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Heat kernel expansions on the integers and
the Toda lattice hierarchy
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Abstract. We consider the heat equation u; = Lu where L is a second-order
difference operator in a discrete variable n. The fundamental solution has
an expansion in terms of the Bessel functions of imaginary argument. The
coefficients ax(n, m) in this expansion are analogs of Hadamard’s coefficients
for the (continuous) Schrédinger operator.

We derive an explicit formula for aj in terms of the wave and the ad-
joint wave functions of the Toda lattice hierarchy. As a first application of
this result, we prove that the values of these coefficients on the diagonals
n =m and n = m + 1 define a hierarchy of differential-difference equations
which is equivalent to the Toda lattice hierarchy. Using this fact and the cor-
respondence between commutative rings of difference operators and algebraic
curves we show that the fundamental solution can be summed up, giving a
finite formula involving only two Bessel functions with polynomial coefficients
in the time variable t, if and only if the operator L belongs to the family of
bispectral operators constructed in [18].
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1. Introduction

The fundamental solution of the heat equation
U = Ugy + V(2)u, u(z,0) = 0y(x),

has an asymptotic expansion of the form
—(z—y)? /4t
e
u(z,y,t) ~ ( +ZHkxy ) as t — 0+,

where Hadamard’s coefficients Hn(av7 y) are defined in a neighborhood of the diag-
onal = y. Restricted to the diagonal, the coeflicients H,,(x, z) become differential
polynomials of the potential V(z) and can be used to define the Korteweg—de Vries
(for short KdV) hierarchy. There are several proofs and applications of this fact; see
for instance [4, 25, 29, 31] and the references therein. One of the important steps in
these papers is to use the connection between the heat kernel and the resolvent of
the corresponding Schrédinger operator and the work of Gelfand and Dickey [12].
In particular, this construction was used to obtain explicit formulas for the higher
KdV equations exploring different properties of Hadamard’s coefficients.

On the other hand, after the works [9, 30, 32], we have a much better under-
standing of the KdV hierarchy and the parametrization of its solutions. Therefore
it seems natural to reexamine the connection between the heat kernel and the KAV
hierarchy within the framework of Sato’s theory and to use the soliton technol-
ogy as a tool to investigate the heat expansions. This idea was developed in [21]
and it led to a new formula for Hadamard’s coefficients in terms of the 7-function
(or equivalently the wave and adjoint wave functions) of the KdV hierarchy. This
formula made transparent some of the basic properties of Hadamard’s coefficients
such as the symmetry about the diagonal, or the connection between H,(z,x) and
the KdV flows. We also used this formula in [22] to prove that heat kernel is finite
(i.e. Hy(x,y) = 0 for n large enough) if and only if the potential V' (x) is among the
rational solutions of the KdV hierarchy (for specific values of the time variables)
studied in [2, 3]. These operators also appear as solutions of the bispectral problem
[11, 13]. For multivariable versions of the heat kernel and interesting connections
with the bispectral problem and Huygens’ principle see [5-8].

It is natural then to ask if one can use the soliton technology to study heat
kernel expansions where very little or even nothing is known. The aim of the present
paper is to show that there is a very close connection between the heat kernel
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expansion on the integers and the Toda lattice hierarchy. Some partial results in
this direction were already established in [14-16], mainly in connection with the
bispectral problem. Jointly with F. A. Griinbaum [15] we studied the heat kernel for
specific second-order difference operators which were introduced in [18] as solutions
of a difference-differential version of the bispectral problem. These second-order
difference operators depend on free parameters and, appropriately normalized,
they provide rational solutions of the Toda lattice hierarchy. The main result in [15]
is that the fundamental solution corresponding to these operators can be written
as a finite sum of Bessel functions of imaginary argument, which is a discrete
analog of the finiteness property mentioned above for the continuous Schrodinger
operator. The case when the operator L corresponds to a soliton solution of the
Toda lattice was considered in [16]. Both papers rely on the fact that the second-
order operators belong to rank one commutative rings with spectral curves having
specific singularities, which prevents their use for arbitrary L. The goal of this work
is to derive a general formula for the analogs of Hadamard’s coefficients in terms of
the wave and adjoint wave functions for the Toda lattice hierarchy and to present
a few applications. In order to state the main results, let me first introduce some
basic notations and define the analogs of Hadamard’s coefficients in the discrete
case.

