 (X)), is a finite A-module.

We proved that Ra(\), is a finite torsion-free A-module. Hence it is free since

A is a PID. It also has the right rank. This proves (b) of the proposition.
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Lemma. The expression [KE;C} when evaluated by K; — ¢3™, m € Z gives an

element in A.

1.3. We have constructed a graded U4-submodule
Rp:=®R,x ()\)

of the U-ring R.

Proposition. Ry is an A-subalgebra of R, and hence a Uy-subring of the U-
ring R.

Proof of proposition. Let x € Ra()\), y € Ra(p). We need to show that
Ei(N) (xy) € Ra(A+ 1)

foral N >14i=1,...,n. We will do this by descending induction on the weights
of z,y. If v = ey, y = ey, then exy, = 2y C Ra(A + p) by definition. Otherwise
recall that R is a U-ring, hence a Uy4-ring, that is

u(zy) = ug)(z)u) ()

where
Au =ua) ® ()

is the comultiplication.
We have ([Lu])

N
ABN =37 b= pND b ) i)
b=0

Thus Ei(N) (xy) = Zé\;o qdib(N*b)Ei(N_b)Kf(:p)Ei(b) (y) and for every b =0,..., N,
the pair Ei(N_b)Ki (z), Ei(b) (y) will have higher weights than the pair z,y. Hence
by induction the product belongs to R4. This proves the proposition.

1.4. Let 0 # A € C. Consider the homomorphism of Q-algebras
A—=C, ¢g— A\
Let Ay be the image of A in C. Consider the algebras

Ry :=Ra®a Ax
Uy :=Uys ®4 Ay

Then U, acts naturally on Ry. Recall that U4 is a Hopf subalgebra of U and that
the specialization map U4 — U, is a map of Hopf algebras. Thus R) is a U,-ring.
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1.5. Consider the special case when A\ = 1. We will denote elements z ® 1 € Uy
by Z. In U; we have

0=(1-1)(EF,-FE)=K:-K, .

Hence K; = F; ! or F? = 1. Elements K; are obviously central in U; and it is
known ([Lu]) that .
Uy /35Uy (K — 1) ~ Ul(g).

Moreover, K; acts trivially on Ry, hence Ry is a U(g)-ring.

1.6. Proposition. R; as a U(g)-ring is isomorphic to the representation ring R
of U(g). In particular the ring Ry is commulative.

This follows from the following lemma.

1.7. Lemma. Let V = ®xep, V(A) be a P-graded U(g)-ring such that

(i) Ul(g) preserves each V(X) and V(X\) =~ R(X\) as U(g)-modules.
(ii) There exists a choice of highest weight vectorsty € V/()) such thatty-t, =
tatn. Then' V ~ R as U(g)-rings.

Proof of lemma. Let {vy € R(A)} be a collection of highest weight vectors such
that vy - v, = va4,. There exists a unique U(g)-module isomorphism

(Y25 V()\) ; R()\), t,\ = Ux.

Put ~

0:=®py:V R
We claim that ¢ is a ring homomorphism. Indeed, consider the multiplication map
in V:

my VA @V(p) = V(A+ ).

U(g) acts naturally on V(A) ® V(u) and since V is a U(g)-ring, it follows that my
is a U(g)-map. But such a U(g)-map is unique up to a scalar, and is specified
completely by the image of ¢ty ®¢,. The same considerations apply to the ring R.

The diagram
V) @V(p) — = V(A+p)

‘P>\®§DMJ( l‘PAJru
RO\ @ R(p) —E— R+ p)
consists of morphisms of U(g)-modules such that
Ox+p mV(t)\ ® tu) =Mpg - $x ® @;L(tk ® tu)-

It follows that the diagram is commutative, i.e., that ¢ is a homomorphism of
rings.
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1.8. Corollary. R4 is an integral domain.

Proof. Indeed, R4 is a free A-module. Hence the result follows from the fact that
R;1 ~ R is an integral domain.

2.0. Let M be an A-module. Consider the (¢ — 1)-adic Z_-filtration F' on M:
F_,M:=(q—-1)"M, n>0.

Let gr M = & F,M/F,_1 M be the associated graded Q-vector space. If M = A
then gr A ~ Q[t] as a ring, where ¢ is the symbol of ¢ — 1 in F_1 A/F_5A.

For an A-module M, gr M is therefore a Q[t]-module. If M is a free A-module,
then grM ~ Q[t]®ggro M — a free Q[t]-module. Take in particular the free
A-module M = R4. Then

grRa ~Q[tj®g R
as a Q[t]-module. Notice that gr R4 is naturally a ring with Q[t] and R being
subrings.

Proposition. The isomorphism gr Ra ~ Q[t] ®g R is in fact a ring isomorphism.
In particular gr R4 is a commutative ring (cf. Proposition 1.6 above).

Proof. Since A is in the center of R4, Q[t] is in the center of gr R4. In particular
Q[t] commutes with R in gr R4. This proves the proposition.

2.1. Take M = Uy as a free A-module. The same arguments show that we have
an isomorphism of (noncommutative) rings

grlUy ~ Q[t] Xq 8ry Ug = Q[t] ®Q Ui

The Uga-action on R induces the Qt]-linear gr Ux-action on gr R4 ~ Q[t] ®q R,
where Uy acts on R as in 1.4 above.

2.2. Put R4 := Ra ®4 A. Then R4 has the same (¢ — 1)-adic filtration and
grRao=grRy.

2.3. Proposition. The rings R4, R are graded noetherian, i.e., every graded
ideal is finitely generated.

Proof. Tt suffices to prove the lemma for the ring R 4. Indeed, given a graded ideal
I C R, we have
R®p, INR4 ) =1.

Hence, if I N R4 is a finite R 4-module, then [ is a finite R-module.
Consider A-submodules of R4 with the induced (submodule) filtration, so that
the functor gr is exact on the category of such submodules. Let I C J C Ry,
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I # J be two graded ideals. In view of Proposition 2.0 above, it suffices to prove
that gr [ # grJ.

Let A € P be such that Jy /I # 0, and assume that gr I, = gr.Jy. Notice that
I, and J) are finite A-modules. Hence, in order to obtain a contradiction it suffices
to prove that In/(q — 1)Ix = Jx/(q — 1)Jx and apply the Nakayama lemma. It
suffices to prove that Jy = I + (¢ — 1)J,.

