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Abstract

A function that is analytic on a domain of C” is holonomic if it is the solution to a
holonomic system of linear homogeneous differential equations with polynomial coef-
ficients. We define and study the Bernstein—Sato polynomial of a holonomic function
on a smooth algebraic variety. We analyze the structure of certain sheaves of holo-
nomic functions, such as the algebraic functions along a hypersurface, determining
their direct sum decompositions into indecomposables, that further respect decompo-
sitions of Bernstein—Sato polynomials. When the space is endowed with the action of
a linear algebraic group G, we study the class of G-finite analytic functions, i.e. func-
tions that under the action of the Lie algebra of G generate a finite dimensional rational
G-module. These are automatically algebraic functions on a variety with a dense orbit.
When G is reductive, we give several representation-theoretic techniques toward the
determination of Bernstein—Sato polynomials of G-finite functions. We classify the
G-finite functions on all but one of the irreducible reduced prehomogeneous vec-
tor spaces, and compute the Bernstein—Sato polynomials for distinguished G-finite
functions. The results can be used to construct explicitly equivariant D-modules.

Mathematics Subject Classification Primary 14F10 - 14L30 - 13A50 - 11S90 - 16S32 -
32540

Introduction

The solution-space of an overdetermined (i.e. holonomic) system of algebraic linear
differential equations is finite dimensional. The solutions are special analytic functions,
that are also called holonomic. Conversely, given a holonomic function, it is a basic
problem to find a (especially the largest) corresponding holonomic system of algebraic
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linear differential equations that the function satisfies. This type of interplay between
analytic functions and algebraic D-modules is the starting point of the paper.

While being analytic by definition, holonomic functions carry finite representability
given solely through algebraic means, therefore suitable for various calculations (cf.
[45, 72]), and for algebro-geometric purposes in general. We call an analytic function
defined on a domain of a smooth algebraic variety X holonomic if it generates a
holonomic Dy -module. The basic property of such a holonomic Dy-module is that it
is Ox-torsionfree (or Weyl-closed), which is rather well-behaved (cf. Corollary 1.10),
while the process of taking Weyl closure being essentially just a localization problem
(cf. Theorem 1.8).

Locally, holonomic functions can be always viewed as holonomic on the affine
space through an étale coordinate transformation. Globally, they can be viewed as
(multivalued) functions away from an algebraic hypersurface in X. We define the
Bernstein—Sato polynomial of a holonomic function intrinsically (see Definition 1.15),
that depends on the holonomic function itself and the ambient smooth variety X. Its
existence goes back to the work of M. Kashiwara. This definition is natural as it also
generalizes the case of polynomials, and is inextricably linked to monodromy, being
useful in determining functions (and D-modules) of geometric origin via rationality
of roots (see Proposition 1.16 and Corollary 1.17). As always, Bernstein—Sato poly-
nomials are essential in understanding the D-module structure of localizations (see
Lemma 1.19) and the structure of V -filtrations [21, 39, 54].

In principle, such Bernstein—Sato polynomials are computable on an affine space
by methods based on (non-commutative) Grobner bases, e.g. implemented in the
computer algebra systems [6, 10]. Alternatively, they can also be computed through
analytic expansions of holonomic functions. The latter point of view is essential for
our calculations in Theorem 4.6, as the analogous computations based on algorithms
for D-modules failed to terminate in that case. Other analytic methods can be further
used for finding roots of Bernstein—Sato polynomials of holonomic functions (e.g.
Proposition 2.16).

In Sect. 1.3 we define various sheaves of holonomic functions that provide con-
venient ambient working objects. These are quasi-coherent Ox-algebras equipped
with a Dy-module and monodromy action, and are intrinsic in nature (see Proposi-
tion 1.24). An interesting case of holonomic functions are the algebraic functions, that
is, functions that (locally) satisfy a polynomial relation with coefficients in Oy. In par-
ticular, the sheaf of algebraic functions along a hypersurface is completely understood
(see Theorem 1.27) which, for instance, can be used for determining Bernstein—Sato
polynomials (cf. Proposition 1.28).

Starting from Sect. 2, we consider functions in an equivariant setting. We introduce
and study a class of functions called G-finite functions, that corresponds naturally to
the class of equivariant D-modules by Lemma 2.5. In Sect. 2.3 we consider G-finite
functions on binary forms that are built from roots of generic polynomials, which are
of fundamental importance as all algebraic functions can be obtained from them via
pullback. In Sect. 2.4, we provide a multiplicity-free criterion that is our main technique
for calculating Bernstein—Sato polynomials (of one or several variables) of G-finite
functions. It is based on the original ideas of M. Sato for computing b-functions of
semi-invariants for prehomogeneous vector spaces.

W Birkhauser



Holonomic functions and prehomogeneous spaces Page3of48 69

If the space X has a dense orbit (i.e. it is prehomogeneous), G-finite functions turn
out to be algebraic functions, and so the algebra of G-finite functions has a transpar-
ent structure (Corollary 3.2). We introduce the notion of witness representations (see
Sect. 3.2), that can be thought of the right generalization of semi-invariants (or relative
invariants) of prehomogeneous vector spaces: they satisfy the multiplicity-free con-
dition, their Bernstein—Sato polynomials are symmetric with respect to duality, they
detect the multiplicity of torsion-free simples in the composition series of torsion-free
equivariant modules, they allow constructing simple torsion-free equivariant mod-
ules through explicit presentations etc. We find witness representations via a mix of
representation theory and Bernstein—Sato polynomials, cf. Proposition 3.12.

In the last section, we provide a classification of G-finite functions, witness rep-
resentations, and their Bernstein—Sato polynomials for all but one of the irreducible
reduced prehomogeneous vector spaces (as in [61]). This is in analogy with the classi-
fication of b-functions of semi-invariants (see [23]) which has been completed based
on sophisticated microlocal techniques [62]. Further, we give a relation between
Bernstein—Sato polynomials of G-finite functions related under castling (cf. Theo-
rem 4.11), which can be used to extrapolate the results to infinitely many irreducible
prehomogeneous vector spaces.

Historically, semi-invariants on prehomogeneous vector spaces were the first class
of polynomials for which Bernstein—Sato polynomials were studied systematically.
As far as we are aware, the G-finite functions introduced in this work constitute the
first non-polynomial class of functions for which the same systematic study has been
undertaken. As we further demonstrate, much of the theory of prehomogeneous vector
spaces, that was initiated by M. Sato, can be extended naturally to G-finite functions.
Such extensions should be possible in other aspects of the theory as well (see [24]).

In the same spirit, we expect that many results on Bernstein—Sato polynomials have
extensions from the case of polynomials to various classes of holonomic functions.

Part of our motivation for these considerations comes from the problem of building
equivariant D-modules on representations with finitely many orbits in an explicit
manner (see Open Problem 3 in [42, Section 6] and Sect.2.3), as this can lead to
solving further complicated problems, e.g. determining local cohomology modules
and related invariants (see [30-32, 37, 50, 51]). One of the main ingredients in all
of these articles is the Bernstein—Sato polynomial of semi-invariants, since it gives a
filtration of localizations [36, Proposition 4.9], which is essential for understanding
the category of equivariant D-modules. The computations in Sect. 4.2 will be used for
this very same purpose in a subsequent work (see also Sect.4.1).

1 Holonomic functions and their Bernstein-Sato polynomials

Let X be a smooth, connected complex algebraic variety and X" the associated
complex manifold. We write Dy for the sheaf of algebraic differential operators on
X. We denote by Mod(Dy) (resp. mod(Dy)) the category of all Ox-quasi-coherent
(resp. Dy-coherent) Dy-modules. Throughout OF" denotes the sheaf of holomorphic
functions on X", and DY the sheaf of differential operators on X“* with holomorphic
coefficients. Recall that there is a faithfully exact analytification functor that sends an
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Ox-module (resp. Dy-module) M to a O'-module (resp. DY'-module) M*". We
say a subset 2 C X is a domain if it is a connected and open subset of X%" in the
complex analytic topology.

1.1 Weyl closure

We begin by establishing some basic terminology and listing several properties and
uses of Weyl closure. Our main contribution in this subsection is Theorem 1.8.

For a coherent D-module M, we denote by Char M C T*X the characteristic vari-
ety of M. The characteristic cycle CharC(M) is the sum of the irreducible components
of Char M counted with multiplicities. Let 7 : T*X — X denote the projection. We
define the singular locus of M to be

Sing M := 7 (Char M \ T§ X).

Itis easy to see that Sing M is a closed subvariety of X (cf. [3, Chapter 5, Proposition
4.4]). If the support Supp M of M is not X, then Supp M = Sing M. Let & be the
generic point of X. The rank of a D-module M is defined to be

rank M = dimp, , M.

In turn, rank M is the multiplicity of the zero section 7§ X in CharCM. Another
interpretation of rank is in terms of solutions. For a domain 2 C X with embedding
i:Q— X,let

Solg(M) := Homp, (M, if"OF") = Hompar ( T’S, ogh (1.1

denote the space of solutions to M (here we view i$"OZ" as a Dy-module). When
X is affine, then Solg(M) = Homp, (M, OF'(R)) and if M = Dy /T, the space
Solg (M) is identified with the space of analytic functions on 2 that are annihilated
by Z.

We begin with the following classical result (e.g. see [17, Section 4.3]).

Theorem 1.1 (Cauchy-Kowalevskii—Kashiwara) Let M be a coherent D-module and
Q C X\ Sing M be a simply-connected domain. We have

dim¢ Solg (M) = rank M.
We call a Dx-module M a (algebraic, integrable) connection on X, if it is locally
free of finite rank as an Ox-module. This is equivalent to Char M = TgX [17,
Proposition 2.2.5].

Let D C X be a union of (irreducible) hypersurfaces. Given a D-module M, we
denote by

M@*D) = j.j*M
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the Dx-module of the localization of M at D, where j : X\D — X denotes the open
embedding. We call M a (algebraic, integrable) meromorphic connection along D,
if M = j, N, where N\ is a connection on U. As can be easily seen, a holonomic
Dx-module M is a meromorphic connection along D if and only if Sing M C D and
M = M(xD).

Given a Dy-module M, its Ox-torsion subsheaf is the sheaf generated by all the
torsion sections of M. It is again a Dx-module. Next, we introduce some terminology,
following [64].

Definition 1.2 Let M be a Dy-module. We define the Weyl closure MY of M to
be the quotient of M by its torsion subsheaf. When Z C Dy is an ideal, the ideal
I :=Dx N (Ox - 1) in Dy is called the Weyl closure of 7.

Note that when M = Dcn /Z, we have MY = Dcn/Z¥ — in fact, it is known
that any holonomic D¢»-module is cyclic. Further, an algorithm for computing Weyl
closure in this case is implemented in Macaulay2 [10] and Singular [6] (see [1, 33,
67]).

We have M = MY if and only if M is a torsion-free O x-module. The correspond-
ing ideals are sometimes called Weyl-closed in the literature. Weyl closure satisfies
the following universal property. If f : A' — M is a map of D-modules, and M is
Ox-torsion-free, then f factors through N'* as the composition N” — A% — M.

Clearly, rank M = rank M™, and M™ can be characterized as the smallest quotient
of M with this property (when rank M < 00).

The following is a consequence of the fact that if M has finite rank then the support
of the torsion submodule of M is contained in Sing M.

Lemma 1.3 Let M be a coherent D-module with finite rank and Z any closed subset
of X with Sing M € Z C X. Denote by j : X \ Z — X the open embedding and
consider the exact sequence of D-modules

0 Tz(M) = M % j " (M) B 1L M) — 0.

Then M"Y Zima = ker 8 = M/ z(M).

By a result of Kashiwara, finite rank of M implies holonomicity of j, j* M above
(see also [17, Theorem 3.2.3]). Hence, we have the following result.

Lemma 1.4 If M is a coherent D-module, then rank M is finite if and only if M"Y is
holonomic.

Among others, the importance of Weyl closure comes from finding annihilators
of functions (e.g. see Lemma 3.10). When X is affine, given an ideal Z C Dy and
h € Solq(Z), clearly 7% C Ann(h). It is natural to investigate the case when equality
holds.

Lemma 1.5 Let X be affine and M = Dx/I. If Q C X is a domain such that
dim Solq (Z) = rank M is finite, then I = Ann(Solq(Z)). Moreover, Ann(h) = IV
for any non-zero h € Solq(Z) if and only if (D(M™))¥ is a simple Dx-module.
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Proof The first part is immediate (see [67, Proposition 2.1.9]). Next, take any non-zero
h € Solq(Z). We have an exact sequence of the form

0—> K —> M"Y — Dx/Ann(h) — 0.

Clearly, rank K < rank M, and Z¥ = Ann(h) if and only if K = 0. By Lemma 1.4
M™ is holonomic. But M™ has no non-zero submodules with smaller rank if and only
if the holonomic dual D(M™) has no non-zero submodules of smaller rank. The latter
happens if and only if (D(M™))¥ has no non-trivial submodules. O

Monodromy can be used to decide the irreducibility of D-modules as follows.

Lemma 1.6 Let M be a holonomic D-module with rank M € Z-, and denote by
p 1 (X\ Sing M) — GLapx M (C) the corresponding monodromy representation.
Then the following statements hold:

(a) Assume that the representation p is irreducible. Then M is a simple D-module if
and only if both M and its dual DM are O -torsion-free.

(b) Conversely, assume that M is a regular holonomic simple D-module. Then p is
irreducible.

(c) Assume that M is Ox-torsion-free. If p is indecomposable, then so is M.

The case rank M = 1 in part (a) gives a criterion to verify in a computable way
the irreducibility of a Dcr-module, e.g. used in the proof of [2, Proposition 3.6]. We
have the following (compare with [3, Proposition 4.8.16]).

Lemma 1.7 Let M be a coherent Dx-module. Then M is a connection if and only if
it is Ox-torsion-free and dim Solg(M) = rank M < oo for any simply connected
domain Q C X.

Proof If M is a connection, it is Ox-torsion-free with Sing M = ¢ and all solutions
can be extended to any simply-connected domain by Theorem 1.1.

