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Abstract We prove a conjecture of Etingof and the second author for hypertoric
varieties that the Poisson—de Rham homology of a unimodular hypertoric cone is iso-
morphic to the de Rham cohomology of its hypertoric resolution. More generally, we
prove that this conjecture holds for an arbitrary conical variety admitting a symplec-
tic resolution if and only if it holds in degree zero for all normal slices to symplectic
leaves. The Poisson—de Rham homology of a Poisson cone inherits a second grading. In
the hypertoric case, we compute the resulting 2-variable Poisson—de Rham—Poincaré
polynomial and prove that it is equal to a specialization of an enrichment of the Tutte
polynomial of a matroid that was introduced by Denham (J Algebra 242(1):160-175,
2001). We also compute this polynomial for S3-varieties of type A in terms of Kostka
polynomials, modulo a previous conjecture of the first author, and we give a conjec-
tural answer for nilpotent cones in arbitrary type, which we prove in rank less than or
equal to 2.

Mathematics Subject Classification 17B63 - 05B35 - 17B45
1 Introduction

Let X be a Poisson variety over C. Etingof and the second author [13] define a right
D-module M (X) (whose definition we recall in Sect. 2) and define the Poisson-de
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Rham homology group HP; (X) to be the cohomology in degree —k of the derived
pushforward of M (X) to a point. If X is affine, then HP((X) coincides with the zeroth
Poisson homology of C[X], but HP,(X) does not directly relate to higher Poisson
homology. If X is smooth and symplectic, then M (X) is naturally isomorphic to the
right D-module Qx of volume forms on X, and therefore, we have an isomorphism
HP; (X) = HYm X~k (X: C). The next natural case to consider is when X is singular but
admits a conical symplectic resolution' p : X — X;examples include hypertoric vari-
eties, symmetric schemes of Kleinian singularities (more generally, Nakajima quiver
varieties), nilpotent cones (more generally, S3-varieties), and certain slices to Schu-
bert varieties in the affine Grassmannian [7, §2]. In this case, Etingof and the second
author [15, 1.3.1] conjecture that M (X) is (noncanonically) isomorphic to 0,23 and
therefore that HP (X) = HimX—k(x. C).

In this paper, we prove this conjecture for hypertoric varieties. More generally,
we show that if the vector space isomorphism holds when k& = 0 not just for X, but
also for all normal slices to symplectic leaves of X, then the D-module isomorphism
M(X) = p425 holds, as well (Theorem 4.1). These vector space isomorphisms have
already been established for hypertoric varieties by the first author [32, 3.2]; therefore,
Theorem 4.1 applies. Also, since these vector space isomorphisms are well known to
hold for slices to codimension two leaves, the isomorphism M (X) = p,Q 4 always
holds in codimension two, which gives another proof of a result of Namikawa [31,
4.2] on the sections of the local systems on codimension two leaves (see Corollary 4.7
below).2

Part of the structure of a conical symplectic resolution is an action of C* on X with
respect to which the Poisson bracket is homogeneous. The right D-module M (X) is
weakly C*-equivariant, and this induces a second grading on HP,,(X), which we call
the weight grading. We prove a general result (Theorem 5.1 and its corollaries) that
computes M (X), with its weight grading, in terms of the degree zero Poisson homology
of the slices. Let Px(x, y) be the Poincaré polynomial of HP,(X), where x encodes
homological degree and y encodes weight. When X is a hypertoric variety, we show
that Py (x, y) is equal to a specialization of a polynomial studied by Denham [10] that
encodes the dimensions of the eigenspaces of the combinatorial Laplacian of a matroid
(Theorem 6.1), which is closely related to the Tutte polynomial of the associated
hyperplane arrangement. When X is an S3-variety of type A, we similarly compute
Px(x, y) in terms of Kostka polynomials (Proposition 7.1), modulo a conjecture that
appears in [32, 3.4]. Finally, we give a conjectural description of Py (x, y) where X
is the nilpotent cone in arbitrary type (Conjecture 8.4) and prove it in certain cases.

2 The twistor family

We first recall the definition of the right D-module M (X) from [13]. Let X be an affine
Poisson variety over C and i : X — V an embedding into a smooth affine variety
V = Spec O(V), let Ix € O(V) be the ideal of X, and H(X) C Vect(X) the Lie

Ia precise definition of a conical symplectic resolution is given at the beginning of Sect. 3.

2 Thanks to the anonymous referee for this observation.
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algebra of Hamiltonian vector fields, H(X) = {§7 | f € O(X)}, with&r(g) = {f, g}.

Let H(X) € Vect(V) be the subspace of vector fields which are parallel to X and
restrict there to Hamiltonian vector fields. Then we can define the right D-module on
X, M(X) = i!((H(X) + Ix) - D(V)\D(V)), where D(V) is the ring of differential
operators on V. By Kashiwara’s theorem, the resulting D-module on M (X) does not
depend on the choice of embedding. In fact, it can also be defined without using the
embedding by (H (X) - Dx)\Dyx, where now Dy is the standard right D-module on
X (interms of i, Dy = i'(Ix - D(V)\D(V))), which has a canonical action on the left
by Vect(X). Note that this definition extends in a canonical way to nonaffine Poisson
varieties, but we will not need this extension.

From now on, let X be anormal, irreducible, affine Poisson variety of finite type over
C.Let p : X — X be a projective symplectic resolution, equipped with a particular
choice of ample line bundle on X. Kaledin extends p to a projective map p : X—>x
of schemes over the formal disk A : = Spec C[[#]], where over the closed point 0 € A
we have

12

Xo=X and X=X
Furthermore, he shows that X is normal and flat over A and that over the generic point,
p restricts to an isomorphism of smooth, affine, symplectic varieties [23, 2.2 and 2.5].
This family of maps over A is called the twistor family.

Let M : =M (X), and let T : =p, Q3 be the derived pushforward to X of the right
D-module of volume forms on X. By [22, 2.11], p is semismall; hence, T is also a
right D-module (that is, the homology of T is concentrated in degree zero). These
extend naturally to right D-modules 2t : =M (X) and T : =p, 23 on X (we note that
the definition of these D-modules makes perfect sense in families over A). Let Mty be
the right D-module on X obtained by killing C[[#]]-torsion in 91, and let My be the
restriction of Mg to X. (In Theorem 4.1, we will show that, under suitable hypotheses,
M is isomorphic to M. However, we a priori know only that My is a quotient of M.)

We would like to perform the same construction on ¥ and 7', but it is unnecessary:
If we forget the Poisson structure, the family X over A is locally trivial (that is, X
admits an open cover by trivial families over A) [30, 17]; thus, ¥ has no C[[#]]-torsion.
Since M (X) equals the canonical D-module of volume forms when X is smooth and
symplectic [13, 2.6], the right D-modules 91y, M, and ¥ are all isomorphic at the
generic fiber.

Proposition 2.1 The semisimplification of My is (noncanonically) isomorphic to T.