By the Artin-Rees lemma ([AM], Thm. 10.11) the filtration on Jy (as a sub-
module of R4(A\)) and its own (¢ — 1)-adic filtration have finite difference. In
particular, there exists d € Z_ such that for all j € J) with the degree d(j) < d
we have j € (¢ — 1)Jx. Let j € Jy be an element with the lowest degree such that
Jj & Ix+(g—1)Jy. Since gr Iy = grJy there exists ¢ € Iy such that d(i — j) < d(j).
By induction i—j € Ix+(g—1)Jx. Hence also j € Ix+(¢—1)Jx. This contradiction
proves the proposition.

2.3.1. Remark. Joseph proved that R is noetherian by a different method
(see [Jo]).

3. Localization of filtered rings

3.1. Later on we will need some results on the compatibility of Ore localizations
with the passage to graded rings. Namely, let B be a unital ring with a Z-filtration

...CF,BCF,1BC... neZ

such that |JF,B = B. Assume for simplicity that ((F,B = 0. Let grB =
@F, B/F,11B be the associated graded ring. We assume that gr B is a domain
(hence also B is a domain). For 0 # b € B define its degree d(b) = min{n €
ZIb € Fp, b¢ F_1}, deg0 = —oo. Let b denote the symbol of b in Fyw)/Faw)—1-
Since gr B is a domain, the symbol map B — gr B is multiplicative, and d(ab) =
d(a)+ d(b).

Let S be a left Ore set in B (0 ¢ S, 1 € S). Let [S™!|B be the corresponding
localization. This is also naturally a Z-filtered fing. Namely, put

d(s,b) :=d(b) — d(s)
(well defined since gr B is a domain) and
Fo[S7YB = {(s,b)]d(s,b) < n}.
Notice that NFE,[S™!]|B = 0. Let gr[S~!]B be the associated graded ring.

Lemma. Let S C gr B be the symbol image in gr B of the Ore set S. Then S is a
left Ore set in gr B.

Using the lemma we can define the (graded) localization [S~!]gr B. Define a
map

0: e[S )B — S er B, (5,0) — (5.5).
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3.2. Proposition. The above map 0 is well defined and is an isomorphism of
graded rings.

3.3. More generally assume that M is a filtered B-module, i.e., M is a B-module
with a Z-filtration

- CEMCFEF, 1 MC... n € 7,

such that
FoB-F,M C FinM.

Then gr M is a graded gr B-module. Assume that |JF,M = M and (| F,M = 0.
Also assume that if 0 # b € gr B, 0 # m € gr M, then bim # 0. Consider also the
localized [S~1] B-module [S~YM = [S™1|BopM. Givenm € M, (s,m) € [S™M,
we define d(m), d(s,m) exactly as in the ring case above. This again is well defined
and we obtain a filtered [S~!]B-module [S~!]M, such that |J F,,[S~} M =[S~ M
and () F,[S™!]M = 0. Again we have the natural map

0:gr[STUM =[S gr M, (s,m) - (5,1m).

Proposition. The above map 0 is well defined and is an isomorphism of graded
gr[STB ~ [S~1] gr B-modules.

3.4. In Section IIT we will consider localizations of R 4-modules M, which satisfy
the assumptions in 3.3 above with respect to the (¢ — 1)-adic filtration. We will
localize by Ore sets S; C R4 consisting of elements of degree 0 with respect to
(¢ — 1)-adic filtration on R 4. In fact, we will consider successive localizations

M, i, =[5, 1RA ®r, [S;, " JRA® - @R, [S;,'|Ra @R, M.

Tk—1 i1

These are left [S; 1R 4- modules. These modules have a natural (g — 1)-adic filtra-
tion and we can consider the corresponding associated graded gr M;, .
On the other hand, we have the following graded analogue

M, ..o = [5’;1] 8T RA®grry  QgrRa [5711] gr Ra ©grry gr M.

The following proposition is proved by induction on k using Proposition 3.3.

Proposition. There exists a natural isomorphism of graded gr [Si;l]RA ~
[S; '] gr Ra-modules

gr My, . i, =~ M, -
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II1. Deformation of G/B

0. In Section II we constructed the deformation R4 of the P-graded ring R. Since
the commutative ring R is the ring of regular functions on the quasiaffine variety
G/u, we consider R4 as the (noncommutative) ring of regular functions on the
corresponding quantum deformation of G/u. In this work we will be interested in
the “generic case” (¢ an indeterminate). Hence from now on, we will work over A
or k. That is we will consider the algebras R4 and R.

In the classical case the P-graded structure of the ring R allows one to recon-
struct the abelian category of quasicoherent sheaves on X = G/B — the flag variety
of G, namely,

Qcoh g ~ Proj R.

Thus it is natural to define the category Qcohy , (resp. Qcohy) of quasicoherent
sheaves on the deformation X 4 (resp. X) of the flag variety X as Proj R4 (resp.
Proj R). Moreover, we will think of X 4, X as being the categories Proj R 4, Proj R
respectively.

Unfortunately, there seems to be no good notion of the corresponding defor-
mation of the structure sheaf of the flag variety X. However there is an “affine
covering” of X 4 and therefore we have a local description of a quasicoherent sheaf
on X 4 in terms of its Cech complex (of nonalternating cochains) (3.4).

Since the category Proj R 4 is defined as the localization of the category Mod —
R4 of graded R 4-modules (see 1 below), it has a natural cohomology theory { H*}.
The above mentioned Cech complex defines the Cech cohomology {H*}. We show
that H* ~ H* (3.8). We use the Cech cohomology to compare the cohomology of
coherent sheaves on X 4 with their classical specializations. This way we prove a
weak version of the usual ampleness result (Thm. 4.).

The same constructions and results hold for R instead of R 4.

Our ultimate goal is to develop the theory of D-modules on X and to construct
the localization for quantum groups. This is done in the next Section IV.

1. The category Proj R4

Let Mod — R4 be the abelian category of graded left R4-modules. That is, an
object in Mod — R4 is a left P-graded R-module M = ®xecp M)y, and morphisms
are homomorphisms of degree zero. The group P has a natural partial order.
Namely, if A = > a;w;, p=> bw;, then A > u iff a; > b; for all 4.