Now for the other direction, let M be Oyx-torsion-free with dim Solg(M) =
rank M < oo for all simply-connected domains €2. Assume by contradiction that
Sing M is not empty, and take a simply-connected 2 with Sing M N ©Q # @. Since
O is flat over Oy, the module ./\/lfg is also O -torsion-free. Moreover, MT‘S is not
an analytic connection as Char (M%") = (Char M)“"*, and by assumption it has a basis
of rank M solutions on €. Such a basis yields a map M{5 — (Og”)@rankM with
kernel K satisfying rank K = 0. Since Mg is Og'-torsion-free, we obtain K = 0.
But this implies that MT‘S’; is an analytic connection, a contradiction. Hence, M is an
(algebraic) connection. O

The following is a basic structural result on the effects of Weyl closure.

Theorem 1.8 Let M be coherent Dx-module of finite rank. Put Sing M = D | C,
where D is a hypersurface and codimy C > 2, and let j : X \ SingM — X
be the open embedding. Then j,j*(M) is a meromorphic connection along D and
Sing M™ C D. Furthermore, if M(xD) is holonomic then have a decomposition of
Dx-modules

M(xD) = Tc(MD)) & jij* (M).
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Proof Put U’ = X\ SingMand U = X\D,andlet j; : U — U and j, : U — X be
the open embeddings. We first show that the holonomic Dy-module N := ji, j* M is
a connection by using Lemma 1.7. Take any simply-connected domain  C U. Since
codimy C > 2, the open Q2 \ (2 N C) is also simply-connected. By Theorem 1.1 we
have dim Solg\ (@nc) (N) = rank V. Again, due to codimyx C > 2, any holomorphic
function on 2N C can be extended to 2 by Hartogs” Theorem. Hence, by Lemma 1.7
we obtain that A is a connection on U, and further that j, j*(M) a meromorphic
connection along D. Since M"Y C j, j*(M), we obtain Sing M* C D.

Now assume that M (xD) is holonomic and consider the following exact sequence
of holonomic Dy -modules

0—>Te(GM) > M- N —0,

where C’ = C \ D. Here the last map is surjective, as N — (j5M) is the zero
map, since N\ is a connection. It is enough to show that the sequence above splits, since
from this the claim follows by applying jo.. Using holonomic duality D it is enough to
prove that for any simple holonomic Dy -module S with codimy Supp S > 2 and any
connection Q on U, we have Ext! (S, Q) = 0. Assume that there is an exact sequence
of the form

0> Q—-E&—-S—0. (1.2)

Then Z := Sing & = Supp S is non-empty. Applying I'z to the sequence (1.2), we get
an injective map I'z€ — S. Assume by contradition that this map is not surjective.
Then I'z€ = 0, which shows that £ is Op-torsion-free. As we showed for A in
the first half of the proof, this implies that £ is a connection, a contradiction. Hence,
S =T2& C & splits the sequence (1.2). O

Remark 1.9 The result above implies that Weyl closure M™ of a holonomic module
M can be computed as the image of the composition M — M(xD) — j,j*M,
passing first through the localization map at D and then the idempotent endomor-
phism corresponding to the projection onto the second factor of the decomposition in
Theorem 1.8.

The following is a consequence of Lemma 1.7 and Theorem 1.8.

Corollary 1.10 A holonomic D-module M is Ox-torsion-free if and only if it is a
submodule of a meromorphic connection. In this case Sing M is a hypersurface, and
Sfor any domain Q C X with Q N Sing M # ¢ we have dim Solg (M) < rank M.

Note that even if 4 is an entire function on X, the locus Sing Dxh can still be
non-empty with Dxh being irregular holonomic (e.g. & = sin(x)/x, see also [2]). We
conclude the section with a useful fact on characteristic cycles [9, Theorem 3.2] (see
also [14, Lemma 5.6]).

Lemma 1.11 Let M be an Ox-torsion-free regular holonomic module, and put D =
Sing M. Then

CharC (M (D)) = rank M - CharC (Ox (xD)) .
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1.2 Holonomic functions

After a brief introduction and discussion on holonomic functions, the goal of this
subsection is to define and give some basic results on their Bernstein—Sato polynomials.

Definition 1.12 Let Q@ C X be adomain and & € Of"(2). We say that & is holonomic
if Dx - h is a holonomic Dx-module.

Clearly, Dxh is Ox-torsion-free, and Dxh = Dyx/ Ann(h), where Ann(h) C Dy
denotes the ideal of differential operators that annihilate .

Remark 1.13 Conversely, when X is affine then any holonomic Ox-torsion-free D-
module M can be written as the quotient of Dy by the annihilating ideal of a k-tuple
of functions, for some k < min{rank M, [(M)}, where (M) denotes the D-module
length of M. The fact that k can be chosen so that k < rank M follows from the first
part of Lemma 1.5, while k£ < I[(M) follows by an easy induction on /(M).

Holonomic functions satisfy pleasant (computable) closure properties [22, 72].
For example, holonomic functions on a domain form an algebra that is also a D-
module. Pulling back holonomic functions along algebraic morphisms give holonomic
functions. In fact, compositions of algebraic functions with holonomic functions are
also holonomic. The geometric argument for this can be sketched as follows. Suppose

we have a map C" — C” that is given by algebraic functions ay, ..., a,, each
satisfying a polynomial equation py, ..., p, with coefficients in C[xy, ..., x,]. Let
Z be the (reduced) subvariety of C" " given by the vanishing of p; (x1, ..., X, yi) €
Clxt, . s Xm,> Y1, - -5 yul, withi =1, ..., n. Let U be the smooth locus of Z (away

from the discriminantal locus). We have a diagram (with p; being étale)

U c crtr
7 \”i (1.3)

Cn‘l (Cl’l
If a Dcr-module M has h(y1, .. ., y,) as a solution on some domain, then p1, p3 (M)
will have as a solution h(aj (x1, ..., Xn), a2(X1, - .oy Xm)s « .o, An (X1, ..., Xi)). Prop-

erties such as holonomicity, regularity, quasi-unipotent monodromy (see Proposi-
tion 1.16) follow by the corresponding functorial properties of D-modules. More
generally, the following holds.

Lemma 1.14 Assume that a morphism of algebraic varieties ¢ : X1 — X» is étale
at x € X, and h is holonomic on a domain Q21 C X1 containing x. Take a local
analytic inverse ¥ of ¢ on a neighborhood Q2 C X2 of ¢ (x) with ¥ (22) C 21. Then
h' = h o Y is a holonomic function on Q2 C X».

Proof We can assume that ¢ is an étale morphism of affine varieties. In this case, we
have an injection ¢* : Dx, — Dy, and the D-module pushforward functor along ¢ is
just given by restriction of scalars. Therefore, Dy, - i is holonomic as a D, -module.
Hence, sois Dy, - h' = ¢*(Dx,)-h C Dx, - h. O
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Thus, locally every holonomic function on a domain of X can be written as a
holonomic function on a domain of C", with n = dim X. Namely, by the Noether
normalization lemma we can take an affine open U C X and a finite étale morphism
¢ : U — V C C", for some affine open on V. By the above, Dcn - I is then holo-
nomic. The Mathematica package HolonomicFunctions is designed for computing
with holonomic functions on an affine space [26, 27].

Definition 1.15 Let 4 be a holonomic function defined on some domain in X, and
D = Sing(Dxh) the associated reduced divisor (see Corollary 1.10). Consider f €
C[U] defining D in some affine neighborhood U C X. Then the monic polynomial
b,y (s) € Cls] of minimal degree satisfying an equation of the form

PGs)- f M h=bpy(s) - foh, (1.4)

for some P(s) € Dyls], is called the Bernstein—Sato polynomial (or b-function) of
the holonomic function /& on U. The (global) Bernstein—Sato polynomial by, (s) of &
on X is

bp(s) :=lem by, y, (s),
iel

for an open affine cover {U;};c; of X that trivializes Ox (D).

Similarly, for a point x € X one can define the local Bernstein—Sato polynomial
bp, x (s) of the holonomic function /4 as the polynomial by, ¢ (s) of minimal degree in
(1.4) over affine open neighborhoods x € U C X.

For the existence of by y(s) as well as the fact that by (s) is well-defined, see
[20, Theorem 2.7], [14, Section 5], and [12, Lemma 2.5.2]. We note that while the
existence of by, (s) holds for general holonomic sections by the theorem of Kashiwara,
the definition here is intrinsic to a holonomic function as the divisor D is specifically
obtained from #.

Example 1.1 The roots of the Bernstein—Sato polynomial of a holonomic function
are not necessarily rational. When X = C and & = sin(log x), we have by (s) =
(s+1—10)(s+141) (see [70, Section 3.3]).

With the knowledge of the annihilating ideal of /, the routine globalB in Macaulay2
[10], can be used to find by (s) on an affine space (cf. [70, Section 3.3]).

Rationality of the roots is guaranteed if the module is of geometric origin, due to
the quasi-unipotent property. We say that a connection on an open U C X has quasi-
unipotent local monodromy with respect to X, if for some embedded resolution of
(X, X \ U) the eigenvalues of the local monodromy operators around the divisors at
infinity are roots of unity. The following is a basic result that is implicitly used in the
theory of (rational) V -filtrations and vanishing cycles [21, 39, 54] (cf. also the outline
of proof of [14, Lemma 5.14]).

Proposition 1.16 Let h be a holonomic function and put U = X\ Sing(Dxh). Assume
that the connection Dyh has quasi-unipotent local monodromy with respect to X.
Then the roots of by, (s) are rational.
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We point out the slight discrepancy in terminology in the case of polynomials p,
when the Bernstein—Sato polynomial b,,-1(s) of the holonomic function p~lis the
Bernstein—Sato polynomial of p in the usual sense (up to a shift in s). In this case the
connection is the structure sheaf Oy with the rationality of roots established in [19].

The following is a consequence of Proposition 1.16., as an algebraic function has
finite monodromy, and integration preserves regularity and quasi-unipotence (e.g. see
[44] for a more precise statement based on functions).

Corollary 1.17 Let h be a holonomic function such that by, (s) has an irrational root.
Then h cannot be represented as an integral over an algebraic function.

As an example, we determine the Bernstein—Sato polynomial of the hypergeometric
function.

Example1.2 Put X = P! and consider the hypergeometric function F(z) =
» Fi(a, b; ¢; 7) that is annihilated (on C') by the operator

d? d
2z = D= +[@+b+ 1)z —cl— +ab. (1.5)
dz dz

The regular holonomic D-module Dy - F' has singular locus {0, 1, co}. An elementary
calculation (using either the operator (1.5 or the hypergeometric series) shows that we
have the equation

0 ZHF=G6+1)+2—c) z°F, where

d? d
Q=zz-D-5+[@a+b—25s—Dz—c+25+2]—+s>+2—a—Db)s
dz dz

+@—-1)b-1).

Thus, the local Bernstein—Sato polynomial of F atz = 0isbr o(s) = (s+1)(s+2—c).
Around z = 1 (resp. z = 00), the function 2 Fi(a,b; 1 +a +b — c; 1 — z) (resp.
2 % Fi(a,14+a—c; 1+a—b; z~1))is annihilated by (1.5). From the result at z = 0,
wegethbr1(s) =@+ 1D +1+c—a—b)andbr (s) =(s+a+1)(s+b+1).
Hence, the global Bernstein—Sato polynomial of F on X is (assuming that the roots
are distinct)

brs) =G+ DG+1+a)s+1+b)(s+2—c)s+1+c—a—Db).

In particular, the roots of bp(s) are rational if and only if a, b, ¢ € Q. Thus, using
Corollary 1.17 and Euler’s integral representation of F, we see that F can be written
as an integral over an algebraic function if and only if a, b, ¢ € Q (so that the equation
given by (1.5) is of geometric origin). This method offers an alternative approach that
avoids calculating monodromy operators explicitly.

Let D C X be a hypersurface and M a Dy-module such that M is holonomic on
X\ D. Asin Definition 1.15 one can define the Bernstein—Sato polynomial b,, p (s) for
any element m € I'(X, M) [20, Theorem 2.7]. If M is torsion-free and holonomic,
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we put by, (s) := by, Sing Dym (s) — equivalently, one can define the Bernstein-Sato
polynomial of a tuple of holonomic functions in this way.

The following gives a criterion for normalization of Bernstein—Sato polynomials,
analogous to the fact that —1 is aroot of the Bernstein—Sato polynomial of a polynomial
(the case h = 1).

Lemma 1.18 Let h be a holonomic function on a domain Q C X, and D C X a
hypersurface such that there exists x € Q N D with h(x) # 0. Then b, p(—1) = 0.

Proof We can assume that X is affine and D is defined by f. We have an equation of
the form P - fST'h = by, p(s) - f*h. Puttings = —1 we get P -h = by p(—1)-h/f.
We plug x into the equation. As P - & is an analytic function at x, and 4/ f has a pole,
we must have by p(—1) = 0. m]

In practice, it often happens that for a holonomic function # it is possible to find
some annihilating differential operators that generate an ideal of finite rank, but finding
a complete set of generators for the entire annihilating ideal is difficult. In this case
we have the following comparison result.

Lemma 1.19 Let h be a holonomic function with D = Sing Dxh. Let M = Dx /T
such t_hatI -h = 0and M is holonomic on X \ D. Then by, (s) divides by, p(s), where
m=1¢€ Dx/T.

Proof The statement being local, we can assume that X is affine and D is defined by
f € C[X]. Then forsome P € Dyx[s], we have an equation P-f“‘lm = Dby, p(s)f*m.
This clearly descends to an equation P - f**'h = by, p(s) f*h via the induced map
Dx[slf’m — Dxl[s]f*h, hence by (s) | by, p(s). m]

The next result is an important application of Bernstein—Sato polynomials towards
understanding the D-module structure of localizations.

Lemma 1.20 Let X be affine, and assume that M is a torsion-free holonomic Dy-
module andthat f € C[X]defines Sing M. For an elementm € M r with M C Dxm,
let a (resp B) denote the largest (resp. smallest) integer root of by, (s) (if none, put
o =—1landB =0). Then f*T'.-m € M, and fP-m generates My as a Dx-module,
with B being the largest integer with this property (assuming by, (s) has at least one
integer root).

Proof We have Sing(Dy - m) = {f = 0}. Hence, for some P € Dx[s] we have an
equation

Pt m=byuGs)- fm.

