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Abstract

In this article we define and study a zeta function {G—similar to the Hasse-Weil zeta
function—which enumerates absolutely irreducible representations over finite fields
of a (profinite) group G. This Weil representation zeta function converges on a complex
half-plane for all UBERG groups and admits an Euler product decomposition. Our
motivation for this investigation is the observation that the reciprocal value {g (k)~!
at a sufficiently large integer k coincides with the probability that k random elements
generate the completed group ring of G. The explicit formulas obtained so far suggest
that ¢g is rather well-behaved. A central object of this article is the Weil abscissa,
i.e., the abscissa of convergence a(G) of {g. We calculate the Weil abscissae for
free abelian, free abelian pro-p, free pro-p, free pronilpotent and free prosoluble
groups. More generally, we obtain bounds (and sometimes explicit values) for the
Weil abscissae of free pro-€ groups, where € is a class of finite groups with prescribed
composition factors. We prove that every real number a > 1 is the Weil abscissa
a(G) of some profinite group G. In addition, we show that the Euler factors of ¢g are
rational functions in p~* if G is virtually abelian. For finite groups G we calculate ¢g
using the rational representation theory of G.
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1 Introduction

The use of zeta functions to study asymptotic properties of algebraic objects is a well-
established branch of algebra, see for instance [13, 18, 33, 47, 48] and references
therein. In particular, there is considerable interest in zeta functions enumerating all
[1, 32], some [29] or equivalence classes of [45] complex irreducible representations
of infinite groups. To be well-defined, the counting problem needs to be adapted to the
class of groups under investigation. In this article we take a different approach suitable
for the large class of UBERG groups: we define and study a Weil representation zeta
function enumerating absolutely irreducible representations over finite fields.

For a profinite group G and a field F, we write r*(G, F, n) to denote the number of
absolutely irreducible representations of G of dimension n defined over F'. We say that
G has UBERG if there exists a positive constant ¢ > 0 such that r*(G, F,n) < |F|"
for every finite field F'. UBERG stands for ‘uniformly bounded exponential represen-
tation growth’ (over finite fields) and, maybe surprisingly, it shows up naturally in
the study of probabilistic generation properties of profinite groups. In fact, a finitely
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presented profinite group is positively finitely related (PFR) exactly if it has UBERG.
Moreover, a profinite group has UBERG if and only if the completed group algebra
Z[G] is positively finitely generated (PFG, see [30]) as a Z[G]-module. The prop-
erties of UBERG groups were the central object of the authors’ paper [9]. The class
of UBERG groups is ‘large’, meaning that it contains all finitely generated profinite
groups not involving some finite simple group as an upper section [30, Theorem 6.10].
In particular, this implies that finitely generated prosoluble groups, congruence com-
pletions of S-arithmetic groups and congruence completions of branch groups have
UBERG.

Since we are dealing with an exponential growth condition, we define the following
complex function for an UBERG profinite group G:

*(G ]prv

o = e [ 35 NG E

peP n=1 j=1

—Snj|1p>"—1([ij)| fors e C. (1.1)

We will see that, for an UBERG group G, the above sum converges on some com-
plex half-plane (cf. Corollary 2.3). It admits an obvious Euler product decomposition
ta(s) =[] »eP G, p(s). The formula for {g is reminiscent of the Hasse—Weil zeta
function of an algebraic variety V where absolutely irreducible representations of G
over [F; now take the role of [, -rational points of V. Due to this { will be called the
Weil representation zeta function of G. Thinking about maximal ideals explains the
factor |P"~! (IF,)|: for every absolutely irreducible F,-representation V of dimension
n, there are [P"~1(F,)| maximal ideals M in F, [G], such that F, [G]/M = V. More-
over, the factor is necessary to make ¢g a probabilistic zeta function (see Theorem A).
The main objective of this article is to start the investigation of the function g (s) and
the group-theoretical properties of G detected by it.

If G is an abstract group, any finite-dimensional representation of G over a finite
field has to factor through a finite quotient; hence, for a group G with UBERG profinite
completion 6, we define {G(s) := {g(s). For instance, for G = Z one obtains (see
Example 2.5)

s —=1
{z(s) = o

where ¢ denotes Riemann’s zeta function. In general, ¢ is the Hasse—Weil zeta func-
tion of Spec(Z[G]) whenever G is a finitely generated abelian group. More examples
can be found in Appendix A; our list of examples conveys the impression that {g is
rather well-behaved. It is worth noting that if one replaces absolutely irreducible by
irreducible representations in the formula for the Weil representation zeta function the
resulting zeta function is less well-behaved; see Appendix B.

Our initial motivation to study {¢ is a significant connection between the values
of ¢ (s) at the natural numbers and the probablhty Pr(R, k) that k random elements
generate the group ring R = Z[G] of G over Zasa Z[[Gﬂ module. In this setting, we
have the following theorem (see Sect. 3).
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Theorem A Let G be an UBERG profinite group and let R = Z[[G]] be its group ring
over Z. For all sufficiently large integers £ the following equality holds:

Pr(R, 07" = ¢6(0).

Theorem A is evocative of the probabilistic zeta function introduced by Mann [36,
Sec. 5, Conjecture]. In fact, both zeta functions are related to a probability: the former
to the probability of generating a profinite group G with £ random elements, the latter
to the probability P75 (Z]G], £). However, it is important to remark that Mann’s
zeta function is not known to exist in general for positively finitely generated profinite
groups (see [35]), while the Weil representation zeta function is well-defined for any
UBERG group.

Following the tradition of the study of zeta functions associated to algebraic objects,
we study the abscissa of convergence of the function ¢g(s), i.e. the real number

a(G) = inf{t € R>| | {5 (¢) converges}. (1.2)

We will refer to a(G) as the Weil abscissa. In Sect.4 we prove the following
properties of the function a(G).

Theorem B Let G be an UBERG profinite group.

(1) If H is an open subgroup of G, then

al) _ G <a(H) 41— —
G- H|~ = G H|

Moreover, if G = H x Q for a finite group 2, then a(G) = a(H).
(ii) If A a closed normal subgroup of G, then a(G/A) < a(G). Moreover, if the
quotient map G — G /A splits, then

a(G) < a(A) +a(G/A) + 1.

As a corollary we obtain that a(G) = 1 for all finite groups G, however there are
infinite groups with Weil abscissa 1 (see Theorems C and E). We show in Example
5.12 that the lower bound in (i) is sharp, but it appears to us that the upper bound in
(1) is not sharp. We construct examples of groups G that are split extensions of a finite
index normal subgroup H such that a(G) > a(H) in Sect.7.

We move on to calculate the Weil abscissa of various families of profinite groups in
Sect. 5. We recall briefly the notation used in the theorem. As usual, F*%, F"! and F
denote the free prosoluble, pronilpotent and pro- p groups on r generators, respectively,

s s . Slog(2) _ 2, Slog(2)
and Z, denotes the p-adic integers. Moreover, c,i; = TToz03) and ¢go; = 3+ TTog(3) &r€

the constants from [50] and [40], respectively. Finally, K (p) and K’(p) are number-
theoretic constants defined in Sects. 5.2 and 5.4 respectively, with 1 < K(p) < 2.1115,
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K'(p) < K(p), and

21og(3)

= Slog® ifp=2
K'(p) 1= % < 1 if p is a Mersenne prime;
> 1 otherwise.

Theorem C Let p be a prime number and r € N.
1) aZy=r+1.
r r—1
(i) —— <a(Z) < —— + 1. In particular, a(Z,) = 1.
K(p) 7T K(p) g

—1
(i) a(FP) = 1r</(p) +1if pisodd and a(F2) = coi(r — 1) + 1.
(iv) a(FM"y = cpuy(r — 1) + Lifr > 2 and a(F}'y = 3.
V) a(F) = csor(r — 1) + 1.
(vi) If G is a pronilpotent group of finite rank r, then a(G) <r + 1.

It is worth pointing out that the calculation of the Weil abscissa of Z/, touches
on some deep number-theoretic conjectures and results concerning the distribution of
primes in arithmetic progressions: see Sect. 5.2. Strong results are needed to show that
a(zf,) > 1.

On the other hand, we can estimate (and sometimes calculate exactly) the abscissa of
some free groups with restricted non-abelian composition factors of large degree, as we
explain now. We recall that an NE-formation is a class of finite groups which is closed
under quotients, finite subdirect products, taking normal subgroups and extensions
(see [43, §2.1]). Let € be an NE-formation containing the cyclic groups of prime
order. Let Fr€ be the free pro-€ group on r generators. If € contains alternating groups
of arbitrarily large degree, or classical groups with natural representation of arbitrarily
large dimension, one can show that F,G does not have UBERG (cf. Theorem 5.5).
Assume it does not. Let ¢y be maximal such that Alf(cg) € €.InTheorem 5.22 we show
that, for large enough ¢y, the Weil abscissa of Ff is dominated by representations of a
very specific type. More concretely, in Sect.5.9, we define an effectively computable
absolute constant Cy.

Theorem D Let € be a NE-formation of finite groups containing the cyclic groups of
prime order and let co be maximal such that Alt(co) € €. Suppose that co > Co. Then
¢ does not contain alternating groups of degree greater than cg. Let F,E be the free
pro-C group on r generators. Then:

C¢,space(r -D+1< a(Fre) =< maX(CC,space(r -1 +1, CC,time(r -1 +2).

The constants c¢ space and ce 1ime are defined just before Theorem 5.34. Note that
C¢ time < C¢,space, 50 these bounds differ by at most 1. The inspiration for these names
is that the convergence of {¢ is often dominated either by the representations in all
dimensions over a specific field, or by the representations in a specific dimension over
all fields; we think of the former behaviour as ‘space-like’ and the latter as ‘time-like’.
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This should not be taken as a claim of a detailed analogy to the concept from general
relativity, but the intuition is as follows. In general relativity, an interval between two
events is called time-like if, in some inertial frame, the interval in space-time is parallel
to the time axis; the interval is called space-like if, in some inertial frame, the interval
is parallel to the space axis. We imagine the prime powers on a number line as a time
axis, and the positive integers on a number line as a (1-dimensional) space axis. We
WWI*I) and let

J pl —17
v = lim sup P =00 v( pj ,n). Then we fix a sequence (&x)xen of positive real numbers

assign to each point (p/, n) the value v(p/, n) = logpn,-(

converging to 0, and for each k € N we pick a point ( p,{k, ny) in space-time such that
v(pl.nk) > v—ggand p** > p“7 /. The sequence (p;*’*) plots a path through
space-time: if, for any sequence (¢x) and any choice of ( pZ" /%), the path is eventually

parallel to the time axis, we say G is time-like; if, for any (e;) and any ( pZ“"), the
path is eventually parallel to the space axis, we say G is space-like.

Not all groups fit into one of these classes, and the time-like groups could be broken
down further into being dominated by representations in a specific characteristic,
versus in a specific power of the characteristic; but at any rate, this categorisation is
useful for the groups we have studied. For a surprising example, F, r”” is space-like for
r > 2 and time-like for » = 2, which is what causes the behaviour of the abscissa in
Theorem C(v).

Additionally, we can calculate the Weil abscissa of F® for two specific NE-
formations € where the zeta function is space-like: the NE-formation €aj(¢,) generated
by all cyclic groups of prime order and the alternating groups of degree at most co;
and the NE-formation €5 (., generated by all the simple groups in Caj(c), all the
sporadic groups, all the exceptional groups of Lie type, and all the classical simple
groups whose natural representation has dimension at most cg. In these cases,

. 1 !
a(FrQAn(LO)) _ ()] ng(CO ) r—1)+1

~ (co—8(co))(eo — 1)

where §(cg) = 1 or 2 for ¢g odd or even, respectively, and

¢

a(F, ):(c())) = (co + (co — 1)10g(1_[?0:1(1 —27) + log(co!)

co(co — 1) log(2)

Yr—1)+1.

In general determining the Weil abscissa for a profinite group seems to be a hard
problem. One might wonder whether all real numbers « > 1 are the Weil abscissa of
some profinite group. We answer this positively in Sect. 6.

Theorem E Let o be a non-negative real number and set

Go = [ sL@ pt™.
peP

Then ¢g, (s) has abscissa of convergence /2 4 1.

W Birkhauser



Weil zeta functions of group representations over finite. . . Page 7 of 57 46

The analogous theorem for representations over the complex numbers was proved
in [17, Chapter 6]. It is interesting to point out that certain classes of groups have
better behaved abscissae; for instance, the abscissa of convergence of the complex
representation zeta function of an arithmetic group is always a rational number [1].
We suspect that an analogous result for arithmetic groups might hold for the Weil
representation zeta function. However, some natural profinite groups have irrational
abscissa of convergence: by Theorem C the Weil abscissa of free pronilpotent and
prosoluble groups is irrational.

Finally, we concentrate our attention on analytic properties of the function ¢ (s)
in special cases. In the case where G is a finite group, we can give in Sect.8 an
explicit formula for the Weil representation zeta function, depending on the rational
representations of G, up to rational functions. First some notation: for a meromorphic
function f: C — C and a natural number n we define

n—1

@) =[] ros = .

Jj=0

We write f ~ g if there exists K € N such that f/g is of the form

K
[T — pa by (1.3)
k=1

with My € N>o, ar > by € Npand ¢ € {£1},fork=1,..., K.

Let G be a finite group and let V be an irreducible rational representation with
character x. We write K, for the centre of the endomorphism algebra of Endg (V)
and m( ) denotes the Schur index of x. We note that K is an algebraic number field
and dimg, Endg (V) = m(x)*.

Theorem F Let G be a finite group. Then

#ny

@~ [T & .

x €lrr(G.Q)

: : _ x( :
where (g, denotes the Dedekind zeta function of Ky and ny = K, Q0" The Weil
representation zeta function (¢ (s) admits a meromorphic continuation to C, it has a
pole of order It (G, Q)| at s = 1 and all other poles are located at rational numbers

in the interval [0, 1 — /|G|~ !].

By a result of Solomon [46], the formula in Theorem F agrees (up to rational factors)
with the ideal zeta function of Z[G], i.e., the Dirichlet series enumerating ideals of a
given index in Z[ G ]. We thank an anonymous referee for pointing us to this remarkable
equality. It can be traced back to the case of algebras of the form M, ,(O) where O is
the ring of integers in a p-adic field (cf. [46, Lemma S]). It prompts a natural question:
Is there relation between the ideal zeta function of Z[G] and the Weil representation
zeta function for general profinite groups?

) Birkhauser
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Since the Weil representation zeta function bears a resemblance to the Hasse—Weil
zeta function of an algebraic variety, it is a very natural question to ask if (or when) the
local factors ¢, , satisfy parts of Weil’s conjectures. In Sect. 9 we show the following.

Theorem G Let p be a prime and let G be a finitely generated virtually abelian group.
Then ¢, p(s) is a rational function in p~*.

The proof uses the moduli varieties M, of n-dimensional absolutely irreducible
representations and the classical solution of the Weil conjectures. We suspect that the
Weil representation zeta functions of a larger class of UBERG groups have rational
local factors. To support this, we show in Appendix A that the local factors of the Weil
representation zeta function of the lamplighter groups C» ¢ Z and C3 @ Z are rational.

To conclude, one natural direction of future work is the study of meromorphic
continuation of Weil representation zeta functions. At the moment, we only have
some partial calculations.

Notation As it is customary when working with profinite groups and rings, all sub-
groups will be assumed to be closed and all homomorphisms will be assumed to be
continuous.