Let M € ObMod — R4, m € M. We call m a torsion element if R4(\)m =0
for A > 0. Let M*'** C M be the submodule consisting of torsion elements. We call
M a torsion module if M*" = M. Let Tor C Mod — R4 be the full subcategory
consisting of torsion modules. This is a Serre subcategory and we denote the



138 V.A. Lunts and A.L. Rosenberg Sel. math., New ser.

quotient category by
ProjR4 := Mod — R4/ Tor.

Let Mod” — R4 be the full subcategory of Mod — R4 consisting of finitely
generated modules. Since R4 is noetherian (I1,2.3), this is an abelian category.
Put

Proj’ R4 := Mod/ — R4/ Tor.

This is a full subcategory of Proj R 4.

Note that the group P acts by autoequivalences of the categories Mod — R4,
Proj’ R4, ProjR4. Namely for A € P, M € ObMod — R4, define M[) e
ObMod — R4 by

MN,, = My

We define categories Mod — R, Proj R, Proj 'R similarly.

2. Ore localizations of the ring R4

Let A* C A be the multiplicative subset of invertible elements. Fix w € W.
For A € P; choose a nonzero w-extremal vector e,y € Ra(\). It spans the free
rank one A-submodule consisting of vectors of weight wA. Put

Ew = {A*ew)\})\ C Ra.

This follows from the Weyl character formula that e, - €wy € A€y rqp)- Hence
ey is a multiplicative subset in R4. It was proved by Joseph ([Jo]) that e, is a
(left and right) Ore subset in R4. (Actually Joseph proves the statement for the
ring R, but the same proof works for R4 and even for R4.)

Let €, C R be the image of e,, under the canonical specialization map R4 — R.
Consider the localization e,,' R. This is a P-graded ring. It is easy to see that its
zero component (€, R)g is the ring of regular functions on the w-translate u® of
the big cell in X = G/B. (The whole ring &, 'R is the ring of functions on the
preimage of u" under the projection G/u — G/B.) Thus the graded localized ring
ey R4 and its zero graded part (e, R.4)o should be considered as deformations
of the corresponding rings of functions. However, if we try to deform the ring of
functions on the intersection u™' Nu*? in terms of the rings (e RA)o, (€p. RA)o,
we run into difficulties since the product of Ore sets ey, €y, is not an Ore set in
general. Our next definition of the standard complex (3.1) of M € ObProjR4
is therefore the closest analogue of a quasicoherent sheaf on the deformed flag
variety X 4.



Vol. 5 (1999) Localization for quantum groups 139

3. Cohomology of R-modules

3.0. Let us introduce some notation. Let
¢* :Mod — R4 — ProjRy

denote the localization functor. Let {wi,...,wny} = W be the elements of the
Weyl group W. Let Mod — e;ilR 4 denote the category of left graded modules over
the P-graded ring e;}RA. Let

g; : Mod — R4 — Mod —e;}RA

denote the obvious localization functor. Then g} factors though Proj R 4, and thus
we obtain the localization functor

fi i ProjR4 — Mod — e, R,

such that g} = f*p™*.
Denote by ¢, gix, fix the corresponding right adjoint functors. Functors ¢*,
gr, fF are exact; ¢u, gix, fisx are left exact and fully faithful ([GZ]). We have

i
SD*SD* = IdProj Ra>

fi fix = Idyyoq —ewlRa = 9; Gix
and
Note that g;. is the functor of restrictions of scalars from e;ilR A to R4, hence
it is exact. Therefore, the functor
is also exact.
3.1 The standard complex. Put ¢; := f;, f and consider the adjunction mor-

phism
0; : ldproj Ry — i

Thus we get the diagram of functors

. R 72
Idprojry — © 4 ©li-ly S D bbby
Y, 8 ik
—=
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where 77 : £y - iy oo liy — @iy - Cig_y - liy -l
functors 72 := @, 4;, -+ L

i, 1S the morphism of

ig_1 " Oj ~£iﬁ .. ~£ia. Put d, = @5(71)ﬁ+17'g.

Denote
Sl .= D L oo,
J1se-504

We obtain the functoral diagram
Tdyod —r, —2 80 25 g1 ...

called the standard complex corresponding to the collection {f;}.

3.1.1. Claim. We have d;41 -d; =0, i.e. the standard complex is a complex.
Proof. This follows from the fact that all o; are morphisms of functors.

3.2. Theorem. The standard complex is exact.

Proof. By Proposition 1.4 in [R] we only have to check that the collection {f;.} is
a covering of Proj R 4, i.e., if for a morphism s in Proj R4 each f7(s) is invertible
then s is invertible. This follows from the following lemma.

3.3. Lemma. Fixz p € Py. Then for A > 0 we have

> Ra(Newy = Ra(A + p).
weWw

Similarly for R.

Proof of the lemma. Tt suffices to prove the lemma for R4. Since A is a local ring
and both sides of the desired equality are finitely generated A-modules, it suffices
to prove the equality of the residues

S RONew, = RO+ p),

weW

which follows from the classical fact that the shifts v of the big cell cover the flag
variety X.

3.4. For M € ObProj R4 we put C*(M) := ¢,S*(M) and call

C(M) := CO(M) L cH (M) — -

the Cech complex of M. This is a complex in Mod — R4.
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3.5. Definition. Let M € ObProj R 4. Denote

R (M) = H'(C(M))

and ‘ B
HY (M) := h'(M)y,

the zero component of the graded R 4-module A*(M). We call the A-module H*(M)
the i-th Cech cohomology group of M. Note that the collection {h?} (resp. {H'})
is a d-functor from ProjR4 to Mod — R 4 (resp. to A-modules). Also

HI(MIN]) = (M),

3.6. Lemma. The category Proj R4 has enough injectives.

Proof. The category Mod — R4 is a Grothendieck category ([BD]). By Proposi-
tion 5.39 in [BD] a localization of a Grothendieck category is also a Grothendieck
category. By Corollary 6.32 in [BD] a Grothendieck category has enough injectives.

3.7. Definition. Consider the left exact functor ¢, : ProjR4 — Mod — Ry4.
The last lemma allows us to define its right derived functors Rip., i > 0. For
M € ObProj R4 put ‘ _

B (M) = R, (M)

and

the zero component of hi(M).