Clearly f*-m e M, for some integer k > 0. Whenk > o« + 1, we puts = k — 1 in
this equation to get f¥~1 . m e M. Thus, f**! € M. The part regarding 8 follows
from [66, Proposition 4.2]. O

We denote by F, Dy the order filtration on Dy. The following shows, in particular,
that modulo the integers the roots are intrinsic to the D-module.
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Lemma 1.21 Let hy, hy be holonomic functions with an isomorphism ¢ : Dxh i
Dxhy. Write ¢(h1) € Fg,Dx - ho and ¢_1(h2) € Fy,Dx - hy, for some dy,dr € N.
Then by, (s) divides

b, (s —do) - bp, (s —do + 1) -+ - bp, (s +dy — 1) - b, (s +dy).

Proof The statement being local, we can assume that X is affine such that f € C[X]
defines Sing M. It is easy to see that for any operator Q € Dy, we have Dx|[s] -
f35+deeQ (0. h;) c Dxls]- f*h;. The argument follows now as in [14, Lemma 5.13].

O

Lemma 1.22 Let D C X be a hypersurface and hy, hy two holonomic functions on
a domain. Assume that we have Dxh| (| Dxha = 0. Then lcm(bp, p(s), bn,.p(s))
divides by, +n,,p(5).

Proof We can assume that X is affine and D is defined by f € C[X].Let P- fs+1h =
bu.p(s) - f°h, for P € Dx[s]. Note that the latter gives A(s) = P - f”lhl —
bp.p()fShy = —(P - f5* hy — by, p(s) f*ha). Assume that A(s) # 0. Then we
can evaluate A(s) at some large k € N such that 0 # A(k) € Dxh; N Dxho, a
contradiction. Hence, we have A(s) = 0, which implies that by, p(s) | by, p(s), thus
finishing the proof. O

Under some additional hypotheses, we have the following converse statement to
the one above.

Proposition 1.23 Let D C X be a hypersurface, write U = X \ D, and consider

holonomic functions hy, ..., h, on a domain. Assume that forany 1 <i < j < n,

the Dy-modules Dy h; and Dy h j have no common simple composition factors. Then

for each 1 < i < n, there exist d;, p; € N such that h; € O(k;D) - F4Dx - h,

where h = hy + --- 4 hy. In such case, by, p(s) divides 11<cn<1 bp; . p(s) - bp; p(s +
I=n

)by, p(s +di + pi).

Proof We can assume that X is affine and D is defined by f € C[X]. We first claim
that the projection Dyhy @ --- @ Dyh, — Dyhy + - - - + Dyh,, is an isomorphism.
Since Dy h; and Dy h j have no common simple composition factors wheneveri # j,
for all i we must have

Dyhi (Y Duh; = {0}, (1.6)
J#

which implies that the map Dyh & - - - ® Dyh, — Dyhy+ - - - +Dyh,, is injective,
thus an isomorphism.

Composing the embedding Dyh — Dyhy + - - - + Dyh, with the inverse of the
isomorphism above, we obtain an embedding Dyh — Dyh; & --- @ Dyh,. We
claim that this is also an isomormphism. Since the induced maps Dyh — Dyh;
via projections are surjective, Dy h contains all the composition factors of Dy h;, for
i =1,...,n(counted with multiplicity). The latter factors are disjoint by assumption,
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which implies that the length of Dy is at least the length of Dyhy @ --- @ Dyh,,.
Thus, the embedding Dyh — Dyhy & --- ® Dyh, must be an isomorphism of
Dy -modules.

Note that equation (1.6) implies that we also must have at the level of Dy-modules
(for all i)

Dyhi ()Y Dxhj = {0},

J#i

because the intersections are torsion-free. So the projection of Dy-modules Dxh| &
-+ @®Dxh,, - Dxh1+---+ Dxh, is again an isomorphism, and as before we have
an embedding Dxh — Dxh| & --- @ Dxh,.

Now consider the exact sequence of Dx-modules

0— Dxh - Dxh1 ®---®Dxh, - L — 0.

By the above discussion, we have supp L C D. By the Nullstellensatz, there exists
some p; € Nand P; € Dx such that P, - h = fPi - h;, foralli = 1,...,n. As
seen in the proof of Lemma 1.21 this implies that there is Q; € Dx[s] such that
Qi - [t h = fstditpitl . p. where d; is the degree of the operator P;.
Let T;(s) - ft'h; = bp;.p(s) - f°hi, for some T;(s) € Dx[s], where 1 <i < n.
Then we have Q - f*t'h = b(s) - f*h, where b(s) = 11<c::n<1 bp;.p(s) - by, p(s +
I=<n

1)---by; p(s +d; + p;) and

n [di+pi 1
Q=b(S)~§ B—bm(ﬁj)-nuﬂ) -0

1.3 Sheaves of holonomic functions

In this subsection we introduce several sheaves of Dy-algebras and analyze their
structure in detail. We recall that the solutions of regular holonomic D-modules are
of Nilsson class (i.e. of moderate growth, see [3, Sections 4.8 and 4.9], [64, Section
2.5]).

We first define sheaves of “holonomic functions of Nilsson class on X". Fix a
simply-connected domain 2 C X with openembeddingi : 2 — X, andlet N <y (X)
be a normal subgroup. We define ‘Kmﬂg to be the sum of all regular (algebraic)
connections ini{" OF' with trivial N-monodromy. In more explicit terms, for a Zariski-
open subset U C X, we have

%m&l)}{ (U)={h:UNSQ — C | Dyh regular connection with monodromy factoring via
7 (U) - 71 (X)/N}.
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More generally, for D C X a hypersurface with open embedding j : X \ D — X,
let 2 C X \ D be a simply-connected domain, and consider a normal subgroup N <
m1(X\D). We put %/mg (D) = j*%nn)]}’w, which stands for the sheaf of holonomic
functions of Nilsson class with singularities along D and trivial N-monodromy.

For two hypersurfaces D; C Dj, and N; < 1 (X\D;) such that the image of N;
under the map 71 (X \ D2) — m1(X\ Dy) is contained in N1, we have %/mg (DY) C
‘émmx (D»). For a hypersurface D, the minimal object is %amX‘(G)(D) Ox (xD),
while the maximal being @rrx (D) := %mmg(l}(D)

Let ModN rh »» (Dx) be the full subcategory of Mod(Dy) consisting of modules M
with the property that for any coherent Dy -submodule " C M, its Weyl closure N
is regular holonomic with Sing ' C D and trivial N-monodromy on X \ D. One
can see that Mod%:fuh (Dy) is closed under subquotients in Mod(Dy).

Proposition 1.24 %ﬁm];{/(D) is an Ox-quasi-coherent sheaf of Dx x mwi(X\D)/N-
algebras. Furthermore:

(a) ‘ﬁmmg (D) is an injective object in ModN rh w (Dx).

(b) For all M in ModN rh w (Dx), we have a natural isomorphism Solg(M) =
HOH]'DX (M s (gﬂ/’&/&x (D))

(c) %m%\(’(D) does not depend on the choice of 2 C X \ D (up to isomorphism).

Proof 1t is clear from its definition that ‘Kmmx (D) belongs to Modg fvh (Dx). Take

M e Modg :Uh (Dx).From (1.1) we have an injective map ¢ : Homp, (M, %WX(D)) —
Solg(M). Write M = (J M;, with M; coherent Dx-modules. Then we have

Solg(M;) = Solg(MY) = Homp, (M;, CGridy (D)),

for all i. Taking the limit with respect to i, we obtain that ¢ is an isomorphism, thus
proving (b).

For part (a), take amonomorphism ¢ : A" — M in Mod][\,/:rwh (Dx),and define \V; =
¥~ (M;). Then A is also coherent, N = | JNV;, and we have monomorphisms 1; :
N; — M;. As rank is additive on holonomic modules, by part (b) we have surjective
maps Homp, (M;, ‘Kmm (D)) — Homp, (N, %WMX(D)) of finite dimensional
spaces induced by . SIHCC the Mittag—Leffler conditions are satisfied (see [8, Chap.
IV, §3, Lemme 1]), taking the limit with respect to i gives a surjective morphism
Homp, (M, %;m[)\(' (D)) - Homp, (N, %7%@])\(] (D)) induced by ¢, showing (a).

For part (c) it is enough to take the case D = (. Let Q' C X be another simply-
connected domain. Denote by C (resp, C’) the Dx-module %ng constructed on the
domain Q (resp. '). We will construct an isomorphism of Dy x 71 (X)/N-algebras
between C and C’ explicitly.

Fix the point x (resp. x") in  (resp. ), and take a smooth curve y : [0, 1] - X
with ¥ (0) = x and y (1) = x’. Take an arbitrary Zariski-open subset U C X with
complement S = X \ U. Consider a tubular neighborhood (i.e. normal tube) T of the
curve y. Since S has real codimension > 2, 7'\ S is still connected. Take y € QN (T'\S)
(resp. y/ € Q' N (T\S)), and let ¢ : [0, 1] — T\S be a path with ¢(0) = y and
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¢ (1) = y’. We define a morphism ay from C(U) to C'(U) by analytic continuation
of a section on U N 2 along the path ¢. Clearly, oy is a well-defined isomorphism of
I'(U, Dx) x m1(X)/N-algebras. Since the monodromy of a section of C(U) factors
through 71 (X) and T is simply-connected, it follows that «yy does not depend on the
choice of y, y’, ¢, T. Due to this fact, it is now straightforward to see the compatibility
of the construction with restriction maps, yielding an isomorphism & : C — C’ of
sheaves. O

For a group H, we denote by mod (H ) the category of its finite dimensional complex
representations. An object M in mod(H) is called a generator if any Z € mod(H)
has a surjection M®? — Z for some p € N.

Theorem 1.25 The Dx-module ‘fwml)}’ (D) is coherent if and only if mod (;r1 (X\D)/N)
has a generator. In this case, mod(mw(X \ D)/N) has finitely many irreducibles
X1, - - - » Xk (up to isomorphism), whose projective covers correspond to regular mero-
morphic connections L1, ..., Iy on X via the Riemann—Hilbert correspondence, and
we have a decomposition into indecomposable Dyx-modules

k
G (D) = @ 72K

i=1

Proof Consider the case D = (). Assume first that (gwwzl)\(/ is coherent, in which case
it must be a regular connection, since it belongs to Mod%"uf' (Dx). Denote by P the

representation of ;(X)/N which corresponds to %mz])\(’ by the Riemann—Hilbert
correspondence. By Proposition 1.24(a) P is a projective module in mod (7 (X)/N).
Moreover, by Proposition 1.24(b) P surjects onto any irreducible representation of
m1(X)/N. This implies that P is a (pro)generator in mod (1 (X)/N).

Conversely, assume that mod (;r1 (X)/N) has a generator. It follows by the Gabriel—
Popescu theorem [52] that the category mod (w1 (X)/N) is equivalent to the category
of finite dimensional reprentations of a finite dimensional algebra (see also [49, The-
orem 2.11]). In particular, mod(w;(X)/N) has finitely many simples xi,..., xx
corresponding to connections Sj, ..., Sk, with projective covers Py, ..., Py (resp.
injective envelopes I, ..., Ix) in mod (1 (X)/N) and corresponding regular connec-
tions 71, ..., Iy (resp. Py, ..., Px) on X.

Take an arbitrary coherent Dy-submodule M C %mz];(’, which must be regular
holonomic. We want to show that the length /(M) of M is bounded above by b :=
Zle rank P;. For any 1 < i < k, we denote by [M : S;] the multiplicity of S; in a
composition series of M. By Proposition 1.24(c), we have the following

[M : S;] = dimHomp, (P;, M) < dimHomp, (7;, %mﬁg) =rank P;, (1.7)

Sol(M) < b, as we claimed. Since M is an arbitrary finitely generated D-submodule
of ‘me)’}/ , this shows that %Wm)'}/ is itself a regular connection, of length b.
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By Proposition 1.24(b), we must have a decomposition

k
%ﬂng = @ Ii@mia

i=1
for some m; € N. Using this, we obtain as in (1.7) the equalities
m; = dim Homp, (S;, €orern x) = rank §; = dim y;.

When D is not empty, we are left to show is that the pushforward j,Z along
J : X\D — X of an indecomposable holonomic Dx, p-module 7 is indecomposable.
This follows by Lemma 1.6 (c). O

Remark 1.26 As seen in the proof above, the condition that mod(H ) has a generator
means that it is equivalent to the category of finite dimensional modules of a finite
dimensional algebra. Since the requirement is only on the level of finite dimensional
modules, this is a much weaker condition than Morita-equivalence — in fact, the latter
holds only for finite groups [5, Theorem 1]. For example, the Higman group [16] has
no non-trivial finite dimensional representations.

Let 4 be analytic in some domain 2 C X. We say that the function 4 is algebraic
on X if for some (hence, any) open affine U C X, its restriction h|qny satisfies
a polynomial equation with coefficients in C[U]. We define the sheaf of algebraic
functions ,Q/%X on X as we did for €».»x by requiring additionally 4 to be algebraic
in its definition.

A basic result in differential Galois theory is that a function 4 is algebraic if and
only if it is of Nilsson class with finite monodromy, in which case this coincides
with its Galois group Gal(K (h)/K), where K = C(X). In other words, we have as
Dyx x m(X)-modules

JZ{%X = Z %7#/&])\(/ C %7mx. (1.8)

N<m(X)
|71 (X): H| finite

Similarly, for a hypersurface D with embedding j : X\D — X, we put QQ{%X(D) =
j*szf;éX\D for the sheaf of algebraic functions with singularities along D. Note that the
discriminant of a (monic) polynomial equation that is satisfied by a (local) section of
g, (D) vanishes along D.

We have a precise D-module-theoretic description of %%X(D) as follows. For a
finite dimensional (complex) representation x of w1 (X \ D), let SX be the simple
Dyx-module whose restriction to X \ D corresponds to x via the Riemann—Hilbert
correspondence. Consider the étale fundamental group rrlé‘(X \ D), which is equal
to the profinite completion of 71 (X \ D). We write A(nft(X \ D)) for the set of all
isomorphism classes of (continuous) finite dimensional irreducible representations of
7YX\ D).
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Theorem 1.27 The algebra M%X(D) has a direct sum decomposition into indecom-
posable Dy x w1 (X \ D)-modules as:

D)= P SEDI®x

xeAGr{ 0D))

Proof As in the proof of Theorem 1.25, we can assume for simplicity that D = @.
Take any N < m1(X)) of finite index. By Theorem 1.25 and Maschke’s Theorem,
%ng C ;zf%x is a semi-simple regular connection with a Dy -module decomposition

k
GConry = @(SHH M1, (1.9)
i=1

Take any g € m1(X). Since the action of Dy and 71 (X) commute, g induces a Dy-
module endomorphism of %ng . As the modules S%i are simple, by Schur’s lemma
we get a Dy x m1(X) decomposition (as we vary g € 71(X)) of the form

k
Conly = P S¥ @ Vi,
i=1

where V; is a representation of 71 (X) with dim V; = dim x;. By construction, func-
tions generating a Dy-module isomorphic to S% have monodromy y;. Therefore,
V; = xi and %7{/&9{/ is a semi-simple Dy x 71 (X)-module. By (1.8) ”Qf/%x is then a
semi-simple Dy x 1 (X)-module with the required decomposition. O

Note that the above proof shows that the natural map C[m(X\D)/N] =
Endp, (%mg (D)) is an algebra isomorphism. The semi-simplicity of %&X as a
Dx-module follows also from the Decomposition Theorem (see Theorem [17, Theo-
rem 8.2.26]) applied to a map p; in a construction similar to (1.3).