We denote by E the customary shift operator acting on functions f(n) = f,
of a discrete variable n € Z by

Bf(n) = f(n+1).
For a second-order difference operator L of the form
L=F+b,Jd+a,E ", (1.1)

the fundamental solution (or the discrete heat kernel) is the solution u(n, m;t) of
the heat equation

ou
— =1L 1.2
o = L (1.2)
with initial condition

u(n,m;0) = Oy m. (1.3)

The papers [14-16] suggest looking for a solution of (1.2)—(1.3) of the form

u(n,m;t) = Zak(n,m)ln_m_k(%), (1.4)
k=0

where I;(2t) is the Bessel function of imaginary argument. The coefficients
ar(n,m) are the analogs of Hadamard’s coefficients Hy(x,y). Plugging (1.4) in
(1.2), using the identity

8tIk(2t) = Ik+1(2t) + Ik,1(2t)
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and comparing the coefficients of I,,_,,_x+1(2t) we get

ag(n,m) + ag_2(n,m)
=arp(n+1,m) + bpag_1(n,m) + apag_2(n — 1,m), (1.5)

with the convention that «;(n,m) = 0if i < 0. From (1.4) and using the fact that
Ij (O) = 04,0 W€ obtain

0 if n <m,

Qp—m(n,m) if n>m,

u(n,m;0) = {

which combined with (1.3) leads to
0p—m(n,m) = 0y,m for every n > m. (1.6)

It is clear that the system of equations (1.5)—(1.6) has a unique solution. Indeed,
for k = 0 equation (1.5) gives ao(n,m) = ag(n + 1, m), which essentially means
that ao(n,m) = B, is independent of n. On the other hand, from equation (1.6)
we see that ag(m, m) = 1, which shows that ag(n,m) = 1. Similarly, for k =1 we
obtain the system

ar1(n,m) =ai1(n+1,m) + by,
ar(m+1,m) =0,

which uniquely determines a;(n,m). Next we can compute as(n,m), as(n,m),
etc. We want to stress at this point that although the system (1.5)—(1.6) has a
unique solution, the coefficients in the expansion (1.4) are uniquely determined
from u(n, m;t) only if n < m. Indeed, for r € Ny we have

St t’l“+2j

I(2t) = [_.(2t) = 2 T

(1.7)

If n < m then the ai(n, m) are uniquely determined by comparing the coefficients
of the different powers of ¢ in (1.4). However, for n > m the expansion will contain
both I,.(2t) and I_,.(2t) for r = 1,...,n—m and therefore only the sum of these two
coefficients is uniquely determined by u(n,m;t). If we want to make the expansion
unique, we can rearrange it so that the sum (1.4) contains only terms I; with
j < 0. However, this would complicate the recurrence relation (1.5) significantly
by introducing different cases when n > m and n < m. Therefore we will keep the
form (1.4) with ag(n, m) uniquely determined by (1.5)—(1.6).

Let me now briefly describe the main results of the paper. In the next section
we collect some basic facts about the Toda lattice hierarchy. In Section 3 we derive
simple formulas for the coefficients ay(n,m) in terms of the wave and adjoint
wave functions for the Toda lattice hierarchy (or equivalently the 7-function). In
other words, the soliton technology allows us to integrate equations (1.5)—(1.6)
explicitly and write ag(n,m) in closed form. As a first application of this formula,
we show in Section 4 that ay(n,n) and agy1(n,n — 1) generate a hierarchy which
is equivalent to the Toda lattice hierarchy (notice that we need two coefficients in
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order to generate two equations for a,, and b,,). This provides a discrete analog of
the connection between Hadamard’s coefficients H,(x,x) and the KdV hierarchy.
It would be interesting to see if some of the proofs in the continuous case can
be adapted to this situation. We note, however, that the situation in the discrete
case is a little more complicated because the k-th vector field of the Toda lattice
X} is not equal to the vector field X}, generated by ax(n,n) and agyq1(n,n — 1),
but we have X = X, + a linear combination of X;_o; with 2j < k (see Theorem
4.4). All this follows easily from the explicit formula for a(n,m) derived here,
but clearly a direct approach should be carefully constructed in order to capture
the lower-order vector fields that appear.