3.8. Theorem. The functors ht and k' are isomorphic. In particular, the functors
H? and H* are isomorphic.

Proof. Since functors f7*, fi. are exact, the collection {f7} is a finite biflat covering
of ProjR4 (in the terminology of [R]). Moreover, the functors ¢. fix = gix are
exact. Therefore our theorem follows from Theorem 2.2 in [R]. More precisely, in
the proof of Theorem 2.2 in [R] it was established that for M € ObProj R we have
hi(S7(M)) =0 for i >0, j > 0.

3.9. Remarks.

1. Since ¢, is left exact we have ¢, = hY.

2. Take M € ObProjRy4. For i > 0, the graded R4-module A*(M) is torsion.
Indeed, apply the exact functor ¢* to C’(M) Since ¢* @, = Idprojr, We
get S°(M), which is exact (except at S°(M)) by Theorem 3.2.

3. For N € ObMod — R4 we will denote

W{(N):=h'(¢"N),  h'(N) = h'(¢"N);
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HY(N) := H(¢*N), H(N) := H'(¢*N).

4. Let N € ObMod — Ry4. Since h°(N) = ¢.¢*(N) we have the adjunction
morphism 5
N — i° (N).

Its kernel is NtoT,
5. All definitions and assertions of this section are valid for R instead of R 4.
6. We also denote I'(M) := HO(M).

4. Ampleness of R4[)], for A >0

Theorem. Let 0 — K — M — N — 0 be an ezact sequence in Proj TR. Then
for A > 0 the sequence

0—=T(KA]) = T (M) = TNV —0

1s also exact.

Proof. Consider a finite free R-module T/ = ®R[\;]. It is enough to prove that
a surjective morphism p’ : T — N’ in Mod — R induces a surjection I'(T"[\]) —
I(N’[A]) for A > 0. Choose a free R 4-submodule ' C 7" such that 7" =k @4 T.
Put p := p'|r and N := im (p) C N’. Thus we obtain a surjection p : T — N
in Mod — R4. It suffices to prove that for A > 0 this map induces a surjection
D(T[\) — T(N[A). Let M = Ker(p) € Mod” — R4. Thus we have an exact

sequence in Mod’ — R4
0—-M-—->T—N—0.

We first study the cohomology of M.

4.1. Proposition. Let A > 0. Then
a) a: My — HO(M[N) is an isomorphism,
b) fori >0 the A-module H*(M[X\]), is a k-module.
Similarly for T instead of M.

It suffices to prove the proposition for M. The proof of the proposition will be
based on several lemmas.

4.1.1. Lemma. Consider the (¢ — 1)-adic filtration on M, so that gr M is a
gr Ra-module. Let 0 # b € gr Ry, 0% m € gr M, then bmn # 0.

Proof. Since N is a torsion-free A-module, it follows that the (¢ — 1)-adic filtration
on M coincides with the one induced from T'. Hence gr M C grT and the lemma
follows, because gr R 4 is a domain (I1,1.8).
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4.1.2. Corollary. The (¢ — 1)-adic filtration on M satisfies the assumptions
in 11,3.3. In particular, Proposition 11,3.3 (with B = R 4) and Proposition 11,3.4
hold for M.

4.1.3. Consider the Cech complex C'(M) with the (¢ — 1)-adic filtration. Tt follows
from the last Corollary 4.1.2 that gr C(M) ~ C(gr M), where C(gr M) is the Cech
complex of gr M considered as a gr R 4-module (where we consider localizations of
the ring gr R4 ~ Q[t] ®g R (I1,2.0) with respect to the symbols é,, of Ore sets
ew; C Ra). Note that é,, C gry R4 ~ R. Denote gry M = M. Since M is a free
A-module, gr M ~ Q[t]®q M. We get that C(gr M) = Q[t]®q C (M), where C'(M)
is the Cech complex of M considered as an R module. In particular, the residue
complex grC(M)/(q — 1) is isomorphic to C'(M). This last complex is P graded
and for A\ € P the subcomplex C (M), computes the cohomology of the coherent
sheaf F on the flag variety X, which corresponds to the graded R-module M][\].
In particular, for A > 0 we have

M)y ~ HO(M][)])
and o
H'(M[X)=0, i>0.
4.1.4. Remark. Clearly, the .A-module C’(M ) has no torsion. In particular, the

(¢ — 1)-adic filtration on h°(C(M)) coincides with the one induced from C°(M).
Also (¢ — 1)"C(M) =0.
4.1.5. Lemma. The A-module C°(M) is free and the natural map M — C°(M)

is a split injection of free A-modules.

4.1.6. Corollary. The map o : M — h%(C(M)) is a split injection of free A-
modules.

Proof of Lemma 4.1.5. Fix w € W. It suffices to prove that the natural map
M — e ;' M is a split injection of free .A-modules. Since

61_U1M = @;4(6;1]\4);47
it suffices to show that the map M, — (e;;' M), is such. Fix p € P. For v € P de-

note by e, ' M (u+v) the span of fractions (eyy, ), = € M,4,. The multiplication
by e, defines a natural embedding

Cuwr’ el_mlelH-V - e;(1V+V’)M“+V+VI’
which is a split embedding of free A-modules. Notice that these embeddings identify
(e M)y = lim ey, M.

Hence (e;,' M), is a free A-module and the embedding M[u] — (e,

SLM),, is split.
This proves the lemma.
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4.1.7. Lemma. Let A\>>0 . Then a: My — H°(MI))) is an isomorphism.

Proof. Consider the diagram of maps

M, —2— HO(M[N)

l lt
My —Z— HO(MN)

where a and ( are the natural maps and 8 is an isomorphism (4.1.3). The maps
s, t are the residue maps modulo ¢ — 1. It follows from 4.1.3,4 that this diagram is
commutative. By definition s is surjective. Hence « is a map of A-modules, which
induces a surjection of the residues. By Lemma 4.1.5, « is a split injection of free
A-modules. Hence « is an isomorphism. This proves the lemma.

4.1.8. Lemma. Leti > 0, A\ > 0. Then the A-module H'(M[)]) is in fact a
k-module.

Proof. Tt suffices to prove that H*(M[)]) has no (¢ — 1)-torsion and is (¢ — 1)-
divisible. Recall (4.1.3) that the residue complex C(M)y/(q — 1) = C(M)y has no
cohomology in positive degrees if X > 0. For a € C(M) we will denote by a its
image in C'(M).

We first prove that H*(M[)]) is divisible. Let a € C*(M)y, diy1(a) = 0. By
Remark 4.1.4 we may assume that 0 # a € C*(M). Hence a = d;(b) + (¢ — 1)c
for some b and ¢. This proves that the A-module H*(M)[)] consists of elements
infinitely divisible by (¢ — 1).