Proof Since My and T are isomorphic at the generic fiber, the semisimplifications of
My and T must be isomorphic (as they have the same class in the Grothendieck group
of holonomic D-modules on X). But 7 is semisimple by the decomposition theorem
[2, 6.2.5], so it must be isomorphic to the semisimplification of M. O

3 Rigidity

We now add the hypothesis that p : X — X is conical, which means the following:
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e X and X are both equipped with actions of the multiplicative group C*, and the
map p is equivariant.

e The action of C* induces a nonnegative grading on C[X], with only the constant
functions in degree zero.

e The Poisson bracket on X (equivalently the symplectic form on X) is homogeneous
for the action of C*.

Our aim in this section is to prove that Ext! (T, T) = 0 and therefore that My is in fact
isomorphic to 7. We accomplish this in two steps, first showing that all summands
supported on a single leaf have no self-extensions, and then showing that there can be
no extensions between summands of 7 supported on different leaves.

For the first step, we prove more generally that all topological local systems on a
leaf are semisimple. We use the term local system to mean an O-coherent right D-
module (equivalently, a vector bundle with a flat connection) on a locally closed smooth
subvariety. We use the term topological local system to mean a representation of the
fundamental group of such a subvariety. By the Riemann—Hilbert correspondence, the
latter are equivalent to the former when we require that the connection has regular
singularities. All of the local systems we consider will have regular singularities.

Proposition 3.1 All finite-rank topological local systems on a leaf S C X are semi-
simple.

Remark 3.2 Proposition 3.1 does not require that X admit a symplectic resolution,
but only that it be conical and be a symplectic variety in the sense of Beauville [3],
which means that the Poisson bracket on the regular locus of X is nondegenerate and
the inverse meromorphic symplectic form extends to a (possibly degenerate) 2-form
on some (equivalently every) resolution of X. Such varieties include, for example,
quotients of symplectic varieties by finite groups acting symplectically [3, 2.4], which
often do not admit symplectic resolutions (see, e.g., [8]).

Proof of Proposition 3.1 Let Y be the normalization of the closure of S in X. Then Y
is a symplectic variety in the sense of Beauville [22, 2.5], and the conical action on X
induces a conical action on Y. The regular locus Yy, is birational to S and isomorphic
away from a subvariety of codimension 2; in particular, the fundamental groups of S
and Yyeg are isomorphic. Thus it is sufficient to prove that every finite-rank topological
local system on Y is trivial.

Since Yreg is a quasiprojective variety, 1 (Yreg) is finitely generated (this follows,
for example, from the finite triangulability of [25]). In the situation at hand, Namikawa
has proved that the profinite completion 71 (Yreg) is finite [29]. By a theorem of
Grothendieck [18], the map 71 (Yieg) — T (Yreg) induces an equivalence of cate-
gories of finite-dimensional representations; hence, the category of finite-dimensional
representations of 71 (Yreg) (equivalently, the category of finite-rank topological local
systems on Yeg) is semisimple. O

Corollary 3.3 For any topological local system K on S, the D-module IC(S; K) is
semisimple. Moreover, any D-module whose composition factors are of this form is
semisimple. In particular, Ext! (IC(S; K),IC(S; L)) = 0 for topological local systems
K,LonsS.
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Proof The first statementis a well-known consequence of the fact that K is semisimple.
Indeed, if K = K1 & --- @ K, is a decomposition into simples, then IC(S; K) =
IC(S; K1) @ - --PIC(S; K;n), and each IC(S; K;) is simple. For the second statement,
let j : § — S be the open inclusion. If M is any D-module whose composition factors
are all of the form IC(S; K), then M = IC(S; j*M). Indeed, we have canonical maps
HO(jij*M) - M — HO°(j,j*M), which become isomorphisms after restriction to
S. Since all composition factors of M have support S, the first map must be surjective
and the second injective. Therefore M is isomorphic to the image of H%(jij*M) —
HO(j,j*M), i.e., to IC(S; j*M). If we further assume that all composition factors
IC(S; K) are topological local systems, then j*M is semisimple, and hence so is
IC(S; j*M) = M, implying the second statement. The final statement follows because
any extension of IC(S; K) and IC(S; L) must be trivial. O

Let S C X be a symplectic leaf, and let i : S\§ — X be the inclusion of the
boundary of S. Let K5 : =H®4M5p, Q _y ) whichisalocal systemon S with regular
singularities (i.e., a topological local system). Since the resolution p is semismall [22,
2.11], the decomposition theorem [2, 6.2.5] yields

T = EBIC(S; Ks), (3.1
S

and that the K g are semisimple; for us, this last fact also follows from Proposition 3.1.
By Corollary 3.3, Ext!(1C(S; Ky), IC(S: K§)) is zero.

It remains to show that there are no extensions between summands on different
leaves. We do this using the following two lemmas.?

Lemma 3.4 The complex i,i*1C(S; Kg) of right D-modules is concentrated in
degrees < —2.

Proof 1t is a standard property of intermediate extensions of local systems that
i*IC(S; Kg) is concentrated in negative degrees. Since i is a closed embedding, i is
exact, and thus, i,i* IC(S; K) is concentrated in negative degrees. Therefore we only
have to show that H~! i,i* IC(S; Kg) = 0.

For a contradiction, let S’ be a maximal symplectic leaf in the closure of S on which
H i i*IC(S; Ks) is supported, and let jg : §” — X the inclusion. Then

H™! jid*IC(S; Kg) = H! j§ IC(S; K)

is a local system on S’. By our assumption, the stalk of IC(S; K) at every point of S’
has nonzero cohomology in degree — dim §" — 1.

Choose a point x € S’. The stalk IC(S; Ks), is a summand of Ty. But H*(Ty) is
the pushforward to a point of the restriction of 24 to the fiber p~1(x). This is the
same for the formal neighborhood (or an analytic neighborhood) of ,o’1 (x); thus, we
obtain the shifted topological cohomology H*+4im X (5=1(x): C) of the fiber. By [24,
1.9], H* (,o_l(x); C) is concentrated in even degrees, and hence, the same is true for
H*(T,). Since dim S’ is even, this gives us a contradiction. O

3 The authors thank Carl Mautner for explaining the following two lemmas and their proofs.
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Lemma 3.5 Let S # S’ be symplectic leaves of X. Then Ext' (IC(S; K), IC(S', K'))
=0.

Proof Assume first that S is not contained in the_closure of §’. Thus, S is disjoint
from the closure of S’. Let js : S — X and ig : S\S — X be the inclusions. Then
JEIC(S', Kg) = 0. We have the standard exact triangle

— (jshKs — IC(S; Ks) — (is)«igIC(S; Ks) — .
Apply Hom (—, IC(S', K S/)), and we obtain in the long exact sequence,

— Ext! ((is).i$1C(S; Ks), IC(S', Ks)) — Ext'(IC(S; Ks), IC(S, Kg'))
— Ext!((js)iKs, IC(S', K1) — .

