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Abstract
We give a uniform description of the bijection ® from rigged configurations to tensor
products of Kirillov—Reshetikhin crystals of the form ®IN: | B” i-l in dual untwisted
10 Eéz), and Df’). We give a uniform
proof that & is a bijection and preserves statistics. We describe ® uniformly using
virtual crystals for all remaining types, but our proofs are type-specific. We also give
a uniform proof that @ is a bijection for @2_, B"% when r;, for all i, map to 0 under
an automorphism of the Dynkin diagram. Furthermore, we give a description of the
Kirillov—Reshetikhin crystals B"-! using tableaux of a fixed height &, depending on r
in all affine types. Additionally, we are able to describe crystals B"* using k, x s shaped
tableaux that are conjecturally the crystal basis for Kirillov—Reshetikhin modules for
various nodes r.
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1 Introduction

Kashiwara began the study of crystals in the early 1990’s as a method to explore the rep-
resentation theory of quantum groups [36,37]. One particular application is the highest
weight elements of a tensor product of Kirillov—Reshetikhin (KR) crystals naturally
index solutions on two-dimensional solvable lattice models from using Baxter’s corner
transfer matrix [1]. Kerov, Kirillov, and Reshetikhin introduced combinatorial objects
called rigged configurations that naturally index solutions to the Bethe Ansatz for the
isotropic Heisenberg spin model [41,42]. Moreover, the row-to-row transfer matrices
can be described by tensor product of KR crystals. This suggests a link between rigged
configurations and highest weight elements of a tensor product of KR crystals.

This was formalized by Kerov, Kirillov, and Reshetikhin by constructing a bijec-
tion ® for the tensor product (BL-1)®V in type Af,l) and the corresponding rigged
configurations. This was extended to the general case ®ZN= | B"% in type Af,l) in [43],
and it was soon conjectured that there exists an analogous bijection in all affine types.
For the remaining non-exceptional types, such a bijection for (B'"1)®V was given in
[74] and type Eél) in [71]. Many other special cases are also known: the ®IN: 1 Blsi
case for non-exceptional types [75,89]; the ®ZN=1 B’i-! case for types Dlgl, A(zi)’
and C,(,]) [76], and type Df,l) [86]; the case B for type D,(ll) [69] and other non-
exceptional types [88]; and both types of tensor products are known for type Df)

[93]. Recently, the general case for type D,(,l) was proven [70], followed soon there-
after for all non-exceptional types [73]. Additionally, the bijection ® was extended to
a crystal isomorphism for the full crystal in type A,gl) in [14,92] and a classical crystal
isomorphism for type D,(ll) in [81] and qu)—l in [88].

Despite being defined recursively, obfuscating many of its properties, the bijection
® has many remarkable (conjectural) attributes. There is a natural statistic defined
on tensor products of KR crystals called energy that arose from the related statistical
mechanics, but energy is an algebraic statistic whose computation requires using the
very intricate combinatorial R-matrix. On the rigged configuration side, there is a
combinatorial statistic called cocharge, which also comes from the related physics,
and @ sends energy to cocharge (with interchanging riggings and coriggings). This
gives a combinatorial proof the X = M conjecture of [20,22]. We recall that the
X side comes from the sum over the classically highest weight elements of tensor
products of KR crystals and is related to the one-point function of 2D lattice models.
Additionally, the M side is summed over highest weight rigged configurations and is
related to solutions to the Bethe equation of the Heisenberg spin chain. Moreover, the
combinatorial R-matrix gets sent to the identity map under .
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Because of these properties, rigged configurations in type A,Sl) describe the action-

angle variables of box-ball systems [46], which is an ultradiscrete version of the
Korteweg-de Vries (KdV) equation. More specifically, the partition v(! describes
the sizes of the solitons when there is no interaction [46,97]. A tropicalization of a
ratio of (cylindric) loop Schur functions is conjectured to describe @ for box-ball
systems [48,94], and ®~! can be described using the t function from the Kadomtsev—
Petviashvili (KP) heirarchy [47]. Generalizations of box-ball systems, soliton cellular

automata [3,21,23,58,98,99], are also believed to have deep connections with rigged

configurations. In type A ,(11) , the state energy was related to rigged configurations [80].

There are many properties of rigged configurations that are known to be uniform.
A crystal structure on rigged configurations was first given for simply-laced types
in [87], which was then extended to a classical crystal structure for U é (g)-crystals
for affine types [88] and highest weight crystals and B(oo) for general Kac—Moody
algebras in [82,84]. Furthermore, the *x-involution on B(co) [38,57] is the map that
replaces all riggings with their respective coriggings [85]. In [83], the bijection ® was
also extended (uniformly) to describe a bijection between the rigged configurations
and marginally large tableaux [13,27] for B(c0).

Similarly, there are also uniform descriptions of KR crystals of the form B =
®,N: | B ‘I using the alcove path model (up to non-dual Demazure arrows) [50] and
quantum and projected level-zero LS paths [51-53,59-61]. This is based upon the
work of Kashiwara [39], where B is a crystal basis of the tensor product of the corre-
sponding KR modules and is constructed by projecting the crystal basis of a level-zero
extremal weight module. A uniform model of extremal level-zero crystals using Naka-
jima monomials was given in [26], but the projection onto B was done type-by-type.
The connection of (resp. Demazure) characters of B with (resp. non-symmetric) Mac-
donald polynomials was given in [51,53] (resp. [54]).

KR crystals also have a number of other additional properties. Their characters
(resp. g-characters in the sense of [19]) give solutions to Q-systems (resp. T-systems)
[24,25,62—-64]. The existence and combinatorial structure of B"* was given for non-
exceptional types in [16,67,72] and a few other special cases [30,35,100]. Existence
for types G;l) and Df) was recently proven in [66]. KR crystals are conjectured to
generally be perfect, which is known for non-exceptional types [17] and some other
special cases [35,100].

While many special cases of the conjectured bijection ® are known (as mentioned
above), the description of ® is given in a type-by-type fashion, meaning that there
is no natural extension to the other exceptional types. The original goal of this paper
was to extend @ to ®lN: | B I for type Eé};gg by using the crystal graph, which was

first explicitly used by Okado—Sano [71] for ®IN= 1 B! in type Eél). However, it
soon became apparent that our description of ® could be given uniformly for dual
untwisted types, and moreover, the proofs given here are uniform. Using this, we are
able to prove a number of special cases of the X = M conjecture in all exceptional
types, where there has otherwise been very little progress [30,35,71,93,100].
Explicitly, the core of our main result is a description of & when the basic map
8 removes the left-most factor B"-!, where A, is either a minuscule weight (Sect. 3,
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Lemma 7.7) or the highest (short) root! (i.e., it is the perfect crystal of [2] or B(A,) is
the (“little”’) adjoint representation) (Sect. 4, Lemma 7.9). We then extend the bijection
to B = ®ZN= 1 Bi-1 (Sect. 5, Proposition 7.11). As stated above, the description and
proof of this is uniform for all dual untwisted types. For the remaining types, we give a
uniform description using virtual crystals (Sect. 6), and while our proof is essentially
uniform, it does contain some type-specific arguments. However, the last part of our
main results are that we give a uniform proof that the virtualization map commutes
with the bijection @ (Theorem 7.26).

We show that these descriptions of § are equivalent to those described in [4,43,
74,86,93] (in particular, proving the conjectural description of ® in [4]) (Sect. 8). As
a secondary result, we provide further evidence of the conjecture that KR crystals
B’ in the exceptional types correspond to crystal bases of KR modules and of the
X = M conjecture by showing the fermionic formula agrees with the conjectured
decompositions of [20,22]. We also describe the so-called Kirillov—Reshetikhin (KR)
tableaux for B"! in types Eélg 3> Eéz), F;l), and Ggl) (Sect. 9). For certain r, we
describe the KR tableaux for B”* and show that ® gives a bijection for the single
tensor factor.

We are further able to extend our bijection for ®lN: | B'i*S when A,, is a minuscule
weight by using the tableaux description given in [30] (Theorem 7.35). Specifically,
the tableaux can be thought of as single rows that are weakly increasing with entries
in B(A,,), which is naturally considered as a poset. Moreover, the proofs that we give
are also uniform. This is the generalization of the results of [89].

Our results are evidence that there should be a natural bijection between rigged
configurations and the aforementioned models for KR crystals. Additionally, it also
suggests that there should be a uniform description of the U, (; (g)-crystal structure on
rigged configurations by considering the Demazure subcrystal of B(¢A() following
[18,91]. Furthermore, our results and our proof techniques are further evidence that the
map 7 that replaces riggings with coriggings in our setting of rigged configurations,
which is key in the proof that ® preserves statistics, is connected with the x-involution
on B(0o). Our results also give a uniform description of the combinatorial R-matrix in
the cases we consider (extend Remark 7.20 to all of our results), for which a uniform
description was given on the alcove path model in [49], but our proof is type-specific.

Our results also give further evidence that rigged configurations are intimately
connected with the Weyl chamber geometry. Indeed, as rigged configurations are well-
behaved under virtualization, the results of [77] gives the first evidence. Yet, it is the
fact that our results are given for the types where the fundamental alcove is translated
by precisely «, (there are some slight modifications needed for type A;i) ) to another
alcove is further evidence. This is additionally emphasized with our result showing &
intertwines with the virtualization map, extending results of [75,76,88]. Additionally,
the related results of [ 74] for the untwisted non-simply-laced types appears to be related
to our descriptions when the rigged partition (v, J)@ is scaled by the coefficient of
o, required to translate the fundamental alcove. Making this explicit would lead to a
completely uniform description of ® and more strongly link rigged configurations to
the underlying geometry.

! Our results also include type A,gl), where we instead have B1:1 @ B"! as the atomic object.
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Summary of new results Recall that we consider the case ®IN=1 B’ and the case
®ZN= | B""%i, where r; is a minuscule node for all i. Our results for the rigged config-
uration bijection and a combinatorial proof of the X = M conjecture are new for all
exceptional types with the exception of (B"1)®V for r = 1, 6 (the r = 6 is implicit
in [71] by the diagram symmetry) and ®lN= , B and ®fV=1 B! in type Df). Fur-
thermore, our description of the bijection for single columns in type A,(Tl) and spin
columns in type D,gl) is new, which significantly reduces the number of steps needed
to compute the bijection ®. In addition, we note that our proofs are now done almost
uniformly.

Organization This paper is organized as follows. In Sect. 2, we describe the necessary
background on crystals, KR crystals, rigged configurations, and the bijection ®. In
Sect. 3, we describe the map § for minuscule nodes for dual untwisted types. In Sect. 4,
we describe the map é for the adjoint node for dual untwisted types. In Sect. 5, we
extend the left-box map for dual untwisted types. In Sect. 6, we show that the map & for
untwisted types is well-defined by using the virtualization map to the corresponding
dual type. In Sect. 7, we give our results and proofs. In Sect. 8, we show that our
description of @ is the same as the KSS bijections. In Sect. 9, we describe the highest
weight rigged configurations and KR tableaux for B”* in a number of different cases.
In Sect. 10, we give our concluding remarks.

The majority of this work was done while the author was at the University of
Minnesota.

2 Background

In this section, we provide the necessary background.

2.1 Crystals

Let g be an affine Kac-Moody Lie algebra with index set /, Cartan matrix (Agp)a.per-
simple roots (g )qer, Simple coroots (oz(f)a€ 1, fundamental weights (Ag)qer, weight
lattice P, coweight lattice PV, and canonical pairing { , ): PV x P — Z given by
(aav, le) = Agp. We note that we follow the labeling given in [5] (see Fig. 1 for the
exceptional types and their labellings). Let gg denote the canonical simple Lie algebra
given by the index set Iy = I\{0}. Let A, and @&, denote the natural projection of
A, and g, respectively, onto the weight lattice P of go. Note (@) qe, are the simple
roots in go.
Let ¢, and cav denote the Kac and dual Kac labels [31, Table Aff1-3]. We define

c c’

a

t, ‘= max <—, c&) , 1) = max (—“, co) )
cY c
a a

Note that ¢ for type g equals #, for the dual type of g. Let T, denote the translation
factors, the smallest factors such that T, «, maps the fundamental polygon, the funda-
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w O
= O—0O0—=0
Sq

o O

O
1 5
j)z
B 0—O0—0—0—0—0—0
1 3 4 5 6 7
iz

) O0—0—0—0—0—0—0—0
1 3 4 5 6 7 8 0

G o=0—-o0 DY C=0—-o0

Fig. 1 Dynkin diagrams for the exceptional affine types

mental domain of the action of the root lattice or the image of the fundamental alcove

under the corresponding finite Weyl group, to another polygon. Note that 7, = ¢,

except for type A;i) (resp. Agt) T), where we have 7, = % (resp. Tp = %) and 7, = 1

otherwise. We have T, = 1 for all @ € I except in the cases mentioned above, T,, = 2

in type B,(ll), T, =2fora # 0, n in type C,(,l), T3 = Ty = 2 in type F(l), and 71 =3

in type Gél). The null root is § = ) _,.; ca®q, and the canonical central element is
\

¢ =) 45 ¢l . The normalized (symmetric) invariant form (-|-): P x P — Z is

defined by (o4 |ap) = ?Aab. We write a ~ b if Agp # 0 and a # b; in other words,
the nodes a and b are a&jacent in the Dynkin diagram of g.

For g not of type Aﬁll), let Ny denote the unique node such that Ny ~ 0, which
we call the adjoint node. We say a node r € Iy is special if there exists a diagram
automorphism ¢ : I — [ such that ¢ (0) = r. We say anode r € Iy is minuscule if it
is special and g is of dual untwisted affine type.

Anabstract Uy (g)-crystalis aset B with the crystal operatorse,, f,: B — BU{0},
for a € I, and weight function wt: B — P that satisfy the following conditions. Let
€a, Ya: B — Z>o be statistics given by

gq(b) := max{k | eb £ 0}, @a(b) == max{k | fXb £ 0}.

(1) @a(b) = €4(b) + (o), wt(b)) forallb € Banda € 1.
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(2) fub="b"ifand only if b = ¢,b' forb,b’ € Banda € I.

We say an element b € B is highest weight if e,b = 0 for all a € I. Define

e(b) =Y ea(b)Aq, OEDIACNE

ael ael

Remark 2.1 The abstract crystals we consider in this paper sometimes called regular
or seminormal in the literature.

We call an abstract U, (g)-crystal B a U,(g)-crystal if B is the crystal basis of
some U, (g)-module. Kashiwara has shown that the irreducible highest weight module
V(A) admits a crystal basis [37]. We denote this crystal basis by B(A), and let u; €
B(A) denote the unique highest weight element and is the unique element of weight
A. Recall that B(}) is connected. A U, (go)-crystal is a minuscule representation if
the corresponding finite Weyl group W acts transitively on B(A,). In particular, the
U, (go)-crystal B (A,) is a minuscule representation if and only if 7 is a minuscule
node.

We define the tensor product of abstract U, (g)-crystals By and B; as the crystal
B> ® Bj that is the Cartesian product B, x Bj with the crystal structure

eaby @ by if £4(b2) > ¢q(b1),

by ® eqby if e4(b2) < @a(b1),
Jab2 ® b1 if £4(D2) > ¢q(b1),

by ® fab1 ifeq(b2) < @a(b1),
ea(by @ by) = max(eq(by), £a(b2) — (), Wt(b1))),
Qa(b2 ® b1) = max(¢a(b2), 9a(b1) + (o], wt(b2))),
wt(by ® by) = wi(ba) + wt(by).

eq(br ® by) = i

fa(b2 @ b)) = {

Remark 2.2 Our tensor product convention is opposite of Kashiwara [37].

Let By and B; be two abstract Uy (g)-crystals. A crystal morphism : By — B>
isamap B U {0} — By L {0} with ¥ (0) = 0 such that the following properties hold
forall b € By:

(1) If ¥ (b) € B,, then Wt(lﬁ(b)) = wt(b), Ea(lﬁ(b)) = g4(b), and gaa(lﬂ(b)) =
@a(b).

(2) We have y¥r(esb) = e (b) if ¥ (eqsb) # 0 and eq ¥ (b) # 0.

(3) We have ¢ (fab) = fa¥(b) if ¥ (fab) # 0 and [, (b) # 0.

An embedding and isomorphism is a crystal morphism such that the induced map
By u {0} — B> U {0} is an embedding or bijection respectively. A crystal morphism
is strict if it commutes with all crystal operators.

Intype E, forn = 6, 7, we follow [30] and label elements b € B(A,,) (andin B(A1)
for type Eg) by X C {1,1,2,2,...,n,7n}, where we have ana € X (resp. @ € X)
if and only if ¢,(b) = 1 (resp. ¢,(b) = 1). To ease notation, we write X as a word
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N
N

T2 3 _
l—— 12— 23— 345

Fig.2 The crystal B(A1) in type Ds

1 3 _ 4 5 _
11— 13— 34— 245 — 256

— 3 _ 2 _ 1 _
345 —> 23 — 12— 1

26
2 2 2
e
25 —* 2456 246
[+ s
_ __ 5 _
346 3456 — 35
s s
_ __ 5 __ 4 _ 2 _
136 1356 — 1345 — 124 —> 12
1 1 1 1 1
I PR A
16 156 — 145 — 1234 —> 123
3 3
v,
23 —> 234
14
45
56
K
6
Fig.3 The crystal B(A1) intype Eg
in the alphabet {1, 1,....n, n}. See Figs. 2 and 3 for examples. We follow the same

notation for an element of any minuscule representation.

2.2 Kirillov-Reshetikhin crystals

Let U, é (g) = Uy([g, g]) denote the quantum group of the derived subalgebra of g.
Denote the corresponding weight lattice by P’ = P/Z8, and therefore, there is a
linear dependence relation on the simple roots in P’. As we will not be considering
U, (g)-crystals in this paper, we will abuse notation and also denote the U, é (g)-weight
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lattice by P.If Bisa U‘; (g)-crystal, then we say b € B is classically highest weight
ife,b =0foralla € I.

Kirillov—Reshetikhin (KR) crystals are the conjectural crystal bases correspond-
ing to an important class of finite-dimensional irreducible U (; (g)-modules known as
Kirillov—Reshetikhin (KR) modules [20,22]. We denote a KR module and crystal by
W’ and B"*, respectively, where r € Iy and s € Z-o. KR modules are classified
by their Drinfel’d polynomials, and W™ * corresponds to the minimal affinization of
B(sA,) [6-12]. In [72], it was shown that KR modules in all non-exceptional types
admit crystal bases whose combinatorial structure is given in [16]. For the exceptional
types, this has been done in a few special cases [30,34,35,100]. Recently, existence
was established in general for types Gél) and Df) in [66]. Moreover, a uniform model
for B! was given using quantum and projected level-zero LS paths [51-53,59-61].

We note that there is a unique element u(B"*) € B"*, called the maximal element,
which is characterized by being the unique element of classical weight sA, (it is
also classically highest weight, so g, (u(B”)) = 0 and ¢, (u(B”)) = 845 for all
a € Ip). Furthermore, it is known that tensor products of KR crystals are connected
[18,68], and it is known that the maximal vector of B ® B’ is given by the tensor
product of maximal elements u ® u’. We define the unique U, ; (g)-crystal morphism
R: B® B’ — B’ ® B, called the combinatorial R-matrix,by R(u @ u') = u’ ® u,
where u and u’ are the maximal weight elements of B and B’ respectively.