Based on the result above, we give a procedure to compute (part of) the Bernstein—
Sato polynomial of an algebraic function, by reducing the calculation to (a single copy
of) each indecomposable Dy-module.

Proposition 1.28 Let h be an algebraic function with SingDxh = D and Galois
group H. Write

h= Y hy. whereh, e(X,S*D)®x) | CIH]"h.
X€A(H)

(a) Forsomek € Nwehave lcm by, p(s) | bp(s) | lcm by, p(s)---by, p(s+
eAH) © xeAH) © £

be
k).

(b) Fix x € A(H). There exists h;( € I'(X, SX(xD)) such that h;( ®v e C[H] hy,
with v € x. For such a function I’,, we have bh;(,D(s) | Dn,.p(s).
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Proof Part (a) follows readily from Lemma 1.22, Proposition 1.23 and Theorem 1.27.
For part (b), leth,, = Z?:l w; @u; withv; € x,and write W = span{wy, ..., w,} C
I'(X, $¥(xD)). Let Z = C[H] - h,, C W ® x. By Schur’s lemma, we must have
Z = W' ® x as an H-representation with § # W' C W and H acting trivially on V.
Then we can pick any non-zero h;( ®v € W ® x. Similarly, we see by Schur’s lemma
that 1, € C[H]-h. Since the action of H and Dy commute, clearly b, p(s) | th D(s)
forany z € Z. O

In particular, by the above and Lemma 1.20 we obtain that for algebraic functions
along a fixed hypersurface D and with a fixed Galois group 1 (X\D) — H, there are
only a finite number of possibe roots for their Bernstein—Sato polynomials modulo
the integers. Also, note that the decomposition in Proposition 1.28 takes place in the
Galois extension of 4.

2 G-finite functions

Throughout G stands for a connected affine algebraic group, acting algebraically on
a connected smooth complex algebraic variety X.

2.1 Equivariant D-modules

In this subsection we provide some background on equivariant D-modules.

A rational representation of G is a vector space on which G acts by linear trans-
formations such that any of its elements is contained in a finite dimensional G-stable
subspace on which G acts algebraically.

A Dx-module M is equivariant if we have a Dg  x-isomorphism p* M — m* M,
where p : Gx X — X istheprojectionandm : G x X — X the action map, satisfying
the usual compatibility conditions (see [17, Definition 11.5.2]).

We denote by g the Lie algebra of G. Differentiating the G-action on X we get
a map from g to space of vector fields on X, which in turn yields a map g — Dy.
When X is affine, equivariance of a Dy-module means that the g-action induced by
latter map can be integrated to a rational G-action. The category Modg (Dy) (resp.
modg (Dy)) of equivariant D-modules is a full subcategory of the category Mod(Dy)
(resp. mod(Dy)) of all Ox-quasi-coherent (resp. coherent) D-modules, closed under
taking subquotients. Equivariance is a functorial property, preserved along equivariant
maps, duality etc.

The following result is well-known, e.g. see [17, Section 11.6].

Theorem 2.1 Let G/H be a homogeneous space. Then any equivariant coherent
DG u-module is regular holonomic, and the category modg(Dg/y) is equivalent
to the category of finite dimensional representations of the finite group T' = H /H°
(where H® denotes the connected component of H containing the identity).

Let us construct the equivariant connections on D¢,y explicitly. Denote by 7 :
G — G/ H the principal fibration. For a finite dimensional representation V of I', we
put the corresponding connection S to have Og JH = (Tx O¢)H -structure (74, (O ®
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V*)H | whose spectrum is the homogeneous vector bundle G x 7 V. It inherits a
D¢, n-module action from its (m+Dg) ™ -action, through the surjective map

(D) — Dy 2.1

This descends to an actionon SV = (.(Og ® V) ¥, as (m, D)™ is locally isomor-
phic to Dg;g ® U, and Ul acts trivially on the fibers V* (here Ul is the universal
enveloping algebra of h).

When G acts on X with finitely many orbits as in the cases (1)—(6) in Sect.4,
every module in modg (Dy) is regular and holonomic [17, Theorem 11.6.1], and the
category modg (Dy) is equivalent to the category of finitely generated modules over
a finite dimensional algebra (see [68, Theorem 4.3] or [36, Theorem 3.4]). For more
details on categories of equivariant D-modules, cf. [36].

A special class of objects in modg(Dy) come from local cohomology functors

iZ(o), for Z a G-stable (locally) closed subset in X. Namely, for any i > 0 and
M € Modg (Dyx) we denote the i-th local cohomology module of M with support
in Z by HiZ(M), which is an element of the category Mod(Z;(DX) of equivariant
Dx-modules supported in Z.

Given a rational representation V of G, we can induce a corresponding G-
equivariant Dy-module by (see [36, Section 2])

P(V):=Dx ®uq V. 2.2)
For an equivariant D-module M, we have
Homp, (P(V), M) = Homg(V, I'(X, M)). 2.3)

For the rest of this subsection, we assume that G is a (connected) linearly reductive
group.

Let A(G) be the set of isomorphism classes of finite dimensional irreducible rep-
resentations of the group G, which can be identified with the set of dominant integral
weights. For A € A(G), we denote by A* the dual representation. Any rational G-
module is semi-simple.

We call a rational G-representation N admissible if each representation in A(G)
appears (up to isomorphism) with finite multiplicity in N. In this case N decomposes
as

N =~ @ Vﬁ"”(N),
reA(G)

with m; (N) € N. We write N, = VfB m:N) for the isotypical component correspond-
ing to A € A(G).
In the case when G acts on X with finitely many orbits, the space of sections of
any M € modg (Dy) has an admissible G-module structure [36, Proposition 3.14].
For an irreducible representation V) of dominant weight A, we abbreviate P(X) :=
PV,).
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When X is a G-module, another construction of objects in modg (Dyx) comes from
considering the (twisted) Fourier transform [36, Section 4.3]. This functor gives a
self-equivalence

F :modg(Dx) — modg(Dy).
For M € modg (Dyx) we have as G-modules
FM) = M*" - det X. 2.4)

By the same reasoning, we have the following result.

Lemma 2.2 For a finite dimensional rational representation V of G, we have
FPV)) =P(V*®det X).

2.2 G-finite functions

In this subsection we define the class of G-finite functions, and prove some basic
results concerning them.

Definition 2.3 Let Q C X be a domain. An analytic function f € OY'(2) is called
g-finite, if the space Ug - f C Of'(R) is finite dimensional. If this space can be
integrated to a rational G-module, then the function f is called G-finite.

We note that the G-module action on a G-finite function is not necessarily the same
globally as the one on polynomials given by (g - f)(x) = f(gx), but only locally,
simply because it might not be possible to extend its domain of definition to a G-
saturated open subset. In the next statement we work exclusively with the analytic
topology.

Proposition 2.4 Consider a G-finite function f on a domain Q C X. Lety : [0, 1] —
G be a continuous path with y (0) = 1, and take the path yx, : [0, 1] — X given by
t = y(t) - xo, for some fixed xo € Q. Then f has an analytic continuation f; along
Vxo- Moreover, if y (1) = 1 then fy = f1 (in a neighborhood of xo).

Proof We can take open neighborhoods V. C Q with xo € V and W C G with
1 € W, such that we have F(gv) = (g_l - F)(v), forall g € W,v € V, and
F € Ug - f (since the latter space is finite dimensional). For 0 < ¢ < 1, we write
g =y@),put V; = g -V C X and define the analytic function f; : V; — C by
figv)=(g " ). forve V.

We now check that this construction is a well-defined continuation. Fix ¢ € [0, 1].
There exists some ¢ > 0 such that for all ¥ € [0, 1] with |t — /| < &, we have
gr € g - Wandyy(t') € V.. Takey € V, N Vy,and write y = g, - v = gy - v/ for
some v, v’ € V. Then the element g’ = g, - g, lies in W and v = g’ - v/. We have

L) = filgv) =" - H) =" HE V) =@ HE) = frlgv)
= ft’(Y)-
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Thus, the continuation is well-defined. Clearly, if y is closed then f1 = fo = fjv. O

In a similar vein, we have the following characterization of G-finite functions using
D-modules.

Lemma 2.5 An analytic function f is G-finite if and only if Dx f is a G-equivariant
D-module.

Proof If M := Dy f is G-equivariant, then f is G-finite since the space of sections
of M is a rational G-module. Conversely, assume that f is G-finite defined on some
domain €2, and let V be a finite dimensional G-stable subspace of O (2) containing
f. By (2.3) we have a surjection P(V) — M. Since P(V) is equivariant, so is its
quotient M. O

The following is an immediate consequence of the above and Corollary 1.10.

Lemma 2.6 If h is a G-finite holonomic function, then Sing(Dxh) is a hypersurface
in X defined by a semi-invariant polynomial.

We want to understand when G-finite functions are holonomic. It turns out that
this is automatic when X has a dense orbit (see Corollary 3.2). We have the following
converse statement.

Proposition 2.7 Assume that X does not have a dense G-orbit. Then there exists a
g-invariant analytic function that is not holonomic.

Proof By a theorem of Rosenlicht (see [69, Section 2.3]), the assumption implies that
there exists a non-constant G-invariant rational function f € C(X). Consider the
g-invariant holomorphic function (on a domain)

1

sino f

We show that M = Dxh is not a holonomic D-module. Assume by contradiction
that it is, then Z = Sing M is closed algebraic subvariety of X with codimy Z < 1.
Clearly, Z contains all the level sets f -1 (kmr), with k € Z. These form an infinite
number of disjoint hypersurfaces, contradicting that Z is algebraic. O

Remark 2.8 According to a theorem of Luna [35], when G is reductive and X affine,
essentially all G-invariant holonomic functions can be constructed as above. Namely,
they can be obtained as compositions of holomorphic functions with G-invariant reg-
ular functions. In fact, the statement holds for (global) G-finite functions as well (see
Lemma 2.11).

We proceed further with some topological considerations. For a fixed point xo € X,
consider the morphism ¥x », : m1(G, 1) — m(X, xp) given by y +— yy, as in
Proposition 2.4. It is easy to see that the image of ¥y y, is a central subgroup of
m1(X, xo) (for example, consider the map of fundamental groups induced by the
multiplication map G x X — X). Let an (X, xp) denote their quotient, which we
call the equivariant fundamental group of X. Since X is connected, it follows that
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this does not depend on the choice of the point xo € X, so we may suppress it in the
notation (in particular, if the action of G on X has a fixed point, then nlc (X) = T (X)).
We have an exact sequence

m1(G) —> T (X) — m G(x)—1. (2.5)

Fix a domain Q C X with embedding i : & — X and consider again i{"OZ" as a
Dx-module. We define g  to be the sheaf of G-finite functions on by taking it
to be the sum of all equlvarlant coherent Dy-submodules of i{"Og'. By Lemma 2.5,
the space of sections I'(X, QQ’ ) is precisely the algebra of G-finite functions on 2.
Furthermore, based on Proposition 2.4 one can see that the monodromy action on
a section in gf’” (U) on some open U C X factors through 7 (U) — m1(X) —
7 (X).

Next, we see that the solutions to equivariant D-modules are G-finite functions (cf.
Proposition 1.24).

Lemma 2.9 Q " is an Ox-quasi-coherent sheaf of equivariant Dy -algebras. Fur-
thermore, for any M € Modg(Dx), we have a natural isomorphism Soly (M) =

Homp, (M. G4™).

In the case of holonomic functions of Nilsson class, G-finiteness can be checked
using monodromy.

Proposition 2.10 Let D C X be a G-stable hypersurface, U = X \ D and Q C U a
simply-connected domain. Then

fm m %7&%X(D) = %ﬁ;zl;? U(D) Clanoan

Proof Let j : U — X be the open embedding. Since j, preserves equivariance, we
can reduce to the case D = @. Then the statement follows readily from the Riemann—
Hilbert correspondence, as a regular connection is equivariant if and only if it is an
equivariant local system, which is the case if and only if it descends to a an (X)-
representation. o

For the rest of this subsection, we let X be affine with G reductive. Denote by
X//G = Spec(C[X]9) the affine GIT quotient, and write p : X — X//G for the

induced surjective quotient map. The next result follows as in [60, Corollary 6.9].

Lemma 2.11 For any open Stein subset Q C (X //G)*" we have

gf_|(Q) x = = C[X] ®(C[XG Ox//g(Q)

Along the same principle, we have the following result on G-finite holonomic
functions.
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Proposition 2.12 Letx € X with G, trivialand G -x closed. Take f1, ..., fu € C[X1¢
algebraically independent (where n = dim X //G), and let h be a G-finite holonomic
function on some domain of X. Then we can write

k
h=3" pi-hifi..... f),

i=1

with p; € C[U], for a G-stable affine neighborhood U of x with U = p_l(p(U)),
and h; holonomic on a domain of C", foralli =1, ..., k.

Proof Put M = Dx,h. By Luna’s slice theorem [34], there is an open affine p-
saturated neighborhood U C X of x, and the restriction py of p to U is a principal
bundle. Therefore, by descent for D-modules we have p(’g (( po*./\/l)G) = M. This,
together with the argument as in Lemma 1.14, yields the required decomposition. O

Note that for a simply-connected Stein open subset QO C p(U\ SingDxh) C
(X//G)*", the decomposition above is in accordance with Lemma 2.11, as in this case
JflG (py ! (Q)) = 1, therefore h can be extended to p, ! (Q) by Proposition 2.4. For a
sample application of the result above, see [2, Theorem 3.4].