We want to show that the middle term is zero. By adjunction, since j ;‘ IC(S',Kg) =0,
the last term is zero. It suffices therefore to show that the first term is zero. However,
by Lemma 3.4, (ig)*i§ IC(S; Ks) has cohomology concentrated in degrees < —2,
whereas IC(S’, Kg/) is a D-module (in degree zero). Therefore, the first term is also
zero.*

Next assume S is contained in the closure of S’. Since S # §’, S’ is not contained
in the closure of S. In this case, applying Verdier duality,

Ext' (IC(S; Ks), IC(S', Ks)) = Ext!(DIC(S', Kg'), DIC(S; Ks)).

But, since 25 is self-dual, so is T, and hence, DIC(S; Ks) = IC(S; DKy) is a
summand of 7. Therefore, IC(S; DK ) = IC(S; Ks), and the same holds for S’. Thus
we again have Extl(IC(S; Ks),IC(S', Kg)) = 0. O

Putting together Lemma 3.5 and Proposition 3.1, (3.1) immediately implies:
Proposition 3.6 The D-module T is rigid; that is, Ext'(T, T) = 0.
The following corollary is an immediate consequence of Propositions 2.1 and 3.6.

Corollary 3.7 My is isomorphic to T.

4 The main theorem

For each leaf S, choose a point s € S, and let X5 be a formal slice to S at s. Then
the base change of p along the inclusion of X ¢ into X induces a projective symplectic
resolution X s — Xs. The following theorem asserts that, if the weak version [15,
1.3(a)] of the conjecture of Etingof and the first author holds for each X, then the
strong version [15, 1.3(¢)] holds for X.

4 More generally, for any triangulated category with a z-structure, if M is a complex whose cohomology
is concentrated in negative degrees and N is a complex whose cohomology is concentrated in nonnegative
degrees, then Hom(M, N) = 0.
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Theorem 4.1 Suppose that, for every leaf S of X, dimHPy(Xs) = rk K. Then
MZ=T.

Our proof of Theorem 4.1 easily extends to the following more general statement.

Theorem 4.2 I[f U C X is an open subset and dim HPy(Xs) = rk K for all leaves
S intersecting U, then M|y = T|y.

Remark 4.3 In fact, we can relax the assumption that X admit a symplectic resolution
and assume only that X is a conical symplectic variety in the sense of Beauville [3]
and that U € X admits a projective symplectic resolution, replacing 7’|y by the
corresponding D-module on U.

If S is a symplectic leaf of codimension two, the equality dim HPy(Xs) = rk K
is well known (since X is a Kleinian singularity), so we automatically conclude the
following result.

Corollary 4.4 If U is the complement of all symplectic leaves of codimension greater
than two, then M|y = T|y.

Note that the isomorphism of Theorem 4.1 is not canonical; we can correct this as
follows. Leti : S — X be the inclusion, and let Lg : = HO(i* M) be the local system
studied in [13, §4.3].5 The fiber Lg ¢ of Ly at the point s is canonically isomorphic to
the vector space HPy(X ) [13, 4.10].

Corollary 4.5 Under the hypothesis of Theorem 4.1, there is a canonical isomorphism
M = @ 1C(S; Ly), and a noncanonical isomorphism Ls = K for each symplectic
leaf S. More generally, for each leaf S, we can conclude Ls = Ky if we know that
dim HPy(X s/) = 1k K for all S’ whose closure contains S.

Remark 4.6 As in Remark 4.3, for the final assertion we need not require X admits a
symplectic resolution, rather that X be a conical symplectic variety and that an open
subset containing S admit a projective symplectic resolution.

Proof of Corollary 4.5 As explained by Etingof and the second author [13, §4.3],
the right D-modules IC(S; Lg) are subquotients of M. Now, by Theorem 4.1 and
Corollary 3.3, M is semisimple, so in fact IC(S; L) is a direct summand of M, and
since Hom(IC(S; Lg), IC(S’; Kg')) = 0 for S # S’, we must have that IC(S; Lg)
is a direct summand of IC(S; Ks) € M. Restricting to S, we see that Lg is a direct
summand of Kg. Since rk Lgy = dimHPy(Xs) = rk Kg5, K5 and Lg are in fact
isomorphic.

Consider the canonical adjunction morphism M — H O@.Lg), which induces a
surjection from M to IC(S; Lg). By Proposition 3.6, the map M — @S IC(S; Ly) is
an isomorphism.

The final assertion is obtained by the same argument along with Theorem 4.2. O

5 Jtisnota priori clear that L g has regular singularities, though this will follow from Corollary 4.5.
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Corollary 4.5 allows us to give a new proof of a result of Namikawa [31, 4.2].°

Corollary 4.7 Let S be a codimension two symplectic leaf of a conical symplectic
variety (such as a variety admitting a conical symplectic resolution). Then the dimen-
sion of I' (S, L) is equal to the number of irreducible components of the inverse image

P~ (S).

Proof LetU C X be the complement of the symplectic leaves of codimension greater
than two. Then U automatically admits a symplectic resolution (which is the minimal
resolution), so by Remark 4.6, Corollary 4.5 applies (if we assume X admits a conical
symplectic resolution, this argument is unnecessary). Thus I'(S, Ls) = I'(S, Kg).
Next, K is the local system with fibers H 2(,0_1 (s)) for s € S (the top cohomology of
the fibers ,0_l (s)), and so one sees that the global sections identify with the functions
on the irreducible components of p~!(S). Thus the dimension is the number of such
components. O

Proof of Theorem 4.1 Let N be the kernel of the surjection M — My = T, so that
we have a short exact sequence

O>N—->M-—->T-—=0

of right D-modules on X. Assume for the sake of contradiction that the support of N
is nontrivial. It is necessarily a union of symplectic leaves; let S be a maximal such
leaf. Restrict to the formal neighborhood of the leaf S. Then N, M, and T are local
systems along S (that is, upon restriction to a contractible analytic open neighborhood
U of every point of S, they become external tensor products of local systems on U and
D-modules on the normal slice). We can therefore make use of the exact restriction
functor for such D-modules to the slice X5 at s, given by P +— Ps : :i;s P[—dim S]
(for ix the inclusion of Xg into the formal neighborhood of ), and we obtain the
exact sequence

0—>N5—>M5—>T5—>0.

By functoriality and the definitions of M and T', Mg is isomorphic to M(X5s), and T
is isomorphic to the derived pushforward of the canonical sheaf of X.
Let 7 be the pushforward of X to a point. We have

H™ 7, (Ts) = HOM X571 (071 (5); €) = 0

6 Namikawa works in greater generality, not requiring that X be conical. He also uses an a priori different
local system than L g, notated by H, and defined only on codimension two leaves. In particular, H is defined
as a topological local system, unlike Lg. However, it follows from the discussion in [31, §4] that L g and
‘H have the same monodromy; hence, the underlying topological local system of L is isomorphic to H.
Moreover, under our assumptions, we show that Lg has regular singularities, so it can be viewed as a
topological local system isomorphic to .