We say a KR crystal B"! is minuscule if r is a minuscule node. We note that

™S = B(sA,) as U, (go)-crystals if r is a special node.

2.3 Virtual crystals
We recall the definition of a virtual crystal from [75,76]. Let ¢: T ¢ I' denote a

folding of the Dynkin diagram T of ‘g onto the Dynkin diagram IT" of g that arises from
the natural embeddings [29]

C,gl),A(z) ADT p@ AW

2n> “2n > “n+1 2n—1°
B, AQ o, pO
n 2n—1 n+1 2.1

1 7@ (1
F, ' E" — Eg’,
G, DY s DY,
For ease of notation, if X is an object for type g, we denote the corresponding object

for type g by X. By abuse of notation, let ¢ : T . I also denote the corresponding
map on the index sets. We define the scaling factors y = (V4)aer by

max, T,

Ya = T,

Note that if |¢~!(a)| = 1, then y, = 1. See Table 1.
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Table 1 The values y, fora € I g Ga)act
Dual untwisted type Ya=1 (ael)
5D Ya=2(a#n
n — 1
VYn
c® Ya=2 (a=0,n)
" Ya=1(a#0,n)
ne Ya =2 (a#n)
2n Yn=1
ADT Ya =2 (a #0)
2n Yo =1
F) 2.2,2,1,1)
GV 3.1,3)

Furthermore, we have a natural embedding ¥: P — P given by
r v S R
bep~l(a)
and note this induces a similar embedding on the root lattice

Og > Va Z ap

bep~l(a)

and W(8) = coy09.

Definition 2.3 Let B be a U, (@-crystal and V B.Let ¢ and (y4)qes be the folding
and the scaling factors given above. The virtual crystal operators (of type g) are defined
as

. Y . Ve
w1 & = 1 7

bep—'(a) bep~(a)

A virtual crystal is the quadruple (V, g, ¢, (Va)aecr) such that V has an abstract
U ; (g)-crystal structure defined by

e LU . v
eq =éel, Ja =1,
RPN

eq =V, e, @a =V ' Obs (2.2)

for any b € ¢_1 (a).

When there is no danger of confusion, we simply denote the virtual crystal by V.
We say B virtualizes in B if there exists a U (; (g)-crystal isomorphism v: B — V for
some virtual crystal, and we call the resulting isomorphism a virtualization map.
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It is straightforward to see that virtual crystals are closed under direct sums. More-
over, they are closed under tensor products.

Proposition 2.4 ([75, Prop. 6.4]) Virtual crystals form a tensor category.
Furthermore, KR crystals are conjecturally well-behaved under virtualization.

Conjecture 2.5 ([75, Conj. 3.7]) There exists a virtualization map from the KR crystal
B’ into

Brs _ B™"S @ B™S / ifg= Agl), qu” andr = n,

Qyrep-1(ry B otherwise.
Conjecture 2.5 is known for all non-exceptional types [68, Thm. 5.1] and B”! for
all other types unless r = 2 and g is of type Fi]) [88]. A more uniform proof of

Conjecture 2.5 for some special cases using projected level-zero LS paths was given
in [77]; in particular, for B! when yr = 1.

2.4 Adjoint crystals

We recall the construction of certain level 1 perfect crystals from [2]. Define 8 :=
8/co — ap, and so

0 = (cray + 200 + - - + cpay)/co.

Let A = {wt(b) | b € B(9)}\{0}. We denote the vertices of the U, (go)-crystal B(0)
by

{xo la € AYU{yq | a € Iy, € A},

and a-arrows of B(6) are given by
® Xy LN xg if and only if &« — oty = B, Or

a a
® Xg, — Yo —> X—q,-

The (classical) weight function wt is given by wt(x,) = « and wt(y,) = 0. Let
AT := AN P*, and we say wt(b) > 0if wt(b) € AT and wt(b) < 0if wt(b) € A™.

Remark 2.6 1f gis of untwisted type, then B(6) is the adjoint representation and A is the
set of all roots of gg. For g of twisted type, B(6) is the “little” adjoint representation of
go with highest weight being the highest short root of gy and A the set of all short roots
of go. For type Agl), there does not exist an a € Iy such that o, € A. For type ASBT,
we have B(6) = B(A}) of type B,,. For more information on finite (crystallographic)

root systems, we refer the reader to standard texts such as [5,28].
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Let & be the unique element of B(0). We then define a U, [/I (g)-crystal B®! by the
classical decomposition

e 2%
Bl = B(9) if g is of type A;n)',
B(#) & B(0) otherwise,

and O-arrows
® Xy AN xgifand only if o« +6 = B and o, B # £6, or

0 0
e X g ——> 0 —— xyp.

The weight is given by requiring it to be level zero. That is to say, we let
wt(b) = wt(b) + ko Ao, (2.3)

under the natural lift A, — A, foralla € I and kg is such that (c, wt(b)) = 0. Thus
we have

B! ® Bl ifgis of type AS",
BY1 = | pNg.2 if g is of type C\",
BNe1 otherwise.

Remark 2.7 In the construction of BY!, we can consider @ = yg. Thus, for type Agﬁ,

as there are not elements x4, nor x_,, we do not include yy. This reflects the fact that

A;iﬁ is isomorphic to Agz) after forgetting about the choice of the affine node.
There exists higher level analogs BYS, where as classical crystals, we have B%* =

@i:o B(k6). The U ; (g)-crystal structure is currently known for all non-exceptional

types [16,32,34,45,90] and type Df) [35]. However, the U, é (g)-crystal structure is not
known in general, much less uniformly. One potential approach might be to generalize
the approach of [45] by examining various embeddings of B?*~! into B?*, where
the difficulty is overcoming that the multiplicity of the weights of B(k0) that do not
appear in B ((k — 1)9) are not all 1 in general.

2.5 Rigged configurations
For this section, we assume that g is not of type A;i) or Agz)+ for simplicity of the
exposition. However, the analogous statements with the necessary modifications for
these types may be found in [88].

Denote Hy := Io X Z-¢. Consider a tensor product of KR crystals B = ®,N:1 B'i-Si,

A configuration v = (v(“)) . is a sequence of partitions. Let ml@ denote the multi-

acl
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plicity of i in v . Define the vacancy numbers as

1 o . (b
P wiBy= 37 LY minG. )~ = Y @al@) minpvai. tavp jym}

i€z 4 (b,j)eH
J€Z~o ( ])e 0 (24)
b
= Z L( ) min(, j) — Z Aa Z min(y,i, Vb])m()
j€Zg bely Jj€Z~o

where L§r) equals the number of factors B”* that occur in B and

2 a:nandg:C,gl),

% a:nandg:B,(,l),
Ug = % a=3,4andg=Ff),

% a:landg:Ggl),

1 otherwise.

When there is no danger of confusion, we will simply write pl.(a). Note that when
t, = 1 for all a € Iy, we have

— pz(a)l +2p(a) (a)l — L(“) ZA bm (25)
b~a

(a)

Moreover, when m;"* = 0, we have the convexity inequality

(@) (a)

P+ Py < 2p( 2.6)

(a)

or equivalently —p;™; + 2p(a) Pl(i)l > 0.

Remark 2.8 The values (v4)qcy, arise from a different convention for rigged configu-
rations than those used in, e.g., [74].

A B-rigged configuration is the pair (v, J), where v is a configuration and J =
(Jl.(“))(u,,-)eHo is such that Jl.(“) isamultiset {x € Z | x < pl“)(v B)} with |J(”)|
ml@ for all (a, i) € Ho. When B is clear, we call a B-rigged configuration simply a
rigged configuration. A highest weight rigged configuration is a rigged configuration
(v, J) such that min Jl.(“) > 0 for all (a, i) € Ho such that ml@ > 0. Let RCHW(B)
denote the set of all highest weight B-rigged configurations.

The integers in Jl.(a) are called riggings or labels. The corigging or colabel of a
rigging x € J ) is defined as p’ — x. We note that we can associate a row of length
i in v(@ with a rigging x, and we call such a pair (i, x) a string. We identify each row
of the partition v(@ with its corresponding string. We say a row (or string) is singular
if p(“) = x. We say a row (or string) is quasisingular if p( @ — x + 1 and there does
not exist a singular row of length i.
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Next, let RC(B) denote the closure of RCW (B) under the following crystal oper-
ators. Fix a rigged configuration (v, J) and a € Iy. For simplicity, we assume there
exists a row of length 0 in v® with a rigging of 0. Let x = min{min Ji(a) |i €Z-o};
i.e., the smallest rigging in (v, J)@.

e, If x = 0, then define ¢, (v, J) = 0. Otherwise, remove a box from the smallest
row with rigging x, replace that rigging with x + 1, and change all other riggings
so that the coriggings remain fixed. The result is e, (v, J).

fa Add abox from the largest row with rigging x, replace that rigging with x — 1, and
change all other riggings so that the coriggings remain fixed. The resultis f, (v, J)
unless the result is not a valid rigged configuration, in which case f,(v, J) = 0.

We can extend this to a full U, (go)-crystal structure on RC(B) by

Wi = Y i(Ll@Ka—mfa)&a).
(a,i)eHy

We note that

(o, Wi, D) = p@ = Y JL = 3" Auv®,
J€Z=o bely

and we can extend the classical weight wt: RC(B) — P to the affine weight
wt: RC(B) — P as in Equation (2.3).

Theorem 2.9 ([87,88]) Let B be a tensor product of KR crystals. Fix some (v, J) €
RCHEY(B). Let X,y denote the closure of (v, J) under e, and f, for all a € Iy.
Then Xy, 7y = B(X), where A = wt(v, J).

Furthermore, we have the following way to compute the statistics ¢, and ¢, on a
rigged configuration.

Proposition 2.10 ([81,87,88]) Let x = min{min J“ | i € Z-); i.e., the smallest
rigging in (v, J)@. We have

eq(v, J) = —x, ©q (v, J):pé‘é)—x.

Remark 2.11 Proposition 2.10 states that we could define f, (v, J) = 0 if and only if
¢a(v, J) = pse —x =0.

We will need the complement rigging involution n: RC(B) — RC(B™"), where
B™' is B in the reverse order. The map 7 is given on highest weight rigged configu-
rations by replacing each rigging with its corresponding corigging and then extended
as a U, (go)-crystal isomorphism.

Additionally, rigged configurations are known to be well-behaved under virtualiza-
tion [75,76,88]. We construct a virtualization map v: RC(B) — RC(E), where the
virtual rigged configuration (v, f) = v(v, J) is given by

= m@ (2.7a)

Yal [
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T =y, 1, (2.7b)

for all b € ¢~ '(a). Moreover, we have

b
Py = vap)” 2.8)

forall b € qb_l (a).

2.6 Statistics

We now describe two important statistics that arise from mathematical physics. The
first is defined on tensor products of KR crystals and the second is defined on rigged
configurations.

Let B™ and B"* be KR crystals of type g. The local energy function H: B"* ®
B — 7 is defined as follows. Let b’ ® b = R(b ® b'), and define the following
conditions:

(LL) eo(b ® b') = eob ® b’ and eg(b' ® b) = eg Z
(RR) eo(b @ b') = b ® eoh’ and eo(h’ ® b) = Z

,wzyz

The local energy function is given by

—1 ifi =0and (LL),
H(ei(b®b))=H®b®b)+ {1 ifi =0and (RR), 2.9)

0  otherwise,

and it is known H is uniquely defined up to an additive constant [33]. We normalize
H by the condition H(u(B”) ® u(B’/'S/)) =0.

Next consider B”*, and let b* be the unique element such that ¢ (b*) = £A, where
£ = min{(c, ¢(b)) | b € B"*}. We then define Dprs: B"* — Z, following [22], by

Dprs(b) = H(b ® b*) — Hu(B"*) ® b").
Let B = ®IN:1 B’ We define energy [20] D: B — Z by
N
D= Y HRiyRiy2Ri-1+ Y DgisiRiRy-+Rj_y,  (2.10)
I<i<j<N j=1

where R; and H; are the combinatorial R-matrix and local energy function, respec-
tively, acting on the i-th and (i + 1)-th factors and D gr;.s; acts on the rightmost factor.
Note that D is constant on classical components since H is and R is a U 4 (g)-crystal
isomorphism.
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For rigged configurations, we define a statistic called cocharge as follows. First
consider a configuration v, and define the cocharge of v by

1
ce(v) = 5 3 (aa|a,,)min(tbuai,taubj)m§“>m§b). 2.11)

(a,iyeHo
(b,j)eHo

To obtain the cocharge of a rigged configuration (v, J), we add all of the riggings to
cc(v):

ccw, Jy=ccw)+ Y 1/ > x. (2.12)
(a,)eHo  yeg@
Moreover, it is known that cocharge is invariant under the classical crystal operators.

Proposition 2.12 ([87,88]) Fix a classical component X, jy as given in Theorem 2.9.
The cocharge cc is constant on Xy, ).

Let g be an indeterminate. The one-dimensional sum is defined as
XB. = Y, ¢°?, 2.13)

beP(B;\)

where P(B; 1) denotes the classically highest weight elements of B of classical weight
A. The fermionic formula is defined as

mga)—}—p.(a)
MB. = Y ¢ ] |7 W' |- (2.14)
q

veC(B;\) (a,i)eHop m;

where C(B; ) are all B-configurations of classical weight A and [Z]q is the usual

g-binomial. Note that Jl.(a) of a highest weight rigged configuration can be considered

as a partition in a pl.(a) X mt@ box for all (a, i) € Ho. Thus we can write

M(B, }; q) = Y v
(v,J)eRCHWY (B;))

Now we recall the X = M conjecture of [20,22].2

Conjecture 2.13 (X = M conjecture) Let B be a tensor product of KR crystals of type
g. Then we have

X(B,A;q) =M(B, X; q).

2 To obtain the formulas of [20,22], we need to substitute g = q_l .
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Consider a virtualization map v: B — BY. We first define the virtual combinatorial
R-matrix RV: B’ ® B’V — B’ ® B as the restriction of the type g combinatorial
R-matrix R to the image of v. We note that it is not clear that R" is well-defined, but
this follows for B™!' ® B” "1 for dual untwisted types from the results of [49,51,53,77].
Thus, we may define virtual analogs of (local) energy and cocharge by

H'(b®b) =y, "H(v(b) @ v(b)),
D®(b) ==y, ' D(v(b)).

cc'v, J) = yo_léé(ﬁ, 7.
Hence, we define

X'B.rqg)= Yy, ¢”?,
beP(B:1)

M"(B,2;q) = > g,
(v,J)eRCHW (B;))

Proposition 2.14 ([76]) Let BY be a virtual crystal of B. Then we have

D'(b) = D(b),
cc’(v, J) = cc(v, J).

Moreover, we have

X"(B,x;q) = X(B, A3 q),
MY (B, x;q) = M(B, }; q).

2.7 Kleber algorithm

These results will be used in Sect. 9.
We first recall the Kleber algorithm [44] for when g is an affine type such that gg

is simply-laced. For x, y € F+, letdyy :=x —y.

Definition 2.15 (Kleber algorithm) Let B be a tensor product of KR crystals of type g.
The Kleber tree T (B) is a tree whose nodes will be given by weights in P and edges

are labeled by d,, € §+\{0} and constructed recursively as follows. Begin with Ty
being the tree consisting of a single node of weight 0. We then do the following steps
starting with £ = 1.

(K1) Let T, be obtained from T;_; by adding }"_, A, Dise Ll@ to the weight of
each node.
(K2) Construct Ty from 7 as follows. Let x be a node at depth £ — 1. Suppose there

is a weight y € P such that dyy € §+\{0}. If x is not the root, then let w be
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the parent of x. Then we have dy,x — d,, € §+\{O}. For all such y, attach y as
a child of x.
(K3) If Ty # T,;—1,thenrepeat from (K1); otherwise terminate and return 7 (B) = Ty.

Now we convert the tree to highest weight rigged configurations as follows. Let x be a
node at depth p in T (B), and xo, x1, ..., X, = x be the weights of nodes on the path
from the root of 7(B) to x. The resulting configuration v is given by

ml@ = (xi—1 — 2x; + Xi41 | Ag)

where we make the convention that x = x; for all j > p. We then take the riggings
(a)

over all possible values between 0 and p;”’.
Remark 2.16 We can reformulate the construction of the configuration v in the follow-
ing ways. Suppose dy, |y, = Zbel kl.(b)otb forall 1 <i < p. There are kl-(a) rows of
lengthi in v(® . We also have v® equal to the transpose of the partition kﬁa)kéa) e k;,a) ,

or we stack a column of height kff) over all i.

When gg is of non-simply-laced type, we use the virtual Kleber algorithm [76] by
using virtual rigged configurations.

Definition 2.1 7 ( Virtual Kleber algorithm) The virtual Kleber tree is defined from the
Kleber tree of B in the ambient type, but we only add a child y to x in step (K2) if the
following conditions are satisfied:

(V1) (y | @) = (y | @) forall b, b’ € ¢~ (a).
(V2) Foralla € Iy, if £ — 1 ¢ y,Z, then the coefficient of @, in dy and dyy, where
w is the parent of x, must be equal.

Let T(B) be the resulting tree, which we will call the ambient tree. Let y = maXx,ey ,.
We now select nodes which satisfy either:

(A1) yisatdepth £ € yZ, or
(A2) (dyy | A,) = 0 for every a such that 1 < y = y,, where x is the parent of y.
We construct the final rigged configurations from the selected nodes by devirtualizing

the (virtual) rigged configurations obtained from the usual Kleber algorithm satisfying
Equation (2.7b) (note that Equation (2.7a) is satisfied by (V1) and (V2)).

2.8 KSS-type bijection

In this section, we describe the (conjectural) KSS-type bijection ®: RC(B) — B.

Let B be a tensor product of KR crystals. We consider B expressed in terms
of the so-called Kirillov—Reshetikhin (KR) tableaux of [69,88,93]. KR tableaux,
generally speaking, are r x s rectangular tableaux filled with entries of B! and
determined by their classically highest weight elements. Following [43], we define a
map ®: RC(B) —» B recursively by the composition of

5: B"' @ B* — B°,
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@@b‘ — b®,
Ib: B"'@B* - Bl @B M @BY  (r#£1),
by 5
Ceb = [b]e| 1 |®b,
by 1 b
br r—1
Is: B*®B*— B"'@B™ " '®@B* (s>2),
b11|b12|- - by
A | et
br1|br2 |brs

where B* is a tensor product of KR crystals, and their corresponding maps on rigged
configurations. We do not explicitly recall the map §on rigged configurations here as
it strongly depends upon type and we later give a more uniform description of the map.
Instead we refer the reader to [71,74,93] for the explicit (type-dependent) descriptions.
Note that 3 is currently only described/known for non-exceptional affine types, type
Eél), and type Df).3 Moreover, 8 is the key component of the bijection. The map Ib
is given for all non-exceptional types by adding a length 1 singular row to all v® for
all a < r. The map Is is the identity map.

We recall and consolidate some of the conjectures given in [88] and has been known
to experts prior.