The map p induces an algebra map Dg — Dxy from the ring of invariant
operators on X to the ring of differential operators on X //G. In the following statement,
reductivity of G is only used to ensure that X //G is an algebraic variety.

Proposition 2.13 The quotient map p induces an isomorphism p* : ﬂéx//G =
(.;z%%x)g of Dg-algebras.

Proof It is easy to see that pulling back by p gives a well-defined Dg-algebra
monomorphism. To see surjectivity, pick y € (;z{%x)g. Let f be the minimal monic
polynomial of y in the Galois extension of y. Since the action of g commutes with
the Galois (monodromy) action, all the roots of f are g-invariant. Thus, by Vieta’s
formulas the coefficients of f are in (C(X) N %%X)g = C[X]C (see Theorem 1.27).

O

Lemma 2.14 Let N < (X) be suchthatim ¥y C N, and assume thatmod (1 (X)/N)
has a generator. Then %m%\(] is an admissible G-representation if and only if X has
a unique closed G-orbit.

Proof By Proposition 2.10, we have %ﬁﬁ‘])\(/ C g{;”’}(, for a simply-connected domain
Q C X. By astandard GIT argument, if X does not have a unique closed G-orbit then
C[X1° ¢ ‘ﬁmmg is infinite dimensional.

Conversely, if X has a unique cloed G-orbit then any finitely generated G — C[X]-
module is admissible [69, Theorem 3.25]. We conclude by Theorem 1.25. O

2.3 Binary forms
Here we exhibit some of the concepts introduced with applications to the space of

binary forms. Some of the results obtained here will be used in Sect.4 for the cubic
case.
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In this section X = Sym” W with dim W = 2 and n > 1. The group GL; acts on
X with kernel K = {wl, | o" = 1}, hence we put G = GL, /K. We let x, y be a
basis of W, and x", x”_ly, e, xy"_l, y" a basis of X, with respective coordinates
Xns Xn—1, - - -5 X1, X0, s0 that we identify C[X] = C[xo, . . ., x,]. Throughout we work
with the convention that the highest weights in C[ X ] are non-negative (i.e. W = (C?)*
as a representation of GL»).

We denote by » = r(xp,...,x,) an algebraic function (on some domain) that
satisfies

X P Xy !

4+ 4 x1-r+x =0. (2.6)
Throughout f € C[X]5? denotes the discriminant of the polynomial above, with
deg f = 2n — 2. It is easy to see that Sing Dyr is defined by x,, - f. In particular, by
Lemma 2.6 the function r is not G-finite! Furthermore, the monodromy representation
induced by the Galois group S, is not irreducible. Therefore, for our purposes it is
more natural to consider a different function instead.

The action of G on X gives the Lie algebra map g — Dy, and we pick the following
basis of its image:

g11 = X101 +2x202 + -+ +nx,0, g2 =nxpd1 + (@ — Dx102+ -+ + xp—10n,
821 = X100 + 2x20] + -+ +nxpdy—1, g22 =nxpdo + (m — Dx191 + -+ + x—10,—1-

We denote by Z C X the Veronese cone, which is the G-stable closed subvariety
given as the image of the map W — X, w — w?. Let D C X be reduced divisor
defined by f, and Dy its smooth locus.

Theorem 2.15 Put h = x,_| + nx, - r. Then h is G-finite of highest GL-weight
(n —1,1), Dx - h is a simple (equivariant) Dx-module with CharC(Dxh) = (n —
D [T X1+ [T[*)OX], and F(Dxh) = H'é_l (Ox). Moreover, the following operators
generate Ann(h):

gn—n+1, g5 g, g — 1, (3841 — 8i419;) o1,
for0 <i < j <n—1(8isthe Kronecker delta).

Proof We first claim that the monodromy of / is irreducible, corresponding to the
standard representation of S,,. For this, let r| = r,rp, ..., r, denote all the distinct
roots of (2.6), locally analytic in x,, - f # 0. The monodromy representation of £ is
spanned by the elements x,_; + nx,r;. The sum of these elements is zero, therefore
basis of the representation is given by x,(r — r;), with 1 < i < n, thus proving the
claim.

Clearly, SingDxh C SingDxr = D U {x, = 0}. As r is homogeneous with
respect to scaling (i.e. annihilated by (g11 + g22)/n), it is easy to see that it has
(locally) trivial monodromy around the line x,, = 0 (see also Proposition 2.4). From
the inequality |x, 7| < |x,|+max{|xol, ..., |x,—1|} we see that x,r is locally bounded
around this line. Hence, for any root r of (2.6), x,, - r can be extended locally to the
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line x,, = 0 by Riemann’s theorem on removable singularities. By Corollary 1.10, we
obtain Sing Dxh = D.

Let J C Dy denote the ideal generated by the operators given in the statement.
For homogeneity reasons, g1; — n + 1 and g» — | annihilate i (see [41, p. 284]).
This implies that Dxh is a T-equivariant Dx-module, where 7 C GL, denotes the
torus of diagonal matrices. Since the induced map 71 (7) — m1(GL>) is surjective
and Sing Dxh is G-stable, we deduce by Proposition 2.10 that Dxh is actually GL,-
equivariant, and hence also G-equivariant. Therefore, by Lemma 2.5 & is a G-finite
function.

For the claim on highest weight, we show that g1 - & = 0. For this, we note that
G acts on r via fractional transformations as it does on x/y. As the operator g7 is
induced by the linear transformation x — y, y + 0, we obtain g1 - r = —1, and so
g1-h=0.

Using (2.3), we have a surjection P((n — 1, 1)) — Dxh, which implies that 4 is
also annihilated by gl"z_1 (see [36, Section 2]). The rest of the operators (9;0;4+1 —
0j4+10 j)H“S/'»"*1 are easily seen to annihilate 4 using the annihilating operators of r
given in [41, p. 284]. Therefore, we have J C Ann(h).

Put M = F(Dxh). Then M is a G-equivariant holonomic Dx-module. Since
J C Ann(h), we have Supp M C Z. We note that Z = O U {0}, with O being the
highest weight orbit of X, and the G-stabilizer of O is connected (in contrast to the
setting in [53], since G = GL; /K). As seen in Sect. 2.1, this implies that the category
modé (Dx) has 2 simple objects, E = F(Ox) and M, the latter being the simple
Dx-module corresponding to the trivial local system on O. As M ¢ has no non-trivial
self-extensions in modg (Dx), and Dxh is indecomposable (see Lemma 1.6 (c)) with
no simple composition factors isomorphic to Oy, we deduce that M = M. As
rank Dxh = n — 1, it follows that CharC(Dxh) = (n — 1) - [T X] + [W].

Asin Theorem 1.27, it is easy to see that there are no non-trivial extensions between
Oyx and Dyxh. Hence, the category modé(DX) is semi-simple. Since H%_I(OX) is
the injective hull of Mo in mod(Z; (Dx) (cf. [36, Lemma 3.11]), we deduce that M =
My (Ox).

We are left to show that 7 = Ann(/). As seen above, we have a surjection P ((n —
1,1)) — Dx/J, which shows that Dy /7 is G-equivariant. Since Supp F (Dx/J) C
Z and mod% (Dy) is semi-simple, we have Dx/J = (Ox)® & (Dxh)®’, with
a >0,b > 1. We have by (2.3)

a = dimHomp, (Dx/J, Ox) < dim Homp, (P((n — 1, 1)), Ox)
=Mp-1,1) (Sym Sym” (CZ) —0.

One can conclude by an explicit rank calculation that we must have b = 1. Alterna-
tively, by (2.4) we have

b = dim Homp, (Dy/J, Dxh) < dim Homp, (P((n — 1, 1)), Dxh)
=m@u-1,1) (Dxh) = my (M),
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where A = (n(n +1)/2 — 1, n(n — 1)/2 + 1). We now see using [53, Theorem 1.2]
that m, (M) = 1. O

We note that the above result gives an alternative approach to [53, Theorem 4.1] in
this case. In addition, we have determined an explicit presentation for H%_l (Ox) as
well as its characteristic cycle. By [53, Theorem 1.2] and (2.4), we have a description
of the G-module structure of Dy h. In particular, Dx is an admissible representation,
which does not follow directly from Lemma 2.14. In fact, by classical invariant theory
it is known that if n > 4 then C[X]5%2 has more than 1 generator, so we see that in
fact (Dxh)(xD) is not admissible.

A basic problem is to determine by, (s), which is also closely related to [46, Theorem
7.1] and [4]. We know that the roots are rational, and conjecture that they are strictly
negative, as suggested by Theorem 2.15. We find some “obvious" roots, which is
sufficient for our purposes in Sect. 4.

Proposition 2.16 Forh = x,_1+nx,-r andn > 3, we have by, (—1) = b, (—3/2) = 0.

Proof Since n > 3, we can choose a point a = (ag, ...,a,) € D C X witha, #0
such that (4.2) has a root ¢ # —a,—_1/(na,) of multiplicity one. Using the implicit
function theorem on (4.2), we can find an analytic function  on some domain of X
containing a such thatitis a solution to (4.2) and r(a) = c¢. By Lemma 1.18, we obtain
by(—1) =0.

Using monodromy, the second claim is equivalent to by (—1) = 0, where h’ =
Xn(r1 — r2)/+/f. Choose a point b = (by, ..., b,) € D such that b, # 0 and (4.2)
has roots cy, ..., ¢, with the property that c; = ¢, and the rest of the roots are all
pairwise distinct. We can find a simply-connected domain 2 C X containing b such
that for 3 < i < n the roots r; of (4.2) are all analytic with r;(b) = ¢; and x,, # 0.
The analytic functions r| — r, and /f are well-defined on any simply-connected
domain of €2 \ D, where they have the same monodromy corresponding to the sign
representation of S,,. Hence, 4’ can be analytically continued to 2\ D. Since on Q\ D
we have f = x2""2[],_ jri—r )%, we see by Riemann’s theorem on removable
singularities that &’ can be analytically continued to the whole €2, and 4’ (b) # 0. The
conclusion follows again by Lemma 1.18. O

2.4 Multiplicity-free holonomic functions

In this section X is finite dimensional rational representation of a (connected) reductive
group G. Here we provide a technique for computing Bernstein—Sato polynomials of
G-finite functions. For the following definition, recall Lemma 2.6.

Definition 2.17 Leth € gé”; and f = ]_[ﬁ=1 fi € C[X] the semi-invariant of weight
o defining Sing(Dxh), with f; irreducible (1 < i < [). Assume that Ug - h =
V, for some A € A(G). Then h is multiplicity-free if m; x, (Dxh) = 1 for k =
max {deg ;).

1

A necessary condition for the above to hold is my, (C[X]) = 1, which happens
when f is multiplicity-free in the sense [29, Section 1.2] (e.g. if X is prehomogeneous).
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In particular, each f; must be homogeneous (see [61, Proposition 4.3]). Since G is
reductive, there is a dual semi-invariant f* € C[X*] of weight o ~! of the same degree,
unique up to constant. In fact, we can choose a basis of X such that the the image
under G — GL(X) is stable under conjugate transpose, in which case f* can be
obtained from f by taking the complex conjugates of the coefficients, and replacing
the variables by the dual (partial) variables [61, Section 4]. For fi, ..., f;, we take
respective dual semi-invariants f*, ..., f* € C[X*].

Theorem 2.18 Assume that h is a multiplicity-free holonomic function. Then
@ - fHh=b(s)- f'h, 2.7

where b(s) is a polynomial with degb(s) = deg f and by, (s) | b(s). If the holonomic
D-module Dxh is also regular, then by, (s) = b(s) (up to a non-zero constant factor).

Proof Write Ug-h = V) as in Definition 2.17. Fix an element p € {1, ..., 1}, and let
o), be the character of f),. First, we show that there is a b, (s) € C[s] such that

fo@) - fpf*h =bp(s)- fh'. (2.8)
for all i’ € V,. Take a highest weight vector &, € V;. Clearly, we have

F3@) - fof h = 080 £, 0(s),

where Q(s) € Cls] ®c (Dx - h)atdeg f,-0—0,- By assumption, we have (Dx -
Mitdeg 0 = U7 - V;, and thus f, - Q(s) = by(s) - f%€/r . hy, for some
b,(s) € C[s]. Applying g-translates and via linearity, we obtain (2.8) for any 4’ € V.
This yields the functional equation (2.7) with b(s) = bi(s)---b;(s) and clearly
b (s) | b(s).

Next, we clearly have degb(s) < deg f. To show that equality holds, note that
the coefficient of s9°¢/ in b(s) is the same as that in '(s) given by the equation
F*@) - ST = b/(s) - f* for the b-function of f, which is non-zero (see [61, Section
4).

Now assume that Dx & is regular holonomic. By Lemma 1.11 we have Char ((Dxh) r)
= Char(C[X]y). As in the proof of [12, Corollary 2.5.10], we deduce that there is
apoint y € Char((Dxh) r) such that the microdifferential operator corresponding to
f*(9) is invertible near y. This implies that (up to constant) we have by, (s) = b(s)
(see also [14, Section 5]). O

An example of a multiplicity-free holonomic functionis # = f~! for a multiplicity-
free semi-invariant f onaprehomogeneous vector space, when we recover the classical
equation for the Bernstein—Sato polynomial of f (see [12, Lemma 1.6,1.7] and [12,
Corollary 2.5.10]).

We have the following notion of b-function of several variables (compare with [59]).
For a multi-variable s = (s1. ..., ), we let f£ = ]_[ﬁ=1 [, and f* = Hle £
Let d; = deg f;. Using the analogoue of (2.8) used in the proof of Theorem 2.18, we
have the following equation.
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Proposition 2.19 Assume that h is a multiplicity-free holonomic function. Then for
any l-tuple m = (my1, ..., m;) € N there is a polynomial bp,m(s) of I variables such
that

i*m(a) . i§+m h = by m(s) .iﬂ . h.

Furthermore, each by, , (s) is a product of linear factors of the form (up to a non-zero
scalar)

dm

bpm(s) = l_[ (Yi1s1 + viasa + -+ + visi + i),

i=1

where for all i, j we have y;j € N, gcd(y;1,...,v) =1, and o; € C. If h is as in
Proposition 1.16 then furthermore a; € Q for each i.

The decomposition of by, ;,, (s) can be deduced by an argument as in [59, Sections
3 and 4].