2 The zeta function a la Weil of PFG profinite rings

Let R be a profinite ring. We say that R is PFG if it is positively finitely generated as
left module over itself. Let F be a finite field, and let F denote the algebraic closure. An
F ®z R module M is absolutely simple if it is simple and F ® M is simple. We define
r*(R, F, n) to be the number of isomorphism classes of absolutely simple F ®7 R
modules of dimension n over F. We observe thatif R = Z[[G]] is the completed group
ring of a profinite group G, then r*(R, F,n) = r*(G, F, n).

Lemma 2.1 A profinite ring R is PFG if and only if there is a constant ¢ > 0 such that
for all finite fields F and all n the following inequality holds:

r*(R, F,n) < |F|™".
Proof The proofs of [30, Prop. 6.1] and [30, Lem. 6.8] go through without changes in
our current situation. O

Suppose R is a PFG profinite ring. Let co(R) be the infimum of the numbers ¢ such
that, for all but finitely many tuples (p, j, n), r*(R,F pis n) < p“Y. We may define
co(R) = oo if R is not PFG.

Lemma 2.2 The series

& (R, IFP,,

2.0 —

peP n=1 j=I

p PN )

converges absolutely for all complex numbers s = o + it witho > co(R) + 1, and
diverges for s = o + it witho < co(R).

W Birkhauser
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Proof Since all the coefficients are real and positive, absolute convergence is the same
as convergence, and we may assume s is real and rearrange the terms. Let ¢ > O.
Replacing p/ with g, we get the upper bound

Z Z Z 7mj|Pn71 (ij)l <k i iqn(co(R)Jrs)qfanqnfl.

peP n=1 j=1 g=1n=1

r*(R, IF,,,,n)

for a suitable constant ¥ > 0. When o > co(R) + 1 + 2¢, we have

oo R . qco(R)—H?—a
an(co( )+8)q—an n—1 __

—l—¢
T =7 goR) Ferl—0 <4q )

n=1

so the whole sum converges.
On the other hand, when o < ¢o(R), fix € > 0 such that o+e < co(R). For
infinitely many tuples (p, j, n) we have r*(R, F ;, n) > p@+9"; call the set of such

p./’
tuples S. So
*
(R, F,j,m) . .
ZZZ L p P F ) > Y o)
peP n=1j=1 (p.j.n)es

Since p > 2, a calculation shows p®//j > glog(2)2!/1°¢) 5o the sum diverges.
Hence, by standard results on Dirichlet series, the sum diverges for all s with o <
co(R). O

Corollary 2.3 If R is a PFG profinite ring, then

r*(R, Fp,,n)

¢r(s) =exp ZZ

peP n=l1 j=1

PP NE )]

defines a holomorphic function in some right half plane.

We will call ¢g(s) the Weil zeta function of R. Now we compute some examples that
will be useful in the proof of Theorem A.

Example 2.4 Let R = 7 = Z[1]. Let F be any finite field. Then Z has exactly one
one-dimensional absolutely simple module over every finite field. Therefore (using
the logarithmic series)

o0

1
) =exp| )=
1

peP j=

1 —1
(-2) =

peP

is the Riemann zeta function.

) Birkhauser
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More generally, let Ok denote the ring of integers of an algebraic number field K .
Then for R = O k the Weil zeta function ¢g agrees with the Dedekind zeta function
of K. In the following we will mostly be studying Z[G] for profinite groups G. It
seems interesting to replace Z by Ok in this situation; we will not consider this more
general setting here.

Example 2.5 Let R = Z[Z]. Let F be any finite field. Z[Z] has ¢ — 1 one-dimensional
absolutely simple modules over ;. Therefore

_ S e A <1_ 1 >_l(l_i>:’>’“‘1)
é‘R(S) eXp p%];; j p pl;,!) pS71 pS é‘(s)

Example 2.6 Let p be a fixed prime. Let R = M, (F pk) be the matrix algebra over the

finite field F . The ring has k absolutely simple modules of dimension n over F if
and only if F' contains F Pk ie.,

k ifm =nand]Fpk CF;
0 otherwise.

r*(R, F,m) = {

The zeta function agrees with the Weil zeta function of the projective space P!
defined over I« evaluated at sn:

00 k ) n—1 pki -1
{r(s) = exp Z j_kp_sjkn|Pn_l(Fpk.i)| = H (1 - W) .
j=1 i=0

Next we show that the Weil zeta function of a profinite ring is the pointwise limit
of the Weil zeta functions of its finite quotients.

Proposition 2.7 (Continuity) Let R = 1<ir_niE R; be a PFG profinite ring which is
given a an inverse limit of finite rings R;. If (g (s) converges absolutely at s € C, then

Cr(s) = lim Cg,(s).
11— 00
Proof Since every absolutely simple module factors over some R;, we have
r*(R, F,n) = lim r*(R;, F, n)
1—> 00

for all finite fields F and the sequence r*(R;, F, n) is monotonically increasing. By
assumption there is ¢ > 0 such that

r*(Ri, F,n) <r*(R, F,n) < |F|"

W Birkhauser
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for all finite fields F' and every n. Let s € C and assume that the series defining g (s)
converges absolutely at s, then

llggo SR, (8) = CR(S)

by Lebesgue’s theorem of dominated convergence (e.g., [5, 5.6 Thm.]). O

We end this preliminary section with a formula for the Weil zeta function of the
direct product of rings and of groups.

Proposition 2.8 (Products of rings) Let R, S be two PFG profinite rings. Then R x S
is PFG and

CRxs(s) = Cr(s) - Ls(s)
for all s € C where {g(s), {s(s) are defined.

Recall that, given two functions f, g : N — N the Dirichlet convolution of f and
g is the function

(f+)n) =Y _ f(d)g(n/d).

din

Recall that if G and H have UBERG, then the direct product G x H does too; see
[30, Theorem 6.4].

Proposition 2.9 (Products of groups) Let G, H be two profinite groups. Then r*(G x
H,F,n)=0*(G,F,—)xr*(H, F,—))(n), where % denotes Dirichlet convolution.
If G and H have UBERG, we can write {Gx g (S) as

© X ¢*G,F,;, — *(H,F, ;,—
- ZZZM ) )*;( p N

peP n=1 j=1

PN E )

Note that the above formula does not directly give a nice formula for the Weil
representation zeta function of G x H and, even for finite groups, it might be hard to
compute it.

3 Weil zeta functions and probability

In this section we will prove Theorem A. In fact, Theorem A holds for arbitrary PFG
profinite rings and the following proof is written in this general setting.

Proof of Theorem A Let R be a PFG profinite ring and let J(R) denote the Jacobson
radical. A tuple of elements generates R if and only if it generates R/J(R). Hence

) Birkhauser
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PR(R, £) = Pr/yr)(R/J(R), ¢) for all £ € N. Similarly, the Jacobson radical anni-
hilates all simple modules, hence

r*(R, F,n) =r*(R/J(R), F,n).

So we may replace R with R/J(R), and assume that R is semisimple, i.e., a product
of matrix algebras over finite fields. Since R is PFG, it has countably many simple
quotients, so this product is countably based.

Thus we may write R = hm R; as an inverse limit of finite semisimple rings.
Then Pr(R, ) = lim;cn Pp, (Rl, £) and so by Proposition 2.7 it is sufficient to prove
the theorem for finite semisimple rings. Since probabilities and zeta functions behave
well under finite direct products of rings (see Proposition 2.8), it is sufficient to prove
the equality for a single matrix algebra. The probability that £ random elements gen-
erate M, (F pk) is the probability that a random (n x nf) matrix has rank n, i.e.,

n—1 ki

- p
PMn(Fpk)(Mn(Fpk)» K) = k(n l_[(pkén pkl) = 1_[( W)’
i=0 i=0 p
and the assertion follows from Example 2.6. O

4 Abscissae of convergence

Let G be an UBERG profinite group. Write a(G) for the abscissa of convergence of
¢G(s), as defined in (1.2). Observing that all the coefficients are real and positive,
we deduce that the abscissa of convergence of ¢ (s) equals its abscissa of absolute
convergence. Therefore, we can rearrange terms in ¢ (s) and only study convergence
for real s.

We start by comparing the abscissa of converge of a quotient with that of the group.
The following lemma is clear.

Lemma 4.1 For any profinite group G and A < G, we have a(G/A) < a(G).

In particular, a(G) > 1 for any G, because a({1}) = 1 by Example 2.4. The next
lemma will be used repeatedly for calculations of abscissae.

Lemma 4.2 Suppose f : P x Ny x Ny — Ry is such that f(p,n, j) = p°"/. For
any function g : P x Ny x Ny — R, the series

Als) = Zzzg(”’." D psni b1 8 )
peP n=l1 j=1
and
B(s) = ZZZf(p, n, pELLT) snipr-iy )
peP n=1 j=I J
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have the same abscissae of convergence.

Proof WhenA A(s) converges, B(s) = O.(A(s + ¢)) converges too for all ¢ > 0,
because p® > f(p,n, j) for large p, n, j. The converse is clear. O

Next we deal with the abscissa of open subgroups and we prove the first item in
Theorem B.

Proposition 4.3 Suppose G is a profinite group and H <, G. Then:

(i) a(G) <a(H)+1—|G: H|™!;
(i) a(H) < |G : Hla(G).

If Q is a finite group and G = H x 2, then a(G) = a(H).

Proof G has UBERG if and only if H does, by [30, Thm. 6.2]. If neither has UBERG,
¢ and ¢y have abscissa of convergence co. So we may assume they both have
UBERG.

For each absolutely irreducible F,; [G]-module N, pick one irreducible F ,; [H]-

submodule M of Resf, (N). We note that M has the structure of an e [ H]-module
for e such that F pie = Endg (M); by [22, (9.2)] this module is absolutely irreducible
and henceforth we will abuse notation by writing M for this I e [H]-module. We
getamap ¢ : N +— M from absolutely irreducible G-modules over finite fields to
absolutely irreducible H-modules over finite fields.

Fix an absolutely irreducible F,; [H]-module M of dimension m: we want to
consider qb_l(M ). Any absolutely irreducible G-module N in ¢_1(M ) is defined
over some field F ¢ with € | j: note that | Endy(M)| < |Homp (M, Resg (N)| =
| Homg (Ind$ (M), N)| < |Endg(N)|I¢H1 so p/ < pt6:Hl and j/¢ < |G : H|. In
particular, there are at most |G : H| possibilities for £. Denote by L the restriction
of scalars from I ¢ to FF,; of M. As L is irreducible and N appears as a quotient of
Indg(L), for a fixed ¢ there are at most |G : H| possibilities for N € ¢~ (M). Hence
there are at most |G : H|? possibilities for N € ¢! (M). Moreover, such an N can
have dimension n at most |G : H| dime( L =1|G: H|jm/lover sz, withné > mj.

Write Irr*(G, F ¢, n) for the set of absolutely irreducible I ,¢[G]-modules of

snt tn

pp -1
Tﬁ for N € Irr*(G,sz,n). Then
we may write the log of the Weil representation zeta function of G as

TYY Y em

peP (=1 n=11*(G.F 4.n)

dimension n, and define a(N) =

Grouping these terms by their image under ¢, this is equal to

XY Y Y e

peP (=1 n=1 Irr*(H,]ij .m) Nep—L (M)
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Now, for N as above in qﬁ’l (M),

a(N) _ p—snl pln -1 _ p—sne pj -1 pjm -1 pZn -1
¢ pt—1 ¢ pt—1 pi—1 pim—1
- pfsnl jpjfl pjm -1 anlnfjm _ npfsn€+jf€+€n7jm pjm -1
-0 ¢ pi—1 jm Im pl—1
— ﬂp(f"—jm)(l—S)-&-/—fa(M)_ 4.1)
Im

We have j/¢ < |G : H|and n/m < |G : H|j/¢ < |G : H|2, so for s > 1,
a(N) < |G : H? pln=imU=1+i=Cq My < |G : HP3 p—1G:HI™jg (M), and hence
Y Nep-1ony @(N) < |G : H|3 pU=1G:HI ™o (M), Finally, for s > a(H) + 1 — |G :
H|™!, we conclude that

p Smjpjm_l
joop-1

log<cc)(s><ZZ S G HPpIIGHT I

ij IIrr(HIFJm)

LD PO

F,j m=LTr*(HF ;,m)

(1—|G:H |~ =s)mj pjm _1

J pl—1

= |G : H log(¢u)(s — 141G : HI™Y,

which converges.

Conversely, by the same approach, we may define a map ¥ from absolutely irre-
ducible H-modules M to absolutely irreducible G-modules N: if M is defined over
IFP_;, we take N to be an irreducible quotient of Indg (M), with the structure of an
Fje [G]-module, where F,je = Endg(N).

Fix an absolutely irreducible F[G]-module N of dimension n. Suppose M €
¥~ 1(N) is defined over F i (with j | £) and has dimension m. As before, we have
|Endg(N)| < |Endg (M)|ICH1 so pt < p/l9Hland ¢/j < |G : H|. Denote by L
the restriction of scalars from I ¢ to I ,,; of N. As L is irreducible and M appears as a
submodule of L, for a fixed j there are at most |G : H| possibilities for M € ¥~ 1(N)
and so at most |G : H |2 possibilities for M altogether; moreover, such an N must
have dimension n at least (dim[gpj L)/|G : H|over F,

Grouping terms as before, we may write the log of the Weil representation zeta
function of H as

B > won,

peP t=1 n=110"(G.F ,¢,n) Mey~1(N)
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Now, for M as above in W’l(N ),

p~™ opim—1  p=mpt—1pt —1 pim -1
jop=1 T p =Tt =T -

eI pt -1 pi

T pt=1ptrd—pttm
2€2psnl—smj+€—j+jm—ln

= a(N).

j2

a(M) =

Wehave ¢/j < |G : H|,n¢/mj < |G : H| and
(s—Dnt(1—|G:HI™HY+¢(1—|G:H™") —snt < —|G: H| 'snt,
and thus we conclude that log(¢g)(s) is at most

(Zn_l

e —snl
2 E E E 21G : H|* ptU-IGHI Y (G=DnsD PP
: p ; =
p

peP =1 n=1 Irr*(G,IFpg,n)

—|G:H| 'snt pln _1

oo o0
<26 :HI* Y. S Y G Fpm)? -

peP =1 n=1
=2|G : H|*log(()(s/IG : HJ),

pt—1

which converges for s > |G : H|a(G).

For the final statement, if G = H x Q, a(H) < a(G) by Lemma 4.1. For the
converse, we can argue exactly as in the proof of (i), except that, by [15, Theorem 2.7],
we always have j = £. We then have n/m < |G : H|, so from (4.1) we see that, for
s > 1, a(N) < |G : H|la(M), and hence ZNE¢—1(M)C((N) < |G : H|2a(M).
We conclude as in (i) that log(¢g)(s) < |G : H|*log(¢y)(s), which converges for
s > a(H). O

Corollary 4.4 (Finite groups) Let G be a finite group, then a(G) = 1.