Poisson—de Rham homology of hypertoric varieties and. . . 187

by [22, 2.12]. Also, Ny is a delta-function D-module at s, so 7, Ng is concentrated in
degree zero. Thus, we obtain a short exact sequence

0 — H 7. (Ng) — H m.(Mg) — H 7. (Ts) — 0.
We have
H' 7, (Tg) = H'™Xs (™1 (5); ©).
By assumption, we also have
dim H° 7, (M) = dim HPy(Xs) = tk K5 = dim H"™*s (™! (5); C).

Thus H° my«(Mg)and HO 14+ (Ts) have the same dimension, and therefore, HO m4«(Ng) =
0. This means that Ng = 0, which is a contradiction. O

Let 77 be the map from X to a point. By definition, we have HP; (X) : = H ™% 7. (M).
By the de Rham theorem, we have an isomorphism H% 7, (T) = HdmX —*(X;0).
Thus, as explained by Etingof and the second author [15, 1.3], Theorem 4.1 implies
that the Poisson—-de Rham homology of X is isomorphic to the de Rham cohomology
of X.

Corollary 4.8 Under the hypothesis of Theorem 4.1, we have a (noncanonical) iso-
morphism HPy(X) = HY™ Xk (X C) for all .

Corollary 4.9 Any two conical projective symplectic resolutions of X have the same
Betti numbers.

Remark 4.10 1In fact, it is possible to show that any two conical projective symplectic
resolutions of X have canonically isomorphic cohomology rings; this follows from
[30, 25].

Example 4.11 Let A be a coloop-free, unimodular, rational, central hyperplane
arrangement, and let X (A) be the associated hypertoric variety [33, §1]. Any sim-
plification A of A determines a conical projective symplectic resolution X(A) of
X (A). The symplectic leaves of X (A) are indexed by coloop-free flats of A, and the
slice to the leaf indexed by F is isomorphic to a formal neighborhood of the cone point
of X(Ar), where A is the localization of A at F [33, §2]. Hence the hypothesis of
Theorem 4.1 is that, for every coloop-free flat F,

dim HP(X (AF)) = dim H*™ (X (Ap); C).

This is proved in [32, 3.2]; hence, Theorem 4.1 holds for hypertoric varieties.
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5 Weights

We assume throughout this section that the hypothesis of Theorem 4.1 is satisfied.
By homogeneity of the Poisson bracket, the vector space

HPo(X) = C[X]/{C[X], C[X]}

inherits a grading from the action of C*. Moreover, the D-module M has a canonical
weak C*-equivariant structure; thus, HP; (X) = H*x, (M) is naturally graded for
all k (where m is the map from X to a point).

Let n be the positive integer such that the Poisson bracket on X has weight —n (this
weight must be negative since the bracket vanishes along »71(0) in the resolution X).
Suppose that, for every symplectic leaf S, the normal slice X g admits a conical C*-
action equipping the Poisson bracket on X g with the same weight —n. More generally,
we can suppose X s to be equipped with a vector field & such that Lery, = —nmy;,
where mx is the Poisson bivector (that is, we only require an infinitesimal action of
C*). In fact, this is no additional assumption: such a & always exists by virtue of the
Darboux—Weinstein decomposition X, = SixXs [22,23].If p: X, — Xg is the
projection, we may take § = p,(Eug [(0)xx;), Where Euy is the vector field for the
C*-action. However, we impose no requirement that the vector field & be obtained in
this way.

Let r be the Poisson bivector on X, and let 6 be any vector field such that Lo = cm
for some ¢ € C. Then the bracket of 6 with any Hamiltonian vector field is again
Hamiltonian, and thus, left multiplication by 6 is an endomorphism of the right D-
module M (X). It is the zero endomorphism if and only if € is Hamiltonian (in which
case ¢ = 0). Since IC(S; L) is (canonically) a quotient of M (X), this also induces
an endomorphism of IC(S; L) and hence of Lg and its fiber Lg ;. In the case of the
Euler vector field Euy, which is induced by an honest action of C*, this endomorphism
must be semisimple. By the same construction, the vector field £ on Xg induces an
endomorphism of M(Xg) and therefore of the vector space HPy(Xg). In this case,
since we do not assume that & integrates to an honest action of C*, we do not know a
priori that the endomorphism is semisimple. The following result says that it is, and
that the induced gradings on Ls ¢ = HP((X) agree up to a shift.

Theorem 5.1 The endomorphism of HPy(Xs) induced by & is semisimple, and the
canonical vector space isomorphism Lss — HPo(Xs)[ndim S/2] respects the
weight gradings.

In many cases, including hypertoric and Nakajima quiver varieties, the local systems
Ls = Ky are trivial. This allows us to conclude the following two corollaries.

Corollary 5.2 If the local systems {Ks} are trivial, then there is an isomorphism of
weakly C* -equivariant D-modules

M(X) = Z IC(S; Lg) = ZIC(S; Qs) @ HPo(Xs)[n dim S/2],
N S
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where the grading on HPo(X ) is induced by the (possibly infinitesimal) action of C*
on Xg.

Define Py (x, y) to be the Poincaré polynomial of HP,.(X), where x records homo-
logical degree and y records weights for the C*-action. Note that weights can be
both positive and negative, so Py (x, y) is a polynomial in x, y, and y~!. For each
leaf S, let Q5(x) be the intersection cohomology Poincaré polynomial of S, that is,
Q5(x) : = dim IH¥(S; C) x*.

Corollary 5.3 If the local systems {K s} are trivial, then

Px(x,y) = > x4mS y=ndmS/2 9™ Py (0, ).
S

Proof Let 7 be the map from X to a point. Then the corollary follows from Corol-
lary 5.2 and the fact that H™% (77, IC(S; Qy)) = IHY™ Sk (S C). O

Remark 5.4 The first author has conjectured that, if n = 2 and X" is symplectic dual
to X in the sense of [5, 10.15], then Px (0, y) = Q' (y) [32, 3.4]. Thus, if each K is
trivial, each slice X g has a symplectic dual, and the aforementioned conjecture holds,
then Corollary 5.3 allows us to express Py (x, y) entirely in terms of intersection
cohomology Poincaré polynomials.”

In the next two sections, we will apply this result to compute Py (x, y) when X
is a unimodular hypertoric cone or a type A S3-variety. In both of these cases, the
leaf closures, the slices, and their symplectic duals are varieties of the same type [5,
10.4, 10.8, 10.16, 10.18, and 10.19]; the local systems are trivial, and we know how
to compute their intersection cohomology Poincaré polynomials. In the former case
we obtain A-polynomials of the broken circuit complexes of matroids, and in the latter
case we obtain Kostka polynomials. The conjecture about symplectic duals is proved
for hypertoric varieties but not for S3-varieties; thus, the computations in Section 7
are conditional on this unproved statement.

To prove Theorem 5.1, we need the following result. Let Us be a contractible open
neighborhood of s in the analytic topology.

Proposition 5.5 Every analytic Poisson vector field on Uy is Hamiltonian, and so is
any algebraic Poisson vector field on the formal completion X.