We note that an equation as above with b(s) having linear factors exists for an
arbitrary holonomic function % by [55, Théoreme 2.1] (see also [56, Proposition 1.2]
and [13]).

Remark 2.20 The arguments above show that for the results to hold we can replace
the multiplicity-free condition in Definition 2.17 with the slightly weaker condition
Mjtdeg fi-o—0; (Dxh) = 1foralli =1,...,L

It is immediate to recover the b-function by, (s) of one variable from the b-function
of by m (s) of several variables (for 2 multiplicity-free of Nilsson class).

3 G-finite functions in the presence of a dense orbit

We assume throughout this section that X is a connected smooth variety with a dense
orbit under the action of a connected affine algebraic group G. We denote the open
G-orbit by O with O = G/H. Write X\ O = D U C, where D is a hypersurface, and
codimy C > 2.

Letl’ := H/H 0 denote the component group of O, and A(I") the (finite) set
of (isomorphism classes of) irreducible representations of I'. By (2.5), we have
rrlG(O) = an(X\D) = I'. By Theorem 2.1, there is a 1-to-1 correspondence
between the elements of A(I") and the isomorphism classes of simple equivari-
ant holonomic Dy-modules with full support (moreover, torsion-free). We denote
by S* € modg(Dy) the simple (regular holonomic) Dy-module corresponding to
x € A(D).

3.1 Basicresults

In this subsection we gather some basic results in the case when there exists a dense
orbit. Our starting point is the following observation.
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Proposition 3.1 Let M be a G-equivariant coherent Dx-module. Then M has finite
rank and MY is a regular holonomic G-equivariant Dx-module.

Proof Let Z = X\O and j : O — X the open embedding. Due to equivariance,
I'z M is the torsion subsheaf of M. Recall the notation used in Lemma 1.3. From the
exact sequence

0= TzM) > M S M) L 1L — o,

we see that M"™ = im« is a submodule of j,j*(M). It is enough to show that the
latter is regular holonomic. Note that j*(M) is an equivariant coherent Do-module,
hence it is regular holonomic by Theorem 2.1. Hence, so is j.j*(M), and M has
finite rank by Lemma 1.4. O

Take an arbitrary simply-connected domain & C X\D. We see below that Qf "
does not depend on the choice of €2 (up to isomorphism), hence we simply put G’ X =

G Jin - The presence of a dense orbit allows us to combine some of our previous results
(cf Proposmon 1.24, Theorem 1.27, Lemma 2.9 and Proposition 2.10) in the following
stronger form:

Corollary 3.2 We have gx"” = Cgaml;; W\D(D) C M%X(D), with a decomposition
into indecomposable Dy x I'-modules

6" = P s ®x.

xeA(T)

In particular, g};’” is a regular meromorphic connection. Furthermore, Q)];m is injec-
tive in Modg (Dy) and

dim Homp, (M, Q'XM) = rank M,
for any M € modg (Dy).

Proof Take a coherent submodule M C gx"". By Proposition 3.1, M is a regular
holonomic torsion-free D-module. Since Sing M is a G-stable divisor, we must have
Sing M C D. Thus, we have an inclusion M C Gonrx (D). Since M was an arbitrary

coherent submodule of g X , we get Gy " Gonrx (D). By Proposition 2.10, this
implies that gx’” = %mg; wW)(D), and this is contflined in déx (D) since I' =
G (X) is finite. The claim on the decomposition of G X”’ follows from Theorem 1.27.

Notlcmg from Proposition 3.1 that Modg (Dx) C Mo d]m V. rh (Dy), the rest follows
from Proposition 1.24. O

Lemma 3.3 Let x be a non-trivial irreducible representation of I'. Then the hypersur-
face Sing S* is contained in D, and is non-empty if X is simply-connected.
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Proof Since Sing S* is a G-stable divisor, and Sing SXNO = @, the first claim is clear.
Assuming that it is empty, we get by Proposition 3.1 that S* is a regular connection

on X. If X is simply-connected, we get Sing S* = O? dim x by the Riemann—Hilbert
correspondence, contradicting the non-triviality of x. O

The geometric counterpart of rank finiteness in Proposition 3.1 is as follows. Take
the moment map

w:T*X — g*.

Since X has a dense G-orbit, the zero section T;X is an irreducible component of
the zero fiber ! (0). Moreover, the multiplicity of the scheme-theoretic zero fiber
u_l (0) along TX*X is one (see [36, Lemma 3.12]). We have the following result, which
follows as in the proof of [36, Proposition 3.14].

Lemma3.4 Let V be a finite dimensional representation of G. Then rank P(V) <
dim V.

The following is a basic result toward understanding the category modg (Dy).

Proposition 3.5 For a simple Dy-module S* with x € A(T"), the following holds in
modG (Dx)

(a) The module TX := SX (xD) is its injective envelope.
(b) The module PX = D(SX" (xD)) is its projective cover, and (PX)¥ = SX.

Proof The first part follows from [32, Lemma 2.4] or Corollary 3.2. Analogously, the
module PX = jij*SX" is the projective cover, where j : X\D — X is the open
embedding and j, = Dj,D.
By construction, we have an exact sequence
0> K — jij*S* — 8% — 0.
for some K € modg (Dyx) that has support in X\ O. This yields (PX)¥ = SX. O

3.2 The case when G is reductive

Here we assume additionally that X is affine and G is reductive. In particular, we
identify G ‘Q" with the algebra of G-finite functions on X.

Lemma 3.6 For an irreducible representation A of G, we have

mi(GF") =rank P(L) = Y dim x - m; (X (+D)).
x€A()

In particular, any torsion-free module in mod g (Dy) is an admissible G -representation.
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Proof By (2.3) and Corollary 3.2 we have
mu(G4™) = Homp (P(), GL™) = rank P().

Lemma 3.4, this is finite. We get the second equality by Corollary 3.2 again. By
Proposition 3.1, an Oy -torsion-free equivariant coherent Dy -module can be realized

as a submodule of a (finite) direct sum of copies of G )};in, hence it must be admissible
as a representation of G (see also Lemma 2.14). O

We recall the explicit correspondence between representations of I and connections
on O as described in the discussion after Theorem 2.1.

Lemma 3.7 For any irreducible representation A of G and x € A(I"), we have
m; (8% (D)) = m, (V;70).
Proof We have the following decomposition as G-modules

S*(xD) = HYG/H, (m(Og @ x M) = ClGloxH = P viewviexHl.
reA(G)

The claim now follows from dim(V;* ® xHH = my (V;HO). O

Definition 3.8 Anirreducible representation A of G is called a witness representation
for S, if m) (S§*) # 0 and rank P(1) = dim .

Recall that for a holonomic D-module M and a simple D-module S, we denote by
[M : S] the multiplicity of S in a composition series of M. The following clarifies
the terminology introduced above.

Lemma 3.9 Assume that A is an irreducible representation of G. Then A is a witness
representation for SX if and only if for any torsion-free equivariant coherent D-module

M, we have [M : SX] = m; (M).

Proof By Lemma 3.6, A is a witness representation for S* in and only if m; (S*) =
m; (S*(xD)) = 1 and m; (S* (xD)) = 0, for all x' € A(T), x' # x. Since M can
be embedded into a direct sum of G 5’;'", we conclude by Theorem 1.27. ]

Example 3.1 There are no non-constant g-invariants in G ‘;m, hence the trivial repre-
sentation is a witness representation for C[ X ]. More generally, the weights of products
of powers of semi-invariants as in Proposition 4.1 are witness representations for the
corresponding simple D-modules.

The projective equivariant Dx-modules P (i) have explicit presentations as a cyclic
D-modules [36, Section 2]. Thus, the following gives a computable strategy for finding
explicit presentations of the simples S* using Weyl closure (compare with Proposi-
tion 3.5).

Lemma 3.10 Assume A is a witness representation for S*. Then P(L)V = SX.
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Proof By (2.3), we have an exact sequence
0—>K—>Ph — S*—>0.

for some C € modg (Dy). Since A is a witness representation, rank (1) = rank S*.
Hence, we must have rank K = 0 so that K = 0. This gives P(A)* = SX. O

Besides finding presentations, witness representations are also ideal for computing
Bernstein—Sato polynomials using the technique developed in Sect.2.4. For the rest
of the section, X is the affine space and D is defined by a reduced semi-invariant f of
weight o.

To simplify notation, from now on for any G-finite function 7 we put by, (s) :=
bp,p(s) — albeit Sing Dxh can be smaller, see also Lemma 3.3. Note that we can
always divide & by a suitable power of f so that the singular locus becomes D, and
this produces only a shift in the Bernstein—Sato polynomial.

Lemma3.11 Let h € SX such that Ug - h =V, with A a witness representation for
SX. Then h is a multiplicity-free holonomic function.

Proof By Lemma 3.6, we have m; (SX(xD)) = 1, s0 m) 445 (SX) = 1 forall k € N.
O

When searching for (multiplicity-free) holonomic functions generating witness rep-
resentations, the following is our main criterion.

Proposition 3.12 Let A € A(G) and x € A('). The following statements hold:

(a) If ) is a witness representation for S*, then (Vf)H0 = x as I'-modules.
(b) Conversely, if(V/\*)HO = x then a non-zero h € (SX(xD));. is a multiplicity-free
holonomic function. Also, if a is the largest integer root of by, (s), then A+ (¢ +1)o

is a witness representation for SX.

Proof Assume that A is a witness representation of S* for some k € N. Then by
Lemmata 3.9 and 3.7 we have m (V/\*HO) =1and mX/(V;HO) = 0 for all irreducible

representations x’ # x of I". This implies that we have V;*70 =

Conversely, assume that (V)i“)HO = x as I'-modules. By Lemma 3.7, we have
my(SX(xD)) = 1andm; (S* (xD)) = Oforall x’ € A(T"), x’ # x.ByLemma 1.20,
wehave fot1.h e (SX )a+(a+1)o - In particular, A+ (a+1)o is a witness representation
as seen in Lemma 3.9. O

The following result reveals a perfect symmetry between the roots of Bernstein—
Sato polynomials (of several variables) with respect to duality.

Theorem 3.13 Assume that X \ O = D is a hypersurface, fi,..., fi define its
irreducible components with respective weights o1, . . ., 0], and A is a witness represen-
tation for SX, forsome x € A(I'). We canwritedet X = cio1+- - -+cjoy, with2c¢; € Z,
and \* + p - o is a wimess representation for SX", for some p € N. Moreover, for
non-zeroh € (8%); and h* € (SX*);L*, we have for any tuplem = (my, ..., m;) € N/

bpm(s) = L£bpxm(—s —m + o).
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Proof Since O is affine, by Matsushima’s theorem [40] the generic stabilizer H is
reductive. Hence, it follows from Lemma 3.7 that for any irreducible representation
w of G and any ¢ € A(T"), we have

myu(SY (D)) = my (ViH0) = my« (V) = m e (S (xD)). (3.1)

Since A is a witness representation, this shows that mx(S* “(*D)) = 1, and
my+(SY (xD)) = 0 when i # x*. Thus, the representation A* twisted by a suit-
able power p of o is a witness representation for S By [61, Proposition 8],
there is a semi-invariant rational function that has weight det? X, i.e. we can write
det X = cjo1 + - -+ + cj07, with 2¢; € Z (and such an expression is unique, e.g. [61,
Lemma 4.4]). As each o; descends to a charactero; : G/H — C*, we have an induced
character det X | of T'. Then (up to twisting by a power of o), 1’ := A* ® det X is
also a witness representation of SX ', where we put x' ;= x ® det X|r.
Fix atuple k = (ky, ..., k) € N. We have an equation

(i*m(a) - bh,m(li)) .ik h=0.
By Lemma 3.10 and the Nullstellensatz, there exists some power pE N’ such that
0=s2. (f@(a) fm - bh’m(k)) 1® Vit CDx ®ug Vio+r =Plk-a+1).

Putd = mdeg f1 + - - - + m; deg f;. Taking the twisted Fourier transform (see (2.4)
— note that the twisting takes care of complex conjugates), we obtain by Lemma 2.2

0= 2@ (=D 2 [0) = brw®) - 18 Voggin C Pk o +3).

Note that we have iQ_k -h* e (S X/)_k.gﬂ/. Via the (unique, up to scalar) non-zero
map P(—k-o + 1) — S’ (xD) induced by (2.2), we get

0=F"2@) - (D7 £2 f20) ~ ra®)) - fE - °
= ((_1)11 . bh*’m(g —k—m)— bh,m(’i)) . f*P(a) ,igfk ChE

We have fﬁ(a) ‘iﬁ_k “h* = by p(c —k — p) ~i9_k_3 . h* € 8 (D). Since the
latter module is torsion-free, we obtain

(D bre e =k = m) = byw®) - bie (e — k = p) = 0.

As this holds for all k = (ki,...,k) € N/, for sufficiently large tuples k we get
by p(c —k — p) # 0 by Proposition 2.19 (independent of the respective p € N,
hence the conclusion. ]
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The above result generalizes M. Sato’s functional equation of b-functions [24,
Proposition 4.19], which corresponds to the case & = 1 below (as well as [11, Lemma
3.4]; see also [12, Lemma 3.1]).

Corollary 3.14 Assume that X\ O = D isirreducible. Putd = deg f,n = dim X, and
let A be awitness representation of SX. Then for non-zeroh € (SX); andh* € (8™ Y50,
we have

bu(s) = by <—s - g - 1).

Proof Put/ = 1, m = 1, in Theorem 3.13, and use ¢; = —n/d by [61, Proposition
14]. O

Remark 3.15 Let us mention some overlap between Corollary 3.14 and the work [43].
Assume additionally that D is a linear free divisor (see [11]; for example, this holds
for the cases (1), (2), (6) in Sect.4). In particular, then the generic stabilizer H is
finite, X\ O = D, and n = d. Note that by Proposition 3.12, the existence of a witness
weight A for y is equivalent to SX (x D) being a free O p-module (see discussion after
Theorem 2.1). Then the module £ = Ox ® V), C SX is an integrable logarithmic
connection with respect to D (see [43, Section 5]). Thus, when the divisor is linear
free, Corollary 3.14 can be deduced from [43, Theorem 5.1].

4 Classification of G-finite functions on irreducible prehomogeneous
vector spaces

We first assume that X is a prehomogeneous vector space. We continue with the
notation from the previous section. The hypersurface D is defined by a reduced semi-
invariant f of weight o, and we denote by O C X \ D the dense orbit.