Proof Apply Proposition 4.3 to G and the trivial open subgroup. O
Remark 4.5 The bound in Proposition 4.3(i) can be improved under additional assump-
tions. For instance, suppose in addition that H is perfect and normal in G. Any

irreducible representation N of G such that N € ¢_1(M ) with M 1-dimensional
can then be seen as a representation of G/H. In particular,

oy Y e < logom) ),

p.j Ir*(H,F j,1) Nep=! (M)
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which converges for all s > 1 by Corollary 4.4. On the other hand,

Zi Z |G : H|5p(1 |G:H|™Yj P T"U&

Jj
p,J m=21rr*(H,Iij,m) J p !
[e'S)
ceafYy Y
P m:lIrr*(H,]ij,m)

=G : HP’ logu)(s — (1 — |G : H|7")/2)

pA=IGHITD2=5)mj jm

J pl—1

converges when s > a(H) + (1 — |G : H|_1)/2. So we conclude a(G) < a(H) +
(1 — |G : H|~")/2. Further variations of this argument are possible.

Now we will look at the Weil abscissae of direct products of profinite groups. We
start by considering the case of profinite rings.

Lemma 4.6 (Products of rings) For PFG profinite rings R,S, a(R x §) =
max(a(R), a(S)).

Proof This is clear from Proposition 2.8. O

Unfortunately, as we have seen in Sect. 2, the Weil representation zeta function of
the product of two groups is not as well-behaved. Nonetheless, we can produce an
upper bound.

Proposition 4.7 (Products) a(G x H) < a(G) + a(H).

Proof By [15, Theorem 2.7], absolutely irreducible F i [G x H]-modules have the
form M ®r ; N, with M an absolutely irreducible F ,; [G]-module and N an absolutely
irreducible F i [H]-module. Fix such an M, of dimension m, say. By the contribution
of M to the sum log(¢G «x g)(s), we mean the sum, over all IFP_; [G x H]-modules of
the form M ®IFP_,- N, of %P_Smkj k=1 (F )|, where k is the dimension of N.
When s = a(H) + € + t, with € > 0, the contribution of M is therefore
S kj kj
r(d, IETp” ) —a(Hy+ekj P — lp—(sm—a(H)—s)kj P —1
p] — ] pkj — 1 '
k=1
Now
kj kj(m—1—s

_sm—a(H)—e)kj pm Ji -1 - p j(m sm~+a(H)+¢€)
pkj -1 — 1 — p—k
pj(m—l—sm+a(H)+£) - pjm—tjm

p

IA

1—p~i - pi—1
where we use that

m—1—sm+aH)+e=—-tm—(a(H)+e—1)m—1) < —tm <0
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in the second inequality. So the contribution of M is bounded above by

—tmj mj

log(¢)(a(H) + s)%

ST < 2logm)@(H) +e)p M BT THE, )]

Hence, when t = a(G) + 8, § > 0, the total sum over all M is

o0 o0
<2log(¢m)@(H) +&) Y Y "> r*(G.F,;, m)p~ Ot pn=l(F )|,
peP j=1m=I

which converges by Lemma 4.2. This holds for all ¢, § > 0, so the abscissa of conver-
gence is at most a(G) + a(H). m]

Recall from [9, Theorem 4.7] that split extensions of profinite groups with UBERG
have UBERG. We cannot get the same bound on the Weil abscissa for such groups as
we do for direct products, but we can get close.

Theorem 4.8 (Split extensions) Suppose G is a profinite group, A <G and the quotient
map G — G/A splits. Then a(G) < a(A) +a(G/A) + 1.

We will use the following elementary lemma.

Lemma4.9 Foralla e N, p > 2 andt > 0, there is a constant ¢, depending only on
t, such that

lep—tl < ca’ - p—at'

[>a

Proof Divide by a”>p~“ and observe that

PN —t-a) 2 il 2n—tl
Z(a) P <>+ p <Y a+n2
I=a =0 =0
converges to a value which does not depend on p and a. O

To simplify the notation, sums in this proof will mean sums from 1 to oo unless
stated otherwise.

Proof of Theorem 4.8 For each absolutely irreducible F,; [G]-module N of dimen-

sion n, fix an irreducible summand M of Resg N. Then M is absolutely irreducible
over [F pk> SOme multiple £ of j, of dimension m such that mk < nj. This gives
a map ¢ from the set of absolutely irreducible G-modules to the set of absolutely
irreducible A-modules, and we write r*(G, F pis 1, M) for the number of absolutely
irreducible F,; [G]-modules N of dimension n such that ¢(N) = M. Similarly, if
N is an irreducible F ,; [G]-module, we may think of N as an absolutely irreducible
Endg (N)[G]-module N’, and define a map N + ¢(N’) from irreducible F,; [G]-
modules to absolutely irreducible A-modules. Then we write R(G, F ,;, n, M) for the
number of irreducible I ,; [G]-modules of dimension at most 7 in the preimage of M.
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We call the contribution of M to log(¢g)(s) the sum Z¢_1 oy ¢ (N), where a(N) =

. - .
% pSm ’;j—_ll. Thus, the contribution of M is

r*(G,Fpjn, M) O pl" =1
j pl =1

2

n,j

Now r*(G, Iij, n,M) < R(G, Fp_/, n, M), and the proof of [9, Theorem 4.7] shows

that R(G, ij, n,M) <nR(G/, ]Fp,-,n); finally,

R(G/A,F,;.n) < Z Zr*(G/A, F i, 1/i).

=1 i|l

Let s’ = a(A) + € + s, for some small ¢ > 0. Then the contribution of M to
log(¢G)(s') is

2

n,j

) i
< p_(a(A)+s)mk Z Z -r*(G/A, Fpo, uwyp—*" I;/—_l

r*(Ga ija n, M) —s'nj pjn —1
J pi—1

n,j w,v:v>juv<nj

|
— pf(a(A)+8)mk Zr*(G/A, va’ M) Z 21775}1] pp] — 1 .
u,v

n,j:j<v.nj>uv

Now grouping the terms with the same value of nj together, we get

n Cpin 1 .

Z _.p—sn] p — < Z njp(l—s)n] < Z l2p(1—x)l < (COMZUZ)pvu(l—s)

n,j:nj>uv J p n,jinj>uv [>uv

for some constant ¢ depending only on s, by Lemma 4.9 fora = uvandt =1 —s.
So the contribution of M is

< p—(a(A)+8)mk Zcuzvzr*(G/A’ ]FI;U, u)pvu(l—s)

u,v
*
< p(@@)ytemk Zcu2u3r (G/A,Fpv, M)pvu(lfs)HP)u*l(va)'

v
u,v

which converges, by Lemma 4.2, for all s > a(G/A) + 1, to p~@®)+emk ¢y «
Fp~@@te/Dmkpm=l(R )| f(s) for some f which is independent of M. Summing
over all absolutely irreducible A-modules M, we see that log(¢g)(s”) converges for
all s’ > a(A) +a(G/A) + 1. O
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5 Examples of abscissae

In this section we will prove Theorem C.

5.1 Free abelian groups

Finitely generated abelian groups have UBERG by [30], and all their absolutely irre-
ducible representations have dimension 1. For the free abelian group Z" of rank r
and its profinite completion Z", r*(Z", F,,1 = r*(Z",F _;, 1) is the number of

homomorphisms from Z" to IE‘;/-, that is, (p/ — 1)". So

p.f )

logty o0 = Y 30 = L < I

peP j=1

which converges for s > r + 1. When s = r + 1, we get

sty o> 3 C) - 55 ()

peP peP i=0

For each i > 0, the sum over the primes p converges absolutely, whereas for i = 0,
it diverges [37]. Therefore the whole sum, over i and p, diverges. So aZ") =r+ 1.
Note that, by expanding (p/ — 1)" = >"7_(=1)" ' (}) p"/, we get

d > r—i r\p
log(Zs, () =YY > (1) <z)

i=0 peP j=I1

—5)j r r
=) (=1 (l> log(¢(s — i),
i=0

80 {5 (s) = [Ti_ot(s — i)(_l)H. (?), where ¢(s) is the Riemann zeta function. In
particular, Sor (s) admits a meromorphic extension to C and has a simple pole at r + 1.
It is interesting to remark that the Weil representation zeta function in this case is
very similar to the subgroup growth zeta function as defined in [18]: in that case
gZS (s) = [1/Z] ¢(s — i) by [18, Proposition 1.1].

5.2 Free abelian pro-p groups
Fix a prime number p. Here we study the Weil abscissa of free abelian pro-p groups

Zh;,. Letw,(m) = |m |;1 denote the highest p-power dividing m. If g is a prime power,
then

r*(ZV ’ F(]? 1) = wp(q - 1)”’
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i.e., there are many absolutely irreducible representations, if g is congruent 1 modulo
a high power of p. We will see that this observation links the Weil abscissa closely to
small prime powers in the arithmetic progressions np* + 1.

We begin with a short summary of results on small primes in arithmetic progres-
sions. By Linnik’s theorem there are constants c, L such that for every d > 2 the least
prime pmin(d) congruent 1 modulo d satisfies

Pmin(d) < cd®.

Currently, the best known value for the exponent is L = 5; see [51]. Assuming
the extended Riemann hypothesis or the generalized Riemann hypothesis, we have
L =2+e¢forevery e > 0;see [3] or [19]. A folklore conjecture (sometimes attributed
to Chowla) states that L = 1 + ¢ for every ¢ > 0.

For our purposes the only relevant case isd = p/ a power of the fixed prime number
p. In this case better results are known. Let L(p) be defined as

1 . J
L(p) = lim sup Og(.pmm(p )).
jooo  Jlog(p)

In other words L (p) is the infimum over all real numbers L > 0 such that ppin(p/) <
cr pj L for some ¢; > 0 and all j > 1. Barban, Linnik and Tshudakov proved
L(p) < %. Gallagher [16] (see also Iwaniec [23]) established L(p) < 2.5 and Huxley
[21] improved this to L(p) < 2.4. Currently the best bound appears in a paper of
Banks-Shparlinski [4], who show that L(p) < 2.1115.

We will now see that the Weil abscissa for Z; is related to a very similar, but less
studied constant. For our purposes, we can replace lim sup by lim inf and, in addition,
we are interested in prime powers in arithmetic progressions (which should not make
a big difference asymptotically).

Definition 5.1 Let ppmin(d) denote the least prime power congruent 1 modulo d. We
define
1 - (pd
K(p) = lim inf -8PPmin(P1))
jooo  jlog(p)
Proposition 5.2 Let p be a prime number. Then

roo_ (Zr)<r—1+1
< -
K(p) = 77 K(p)

In particular, a(Zp) = 1.

We note that a(Z,) > 1 for all groups, so the second assertion follows immediately
from the upper bound.

It is clear that 1 < K(p) < L(p). As mentioned before, it is conjectured that
L(p) = 1 and so one might conjecture K (p) = 1. In this case the upper and lower
bounds agree and a(Z;) =r.
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Proof of the lower bound in 5.2 Let qf-’ = ppmin(p’) be the least prime power congru-
ent 1 modulo p/ (where ¢ j is a prime).
Lete > 0. By assumption, qu > p/EKP)=#) for all sufficiently large j, say j > jo.

Since qu < cpdl by [51], we have k; log(g;) < log(c) + 5 log(p). Then, for all real
s > 1, log {Z; (s) is at least

Z p—/r > Z pjr - Z pjr log(QJ)
kjs = pis(K(p)—e) = ~ js(K(p)=e)
iz kg = kP 7=, (log(c) +5jlog(p))p

. L , - -
and this series diverges for s < z~— e We deduce that a(Z D) = % Ik O

Let /8 be the Weil representation zeta function of Z;. Then
o0 k r
wplg” — D" _
oczy 0= 0 3 L=
q prime k=1

recall that w,(m) denotes the highest p-power dividing m with the convention that
wp(0) = 0. It is well-known that the Riemann zeta function satisfies

A
log¢() =Y lo;g)n—s

n

where A denotes the von Mangoldt function. In the same way we can rewrite /8 (s)
and obtain

Amywy(n — 1"

log ¢z (s) = ) Tos )

n

Proof of the upper bound in Proposition 5.2 Let K := K(p). Let ¢ > 0 be given. We
may assume that K — ¢ > 1, since for K = 1, we can even take ¢ = 0.

By assumption, there are only finitely many pairs (j, n) where n is a prime power
withn = 1 mod p/ and n'/K=#) < p/. We define w® (n — 1) to be the highest power
of p which divides n — 1 and is at most n'/(K=#)_ Using A (n)/log(n) < 1 we obtain
for all real s > 1:

Amwy(n =17 _
log(n)
A & -
-y Awwy@ =7 s 4 o
p log(n)

<Y whn—1'n™* + o).

log &z () = )
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Let W .(x) = >, -, wi,(n — 1)". Using a standard trick we get

Llog,, (x)/(K—¢)]

W, ) =Y whi-1D" <l -1+ Y |3 ‘klj(pkr k=

n=x k=1 p
Llog, (x)/(K =)

s=-D+ Y

k=1

x—1
pk
[log, (x)/(K—¢)]
=@x-D+A-p -1 Y prHk
k=1

co-nf1e TP ek
- 1 —p*(rfl)

< x(r—l)/(K—s)-H'

(prk _ pr(k—l))

We use Abel’s summation formula to obtain for all x > p

X

D W =T = Wh (0x T = Wy (p)p —/ WE () (—su™ydu

p<n=<x p

X
« xFEH-s +s/ L=D/(K=)=s
p

r=1 4 1_ S r—1 _
L xF=etl s+r7]—x,(_s+l s
= t1—s

Ir{_]E + 1 asx — o0o. We conclude that

log {Z;’ (s) converges absolutely for Re(s) > I’{’_IE + 1. O

the latter expression is bounded for all s >

Remark 5.3 Assuming K (p) > 1, it seems that the upper bound in Proposition 5.2 is
of the right order of magnitude. In fact, from the prime number theorem in arithmetic
progressions one would expect that there are roughly

pj(K(P)+8) pj(K(p)+s—1)

je(ph)y — jl—phH

primes congruent 1 mod p/ below p/(K(P)+2) (at least for large j). An estimate of this

form, i.e. a lower bound on ¥ (x; p™, 1) = > A(n) for small x and infinitely
<
nElnnT(iCd p"

many m, gives rise to a lower bound which matches the upper bound in Proposition
5.2. Some quantitative results concerning the amount of small primes in arithmetic
progressions are available. For instance, it is a result of Banks-Shparlinski [4, Theorem
3.6] that ¥ (x; p™, 1) > m for m large and x > p™ with L &~ 2.1115 which
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implies

This improves our best numerical lower bound of a(Z;) > f which can be deduced

from Proposition 5.2, though whether we have % +1> #p) or the converse will
depend on the value of K (p). For r = 2, this gives a(Zf,) > 1+ L7~ 14736 > 1.

Remark 5.4 The proof of the upper bound shows similarly that any finite product [ [ Z),
over distinct primes p has Weil abscissa 1 (though, as we have already seen, the product
over all primes has abscissa of convergence 2). But in fact, we can show that in some
cases, | [, Zp, has Weil abscissa 1 for an infinite sequence of primes (py).

Indeed, suppose we choose pr > Z(Zk), and let G = [[; Z,,. We may define
C(py)(n) to be the largest divisor of n all of whose prime factors are in (py), so that
log(¢g)(s) < 3, c(pyy(n — 1)n™*. Write f(x) for the number of positive integers n
less than x such that ¢(p,)(n) = n. As in Proposition 5.2, Tschebyscheff’s trick shows
that 3, _ c(pp(n — 1) is at most (x — 1) f(x).