Let a € C*(M)y, diy1(a) = 0, and (¢ —1)a = d;(b). If b= (¢— 1)e then a = d;e.
So we may assume that the residue b of b in C*~'(R) is not zero. Here we consider
two cases

1) @ > 1. In this case b = d;—_1c+ (¢ — 1) f. Hence d;b = d;(q — 1) f. Therefore
a = dzf

2) i = 0. Since My ~ HO(M][)]) there exists g € C°(M)y such that g = b and
dyg = 0. Tt follows that g — b = (¢ — 1)s and hence again d;s = a.

This shows that H*(M)[A] has no (¢ — 1)-torsion and completes the proof of the
lemma.

The last two lemmas prove Proposition 4.1.

4.1.9. Remark. The argument in the proof of Lemma 4.1.7 also proves the
following assertion:
R(\) = H°(R[\)) for A€ P,

and
H°(R[N)=0 for \¢ P,.
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4.2. Recall that we have an exact sequence
0—-M-—-T—N-—0

in Mod/ — R4. We may and will assume that N®* = 0.

4.2.1. Corollary. For A\ > 0 the image of the map 6 : HO(N[\]) — HY(M]\)) is
a k-module.

Proof. We have an exact sequence of A-modules

HO(N[N) 2 HY(MN) — HY(T[N)),

where the last two terms are k-modules by Proposition 4.1. This implies that im (§)
is also a k-module.

4.3. Consider the map of graded R 4-modules
p:h°(C(T)) — h°(C(N))

induced by the surjection p : T — N. For A > 0 we have Ty = H°(T[\]) (4.1)
and hence (Imp)y is a finite .A-submodule of h°(C(N))y. Consider the graded R 4-
module C := Cokerp. By Corollary 4.2.1, C is a k-module for A > 0. Therefore
the next lemma proves Theorem 4.

4.3.1. Lemma. Let u € P be such that Cy, is a k-module. Then C,, = 0.
Proof. Assume C,, # 0. Fix 0 # m; € C, and let C,,, := km; C C,. Let
m € h°(C(N)),. be the preimage of m;.

Since h°(C(N)) is an R 4-submodule of @,cw e, N, there exists w € W such
that ey,m # 0 for all v € P,. Fix one such w. Recall that C' = C*" is a torsion

R 4-module (3.9 Remark 2). Thus ey,m € (imp),4, for v > 0. But impy is a
finite A-module for A > 0. It follows that the image of the multiplication map

Cwv - le — Up4v

is a nonzero torsion A-submodule for v > 0. In particular the A-module C,,;, has
nonzero torsion for all v > 0. This contradicts the fact that C) is a k-module for
A > 0 and thus proves the lemma.

IV. D-modules
1. The g¢-differential operators D = Dy(R)

1.0. Let us recall some facts about quantum (or ¢-)differential operators from [D-
cal]. Let T" be an abelian group with a bicharacter § : T' x I' — K*. Let B =
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PBacr B, be a I'-graded K-algebra. In this situation we defined the ring of quantum
differential operators Dy(B) C Endg(B) with the canonical homomorphism of
algebras B — Dy(B) (B acts by left multiplication on B). This is a I'-graded
K-algebra with the canonical filtration

DY(B) C Dy(B) C -+- = Dqy(B)

by the “order” of differential operator. The subalgebra DS(B) is generated by left
and right multiplication by elements of B and the “grading” action ¢ of I' defined
by

o(a)|p, = B(a,b) -idp,, a,bel.

1.0.1. Assume that B is a domain. Let S C B be a left and right Ore set con-
sisting of I'-homogeneous elements, and let [S~!] B be the corresponding I'-graded
localization. Then the following holds.

1) The D,(B)-action extends canonically to [S™!]B via a natural homomor-
phism of K-algebras

Dy(B) — Dy([S7']B).

2) Given a graded left D,(B)-module M, consider it as a B-module. Let
[STYM be the localization of M with respect to the Ore set S. Then
[S71M is also a D,(B)-module and the natural map M — [ST!M is a
map of Dg(B)-modules.

1.1. Consider the root lattice ) with the bicharacter
B:QxQ— K" (ab)r g

(I,2.1). Recall the isomorphism of K-algebras 7 : U’ — K|Q]. Notice that the
quantum group U is Q-graded with

deg(K;) =0, deg(E;) = a;, deg(F;) = —a,

and the corresponding grading action o : Q — Aut(U) is the adjoint action of U°
on U:
o(a)u =1 a)u(t7 ()™, acQuel.

Assume that @ is a subgroup of an abelian group I and 3’ is the restriction to
Q@ x Q of a bicharacter 8 :T' x I :— K*. Since U is Q-graded, it is also I'-graded.
Let B be a I'-graded K-algebra as in 1.0. Assume that U acts on B as a Hopf
algebra (i.e., B is a U-ring):

u(ab) = u(pyaug)b,
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where a,b € B, Au = u(1) ® ue) € U. Denote this action by p : U — Endg(B).
Assume that this action is compatible with the grading, i.e.,

olo=p-77':Q — Aut(B).

Under these assumptions we established the following facts in [D-call.

1. U acts on B by ¢-differential operators, i.e., we have the algebra homomor-
phism
U — Dy(B).

Let w € U, a € B. Considering a, u as elements in D, (B) we have the relation

ua = u(a)ue).

2. Assume that B is a domain and let B — [S™!]B be an Ore localization as
in 1.0.1. Then the composition of the canonical homomorphisms

U — Dy(B) — Dy([S7"]B)

makes [S~!]B a U-ring. In particular, for u € U, a € [S™!| B considered as elements
of D,([S7YB), we have

ua = u(l)(a)u(g).

1.2. We apply this theory to our main example B = R. Namely, let I' = P x P
(P — the weight lattice) with the bicharacter

B((a,b), (¢,d)) = g@lI+Cld),

The algebra R is naturally I'-graded. Namely, let v, be a weight vector of weight
w in R(A). Then v, has degree (i, A) € I'. The corresponding grading action of I'
on R is defined by

o((a,b))u,, = q@lm+ENy

Denote the corresponding g-differential operators Dy (R) simply by D.