Proof By normality of X, itis enough to prove each statement on the regular locus. On
a smooth symplectic manifold, Poisson vector fields correspond to closed one-forms
and Hamiltonian vector fields correspond to exact one-forms. Thus, we need to show
that the global sections of the de Rham complex have vanishing first cohomology on
the regular locus. For the analytic statement, it suffices to show that the topological
cohomology of U;*® vanishes, since in this case every closed one-form is the differ-
ential of a smooth function, and if the one-form is analytic, the same must be true of
the function.

7 As explained in [32], the full version of the conjecture [32, 3.4] applied to a slice X g with a symplectic
dual would imply that dim HPy(Xg) = rk Kg; thus, the hypothesis of Theorem 4.1 would be satisfied.
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We begin by observing that Us ® = p~ (U %). By [22,2.12],H! (o' (Uy); C) = 0,
so we need to show that passing to the preimage of the regular locus does not introduce
any cohomology in degree 1. Since Uy\U;® has complex codimension at least one,
hence real codimension at least two, every loop in U, can be homotoped to Us ¢, so
the map 71 (Us ®) — 1 (Uy) is surjective. Consider the stratification

HUNUEE) =N S,
S/

where S’ ranges over all symplectic leaves of X whose closure contains S other than
the open leaf. Suppose S’ is such a leaf. By the semismallness property [22, 2.11], the
codimension of p~!(U; N S") is at least half the codimension of S’. If the codimension
of §’ is at least four, then ,(f1 (Uy N S§’) therefore has codimension at least two, hence
real codimension four. The fundamental group of a smooth manifold is unchanged
by removing a locus of real codimension greater than two (since homotopies of loops
can be pushed off this locus). Therefore the fundamental group of Uy is unchanged by
removing the union of p~! (U N §’) over all leaves S’ of codimension at least four.
Next, if § has codimension two, then the singularity ats” € S is of Kleinian type, and
hence in a small enough neighborhood Uy of s’, the fundamental group 7 (p~ N (Uy))
is a finite subgroup of SL,(C). Therefore, the kernel of the map (,o_1 (U\S)) —
T (,o_l(Us)) is generated by this finite subgroup of SL;(C). We conclude that the
surjection m(p‘l(U;eg)) — T (,o_l(US)) is generated by elements of finite order,
and hence, this surjection descends to an isomorphism on homology

0=Hi (p~' (W), C) = Hi(p™ ), O,

Dualizing, we obtain the desired result.
For the statement about the formal completion, we follow [12, § 4.4]. Let V :
=U\Uj"® be the singular locus. By Hartshorne’s theorem [19,20], the de Rham hyper-

cohomology of the formal completion X o—1(s) €quals the topological cohomology of
the fiber p~!(s), which also equals the topological cohomology of p~!(Uy). Then, as
in [12, (4.40)], the Mayer—Vietoris sequences for the triples (X, X \p~ V), X ~1(s))
and (X X \,0_1 V), ,0_1 (Uy)) are 1sorn0rphlc Since the intersections of the second
two open subsets of X are ,0_1 (Xreg) §eg and p_1 (Uy reg) §eg, respec-
tively, we may take hypercohomology of the de Rham complex to conclude that
H) R()A(ﬁeg) = HJ},,(U;®). The latter, by Grothendieck’s theorem, is equal to the
topological cohomology, which we showed is zero.

To conclude, we need to compare the hypercohomology of the de Rham complex
with the cohomology of global sections of the de Rham complex. The spectral sequence
computing hypercohomology degenerates in degree one on the second page, yielding
anisomorphism H , (X{°%) = H' (2% we))®(R'T) (O g=¢). Hence both summands
are zero. ' ‘ O

Proof of Theorem 5.1 Passmg to a formal neighborhood of s, we obtain the Darboux—
Weinstein decomposition X — SY <X s. Then we can view & as a vector field on
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)A(s parallel to the X factor everywhere, and set &' : =Eu 5t &. Letting  be the

Poisson bivector on X and hence on )A(S, we have Lgm = —nm = Lgym. This
implies that &’ — Eu is Poisson and therefore Hamiltonian by Proposition 5.5. Thus
the endomorphisms of M()A(s) = M(S'S) X M (Xs) induced by Eu and &’ are equal.

The endomorphism induced by Eu is responsible for the grading on L s, and the
endomorphism of M (Xys) induced by & is responsible for the grading on HPy(X).
To prove the theorem, we need to show that the endomorphism of M (3}) induced by
Eu 3 is multiplication by —n dim §/2. To see this last fact, note that M S, = Q 3
via the map that sends the canonical generator to w%™ /2, where w is the symplectic
form on S;. Since the Lie derivative map from vector fields to differential operators is
an antihomomorphism, we have

Eug - o852 = L, o%MS2 = —(ndim §/2) 09572,

s

by our assumption that the Poisson bracket on X, and hence on S, has weight —n. O

6 The hypertoric case

In this section, we compute the polynomial Px4)(x, y) for a coloop-free, unimodular,
rational, central hyperplane arrangement .4 with £ hyperplanes. We use the action of
C* described in [32, §2], for which the symplectic form on the resolution has weight
n=>2.

Denham [10, §3] defines a polynomial ®4(x, y, by, ..., bg) whose coefficients
are the dimensions of certain eigenspaces (determined by the b exponents) of “com-
binatorial Laplacian” operators on certain vector spaces (determined by the x and
y exponents). We will identify all of the b variables to obtain a 3-variable polyno-
mial ®4(x, y, b). This is an enrichment of the Tutte polynomial in the sense that
Pp(x —1,y—1,1) = Ta(x,y) [10,23(2)].

Theorem 6.1 Px(4)(x,y) =y 2 A o (x2 = 1,y72 = 1,y?).

Proof As stated in Example 4.11, the symplectic leaves of X (A) are indexed by
coloop-free flats of A, and the leaf indexed by F' has a formal slice that is isomorphic
to a formal neighborhood of the cone point of X (Af). Furthermore, the closure of the
leaf is isomorphic to X (AF), where AF is the restriction of A to F [33, §2].

Let T 4(x, y) be the Tutte polynomial of A. By [33, 4.3 and 5.5], we have

Ox()(x) = K (%) = x> ™A T2, 0).
Applying this to the restricted arrangement A’ we obtain
Oxary(x) = X2NET 4 p (x72,0),

where crk F =tk A — rk F. By [32, 3.1], we have

, B - B
Pxa)(0,y) = Ox(avy(y) = ™A T (y72,0) = yA2RA 400, y72),
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where A" is the Gale dual of A. Applying this to the localized arrangement Ag, we
obtain

Px a0, y) = yFIZ2RE 7, 0, y72).