We denote by IT1(G) group of the characters of G, viewed as a subgroup of the
group of infinitesimal characters of g. The point of departure of the classification is
the following statement.

Proposition 4.1 Assume that D is a hypersurface with only normal crossing singular-
ities in codimension one. Let f = Hé:l fi be its reduced defining equation, with f;
an irreducible semi-invariant with character o;, fori = 1,...,1. Then

5 !
ng — @ Ox(*D) . 1_[ fiai'
i=1

acQ'N[0,1)!
a0 €I1(G)

Proof Clearly, the right-hand side is always contained in G in_ Note that f is a homo-
geneous polynomial (see [61, Proposition 4.3]). Under these assumptions it follows
by the theorem of Kyoji Saito and Lé Diing Trang [38] (see also [7, Chapter 3, The-
orem 2.9; Chapter 4, Corollary 1.4; page 104, (1.6)]) that we have 71 (X \ D) = /3
By the Riemann—Hilbert correspondence, the simples SX in Corollary 3.2 correspond
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to products of powers via exponentiating characters of 1 (X \ D). Since these factor
through the finite group 7110 (X\ D) =T, the powers must be rational of the required
type. O

Remark 4.2 By a result of Morihiko Saito [57, Theorem 0.4], the b-function gives a
criterion for D to have rational singularities, hence a sufficient condition for normality.

We now proceed case-by-case assuming that X is irreducible prehomogeneous
vector space (with G a connected reductive group). Such spaces were classified by Sato
and Kimura [61]. By Theorem 1.27, the classification of G-finite functions reduces to
finding the solutions of the simple equivariant D-modules S*, x € A(I"). We have
that D is irreducible [61, Proposition 4.12], and if it is non-empty then C = ¢ so that
X \ D = O. By Proposition 4.1 the only interesting cases are when the irreducible
hypersurface D is not normal. Using Remark 4.2 together with the list of Bernstein—
Sato polynomials in [23], as well as the calculations of generic stabilizers [58], [24,
Appendix], we have to consider only 6 cases (reduced, i.e. up to castling transforms):

(1) (GL,, 3A1) — binary cubic forms;

(2) (SLz x GL3, 2A1 ® A1) — pairs of 3 x 3 symmetric matrices;

(3) (SL3 xSL3 xGLy, A1 ® A1 ® A1) —2 x 3 x 3 tensors;

(4) (SLe x GL2, A2 ® Aq) — pairs of 6 x 6 skew-symmetric matrices;

(5) (E¢ x GLy, A1 ® A1) — pairs of exceptional simple Jordan algebras;

(6) (SLs x GL4, A2 ® A1) —quadruples of 5 x 5 skew-symmetric matrices.

Here we used the Bourbaki notation for irreducible highest weight representations.
Case (6) is notoriously complicated, and the b-function of f (which has degree 40)
was finally obtained only after a series of papers and conjectures [47, 48, 71]. We
leave the respective classification for case (6) for future work.

For the cases (1)-(5), we proceed by finding for each simple equivariant D-module
an explicit G-finite algebraic function spanning a witness representation, and then
calculate its Bernstein—Sato polynomial. In the last subsection, we give a result on
the Bernstein—Sato polynomials of holonomic functions that correspond to each other
under castling transforms.

4.1 Binary cubics

As in Sect.2.3, we put X = Sym> W with G = GL, /K, where dim¢ W = 2 and
K = {wl, | @ = 1}. The action has 4 orbits:

e The zero orbit Oy = {0}.

e The orbit O = {l3 : 0 # 1 € W} of cubes of linear forms, whose closure 0 is
the affine cone over the twisted cubic.

e The orbit O = {ll2 -1y : 0 # 11,1, € W distinct up to scaling} whose closure 0,
is the hypersurface defined by the vanishing of the cubic discriminant f, which is
a GL;-semi-invariant of weight (6, 6).

e The dense orbit O = {1 -l - I3 : 0 # 11, 1>, 13 € W distinct up to scaling}.
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It is known that the hypersurface defined by f is not normal, as its b-function is
(23]

(s+ 1) (s +5/6)- (s +7/6), 4.1)

and it is also a consequence of the fact that the component group I' = H/H)
of O = G/H is non-abelian, with Hy = {l} and ' = H = §3, where S3
stands for the symmetric group of order 3. The group I' has two 1-dimensional
representations triv, sign and the standard 2-dimensional representation st. We have
S"Y = C[X], S¥ie" = S%ig"(xD) = C[X]; -/ (by (4.1) and Lemma 1.20, see also
[32]).

Although this particular space has been studied in detail in [32], our purpose is
to give an explicit functional interpretation of S and understand its implications
on modg(Dy), as these methods generalize to the other cases as well. We note the
differences between G-equivariant and GL,-equivariant Dx-modules, as in the latter
case there are more torsion-free simples, but they can all be obtained easily through
tensoring by a suitable rational power of f (see [32]).

We now find an algebraic function generating a witness representation in S®.
As it turns out, the natural candidate from Theorem 2.15 will do. Consider a root
r(xo, X1, X2, X3), as analytic function in xg, x, X2, x3 on some domain, of the cubic

x3~y3+xz-y2+x1'y+xo=0. “4.2)

We note again that r itself is not G-finite, but h(xg, x1, x2,x3) = x3 + 3x3 -
r(x0, X1, X2, X3) is.

Proposition 4.3 Put h = x + 3x3 - r. Then h € S% is a G-finite holonomic function,
and Ug - h = V(2.1 is a witness representation for S*. We have

2
Aaf - = bu(s) - fh, with by(s) = (s +1)°- (s + ;) )

Proof By Theorem?2.15,h € S*isa G-finite holonomic function,and Ug-h = V(3 1).
Proposition 3.12 shows readily that A = (2, 1) is a witness representation for S, and
together with Theorem 2.18 it gives the required differential equation for b, (s), with
deg by (s) = 4.

As x = x*, we have (SX);+ = 1 (see Theorem 3.13 and Proposition 3.12).
Note that h* := h//f € (SX);x, and clearly by«(s) = by, (s — 1/2). Therefore, by
Corollary 3.14, we obtain

bp(s) = bpx(—s —2) = bp(—s — 5/2).
By Proposition 2.16, we know that (s + 1)(s 4 3/2) divides by, (s), and therefore their
quotient is of the form (s + a)(s + 5/2 — a), for some rational number a > 5/4

(cf. Corollary 1.17). Put M = (Dx - f~%h)/(Dyx - f’““). By Lemma 1.20, the
Dx-module M is non-zero. Clearly, it is an SLj-equivariant Dx-module supported
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in D. For each i = 0, 1, 2, the G-orbit O; is also an SL,-orbit with its G-stabilizer
equal to its SLy-stabilizer (see [32, Section 3.1]). Thus, any composition factor of M
is a G-equivariant Dy-module, which forces 2a € Z. From the character formula of
H%l (Ox) (see [32, Section 3.2]), we see that SX(xD) = (Dy - f~%h) is generated

by both f~'h and f~3/2h as a Dx-module. By Lemma 1.20 again, we conclude that
a=3/2. O

The proof above illustrates the circle of ideas that we have developed, but since we
have explicit generators of Ann(h#) by Theorem 2.15, they can be used to calculate
by (s) through a computer algebra system (this direct approach does not terminate for
rest of the series (2)—(6)). Conversely, given by, (s) we can obtain various results from
[32] by different means. For example, Lemma 1.20 then readily implies

Dx -h/\f = Dy -h=8" C S'«D)=Dx-f'h = Dx-f .

4.2 The series (2)-(5)

As in [25], we treat the cases (2),(3),(4),(5) as a series depending on the parameter
I =1,2,4,8, respectively. We have dim X = 6/ 4 6, and we quotient out by the
kernel of the action map so that G acts faithfully. The component group is I' = Sy for
I=1and ' = §3 forl = 2,4, 8 by [58] (see also [24, Appendix]). As in the binary
cubics case, for [ = 2, 4, 8 the interesting torsion-free equivariant simple D-module
is 8% corresponding to the standard representation of S3.

On the other hand, the case / = 1 is slightly degenerate, as can be also seen from
the corresponding holonomy diagram [25], and is a phenomenon that appears in the
subexceptional series in [37] as well. For uniformity, we still denote the simple D-
module corresponding to the 2-dimensional irreducible representation of Sy by S,
since it factors through the group morphism S; — S3. We denote by S ! the simple
D-module corresponding to the standard representation of S4. Note that the simple
D-module S* D corresponding to the other irreducible 3-dimensional irreducible
representation of Sy is related to S through multiplication by /7 in g§’", since
SN D) - /F = 8BV (xD) as Dp-modules.

The representation X has the following uniform description in terms of Hurwitz
algebras R, C, H, O [25]. For [ = 1,2,4, 8, let A denote R g C, C ®r C, H ®pr
C, O ®r C, respectively. We identify X with the space of pairs of 3 x 3 hermitian
matrices (X1, X) with the natural action p : SL3(A) x GL, — GL(X), and we put
G = (SL3(A) x GLj)/ker p. The irreducible semi-invariant f of degree 12 is the
discriminant of the binary cubic

det(uX| +vXy) =d; cud +d - u*v +dj3 - uv? +dy - V3.

Based on standard methods from representation theory, we obtain the following

result.
Lemma 4.4 The polynomialsdy, dy, d3, ds are algebraically independent and C[ X R

= Cld, d», d3, ds].
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By [25], the Bernstein—Sato polynomial of f is

(s+1)2<s+§>(s+z><s+H—l>2<s+l+—2)2

6 6 2 4
[+4\? 31+2 31+ 4

(S+T> <S+T)<S+T>

We denote by h(xg, x1, X2, x3) = x2 + 3x3 - r(xo, X1, X2, x3) the function from
Proposition 4.3, where r is the root of the cubic (4.2). We obtain the following uniform
result in terms of the parameter/ = 1, 2, 4, 8.

Theorem 4.5 Put hy = h(dy, d», d3, ds). Then hy € S% is a G-finite holonomic
function with Ug - hg = triv @ V(2.1) a witness representation for S*. We have

biy(s) = (s + 1)° (s+§>2<s+l+1)2<s+l+2>2<s+w)<s+ 3l+10)
0 2 2 2 12 12
3+ 14 3+ 16
(s+ D )(s—i— D )

We explain how we obtained the Bernstein—Sato polynomial, as all the other claims
can be checked easily. The computation of by, (s) is performed by the method of
reducing invariant differential operators through passing to an affine quotient. Here
we only sketch this technique, and give some further details for the case in Theorem 4.6,
as it becomes more intricate there.

By Theorem 2.18, we have an equation of the form

df - £ ho = byy(s) - foho. (4.3)

Consider the quotient map p : X — X//SL3(A). Note that by Lemma 4.4 the
space X // SL3(A) can be identified with the space of binary cubic forms, and we have
ho = hopand f = d o p, where d is the discriminant of the binary cubic from
Sect.4.1. There is an induced algebra map

P: D§L3(A) —> Dx//sLs4)-
The equation (4.3) on X descends to an equation on X // SL3(A)!

P@f)-dT'h = byy(s) - d*h. (4.4)
First, we explain how to obtain Q = P(9d f). As the degree of f is 12, so is the degree
of the differential operator Q. In order to write down Q in the Weyl algebra Dy ;/s1.5(4)

explicitly, in principle we need to evaluate Q - d|"dy*d3’d," and express the result in
Cldy, da, d3, d4), for each s = (s, 52, 53, 54) € N* with s1 + s2 + 53 + 54 < 12.

! This explains the relation by, (s) | bp (s). The same reasoning explains why the b-function (4.1) divides
that of f.
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The powers s are too large for calculations to terminate on a computer, but we can
make the following simplification. As f € Cld, da, d3, d4], we also have d f €
Cl[ody, dd>, dd3, 0d4] for SL3(A)-invariants dd, dd,, dds, dds dualtody, d», ds, d4.
Since P is an algebra map, in order to get Q, it is enough to compute P (dd;) for
each i = 1,2, 3,4, which now requires to evaluate P(dd;) - dy'dy*d5’d,* only for
s with s1 + s2 + 53 + s4 < 3. These evaluations do terminate, and by writing the
obtained results in terms of dy, d», d3, d4, we can inductively construct each P (9d;)
as the entries of s increase.

While the calculations involved in obtaining P (dd;) are in principle computable by
hand, we developed a program in Macaulay?2 to handle the whole process automatically
in a more general setting.

Once Q is determined, we rewrite (4.4) as Q - d — by,(s) € Ann(d*h). By
Theorem 2.15, the ideal I = (g1 — 65 — 2, g1,, 821, 822 — 65 — 1) C Dgals] is
contained in Ann(d*h). Computing the normal form of Q - d with respect to a Grobner
basis of I, we obtain by, (s) (up to a constant).

Now we consider the remaining simple D-modules S>!-D and S@V in the case
=1

Theorem 4.6 The representation M=A® (1, 1) (resp. M=AQ® (—=2,-2))isa
witness representation for SV (resp. SV, For a non-zero hy € (8(3’1))11 (resp.
hy € (8(2'1'1))A2), we have

3\* 5\? 7\? 1
bhl(s):(5+l)4<s+§) <S+6) <S+5> , and by, (s) = by, <S—§).

In the rest of this subsection we outline the proof of Theorem 4.6 above. The fact that
A1 (resp. A2) is a witness representation follows from Proposition 3.12, by inspection.
We can assume that &1, h, are highest weight vectors. Since i1 = /f - ha (up to
a constant), it is enough to compute by, (s). We can further choose £ such that its
orbit under the Galois group has 4 elements only. Therefore, y = h1 must satisfy an
algebraic equation of the form (the constants are chosen for convenience)

y =20y +8-v5-y—vg=0. (4.5)

Each v; must be a degree i polynomial of highest weight (i /2) - A!. By a plethysm
calculation, we see that both the 21! and 31! isotypical components of C[X] have
dimension one, while the 41! component dimension two. Therefore, finding the equa-
tion (4.5) amounts to just finding 4 constants.

The fact that i1 is G-finite implies, in particular, that the discriminant of (4.5) is
divisible by f. It turns out, this is enough to find the 4 constants (up to a scaling factor),
which is done by an explicit calculation.