Conjecture 2.18 Let B be a tensor product of KR crystals of affine_type. Then
o: RC(B) — B is a (classical) crystal isomorphism such that D o o n = cc
and the diagram

RCB) —2 B
id R
RC(B) —=—— B’

commutes, where B' is a reordering of the factors of B.

When we restrict ® to classically highest weight elements, this gives a combinatorial
proof of the X = M conjecture of [20,22].

In type Ag,l), it was shown in [43] that Conjecture 2.18 holds on classically highest
weight elements, and as such, the analogous (conjectural) bijections are known as
KSS-type bijections. This was an extension of the pioneering work of Kerov, Kirillov,
and Reshetikhin in [41,42], where they showed Conjecture 2.18 is true for classically

3A map for when the left factor is B of type Eél) was conjectured in [4].
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highest weight elements in the special case B = (B"1)®V of type Af,l). In [14], it
was shown that ® is a classical crystal isomorphism in type Afl]) and a U(; (g)-crystal
isomorphism in [92]. Furthermore, Conjecture 2.18 is known to (partially) hold in
many different special cases for classically highest weight elements across the non-
exceptional types [69,74-76,86,88,89], with recent and some progress has been made
in the exceptional types [71,93]. Furthermore, in [81], it was shown that ® is a classical
crystal isomorphism in type D,Sl). Recently, the general case for type D,Sl) was proven
in [70] and all non-exceptional types in [73].

As we will need it later on, we recall the general steps of the proof that ® is a statistic
preserving bijection on highest weight elements for B = @ _, B"! when r; = 1
for all k. Let (v, J) € RCHY(B; A). Define (¥, J) = 8(v, J) and let r be the return
value from 3. Denote by ,Ber ) ,B( " the length of the first column in v N
respectively.

There are five things the need to be verified to show that @ is a statistic preserving
bijection on classically highest weight elements for B = B'VN-! ® B®, where B® is a
tensor product of KR crystals:

(I) A — wt(r) is dominant.

(1) 8(v, J) € RCAV (B, ) — wt(r)).
(IITI) r can be appended to (v, J)to give (v, J).
(IV) For N > 2, we have

\/

cc(v, J) —ce(¥, J) = N _ by = 9). (2.15)
Co
(V) For N > 2, we have
Hibw @ by-1) = 5 (5 B) = x(ow =) + (b1 =),

0
(2.16)

where x (S) is 1 if the statement S is true and O otherwise.

We remark that Equation (2.15) and Equation (2.16) are those given in [74,
Lemma 5.1].

Next, we will need dual notions of the maps 5, Ib, and Is acting on the right, which
we denote by 3*, rb, and rs. First, we recall the definition of Lusztig’s involution
*: B(L) — B(), the unique U, (go)-crystal involution satisfying

(e,'b)* = fg(i)b*, (f,'b)* = es(,')b*, Wt(B*) = Wy Wt(b), (2.17)

where wy is the long element of the Weyl group of go and &: Iy — I is defined
by wolh; — Kg(i) and woo; = —ag(;). In particular, Lusztig’s involution sends the
highest weight element to the lowest weight element. We extend Lusztig’s involution
to an involution x: B™¥ — B”-* by defining £(0) = 0 and satisfying Equation (2.17)
and sends the maximal element to the minimal element, the unique element of weight
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—wt (u (B™* )). We also can extend Lusztig’s involution to tensor products by a natural
isomorphism

(B® B1)*"= By ®B;
given by (b2 ® b1)* = b] ® b3. Then we define on classically highest weight elements
5*:=To*ogo*, b := x o lbox, IS := % o IS ox,

where 1 (b) is the classically highest weight corresponding to . By considering ¢ :=
1 o %, we also have

~

§*=9%08009, b =9¢olboo, rs=¢olsoo.

We then extend these maps as classical crystal isomorphisms.

3 Minuscule 6 for dual untwisted types

In this section, we describe the map § used to construct ® for minuscule fundamental
weights when g is of dual untwisted affine type. More explicitly, we restrict ourselves
to simply-laced affine types and types Agl)_l and D,(lz_zl as types Df) and Eéz) do not
contain any minuscule fundamental weights. Note that for these types, we have t, = 1
foralla € I.

We construct the map &, : B! ® B* — B*, where B* is a tensor product of KR
crystals and A, is a minuscule weight of type go (i.e., r is a special node) as follows.
Start at b = Ug and set £p = 1. Consider step j. From b}, let £; denote a minimal
ig > £j_1 (a € Iy also varies) such that f;b; # 0 and v@ has a singular row of
length i, that has not been previously selected. If no such row exists, terminate, set all
£jr = oo for j* > j, and return b;. Otherwise select such a row in @ and repeat the
above with b1 := fub;.

We form the new rigged configuration by removing a box from each row selected
by &,, making the resulting rows singular, and keeping all other rows the same.

Example 3.1 Consider type Dgl) and B = B>! @ B! ® B""! ® B>!. See Fig. 4 for
the crystal graphs of B(A4) and B(As) and Fig. 2 for the crystal graph of B(A1). We
compute the bijection
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o[ Jo o[ Jo 1[ o o[ Jo
0o o[ |o 1l Jo o[ |o
0[&]o0 ol4alo

(returns 14)
1[ ]o o[ Jo 0[]0 o[ ]o
040 0l&)o 0[]0

34 (returns 14)

ola]o 0[&lo 0[&lo 7 olalo

81 (returns 45)

@ ] @ 7 ]
35 (returns 5)

@ ] @ @ ]

where at each step, we have labeled the sequence of boxes that are removed under §,.
Recall that we are using the notation for minuscule nodes, so for an element b, any
a € b (resp. a € b) corresponds to &,(b) = 1 (resp. ¢,(b) = 1) and is O otherwise.
By using the sequence of returned elements above, we obtain

2 4@ 13459 5.

o o

o o
[eNeNe)
(=)
[= =R}
[=RelelNe})
_—

o o

S O O
S o o

4 Adjoint & for dual untwisted types

In this section, we describe the map &y := dn, for the adjoint node Ng for dual
untwisted types (i.e., t, = 1 for all a € I or equivalently, g is of simply-laced affine
type, Agl)_l, Dfﬁl, Df’), Eéz)). Furthermore, we give a uniform proof that ® is a
statistic preserving bijection.

We define the map 85: B! ® B* — B*®, where B*® is a tensor product of KR
crystals, by the following algorithm. Begin with r{ = ug being the highest weight

element in B(0) C B?! and set £o = 1. Consider step j such that r; = xg, where



Uniform description of the rigged...

Page230f84 42

4
14
37
lS
235 —+ 95
2]

—__ 5 __ 3 _ 4 _
125 — 1235 — 134 — 14

T

— — = 3 _ _ -
15 — 135 — 1234 — 124

BT

934 — 21

£2 4 _l2_ 3 — 5 —
124 — 1234 — 135 — 15
R T
T4 — 131 — 1235 — 125

RS

24— 231 25 — > 235
I I
35 34
Is Js
5 1

Fig.4 The crystals B(Ay4) (left) and B(As) (right) in type Ds

B > 0and B # o, for all a € Iy. From r;, consider any outgoing arrow labeled
by a and find the minimal i, > £;_; such that v@ has a singular row of length
iz which has not been previously selected. If no such row exists, terminate, set all
Lj = oo for j/ > j and Zj/ = oo for all j/, and return r;. Otherwise select such a
row, set £; = miny i, and repeat the above with r; 1 := f,r;, where a’ is such that
g =ming iy. If r; = xq, for some a € Iy, we do one of the following disjoint cases.
We discard all previously selected (singular) rows.

(S) If there exists a singular row of length i, > max{¢;_1, 2},4 select such a row and
set€; = ig.

(E) If there exists a singular row of length 1 and £;_1 = 1, we terminate, set £; = 1
and ¢, = oo for all j/, and return {.

(Q) If there exists a quasisingular row of length i, > £;_1, we select the quasisingular
string and set £; = ig.

(T) Otherwise we terminate, set £; = 13 j» = oo for all Jj', and return x, .

If the process has not terminated, set ;11 := Y, and perform the following. Let

Zo = {p, whereh = ) acly Cas i.e., the height of 8 or the number of steps we currently
have done. Consider step j, and consider any outgoing arrow labeled by a from ;.
Find the minimal i, > ¢ j—1 such that @ has a singular row of length i, such that

4 Note that if ¢ j—1 = 1 and there exists a singular row of length 1, then we would not be in this case as
g =1<max{€;_;,2} =2.
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(D) it had been selected at step j* with £ = i, or
(N) it had not been previously selected and Case (D) does not occur.

If no such row exists, terminate, set all £ jr = oo for j' > j,and return r j. Otherwise
select such a row, set Z; = ming iy, redefine £ := £;; — 1 if Case (D) had occurred,
and repeat the above with r; 1 := f,/r;, where a’ is such that i,, = miny, i,.

We form the new rigged configuration by

(1) removing a box from each row each time it was selected by § (i.e., if Case (D)
occurred, then we remove 2 boxes);

(2) making the resulting rows singular unless Case (Q) occurred, then we make the
row selected by £1 (if £1 # oo) quasisingular; and

(3) keeping all other rows the same.

Note that the same row cannot be selected twice by Case (D) due to the redefinition
of £;. We clearly cannot have more than x,, in this process since «, is a simple root
and hence has no directed path between them by the crystal axioms.

Remark 4.1 This is the (conjectural) map § of bin Mohammad [4] for g of type Eél).

Moreover, this was the map 8 for g of type Dﬁ:l in [74] and of type Df) in [93].

Remark 4.2 We can extend this description for types Cf,l), A;i), and A%)T. Indeed,

since BY'! for type Agl) (resp., type Agl) T) does not contain any elements y,, for

a € Iy (resp., a = 0), as noted in Remark 2.6 (resp. Remark 2.7), we modify the
definition of §p by removing Case (Q) (resp., Case (E)) as a possibility. Likewise for
type C,(ll), we do not have y, for all @ € I, so we modify the definition of 3y by

removing both Case (Q) and Case (E) and combine Case (S) with the first Case (D)

. . . 1
(think of performing these steps simultaneously to do xo, — Xx_g,), but we also

need to consider the parts of v doubled as per Remark 2.8.

We have the following classification of elements in B (6) and will be used to describe
the KR tableaux of type E él) and E (()2) .

Proposition 4.3 Let g be of simply-laced or twisted type, and fix some b € B(6). Then
b has the following properties.

b is uniquely determined by ¢ and ¢.

wt(b) = 0 if and only if there exists a unique i € Iy such that €; (b) = ¢; (b) =1
and g;(b) = ¢;j(b) =0 forall j #i.

&i(b) = 2 implies €;(b) = 0 forall j # i.

@i (b) =2 implies ¢j(b) =0 forall j #i.

Proof This follows from the description of B(6). m]

Thus, similar to types Eg 7, we can equate our elements in B(6) by multisets of
{1,1,2,2,...,n,n}, which as above, we write as words.



Uniform description of the rigged... Page250f84 42

Example 4.4 Consider type Eéz) and B = (B"1)®*. See Fig. 5 for the corresponding
classical crystal B(A1). We compute the bijection

1 Lo| 1 0| 4150 0o [6i40 o [ti70
1 0 £13 0 0 £11] 0 01]&|0
20642 0| [tig0 0 [ 0
2|81 0470 0|40

0[]0

0£0

[50 (returns 12)
o TaJo o[ Jo o[ Jo o[ Jo
2 1 ol |o o[ Jo

[59 (returns 12)

1[es] 1 o[&]o 0[]0 0[]0
LG 1 0[&|0 040
0[&]o

[89 (returns @)

@ @ % %

and the final application of 8y returns 1. As with Example 3.1, we label the sequence
of boxes removed under Jy, but in our labeling here, we have ¢;_j, = ?y forall k > h.
Note that for the first (resp. third) application of §y, we used Case (Q) (resp. Case (E))
when at x4, = 211. Hence, the result of applying @ is the element

RR12RIRI.

Example 4.5 Consider type EéZ) and B = (B"1)®3. We compute the bijection

1 Jal1 o[ Jalo o [eo o[ Je]o
1 £3] 0 0 4510 0 4]0
0 4]0

[59 (returns 11)

1 ]t o[ ]o o[ Jo o[ Jo
1 Jo ol |o ol _Jo
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1
il
12
|2
33— 432 —> 471 — > 4T
foo e
12 —> 1321 — 131
IERENE
391 —» 3291 —> 32 —> 3921 —> 431 — 11

2 b
311 —— T1 — 9T —> 39T —> 4321 —» 11
2

Fig.5 The crystal graph of B(A1) in the dual of type F} (i.e., the usual labeling of F4 has becomei <> 5—1i)
ced i ; L1 2
used in constructing B in type Eg

the second application of 8y is similar and also returns 11 and the final returns 1. Note
that in the examples above we are in Case (Q) when performing 8y as we disregarded
the previously selected singular row in v{" (as in Example 4.4). Hence, the result of
applying @ is the element

TMIRIII.

Example 4.6 Consider type Eéz) and B = (B"1)®3, We compute the bijection

1{adal1  oleles|o  0ltdé|o ola o
1 [€1g Ce| 1 01413 6|0 0 €14 63| 0
0415 ¢2| 0
o (returns 1)
] ] ) )

and the last two applications of 3¢ return 1. In this example, we are in Case (S) when at
Xa, = 3221 and then the remaining strings are selected according to Case (D). Hence,
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the result of applying @ is the element

I®1QIl.

5 Extending the left-box map

In this section, we describe a generalization of the left-box map in order to give a
tableau description of the crystals B! for dual untwisted types. To do so, we first
construct 1b-diagrams, which are digraphs on [ such that

e every node has at most one outgoing edge,
e there is a unique sink o, and

e cach arrow r L) r’ is labeled by b € B(Ay) such that g,(b) = 8, and
Pa(b) = Sar.

For a fixed lb-diagram D, we define the left-box map on rigged configurations

Ib: RC(B"™!) — RC(B%! ® B"!), where we have the arrow r % ¥inD as

follows. Let ¢4 eq, - - - €4, = Uy and define Ib(v, J) as the rigged configuration

obtained by adding a singular row of length 1 to v(@), for all 1 < i < m. By weight
considerations, the map is well-defined since the result is independent of the order of
the path from b to the highest weight. Note that we can consider 6 o 1b to be the same
procedure as § except starting at b.

Next, we define Ib on B">! by requiring that the diagram

RC(B") — L RC(B*! @ B
[ (o]

/
Br,l o Ba,l ® B" 1

commutes, where again o is the unique sink in the 1b-diagram. In particular, we note
that Ib is a strict U, (go)-crystal embedding. Therefore, we define Kirillov—Reshetikhin
(KR) tableaux as the tableaux given by iterating the 1b map, where the entries elements
in B%! and the classical crystal structure is induced by the reverse column reading
word. See Appendix A for the description of B”! in types Eé};’g and Eé2) .

For example, consider for Ib: B™! — B%! ® B®! corresponding to the arrow
b . .
r — o, we can use this to construct the tableau , where x, y € B"'l, given by

its image under 1b, which is m ® . We also note that the construction of the KR
tableaux is dependent upon the choice of 1b-diagram.

We then extend the left-box map to 1b: Bl B* - Bl @B ® B*®, with
respect to the Ib-diagram D, as the strict U, (go)-crystal embedding given by b ®b*®
Ib(b) ® b°.
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We note that this is a generalization of the Ib map for the KSS bijection. Specifically,
for the non-exceptional types, the defining Ib-diagram is

n (5.1)

1 2 n—1

For type Eél), we use the 1b-diagram

1 3 4 . (5.2)

(Note that the edges are labeled by the elements given in Fig. 3). We have chosen
the 1b-diagram to minimize the distance from node r to o and each edge label b has

minimal depth from uy .

Example 5.1 In type Eél) for B®! @ B%!, we have for

wJ)y= 0 o[ Jo o[ Jo OBO

0
ol o o
Ib(v,J)= 0| |0 0] [0 O] |0
ol |o o[ |o of |o
0

0

[=R =i}

(=)
L] 1)
(=)

(=)

[= i}

whichis in RC(B"! ® B! @ B®!). In particular, we added 2 singular rows of length
1to v, v® @ and 1 such row to v@, v(3), v® gince 1 = erezeqereseqeze (16).

Note that 16 comes from the edge 1 g6 6 in the Ib-diagram. Thus, we obtain

O (Ib(v, J)) =1b(DP(v, J)) = ® ®, CI>(,])=®.
(1b(v. 1) <v> '

Remark 5.2 We could alternatively use the Ib-digram for type Eél) by having the edge

23 . 26 . .
3 «<—— 2 instead of 6 <—— 2. However, this results in different KR tableaux.

Using 8¢, we define the 1bY-diagram for type Eél) by

6 —5 4 . (5.3)
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Note that this is a usual 1b-diagram, but we name it in parallel to the contragredient
dual (recall B(A1)Y = B(Ag) and we can define 8§ = &g).

For type E (1), the definition of left-box we use is given by the Ib-diagram

7 —6 —5 — 4, (5.4)

We note that other Ib-diagrams are possible, but we use the one in (5.4) for its similarity
to (5.2).

Example 5.3 In type Eél) for B!, consider the rigged configuration

w,J)=o0[]Jo o[ ]o 1[]1 o[ Jo o[ Jo o[ ]o.
’ = OBO 150 E o@o OBO =
ol Jo

:

in RC(B”! ® B>1). Next, by applying 87, we remove the following boxes:

o[glo o[ Jo 1[k1 o[ Jo ofafo.
olelo 1| Jo ofado  olajo
6] 0

[ =R}
[= =R}

Note that e7eges (45) =7, and so we have

Ib(v, /)= o[ Jo o[ Jo 1[]1
o Jo 1[]o

[=R =i}
[=I el R}
[=I el R}

[=ReleiNe})
(=]
LT
o o
o o
(1]
oS o

0

Thus 87 returns 137 and the resulting rigged configuration (87 o 1b)(v, J) € RC(B5 )
is the following:

@ o[ Jo o[ Jo o[]o o[]Jo o[Jo @.
o _Jo o[ Jo

Since e7e6(56) = 7, applying Ib results in

/] o Jo o[ Jo o[ ]o 030 o[ Jo o[ ]Jo,

0 0 0

and applying &7 selects

Y 0[6l0 o[o o[glo ofeo  ofelo  ofalo,
o[eo o[&lo  o[&]o
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Table 2 The map 8} for the M It ) RN
virtualization map v given by 9 By Cn Fy G
v
g9—>9 (1) ) () (3)
g’ Dy TSI Dy
r n 1 4 1
8y B oé\n_H 81 3108 01b 31081 0lbod; olb

Recall that b is the Ib map in type g and is needed to split the resulting
column from the virtualization map

which yields the empty rigged configuration and a return value of 167. Thus, iterating
this, we have

7
O, J) = |16
167
137
For type E él), the Ib-diagram is
B 1 12 2 23 3
18
8 — 7 - 6 5 — 4. (5.5)
78 67 56 45
For type Eé ), we use the Ib-diagram
_ 4
14
1 — 2 — 3
= > . (5.6)

6 Untwisted types

Let gbe of type C ,21) , F, il) ,or Ggl). For these types, we note that there is a virtualization
map v to the corresponding dual type g* and that the scaling factors (y,)qc; are exactly
those considering g as a folding of the corresponding simply-laced type g. For type

Gg) to D(3), we also need to interchange 1 <> 2 due to our numbering conventions.