Applying Corollary 5.3, we have

Px(A)(X, y) — Z x2C1‘k Fy—ZCrk Fx—ZCrkF TAF (x2’ 0) y2|F\—2rkF TAF(Oa y—2)
F

=y 2RA S T4 (6%, 0) Ta, (0. y 7).
F

Let x 4(x) = (—l)rk“‘l T 4(1 — x, 0) be the characteristic polynomial of A. By the
first equation in [10, §3.1], we have

Du(x, y.b) = D (=D™ATF 5 e (=x) xeapyv (—y) b
F

_ Z (—1)kA=IF] (_l)rkAF(_l)rk(AF)V
F
X T4 (x +1,0) Tapyv (y +1,0) b7

=D Tur(x+1,0) Tapv (v +1,0) b"
F

=D Tur(x+1,0) T, 0,y + 1) b1,
F

Thus

YIERA DU = 1Ly = 1) = y 2 RA DT T (6%, 0) Ta, 0. y72) yF)
F
= Pxa)(x,y),

and the theorem is proved. O

Remark 6.2 Specializing at y = 1, we obtain the equation
Pxay(x, 1) = @42 = 1,0, 1) = To(x%, 1) = 2 Ap 4 (x72),

matching the known formula for the Betti numbers of a conical symplectic resolution
of X (A) given in [21, 1.2] and [33, 3.5 and 5.5].
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7 The case of S3-varieties in type A

Let A and p be partitions of the same positive integer r. Let O, be the nilpotent
coadjoint orbit in s[ whose Jordan blocks have sizes given by the parts of 18 then,
A > u in the dominance order if and only if O, is contained in the closure of O;,.
In this case, let X;,, be the normal slice to O, inside of the closure of Oy. This
space is sometimes called an S3-variety, after Slodowy, Spaltenstein, and Springer
[5,35]. The variety X, is a Nakajima quiver variety for a finite type A quiver, and
conversely any such variety is an S3-variety [28]; in particular, X3, admits a projective
symplectic resolution (the fibers are known as Spaltenstein varieties), and the local
systems associated with the symplectic leaves are trivial. We equip these varieties with
the standard action of C* with the property that the Poisson bracket is homogeneous
of weight -2. The symplectic leaves of X, are indexed by the poset [1, A]. For any
v € [u, A], the closure of the leaf S, is isomorphic to X, and the normal slice to S,
is isomorphic to Xj,,.

Letn) = Zi (i — DA;, so that dim X3, = 2(n, — n,,). A theorem of Lusztig [26,
Theorem 2] says that

0x,, (x) = 2K, (x73), (7.1)
where K, (7) is the Kostka polynomial associated with A and p. We will assume

that the conjecture [32, 3.4] holds; we have X ;\ w= X i3, s0 the explicit statement of
the conjecture in this case is that

P, (0,3) = Qx,, () = y* " 7 Ky (y72). (7.2)

Proposition 7.1 If Eq. (7.2) holds for all type A S3-varieties, then

Py, (x, y) = y> ) 0 2 mO g () Ko (v,
ve[u,A]

Proof For all v € [u, A], Eq. (7.2) tells us that
dlm HPO(X)\.V) = PXA\J(O’ 1) = K‘)t}‘t(l)’

whichis in turn equal to the rank of the local system K g, [6, 3.5(b)]; thus, the hypothesis
of Theorem 4.1 is satisfied. Then by Corollary 5.3, we have

PX;LM (x’ y) — z x2(n“_n”)y_2(n“_n")x2(n”_n“)KUM(X2)y2(nM_nvr)KvtAt (y—Z)

ve[u,A]
=y N OO K () Ky (7).
ve[u,A]
This completes the proof. O

8 More precisely, the elements of the image of this orbit under the Killing form isomorphism sl — sl
have this Jordan decomposition.



194 N. Proudfoot, T. Schedler

8 The case of the nilpotent cone in general type

Let g be any semisimple Lie algebra, and let X C g* be the nilpotent cone. As before,
one can consider coadjoint orbits in X and slices to one inside the closure of another;
however, these do not admit symplectic resolutions in general, and even when they do,
the assumptions of Theorem 4.1 are not known to be satisfied. Here we consider only
the case of X itself, where Theorem 4.1 is known to hold for the Springer resolution
T*B — X [14], where Bis the flag variety.’ If g is not of type A, then the hypothesis of
Corollary 5.3 fails, so we have no direct way of using that result to compute Py (x, y).
However, we will conjecture a formula for Px(x, y) based on the type A case and a
suggestion of G. Lusztig and P. Etingof.

8.1 Generalized Kostka polynomials

Let W be the Weyl group of g. Springer theory tells us that 7 is equipped with an
action of W, and that for every irreducible representation x of W, we may associate
a nilpotent coadjoint orbit Og , and an irreducible local system My , on Oy , such
that

M;T;@IC(OQ,X;MQ,X)W (8.1)
g’X

as a W-equivariant D-module. By pushing forward to a point and taking cohomology,
we obtain an action of W on H*(T*B; C) = H*(BB; C) which is isomorphic (after
forgetting the grading) to the regular representation.

For each y of W, let

Kg (1) : :Zti dim Homy (X, H2dimB-2i (3. C)).
i>0

We call K¢ , (¢) a generalized Kostka polynomial, motivated by the following well-
known proposition.

Proposition 8.1 For any g and any representation x of W, we have

Koy (t?) => 1 dim IHIMOsx=1( Dy s My ).

i>0

If g = sl,, x is an irreducible representation of S, and v is the partition of r with the
property that Og y, = O,, then Ky , (t) = K1) (2).

Proof The first statement follows immediately from pushing Eq. (8.1) forward to a
point and taking cohomology. To obtain the second statement from the first, we use
Eq. (7.1) (for © = (1") and A = v), along with the fact that, in type A, all the local
systems My , are trivial. O

9 In fact, in [14] the conclusion M = T of Theorem 4.1 is proved first, and then, the hypothesis follows.
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Remark 8.2 By Poincaré duality, for o the sign representation, Homy (x, H 2H(B: C))
~ Homy (x ® o, H24mB-2 (3. C)), thus we also have

Kgy (1) = Zz" dim Homy (x ® o, H* (B; C)).
i>0

Remark 8.3 Note that H*(3; C) is canonically isomorphic as a W-equivariant graded
algebra to the coinvariant algebra C[[)]/(C[[)]_‘f), where C[h]+ C C[b] is the aug-
mentation ideal and h* C C[b] sits in degree 2.

8.2 The conjecture

Since the summand IC(Og , ; M , ) of M is simple, the weak C* -equivariant structure
on M induces a grading on the multiplicity space x. Let 2(x; t) be the Hilbert series
for this grading.

Conjecture 8.4 For each irreducible representation x of W, we have

h(x;y) = Kg (v,

and therefore

Px(x,y) = D Kgy@&HKg (.
X €lrrep(W)

Remark 8.5 Conjecture 8.4 holds at the specialization y = 1 by the fact that H*(B; C)
is isomorphic to the regular representation of W.

Remark 8.6 If Mg is trivial, then TH(Og ,; Mg ) = C, thus Proposition 8.1 tells
us that the top degree of Kg (x?) is equal to the dimension of Oy, »- Similarly, the
bottom degree of Ky ( y~2)is equal to — dim Oy, x> which is what the bottom degree
of h(x) should be according to Theorem 5.1.