Consider @ as a subgroup of I by @ = (Q,0) C I". We know that U acts on R
as a Hopf algebra and notice that this action is compatible with the grading (1.1).
It follows that we have an algebra homomorphism

U— D.
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1.2.1. Consider the action of the group algebra K[P] on R given by the grading
action of (0, P) C I". This action is compatible with the action of the center Z C U

via the projection p : Z — U° corresponding to the triangular decomposition
U=U-U " (1,3). Namely, consider K[P] as a Z-module via the projection

z 2 U~ K|Q] c K[P].
Then the ring homomorphism
U®gk K[P] — D

factors through
U®y K[P] — D.

From now on when we refer to R (or D) as a graded ring, we will always mean
its usual graded structure (with respect to the group (0, P)):

R = EB)\ep+R(>\).

The meaning of a graded R-module is therefore the same as in Section IIT above. In
particular, D is a graded left R-module and we have the canonical homomorphism

U ®z K[P] — Dy.

2. Category ProjD

2.1. Let Mod — D be the abelian category of graded left D-modules. We call a
D-module M a torsion module if M is such when considered as a left R-module.
Let Tor be the full subcategory of Mod — D consisting of torsion D-modules. We
put

Proj D := Mod — D/Tor.
2.2. Let M € ObProjD, A € P. Define M[\] € ObProj D by the formula

My := Mg

with the same D-module structure. This defines an action of P by auto-equivalences
of the category Proj D.
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3. Cohomology of D-modules

3.0. Let ¢* : Mod — D — Proj D be the exact localization functor and let 1, :
ProjD — Mod — D be its fully faithful right adjoint ([GZ]). The functor %, is
left exact. Let Xp (resp. X ) be the class of morphisms s in Mod — D (resp. in
Mod — R), such that *(s) (resp. ¢*(s)) is invertible.

Denote by F, : Mod — D — Mod — R the functor of restriction of scalars. By
definition, a morphism ¢ in Mod — D is in Xp if and only if Fi(¢) is in X r. Hence
there exists a (unique) functor F, : ProjD — Proj R which makes the following
diagram commutative

Mod — D — Mod — R
v |
ProjD —=— ProjR.

Consider the functor F* := D ®p - : Mod — R — Mod — D, which is the left
adjoint of F.

3.1. Proposition.

a) There exists a (unique) functor F* : ProjR — ProjD which makes the
following diagram commutative

Mod — D «—— Mod — R
F*

w*l ld)*

ProjD <X ProjR.
b) The functor F* is the left adjoint to F,.

Proof. a) It suffices to show that F*(Xr) C Xp or, equivalently, that F\. F*(Xg) C
Y.r. Recall the localization functors

g; : Mod — R — Mod —e;}R

from Section II1,3.0. Let X; be the class of morphisms s in Mod — R such that
g7 (s) is invertible. It follows from Lemma 3.3 in Section III, that ¥ = NX;. Hence
it suffices to prove that F,F*(%;) C %,. But this follows from Proposition 4.2.1
in [D-cal].

b) Note that since

G F, = Foapy, F*¢* ~ o*F*
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the functors F*¢* and ¢, F, are adjoint. Hence there is an isomorphism of bifunc-
tors

Hom nod —r(—, ¢+ P4 (—)) = Hom proj p (F* " (=), ) (1)
from Mod — R x ProjD to K — mod. But ¢*¢. ~ Id, hence the RHS in (1) is

isomorphic to Hom pyoj p(F*(—), —). Since ¢, is fully faithful, the LHS in (1) is

isomorphic to Hom prej r(—, Fix(—)).
3.2. Corollary. We have F,, ~ ¢, F,.

Proof. Indeed, we have the adjoint pairs (¢* F*, F,),), (F*¢*, d)*ﬁ‘*) (Prop. 3.1,b),
and * F* ~ F*¢p*.

3.1. Lemma. The category Proj D has enough injectives.

Proof. Same as that of Lemma 3.6 in Section III.

3.2. Definition. Consider the zero degree part Dy of the graded ring D and
denote by mod — Dg the category of left Dg-modules. Consider the left exact functor
1, : ProjD — Mod — D. The last lemma allows us to define its right derived
functors Ry, i > 0. For M € ObProj D we put

h'(M) := R4, (M) € ObMod — D
H'(M) := h'(M)o € mod —Dy.

In particular, ¥, (M) = h°(M).

3.3. Remark. Fix M € ObProjD, and consider F,M € ObProjR (Prop. 3.1).
Then Corollary 3.2 implies that h*(M) considered as a graded R-module is isomor-
phic to hL(F* M) (Section I11,3.7). In particular, H*(M) is isomorphic to H‘(F'* M)
as a K-vector space.

3.4. Definition. Let M € ObProjD. Consider M as an R-module. For w € W
consider the localization e ;' M = e, ' R @g M. This is a graded e, R-module and
also a D-module; the natural morphism M — e ' M is a morphism of D-modules
(1.0.1,2). This shows that the standard complex M — S"(M) (3.2,3.4) is a complex
in the category Proj D. Hence the complex .S (M) lies in Mod — D. We call it
the Cech complex of M and denote it by C'(M). We put

h{(M) := HY(C(M)) € ObMod — D
and » B
H' (M) :=h*(M)o € Obmod —Dy.

We call ﬁ {(M) the i-th Cech cohomology of M. Note that the collection {h'}
(resp. {H'}) is a d-functor from Proj D to Mod — D (resp. to mod —Dy). Also

HI(MIN]) = (M),



Vol. 5 (1999) Localization for quantum groups 151

3.5. Remark. Fix M € ObProjD, and consider F, € ObProjR (~Prop. 3.1).
Then we have an isomorphism of graded R-modules F (M) ~ hi(F.(M)). In
particular, H*(M) is isomorphic to H*(EF,M) as a K-vector space.

3.6. Proposition. The functors h' and h' from ProjD to Mod — D are iso-
morphic. In particular, the functors H' and H' from ProjD to mod —Dy are
isomorphic.

Proof. Fix M € ObProjD. The standard complex S (M) is a resolution of the
identity functor Idpyejp (Section III, Theorem 3.2). Thus it suffices to show that
Ri(SI(M)) =0 for i >0, j > 0. But F,h?(S7(M)) = hi(F,(S7(M))) (Remark 3.3)
and so the statement follows from the fact that h?(F,(S7(M))) = h(S7(F.(M))) =
0 for ¢ > 0, j > 0 (see the proof of Theorem 3.8 in Section III).