@

However, for type B,gl) , we will use the embedding into type D, _ ; as it affords an easier

n+1
proof than A;i)_l. Using this, we construct the bijection ¢ by showing it commutes
with the virtualization map to the dual untwisted type.
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6.1 The map &,
It is known that B™! can be realized as a virtual crystal inside of

Bn+1,l ® Bn,l lfg — Br(ll)v
B! ={p2! ifg =G5,
B! otherwise,

of type g¥. We want to define the map 8, := v=! o 8! o v, where r and 8" are given
in Table 2. Thus, we need to show that

8V: RC(B™' ® B*) — RC(B*)
is well-defined when restricted to the image of v.

Theorem 6.1 Suppose (v, J) satisfies Equation (2.7), then 8§} (V, 7) satisfies Equa-
tion (2.7). Moreover, the map 8 is well-defined when restricted to the image of v.

Proof We proceed by induction by examining (5,)™ !, where the base case is done by
sV, 7 ) = (v, 7 ), which returns the highest weight element v(ug ). Next we assume
the claim holds when §; returns b= v(b) Fix a € Io Let (v, 7 ) be the rigged
configuration such that (v J) =8, J J) = L , J') but with a return value of
£7b = v(fub).

For type C,S ), we have that (', 7 ) differs from (v, J ) by the addition of y, boxes
to arow in v(“) From Equation (2.8), we have all riggings J T’ are still multiples of y,/
foralla’ €1, , and the claim follows.

Next we consider type F, éfl). The case when f;? lb(g) = ( fa”i?\z) ® 31 is similar to
the type c,i“ case. Now suppose f,” lb(fa\) = (f;/b\z) ® (]/‘;31). Note that 3! for f;i)\l
starts at V@ and the only singular rows in (@) for yo > 1 are the rows selected by
;S\,_l by Equation (2.8). Hence, applying 5! for ﬁi;g must select those same rows in
v@) for yo > 1 as there are sufficient singular rows in v@) for Yo = 1 of length
ﬁij < Y < €,j+l forall i; < k < ijy1, where ¢;, ...,Kiq are the lengths of the
rows selected of (@) for fixed a’ such that vo > 1. We note that such rows exists
because by > by. Once all such rows have been paired, we are equivalent to the case
of I/ ® v(uz ) with all sufficiently long rows non-singular. Hence, the claim follows
by induction. ~ - R B

Now suppose f,; lb(fa\) =h® (fy by) and let (¥, J) and ', J") denote 8’1 W, J)
by adding by and fa“bl respectively. Note that any row selected to obtain V' is at most
as long as that to obtain v and that 8 !"added y, boxes to this row in obtaining (v')®.
Therefore, this case follows from our induction assumption for the case where the
necessary rows are made to be (non-)singular but with a return value of lb(fa\)

The proof for type G ) is similar. For type B,g ), we note that if fa (bz ® b])

( fabz) ® by fora # n,n + 1, then we must have previously had fa act on the right.
Specifically, this is equivalent to having s, have the same sign in both columns of

B(Ap) ® B(An+1) Thus the proof is also similar for type B< ) O
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We note that our proof is almost type independent as it is the same general technique,
but we require some mild type dependencies. We also note that Theorem 6.1, [88,
Rem. 5.15], and [88, Thm. 6.5] implies that we could define § by considering the
virtualization map of B,gl) into Agl)_l.

Remark 6.2 Instead of using the scaling factors to enlarge the partitions, we could
instead consider scaling each v@ by 1/T,. So that the partitions have integer lengths,
we scale by (a multiple of) max, T,, which the net effect would be to multiply by y,,.
This suggests a strong relationship between the Weyl chamber geometry and rigged
configurations through the bijection ®.

6.2 Defining Ib and general columns

The 1b-diagram for type C,(,l) is given by Equation (5.1). For type B,(,l), the Ib-diagram
we consider is

34 23

For type G(l), we want to consider B(A1) as a virtual crystal inside of B(3A1) €
B(A2) ® B(A,). This corresponds to adding a singular row of length 1 to v®, which

3
would be of length y» in 2. This allows us to construct an Ib-diagram as 1 2.9

7 Results

We gather our results and proofs here. We first prove our results for minuscule nodes.
Next will be for the adjoint node. We then extend our results to all single-columns. In
the following subsection, we collect our main results: a uniform description and proof
of the rigged configuration bijection ® and X = M for all single-column KR tableaux
in dual untwisted types. We then discuss how ® can be extended to a bijection for all
affine types by describing the relation with virtualization. We conclude this section
extending ® and X = M uniformly to tensor products of higher level KR crystals
corresponding to minuscule nodes.
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7.1 Minuscule nodes

We assume that g is a dual untwisted type and r is a minuscule node.

We note that §; = § was described by Okado and Sano [71] for type Eé]). Itis also
straightforward to see that 61 = §in type A,gl) (given in [41,42]) and type D,(,l) and
A;i)_ | (given in [74]). We collect these results the following theorem.

Theorem 7.1 Let B = ®l lB1 U be of type A(l) D(l) ED o Agl) \- The map
®: RC(B) - Bisa bijection such that do n sends cocharge to energy.

We need a few facts about minuscule representations (see, e.g., [96]). Let W= (Sa |
a € Io) be the Weyl group of go with s, being the simple reflection corresponding to o,
The cosets W /W7, where W+ is the parabolic subgroup generated by (s; | i € Ip\{r}),
parameterize the elements B(A,). Specifically, we have

B(Ay) = {by = fay -+ fatix, | W =54, - 5a, € W/ W7}, (7.1)

where the elements w are the minimal length coset representatives. Furthermore, there
reduced expressions of w give all paths from by, to uy .

Lemma7.2 Let A, be a minuscule weight. Then 0 < g,(b) + @a(b) < 1 for all
b e B(A,) and a € Iy.

Proof The claim follows immediately from Equation (7.1). O

The following lemma is the key fact for minuscule nodes, which is a generalization
of [71, Lemma 2.1].

Lemma?7.3 Let » € PT. Then  is a minuscule weight if and only if the crystal graph
of B(A) has the following properties:

(A) Consider a path P in B(A,) such that the initial and terminal arrows have the
same color a. Then either

(a) there are exactly two arrows colored by a’ and a”" in P such that a’ ~ a and
a’ ~a, or
(b) there is exactly one arrow colored by a’ in P such that A,y = —2.

(B) Consider a length 2 path with colors (a,a’) in B(A,) witha » a'. Then tﬁere
exists a length 2 path (a’, a) with the same initial and terminal vertices in B(A,).

Proof We recall that A € P7 is minuscule implies A is a fundamental weight. By
Equation (7.1), property (A) is given by [95, Prop. 2.3] and (B) was shown in [78] for
the simply-laced case and the general case by [95, Prop. 2.1]. O

Remark 7.4 The conditions (2) and (4) of [71, Lemma 2.1], respectively, are conse-
quences of (A) and (B) of Lemma 7.3, respectively, which correspond to (1) and (3)
in [71], respectively. Thus we have only stated the necessary properties.
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One important consequence of Lemma 7.3 is that the result of §, does not depend
on the choice of a’ such thati,, = min,, i, at each step. Another is that the proof given
in [71] holds in this generality except for a fact about the local energy function (i.e.,
part (V)). Recall that we need to show H (by ® by—_1) is equal to the number of length
1 singular rows selected by 8, in v, which implies that & preserves statistics. Note
that we have already shown that ® is a bijection.

Next, we compute the (local) energy function on classically highest weight elements
inB"!' ® B!

Theorem 7.5 Let A, be a special node. Then for classically highest weight elements
b®uyy € B ® B"", we have H(b @ u ) equal to the number of r-arrows in

the path from b to u x in B(sA,).

Proof First recall that for r to be a special node, there exists a diagram automorphism
¢ such that r = ¢(0). Therefore, if we consider the finite-type g, given by I, :=
I\{r}, then the corresponding fundamental weight Ao is minuscule. We note that
B™ = B(sAo) as U, (gr)-crystals, and the classically highest weight element in B">*
is the I.-lowest weight element in B (s Ao). Hence, for every classically highest weight
elementb @uyz € B Q@ B ' there exists a pathtou z ®uz using the crystal
operators f,, for a € I\{r}. Moreover, the crystal operators only act on the left-most
factor since ¢ (u sK,) = SAr. The number of 0-arrows is equal to the number of r-

arrows in the path from b to UK, in B(sA,) because fr fob = fofrbasr ~ 0. Hence,
we have H(b ® ”s’X,) as claimed. O

It remains to show the local energy function satisfies Equation (2.16).

Lemma 7.6 Part (V) holds for

N
B — ®Br,1
i=1

when A, is a minuscule weight.

Proof Note that in order for the second application of §, to return uz , there must not

exist any singular rows in v(") after the first application of §,. Hence all rows selected
in ") must have length 1. Thus the claim holds on classically highest weight elements
of B”! ® B"! by Theorem 7.5.

Thus, to show this holds in the general case of b’ ®b, we use induction on the classical
components in B! ® B"!. We note that we are not applying f, to the crystal/rigged
configuration, but instead looking at how the two left-most factors differ, which results
in a box being added to a row in v, Indeed, we show the claim holds by showing
the additional box removed to obtain f, (b’ ® b) must not have come from a length 1
rowas H(b' ® b) = H(fa(b’ ® b)) forall a € Iy.

Suppose f,(b' ® b) = b’ ® (f,b) and let (v', J') be the corresponding rigged
configuration. We note that the element b’ is unchanged, and so 8, selects the same
number of boxes in v as in V'), There must be at least one more singular row in
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the r-th partition of §,(v’, J') than in §,(v, J). This implies we must have removed
the same number of (singular) rows of length 1 from v and v'"). Hence, the claim
follows by induction.

The case for a # r is similar as above except the number of singular rows in the
r-th partition of §,(v’, J’) is at least the same as in 8, (v, J).

Instead suppose f,(b' ® b) = (f,b) ® b. Let (v, J) = §,(v, J) = 8,(V, J) with
a return value of ' ® b and (f,b") ® b respectively. Thus, we have &,(b") > ¢, (b),
and we must have ¢,(b") = ¢,(b) = 0 because f,(b') # 0 and Lemma 7.2. This
implies that b # uz as ¢r(ux ) = 1, and so there must exist a singular string in (),
Suppose we select only length 1 singular strings in 7, then in order for these to be
singular strings in v, we must have followed twice as many a-arrows, fora ~ r, than
r-arrows. However, by Lemma 7.3, we can only select the same number of a-arrows
as r-arrows. This is a contradiction, and hence, the claim follows. O

Thus, we collect all of our results for this section in the following.
Lemma?7.7 Let B = ®,N:1 B"! where r is a minuscule node. The map

®,: RC(B) > B,

which is given by applying 8,, is a bijection on classically highest weight elements
such that ®, o n sends cocharge to energy.

7.2 Adjoint nodes

We assume that g is a dual untwisted type and consider the adjoint node Ng.
As for minuscule representations, there is a bijection between paths x, to xy and
reduced expressions of minimal length coset representatives in W /W N, (or W/ W35

for type Agl)). We also have an analog of Lemma 7.3 for B(9).

Lemma 7.8 Consider the path

a a
Xayg > Ya > X—a,

as a single edge. Then (A) and (B) of Lemma 7.3 holds for B(0).
Proof This follows from Proposition 4.3 and that W acts transitively on A. O

Lemma7.9 Let g be such thatt, = 1foralla € I. Let B = ®lN=1 B?! be a tensor
product of KR crystals. Then the map

®: RC(B) > B

is a bijection on classically highest weight elements such that ® o n sends cocharge
to energy.
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We follow the proof of the KSS-type bijection [74]. Recall that we have pég) =

(@, wt(v, J)). We give our proof when g not of type AP for simplicity, but the proof
for type A,(ll) follows by considering Ny = {1, n}.

Proofof (I) Suppose A = A — wi(r) is not dominant. Thus r # Yar B as Wt(y,) =
wt(#) = 0 for all a € I. Thus the only possibilities which make A not dominant for
some a is when 0 < (a;, A) < @q(r). Note that §g terminates at v@ in each of these
cases, and let Ps denote the path taken by &g. Let £ = v{a), i.e., the largest part of v(@.
Let ug denote the highest weight element in B(8) € BVo-!.

We start by assuming £ = 0. Then we have

) )= Y L9 - Aab‘v(b)‘. (12)

J€Z=o belp\{a}

Consider the case when (o), 1) = 0. If a = Ny, then this is a contradiction since

LENE) > O and Agp < O forall b € Ip\{a}. Now if a # Ny, then r # ug. Thus
we must have removed a box from v® for some b ~ a when performing 85. So
—Aup |v(b)| > 0, which is a contradiction. Next, consider the case <aav, A) > 0.
Hence, we have ¢,(r) > 1, and so r # ug (specifically, r = x,, in the types we
consider). Note that either

o there exists a a’ ~ a such that 8y removes a box from v@) with —A,y > @4 (r),
or

e there exists a’, a” such that a’, a” ~ a such that 85 removes a box from 1@ and
v@) (if a’ = a”, then two boxes are removed)

from the crystal structure of B(0). (Note this is essentially Lemma 7.8.) Thus, Equa-
tion (7.2) implies(e)’, A) > ¢4 (r), which is a contradiction.
Now assume that £ > 0. By the definition of the vacancy numbers, we have

0= o+ X Aum® = o).
bely

In particular, we have
(@)

b
— @ +2p@ = p@ =L =3 A (1.3)
bely

(ay, x)=0:
"~ We note that this is the same proof of (I) for £ > 0 as given in [71].

In this case, v“) has a singular string of length £ since 0 > plga) > J((a) > 0 by
convexity. Moreover, we have ml@ = 0forall b ~ a andi > £. If not all rows of

length £ in 1@ have been selected (or doubly selected in Case (S) if we return x4
with @ < 0), then we have a contradiction as we can select a row from m,. Next, by
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considering the smallest subpath P of Ps ending at r and starting with an a arrow, the
fact selecting every row of length £ implies

mi <> Agpm (7.4)

b~a

by Lemma 7.8. Thus, Equation (7.3) implies that p(a)1 = 0 and that Equation (7.4) is
an equality. Therefore all rows of length £ in v®) for b ~ a are selected by § between.
Hence, when 8y selected the first row of length ¢, then all rows of length at most £ — 1
must have been selected by the definition of g, otherwise we would have selected a
row of length at most £ — 1 in ) for b ~ a. Thus, we can proceed by induction and
show that we select every row of v(®).

Therefore, we now have

L(a) Z A bm

bely

If a = Ny, then this is a contradiction from Equation (7.4) and L1 > 1. If a # Ny,
then we must have selected all boxes in length 1 rows of v®) for b ~ a between the
first box of a length 1 row of v(¥). However, to get to a, we must have selected a length
1 row of v® for some b ~ a. This is a contradiction.

(av,k> =1:

As above, we have ¢, (r) > 1 and r = x,,. By convexity, we have p(a) < péi)l <

(o, A). I Py = 1, then we have m(“

( av , A) = pl(a) pé “ and Equation (7.3). Furthermore, every row of v(® of length

£ must be selected and singular, as otherwise §g would select such a (quasi)singular
row. Therefore, the previous argument holds and results in a contradiction. Hence, we

) — Oforalla’ ~ aandi > £ because

can assume péa) =0.

Since 0 = p(a) < pé‘_?l = 1, we must have m/(@r)1 = 1 for precisely one a’ ~ a

with A, = —1 by Equation (7.3). Note that there exists a singular row of length ¢ in
@ If 84 can select a row of length £ from v(®) (whether there is a selectable row or
not), then we have a contradiction as above. Therefore, we must have &g selecting the
row of length £ + 1 in (@) If the row of length ¢ + 1 was the first row of length £ + 1
selected, then we would have chosen this row in v® before the row in v(“/), which
is a contradiction. Thus suppose 8y previously selected a row of length £ 4 1 in p@)
corresponding to some node x, € B(0). If a” ~ a, then we have pé’ﬁl > 1, which is
a contradiction. We note that f;x, #% 0 as the coefficient of «, in « is still 1. Hence,
by Lemma 7.8, the map 85 would remove a box from v@ before the one from v©@").
This is a contradiction. O

Proof of (I) We need to show that

0 < max J/¥ < p\ (7.5)
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for all (a,i) € Hp. Considering the algorithm for § and considering the change in
vacancy numbers, the only way to violate Equation (7.5) is when the following cases
occur.

(1) There exists a singular or quasisingular string of length i in v such that 171.(“) -

pl(a) —1, —2 respectively and &/ <i < £.

(2) We have mg“)l =0,p®, =0,and ¢/ < ¢.

In both cases, let £ be the length of the row selected by 8 in v(¥) and ¢’ be the length
of the row selected immediately before £ in v(¢) such that ¢ ~ a.

We will first show that (1) cannot occur. Assume a singular string occurs, then &
would have selected the string of length i, which is a contradiction. Now suppose a
quasisingular string occurs which corresponds to ﬁi(a) - pl.(a) = —2, in this case we
have @ = 1 and again, the map § would have selected this quasisingular string, which
is a contradiction.

Now we will show that (2) cannot occur. Let ¢t < £ be the largest integer such that

(a) > 0, and if no such ¢ exists, set t = 0. By the convexity condition, we have
(a)

p; = pé )1 forallt <i < 4. Thusm ) — 0forall¢c ~ a and ¢ < i < £. Thus
¢ < t.Ift = 0, then this is a contradlctlon since 1 < ¢. If + > 0, then we have
p® = 0 and the row must be singular because m'”> > 0. Thus we must have ¢ = ¢,

which is a contradiction. O

Proof of (lll) rom the change in vacancy numbers, any string of length not of a length
created from §p becomes non-singular. Therefore it is easy to see that the procedure
outlined for 8, Uis the inverse of 8p. O

Proof of (IV) Recall that (v, J) = 84(v, J). We can rewrite Equation (2.11) using
Equation (2.4) as

1
cc(v):z Z t) Z L(a)nnn(l j)— (a) ml@ (7.6)

(a,i)GH() j€Z>0

Next we express (£x )k as (E,(,’fk))k by the m-th selection in @) by §. Let ﬁi ), pl(a)

71@, and Z;a) denote ml@, pl.(a), Ji(“), and Ll@, respectively, after applying 8, and we
have
mz@ (a) + Z‘Sszf) 1,i e(‘” ’ (7.72)
L =L@ — 5, 5,001, (7.7b)

Let A(cc(v, J )) :=cc(v, J) —cc(v, J). Next, from a straight-forward, but somewhat
tedious, calculation using the changes in vacancy numbers, we obtain

Alce) = Y 1) (,,ga) (“>)< @ Z% )—x(r=ya)

(a,i)eHop
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Table3 Local energy on BY 1@ BY1 where 6~ = G—aNg ando € AT\{07}is suchthatoz—t—ozNg e At

b ®b Xg®xg xp-Qx9 W®x9g x9®0 xa®x9 Ya®x9 X 9gQx9 BRF

Hb' ®b) O —Ao,Ng 1 1 2 2 2 2

t\/
N, (Ng)
+—ch E m; % — x(r=49),

0 i€Z>0

where r is the return value of §g. Moreover, from the description of 8y, we have

A= D 1 (Pfa) P,@> (’"1@ - 254;:)’,-) + x(r = ya),
m

(a,i)eHo

where the last term is because a quasisingular string was changed into a singular string
if that holds. Combining this with the fact that by = r, we have

(Ng)

Afec(v, 1)) = Ace(v)) + A(1T]) = ﬂ — x(bn =9)

as desired. O

Proof of (V) We recall the local energy function on B?! @ B?! from [2] in Table 3,
renormalized to our convention. We note that there are two minor typos in [2], where
itis stated H (xo, ® x9) = 1 and H ()Cg_aNg ® xp) = 1 (the only difference is for types
DY), and AD)).