Remark 8.7 By Theorem 5.1, Conjecture 8.4 implies that, for each nilpotent orbit S,

Pxs(0,y) =y"™S> tk Mg, - Kgy (v, (8.2)

where the sum is taken over all x such that Oy, = S.If there is only one such x (and
hence My , is trivial), then Conjecture 8.4 for y is equivalent to Eq. (8.2) for S.

Let o denote the sign representation of W and triv the trivial representation.

Example 8.8 In the case where x = triv, which corresponds to the trivial local system
on the open orbit, Eq. (8.2) says that A(triv; y) = y~ 9™ X On the other hand, if x = o
is the sign representation, which corresponds to the cone point, it says h(o; y) = 1.
These conclusions both agree with Theorem 5.1, since in both cases the Poisson
homology of the slice is one dimensional and concentrated in degree zero.
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Proposition 8.9 If g = sl,, then the first formula of Conjecture 8.4 agrees with
Eq. (7.2) and the second with Proposition 7.1.

Proof If Oy, = O,, then Eq. (7.2) with A = (r) and 1 = v tells us that

Py, (0,y) = y* "0 O K gy (y72) = YO Ky (v7)
_ ydim Og.x&0 Kg 10 (y—z)_
On the other hand, the first formula of Conjecture 8.4 is equivalent to Eq. (8.2), which
says that

Px ), (0. y) =y Qe Ky (7).
Thus we need to prove the following identity:
Kg,X (t2) — tdim Og’x—dim Og,x@a Kg,x@o‘ (tz) (83)

Using Poincaré duality (Remark 8.2) and the fact that dim Oy , = r(r — 1) — n,, this
identity reduces to the following palindromic property of Kg , (t%):

Kg,)( (t2) — tnvr *ﬂv+r(}”71)Kg’X (tfz)

This follows from [4, Propositions A and B, (1)], and (as explained there) is originally
due to Steinberg [34]. O

Remark 8.10 Aspointed out by G. Lusztig, it is possible to generalize (8.3) to arbitrary
irreducible types. For any irreducible representation x of W, let x* denote the unique
special representation in the same two-sided cell as x. In [4], there is an involution i
defined on the set of irreducible representations of W, which is the identity except for
six irreducible representations in types E7 and Eg, called “exceptional” ones, which
are exactly the representations for which K g , (¢) is not palindromic.

Lusztig pointed out that, combining [4, Propositions A and B] with the determinant
of [27,5.12.2], and comparing powers of « in the latter, one can conclude the following
identity (when W is irreducible):

Kg,X ([2) — tdim OEYXj‘—dim OQYXS‘X)U Kg,i(x)@o’ (t2) (84)

In type A, i is trivial and x = x* for all x, thus we recover the identity in Eq. (8.3).

Remark 8.11 Motivated by in part by symplectic duality [5], we originally guessed
the following formula for i (x):

—dim Oy, +dim O, -2
Yy o gL’X®ng,x®a(y ).

(Here g’ is the Langlands dual of g, whose Weyl group is canonically isomorphic to
that of g.) This agrees with Conjecture 8.4 in all of the examples considered in this
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paper: types A¢, Bz, Cp, and G2, and also for the subregular orbit in general (and, in
the B>, C2, and G cases, the Langlands duality is required for it to hold). However,
as Lusztig pointed out, the formulas do not coincide in some cases, such as when  is
the (nonexceptional) 50-dimensional irreducible representation of Eg for which M
is trivial; moreover, Remark 8.6 implies that our original guess was incorrect in this
case.

8.3 A proof of the conjecture along the subregular orbit

In this subsection, we verify Conjecture 8.4 when Oy , is equal to the subregular orbit
R. First suppose g is simply laced; in this case, the only such representation is the
reflection representation y = b.

Proposition 8.12 [f g is simply laced, then Conjecture 8.4 holds for x = b.

Proof Since there is only one irreducible representation associated with the subregular
orbit, Conjecture 8.4 for b is equivalent to Eq. (8.2) for R, which says

Py (0, y) =y RK g (y7).
By Remarks 8.2 and 8.3, since codim R = 2, we have
YR Ko (v =y *h(Homy (h, C[h1/(C[H1Y); y).

Consider the map from @ : C[h]W — Homyy (h, C[h]/(C[b]_‘f)) taking f to ®y,
which is defined by the formula @ ¢(x) : =9, (f) for all x € §. The restriction of ®
to the linear span of the fundamental invariants (the ring generators of C[[)]W) is an
isomorphism. Since ® lowers degree by 2, this implies that

ydlmRK s e 2Zy2d -2 zyz(d -2

i

where {2d;} are the degrees of the fundamental invariants.!® This indeed coincides
with Py, (0, y), as desired [1,17]. O

In the nonsimply laced case, let D be the simply laced Dynkin diagram folding
to the type of g, let W be the corresponding Weyl group, and let b be its reflection
representation. As representations of W, we have ) = h @ t for some irreducible
representation T 2 h of W, and 7 and f are the only two irreducible representations
lying over R. The slice X is a Kleinian singularity of type D, and Theorem 5.1 tells
us that HPy(X ) is isomorphic as a graded vector space to a fiber of the local system
L g[— dim R], where

Lrg=(Mgp®h) & (Mg:®7).

10 The factor of 2 is there because h* sits in degree 2.
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Proposition 8.13 If g is not simply laced, then Conjecture 8.4 holds for x = b and
for x = 1.

Proof For x = hor 7, let HPo(Xg), C HPo(Xg) be the summand corresponding
to a fiber of the local system Mg,h[_ dim R] C Lgr[—dim R]. As in the proof of
Proposition 8.12, we need to show that the Hilbert series of HPy(X r), is equal to

y 2 (Homy (x. Clol/ (C01Y) ) v). (8.5)

We first consider the case where x = bh. The local system Mgy is trivial, so
HP( (X g)p is the part of HPo(X g) that is fixed by the action of 1 (R). As in the proof
of Proposition 8.12, Eq. (8.5) simplifies to

Z y2di=2)
i

where {2d;} are the degrees of the fundamental invariants for the action of W on C[h].
(Note that these are a subset of the fundamental invariants for the action of W on
C[E].) We will check on a case-by-case basis that this is equal to the Hilbert series
of HPy(Xg)y. We will skip the case of G, since that will be treated separately in
Proposition 8.15. In all other cases, 71 (R) = Z/2, and the action on HPy(Xg) can
be deduced from the explicit bases for the latter in [11, §5.1]. It is straightforward to
check that our formula is correct.