We think of the space X as pairs of 3 x 3 symmetric matrices {(x;;), (yi;)}. Write

7 — X11 X12 X13 X22 X23 X33
Y11 Y12 Y13 Y22 Y23 Y33
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We number the colums of Z from 0 to 5. Let d;; denote the 2 x 2 minor of Z formed
by the columns i and j, with 0 <i < j < 5. The calculation yields the following:

va = diy — dozdos + 2doadas + 2doadn + 3d}, — 4doadya + 2dordss,

v6 = doad}y +diy +dopdosdis —dordosdia —2dordyadra
—doadozdis+dordoadis +dordi2dis +dydrsdin +d§2d34,

vg = (—1/3) - (4y},d5 — 12y3,d1d3 — 4x11y11dads + 4x7yd3
+36x11y11d1ds — 12x3,dy — v3).

By Theorem 2.18, we have an equation of the form
Af - My = by (s) - fohy. (4.6)

As in the previous case, we reduce (4.6) to a smaller space, inspired by invariant theory.
Consider the subgroup H C GL3 C GL3 x GL; consisting of matrices of the form 2

H = {((1) Z) © a e C? and det(A) € {1, 1}}.

The following can be shown with the help of the computer, for example.

Lemma 4.7 The elements x11, y11, d1, d2, d3, ds, v4 € CIX1H are algebraically inde-
pendent.

We denote by R = C[x11, y11,d1, do, d3, ds, v4] € C[X]H 3 We have f,v3 € R,
and we also get that vé € R by an explicit verification (it is clear that vé e Crx1M).
We write f = d(dy, da, d3, ds), where d is the discriminant of the binary cubic, and
we have the dual version d f = d(ddy, dd>, dd3, dds).

Through the computer program that we developed and mentioned already in the
previous case, we can compute each dd; - x}}y;}d} dy}dy dy vy for s € N7 with
ZZ: 1 Si < 3. Moreover, we also verified that each result lies in R (clearly, it lies in
C[X]"). Therefore, we can reduce (4.6) to an equation on Spec(R) = C7, where we
denote by Q the differential operator induced by a f".

Now we consider a series expansion of y as given in [65]. * By a careful argument
using highest weights, itis not difficult to show that in order to obtain by, (s) from (4.6),
it is enough to consider a truncation of the series expansion of i1, apply d f - f*!to
it, and then identify the coefficient of the first monomial in the result. More precisely,

2 We have tried using smaller subgroups and also SL (on the second factor), but the computations did not
terminate then.

3 We believe that this is actually an equality, and while this would simplify the argument a bit, it is not
essential.

4 We have implemented also various Grobner methods, but none of these computations terminated.
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it suffices to find the coefficient of the monomial f*./w/u after applying 8 f - f*!
to the following truncation of A (here u = —2v4,z7 = —vg, w = 64v§)

T=Jw- [u_l —w/ut + Q2)/u? — 10wz) /u® + (622) /u’ — (T0wz?) /ud

—330wz(w? + 72%) /u'? +

+Gw? +202%) /u” — 12w + 35wz /u'O+ 144wz + 52%) /u®

+126(5w?22 +22%) u' = 1716(3w322 + TwZd) fu' +

+11(5w* + 504w?23 + 8420)) /u'3 — 273w + 220w3 23 + 220wz®) /u'®
+286(Tw*z + 147w?z* + 1277y ju'® —

—1768(Tw’z + 330w z* + 165wz7) /u'® + 286(140w*z2 + 1008w?z> + 4578) /ul”
—25194(12wz? + 198wz +

+55wz8) /u0 4+ 452272 (14157w? 20 4 1562%) /u? + 6462(10725w* >
+17160w?z8 + 28627 /u?! +

+68(21w® + 8580w*z3 + 27027w?z° + 7152%) /u'®

—1292(30030w328 + 5005wz°) /u”} .

Write T = /w - T'. Viewing T on Spec(R) = C’, we see that T’ is a Laurent
monomial. In principle, we can apply O to T (even to the algebraic function y on
Spec(R)) using the HolonomicFunctions package, but this does not terminate, as the
factor ,/w creates a computational bottleneck.

Therefore, instead of reducing dd; to R, we perform the following trick.

Lemma 4.8 We have a well-defined differential operator U—lﬁ -dd; -vg : R —> R, for
i=1,2,3,4.

We use again our computer program to prove this and compute each T ad; - vg

on Spec(R), which we denote by Q;. Then (4.6) reduces to the following on C7 via
truncating

-d(dy, dy, d3, ds)’

, by, (s
d(Q1, 02, 03, Q1) -d(dy, dy, d3,dy)* ™ - T' = th()

+other irrelevant terms.  (4.7)

Even with the knowledge of Q;, evaluating d(Q1, Q2, 03, Q4) in D7 is computa-
tionally expensive. Since it is enough to evaluate the right-hand side of (4.7) at a point
in C7 (with as many zero entries as possible) such that u # 0 # d(dy, d>, d3, ds) and
w = 0, z = 0, we further wrote a program in Macaulay?2 that takes this into account
while working in the Weyl algebra on the left hand side of (4.7). Once we performed all
of these reductions, we finally found by, (s) using the HolonomicFunctions package.

Remark 4.9 Using the method of reduction by invariant differential operators as above,
we can equally compute the b-functions of the semi-invariants f as well, thus offering
an alternative approach to the microdifferential method for many cases in [23].
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4.3 G-finite functions under castling transformations

We now discuss the behavior of algebraic functions under castling transforms. At first,
G can be any linear algebraic group.
Let (7, V) and (p, W) be two finite dimensional representations of G withdim V =
n. We denote by A the standard representation of general linear group. Take two
numbers 11, ny € N with ny +ny = n, and put (7/, V') to be the representation of G
1

corresponding to V' := V* ® (det V)"2. We can form two representations (see [18,
Section 2.3])°

X1 =(GxGCLy, @@AN® (p® 1), VI @ W),
X2 =(G xGLy,, @ @AN® (p® 1), (V)20 W).

Following [61], the representations X, X, are called castling transforms of each
other. In the representation theory of algebras the corresponding functors are called
reflection functors. As in [18, Proposition 2.1], we have a G-equivariant isomorphism
Y of graded algebras (graded by their GL,,, -weights)

CIX 13 = C[X7]5m when ny, ny > 0,

- @.8)

Cx ¥ = X, @ Cldet,,], whenny = 0.
For simplicity, we will assume n1, ny > 0 throughout, but the formulas extend also to
the degenerate cases.

The paper [28] gives relations between the b-functions of semi-invariants of pre-
homogeneous spaces related under castling transforms as above (see also [23, 63],
and [24, Theorem 7.51]). Here we generalize the results to multiplicity-free algebraic
functions.

First, we extend ¥ to an isomorphism for algebraic functions. Fix an SL, -stable
hypersurface D C X defined by a (reduced) polynomial, which must be an SL,, -
invariant. We denote the SL,,-stable hypersurface defined by the latter with (D) C
X5. The following is a consequence of Proposition 2.13.

Lemma 4.10 The map r extends to a G-equivariant isomorphism of algebras

Ut (W (D) > (g, (YD)

We can now formulate the main result of this subsection. We assume again that G
is a connected reductive group, and denote by G; = G x GL,,; the group acting on
Xi.Let fi,..., fi € C[X113" (resp. £/, ..., f € C[X2]%"2) define the irreducible
components of D (resp. ¥ (D)). Each f; (resp. f/) is semi-invariant with respect to
GL,, (resp. GL,,) of weight d; € N, say.

1
3 Technically, (det V)2 is only a g-module, but we will continue calling V' a G-module. The twist by
1

(det V)2 is convenient to give G-equivariant correspondences, otherwise [18, Proposition 2.1] does not
hold as stated. For example, take n1 = np = 1,n = 2, with G = C* actingon V = CZand W = C by
scalar multiplication.
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Theorem 4.11 Assume that h is a G-multiplicity-free algebraic function on some
domain of X1 of weight \' = A @ det?, for some A € A(G) and d € 7, and let
D = Sing Dy, h. Then yr(h) € @7%}@ (Y (D)), and for any tuple m € N we have

ny dm—1 ny dm—1

brn@ - [] [] @ s+d+i+i) =byamn@ - [] [] @ -s+d+i+p.

i=1 j=0 i=1 j=0

Proof 1t follows from Lemma 4.10 readily that v (h) € d%xz(l/f(D)) with weight

A ® det?. We briefly recall some facts from the proof of [28, Theorem 2.1].

Let A (resp. A”) be the subring of C[X] (resp. C[X>]) generated by the maximal
minors of the space of n x ny (resp. n x ny) matrices. Let Ay (resp. A;{) denote the
respective homogeneous parts of degree n1k (resp. nak). Similarly, we define the ring
of (constant) differential operators B (resp. B") generated by the maximal minors in
the partial variables, and By (resp. B;) denote the homogeneous part of degree 1k
(resp. nak). The map y restricts to a GL,-equivariant isomorphism of graded algebras
¥ : A — A’.Dually, we also have a GL,,-equivariant isomorphism of graded algebras
¥ B — B

Fixk € N.Forany p € N, p > k, we have a GL-equivariant map ¢, : Bx®A, —
Ap— (resp. @), : D} @ A}, — A’p_ .) given by applying differential operators. So ¢,
and 7, := ¢ o ¢, o (¥' ® ¥) are two GL,,-module morphisms By ® A, — A,
and by Schur’s lemma they agree up to a constant, e.g. calculated in [24, Theorem
7.51], [28, Theorem 2.1]. Denote by ¢ : By A — A (respt : By @ A — A) the
sum of all maps ¢, (resp. t,,) over p. Hence, for any Q € By and P € A, we have

k—1ny—1 k—1n1—1
[T[Tw-i+p seP=]][][[w-i+) @& P).
i=0 j=0 i=0 j=0

We now extend the domain of ¢ (resp. t) gradually to semi-invariant algebraic
functions on X; (by abuse of notation, we will use the same letters). First, as
Clx 1]SL"1 = A ® C[W] by the First Fundamental Theorem for SL (cf. [69]), we
note that the maps ¢ and t extend naturally to ¢, 7 : By ® (C[Xl]SL"I — (C[Xl]SL"I
with B acting trivially on C[W].

The above equation implies that for any P, ..., P, with P; € A, ® C[W] (with
pi € N), we have

k—1ny—1
[[[l@-s—i+i -d@@ P - Pym)
i=0 j=0
k—1n1—1
=[[]]@ s-i+i @@ - Pm. 4.9)
i=0 j=0
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forall (sq, ..., s,) € N. Butthen the same equation must hold by letting (s1, . . ., S,)
to be a tuple of variables (extending the domains of maps appropriately), and so must
hold for tuples of rational numbers.

Now let y be a GL,,,-semi-invariant algebraic function of weight det?, and write
y' +ajy'~'--- 4+ a,_1y + a, for the minimal monic polynomial of y. As seen in
Proposition 2.13, the coefficient ; € C(X) is also GL,, -semi-invariant, of weight
detid fori = 1,...,t. In particular, each a; can be written as the quotient of two
elements in A ® C[W] (see [69, Theorem 3.3]).

Next, let £ C Z'*! be the sublattice spanned by the vectors ¢; | — 2¢; + ej41,
where i = 1,...,t — 1. We observe that there is a vector u € Q' *1 quch y admits
Puiseux series expansions in 1 = ag, ay, ..., a; with the property that the exponents
all lie in u + £ (see [15, Lemma 1] and [65]). More specifically, one can take the
coarsest triangulation in [65, Theorem 3.2] to avoid potential zeroes in denominators.
For an exponent v € u + L, write a¥ for the corresponding Puiseux term, and put
§=100,d,2-d,...,t-d).Sincev -8 = u -4, from (4.9) we deduce that for any
Pi,..., P, with P; € A, @ C[W] we have

k—1ny—1
[T s+u-s—i+j) Q@@ Py -a%)
i=0 j=0
k—1n1—1
=[[]]@ s+u-s—i+j w@a @ - Py a%).
i=0 j=0

Thus, summing over all terms of y in its Puiseux expansion, we obtain

k—1ny—1
[T std—i+h -o@e@ By
i=0 j=0
k—1n1—1
:l_[ H(£'£+d—i+j) T(Q® (P - P - y)).
i=0 j=0

Now puttingk =d -m, Q = i*m(a), m=1,P = fi,si > si+mj,andy = h
yields the result according to Proposition 2.19. O

Remark 4.12 The proof above shows that v (1) also satisfies the equation as in Propo-
sition 2.19, yet, in principle, it might not be multiplicity-free, since deg f/ may be
larger than deg f;. Nevertheless, the statement is entirely symmetric, since the exis-
tence of such an equation for 4 is the only requirement for Theorem 4.11 to hold, and
multiplicity-freeness was only used in order to guarantee this.

Assume now that X; is prehomogeneous under the action of G1. By [61, Propo-
sitions 7, 9], the space X is also prehomogeneous under the action of G5, and their
generic stabilizers I" agree.

Write X;\O; = D; U C;, with codimy; C; > 2. Note that ¥ (D) = D;. Let o be
the weight of the semi-invariant defining D (and D»). We denote the correspondence
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between the simple equivariant torsion-free D-modules by Sf( > S§, forall x
A).

Lemma 4.13 Assume that \' = % @ det? is a wimess representation of G| for ST,
for some . € A(G) and d € 7. Then for some p € N, > + p - o is a witness
representation of G, for S, with A*> = A ® det.

Proof First, note that the isomorphism in Lemma 4.10 commutes with monodromy.
Therefore, by Corollary 3.2, for any x’ € A(I") we have G-isomorphisms

(87 ep)™ = (85 x00) ™.

By Lemma 3.9, twisting by a suitable power of o so that A2 4+ p - 0 € S¥, we obtain
the desired result. O

Example 4.1 We take case (2) from our series, so G; = SL3® GL, acting on
X1 = 2A1 ® Ay, and the irreducible semi-invariant has weight o = triv® det®.
By Theorem 4.6 that ! = A ® det? is a witness representation for 853'1). Then we
have G, = SL3 ® GL4 acting on X, = 2A1 ® A1, and we let 22 = Ay ® det?. By
Theorems 4.6, 4.11 and Lemma 4.13, for non-zero i’ € (853’1) (xD7));2 we get

3\ 5\2 7N &5 i+
bh/(S)=(S+1)4<s+§> (s+g> <S+g) ~l_[l_[<s—|— o )

i=5 j=0

Since by (s) has only negative roots, we see by Lemma 1.20 and Proposition 3.12 that
in fact b’ € Sf’l), so that A2 is also a witness representation for Sf’l).
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