Note that in order for the second application of &g to return xp or @, we must not
have any singular rows in v¥s). Hence, B (Na) ﬂ(Ng is the number of Ng-arrows in
the path from xy to b’ from the definition of 8. We note that for every type, we have
CNg = 2, and hence, it is straightforward to see the claim holds in this case.

When b’ ® b is not classically highest weight, this is similar to the non-highest
weight case in the proof of Lemma 7.6. O

We can also extend our proof to types C,(,l), Agl), and Aglﬁ (recall Remark 4.2).

We note that for the proofs above to hold for type ASB and Agg T, We have to use the
(modified) scaling factors of ¥, = 1 for all a € I and the matrix

(Aab)a,belo =

instead of the Cartan matrix in, e.g., Equation (7.3) and Equation (7.4).
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7.3 Onwards and upwards

We have shown that § induces a bijection ®. Now we need to show 1b induces a
bijection. Note that Ib is clearly a (classically strict) crystal embedding. Let o denote
the unique sink of the lb-diagram.

Lemma 7.10 The vacancy numbers are invariant under 1b.

. b — — .
Proof Given an arrow r —— 1/, note that wt(b) = A, — A,. Since 1b adds rows

of length 1 and the number of rows in @ corresponds to the coefficient of «, in
Ay — wt(b) = Ay — Ay + A, the claim follows from the definition of vacancy
numbers. o

e br . .
Proposition 7.11 Suppose r # o, and let r —— r' be the outgoing arrow of r in
the 1b-digram. Let B = B! ® B®. Then we have

Ibod =dolb.

Proof Suppose the claim holds for 7’ (so ® is a bijection for B”! ® B"' ® B* by
induction). It is sufficient to show the claim on classically highest weight elements.
Consider some classically highest weight element b ® b* € B! ® B*, and let Ib(b ®
b*) = b @b @b*. If b’ = by, then b = u(B"') and b’ = u(B""!) from the
definition of 1b and there is a unique element of maximal weight. Therefore, ®~!(b®)
has the same partitions and riggings as ®~! (b’ ® b*) (we will see below that applying
1b~! removes the boxes added by 5 ! with b,). Now since b’ = u(B’/’ 1), the vacancy
numbers pl.(r/) of (v, J) := ®~1(b' ® b*) are all one larger than those of o 1(b*).
Thus, there are no singular rows in (") Hence, when we add by, we only add singular
rows of length 1 as the first box added under 5 L(b,) has to be to a row of length O in
v and . ! adds boxes to weakly shorter rows at each subsequent step. Hence, the
result is in the image of 1b, and hence Ib~! can be applied.

Next, we proceed by induction on the depth of b” ® b’ to b, ® u(B""") (i.e., the
number of e, operators, for a € Iy, one needs to apply). Suppose f,(b" ® b') =
fab" ® b', then the claim follows by induction as one additional box is added by
ds. Indeed, 6 L(f4b") could only have increased the number of length-one singular
rows added compared to §_ L")y as S, L fub") adds an extra box to some singular
row in v(@ during its initial step and the subsequent selected rows must be weakly
smaller. Thus every row selected for §_ L(f.b") must be weakly smaller than the
corresponding one from 8, L(»"). Now instead assume f,(b” @ b') = b" @ f,b'. Let
W, ))=0 ' ®@b*) and (7, ) = d ! (f,b' ®b*). For b' € B""1, to ease notation
define 5 (b") := 85 1(b}), where Ib(b") = b} ®b'. As in the previous case, the
rows selected by & 1 (f4b") are at most as long as those added by & L(b'). From the
tensor product rule, we must have 0 = ¢, (b”) < ¢,(b’) = 1, and so the first row that
we add a box for & (") cannot be in v'@. By considering how the vacancy numbers
change after applying §_ (), the first box added by by Ly to (¥, J) can be at a row
at most as long as the one selected by 6 Ly for (v, J). Hence, the rows selected by
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81"y in (¥, J) must be at most as long as those selected for (v, J). Therefore, we
can apply b1, O

Lemma7.12 Let B= B"' ® ®fv=1 B’i%i For (v, J) € RC(B), we have

14 £
1
ce(lb(v, 1)) —cev, 1) =3 Sty D LY 35 3t Gar + o = darr),
k=1

k=1  jeZ-gy

b
where we have the path b = f4, fa, -+ fa,un, for the arrow r —— 1’ in the 1b-

diagram.

Proof Recall from Equation (7.6) that the cocharge of a configuration can be expressed
as

1
cc(v):E Z t) Z L()mm(t j)— (“) ml@.

(a,i)eHo J€Z=o

Since Ib adds a singular string of length 1 to @ forall 1 < k < ¢, where we have
b = fu far -+ fa,ue, for the arrow r s vin the corresponding lb-diagram. A
straightforward tedious calculation gives

> w3 (LY 1 Y minc. )

(a,i)eHo J€Zxg

12
= Y a8 —um® Yy Y L

(a, i)e'Ho k=1 Jj€Z~o
+ Z (8akr + Saka - 8akr)

:_Z;akp<ak>+zz 3 L(ak>+z ' Sapr + Saro — Sapr)-

k=1 J€Z=o

Note that during the derivation, we used Lemma 7.10 and note that min(i, j) = 1 if
eitheri = 1 or j = 1. Therefore, we have

ce(Ib(v, 1)) — ce(v, J) = ( Zzakp}“")) Z for P\
Z a Z L(ak) + Zt k(sakﬂ + 5ak0 - 5akr)

k=1 J€Zxo

as desired. O



42 Page42of 84 T. Scrimshaw

We first need a type-independent proof of [91, Thm. 6.1], which we show fors = 1.
This is essentially the same proof as the proof of [65, Thm. 9.4].

Proposition7.13 Let B = ®,N=1 B'i"\ for dual untwisted types, and let A =

- ZlN: 1 Ag(ry). Let ty, denote the translation by X in the extended affine Weyl group,
and let t), = vt, where v is an element in the affine Weyl group. Then there exists a
U, (9)-crystal isomorphism

Jji B(Ar0) = B® B(Ag)

such that the image of the Demazure subcrystal B, (A () is B @ ua,.

Proof Recall from [55,56] that any Littelmann path that stays in the dominant chamber
with an endpoint of A generates B (A). The claim follows from using (projected) level-
zero LS paths [59—61], that tensor products in the Littelmann path model corresponding
to concatenation of the LS paths [55,56]. O

Lemma7.14 Let B = Q) B""' ® B"'. Forb € B, we have

1
D(tb(b)) — D(b) = Ztak > Lﬁ“k)+§(8akr/+8aka—8akr) :

J€Z=o

b
where b = fa, fa, -+ - fa,uz,, for the arrow ry — ry.

Proof Let u denote the maximal vector in B. Note that u* € B is the unique element
of classical weight wo wt(u) and is in the same classical component as u.

Let B® = ®f\’=1 B’i*1 and denote the maximal vector in B by ue ® u,, where u,
and u, are the maximal elements in B® and B"-! respectively. We note that the unique
element of classical weight wo wt(u) is given by v = u}, @ u: (technically we apply
* to each factor individually, but we do not care about the ordering of B*® and u,). We
note that v is in the same classical component as i, ® . Therefore, v* is the maximal
element in B! @ B*.

Therefore, we have

b)) =bQu, @ U,
Ib(v*)* = u: Q uegpy ® b* =: by,

where
b* = fea) fe@)  fe@puz, -

Next, we want to apply a sequence e|, to bi_1 such that we obtain

bi = ug @ gy ® (fs<ak+1) o fsww&,) ’
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where by = uj ® ug) @ uy -

Fix some j € Ipandi. Let I,, = I'\{r;}. If we have v,; ® x, where v, is the lowest
weight element in B'i-!_ then if ri # j,wehavee;(v,;, ® x) = v, ® e;jx. Ifr; = j,
then e?(vri ®x) = (ejvy;) ® (e;x), but we note that there exists a sequence of crystal
operators e;j that acts only on the left that returns to v; ® (e;x) that uses precisely #,,
0-arrows. This follows from the fact that e ;v; is the unique /,, -lowest weight element
in the unique /,,-component B(]\O) C B!, Note that these O-arrows are Demazure,
not at the beginning of a 0-string, as the extra B! results in go(Ib(v*)*) — g0 (v) = 1.

From [91, Lemma 7.3], the number of Demazure 0-arrows, a 0-arrow that is not
at the end of a 0-string, between two elements determines the difference in energy.
Therefore, we have

l
D(b®) — D) =Y 1y > L™ 4.
1 J€Zxo

where L corresponds to B® and S is the claim for a single tensor factor B”-!. Thus, it
remains to show the claim for a single tensor factor, which is a finite computation using
the results from [51,53]. Thus the claim holds for any element in the same classical
component of v.

Let d(b) denote the affine grading of b [91, Def. 7.1], the number of Demazure
0O-arrows in the path from b to ua ,, in B(Ar(0)). Next, for any other classically lowest
weight element v/, we have d (rb(v’ )) = d (') since the number of Demazure 0-arrows
is determined by the coefficient of g in A;) — wt(v’) and Wt(rb(v/)) = wt(v").
Therefore, we have

D(b(v)) — D) = [d(tb()) — d(v)] = [d") — d()]

d(rb(v)) — d()] + [d(v) — d(vw)]
= D(rb(v)) — D(v),

/

where vy, is the minimal element in rb(B). Hence, the claim follows. O

Remark 7.15 The proof of Lemma 7.12 and Lemma 7.14 is true for general type g and
any lb-diagram.

Remark 7.16 The proof of Lemma 7.14 holds for general tensor factors provided there
isananalogof [91, Lemma7.2] and [91, Thm. 6.1] for all B”® in any type. In particular,
we are using [91, Lemma 7.3], which is essentially a type-independent proof (other
than the single factor case, i.e., [91, Lemma 7.2]).

7.4 Statistic preserving bijection

Proposition 7.17 Let g be of type Af,l), D,(ll), Eé};,g, or Eéz). Let B = ®IN=1 B’i-1
and B’ = ®lN:/1 B'i"! (except possibly for r; and r{ being 4,5 in type Eél)). Then the
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diagram
RCB®B)—2 > B®B
id R
RC(B’ ® B) — B'® B
commutes.

Proof For type A,(il) (resp. D,(ll)) was shown in [43] (resp. [70]). For types Eé?;,s
and Eéz), the claim reduces to B""! ® B’2'! by the definition of ® and is a finite
computation. O

Now we can show that the map @ is a bijection that sends cocharge to energy.

Theorem 7.18 Let B = ®IN:1 B"i:! be a tensor product of KR crystals. Then the map
®: RC(B) > B

is a bijection on highest weight elements such that ® o n sends cocharge to energy.

Proof By Proposition 7.11, Lemma 7.12, and Lemma 7.14, showing the bijection is
well-defined and preserves statistics is reduced to showing when the left-most factor
for RC(B) and right-most factor for B™" is minuscule or adjoint. Thus the claim
follows by Lemma 7.7 and Lemma 7.9. O

Theorem 7.19 Let ® be defined using 8, such that r is a minuscule node. Then
®: RC(B) — B isa Uy(go)-crystal isomorphism.

Proof A straightforward check shows that ® preserves weights. A tedious but straight-
forward check shows that the arguments in [81] extend to all minuscule nodes by the
description of §, and that the arguments are about the relative position where two
boxes are added by applying f,. O

Remark 7.20 Let B be as in Theorem 7.19 and B’ be some reordering of the tensor
factors. From Proposition 7.17 and Theorem 7.19, we can construct the combinatorial
R-matrix R: B — B'by R = ® o ®~!, where ®': RC(B’) — B’ is the corre-
sponding bijection. Note that this provides a uniform combinatorial construction of
the combinatorial R-matrix.

For r = 1,2, 6 in type E(l), we can describe eg and fo on RC(B"**) by using
the description in [30] as it is given solely in terms of ¢;, ¢;, and the weight. Hence,
Theorem 7.19 immediately implies the following.

Corollary 7.21 Let g be of type Eél) andr =1,2,6. Then
®: RC(B"*) - B"*

isaU (; (g)-crystal isomorphism.
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7.5 Virtual bijection

In order to extend the bijection to full columns in all other types, we need to extend
Ib to commute with virtualization maps. In particular, we introduce the notion of a
virtual 1b map, which we denote by 1b”. Specifically, we generalize the notion of an
Ib-diagram to use for the map Ib¥, which we call a Ib"-diagram. In all cases below, the
resulting 1b”-diagram is derived from a virtualization map.

For type Eé2) as a folding of type E(l), we require having an arrow (r{, rp) — r’
defining a map Ib¥: B! @ B’>! — B2! @ B""-!. Hence, the virtual Ib-diagram we
use is

1,6)

26— 4 (3.5). (7.8)
24 435

For type B,(,l) as the dual of A éi)—l (this has a virtualization map with scaling factors

given by Table 1), the 1b"-diagram we consider is

where [r] corresponds to B"?. Note that the arrows are labeled by a single-column
KR tableau [7q, ..., tx], where we read the column from top to bottom. See also
Appendix A.

Fortype F, il) as the dual of Eéz) ,the Ib”-diagram is a modification of Equation (5.6):

(1]

[V

4 —3 —
[1,134] [1,1223]

(2]

The derivation is similar to the type B,(,l) case.
For type Gél) as the dual of Df), recall that we consider B(A1) as the natural
virtual crystal of B(3A1) € B(A,) ® B(A») in type Gg). Continuing this in type

Df), we construct an Ib’-diagram as 2 M) [[11], where [[1]] corresponds to B3,
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Example 7.22 Consider type B‘El) and B3!. Note that the image under the virtualization

map B < A® is B>2. Then we have

Proposition 7.23 Let v be one of the virtualization maps of

(€8] (2) 2 (1)
C, — Ay —> Dn+1 — Ay 1> (7.9)

with scaling factors (2, 1,...,1), (1,...,1,2), and (1, ..., 1) respectively. Then
vody = ;3\9 ov.

Proof Let g be of type Dr(l%zl and g of type Agl)fl . We note that if §y selects a singular

string in v(@ for a # n, then it must select the same singular string in p@) = @
foralla’,a” € ¢~ (a).

For the remaining virtualization maps, this follows from the description of &g as
per Sect. 4. O

Remark 7.24 We can also compose the virtualization maps of Equation (7.9), and we
obtain another proof of [76, Thm. 7.1].

We also can use

D . @7 @ . (1)
Cr(z ) A2n Dn+1 A2n—1 ’

with scaling factors (1,...,1,2), (2,1,...,1),and (1, ..., 1), respectively, instead
of Equation (7.9).
For type Dﬁzl as a folding of type Aéfﬂ 1» we use the 1b"-diagram:

122n —2)2n — 1
(1,27 — 1) 2n-=2)2n-1)

-2)(n—1 1 2 —1 1
(n=2)(n—-Dn+1Dn+2) n—1.n+1) (n —Dnn(n +1) (n]

Lemma 7.25 Let g be of non-simply-laced affine type. Then we have
volb=1b’ov,
where v is one of the virtualization maps given above.

Proof Suppose g is of type Eéz). Recall that Ib adds a length 1 singular string to
D) where eq - eqb = Ug,- Moreover, recall that Ib does not change the vacancy
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. . . b .
numbers. It is a finite computation to show that for any arrow r — r’ in the Ib-

diagram in Equation (5.6), we have an arrow o) ﬂ) ¢~ 1), where¢: E él) N\

Eéz) is the diagram folding, in the Ib’-diagram in Equation (7.8). Thus the claim
follows.

For the other types, the proof is similar with also considering the doubling (or
tripling) map. O

Theorem 7.26 Let g be of non-simply-laced affine type. Then

vod=>dov,

where v is one of the virtualization maps given above. Moreover, ® is a bijection such
that ® o n sends cocharge to energy.

Proof Lemma 7.25 implies that it is sufficient to show v o § = 3 o v. For untwisted
types, this follows by definition and Theorem 6.1. For all dual untwisted types, type

Ag}, and type ASBT, the proof is similar to the proof of Proposition 7.23. Thus the
claim follows. O

Proposition 7.27 Let g be of affine type. Let B = ®IN=1 Bl and let B =
®1N=/1 B'""\. Then the diagram

vWB®B)—X L yB®B)

B'® B T} B'® B
commutes. Moreover, the combinatoral R-matrix can be defined as the restriction of
R to the image of v.
Proof This follows from Proposition 7.13. O
Corollary 7.28 Proposition 7.17 holds for all affine types.

Proof This follows from Theorem 7.26, Proposition 7.27, and Proposition 7.17. O

7.6 Higher levels for minuscule nodes

Pro_position 7.29 Let r be such that A, is a minuscule weight. Then B(sA,) C
B(A,)®S is characterized by

b1® - ®bs | by <--- < by}
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Proof By [30, Lemma 2.9], it is sufficient to show when s = 2. We show this by
induction, where the base case is x| = xp = Uy - Next, suppose x| < x7, and let
X2 = fu,, - fayX1. Fix some i € Iy. Consider when f;(x; ® x2) = x1 ® (fix2), then
we have x; < f;xp. Now, consider the case f;(x] ® x2) = (fix1) ® x3. Since B(A,)
is minuscule, all elements are parameterized by trailing words of the longest coset
representative w € W /W7 and that w is fully commutative [95, Prop. 2.1]. Since w
is fully commutative, we must have f,, fix = fi fs,x, and similarly, there exists a k
such that a; = i and

X2 = fam te fﬁlk+1fak4 T falfak-xl-

Therefore, we have fjx; < x». O

Next, we note that the proof given in [89, Lemma 8.2] that the left-split map
Is: B* @ B* - B"! @ B"*~! ® B*® is preserved under ® is straightforward to
generalize to when r is a minuscule node. We also can show that ® send the combi-
natorial R-matrix to the identity map on rigged configurations

Proposition 7.30 Let B = @, B'"* and B' = ®lN=/1 B'i%i, where r; and ri are
minuscule nodes for all i. Then the diagram

RC(B®B)—2  +B®B
id R
RC(B’ ® B) — B'®B

commautes.

Proof By the description of & it is sufficient to reduce this to the case when B = B"*
and B’ = B Recall that B"* = B(sA,) as U, (go)-crystal when r is a special
node. Since A, and K,/ are minuscule weights, it follows from [96] that B"* ® B" R~
B(sA,) ® B(s'A,) is multiplicity free. O

Next, it is straightforward to see that on rigged configurations, we have rb acting as
the identity map on the configuration v and preserves the coriggings. Next, we need
the following description of the dual version of §,.