Next, consider the case x = t. In view of the above, we need to show that

y~h (Homy (=, Clo)/ (Cloit)) ) = >0y,

where {2¢;} are the degrees gf the fundamental invariants for the action of W on C[E]
that restrict to zero on ) C fj. To prove this, it is sufficient to show that there exists a
graded vector space isomorphism

Homy, (b, Clh/ (b1 )) = Homy (b, CIvl/ (Cro1Y) ) -

The restriction map from C[f)] to C[h] induces a natural map from the left-hand side
to the right-hand side. Moreover, both sides have the same dimension (equal to dim b),
since the coinvariant algebras for W and W are the regular representations of W and
W, respectively. Therefore, it suffices to prove that the natural map is injective.
Equivalently, we need to show that, for every fundamental invariant f &

C[H1Y which restricts to zero on b, the corresponding homomorphism & r €
Homw(f), C[f)] / (C[ﬁ]ﬁ')) defined above restricts to a nonzero element of
Homyy (7, C[h]/(C[f)]KY)). This is easy to verify explicitly in the case where g is
of type B, (so D = Ay)), using the embedding W(B,,) — W(Az,—1) = So—1,
since then C[E]W is the ring of symmetric polynomials (modulo linear symmetric



Poisson—de Rham homology of hypertoric varieties and. . . 199

polynomials). In the case Cj,, T is one dimensional and T ® 7 is trivial, thus l)L - (6)*
is one dimensional. Then, the fundamental invariant f of C[G]W which restricts to
zero in C[H]" lies in (h1) but not in (h1)2. It follows that the corresponding element
® ; indeed restricts to a nonzero element of Homy (7, C[h]/ (C[b]vf)). In the case Fy,
one can explicitly verify the statement. O

8.4 Proof of the conjecture for semisimple Lie algebras of rank at most 2

Conjecture 8.4 is easy to verify for g of type A1 and A; by checking Eq. (7.2) in low
dimensions.'! In the two remaining examples, we prove the conjecture for g of type
B and G, and therefore for all g of semisimple rank at most 2.

Proposition 8.14 Conjecture 8.4 for g of type By (g = s05).

Proof There are four nilpotent orbits: the zero orbit, the minimal orbit (of dimension
four), the subregular orbit (of dimension six), and the open orbit (of dimension eight).
Call these Og, O3, O4, Og, and Og, where Oy has dimension k. These orbits are all
simply connected except for Og, which has fundamental group Z/2Z. Let Q2 denote
the rank-one trivial local system on Oy, and let Lg be the nontrivial rank-one local
system (with regular singularities) on Og. The Weyl group is isomorphic to the dihedral
group of order eight, which has five irreducible representations: triv, o, 7, T ® o, and
b. The Springer correspondence for g takes the following form [9, §13.3].

X (Og,x, Mgy)
triv (0g, 23)
o (0o, 20)
T (O, Le)
T®0 (04, 24)
h (O, S26)

The W-equivariant Poincaré polynomial of the coinvariant algebra is equal to
1+h-24+@T+t®0) - t*+h-1%+0 15,
therefore

Kguiv(t®) =15, Kgo(t) =1, Kg.:(t?) =1* = Kgr00 (%),
Kgp(t?) =12 +1°.

Thus, Conjecture 8.4 says that

h(tiviy) = y78, h(o;y) =1, h(r;y) =y *=h(z®0;y),

h(h; y) =y 2+ y7°

Y fact, in these cases, the result also follows from Example 8.8 and Proposition 8.12.
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All of the slices except the slice to Og have one-dimensional HP; therefore, the
conjectural formulas for triv, o, and T ® o follow from Theorem 5.1. Our table tells
us that IC(Og; 26) appears in M with multiplicity 2 = dim § and IC(Og; $26) appears
in M with multiplicity 1 = dim o. The slice to Og is a Kleinian singularity of type
A, where a basis for HPy is given by the images of 1, xy, (xy)2 e Clx, y]Z/3. Since
the generator in top degree can be taken to be the square of the generator in middle
degree, we see that the nontrivial local system Le must be in middle degree and the
trivial one 2¢ must be in top and bottom degrees; this allows us to conclude that the
formulas for h(o; y) and h(h; y) are correct. O

Proposition 8.15 Conjecture 8.4 holds for g of type G».

Proof There are five nilpotent orbits, call them Oy, O¢, Og, O19, and O1> (again
dim Oy = k), and these are all simply connected except for the subregular orbit O,
which has fundamental group S3 [9, p. 427]. Let €2, denote the trivial local system
on Oy, and on Ojy, let Lo denote the local system corresponding to the reflection
representation of the fundamental group S3 (this is irreducible of rank two, with regular
singularities).

Let 7 be the irreducible one-dimensional representation of W other than o (it is
denoted by ¢{,3 in [9, p. 412]). Then the Springer correspondence for g takes the
following form [9, p. 427].

X (Og,x, Mgy)
1 (012, Q12)
o (0o, L20)
T (010, L10)
TQ®0 (Os¢, L26)
h (010, R210)
h®t (O3, 28)

The W-equivariant Poincaré polynomial of the coinvariant algebra is equal to
14524000 *+C+1Q0) - 1°+0BR1)- 5 +h-1'0+05 .12
therefore
Kg1(tH) =112, Kgot>) =1, Kg:=1°=Kg 100,
Kgp(t?) =12 +1"0 Kgpe (D) =14 +1%

Thus, Conjecture 8.4 says that

hriv; y) = y 12, h(osy) =1, h(r;y) =y =h(r®0;y),

;) =y 24y by =yt +y7E

The slices to Og, Og, and O1> have one-dimensional HPy; therefore, the conjectural
formulas for triv, o, and T ® o follow from Theorem 5.1. The slice to O is a Kleinian
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singularity of type D4, thus HPo(X g,,), has the Hilbert series 1 + 2t* 413, Since Lo
has rank two, it must occur in weight 4; this proves our conjecture for T and §.
Finally, to prove our conjecture for h ® 7, we need to show that 2(HPo(X g,); t) =
1 + #*. First note that the dimension of HPo(X 0g) Must be two, as a consequence of
[14]. Since X o, is conical and singular, the function 1 € C[X g4 ] has nonzero image
in HPy (X og); thus, we only need to show that there is a nonzero element of HP( (X )
in degree four. To do this we can use the explicit realization of X g, given in [16]: Itis
the intersection of the nilpotent cone with the Slodowy slice Y := ® (e 4 ker(Ad f)),
with @ : g — g* given by the Killing form, with e € Og and (e, h, f) a corresponding
sly-triple. Since there is only one nilpotent orbit of dimension 8, it is easy to see that
we can take e to be the generator e, of the root space for the short simple root «,
f = fa,and h = h,. Moreover, as explained in [14], it suffices to compute HP((Y)
itself, since this is a free module over C[g]?, with HPy(X ;) = HPO(Y)/(C[g]g_), the
latter being the augmentation ideal. The latter can be computed explicitly in the first
few degrees: Under the Kazhdan grading, C[Y] is a polynomial algebra on generators
in degrees 2,2,2,4, 5, and 5. The first three generators are the sl, triple mentioned
above, and they act trivially on the generator in degree 4. Thus in degree four, HP((Y)
has dimension two. However, the generators of C[g]? are in degrees four and twelve
(these are the fundamental invariants, and the Kazhdan grading restricts on C[g]? to
the usual grading placing g* in degree two, and the latter is well known to assign the
generators degrees four and twelve). Thus, in degree four, HPy(X o4) has dimension
one, as desired. O
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