Let x = Z(Zk); then f(x) is at most the number of partitions of 2% into powers
of 2. It is shown in [7, (1.3)] that the number of such partitions is 2003, Therefore,
D0k Cpo(m—1) < 22400, Finally, we can use Abel’s summation formula as

before to show that Zn<2(2k) cppm —DHn™* = 0(22k+0(k2)_2k5) converges when
s > 1. -

5.3 Free pro-C groups, |

Let € be a class of finite groups which is closed under quotients, finite subdirect
products, taking normal subgroups and extensions (i.e., € an NE-formation in the
sense of [43, §2.1]). Let F,€ be the free pro-€ on r generators; these exist by [43,
Section 3.3] and satisfy the usual universal property. An open normal subgroup of
index m is again a free pro-¢ group of rank m(r — 1) + 1 by [43, Theorem 3.6.2].
Here we prove a general lower bound result for the Weil abscissa of F.%.

Theorem 5.5 Let g be a prime power. Assume that € contains a non-trivial abelian
group of order coprime to q and an absolutely irreducible subgroup S < GL(ng, q)
for some ny > 1. Then

log | S|

a(F%) > (r—1)+1.

nologgq

Lemma 5.6 Let p be a prime and let L/ F be an extension of finite fields such that p
divides (|[L| — 1)/(|F| — 1). Let G be a profinite group and let N < G be a normal
subgroup of index p. Every G-invariant absolutely irreducible representation of N
over F extends to an absolutely irreducible representation of G over L.
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Proof Let 0 be an absolutely irreducible G-invariant representation of N defined over
F.Lletw € HZ(G/N, F*) be the obstruction cocycle (see [26, Section 9]). Since
G/N is cyclic of order p, we have H>(G/N, A) = A/pA for all modules A with
trivial G/N-action (see [26, Lemma 5.5]). Since F* and L* are cyclic the map
H*(G/N,F*) — H*(G/N,L*) is trivial, i.e., by [26, Thm. 9.6] # extends to G
over L. O

Proof of Theorem 5.5 We assume r > 2; in fact, for » = 1 there is nothing to do. We
may also assume that § is non-trivial. Since € contains a non-trivial abelian group,
there is a prime number p (not dividing ¢g) such that ¢ contains all p-groups. We
only consider representations over the field F,. Let m = |[S|. The number of sur-
jective homomorphisms from FrC onto S is m” — O((m/2)"), where the error term
depends on the maximal subgroups of S. A conjugacy class of homomorphisms con-

tains at most |GI;1(+(;"1)| elements. We deduce that the number of equivalence classes

of representations 5 (F,G) with image S € GL(no, q) satisfies
rS(FrC) > )\J’I’lr_l (1 _ 0(2—i’+l))

m(g—1)
[ GL(n0,q)| "

Letk > 1 and let ¢: Fr€ — 7/ p*7Z be a surjective homomorphism. Let N =
ker(¢) and let N* be the unique normal subgroup containing N with index p. We
note that N is free of rank pk(r —1)+1and N7 is free of rank d = pk_l(r —1+1.
We claim that most irreducible representations of N with image S € GL(ng, q) are
not N*-invariant. From Lemma 5.6 we know that an N *-invariant representation of
N over F,, extends to N over a suitable field extension L /F, (whose degree depends
onlyon p and q).Letxy, ..., xg be afree generating setof N* withxy,...,x4_1 € N
(To find such a generating set, one can start with an arbitrary free generating set of N
such that ¢ (x4) has order p and replace x; by x; xsi for suitable k; € Z). The number
of homomorphisms of N7t into GL,,(L) that map xi, ..., xg—1 into S € GL(no, q)
ismd=1.| GLy, (L)| and we conclude that the number of N *-invariant representations
satisfies

as r tends to infinity with A =

SNV = omP Ty,
and so

SN =SV z am? 0 (1 0277 107D)).

If 9 is an absolutely irreducible representation of N which is not N*-invariant, then
6 has trivial inertia subgroup in F, F since N is the unique minimal normal subgroup

[
of in G/N. Therefore the induced representation Indz’ (0) is absolutely irreducible.
Moreover, only |G/N| = p¥ distinct conjugates of # give rise to the same induced
representation. We obtain that

N k
r*(ES, By, p*no) > kp~*m? =D
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for all sufficiently large k and a suitable constant k. This lower bound implies that the
series

“(FE,Fyj, s U0 =1 :
log(zre)(9) = 3 re(Fy - (1) o jns e szpk(r—l)p—kq(l—s)pkno
nt,j k

diverges for real numbers s < n:)‘)l%)(g”(’;) r—1D+1. m]

Corollary 5.7 In Theorem 5.5 assume in addition that € contains a transitive permu-
tation group T of degree d > 1. Then

log(|S|“~V|T])

F% >
WD) Z 0 D logq

r—1)+1.

Proof Let k > 1. We consider the wreath product

Wey=8S:T:Ty--2T
—
k times

constructed from the permutation representation of 7 on d elements. Since Wy is an
extension of direct products of groups in &, it belongs to €. We will show that W has
a faithful absolutely irreducible representation of degree dng over F,. Then Theorem
5.5 gives

log | Wi/ -1 log(|S|4" | 7| @ =D/@d=1))
—_———(r — =
d*nglog(q) d*no log(q)
log(IS|*~1) + (1 — dik) log(IT|))

= —1
(@ = Dnolog(@) =1

a(F¥) — 1>

(r—1

and the result follows by letting k tend to infinity.

Let N = ]_[f-li] S; be the normal base group of Wj. To see that W admits an
absolutely irreducible faithful representation of degree d*n¢ we fix a copy S| € N
of S in the base group. Then S; has a faithful representation 6 of degree ng over
[F,. We extend this representation trivially to a representation 6’ of the normalizer
Nw, (S1). This is possible since the normalizer is a direct product §; x W’; indeed it
is generated by N and a point stabilizerin 72 T ¢ - - - 2 T In particular, the normalizer
has index d* in W. The induced representation Ind]v\‘,/é‘v (sp(©") has degree d*no. Tt
is absolutely irreducible because the restriction to N coﬁlsists of a single Wy-orbit of
irreducible representations. Moreover, it is faithful, because both 8 and the permutation
representation of 72 T ¢ - - - 2 T on d¥ elements are faithful. O

We also include here a result which will be useful in proving upper bounds.

Proposition 5.8 Let G < GL(n, p/). Then the number of absolutely irreducible rep-
resentations of dimension n over I ,; of an r-generated group F with image contained
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in G is at most |G|"~1|G N ]F;j| < |G| pJ, where IE‘;]- < GL(n, p/) is the group
of diagonal matrices.

Proof An absolutely irreducible representation of F is just a homomorphism F —
J < GL(n, p’), up to conjugacy in GL(n, p/), with J absolutely irreducible. The
number of such homomorphisms with J < G is at most |G|". The size of a conjugacy
class is atleast [Ng 1 gu iy (G)/1Ca 1. piy (D] 2 1G1/ICq1m pi, (NG| = 1GI/pl,
because J is absolutely irreducible. Therefore the number of conjugacy classes is at

most |G|" £, as required. O

IG [
5.4 Free pro-p groups (odd p)
Let p be an odd prime number. We define

log<ppmm(p’<))

K e s - T
P = s log(p)’

Theorem 5.9 Let F be the free pro-p group on r generators withr > 2. The abscissa
of convergence is

aFPy="—1 1
K(p
Before we give the proof, some comments on the constant K’(p) are in order. We note
that

¢ 108(pPmin (P"))
K'(p) < k>1 Tg(p) < K(p),

where K (p) is the constant from Sect. 5.2. The discussion there gives K'(p) < 2.1115
and conjecturally K’(p) < 1. One can determine the precise value of K'(p) if p is a
Mersenne prime.

Proposition 5.10 Let p be an odd prime.

(i) If p is not a Mersenne prime, K'(p) > 1.

(ii) If p is a Mersenne prime, K'(p) = {p=Dlog(ptl)

plog(p) <L

Proof (i) Since the 51ze S(n, g’) of a Sylow p-subgroup of GL(n, ¢/) is at most

wp (g7 — 1)”p1’ i , with equality when 7 is a power of p, we see that K’ (p) is
maximal such that |S(n, q/)|K (P) < g™ So when p is not a Mersenne prime,
K’(p) > 1 by [50, Theorem 1.6(ii)]; the result follows.

.. _ . . _ 10g(pk+1)
(ii) Suppose p = 2™ — 1 is a Mersenne prime. Let f,(k) = TF 1/ (p—D) Tog(») <
10g(ppmin (P*))

T =) oz () When p > 3, a calculation shows f), (k) has a minimum when
k=1,andso K'(p) = fp(1). When p = 3, f3(k) > f3(1) for all k > 3. Since
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19 is the smallest prime power congruent 1 modulo 9, we conclude that for k = 2

we have > f3(1), so we conclude that K'(3) = f3(1).

log(19)
(2+1/(p—1)) log(p) -

Example 5.11 For the first four Mersenne primes one obtains
K'(3) ~ 0.8412, K'(7) ~0.9160, K'(31)~0.9767, K'(127) ~ 0.9937.

Even if p is not a Mersenne prime the formula for K’(p) yields upper bounds close
to 1 already for small values of k. For instance,

log(1251)

K< —=—"~-
®)r= @ + 1) log(5)

~ 1.0426.

Example 5.12 Let G = F!. Then a(G) = ﬁ;) + 1. If H is an open subgroup of
index i, by the Nielsen-Schreier theorem for free pro-p groups [43, Theorem 3.6.2],
H is free pro-p on i(r — 1) + 1 generators; hence a(H) = =D 4 1. This gives

K'(p)
+X&m . . o
a(H)/a(G) =i H’,((’,?;)) . Since the right hand side approaches i as r tends to infinity,

(r=1

this shows that the u})per bound a(H)/a(G) < i given in Proposition 4.3(ii) is sharp.

As in the previous section w,(n) = |n|1;1 denotes the highest p-power dividing .
We begin with an upper bound result.

Lemma 5.13 Let g be a prime power and let k > 0. If p divides q — 1, then

@ =ne-n
FED By, P < wp(g — DPFCDH

Ifn is not a p-power or n > 1 and p doesn’t divide g — 1, then r*(F}, F,,n)=0.

Proof 1t is well-known that the degrees of absolutely irreducible representations of
finite p-groups are p-powers. Since the centre of the image of a non-trivial absolutely
irreducible representation acts by a non-trivial character, such representations require
the existence of pth roots of units, i.e. p | ¢ — 1.

Write n = p* and assume p | ¢ — 1. Fix a Sylow p-subgroup S, of GL(n, gq),
which is isomorphic to

pr(q—l) ZCp 2 -'-ZCP,
—— ———

k times

n—1
and in general |S,| < w,(g —1)" p»~T: see [49, Section 2]. The claimed upper bound
follows from Proposition 5.8. O
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Proof of Theorem 5.9 The upper bound a(F/) < ﬁ;) + 1 for the Weil abscissa fol-
lows from Proposition 5.2 in combination with r*(F} Fy,n) < q”(’_l)/K/(p) wp(g —

1) (which can be deduced from Lemma 5.13). In fact, for real s we have

n
' —1
IOg CFV/’(S) < an(r—l)/K (P)wp(q _ l)q—an —
q.n q
o

< Z wplg — Dg ™! Zq"((’—l)/K’(p)Hl—s))
q

n=1

/ r —l
<Y wylg — Dg VKD —j0g ¢y <S - —>
Xq: ’ AN )

Let k > 1. The cyclic group of order p¥ admits a 1-dimensional faithful absolutely
irreducible representation over F;, with ¢ = ppm;n( p*) and the cyclic group of order
p admits a faithful permutation representation on p elements. Corollary 5.7 implies
that

log(pk(r—D+1 (k + 517) log(p)
0 A Y N P = il AP | )
(p— 1) log(q) log(pPmin(P*))
Taking the supremum gives the lower bound. O

5.5 Free pro-2 groups

We consider separately the case p = 2. Let F, ,2 be the free pro-2 group on r generators,
with r > 2.

Theorem 5.14 The abscissa of convergence for the free pro-2 group Fr2 of rankr > 2

. 5log(2
is a(Frz) = 212223; r—1)+1

We take an approach similar to that used for odd primes, however, the proof requires
a number of modifications. We first discuss the upper bound for a(F,z). As usual we
have r*(F?,F,;,n) = 1 forn = 1 and 0 otherwise.

Lemma 5.15 Let g be an odd prime power. If ¢ = 1 mod 4, then
r*(Frz, F,. 2k) < 2(2k71)(r71)w2(q . 1)2k(r71)+1'
If ¢ = 3 mod 4, then
r*(Frz’]szk) < 2(2k+2k*171)(r71)+1w2(q + I)Zk’l(rfl).
Proof Let S be a Sylow 2-subgroup of GL(2¥, ¢). By Proposition 5.8, we have
rH(F2F,, 25 < 1Sz n s
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where Z € GLy«(IF,) denotes the group of scalar matrices. The order of the Sylow
2-subgroups of GL(Zk, q) can be found in [8, Section 1]. When ¢ = 1 mod 4 we have
15| = 22“luy(g — D% and |S N Z| = wa(g — 1). When ¢ = 3 mod 4 we have
15| =22+ g+ 1D¥ and SN Z] = 2. O

This gives an upper bound for the zeta function:

A S n—1)r— ne1q" =1
IOg(CFrZ)(S) < Z ﬁz(n D(r l)wz(q _ l)n(r 1)+1T161 ns
qn oglg q
A n n m—1
+2 ) lo ((q)) 208D Dy (g 4 1EC-DE — "
g=3 mod 4 glq q

neven

We show exactly as for F/ with p odd that the first sum converges when s >
(r —1)/K'(2) + 1 with

R k
K/(Z) — inf log(ppmin(2)) .
k=1 (k4 1)log(2)

Recall that ppmin (2%) denotes the smallest prime power congruent 1 modulo 2*. Simi-
larly, let pp .. (2F) denote the smallest prime power congruent — I modulo 2¥. Define

o — i 2108(PPin ()
k=1 (k4 3)log(2)

Then, for ¢ = 3 mod 4 and n even, r*(F2,F,,n) < ¢""~Y/K" 50 the second sum

converges when s > (r — 1)/K~ + 1. As in Proposition 5.10, [50, Theorem 1.6(i),
Proposition 1.7] shows that K'(2) > K~ = 21023, ().633985. Overall, we conclude

— 5log(2)
that a(F?) < 583 (- — 1) + 1.

We now turn to the lower bound. The proof for the upper bound suggests that the
crucial prime power is ¢ = 3 and it turns out that it is sufficient to consider this case.

Here the 2-dimensional representations will serve as our base case. A Sylow 2-
subgroup S of GL(2, 3) is a semidihedral group of order 16. We observe that S is
absolutely irreducible, because it is non-abelian. Indeed, an abelian group cannot be
absolutely irreducible in dimension 2. Conversely, since S is a non-abelian 2-group, the
representation on F3 is semisimple and cannot decompose into 1-dimensional pieces.
Using the action of the 2-element group on two points, we deduce from Corollary 5.7
that

2 log(16 - 2) B _ 5log(2)
W)z e DT = 30e6)

r—1)+1.
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5.6 Free prosoluble groups

In this section we discuss an upper bound for the Weil abscissa of free prosoluble

groups. Let cgp = % + gigggg ~ 2.24399.

Theorem 5.16 Let F,“’l be the free prosoluble group on r generators, r > 2. Then
a(Fh = coor(r = 1) + 1.