Lemma 7.31 Let r be a minuscule node, and define 8} := 108, on on rigged configu-
rations. Suppose B = B* ® B" and (v, J) is a highest weight rigged configuration.
Define (v, J) by

7Y =

1

Ji(a) ifa #r,
x—11xeJ”) ifa=r,
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foralli € Z~g. Then we have
8*(‘)’ J) =é€qy " eak(‘)7 7)’

where ay, ... ,ar € lpand eq, - - - eq, (v, J) is a highest weight rigged configuration.

Proof On (v, J), it is clear that § proceeds the same as §, except by preserving
coriggings and selecting and keeping cosingular rows: rows with a rigging of 0. Thus
if there exists a cosingular row in (v, J )) (which is the first partition we must select
from under §), there exists a row with a negative rigging in (v, J)™) and we can apply
e,. Moreover, ¢, removes a box from the smallest row in (v, 7) () which matches the
procedure for §7, and decreases the riggings by 1 in all weakly longer rows in (v, N
for all ¥’ ~ r. Hence, if there are any cosingular rows in (v, J ) selected by &7 in the
next step, we can also apply e, to e, (v, J). By repeating this argument, we can clearly
apply an e, for every cosingular row in (v, J )(@) selected by 8*. The fact this is an
if and only if is similar to the proof that §* gives a bijection (see the proof in [71]).
From the definition of ¢,; and the resulting change in vacancy numbers (recall that
the classical crystal operators on rigged configurations preserve the coriggings of all
unchanged rows), it is straightforward to see that the resulting rigged configurations
are equal. O

Example 7.32 Consider B = B! ® B*! @ B>? @ B! in type Eél). Then we have

w,J)=0 Jo o 0 0 0 0 Go o o 0 [&] 0
0o 1 1 0 0 0 0 0 0 1[@fo
11 o[ Jo 0 0 o[ o
00 o[ o 060
o[ |o
0[6|0
Sgw, J) =1 1 o[ ]]o o[ T ]Jo o[ ]]o o[ T ]o 1] Jo
1 1 0 0 0 0 0 0
1]t o Jo 0 0 o Jo
o[ o
o Jo

(where the return value of 8g is T36). Now, we compute egesesererezeseses(V, 7):

(v, J)=0 Jo o Jo o 0 0 Jo o Jo —1 []-1
o[ Jo 1 1 0 0 0 0 0 0 o[ -1
11 o[ Jo 0 0 o[ o
o[ Jo o[ Jo o Jo
o[ ]o
o[ Jo
&0\ [ ]o Jo o 0 0 Jo -1 -1 1[ [ ]
ol Jo 1 1 0 0 0 0o -1 —1
11 ol Jo 0 o 1] |-l
o[ Jo o [o -1 ]-1
o[ _Jo
o[ Jo
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S Jo o0 Jo o0 0 -1 -1 1 J1 o[ ] ]o
o[ Jo 1 I 0 0 —1 | I
1 o[ Jo -1 -1 1]
o[ Jo -1 =1
—1[ -1
1] -1
4
« 0 Jo -1 -1 —1 -1 1 J1 0 Jlo o[ [ T]o
o Jo 0 0o -1 11 1 0 0
0 -1 =1 1 1 ol |
1 ]-1 1 ]1
11
PEERNNE Y o o NS R | -1 1o lo o lo o[ ] ]Jo
—1[ = 0 10 0 0 0
0 1 0 0 o _Jo
o[ Jo
o Jo
PR -1 0 0 o0 lo o lo o[ T Jo
0 0 0 0 0 0 0 0
0 ol Jo 0 0 o]
o[ Jo
o Jo
PEENT T 0 0 0 -1 -1 0 lo o[ [ Jo
0 0 0 0 0 0 0 0
0 ol Jo 0 0 o]
o[ Jo
o Jo
T o 0 0 0 0 - -1 o[ [ ] Jo
0 0 0 0 0 0 0 0
0 o[ Jo 0 0 o[ ]
o[ Jo
o Jo
ST o 0 0 0 0 0 0 o —1[[[]-1
0 0 0 0 0 0 0 0
0 ol Jo 0 0 o]
o[ Jo
o Jo
ST o 0 0 0 0 0 0 0 1] Jo
0 0 0 0 0 0 0 0
0 ol Jo 0 0 o]
o[ Jo
o Jo

and note that the result equals &g (v, J).

Proposition 7.33 Let r be a minuscule node. Let 8} := 1 o §, o 1 on rigged configu-
rations and 8§ := ¢ o §, o © on classically highest weight elements in tensor product
of KR crystals and extended as a classical crystal isomorphism. We have

8" od = o
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Proof Recall §, commutes with the classical crystal operators by Theorem 7.19. Note
that we can define &) on classically highest weight elements in a tensor product of
KR crystals by removing the rightmost factor and then going to the highest weight
element from [89, Prop. 5.9(5)].> Lemma 7.31 shows the same description for the
rigged configurations.

To prove the claim, it is sufficient to prove this on classically highest weight
elements. Since the rightmost factor is B!, where r is a minuscule node, the corre-
sponding rightmost element in the tensor product must be uz . Recall that o! (ug,)
is the empty rigged configuration (but with vacancy numbers p,.(r) shifted by 1 for all
i € Z-0). Note also that ®~! is only computed using singular rows, not the actual
rigging values. Therefore, if @1 (b®“X,) = (v, J),then ®~1(b) = (v, J) as defined
inLemma7.31.1f ey, - - - eq b, whereay, ..., ar € I, is the corresponding classically
highest weight element, then we have

©_1(5*(b ® MSX,)) _ CD_I(em ceeqb) =eq - eq q;—l(b) = 8*(({)—1(b &® Msxr))
as desired. .

We also have the following from Proposition 7.33 and that clearly [§, 5*] = Oona
tensor product of KR crystals.

Corollary 7.34 On rigged configurations, we have [§, §*] = 0.

We remark that this provides an alternative proof of [43, Lemma 3.13] and [89,
Thm. 8.4(1)].

Using Corollary 7.34, the remaining proof of [89, Thm. 8.6] that o 0o ® = ® 0 6
holds. Hence, the proof of [89, Thm. 8.8] by using Theorem 7.19. Thus, we have the
following.

Theorem 7.35 Let B = ®1N=1 B"i"5i be a tensor product of KR crystals, where r; is a
minuscule node for all i. Then the map

®: RC(B) —> B

is a Uy (go)-crystal isomorphism such that ® o n sends cocharge to energy.

8 Equivalent bijections

In this section, we show that all of our defined bijections give the same bijection and
® = @ for all types except B,gl) (where it remains a conjecture), F, (1), and G;l) . We
show that ® defined using a combination of various &, defines the same bijection as

® for types Agl), D,(,l), and Eél). Note that for type ASLI), the map J,—1 is the dual

5 Recall that 8x in [89], where it was denoted by rh, was defined by removing the rightmost factor (and
then going to the highest weight element) in contrast to our definition of conjugating the left factor removal
by . However, these definitions are equivalent by [89, Prop. 5.9(5)].
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bijection of [89, Sec. 9]. For types A(l) and D,(ll) , we will show that the bijection
defined by 8, and § are equal. For type A;n) 1» we only have §; = §, which was done
in [74]. For type Dn 1
Eél), the map §; = 8 from [71] and 8¢ follows from the diagram automorphism given
by 1 < 6.

We will first show that all of the bijections defined using §, for any r € Iy in type
Af,l) are equal.

we will use the virtualization map and type A2n |- For type

Lemma8.1 Let g be of type AL and B = B"! ® B®. We have
8 =803 olb)y !

such that 0"~ (b,) = ®---® bi (with 1b always acting on the rightmost factor),
were b’i is the return value for the i-th application of 8.

Proof We note that §; = §. Thus fix an r > 1. We proceed by induction on r. Note
that it is sufficient to show by our induction assumption that

8 =8,_1080lb (8.1)

such that 1b(b,) = @ ® by_ 1) where b, denotes the return value of §, and @ ®b,_1
the return values under §,_1 o 8§ o1b. Recall that Ib(u+ A, ) = -® Ug, Wthh defines
the unique strict crystal embedding B(A,) — B(A1) ® B(A,_1).

Suppose §, selects (singular) rows E(la) <... < Kl(cj) from v@ foralla € Iy; we
consider k, = 0 if no such row was selected in v@. Note that 8 o Ib selects the same
singular row of length Zg”) in v under §, as it is the smallest selectable singular row
in v @ forall » < a < b, where 8 returns (b, and both algorithms (effectively®) start
at v, Indeed, by the definition of §,, we must have Zga) < Egaﬂ)
rows in @t of length Ega) <i< EEa—H) forallr <a < b —1 as §, selects the
minimal singular row and would have instead selected any singular row of length
(@ <i <@,

1= 1

Next, let (7, J) = (go ﬁ))(v, J). We claim that 8,_1 on (U, J) must select exactly
all other rows selected by §,. If k,_; = 0, then §, has selected no other singular rows
(note that in this case the crystal structure of B(A,) € B(A1) ® B(A,_1) implies
k, = 1forallr <a < b and k, = 0 otherwise). Now we have

and no singular

p P, )+ ifi <€,

8.2
pfr_l) W, J) otherwise, (8.2)

p! V@, T =

so none of these rows of length i < E(lr) are singular and k,_; = 0 with Equation (8.2)
implies the other rows are not singular, thus §,_; returns Ux s and the claim holds.

6 From the definition of Ib and that Ib preserves vacancy numbers, we can consider § olb as one operation
that is the same as § except that it begins at v instead of vV,
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Now suppose k-1 > 0. The algorithm for §,_; begins by selecting the row of
length Egrfl) because of Equation (8.2) and §, would have selected any singular rows
of length Egr) <i< Egr_l). Indeed, if there was such a singular row R and &, selects
EY_D at step ¢, then R would have been selected during the an earlier step of §, by the
fact we select a singular row of minimal length and we could always select a string
from v~ 1 after the first step (and up to step 7). Next, we note that there are no singular
rows in 7" of length Egr) <i< EEH]) as p;r) has been increased by 1 in that region.

Therefore, the next selected row in 7 is of length Kg) since

e all vacancy numbers pl.(r) fori > E(er) remain unchanged,

. 2,

o all other rows of length at least ZY'H) are singular in (v, /) if and only if they
are singular in (v, 7)(’ ),

e and we can select a second row in v as soon as we select a row in v~ from
the definition of §,.

Similarly for all (v, /)@ with r < a < b — 1, but we note there are no singular
rows in v®~D of length at least Z%h_l). Note that by the definition of §, and the

(b-2) b—1
& b—1
as a subtableau for that element since the definition of §, would imply the (b — 2)-

—1 - —1]. . S .
arrow Z — b2 Z —7in the crystal graph exists, which is impossible (note
all other entries in the tableau do not matter by the column strictness, so we do not
write them)). Thus, we have @ ®by_1 € B(A;) € B(A1) ® B(Ar—1) (equivalently
Ib(b,) = @ ® by_1) as 6,—1 must select the row of length Eéb_z) in =2 before
selecting arow in v~ and hence cannot select any more rows in =1 Additionally,
we have (v, J)@ = (¥, 1)@ for all a < r with the same vacancy numbers for all
a<r—1and

crystal B(A,), we must have > K(lbfl) (as otherwise we would have

@5, 7) PP, N +1 i <i < et
. ]), = .
DPi P,@(v, 7) ifi > £§a+1),

for all ¥ < a < b — 1. Thus, once §,_ starts selecting Eg’), it must select the same

rows of length Z,(Ca) for k > 2 as §,. Hence the rest of the algorithm for §,_; selects
all the same other rows selected by §, following the same path as §, except for those
boxes selected by 8 o Ib. Therefore, the resulting rigged configurations are equal, and
hence the claim follows. O

We note that the proof of Lemma 8.1 is given by 6,1 o Solb following the path

. : ro bl 8r-1 :b
A bl

Solb
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in B(A,), where u = ug _ andx = b, .

Example 8.2 Consider
B=B"9B22®B*29 B 9 B*’® B*?® B*! @ B> @ B*?

of type Agl). Then we have

2 [ T]o 0 [&] 0 4 (6] 4 1 (4] 1 2] [4)2
1161 0 0 4 1 1 1
ol [o 2[ ]2 1] [ 1
0&)o 2042 1 ]o
83 (returns|5))
2[ITTTJo 0 o 3 3 2 |2 2[1 ]2
0 0 3 1 2 1
ol Jo 2 2 ol ]o
o[ ]o
Furthermore, we also compute
2 TTT]o 0 [ o 4 [ 4 1 [ 1 2[ [ 142
11 0 0 4 1 1 1
ol [o 2[ ]2 1[4
ol jo 262 1o
J’Solb (returns [6])
2 [ T]o 0 [t 0 4 (6] 4 2 [4] 2 21 ]2
1)1 0 0 4 1 2 1
o[ |o 30 ]2 ol ]o
ol&ajo ol o
J(Sz (returns )
2[ITTTJo 0 o 3 |3 2 |2 2[T ]2
0 0 3 1 2 1
ol _Jo 2 ]2 o[ ]o
o[ ]o

which agrees with applying 83 as per Lemma 8.1.

In order to show that the bijections agree for type D,(ll), we recall the map 8sp: B” '®
B* — B®*forr =n — 1,n from [86]. Let v: B! — B"2 denote the virtualization
map givenby y, = 2foralla € I.LetIb"”): B"?®@B* — B! @B" '@ B"'®B*
be given on rigged configurations by adding a length-one singular row to v(® for all
a<n—2anda =n,n—1ifr = n—1, nrespectively. Letlb: B" 1@ B! @ B® >



Uniform description of the rigged... Page550f84 42

B"~>1 ® B* be given on rigged configurations by adding a length-one singular row
tov@ foralla < n — 2. We define §sp: B”! ® B* — B* by

831;) = v_l o (’50 lb)”_2 OEOEOSO lb(r) ov.

We could also define &, by using the (generalized) Ib-diagram of

n—2 n—1

1 n—2 (n—1,n)

[r],

where x =7, n if r = n — 1, n respectively and recall [r] corresponds to B"2.

Lemma 8.3 Let g be of type D,(,l) and B = B™' ® B® withr =n — 1, n. We have
8, = Bsp-

Proof We will use the spin representation for elements of B(K,) ~ pr!l (as Uy (g0)-
crystals) of type D,(ll). Thatis, anelement b € B(A,) withwt(b) = % i si€i (given
as an element in the ambient %Z" lattice) we represent as the +=-sequence (sy, . .., $,)
(see also, e.g., [40, Sec. 6.4]). Under the doubling map v, the corresponding tableau
has an i (resp. 1) if and only if s5; = + (resp. s; = —), written in increasing order
down the column. Note that ug = (+, +, ..., +, ), where we have s, = —, + if
r =n — 1, n respectively.

The proof is essentially the same as the proof of Lemma 8.1. Indeed, it is sufficient
to show that the resulting rigged configurations are equal after applying §, and Jsp to
a fixed rigged configuration (v, J) as B(A,) is a minuscule representation. Let b be
the return value of §,, which selects rows of length Zi“) <...< E,((’:) in v@ for all

a € Iy, where we consider k, = 0 if no row was selected in v(@. ~

Let ji < --- < jn be all indices such that 5;, = —. Let (V,J) = v(v, J).
Let7 = n,n — 1if r = n — 1, n respectively. For h = 1, we must have applied
Srfn—2---fj to Ugy, in order to obtain b. Thus, the application of § o 1b®) results
in selecting the row of length 255‘1) in?@ foralla = r,n —2,..., ji as a row is
singular in (v, J) if and only if it is singular in (¥, J). Let (v, J) be the resulting rigged
configuration. For & = 2, we must have also applied fx f,—2 - - - fj,. When applying
5o 1b, we note that we have increased pl.(r) foralli < 265"_2), and so we must select
a row of length ZZ({) in v, Similar to the proof of Lemma 8.1, we select rows of
length ZZE”) in?v@ foralla =n —2,..., jo. The case for all other 4 and applying
3 o Ib is similar except the initial steps until we reach n — 1, n remove a box from an
odd length row. Similarly, all of the positive values in the column v(b) remove a box
from an odd length row. Therefore, the resulting rigged configurations are equal and
the claim follows. O
Next, we consider the case of D’(lz_zl and recall that B"! = B"! of type Agln)_l . Let
?S\n denote the map §,, of type Agl)_l. Thus, we have the following from the definition
of §,.
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Proposition 8.4 Let g be of type Dﬁ:l. Then

vod, = :3\,, ov.
Lemma 8.5 Let g be of type Eél) and B = B®' ® B*. Then

8¢ =681 0681 olb,
81 =8608501b".

Proof Similar to the proof of Lemma 8.1. O

In type D,(lszl, we define Ib: B! ® B* - B! @ B"! @ B® by

[1]®b* — In®nQb°,
D|Qb* —>nTQRn® b,

and extended as a U, (go)-crystal embedding.

Lemma 8.6 Consider B = B%' @ B® of type g. Then, we have

$p 081 =808, ifg=AY,

81081 0lb ifg = D",
89 =18,08,0lb ifg=D,,
810810lbosyolb ifg=EL,
87087 01b ifg=EV.

Proof We first consider type E, él).
_Note that B(6) < B(A)® is the unique factor with highest weight element
26 ® 16 ® 1. By Lemma 8.5, we have

81081 0lbod; olb=23608; olb.

Therefore, it is sufficient to show 69 = &g o §; o Ib. Note that the return values
can be ignored since there is a unique B(9) € B(Ag) ® B(A1) and unique B(Ag) <
B(A1)®B(A1), giving a canonical identification of the return values. Furthermore, the
only non-zero weight multiplicity of B(8) is for weight 0, but these are distinguished
by €, (Var) = 844, Which in terms of the algorithm gy is determined by the partition
1@ the algorithm terminates at.

We proceed by induction on depth of the return value of §g. The base case is when
8p returns ug as no boxes are removed, and so we wish to show 8¢ o 81 o 1b returns
26 ® 6. Adding uy under 8y ! does not change the rigged configuration. Similarly,
adding 6 under 6 ! only makes all rows in v® non-singular. Hence, all boxes added

by 26 under 8;1 must be of length 1, which are all subsequently removed by 1b~!.
Hence, we have §g = 8¢ 0 §1 o 1b.
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Consider b’ ®b € B(0) € B(A1)QB(Ag).If f,(b'Qb) = (f.b')Rb, then the claim
follows from induction as the new box is selected on the application of §;. Therefore,
suppose f, (b’ ® b) = b’ ® (f,b). Therefore, we must have ¢,(0') =0 < 1 = @, (b)
by the tensor product rule. If ¢, (b") = 1, then we have ¢, (b’ ® b) = 2, and hence,
b’ ® b corresponds to x, . In this case, f, (b’ ® b) differs by a quasisingular string
in v@ | hence after § 1 o Ib, this string becomes singular and selected by 8¢. Thus, the
result of 8¢ 0 81 o b is b’ ® f,b. Therefore, we have ¢,(b’) = 0. Hence, the new
singular row in v© s selected during 8¢. Hence, we have §p = g o §1 o Ib.