3.7. Remarks.

1. Since 1, is left exact, we have 1, = h® = h°.
2. For N € ObMod — D we will denote

W{(N):=h'(p*N), K (N):=h'(*N)
HY(N):= H'(¢y*N), HYN):= H'(¢*N).

3. For M € ObProj D, we also denote I'(M) := H°(M).

4. The category Proj ;D

Fix f € K[P]* (we identify P = (0, P) C I'(Dy)). Consider the full subcategory
Mod y — D C Mod — D consisting of objects M such that K[P] acts on M, by the
character f + p—p (1,3.1), d.e.,

wi}MM = g@iln=r) f(w;) “idpy,

Note, that the center Z of U will act on M, by the central character x4, (I,3.1).
Put
Proj 4D := Mod y — D/Tor.

This is a full subcategory of Proj D. For A € P the functor [A] : Proj D — Proj D
induces an equivalence

[A] : Proj ;D — Proj ;s\ D.

The Cech complex C'(M) of M € ObProj #D also belongs to Mod y — D, and
the functor
h°(-) : Proj ;D — Mod y — D, M — hO(M)
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is the right adjoint to the localization functor
¢* :Mod y — D — Proj ;D.

Note that K[P] lies in the center of the ring Dy (1.2.1). Let J;_, C K[P] be
the kernel of the homomorphism f — p: K[P] — K. Put Dy := Dy/DyJs_,. For
M € ObProj ;D, I'(M) is a Dg-module.

5. The localization functor £

5.0. Given a left Dyg-module N, consider the left graded D-module D ® p, N. This
defines a right exact localization functor

L : Mod — Dy — Proj D, L(N):=¢"(D ®p, N).

Vice versa, given M € ObProj D, its global sections I'(M) is a Dg-module.
This defines a left exact functor

I' : Proj D — Mod — Dy.

Remark. (£,T') is an adjoint pair.

5.1. The functors £ and I' above induce a pair of adjoint functors
L:Mod — Dy — Proj ;D

and
I': Proj ;D — Mod — Dy.

5.2. Theorem. Assume that the character f is dominant (1,3.2). Then the func-
tor
I': Proj 4D — Mod — Dy

18 exact.

5.3. Conjectures.

1. The natural map Dy — I'(D) is an isomorphism.

2. Let U be the “simply connected” version of the quantum group U, that is,
we replace U° ~ k[Q] by the bigger algebra k[P]. Then U ® K[P] ~ Dy.

Let f € K[P]*. Then we expect the following.

3. The natural map Dy — I'(D/DJs_,) is an isomorphism.

4. Let Iy C U be the annihilator of the Verma module M(f — p). Then
U/If >~ Df.

5. Assume that f is regular dominant. Then I'(M)#0 if 0 # M € Ob Proj ;D.

We immediately obtain the following standard corollary.
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5.4. Corollary. Assume that the conjectures 3 and 5 above holds. Let f € K|[P]*
be reqular dominant. Then the functors

L:Mod — Dy — Proj ;D
and
I': Proj ;D — Mod — Dy

are inverse equivalences of categories.
6. Proof of Theorem 5.2

6.1. The R-bimodule F*.

Fix p € Py and consider the finite dimensional U-module R(p). Consider the free
graded right R-module
F* = R(u) (1% R.

Let us define the structure of a left R-module on F* as follows. The R-matrix (I,4)
defines an isomorphism of U-modules

R = ’R’R,R(u) tR® R(,LL) - R(:LL) ® R.
Let m : R® R — R denote the multiplication in the ring R. Define the left

multiplication
R® F¥* — F#

as the composition

R®R(p)® R 229 R(u) @ R® R “22™ R(u) @ R.

The property of the R-matrix discussed in 1,4 ensures that this is indeed a left R-
module structure on F*. The left and right R-multiplications obviously commute;
hence F* is an R-bimodule.

6.1.1. Remark. Notice that F'* as a left R-module is also free. Indeed, the
R-matrix defines an isomorphism

Rir  Bl) @ R R® R(n)
of the left R-module F* = R(u) ® R with the free left R-module R ® R(u).
6.1.2. Remark. Notice that F'* has a natural structure of a U-module:
u(a ®b) = ueya ® ug)b ueU.

The left and right R-multiplications on F* are compatible with this U-module
structure on F*. Namely,

u(rf) = uqy(r)ue)(f), u(fr) = uay(fue)(r),
where u e U, r € R, f € FM.
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6.2 The filtration of F*

6.2.0. Let vq,...,v, € Py be all different weights of R(p) in the order, which is
compatible with the natural partial order on P determined by @+. In particular,
v = p and vy is the lowest weight of R(u). Let m; be the multiplicity of v; in
R(p). It follows from the Weyl character formula that for, A > 0, there is an
isomorphism of U-modules

R(p) @ R(A) = &i(Bm,; R(A + v4)).
Thus for A >0
as U-modules. For every i = 1,...,k, define a graded U-submodule F'* C F* by

Fi = @j<i(®m, RON+v;)) CFY, if A>0 and Fij=0 otherwise.

It follows from Remark 6.1.2 above that F' is an R-subbimodule of F*.

6.2.1. Proposition. Fiz 1 < i < k. Consider the R-bimodule Rlv;] @ x K™ =
@miR[Vi]~
a) There exists an isomorphism (in Proj )

a: Ry ox K™ — Fi/F

of graded right R-modules. This is an isomorphism of U-modules.

b) Under this isomorphism « the left R-module structures on F;/F;_1 and
R[vi] @k K™ compare as follows. There exists a representation o : P —
GU(K™i) of the abelian group P such that

ra(f @v) = a(rf ©o(v)v),
where v € R(v), f®@v € Rly;] @ K™

Proof. a). For A > 0 U-modules (F;/F;_1)x and R(A+v;) ® K™ are isomorphic.
Denote by Hy C (F;/F;—1)x, Lx C R[v;]Aa® K™, the K-subspaces of highest weight
vectors, i.e., vectors of weight A+ v;. Recall that for each v € P we have a choice
of a highest weight vector e, € R(v), such that e,, e,, = €y, 44, in R. Clearly, the
right multiplication map

Ly®e, — L)\+1/

is an isomorphism. Since the right R-module F* is free, therefore F* is torsion
free, and so the right multiplication map

HA K e, — H)\+u
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is also an isomorphism. Fix Ag > 0 and choose a linear isomorphism
ﬁ/\o : Lx\o L> H/\()'
There exists a unique collection of linear isomorphisms
Bx: Ly — Hy, A > Ao,

such that §)’s commute with the right multiplication by e, for each v € P,.
The isomorphism gy extends to a unique isomorphism of U-modules

~

ay: Rly]y @ K™ — (F;/Fi—1)a, A > Ao
The morphism of right multiplication
(Fi/Fic1)x ® R(\) = (Fi/Fic1) v
is completely determined by the induced isomorphism
Hy®e, — Hyyp.
Similarly for R[v;]x® K™:. It follows that the isomorphism (in Proj) of U-modules
a = @r>r,on: Ry] @ K™ — F/F;_4

is an isomorphism of right R-modules. This proves a).

b). This is proved using similar arguments plus the fact that right and left
R-multiplications commute.