We collect some results needed in the proof. By [50, Theorem 3.1] and [44, Corollary
to Theorem A] we have:

Lemma5.17 Let g be a prime power. The order of a soluble irreducible subgroup
of GL(n, q) is < g%, For q > 11, the order of a soluble irreducible subgroup of
GL(n, q) is < q(17102 24/3m,

We also use [6, Theorem 14.1]:

Lemma 5.18 The number of conjugacy classes of maximal irreducible soluble sub-
groups of GL(n, q) is at most n*10¢* (+410g> ()+log(m+3,

Fix a prime power ¢ and fix a maximal soluble subgroup M in each conjugacy class.
By Proposition 5.8, the number of GL(n, ¢)-conjugacy classes of homomorphisms to
M with absolutely irreducible image is at most | M I"=1(g — 1). We conclude that

3 2
V*(Frsol, Fq, n) < n410g (n)+41log (n)+log(n)+3(q _ 1)qul”(V—1)

for all ¢, and

r*(Fsol F,.n) < n41og3(n)+41og2(n)+1og(n>+3(q _ 1)q(1+]0gq(24)/3)n(r71)
r ’ ’ —

forg > 11.

For any ¢ > 0, pick Q such that log,(24)/3 < e. We split the series defining
log(¢ pset) (s) into terms with ¢ > Q and terms with ¢ < Q. By Lemmas 2.2 and 4.2,
the first sum converges when s > (1 +¢)(r — 1) + 2, while, for each g < Q, we have
the series

3
nO0E) (1=
— ¢4 )
n J
which converges when s > ¢,/ (r — 1) + 1. Since the second of these bounds is larger
for r > 2, we conclude a(F*°) < cypi(r — 1) + 1.

The lower bound follows from Corollary 5.7. We note that GL(2, 3) is an absolutely
irreducible soluble group of order 48 and that Sy is a soluble group of order 24.

Corollary 5.7 allows us to deduce

ol log(483 - 24)
a(F7) = 1= ————=( = 1) =co(r = 1)
2-3-log(3)
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5.7 Free pronilpotent groups

The results for free pro-p groups may be used to determine the Weil abscissa for
free pronilpotent groups. We note that the class of nilpotent groups is not closed
under extensions, so that the results from Sect.5.3 cannot be applied directly. Let
FM g ]_[ F! be the free pronilpotent group on r generators, with r > 2.

Theorem 5.19 Let r > 2. The Weil abscissa of CFrnil is

. 3 ifr=2
a(F'") = { S10g02 )
" HERC -1+ ifr>2.

In other words, for r > 3 the free pro-2 factor of F; nil js responsible for most of the
representations of £} nil n particular, the lower bound follows immediately from 5.14.
For r = 2 the lower bound follows from a(Zz) = 3 obtained in Sect.5.1. We will
study the corresponding upper bound now.

Lemma5.20 Letn > 1 and let g be a prime power. Then

PP Fyn) < (g — 1 g2we0 D",

Proof Letn = p]f' e pf’ be the prime decomposition. Every absolutely irreducible
representation of dimension n over I, is, by [15], of the form

0® - QO

where 6; is an absolutely irreducible representation of dimension pff of F/'" over F,
and x: ] pln Fl — IF; is a homomorphism. Now Proposition 5.8 gives

l

P (EM Fgon) < (@ =D ][ Sping) !
i=1

where S(p;, q) is the order of a Sylow p;-subgroup of GL(pf" . q)-
We note that g and n are coprime. So we know by [50, Theorem 1.6] that S(p;, ¢) <
51og(2) ki
g2 Therefore we have

o, ki o,
PRIy m) < (g — 1 g TR0 DA < g 1y B

m}

Proof of the upper bounds in Theorem 5.19 We adapt the argument used for the free
prosoluble group. For any ¢ > 0, pick Q such that log,(24)/3 < ¢. We split the
sum log(¢ Frnil)(s) into terms with ¢ > Q and terms with ¢ < Q. As for prosoluble
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groups we infer r*(F"! F,, n) < no(loga(”))(q — 1)g I H1oggCH/InC=D g5 4 > 11
from Lemmas 5.17 and 5.18. Thus we see by Lemmas 2.2 and 4.2 that the first sum
converges when s > (1 + &)(r — 1) + 2, while, for each ¢ < Q, we have the upper
bound

5log(2)

Y- 1)rq<§{g—§§§§(r—l)+1—s>n <o Zq<2]og(3)(r—1>+1—s)n
n

n

which converges when s > ;iggg; r—1+1.
We note that g}gig; > % Therefore, when r > 2, the second bound is larger, and

we conclude a(Fr”” ) < ;}ggg; (r — 1) 4+ 1. When r = 2, the first bound is larger, and

we conclude a(Fz"”) < 3. O

5.8 Pronilpotent groups of finite rank

Let G be a profinite group. Recall that the rank of G is the supremum of the minimal
number of generators of all open subgroups; see [12, 3.11].

Proposition 5.21 Let G be a pronilpotent group of finite rank r. Then a(G) <r + 1.
The bound is sharp for the free abelian profinite group 7.

Proof We consider the one-dimensional and higher dimensional representations sep-
arately. The one-dimensional representations factor through the abelianisation, which
itself is a factor of 7. Hence the sum of the contributions for all one-dimensional
representations converges for Re(s) > r + 1; see 5.1.

Letn > 1 and let g be a prime power. When ¢ = 1 mod 4, or when 7 is odd, every
absolutely irreducible representation of G over F, is monomial by [11, Theorem 5.3].
When g = 3 mod 4 and n is even, every absolutely irreducible representation of G
over IFq j 1s induced from one of dimension < 2, by [11, Theorem 5.1]. We may count
the absolutely irreducible primitive representations of dimension 2 using the structure
theory of [10]: by [10, Proposition 4.2], an absolutely irreducible primitive nilpotent
subgroup G of GL(2, ¢) is a direct product G» x C where G is a primitive 2-group
and C is a group of scalars of odd order. If ¢ = 3 mod 4, then 4w; (g + 1) is the order
of a Sylow 2-subgroup of GL(2, ¢g). Let a,(G) denote the number of subgroups of
index n in G. Taking into account the monomial representations and, if needed, those
induced from 2-dimensional representations, we deduce

q— 1y
r(G.Fyam) < a(6)q = 1) + 8 qan2(G)ertq + 1)) (15=)
where 8, , € {0, 1} depending on whether ¢ = 3 mod 4 and # is even. Since G has
finite rank, it has polynomial subgroup growth (see [34, 10.1]); hence, we get an upper
bound of the form

r*(G,Fy,n) < bug™
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where b, is a function which grows at most polynomially in 7.
We use this to estimate the contribution to {g from representations of dimension at
least 2 and obtain

ZZF *(G, Fq/,n)q jnsq _Z Zb q2rjq—jns Jj(n—=1)
q.j n=2 =
2r—1
q( r—1)j Zb qf(l S
q.j n>2

The inner sum converges for Re(s) > 1 and the result is bounded by ¢g>!! =)/ % for any
¢ > 0 up to a constant. We deduce that the series converges for Re(s) > r + 14 ¢/2.
Since ¢ was arbitrary, the result follows. O

5.9 Free pro-C groups, Il

Let € be a NE-formation of finite groups containing the cyclic groups of prime order.
Let Fr¢ be the free pro-¢ group on r generators. If € contains alternating groups of
arbitrarily large degree, or classical groups with natural representation of arbitrarily
large dimension, an application of Theorem 5.5 shows that Frc does not have UBERG.
Assume it does not. Let ¢ be maximal such that Alt(co) € €.

To make the results in this section work, we will need to assume that ¢ is suffi-
ciently large. Specifically, let Cy be an absolute constant such that (Co!)!/(Co=D >
max((2¢;)*, 22¢414¢i+2) where ¢, ca, ¢; are the (effectively computable) constants
defined in [24]; we will refer to these constants without further comment in the rest
of this section. (By Stirling’s approximation, (Co!)!/(€0=D — o0 as Cy — o0, so the
required Cq does exist.) We will assume for the rest of Sect.5.9 that ¢y > Cop.

To make the calculation of the Weil abscissa of FF easier, we start by showing that
only certain types of absolutely irreducible representations need to be considered. Just
as, for soluble groups, the Weil abscissa is dominated by representations whose image
isin a wreath product GL(2, F3):Sym(4):- - -2Sym(4), here the abscissa is dominated
by representations whose image is in a wreath product N L]ij (ﬁ,IF],k)(E )2 Sym(cp) @

--1Sym(co), for E aclassical or alternating group with natural representation over I«
of dimension §. (Here, for an alternating group, by the natural representation we mean
the fully deleted permutation module defined in [28, Section 5.3, Alternating groups].)
Note that, when E € € is classical or alternating, Out(E) and Cr Lij (ﬁ,Fpk)(E ) are

soluble, so Ny, j(/g’]Fpk)(E) € Candhence Nrp j(ﬁ,ﬂ:pk)(E)zSym(co)b -2Sym(co)
P P

is too.
For p a prime and j, n > 1 integers, consider the set of all classical or alternating
groups E € € with natural representation over I« of dimension 8, such that j|k and

n=p= k co, for some /. We define r7, (FQ, n) to be the sum over all such E of

pla

INrLe | g0 (E) 2 Sym(co) 2=+ -2 Sym(co) '~ p?
,

[ times

) Birkhauser



46 Page 34 0f57 G. Corob Cook et al.

Theorem 5.22 The abscissa of convergence of ¢ Fe (s) is at most that of ¥p =
r;)(FVQ,lF jn) —sni _
Zp,j,n +p m]|Pn (Fp/)|

We will prove this in a series of smaller results.

5.9.1 Permutation group results

We recall following the well known result of

Proposition 5.23 Let P be a primitive permutation group of degree n and suppose
that P does not contain Alt(n). Then the order of P is at most 4".

Proposition524 If G < Sym(n) is a transitive permutation group in € then
log(|G|) < = 7 log(co!), and the orders of the iterated wreath products

_CO

Sk = Sym(co) 2+ - 2 Sym(co) < Sym(c})

k times

attain this bound. Thus, |G| < (co!)®~V/0=D  and the supremum of log(|G|)/n over

alln and G € € is IOg(COl)

Proof We have G < P;:---: P; for some primitive Py, ..., P; of degrees sq, ..., s;
respectively, with P; induced by the stabiliser in G of a minimal block in the quotient
action of G on a set of n/(sy---s;—1) elements. If s1,...,5 < co, the proof is a
straightforward induction which we leave to the reader. Suppose instead that (without
loss of generality) s1,...,8-1 < co, and s5; > co. Write G; (respectively, Git1)
for the image of G in the quotient P; 2 --- 2 P; (respectively, P41 2 --- P;). By
the inductive hypothesis, log(|G;+1]) < %log(col) If P; does not contain
Alt(sy), | P;| < 4% by Proposition 5.23, and we calculate log(|Gi]) < si---s1log(4)+

10g(|Gip1]) < si -+ - s log(d)+ 5= ag(col) < Slm# log(co') Indeed, because

co—1

si > co > Co > 9, this implies that log(col) COH log(4) > "5 log(4), and hence

Si

-sylog(4) < (si—1)si41 - llog(c()) andthe resultfollows If P; contains Alz(s;),

consider H = G; N P;"*'"™": this is normal in G;, so in €. Since G permutes the factors

transitively, if H is non-trivial, the image of H in each copy of P; is a non-trivial normal

subgroup of P;, so it contains Alt(s;), giving a contradiction. Therefore H is trivial,
i1 —1 sieesp—1

and log(G;|) < *== log(co!) < =71 log(e)).

Finally, log(|G]) < s;---s1 log(|P1 ¢+ Pi_1]) 4+ log(]Gil), so by the inductive
hypothesis, log(|G|) < £ (s -+ s; 1 —1)sj -+ s+si -+ 51— 1) = 2= log(co).
as required.

For the second claim, we have |S;| = |Sym(co)|céfl+céfz+'“+c(l), so log(|Sk|) =
= L log(co!). o

In fact the proof shows more:
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Corollary 5.25 Suppose G < Py v---2 Py is in €, with Py, ..., P; primitive per-
mutation groups of degree si,...,s1. If s1,...,8i-1 < co and s;i > co, |G| <
nSispASiqg sy =1
4Si"'SI(CO!)C07*1
Sig1osp—1

Proof The proof of the proposition shows log(|G;|) < s; log(4) + = log(co!).

So log(IG]) < si ---silog(|Py 22 Pio]) + 51 -5t log(d) + =L og(col) <

i 1S —1

A Yog eo!) + 8 - -+ 51 10g(4). a)
Lemma5.26 Let s1,...,s; be fixed. Suppose G € € is an r-generated transitive
permutation group such that G < Py --- P for some primitive Py, ..., P; of

degrees s, ..., s;. Suppose Alt(sy), ..., Alt(si—1) € € and Alt(s;) ¢ €. Then up to
conjugacy in Sym(n), for the constant c; defined in [24, Theorem 3.1], G is contained
in one of at most ¢,"""*" subgroups of Sym(s1) ¢ --- 2 Sym(si—1) ¢ P; ¢+ -+ 0 Py which
are in €.

Proof By [24, Theorem 3.1], there are at most ¢, ™ possibilities for the image G’ of
G in P; - - - Py up to conjugacy. The result follows immediately. O

5.9.2 Linear group results

Suppose G < .GL(n, pf ) is in € and irreducible. We can write G < P : T, where
P < GL(b, p’) is primitive, and T < Sym(t), t = n/b, is transitive and in ¢ — but
note that in general P need not be in €. We can also write T < Py :---?: P; as in the
last section, with P, ..., P; primitive permutation groups of degrees s1, ..., s; such
that sy ---s; = ¢. '

In the case |P| > p*?/, we will need to fix some additional notation, following
[24, Proposition 5.7]. Suppose F = Z(End F*(p)(]FI[’? j)). In this case, there exist
A< FLij (a, ]Fpkr), B < FLFN (B, Fpk/) such that P < A © B (so that «Bk’ = bj
and t = (nj)/(aBk’)). These have the property that IE‘:W < A, ]F;k/ <B,and 8 > a,

sothat [A] < p("‘z"’l)k, < pbj+k,. Also, E(B) is either a classical group over a subfield
F Pk of F o~ with natural representation in dimension § with scalars extended to Fpk/ s
or an alternating group with natural representation over F o~ in dimension B.

For each classical group E' € € over I+ with natural representation in dimension
B, define cg by |NFL]FF (ﬁ,Fpk)(EN — pCEﬁk (so that | Np j(ﬂ,]Fpk)(E)' — %pCEﬂk).
For each alternating group E € € with natural representatiGn over I« in dimension
B, define CE, pk by |NFL]Fp(ﬂstk)(E)| = pCE,pkﬂk. We have |N1~L]F[)(5,Fpk)(Alt(d))| =
| Out(Alt(d))|k(p* — 1) (with Out(Alt(d)) = Sym(d) ford # 6),and 8 = d — 1
or d — 2, so an easy calculation shows that CAli(d),ph < CAlt(d),2 for any pk > 2 and
d > 5. When the choice of field is clear, we may suppress the dependence on p* in
the notation.

We want to count representations of F,C with image G. We consider several classes
of possibilities for G. The strategy for each class is to show that G is contained in
some larger subgroup of GL(n, p/) in € which has an easy-to-describe form, such
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that we can bound both the order of these larger subgroups and the number of such
subgroups up to conjugacy.
1 |P| < peebi.