Finally, we consider the case when §y returns ¢. In this case, we want to show
86 0 81 o Ib returns 6 and 6 respectively. Adding ¥ under 3y U adds ¢, singular rows of
length 1 to v@. Next, we note that Ly ! adding 6 makes all rows in v(® non-singular.
Therefore, adding 6 under 5 ! can only create singular rows of length 1 and, after
performing Ib—!, there are precisely ¢, such rows. Hence, we have §g = 8¢ 0 81 o 1b.

The other cases are similar. m]

Lemma 8.7 Let g be of type C,(ll). Then §, = 6.
Proof This follows from the description of §; and Proposition 7.23. O

By combining the above results and noting that our proofs did not rely on any
specific choice of Ib-diagram (with a given sink), we have the following.
Theorem 8.8 Let g be of dual untwisted type or type Agl), A%ﬁ, C,(,l). Let o be either
a minuscule or adjoint node. Let ® be a bijection defined by §, with a corresponding
Ib-diagram. Then we have

o= .

Moreover, for any bijection ®’ defined by 8/, where o’ is either a minuscule or adjoint
node, with a corresponding 1b-diagram, then we have ® = @',

Conjecture 8.9 Theorem 8.8 holds for type B,(ll).

Theorem 8.8 states that there is a unique bijection & that is defined by KKR-
type algorithms. In other words, for a fixed rigged configuration, we can only obtain
different KR tableaux representations of the same element in a tensor product of KR
crystals under such a bijection. It is likely that there is a unique bijection that sends
cocharge to energy and the combinatorial R-matrix to the identity map.

9 The filling map

In this section, we characterize all highest weight rigged configurations appearing
in RCHW(B”) for various r € Iy in types Eég g Eé2), and F;l). Note that it has
not been shown that B"* is the crystal basis of the KR module W’ in general. For
non-exceptional types, this was shown in [72] and for certain other special cases in
[30,35,100]. We note that when r is a special (resp. adjoint) node, then W'-* has a
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crystal basis by [72, Rem. 3.1] and [34, Prop. 3.4.4] (resp. [34, Prop. 3.4.5]). However,
this provides further evidence for this to be true as we show many of the graded
decompositions agrees with the conjectures of [20,22]. Using this, we describe the
filling map and define Kirillov—Reshetikhin (KR) tableaux for B™* for certain r in

types Eé};’g and Eg) as an extension of [69,88,93]. We give a table of the KR tableaux

for B! in Appendix A. Note that the height of the KR tableaux is the distance from
r to o in the lb-diagram (recall o is the unique sink in the lb-diagram); in particular,
r no longer necessarily corresponds to the height.

For the nodes we do not consider here, the roots which appear as edge labels in the
(ambient) Kleber tree, and hence the weights can appear in the decompositions, are
completely determined by those at level 1, i.e., appear in the (ambient) Kleber tree
for B”!. Thus, it is possible to determine an explicit parameterization of the classical
decomposition of B"* for all exceptional types, as well as the corresponding rigged
configurations (and their cocharge). In particular, this parameterization will be given
by integer points in a polytope.

However, the author believes any such parameterization is likely to not be enlight-
ening as it will involve numerous linear inequalities (and possibly some equalities).
Then for the filling map, the rules can become even more complicated. For example,
consider the parameterization for B>* of type Df) given in [93, Def. 4.10] and the
corresponding filling map.

9.1 Notation

We define some notation to aid in the description of RC”W (B"%). Consider a tuple

@D, a@, .. a®) wherea® = Yact Pg, e O forall 1 <k < £.Wedenote
by v(@®,a®, ... a®) the configuration given by v(® stacking a column of height

c,gk) for all 1 < k < ¢ and left justifying this (so it is a partition). We also denote
k * [a] as the sequence (¢, «, . .., o) of length k and k; * [D] + ky * [«@] as the
concatenation of the two sequences.

9.2 Type Eg)

Forr = 1 and r = 6 in type Eél), we have B = B(sA,) as U, (go)-crystals. Thus,
the filling map fill: B"™* — T is the identity map. Moreover, we have RC(B"%) =
RC(B"*; sA,) as Uy (go)-crystals.

Proposition 9.1 Consider the KR crystal B>* of type Eél). We have

RC(B**) = @RC(B“; (s — k)A2).
k=0
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Moreover; the highest weight rigged configurations in RC(B>*) are given by v(k*[ca])

with all riggings 0, where

o = a0y + 20 + 203 + 304 + 205 4+ ag = As,

and

cc(v, J) =k.

Proof_Note that by Condition (K2) of Definition 2.15, the only root that we can subtract
from A7 is «. Thus the Kleber tree T (B>*) is a path where the node at depth k has
weight A» — ko for 0 < k < s. Hence, the rigged configuration is given by v(k * [«]).

It is straightforward to check that cc(v, J) = k.

O

Definition 9.2 We define the filling map fill: B>* — T2 on the classically highest
weight element b € B((s — k)A2) € B>* by defining fill(b) as the tableau with the
first s — k columns as [1, 16, 26], the next |k/2] columns as

251 1
56 | 16
6 | 26

and if k is odd, the final column as [1, 16, 6]. We then extend fill as a classical crystal

isomorphism.

Example 9.3 Consider BZ8 of type Eél). Then B(kA;) C B23 corresponds to the
classically highest weight element

1| 1|1 ] 11]25]1]25]1
k=4~176|T6 |16 | 16 | 56 | 16 | 56 | T6 |°
26 [26(26|26| 6 |26] 6 |26
111|251 |25 1|1
k=5~17¢ |16 |16 |56 | T6 | 56 | 16 | 16 |"
2626|266 |26 6 |26]| 6

where the shaded regions are the parts that are “filled in.” The corresponding rigged

configurations, respectively, are

0[]:]:]:]08 08 8

0

0
0

JFEFRS oD,

0
0

80 0’

DY SHRY S

coo oS00
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Proposition 9.4 Let fill: B> — T2% given by Definition 9.2 and 1 be the natural
(classical) crystal isomorphism. We have

O =fillot

on classically highest weight elements.

Proof If we apply column splitting Is to B>* when s > k, then we make all rows in
v® nonsingular. A straightforward computation shows that we obtain [1, 13, 23] and
the rigged configuration has not changed. If s = k, then Is keeps all rows of length
k being singular. It is a straightforward computation shows the column is [12, 16, 6]
when k£ > 1 and the new rigged configuration is obtained by deleting two boxes from
every row of v@ foralla € Ip. If k = 1, then a finite computation shows we obtain
[1, 16, 6]. O

Proposition 9.5 Consider the KR crystal B>* of type Eél). We have
S
RC(B>*) = EORC(B™*; (s — k)A3 + kAg).
k=0

Moreover the highest weight rigged configurations in RC(B>*) are given by v (k *[«])
with all riggings 0, where

o =a + s + 203 + 204 + a5 = Az — As,
and
cc(v, J) =k.

Proof Similar to the proof of Proposition 9.1. O

Definition 9.6 We define the filling map fill: B>* — T3 on classically highest
weight element b € B((s — k)A3_+ kAg) C B3 by defining fill(b) as the tableau
with the first s — k columns as [1, 13], the next |k/2] columns as

136 1

16 | 13

and if k is odd, the last column as [1, 16]. We then extend fill as a classical crystal
isomorphism.

Proposition 9.7 Let fill: B3> — T3 given by Definition 9.6 and i be the natural
(classical) crystal isomorphism. We have

P =fillot

on classically highest weight elements.
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Proof Similar to the proof of Proposition 9.4. O

The case for r = 5 is dual to the above. In particular, the proofs of the following
propositions are similar to those for the r = 3 case.

Proposition 9.8 Consider the KR crystal B>* of type Eél). We have
s
RC(B>) = (DRC(B™*; (s — k)As + kA)).
k=0

Moreover the highest weight rigged configurations in RC(B>*) are given by v (k *[a])
with all riggings 0, where

o =y + &3+ 204 +as + a6 = As — Ay,
and
cc(v,J) =k.
Definition 9.9 We define the filling map fill: B>* — T3 on classically highest

weight element b € B((s — k)As + kA}) € B> by defining fill(b) as the tableau
with the first s — k columns be [1, 13, 23, 25], the next |k/2] columns as

1|1
256 13
6 |23
12 | 25

and if k is odd, the last column as [1, 13, 23, 21]. We then extend fill as a classical
crystal isomorphism.

Proposition 9.10 Let fill: B>* — T3 given by Definition 9.9 and i be the natural
(classical) crystal isomorphism. We have

® =fillot
on classically highest weight elements.

Proposition 9.11 Consider the KR crystal B** of type Eél). We have

RC(B4"Y) — @RC(B‘LS; )L)®(1+k2—k4—2k5)’
A
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where .. = s Ay — Zle kia® with

all) .= 201 + 3ap + 4oz + 604 + dos + 206 = A4,
a? =@ +as + 2a3 + 364 + 205 + s =74 — Ao,
a® = + o3 + 204 + o5 =As— A1 — Ag,
a¥ =@+ ay = A2+ As — (A3 + As),
a® = o = 2K2 — X4,
such that

(1) k1 +ka+k3+ka <5,
2) ki =0fori=1,2,3,4,5, and
(3) ky = kg + 2ks.

Moreover the highest weight rigged configurations in RC(B**) are given by
viky # [@D] + ky  [@P] 4 ks % [@D] + kg  [@P] + ks = [@)]),

with all riggings 0 except for x in the first row of v, which satisfies 0 < x <
ko — kg4 — 2ks, and

cc(v, J) =3k1 + ko + k3 + kqa + ks + x.

Proof Notethata) > @® > a@® > g™ > &0 component-wise expressed in terms
of {@;}ie1,. The claim for the rigged configurations follows from Definition 2.15 and
the description of @® fori = 1,2, 3, 4, 5. The claim for the cocharge is a straightfor-
ward computation. O

We first note that for r = 1,2, 3,5, 6, it is clear that these graded decompositions
agree with the conjectures in [20, App. A] (with some straightforward relabeling).
Thus, we show the r = 4 case.

Proposition 9.12 Let ¢* B(A,) denote that B(A,) is given a grading of k. We have
BY = @ min(l+jo, 145 — ji— jo—2j3 — ja)g T T2

Jitp+2j3+jass
JisJ2,J3. j4€L>0

J1
x Y q"B(jihr + joAa + j3(As + As) + ja(A1 + Ag)).
k=0
Proof First note that
wt(v, J) = sAs — k1 A2 — ka(Ag — A2) — k3(As — Ay — Ae)
—ka(Az + Agy — (A3 + As)) —ks(2Ar — Ay)
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= (ko —ka —2ks)A2 + (s — ki — ko — k3 — ks + ks) A4
+ ka(A3 + As) + k3(A1 + Ae)

Hence, we must have

J1=ko —ks—2ks, jo=5—ki —ky—k3z—kyq+ks,

: ) ©.1)
J3 =ka, Ja = k3.

Note that the conditions on k1, k2, k3, k4, ks guarantee that ji, jo, j3, ja > 0. Next,
we have

it h+2j3+ja=s—ki—ks<s,
3s —2j1 —3jo —4j3 —2js = 3ky + ky + k3 + kg + k5 = cc(v).

Additionally, we want the multiplicity to agree, so we need to show
M :=min(l + j2, 1 +5 — j1 — jo — 2j3 — ja)

equals the number of time a node of weight j 1A+ j2K4 +j3 (A3+As)+ Ja (A1 +A¢)
occurs since the multiplicity of a node equals 1 + kp — k4 — 2ks = 1 + j;. We
note that &V = 2a® + @®. Explicitly, we fix some ji, j2, j3, ja € Z=¢ such that
J1+j2+2j3+ ja < s,and we want to show M equals the number of k1, k2, k3, ka, ks €
Z>¢ such that

s > ki +ko 4+ k3 + ka, (9.2a)
ky > kg + 2ks, (9.2b)

and, from Equation (9.1), that:

ki+ks=s—j1—jo—2j3—ja, ko —2ks=j1+ j3,
. . 9.3)
k3= ja, ka=j3.

Immediately, we have k3, k4 > 0 and are completely determined since we have
fixed j3, ja € Z>0. We note that

ko = j1 + j3 + 2ks > jz + 2ks = kg + 2ks, 9.4)
ki +ky+ks+ks=s5— jo+ks, 9.5)

and so if we take ks = 0, then k1 and k; are completely determined and give a valid set.
Next, since we want to look over all possible values that give rise to the same weight,
the linear dependence @' = 2&® +&® implies we can replace k; > 2ks +ks. Note
Equation (9.4), and hence Equation (9.2b), still holds under this replacement, but from
Equation (9.5) and Equation (9.2a), we have k5 < j, (so we can do this replacement
at most j» times). However, we can only do this at most s — j; — jo — 2j3 — js times
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since it is the maximum value of k. Thus, we have exactly M possible values for k1,
ko, k3, kg4, and ks. O

9.3 Type E"

For r = 7 in type E(l), we have RC(B”*) = RC(B”*; s A7). Threrefore the filling
map fill: B”* — T7 is the identity map.

Proposition 9.13 Consider the KR crystal B"* of type E;l). We have
S
RC(B%) = @RC(BI’S; kAL).
k=0

Moreover the highest weight rigged configurations in RC(B>*) are given by v (k *[«])
with all riggings 0, where

o =201 + 20y + 303 4+ 4og + 3as + 206 + a7 =A,
and
cc(v,J) =k.

Proof Similar to the proof of Proposition 9.1. O

Definition 9.14 We define the filling map fill: BY$ — TS on classically highest
weight element b € B((s - k)Al) C B! by defining fill(b) as the tableau with the

first s — k columns as [7, 17], the next k/2] columns as

—|
2

7

17

|

and if k is odd, the last column as [7, 7]. We then extend fill as a classical crystal
isomorphism.

Proposition 9.15 Let fill: B* — T'* given by Definition 9.14 and | be the natural
(classical) crystal isomorphism. We have

O =fillot

on classically highest weight elements.

Proof Similar to the proof of Proposition 9.4. O
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Proposition 9.16 Consider the KR crystal B>* of type Eél). We have
N
RC(B>*) = (HRC(B>*; (s — k)Ay + kA7)
k=0

Moreover the highest weight rigged configurations in RC(B>*) are given by v (k *[a])
with all riggings 0, where

o = a1 + 20 + 20 + 304 + 205 + @6 = Ay — A7,
and
cc(v,J) =k.

Proof Similar to the proof of Proposition 9.1. O

Definition 9.17 We define the filling map fill: B>* — T>* on classically highest
weight element b € B((s — k)A» + k_A7) C B2 by defining fill(b) as the tableau
with the first s — k columns as [7, 17, 12], the next |k/2]| columns as

25| 1
56 | 16
6 | 26

and if k is odd, the last column as [7, 17, 17]. We then extend fill as a classical crystal
isomorphism.

Proposition 9.18 Let fill: B>® — T>* given by Definition 9.17 and 1 be the natural
(classical) crystal isomorphism. We have

@ =fillot
on classically highest weight elements.
Proof Similar to the proof of Proposition 9.4. O

Proposition 9.19 Consider the KR crystal B®* of type E;l). We have

RC(B*)= @ RC(B*:(s—ki —k)he+ kaA)).

ki+ka<s
kl,kzezzo

Moreover the highest weight rigged configurations in RC(B%*) are given by

v(ky s [@ D] 4 ky « [@@]),
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where

a'V) = 2@ 4 3@, + 43 + 64 + Sas + 4 + 207 =g,
a® =ay + a3 + 204 + 205 + 206 + &7 =A¢— AL,
with all riggings 0 and
cc(v, J) = 2k1 + k».
2)

Proof Similar to the proof of Proposition 9.11 as @ > &@®. O

Proposition 9.20 Consider the KR crystal B3* of type Egl). We have

RC(B3,S) — @RC(B&X; )\’)@(1+k2*k4*2k5)’
A

where A = sy — 0 k;a® with

aV = 3@, + 4@, + 6as + 8ay + 6as + 4ag + 207 = A3

a?® =@ + 2o, + 33 + 4o + 305 + 206 + lay =73 — A

a® =@, + @ + 23 + 204 + s =73 —Ag

5(4)2514_&3 =K1+K3—K4

a® = a =2A| — A3
such that

(1) ki +ky +kz+ ks <s,
(2) ki = 0fori=1,2,3,4,5, and
(3) ky = kg + 2ks.

Moreover the highest weight rigged configurations in RC(B>) are given by
viky % [@D] + ko # [@P] + k3 # [@] + kg # [@P] 4 ks + [@)]),

with all riggings 0 except for x in the first row of vV, which satisfies 0 < x <
k2 - k4 - 2k5, and

cc(v, J) =3k1 +ky + k3 + kg + ks + x.

Proof Similar to the proof of Proposition 9.11. O

We note that our graded decompositions forr = 1, 2, 3, 6, 7 agree with the conjec-
tures of [20, App. A], where the case of r = 3 is similar to the proof of Proposition 9.12.
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9.4 Type Eg)

For type E (D we do not have any minuscule nodes as there are no diagram automor-
phism. Thus, we begin with the adjoint node.

Proposition 9.21 Consider the KR crystal B®* of type Eél). We have

RC(B%%) = @ RC(B%*; (s — k)Asg).
k=0

Moreover the highest weight rigged configurations in RC(B%*) are given by v (k *[a])
with all riggings 0, where

o = 20 + 302 + da3 + 604 + 505 + 4a + 3a7 + 203 = Ag

and cc(v, J) = k.
Proof The proof is similar to Proposition 9.1. O

Definition 9.22 We define the filling map fill: B%* — 789 on classically highest
weight element b € B((s — k)Ag) € B by defining fill(b) as the tableau with the
first s — k columns as [8], the next |k/2] columns as |88 |, and if & is odd, the last
column as [(]. We then extend fill as a classical crystal isomorphism.

Proposition 9.23 Let fill: B®S — T35 given by Definition 9.22 and 1 be the natural
(classical) crystal isomorphism. We have

P =fillot

on classically highest weight elements.

Proof Similar to the proof of Proposition 9.4. O

Proposition 9.24 Consider the KR crystal B”* of type Eél). We have

RC(B7"Y) — @RC(B7"Y; A)®(1+kz—k4—2k5)

Y
where

oV = 4@, + 6w, + 8as + 1204 + 105 + 8ag + 6a7 + 3ay = A7,

a?® = 201 + 30 + daz + 60q + Sors + dag + 3oy + g = A7 — Ag,

@ =@ + @ + 2a4 + 205 + 206 + 207 + a3 =A7— Ay,
6(4):_7 + org =K7 +K8—K6,
a® = asg = ZKg — A7,

and ) = shy — Y 2_, ki@, such that
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(1) ki +ky+ ks + kg <s,
(2) ki =0 fori =1,2,3,4,5, and
(3) ko = kg + 2ks.

Moreover the highest weight rigged configurations in RC(B%*) are given by

vlkr # (@ D]+ ko [@ 2]+ ks [@D] + ko x (@D ]+ ks + [@])

with all riggings 0 except the first row of v®, which satisfies 0 < x < ky — k4 — 2ks,
and

cc(v,J) =3k1 +ky + k3 + kg + ks + x.
Proof Similar to the proof of Proposition 9.11. O

Proposition 9.25 Consider the KR crystal BY* of type Eél). We have

RC(B™)= @D RC(B": (s —ki —k)A| +kyAy).

k1,k2>0
ki+ky<s

Moreover the highest weight rigged configurations in RC(B"*) are given by
viki  [@ D]+ ko x [@2D),
where

al = 4a, + 50, + Ta3 + 104 + 8as + 6ag + 47 + 20y =
a® =2, + 2a, + 3&3 + 4a4 + 3as + 206 + a7 -

with all riggings 0 and

cc(v, J) = 2k1 + k».