6.3. Fix M € ObProj ;D

6.3.0. Consider the left R-module F* ®pr M. It has a natural U-action which
is compatible with the R-module structure. It follows that this U-action extends
to any localization of this R-module with respect to an Ore set in R (via the
comultiplication in U). In particular the Cech complex C'(F* @ M) has a natural
U-action.

6.3.1. Note that the R-module F*®pr M is filtered by the bimodule filtration {F}
of F* (6.2.0). We put _ o
M= Fi/Fi~Lgpq M.

The isomorphism « from Proposition 6.2.1,a) induces an isomorphism

T MY My @ K™
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of U-modules. Recall the representation o : P — GI(K™) (Proposition 6.2.1,b))
and consider the automorphism

§: Mly]® K™ — M[y;] @ K™

defined by

S(mev)=mea\) v

for m € M[v;]x. Then by Proposition 6.2.1,b) the isomorphism of U-modules
§-7: M — M[y;] ® K™

is an isomorphism of left R-modules. It follows that the U- and the R-module
structures on M? extend to a D-module structure. Moreover, M* € ObProj FtuD-
Hence the Cech complex C'(M?) also belongs to Proj f4v; D (4). This implies the
following corollary.

6.3.2. Corollary. Consider the Cech complex C(F* ®@gr M) with the filtration
by the subcomplezes C(F' @ M). Consider the natural U-action on this filtered
complex (6.3.0,1) and in particular on its zero graded component C(F* @ M)g.
Then the center Z of U acts on C(F' @ M/F'=' @ M)y ~ C(M?%)y by the central
character X f4u, .

6.4. We keep the notations of 6.2 and 6.3 above. Notice that M ~ M[v;] as
R- and U-modules (6.3.1), where vy is the lowest weight of R(y). Hence we have
an embedding of left R-modules i, : M — F* ®p M[—v1], which induces the
corresponding embedding of Cech complexes

iy O(M) — C(F" @p M[—11]).

Also M* ~ M[u] (6.3.1). Hence we have a canonical surjection of left R-
modules p,, : F* @ g M — M|u], which induces the corresponding surjection of
Cech complexes

pu s C(F" ®r M) — C(M[p).

Note that i, and p, are U-morphisms.

The following two lemmas are immediate consequences of Definition 3.2 in Sec-
tion I and of the previous Corollary 6.3.2.

6.4.1. Lemma. Let f € K[P]* be dominant and M € OdProj;D. Then the
embedding

iy C(M)oy — C(F* @r M[—11])o.
of complexes has a canonical splitting. Namely, the image of i, is the generalized
X s-eigenspace of C(F* @ M[—11])o for the Z-action.
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6.4.2. Lemma. Let f € K[P|* be dominant and regular, M € ObProj ;D. Then
the surjection 5 §

pu: C(F" @r M)o — C(M[u])o
has a canonical splitting (again given by the eigenspace decomposition of the Z-

action).

6.5. Proof of Theorem 5.2. Let f € K[P]* be dominant. Let
M—N-—=0 (1)

be an exact sequence in Mod y — D. Let a € I'(N). We will prove that a is in the
image of I'(M). We can find an exact subsequence of (1)

M — N —0 (2)

of finitely generated R-submodules and such that a € I'(N). Consider the finitely

generated left R-modules F*® (M) and F*¥®(N) (6.1). By Theorem 4 in Section III
there exists v > 0 in P4 such that the map

I'(F* @ M[v]) — I'(F* @ N[v])

is surjective. Consider the commutative diagram

(M) —— T(N)

I o

r(M) —— T(N).

Let p € P4 be such that —v is the lowest weight in R(u). Then by 6.4 the diagram
(3) has a canonical embedding i, in the commutative square

[(Ft® M[y]) —>— T(F* @ N[v])

! |

T(F*® M) —2— T(F*® N[]).

By our assumption i,(a) € T'(F* ® N[v]) is in the image of a. Hence i,(a) €
I'(F* ® N[v]) is in the image of . Since the splitting of i, in Lemma 6.4.1 is
functorial, it follows that that a € im (). This proves Theorem 5.2.

6.6. Remark. Let f € K[P]* be regular dominant. Let M € ObProj ;D be
such that I'(M) = 0. Assume that M # 0. There exists p > 0 in Py such that
I'(M(un)) # 0. By Lemma 6.4.2 the surjection p,, : R(n) @x M — M (u) splits.
Hence I'(R(u) ® x M) # 0. If we could derive from this that I'(M) # 0, then we
would prove conjecture 5 in 5.3.
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7. Cohomology of objects in Proj ;D

7.1. Proposition. Let f € K[P]* be dominant, M € Proj ;D. Then

HY(M)=0, for i>0.

Proof. The cohomology H i(M) can be computed using the Cech complex C(M)
(prop. 3.6). But C'(M) lies in the category Mod y — D (4). Hence the proposition
follows from Theorem 5.2.

7.2. Corollary. Let A € P —p. Then

HY(R[\) =0 for i>0.

Proof. Fix A € P. —p. Let f € K[P]* be the corresponding character (Section I,
3.1). By Lemma 3.3 in Section I f + p is dominant. The D-module R[\] belongs
to Mod s, — D. Hence the corollary follows from Proposition 7.1.

8. Borel-Weil Theorem

Theorem. Fiz A\ € PL. Then the U-module T'(R[\]) is isomorphic to R(X).
Proof. See Remark 4.1.9 in Section III.
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