Proposition 5.27 The number rl*(FrQ, IF,j, n) of absolutely irreducible representa-
tions of Fr¢ with image in class 1 is at most

peHr=Dntjtcirnj (oo TamT (5.1)

. =1

Proof Suppose G is in class 1. By Proposition 5.24, |G| < p“"/(co!)0~", where
t < n/2. By [24, Proposition 6.1], up to conjugacy in G L(n, p’), there are at most
pSi"™ possibilities for the image G of F*. The result follows by Proposition 5.8. O

2. G isnotinclass 1, and E(B) is not in €,

Proposition 5.28 The number ré‘(FrQ, IF,j, n) of absolutely irreducible representa-
tions of FE with image in class 2 is at most p>"=DW+i+ernj (col)™ o1

Proof Suppose G isinclass 2. Consider H = GNE(B)’, whichis normalin G, soin €.

If H ﬁ Z(E(B))", since the factors are permuted transitively, the image of H in each

copy of E(B) is a non-trivial normal subgroup of E(B), so it contains E(B), giving

a contradiction. Therefore H < Z(E(B))". Also, |Nrp; j(lg’]Fpk/)(E(B))/E(BN is at
P

most

/

k | .
Crie | (5., (E(B)I| OW(EB)/ Z(EB)| < —p™ < =p™

by [24, Lemma 2.6, Proposition 5.7]. So, by Proposition 5.24, |G| < ji,p3”j (co!) ‘[07*1‘ ,
witht < n/2.

As for class 1, there are at most p<i"" possibilities for G. The result follows by
Proposition 5.8. O

3. G is not in classes 1 or 2.
In this case, we have

/
Bl <INty pr o (EBY < = peswit’ < L permpiran
pi P kj j
Moreover, B € €, because Cgr(8,F k,)(E(B)) is cyclic and Out(E (B)) is soluble.
4

We divide class 3 into classes 3. E of groups G in class 3 such that E(B) = E, over
all classical and alternating groups E in €. We subdivide these classes further.
3.E.l.a > 1.
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Proposition 5.29 The number r}; | (FF, ij,
tions of F,C with image in class 3. E.1 is at most

n) of absolutely irreducible representa-

: (r=1))/(Bh) i
nj pmisepo (1IN0 im0
,Bkct F P (co!) 0 .

Proof Since Bk’ < bj/2, we have |B| < } pCE®DI/2Hb] Therefore |P| < |A ® B| =
|Al|B|/p¥ < %p”ﬂff)bj/zﬂbj, and hence, by Proposition 5.24,

(nj)/(BK") ) 1)/ @pK)~1
Gl < (l) pleEO I )T
J

In this class, we have G < (FLFp/' (, ]Fpk/) O Nrpg JBF k,)(E(B))) : T. There
4
" rnj/@BK)

are at most % choices for o and then, by [24, Theorem 3.1], at most ¢, choices
for T up to conjugacy, giving Z—{{c,mj /2B0) possibilities altogether. The result follows
by Proposition 5.8. O

3.E.2. Gisnotinclass 3.E.1, and k’ > k.

Proposition 5.30 The number VEQ(FF, IF,j, n) of absolutely irreducible representa-
tions of FrC with image in class 3. E.2 is at most

Qrw‘/(ﬁ’c)(l pleE/ZEDE=Dnj+j (001 -1

)(rl)(nj)/(ﬁk) r=D((n))/(B)=1)
; .

Proof Here we may choose B to be P, so

|P| — |B| S l.pCE(B),Bk‘f’zk/ E l.p(c'E(B)/2+2)lBk/ — l.p(CE(B)/2+2)bj’
J

J J

) (nj)/(BK") @)/ BK)-1

and hence |G| < (% plE® /2D (c41)" <0-T by Proposition 5.24.

In this class, we have G < Nrpp JBF ) (E(B)))  T. There are at most C;nj/(ﬁk)
2 P

choices for T up to conjugacy, by [24, Theorem 3.1], and hence at most ctr"j /(B0

possibilities for Nrry (g F ) (E(B)))  T. The result follows by Proposition 5.8. O
p/ P

3.E.3. G is notin classes 3.E.1 or 3.F .2, and some s; is greater than cy.

Proposition 5.31 The number VES(F,@, IE‘pj,
tions of F,¢ with image in class 3. E.3 is at most

n) of absolutely irreducible representa-
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- cE(r—l)nj+j4(r—l)s,-»--sl .

p

(r=1)02))/(Bk)
2108 (/B2 (55 ( ! )

J
(r=1)((nj)/(BK)=sj-sp+sj 15—
“(co!) 01

Proof Note that [ < log,((nj)/(Bk)), and there are at most (nj)/(Bk) choices for
each s;, so there are at most ((n)/(8k))'°&((:)/(BK) — plog((nj)/ (BK))? possibilities
for sy, 52, .. ., 57. Fix one possibility.

Without loss of generality, we assume that sy, ..., s;—1 < co. Because k = k’, we
have |P| < %pcf(ﬂ)bj. By Corollary 5.25, we have

1 (nj)/(Bk) . (1)) (BR)=s; -+~5]+5; 4.1 ~~5; =1
1G] =< <—) PEEBNI AT () T .
J

By Lemma 5.26, for fixed s1,...,s, G is contained in one of at most cl”"""”

possibilities in € in this class, up to conjugacy. The result follows by Proposition 5.8.
(]

3.E.4. G isnotinclasses 3.E.1 or 3.E.2 or 3.E .3.

Proposition 5.32 The number rzA(Ff, F,i,
tions of FrC with image in class 3. E.4 is at most

n) of absolutely irreducible representa-

(r=1)(nj)/(Bk) ) ((n _
2oz (1)) /(B2 (l) peEC=Dnj (g ) LD
J
Proof As before, there are at most 2!082((2/)/ (Bk)? possibilities for sy, ..., s;. Fix one.

Then G < Nrp; j(5~]17pk/)(E(B))) L Sym(sy) v -2 Sym(sy), so
P

1\ )/ (Bk) S @)/ (BR)—1
Gl=(5) ey o

by Proposition 5.24. The result follows by Proposition 5.8. O

Proof of Theorem 5.22 Recall, for G in class 3.E, that cgg) > ¢4 > 4, and that
Alt(s;) € € for s; < 5. Since (co!)'/©0=1 > (2¢,)*, a calculation shows that the

bounds for 7} | (F2, F,i.n), ri o, (FE, F,j.n) and ri(FE, F ;. n) are at most

r=D(m)/(BO—1)

1\ =0/ (BR) L
) PEEC=DIH (o T (5.2)

plog ((n)/ (Bl <_
J
Also, it is clear that the upper bound for r5 Frﬁ, F_;, n) is less than the upper bound

forrT(FrC,]ij,n).

pj’
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We have shown that r*(FrQ, F_;,n) is at most

pjv

L . r=D@®/2-1)
2PC4(}”—1)H./+]+C,‘VI’!](CO!) - coril (5.3)

' (r=D®nj)/(Bk) L =D(@)/BR)=1)
L4 Z Slog; ((n)/(BK))? (l) pCEC=nitj (co!)”éi‘1 5.4

EeC J

so log(¢g) < 2% + 4%, where

m=Y Y HERD i, )

peP j.n=1 J

RIS —fz(p’jn’ 1) psni pr-1 g, ),

EeC peP j,n=1

fi(p,n, j)and fo(p,n, j) are the functions appearing in (5.3) and (5.4). Therefore,
a(G) is at most the maximum of the abscissae of X1 and ¥,. We have Sym(cp) € €,
with (absolutely irreducible) natural representation over [, of dimension ¢y — §(cp),
where §(cg) = 1 or 2 for odd or even cg, respectively. By Theorem 5.5, we have

a(FrQ) > (Co_g)(gq()%(r — 1) 4 1. On the other hand, the abscissa of X; is at most

ca(r—=1) +cir+ —21?(%;6(3!))((;111)) +2by Lemma 2.2. So when (cg!)!/(c0=D > 2catdei+2
a calculation shows that we have a(G) larger than the abscissa of ¥, and hence at
most that of X.

Foreach E € €, and eachn = ,B%cf), some /, we have

1\ @)/ (Bk) - )/ (BH—1
|NFL1Fj(ﬁ,IF,,k)(E)zSym(Co)2~~~zSym(Co)|=<7> A CONE R
P

by Proposition 5.24. So the sum

1
€0

Z ology ((n))/(Bk))? (l

)(rl)(nj)/(ﬂk) r=D((j)/(B)=1)
(nj)/(Bk)=1 /

ch(r—])anrj (coh) o1

is at most c62l°g2("6)2 INT Ly j(ﬂ,lek)(E) 2 Sym(co) ¢ - - - 2 Sym(co)|" "' p7 . 1t follows,

using the usual techniques, that the abscissa of X, is at most that of ¥ p, by summing
both over n for a fixed E and j, and then by summing over E and ;. O

In fact, we can do slightly better: for p a prime and » > 1 an integer, consider the
set Sj, , of all classical or alternating groups E € € with natural representation over
Fpk of dimension B, such that n = ﬂkcf), for some /. We define r;‘),(F,Q, F,, n) to be
the sum over S, , of
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INTL(p.E ) (E) 2 Sym(co) 2 -2 Sym(co) '™ p.

[ times

Corollary 5.33 The abscissa of convergence of Cre (s) is at most that of Xp =
Y pn ey (FE Fpn) p™ [PL(F ).

Proof 1t is enough to show that 3/ has the same abscissa as X p. Clearly X < Xp,
so one direction is trivial. We prove the converse.
For a fixed classical or alternating group E with natural representation over I« of

dimension B, and fixed / (so that nj = ,Bkcé), the contribution to X p is

INTLy (8. 1) (E) 2 Sym(co) 2-- 2 Sym(co)|”~ pi
P

. PP TNE )
jiilk /
-1 - ! L_
<2 ) INrLg 5.5 (E) 2 Sym(co) 2 -+ -2 Sym(co)| ™! p=Pheo (pPreot)
p
Jiilk

S ! -
< 2kINTL(pF ) (E) 2 Sym(co) v+ 2 Sym(co)|"™ " p~*F0(pPrah,

which is at most 2k times the contribution of this fixed £ and [ to ¥ /. Summing over
E and [, Lemma 4.2 now gives the result. |
log, (co!) . .
Let c¢,space be the supremum of cg + ﬂk(’éo_l) over all classical and alternating
groups E € €. For a constant K, let cg time, x be the supremum of cg over all classical
and alternating groups E such that pk > K, and let c¢ time = Infx (C¢ time, & ); clearly
Ce time < CC time,K < C¢,space fOr any K.

Theorem 5.34 c¢ gpuce(r — 1) +1 < a(Fr¢) < max(ce space(r — 1) + 1, c¢ time(r —
1) +2).

Proof The lower bound follows from Corollary 5.7 by taking, for all ¢ > 0, § =
. log , (co!)
NFLJF,,(mek)(E) forsome E € € with CE+—ﬁ(;€g(’;OC,01) > cg space—&-and T = Sym(cp).
The number of groups E contributing to ri‘)(Fr@, [F,;, n) is at most 7n?: there are
at most n choices for each of 8 and k, and then at most 7 choices of classical or
alternating group. So r,(FE, F ;. n) < Tn? peeaspecr=Dnit,

To prove the upper bound, we may split our sum into the sum

Z I’E(Frc,ij, n) —njs pn/ —1
. ] _
p,j.nipi>K J p !
and finitely many sums of the form
(s . j
Zr;_k)(Fr ,ij,n) _njspn'j—l
J p =1

n
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with p/ fixed. Each of the sums with p/ fixed converges for s > c¢ space (r — 1) + 1.

1 ! .
On the other hand, ﬂ(;(‘(’](’ééi)l)) — 0as pX — o00. So forall ¢ > 0, we can pick K large

enough that for p¥ > K, we have 7} (F, F,i.n) < Tn? plectime+e)=Dnj+j Since
¢ is arbitrary, we get the result by Lemmas 2.2 and 4.2. O

As examples, we will now calculate the abscissa in more detail for two specific
NE-formations. Let €;;(¢,) be the NE-formation generated by the cyclic groups of
prime order and the alternating groups of degree < co; let €5 (., be the NE-formation
generated by the class of groups defined in [2]: that is, all the simple groups in € 4/4(¢)
all exceptional groups of Lie type, all non-abelian simple groups of order at most ¢,
and all classical simple groups whose natural representation has dimension at most
co. None of the calculations below would be affected if we followed [34, Window:
Permutation groups, Section 2] in also including all the sporadic simple groups (this is
not done in [2] only because the classification of finite simple groups was incomplete
when the paper was written), so our results also hold in this case.

5.9.3 Cait(co)
Let §(cp) = 1 or 2 for odd or even cq, respectively.
Theorem 5.35 Suppose that co > Cy. For any r > 2,

a(FQ:AIt(cO) _ o 10g2(60!)
! (co — 8(co))(co — 1)

r—1+1.

Proof Recall that, for E alternating, of degree > 5, that ¢ £, pk> OVer all fields ]Fpk,

is maximised when pk = 2. In this case, we have |NFL]FP(,B>IFPI\')(E)| = ¢o!, and
B = co — 8(cp). So co! = 2641 €= 4pq CAli(ey) = izg_z;fg;))

In fact, % is also maximised in this case, giving ?Egczo(iol!)) .So cg,, (cg)-SPace =
WPy (G5 + TR = &t T @R eNG=D = o)

On the other hand, the same proof shows that for p* > K large, ¢ Epk = logk (o)1

co—2
So C& (g time = m+2’ and hence, for any » > 2,
C Alr(e lo !
a(FSrey o cologpled o
(co — 8(co))(co— 1)
This is also the lower bound for a(F,QA“(CO) ) given by Theorem 5.34. O

e o log, (co!)

Stirling’s approximation shows that =535 ~ log;(co) as co — 0.
Remark 5.36 In fact, this approach can be used to show that we could modify the
definition of X p/ to consider, in the contributions of alternating groups to the sum,
only their natural representations over [F, and the statement of Corollary 5.33 would
still hold.
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5.9.4 €3

(co—1) log(k [T;2, (1— P_'k))+log(co')
co(co— l)log(Pk)

For a prime power p*, define p (p¥) =

Cx(q
Theorem 5.37 Suppose that co > Co. For any r > 2, a(F, B 0)) =(co+ pR2))(r —

log(c)) 3 log(co)
1) + 1. Moreover, @—Dlog® — colog® < p(2) < (co—D)log(2)"

Proof By hypothesis, for any prime power p* and any classical or alternating E €
Cs(cy) defined over F ks E has natural representation of dimension 8, some f <
co. Since G L(cg, ]Fpk) € Cx(q), it is straightforward to show that, for any prime

(see [28, Table 2.1.C]). We calculate

CSL(CO,]Fpk ycok

CSL(co.F 1) Bk
power p*, [NrLg, g8 0 (E) < p "
. As pF — o0, cpp —

2 y _;
ITLg, (co. Fp)| = kpo* [T, (1 — p~*) =
10gp(\NrL]Fp(ﬁ.JFpk)(E)\) log, (co!)

€0, SO Cey () time = €O Similarly, we see that iz + ﬁk(co n i i

maximised, for each pk, by B =copand E = SL(cyp, F pk), SO Cey () space is given by
log, (co!)
Sup (CSL(co,Fpk) + Wofl)) = ¢ + Sup p(p*).

. rH(EEF j.n) i
We split the sum Zp in D i plT s 1/’)}_1 as follows. For any ¢ > 0, set K

large enough that p (p¥) < ¢ for p/ > K.Foreach p/ < K, ¥, (pf) is the sum over n
of terms with p/ fixed. X5 is the sum over p, j, n of terms with p/ > K and n > ¢.
For each n < ¢y, ¥3(n) is the sum over p, j such that p/ > K, with n fixed. This

r5(FEF i.n) .
i D rj pl - pnis ’;, - into finitely many parts.