Proof Similar to the proof of Proposition 9.11 as @' > &®. O

We note that our graded decompositions for » = 1, 7, 8 agree with the conjectures
of [20, App. A], where the case of r = 7 is similar to the proof of Proposition 9.12.

Remark 9.26 The cases of r = 4 of type Eél), r = 3 of type E;l), and r = 7 of

type Eél) are all nodes which are distance 2 from the affine node, and all have the
same graded decompositions. Thus it would be interesting to see if there is a uniform
describe of these KR crystals, and additionally to compare it with B"* forr = 1, 3 in
type D,Sl) andr = 2,n — 2 in type A,(ll).
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9.5 Type Eéz)

For r = 1, this is immediate deduced from the devirtualization of Proposition 9.1
(r =2 in type Eél)) asy, = lforalla e I.

Proposition 9.27 Consider the KR crystal B of type Eéz). We have
N
RC(B*) = @RC(B“; (s —k)A)).
k=0

Moreover; the highest weight rigged configurations in RC(B'*) are given by v(k*[a])
with all riggings 0, where

o =201 + 3ap + 203 + o =Ay,
and
cc(v,J) =k.

Proof The proof is similar to Proposition 9.1 as the ambient Kleber tree is the same
as the virtual Kleber tree. O

Definition 9.28 We define the filling map fill: B1* — T on classically highest
weight element b € B((s — kA 1) C B! by defining fill(b) as the tableau with the
first s — k columns as [1], the next [k/2] columns as M, and if k is odd, the last
column as [/]. We then extend fill as a classical crystal isomorphism.

Proposition 9.29 Let fill: B — T15 given by Definition 9.28 and 1 be the natural
(classical) crystal isomorphism. We have

O =fillot
on classically highest weight elements.
Proof Similar to the proof of Proposition 9.4. O

Proposition 9.30 Consider the KR crystal B>* of type Eéz). We have

RC(BZ’X) — @RC(BZ’Y, )\')@(1+k2—k4—2k5)’
A

where

al = 3@ + 6a, + 4@z + 204 = Ao,
a? =@ 4 3@ + 203 + @y =Ar— Ay,
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a? =@ + 20, + a3 = A2 — A4,
a® = + @ = A1+ Ax— As,
a9 = =2A1 — A,

and ). = sAhy — 21'5:1 kiaD, such that

(1) ki +ky+kz+ ks <s,
(2) ki = 0fori=1,2,3,4,5, and
(3) ko > kg + 2ks.

Moreover the highest weight rigged configurations in RC(B>*) are given by
vikr# [@ D]+ ko [@ 2] 4 ks [@D] 4 ka + [@D] + ks + [@O)),

with all riggings 0 except for x in the first row of vV, which satisfies 0 < x <
k2 - k4 - 2k5, and

cc(v, J) =3k1 +ky + k3 + kg + ks + x.

Proof Note that V) > @@ > @® > @® > & component-wise expressed in
terms of {;};cs,. Thus any sequence (ki, k2, k3, k4, ks) uniquely determines a path
in the ambient Kleber tree, which is the same tree constructed in Proposition 9.11.

Hence the claim follows from Definition 2.17 as all @ are symmetric with respect
to the diagram automorphism ¢ and that y, = 1 foralla € I. O

Proposition 9.31 Consider the KR crystal B** of type Eéz). We have

RC(B*) = @ RC(B":kA|+ (s — ki — ka)Ay).

k1.k2>0
ki+ky<s

Moreover; the highest weight rigged configurations in RC(B*%) are given by

v(ky s [@ D] 4 ky « [@@]),

where

al) = 201 + 4ar + 3oz + 2004 = K4,

a? =@ +as+as =As— Ay,
with all riggings 0 and

cc(v, J) = 2k1 + k».

Proof We note that @ > @® (and likewise for their ambient counterparts). The
claim follows from Definition 2.17. O
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It is straightforward to see that our graded decompositions agree with those conjec-
tured in [22, App. A], where the r = 2 case is similar to the proof of Proposition 9.12.

9.6 Type F‘(‘D

We can also describe the set RC#W (B™*) for r = 1,2, 4 in type F4(1).

Forr = 1,2 in type Ff), this is the same as for type Eéz) except for v and v®
are scaled by 2. This follows from Definition 2.17, that 9,12 = 2, and that 3 4 = 1.

Proposition 9.32 Consider the KR crystal B** of type Ff). We have

RC(B**) = @ RC(B**; kaA1 + (s — 2ki — 2ka)Ag).

k1.k2>0
ki-+ka<s/2

Moreover the highest weight rigged configurations in RC(B**) are given by

v = (ky, k)

v® = (ky + ko, k1, k1, k),
v = Qky + 2k, 2k, 2Kk1),
V(4) = (2k1 + 2k2’ 2k1)1

with all riggings 0.

Proof Similar to the proof of Proposition 9.31 except for we select all nodes at even
depths and the note above about devirtualization. O

Given the devirtualization map and that all nodes for r = 1,2, 4 appear at even
levels in the ambient Kleber tree, and Proposition 9.12, it is straightforward to see that
our crystals agree with the conjectured decompositions of [20, App. A].

10 Outlook

For untwisted non-simply-laced affine types, the author believes that there is a way to
modify the description of the rigged configurations such that each partition is scaled by
1/T, asin Remark 6.2. In particular, this modification will be similar to the description
given here and the proof would be similar and uniform. We note that this was done for
type C,gl) and B,gl) for B! in [74]. However, we need to take B'-? for type C,(,l) and
B> for type B,gl) in order to get the adjoint node (and have a perfect crystal of level
1). As such, a modification to our description would be needed. It seems plausible
that the extra possibility of case (Q), a singular row of length one less than previously
selected, as given in §; of type B,(,l) from [74] is the necessary modification. For type
G;l), this is an open problem from [93], which we give here in more generality.
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Proposition 10.1 Describe explicitly the map &g for g of untwisted non-simply-laced
affine type.
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Appendix A: KR tableaux for fundamental weights

In this section, we list the classically highest weight KR tableaux for B™! for types
) @ O (N

E¢78 Eg  Fy sand G, .
Recall that highest weight rigged configurations must have 0 < pl.(a) for all

(a,i) € Hp. Moreover, all rigged configurations in this section will have pl.(a) =0

(b)

except for possibly one (b, j) € Ho where p.’ = 1. Therefore we describe the

J
rigged configuration simply by its configuration v and if pl.(“) = 1, then we write

the corresponding rigging x as the subscript (x). We also write the column tableau

t as [x1, x2, X3, ..., Xr].

Example A.1 In type E;l) for B*!, we denote the rigged configuration

o[ Jo o[ Jo 1] ] o[ Jo o[ ]o o] Jo,
o Jo 1 Jo o Jo o[ Jo
o[ Jo

[=RelelNe})
[=I =R}

by (1, 11, 1¢1)1 (), 1111, 111, 11, 1) or more compactly (1, 1%, 17, o, 1%, 13,12, 1).
In the remaining part of this section, we give the KR tableaux for B™! for the

exceptional types (except for r = 4,5 in type E () , which can be generated using
SAGEMATH [15]).

A.1.Type Eg)
r=1

©,9,9,9,9,0) — [1]
r=2

0,9,9,9,0, %) > [1, 16, 26]

(1,112,172, 13,12, 1) [1,16,6]

!
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r=>3
@, 9,9,0,9,0) — [1,13]
1,1,1%, 12,1, 9) > [1,16]
r=4
@, 9,9,9,9,9) — [1, 13, 34]
@0, 1,1,1%,1, %) > (1,13, 136]
(1, 1), 1, 13,12, 1) > (1,76, 26]
(1, 1y, 15, 13,12 1) > [1,13,23]
2%, 13,14,1%,14, 1% — (1,16, 6]
r=>5
@,9,9,0,9,9) > [1, 16, 26, 25]
@,1,1,12,1%, 1) — (1,16, 26, 12]
r==6
©,9,9,9,9,0) > [1,16]
A.2.TypeE\"
r=1
@, 9,9,9,9,90,9) — [7,17]
(12,12, 13,14, 13,12 1) — [7,7]
r=2
@,9,9,0,9,0,9) — [7,17,12]
a,1%,1%, 13,12, 1, 0) > [7,17,17]
r=3
@,9,9,90,9,0,9) — [7,17,12, 23]
(1,1,12,12,1,0, %) > [7,17,12,26]
Loy, 12, 13,14, 13,12, 1) > [7,17,17,17)
(Iay, 15, 13,14, 13,12 1) N [7,17,12, 12]
(13, 14,15, 18,15, 14, 1%) — [7,17,17,7]
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r=4
@,9,9,9,0,9, 0) > [7,67,56,45]
?,1,1,12,1,0, 9) > (7,67, 56, 156]
@®,12,12,14, 13,12, 1) > [7,67,167,17]
(1, Ly, 12, 13,12, 1, 9) > (7,67,167,12]
(1, 1y, 12,13, 12,1, 9) > [7,67,56,257]
(117, 130, 1%, 17,12, 1) > [7,17,12,23]
(L1213 ). 1%, 17,12, 1) > [7,67,167,137]
(L1213 ) 14, 13,12, 1) > [7,67,56,35]
(1%, 13, 14,15, 14, 12, 9) > [7,67,167,17]
(12,13, 141914, 1500 D > [7,17,12,26]
(1%, 12, 141914 13 ). D > (7,67, 167,167]
(1%, 1P, 14,1914 13, ). D > [7,67, 56, 56]
(15,0): 1%, 17, 15,10, 1%, 1%) — [7,17,17, 17]
(130 15,17, 18,1014, 1) - [7.17,12, 12]
(35 15 17,1810, 14,1%) > [7,67,167,7]
(1*,1%,18,112,1°, 15, 1%) > [7,17,17,7]
(2,21,2%,2%12,21%, 1%, 1) > [7,67,26,26]
(12,212,213, 2214, 2%1%,22,2) > [7,67,26,21]
(22,2%12,2°12, 2414, 2313, 2212, 21) > [7,67,67,7]
r=>5
@,9,0,0,9,9,0) > [7,67,56]
®,1,1,1%,1%, 1, %) > (7,67, 167]

(1,10, 13,13, 13,12, 1) > [7,17,12]

(1, 1), 12,13, 13,12, 1) > [7,67,26]
(12,13,1%,18,1%, 13, 1(g)) > [7,17,17]
(12,13,14,18,1%, 13, 1)) > [7,67,67]

r==6
@,9,0,0,0,9,0) > [7,67]
@, 1,1,12, 12,12, 1) > [7,17]
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(12,13,14,15,1°,14,1%)

©,9,9,9,9,9,9) e

A.3.Type ES)
r=1

@,9,0,0,0,0,9,0)
12,12, 13,1%,1%,12,1,9)
(4, 12,17, 1100181514 12)

@,9,0,9,8,0,9, %)
(1,1%2,12,13,12, 1, 9, )

(Loy, 13, 13, 15,14, 13,12, 1)
(Iay, 13,13, 15,14, 13,12, 1)
(13,15, 15, 1°,17, 15, 13, 10))
(13,1%,15,1°,17,1%, 13, 1))
(15’ 187 110’ 115’ 112’ 19’ 167 13)

@.9,.9,9,8,0,0, %)
(1,1,12,12,1,0, 9, 0)

(L, 12, 13,14, 13,12, 1, 9)
(Iay, 12, 13,14, 13,12, 1, 0)
(1%, 15,0y, 15, P14, 1P 12 1)
(1%, 130, 15, 214, 1P 12, 1)
(12 13, 15 P14 1P 12,
(13,14,15, 18,15, 1%, 12, 0)
(P 14,1, 18,1914 15 ). D
(P, 14,19, 18,1914 13, ). D
(P 1%18, 18,1014 13 40, D

U

!

P31 111

P11 31313171717

[7,7]

(7]

(8, 18, 7]
(8,9, 88]
(8,9, 9]
(@, 3, 9]

[8, 18,12, 23]
[8, 18,12, 26]
(8, 18,17, 178]
[8, 18,12, 128]
[8,18,17,27]
[8,18,12,22]
(8, 18,12, 7]
[8,18,17,788]
[8,18,11,17]
[8,18,17,77]
(8, 18,17, 7]

8,
8,
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(1?0’0’0)7 15,017,110, 18,16, 14, 12)

(1?1’0’0)7 15,017,110, 18,16, 14, 12)

(1?1’1’0)7 15,1710, 18,16, 14, 12)

(1?1’1’1)7 15,17,110 18 16, 14 12y

(15,17, 110, 114 111 48 15, 1(20,0))

(A5, 17,10, 114 111 18,15, 1%1,0))

(15, 17,110, 114 111 1815, 1%1’1))

(17’ 110, 114, 120’ 1]6’ 1]2’ 18’ 14)
(21,2%,2%12,2°12,2%1%,21%, 1%, 1)
(13,213,217, 221°, 2214, 2212, 22, 2)
(2%1(0), 2213, 2314, 2416, 2315, 2214, 213, 1%)
(2211, 2213, 2314, 2416, 2315, 2214 213, 12)
(2213, 2314, 2%1°, 2018, 2516, 2414, 2312, 2%)

r==6

©,9,8,9,9,9,9,0)
@, 1,1,12,12, 11, 1,9)
(1, Loy, 12,13, 13, 13,12, 1)
(L 1y, 12, 13,1313, 12, 1)
(12, 13,1415, 1%, 14, 12, 9)
(]21 ]33 147 ]65 ]51 147 1%0’0)5 ])
(121 137 145 ]61 159 147 ]%1’0)5 1)
(1%, 17,1510, 17,14 13,0, D
(13.0p 14 12, 15,1710, 1%, 1)
(15100 15, 17,15,17,19,1%,12)
(g5, 15, 17,15,17,19,1%,1%)

4 16 18 12 {10 18 15 42
(17171’1 51 7171’1(0’0))

4 16 18 12 10 {8 15 42
(1717151 71 717151(]’0))
(12,212,213, 2214, 2213, 2212, 2%, 2)
(22,221%,2312, 2414, 2314, 2214, 213, 1%)

1113313131311 11173

P 3317373131731 3173713111711

(8,9, 88, 18]
[8,18,11,11]
[8, 18,11, 7]
[8, 18, 9, 7]
(8,9, 88, 88]
[8, 9,88, 7]
(8,9,0, 0]
[0, 9,9, 9]
[8,18,12,27]
[8, 18,17, 17]
[8,18,11,18]
(8,18, 0, 18]
[8,9,0,8]

(8,78, 67]
(8,78, 178]
(8, 18,12]
[8,78,27]
(8,78, 788]
(8,18, 17]
[8,78,77]
(8,78, 7]

(4,9, 0
(8,78, 17]
(8, 18, 18]
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(2212, 2313, 2414, 2015, 2715, 2414, 2312, 2%) > (8, 9, 8]
r=7
©?,9,9,0,9,0,9,0) = (8, 78]
@, 1,1,12, 12, 12,12, 1) > 8, 18]
(12,13, 14,18, 1%, 1%, 13, 1(g)) > (8, 88]
(12, 13,1418, 15,14, 13, 1¢1y) > (8, 4]
(14,10, 18, 112,110 18 16 13) > (9, 4]
r=38
©,9,9,9,8,9,9,9) = [8]
(12,13, 14,18, 1%, 14,13, 1%) > (9]
@)
A.4.TypeE,
r=1
©?,9,0,0) > [1]
(1%, 13,12, 1) - 1)
r=2
0,9, 3, 9) N [1,12]
1,12, 1, %) > [1,14]
(Loy, 13,12, 1) > [1,11]
(Iay, 1P, 12, 1) > [1, %]
(13, 1%,1%,1%) > 14, 4]
r=3
@, 9,9, 9) — [1,12,23]
@,1,1,9) — (1,12, 124]
@, 1%, 1%, 1) > [1,12,112]
(1,130 1%, 1) > [1,14,24]
(113 g 12 1) > [1,12,22]
(113 ). 12 1) N (1,12, 4]
(12,14, 1% 1)) > (1,0, 14]
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(12,14, 13, 1¢1)
(15,0). 1°. 1%, 1%)
(130). 17,14, 1%)
(G, 17,14, 1%)

1%, 18, 1%, 13)
(2,2%,21,1)
(1%,213,21%,2)
(22,2%12,2%12,21)

©,9,9,9)
@, 1,1, 1)
12,1413, 1%

A.5.Type F."

J 131111171

!

)

(1,14, 7]
[1,11,11]
[1,11, 0]
(1,9, 9]
(4, 9, 9]
[1,12,24]
(1,14, 14]
[1,0,1]

(1, 14]
[1, 9]
(9, 7]

We follow Proposition 4.3 to describe the elements of B(Ay).

r=1

3, 9,9, 9)
(12,1%,22,2)

0, 9,9, 8)
1,12,2, 9)
(Lo, 1°,22,2)
(1, 13,22,2)
(13’ 16’ 24’ 22)

(@, @7 ®7 @)
(1,1%,21, 1)

©,9,9,9)

P11 11 1

¥

[4, 14]
[4,4]

(4,34, 23]
(4, 34, 344]
(4,44, 14]
[4,34,13]
(4,44, 4]

(4, 34]
[4, 44]

[4]
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A.6.Type GS)
r=1
@, 9) > (1]
r=2
@, 9) > [1,2]
(3,1%) > [1,1)

Appendix B: Examples with SageMath

We give some examples using SAGEMATH [15], where rigged configurations, KR
tableaux, and the bijection ® has been implemented by the author.
We first construct Example 4.4.

sage : RG=RiggedConfigurations([-=-,6,2], [[1,1]]+4)

sage: N=RC(partition_list=[[2,2,1,1],[2,2,2,1,1,1],[2,2,1,1]1,[2,1]],
rigging_list=[[1,0,2,1],[0,0,0,0,0,0],[0,0,0,01,[0,01])
sage: ascii_art(n)

1L 011 0C 1C 10 10-0f 1T 10

or 1T
I J0 10 OC 10 10 Of IT 10 Of 10
2[ 12 o[ 1 10 O[]0
2[ 11 O[ 10 0[ 10
o[ 10
O[ 10

sage: N.to_tensor_product_of_kirillov_reshetikhin_tableaux ().pp()

(r, -2) X (1,2) X EX (1,

Next, we construct Example 5.3.

sage : RC=RiggedConfigurations([ =-,7,1], [[4,1]])
sage: NU=RC.module_generators[6]
sage: ascii_art(nu)

O[]0 O[]0 1[ 11 O[]0 O[]0 O[]0 Of 10
O[]0 1[ ]J0 O[]0 o[ 0 O ]0
o[ 10 o[ ]0
o[ 10
sage: Nu.to_tensor_product_of_kirillov_reshetikhin_tableaux ().pp()
(7,
(-7, 6)
(-6, 7, 1)

(-1, -7, 3)
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