Each X (pj) converges for s > CQ:E(CO)’Space(I" —D+1=(co+ Sup ,o(pk))(r -
1)+ 1.
Next, £, < Y

same abscissa of convergence as »_

partitions the terms of )

p,j,n:pfzK,ano 7n2210g2(nj)2p((CO+S)(r_1)+1_S)nj. ThiS has the

p.J.n:pi=K.n>co p~"™, by Lemma 4.2, for s =
pftcoj
PP/ =K 1=p=1i
> piipi=K p~'eJ where the implicit constant depends only on ¢; the latter sum
converges when ¢ > 1/cy.
Finally, for each n < co, |I'Ly, (n, p/)| < p+eni - As before, we get that X3(n)
has the same abscissa of convergence as Zp jipi=K pl+e)r=D+1=9nj '\which con-

verges whens > (n+e¢)(r—1)+141/n,and thisboundis < (co+¢)(r—1)+1+4+1/cp.

Since ¢ was arbitrary, to show a(FVQMO)) < (co + sup (PN — 1) + 1, it
remains to show that (co + sup (PN — 1) +1 > co(r — 1) + 14+ 1/cg, or
equivalently that sup p(p*)(r —1) > 1/co. We first find a bound for log([ (", (1 —

271) > Z;’il log(1 — 27%). We can write log(1 — 27) as a Taylor series to get

(co + &)@ — 1) + 1 4 r. Summing over n first, we get

Y2, log(l — 2_i) =—Y2, >, 2%” Changing the order of summation, we get
2—“ 2 1
D IRSD B X = T i e > Lt g = —2.50

the whole sum is absolutely convergent, and we conclude log(l—[izl(l —271) >
—2. Moreover, log(co!) > co(log(co) — 1) by Stirling’s approximation, so p(2) >
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log(co)—1 2 log(co) 3 3
Co-Dlog® — colog® = To—Dlog® — colog®" Therefore, because ¢y > Cop > 2¢°,

the resuéft holds.
We wish to show that sup p(PH = p2) <

log(co) .
(co—1)log(2)”
shown the lower bound for p(2). For each p*, we have the upper bound p(p¥) <

log(k)+log(co)) log(k)+log(co) ; k<

CO(CO_I)IO%(p,glg)T ((CO_)l)IO%(pf).) S;nce co > Cy >1 8(, a)calculatlon shows, for p* > 3,
k og(k)+log(co og(co)— og(co

P(PY) < o Dioerh < wlog® < PP < G hiogd-

A .
Finally, for the lower bound on a(F; A 0)), (co + p(2))(r — 1) + 1 is given by
Theorem 5.34. O

we have already

The reader may generate their own examples, but we mention the following gener-
alisation of the previous two theorems, which follows from essentially the same proof
without any additional work, as the reader may verify. Suppose, for each of the types
Ay, By, C4, Dg,? Ay, Dy of classical groups (where d denotes the Lie rank), we pick
some non-negative integers d4, dp, dp, dp, do A)» d(z p)- Let ¢ be the NE-formation
generated by some subset of the cyclic groups of prime order including C; and C3,
some subset of the sporadic groups, some subset of the exceptional groups of Lie
type, some subset of the alternating groups of degree < ¢y including Alt(cgp), some
subset of the classical groups of type A;(q) (if d4 > 0) over all d < d4 and all
prime powers ¢ including A, (2), and similarly for the other classical groups (for the
Steinberg groups 2Ad(2A) (¢%) and ZDd(zD) (g?), we assume 2Ad(2A) (4) and 2Dd(20> @
are in €). Including C3 ensures that the normalisers of the Steinberg groups in € in
the corresponding general linear groups over [F4 are also in €; including C» ensures
Sym(cg) € €. C; and C3 also ensure that Theorem 5.5 applies.

Theorem 5.38 Suppose co > Cy. Foranyr > 2, a(FrG) = c¢ space(r —1) + 1, where

log, (co!) . n log, (co!)
(co—8(coN(co— 1) 4@ T @y ¥ Do — 1)

C¢ space = MaX | CAlt(cy) T+

log, (co!) log, (co!) log, (co!)
b5 ¥ Gy 1 Do =D @ T e =1 L@ T ddpico— 1)
log, (co!) log, (co!)

ce + ,C2 + 1.
iz @ T 2(dpgy + Dico— D" Phen) 7 ddop(co— 1)

Note that analogous results can still be proved without the assumption that Az, (2),
etc., are in €, but in this case the constant Co may have to be increased, as a function
of the smallest pk such that Ay, ( pk), etc., are in €. By contrast, Cp does not depend
on d4, etc.

Up to error terms which tend to 0 as ¢ — o0, the values given in [28, Table 5.1.A,
Table 5.4.C] show that Chqy(q) = day + 1; CByy(q) = dp +1/Q2dp + 1); CCyelq) =
dc+1/24+1/Q2dc); CDyp(q) = dp —1/2+1/(22n); c(zAd(zA))(qz) =doyy/2+1/2;

ey, )g» = dep)/2 = 1/4+1/@n).
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6 Groups with arbitrary abscissae

In this section we will prove Theorem E. In passing we mention that similar results
for other types of zeta functions have been obtained by Kassabov [27] and Klopsch-
Piccolo (unpublished).

For n a positive integer, let w(n) < log,(n) denote the number of prime factors of
n with repetitions (for example, 7 (2F) = k). In particular, we set (1) = 0.

Theorem 6.1 Let G, = ]_[p>3 SL(2, p)U’aJ, for any real « > 0. Then ¢g,(s) has
abscissa of convergence o /2 + 1.

Proof of Theorem E Let p > 3 be a prime. We first list a few general facts about the
representations of SL(2, p) that we will use. Since p > 3, the group PSL(2, p) is
simple. It is known that (see [20, Section 8]) SL(2, p) has exactly one absolutely
irreducible representation in each dimension d € {1, ..., p}, over the field F i for all
j.Let g # p be a prime. The group SL(2, p) has non-trivial absolutely irreducible
representations over ]Fq_,- only in dimensions > (p — 1)/2 by [28, Theorem 5.3.9].
By the Wedderburn-Artin theorem, the number of non-trivial absolutely irreducible
representations of SL(2, p) over F; of dimensionn > (p — 1)/2 is at most

ISLQ2, p)l/n* <4(p> = p)/(p—D* =4p+8+8/(p—1) <4p +10. (6.1)

Now fix @ > 0 and denote G = G,. We will split the proof into two parts: showing
that a(G) < «/2 + 1 and showing that a(G) > o/2 + 1.

We start by fixing a finite field F ;, g prime, and count absolutely irreducible
representations in dimension n. All copies of SL(2, p) with p # g and p > 2n + 1
must act trivially.

By [15] (see also [28, Lemma 5.5.5]), we may write an n-dimensional absolutely
irreducible representation of G as a tensor product of one absolutely irreducible m-
dimensional representation of SL(2, ¢)14“ and one absolutely irreducible 1 /m-dim-
ensional representation of H = [ SL(2, p) LP*] | where the product of H ranges over
the primes p such that p < 2n/m + 1 and p # 2,3, q. For the case ¢ < 3, we
simply assume m = 1. As an upper bound for r*(H, F,;, n/m), note that any such
representation must be a tensor product of at most log, (n/m) non-trivial absolutely
irreducible representations of one of the special linear groups in H. Additionally, the
number of SL-factors appearing in H is at most

DTl = @nfm+ 1T

p<2n/m+1

and by (6.1) each factor has at most 4(2n/m + 1) + 10 < 8n/m + 14 non-trivial
absolutely irreducible representations. This gives the upper bound

r*(H,Fyi.n/m) < (@n/m + 1D 8n/m + 14))080/m = 20uogn/m?),

qjv

where the implied constant depends only on «.
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Now we estimate r*(SL(2, g) la*) ]Fq i, m) similarly: any such representation must
be a tensor product of non-trivial absolutely irreducible representations of the SL(2, g)
factors, of which there are | g |, each with at most one absolutely irreducible represen-
tation in each dimension. Thus r*(SL(2, q) lg®1 ]Fq i, m) is bounded by the number of
possible distributions of the 7z (/) prime factors of m to the [g*] copies of SL(2, q).

This gives the upper bound r*(SL(2, ¢)'4*!, F,i.m) < qemm,

In total, summing over m, we have r*(G, ]Fq_/, n) = q“”(”)QO“ (IOgZ(”)Z).
Putting all this together, we get the upper bound

om(n)20 (logy (1)?) g —1

logéa)) =y > 2 T

gePn,jeN

For a fixed k = nj, because g > 2, we have 2”/{:11 < % < q"j_qu—l < 2g% 1.
So replacing nj with k, we find the upper bound

) Z Z 20 (log; (K)%) gomR+HI=)k=1
qeP k

which converges when am (k) + (1 — s)k < —8k for some § > 0, or equivalently
when am(k) + (1 — s)k < O for all integers k > 1. Indeed, summing over k,
3 20ul0gy (0% g =1=8k — 0 (g=1=%" /(1 — g=%")) for any 0 < &' < 8, for an implied
constant independent of g, so the sum converges by the integral test.

In particular, it converges when s > o max{w(k)/k | k € N} + 1. Using w (k) <
log, (k), it is easy to check that a(log, (k) /k) + 1 attains its upper bound «¢/2 4 1 for
k =2 and k = 4, and is otherwise smaller. We conclude that a(G) < «/2 + 1.

To show that a(G) > «/2 + 1, we count representations of dimension 2 over fields
of prime order. Here we have log({g)(s) > Zq>5 Lq"‘Jq‘“(q + 1). For large ¢,

lg*] = (1—¢)g® forany ¢ > 0, so this sum is at least (1 —¢) Z °‘+1_2S+q"‘_zs
which diverges when o + 1 — 25 > —1, or equivalently When s < a/2+1.So
a(G) > a/2+ 1. O

7 Finite extensions with large Weil abscissae

Here we will construct examples of groups G that are split extensions of a finite index
normal subgroup H such that a(G) > a(H). We will use a product of groups of Lie
type, acted on by the cyclic groups C s of order f via Frobenius automorphisms.

Theorem 7.1 Let f > 5 be a prime and let G = ]—[pep,p>3 SL(2, pf)Pf. Let the
cyclic group Cy act diagonally on G by Frobenius automorphisms on the factors.
Then

f—l

a(G) = 47

< <a(G xCy).

l\.)lb-)
NSRS
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Note that a(G x Cr) —a(G) = (1 — £~1)/4, that is, one quarter of the maximum
increase predicted by Proposition 4.3 (see also Remark 4.5) as f tends to infinity.

Proof We copy the proof of Theorem E to show convergence. In characteristic ¢ # p,
the group SL(2, p/) has non-trivial absolutely irreducible representations only in
dimensions > (pf —1)/2 when p > 3 by [28, Theorem 5.3.9], and the number of such
representations over Fq,- of dimension n > (pf — 1)/2is at most | SL(2, p/)|/n? <
4> = ph/(p! = 1)? =4pl +8+8/(p/ —1) <4p/ +9.

Now we consider characteristic p. The splitting field for SL(2, p/) is F »r by [28,
Proposition 5.4.4], and we consider first the irreducible representations over a field
pr,-/ . We can use [28, Theorem 5.4.5] to see that r*(SL(2, pf), ]prjr , n) is the number
of ways of writing n as an ordered product of f numbers between 1 and p. From this
description, we have r*(SL(2, p/), F i, n) = F7®  where as before 7 (n) is the
number of prime factors of n.

On the other hand, consider [F i with j coprime to f. By [28, Proposition 5.4.6],
and the description of the absolutely irreducible representations of SL(2, p) in [20,
Section 8] (compare with the proof of Theorem E), there is one absolutely irreducible
representation of SL(2, pf) in each of dimensions 11,2/, ..., pf, and no others.

Now we can apply these upper bounds to count absolutely irreducible representa-
tions for the whole of G. Fix afinite field[F ;, ¢ prime, and count absolutely irreducible
representations in dimension 7.

As for Theorem E, we write such a representation as a tensor product of two

pf.

qj9

absolutely irreducible representations, one of SL(2, qf )qf of dimension m and one
- of . .

of H = npfszn/m_,’_l’p#z:”q SL(2, p/)P" of dimension n/m; when ¢ = 2 or 3, we

simply assume m = 1. We see that H contains pr§2n/m+1,p;t2,3,q pf < @n/m +

1)(n/m + 1) special linear direct factors, each with at most 8n/m + 13 absolutely

irreducible representations in any dimension < n/m; we conclude that

FECHLF; n/m) < (2n/m + 1)(n/m + 1)(8n/m + 13))l0g20e/m) _ pOloga(n/m)?),

q] b
When j is coprime to f, as for Theorem E, we get r*(SL(2, qf)qf, IFq_,-, lf) <

(qf)”(l); meanwhile r*(SL(2, qf)qf, g7, m) = 0 for other values of m.
When j = fj’ for an integer j’, each SL(2,¢/) has at most f™" abso-
lutely irreducible representations over IF ot in dimension m, giving the upper bound

!
r*(SL2, /)1 F 1y, m) < (qf )T,
We now split log({g) = X1 + X5 into two sums, and consider the convergence of
each separately, where

00 .
¥ = Z Z Z r*(G, .q/, n)q_mj|Pn_l(qu)|,

geP n=1 jiged(j, f)=1 J

oo o i’
5 — Z Z Z r*(G, f]f] 1) —xnfj’|Pn—1(F )|
2= _f]/ q gli 1

geP n=l1j'=1
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First we deal with X1. Write n = m(n/m) as above. We may assume m has the form
17. We consider separately the case where [ = 1: the reader may verify it converges
for all s > 1. So we need only check convergence for

S IDIND P P

q€P jiged(j, f)=11=21'=1

(G, F 11)

q” 1 j il 11
TP E DI

where we write n as [/1’. The approximations above give

IES Y Zi20(log2<l’>2>qfn(l>q<1—s)lfl’j—1.

qeP ged(j.q) [=2 I'=1

Now we sum over all /, I’ and j such that [/’ j = k to get

2
2 < Z Z 20 (log; (k) )qn(k)+(1—s)k—l

qeP k>2f

(because k > [/ > 2/)—which, as for Theorem E, converges when 7w (k)+(1—s)k <0
forall k > 27, or equivalently (using 7 (k) < log, (k)) when s > max.,s (7w (k)/k)+
1=1+f/2/.

Now we will deal with X;. From the bounds above, we get r*(G, JFq fran) <

20002 (4 f £y and we conclude

o0
2 . _ il g
¥ < 2 : Z 20oga (M) o fr(m+A=s)nfj’=f
qgePn,j'=1

Replacing nj” with k as in the proof of Theorem E, by the arguments above, this
converges for s such that f(w (k) + (1 — s)k — 1) < —1 for all k, which holds when
s >m(k)/k=(f =D/(fk)+ 1.

This function has a maximum when k = 4, so ¥, converges whens > 3/2 — (f —
1)/(4f). For all primes f > 5, we find

SO U AR

2 4f

<

\SRNON]

We obtain a corresponding lower bound by looking at representations of dimension
4. We have r*(G, IE‘qf, 4) > qu forg > 5, so

LA f 1 5—-4s)f
q —4fsq q
loge)w) 2 Y0 T 2 Y T
qeP qeP

which diverges when (5—4s) f > —1, or equivalently whens < 3/2—(f —1)/(4f).
Therefore a(G) = 3/2 — (f — 1)/(4f).
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On the other hand, when we extend G by C; acting diagonally by Frobenius
automorphisms on each SL(2, p/), each SL(2, p/) x C + has an absolutely irre-
ducible representation of dimension 2f over F,. So we get log({cxc f)(s) >

2 o
> gl q=2fs "q_ll > quf’zf”zf’l, which diverges when 3f — 2fs > 0, or
equivalently s < 3/2. O

8 Weil zeta functions of finite groups
In this section we prove Theorem F.

Proof of Theorem F Since Q[G] is a semisimple Q-algebra, we may write
r
QeGr=]]a
i=1

where A; is a simple QQ-algebra with centre K; = Z(A;). Let O; denote the ring of
algebraic integers in K. Putni2 = dimg; A;. Note thatdimg,; A; < dimg Q[G] = |G|
and so n; < +/|G]|. We have r = |Irr(G, Q)| and the rational irreducible representa-
tions of G correspond to the simple modules of the algebras A;. Let x; be the character
of the simple rational representation of Q[G], which factors through A;. Let m(x;)
denote the Schur index. Then x; (1) = n;m(x;)[K, : Ql;ie. n; = [KX,XEQ%

We say that a prime number p in unramified in Z[G], if the following hold

(i) p is unramified in K; foralli € {1,...,r},
(ii) for all i the algebra A; splits at all primes p of O; dividing p
(iii) Zp[G]is a maximal Zp-order in Q,[G].

The integral group ring Z[G] is a Z-order in Q[ G]. For almost all prime numbers p the
completion Z,[G] is a maximal Z ,-order in Q,[G]; this follows from the existence
of maximal orders and [42, (11.6)]. We deduce that almost all primes are unramified
in Z[G1]; see [39, (8.4)] and [42, (32.1)]. If p is unramified, then

QG =[] [ Mu (Kip)-

i=1plp

By [42, (17.3)] the maximal R-orders in M, (F) are conjugate to M,(R) if R is a
complete discrete valuation ring with quotient field F. In particular, we deduce for
unramified p that

ZplG1= [ [ M (Oip)

i=1plp
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and so

FplG1= [ T[] M (Oi/p).

i=1plp

Let N(p) = |O;/p| be the norm of the prime ideal p € ©; and write N (p) = p/®.
We recall that r* (M, (O; /p), Fpk, n) vanishes unless n = n; and k is a multiple of
f(p), in which case r* (M, (O; /p), [k, ni) = f(p). This allows us to calculate the
Weil representation zeta function of G up to ramified primes. The correction amounts
to multiplication of a finite number of factors of the form (1.3). We obtain

= *(Mn,(O /9), I )

tG(s) ~ Hexp >

i=l pcO; k=1

_ 1—[ exp Z Z kff(f;) —m,-k’f(P)|Pni—l(Fpk/f(p))|

pCO; k=1

- o 1 o o ,
=[] ]] e (Z NN ET Y e N+ 1))

k'=1

—Sn,'k“P;l’ll‘—l (Fpk)|

n;—1

—H [T 1=~ ]‘[c#”’(s>.

i=1pcO; j=0

It is a classical result of Hecke that the Dedekind zeta function ¢x of a number ﬁeld K
admits a meromorphlc extension to C with a simple pole at s = 1. The poles of g‘ "(s)
are thus 1 o %, ..., 1. The rational correction factors (1.3) satisfy a; < /|G| and thus

can have poles at non-negative rational numbers which are also bounded from above

by I — /|G|~ L. O

9 Virtually abelian groups

In this section we prove Theorem G.

Proof of Theorem G Let A < G be an abelian normal subgroup of finite index d =
|G : Alin G. Then every absolutely irreducible representation of G has dimension at
mostd. Foreveryn € {1, 2, ..., d} there is amoduli variety M, defined over IF, such
that the closed points M,, (I pk) are in bijective correspondence with the isomorphism
classes of absolutely irreducible representations of G over the field IF «; see e.g. [31,

Theorem 6.23]. Define V,, = M,, x P"*~!. Then
Va0 = r*(G.Fpe.n) - [P"1(F 0|
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hold for all k¥ € N. This implies that

d
(G.p(s) =Y Z(Vy,s)

n=1

where Z(V,,, s) denotes the local Hasse—Weil zeta function of V,,. The local Hasse—
Weil zeta function is a rational function in p~* by [14]. O

The following is probably well-known and it was communicated to the authors by
Alexander Moret6.

Lemma9.1 [ [38]] Let K be a field of characteristic p > 0. Then there exists a
real-valued function f such that if G is a finite group such that all irreducible repre-

sentations over K have dimension at most n, then G has a characteristic p-abelian
subgroup A such that |G : A| < f(n).

It follows that the groups to which the proof of Theorem G can be applied are
exactly the finitely generated virtually abelian groups. However, the class of UBERG
groups with rational local factors is larger; for instance, it contains the lamplighter
group (see Appendix A:). It would be interesting to have a description of the class of
groups for which the rationality result holds.
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Appendix A: Examples

In this section we will collect various examples of Weil representation zeta functions
that we have calculated. Some examples have appeared in this article; others can be
obtained by following the steps of Example A.5. Finally, we also calculate the Weil
representation zeta functions for the lamplighter groups C» @ Z and C3 @ Z. In this
section ¢ (s) will denote the Riemann zeta function.

A.1 Abelian groups
Since one-dimensional representations are always absolutely irreducible, {g can be

easily calculated for abelian groups by counting homomorphisms into ]F{;< for every
q.
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Example A.1 [C, cyclic group]

1
te, =c-TT T ( X(‘”) —C(s)~§Q(n)(s)-<l—F)

x<Fy

where 1 denotes a primitive pth root of unity.

It is instructive to compare this with Theorem F and its proof in Sect. 8. The cyclic
group C, has exactly two irreducible rational representations: the trivial representation
and a representation of dimension p — 1 (multiplication with n on Q(#)). This gives
the decomposition Q[C,] = Q x Q(n) and in fact, (after inverting the prime p) one
has Z[1/pllCp] = Z[1/p] x Z[1/p, n].

Example A.2 [Z" free abelian group] We have seen in Sect. 5.1 that

&) === 0.

i=0
A.2 Symmetric groups

In Theorem F we gave a formula for the zeta function of a finite group up to rational
factors. An exact formula for g requires a concise understanding of the modular
representation theory of G. The modular representation theory of the symmetric group
S, is well-studied and the description of the absolutely irreducible representations of
S, as quotients S*/(S* N (S*)1) of the Specht modules S* given in [25, Theorem
4.9] can be used to compute an exact formula for g, for small values of n.

Example A.3 [S4 symmetric group]

k—1
£, (0) = ¢’ 27 [T JTa =37,

ke(2.3} j=0

We can also give a more concise formula for the Weil representation zeta function
up to rational factors for primes below n. Given two meromorphic functions f, g on
C we write f ~, g if there is a rational function 4 in {p™ | p < n, p prime} such
that fh = g.

Example A.4 [S,, symmetric group] Let n > 2 be an integer. Then
x(H—1
i)~ [T I ctxs— .

x €lrr(S,,C) j=0

It follows from Theorem F that the Weil representation zeta function g, (s) has a pole
of order P(n) at s = 1, where P(n) denotes the number of partitions of .
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A.3 Virtually abelian groups

For virtually abelian groups {g can be calculating by inducing irreducible representa-
tions from an abelian normal subgroup. We explain this for Z : C. All the examples
of this section can be calculated in essentially the same way.

Example A.5 [Z : C, wreath product] Consider the group G = Z: Cy = 72 x Cs,
where C, swaps the two copies of Z. Then

(s =D ¢(29)6(2s —3)
()2 ¢2s—1E@2s—2)

Lmc, (s) ~

It is easy to see that G =~ Cy x Z. Therefore, if 2 1 ¢, r*(G, Fy, 1) =2(¢ — 1) and,
if2|q,r"(G,Fy, 1) =q— 1.

For degree two representations, consider two distinct one-dimensional irreducible
representations x1, x2 of Z over Iy, then the induced representation p(x1, x2) =
Ind(Z;Z( X1 ® x2) is an absolutely irreducible representation of G and the number of
such representations is %(q —1)(g —2) (the order of x1, x2 does not matter). However,
it is possible that the field of definition of the induced representation p is smaller than
IF, and this is actually one of the main difficulties that arise for virtually abelian groups.
In the case at hand, there could be a representation p : G — GL,(IF,;) such that | is
diagonalisable over ]qu, butnot over IF,. More precisely, given x1, x2: Z — IE‘qz, then
p(x1, x2) is defined over I, exactly if x; and x, are conjugate under Gal(]qu/Fq).
The number of representations of this type is %(q2 —¢q) and

| 1
(G, Fg,2) = 5(g = Dig —2)+ E(q2 - =q¢*—29+1;

we note that the factor % disappeared.
Calculating the Weil representation zeta function {g (s):

00 i 00 i i

2p7 =1 _; P =2pl+1

exp D pr g +pr 2(pl+ 1)
p#2 \j=I =1

2J

-1 . & 2%2—2.2/4+1 o
- p_sj+2f+)p_2“(2j+l)

oo
exp Z
j=1 j=1

_ (1 _ L) (1 B L)‘l (6= 2925 —3)
- 2! 2 £(9)?2  ¢@2s—1i@2s—2)

Example A.6 [ D, infinite dihedral group]

o L2s=2)
N T Ve e
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Example A.7 [Z : C3 wreath product]

L =17 ¢(Bs —3)¢(3s —2)
2(s)3 2(3s)

§ZZC3 (S) ~

Example A.8 [BS(1, —1) metabelian Baumslag-Solitar group]

s =12 (2% (25 —3)
£(s)2  ¢(2s— 1Z(2s —2)?

¢BS(1,—1)(8) ~

A.4 Two lamplighter groups

Let G be the lamplighter group C22Z. Let N = P, 5, C> denote the base of the wreath
product. We determine the number r*(G, F,, n) absolutely irreducible n-dimensional
representations of G over the finite field ;.

Proposition A.9 Let g be a prime power.

(i) If q is even, then all irreducible T ,-representations of G are 1-dimensional and
(G F ) =g~ 1.
(i) If q is odd, then

F
r*(G,Fg,n) = (q — 1)ﬂ
n
where F(n) =Y, 2 n(n/d).
Before we can prove the proposition, we study the function F'.

LemmaA.10 Letn € N. Then F(n) = Zd‘n Zdu(n/d) is the number of sequences in
(£1}2 which have stabilizer nZ under the Bernoulli shift action.

Proof For every divisor d of n let X(d) denote the subset of {£1}Z consisting of
sequences with stabilizer dZ under the shift action of Z. Define F(d) = |X(d)|; we
will show that this function satisfies the formula. The union (_J dn X (d) consists of
all sequences which are stabilized by nZ. Since the first n entries determine such a
sequence completely, we deduce

p - Z 1X(d)| = Z F(d). (A1)

dln d|n

The Mobius inversion formula implies that

Fn)=Y_2'un/d).

d|n

O
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Proof of Proposition A.9 Let V be an absolutely irreducible representation of G over
F,. If g is even, then V|y is trivial, since N is a 2-group and V|y is semisimple.
Every irreducible representation over [, factors through the infinite cyclic quotient.
In particular, the representations are 1-dimensional and r{(G, q¢) = ¢ — 1.

Assume that g is odd. Then V| decomposes as a sum of irreducible IF, [ N ]-modules.
We note that every irreducible N-module is absolutely irreducible, one dimensional
and of the form

xv((0i)iez) = 1_[ UU’

for some sequence v = (v;)icz € {£1}Z. As V| is finite dimensional and consists of
a single orbit of a representation y,, the sequence v needs to be periodic with some
period n. The representation factors through G, = @, ., nZ C> x Z. The central

subgroup nZ in G, acts with a character ¢ : nZ — F; and by Clifford Theory

V=Ind$, (0 ® ).

In particular, V has dimension n. Conversely, every irreducible representation is of this
form. A sequence v € {£1}% is periodic with period n exactly if x, has stabilizer nZ
in the infinite cyclic subgroup of G. By Lemma A.10, the number of such sequences
G is F(n). For every character ¢ : nZ — I, Indgxnz(xv ® ) is an absolutely
irreducible representation of G defined over IF,. Since the orbit of ), contains exactly
n elements, we obtain

F(n)

r’(G,q.,n)=(q—1)

Theorem A.11 Let G be the lamplighter group Co 2 Z.. Then
1—-27°% 1-2p—*
(12 ()
1 —21=s e} 1—2pl=s
The abscissa of convergence is a(G) = 2.
Proof For p = 2 the local zeta function is

10g ;G,Z(S) = log(l — 275‘) — log(l _ 2173‘)

using the same calculation as for the infinite cyclic group. Let p be an odd prime.
Then log &g, » (s) equals

X X x(G. pk S (pF = DF
ZZ rn( - )4 )pfskn”P)nfl(Fpk)l — Zzwp*ﬂ(ﬂPnfl(Fpk)'

n=1 k=1 n=1 k=1
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v xn (P =DF() _ gy e (P = DF() _,
= Y = R

n=1 k=1 m=1 n|m

00 00
" =1 _ (p" —D2" _
S D (S| = 3 D

m=1 nlm m=1

=log(1 —2p~*) —log(1 —2p'~%).
Note that we used (A.1) in the chain of equalities above. O

The calculation for the lamplighter group C3:Z is very similar, albeit more involved,
and here we only report the result of our calculation.

Theorem A.12 Let G be the lamplighter group C3 ¢ Z. Then

1 -3 1 1-3p—s I (1=3p~ )1+ p'™)

— 3= —3pl— — 3,22 gt
b= p=1mod 3 I=3p p=2mod 3 (1 =3p==)(A+p~)

{G(s) =
In particular, the abscissa of convergence of C3 Z is 2.

Appendix B: Comparing two zeta functions

What is the effect of using absolutely irreducible representations in the definition of the
zeta function? That is, UBERG can be measured in terms of the growth of irreducible
representations, instead of absolutely irreducible ones. What would happen if we
defined the Weil representation zeta function in those terms?

Let ng be the complex function defined by

(G, Fp/)

log(ng)(s) = Y Z

p prime n=1

p M PTE )L

i.e. just replacing r* with r in the definition of ¢¢.

Clearly ¢g(s) < ng(s) for real s, where they both converge. But in general, they
need not have the same abscissa of convergence. We omit the proof of the following
theorem for conciseness, as it follows the lines of the proof of Theorem E.

TheoremB.1 Let G = ]_[p prime >3 SL(Q2, p”)”p. Then ng has abscissa of conver-
gence > 3/2, while g has abscissa of convergence < 11/8.

As we saw in Sects. 8 and 9, for several groups we have a nice form for the Weil
representation zeta function, with properties like meromorphic continuation and ratio-
nality of local factors. In contrast, the next example illustrates that the zeta function
ng (s) defined via irreducible representations can be ‘wild” even for virtually abelian
groups.
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Example B.2 Let G = Z: C,. By repeating word for word the calculations in example
A.5 with all irreducible representations, we get

(s =D ¢@2s)  [¢@2s—3)
()2 ¢2s=2)\ Qs — 1)

nG(s) ~

As we can see, this function does not have rational local factors and its analytic
properties are more difficult to understand compared to the ones of {g (s).
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