Next we prove that the heat kernel can be written as
(L+ p1(n,m; ) In—m(2t) + pa(n,m; t) I —pm—1(20), (1.8)

where p1(n,m;t) and pa(n,m;t) are polynomials in ¢ with coefficients depending
on n and m, such that p;(n,m;0) = pa(n,m;0) = 0 if and only if the operator L
belongs to the family of bispectral operators constructed in [18]. The “if” part is
essentially the main result in [15] (see Section 6 for more details). In order to prove
the “only if” part, we first discuss in Section 5 the operators constructed in [18]
and we show that they can be characterized by the vanishing of a specific linear
combination of the Toda flows, after a particular point. The heart of the proof is
to show that if this specific linear combination of the Toda flows vanishes after
a particular point, then the operator L belongs to a rank one commutative ring
with spectral curve of the form v? = (u — 2)2M1+1(y 4 2)2N2+1 which leads to the
operators introduced in [18]. Using this result and the connection between the heat
coefficients and the Toda flows, we establish the “only if” part in Subsection 6.2.

The results in the last section deepen the mystery surrounding the bispectral
problem and its connection with the heat equation. The finiteness property of the
heat kernel provides one more reason to believe that the operators constructed in
[18] are the discrete analogs of the Adler-Moser operators [2]. It would be inter-
esting to see if some of the recent developments [19, 20] in the purely continuous
version of the bispectral problem can be extended to the operators in [18], or to
the more general (higher-order) bispectral operators in [17], which we constructed
in collaboration with L. Haine, inspired by Wilson’s work [34, 35].

2. The Toda lattice hierarchy

In this section we briefly recall the construction of the Toda lattice hierarchy, its
wave and adjoint wave functions. For more details we refer the reader to the paper
[33], or to the more recent contributions [1, 26].

Let us first introduce some notations, which will be used throughout the
paper. We denote by A and V the customary forward and backward difference
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operators, acting on a function f(n) = f, as follows:
Af(n) = f(n+1) = f(n) = (E — 1) f(n),
Vi) = f(n) — fln—1) = (1 — B f(n).
Sometimes, we will write A, and V,, if the operators are applied to functions

depending on several variables to indicate that A and V act in the variable n.
When we work with pseudo-difference operators of the form

d
M = Z cr(n)E*
k=—o0
we will denote by M, = ZZ:O cx(n)E* (resp. M_ = Z,;:l_oo cx(n)E*) the non-
negative (resp. negative) difference part of M.
For a second-order difference operator L = E + b,Id + a,E~!, the Toda
lattice hierarchy is defined by the Lax equations
oL
8Sj N
It is well-known that the vector fields X;(L) = [(L?), L] commute with each other,
that is, each of the equations (2.1) defines a symmetry of any other equation. For
this reason, the family of equations (2.1) is called a hierarchy. The first equation,
corresponding to j = 1, is the well-known Toda lattice equation.
We denote by W,, = 1+ Zzil wk(n)E_k' the wave operator, i.e. the operator
which conjugates L to E:

(L7).,L] forj=1,2,.... (2.1)

L=W,EW, . (2.2)
The flows (2.1) can be extended on W,, by
8Wn i
Os. = _(LJ)—Wn- (2'3)
J

The wave function U, (z; s) and the adjoint wave function U} (z; s) are defined
by the formulas

- (1 + i w>z” exp (f: sjzj) (2.4a)

and

_ <1 L3 i) ) ren(-35,7), .
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where E* = E~1. With these definitions we have

0V, (z; )
asj

We denote by W,,(2; s) and W} (2; s) the reduced wave function and the reduced ad-

joint wave function obtained from ¥, (z; s) and U¥(z; s), respectively, by omitting
the exponential factors, i.e.

@n(z;s):1+zw and \i/:(z;s):lJrZ@. (2.6)
k=1 k=1

LY, (z;8) =2¥,(z;s) and = (L)1 9, (2 8). (2.5)

In order to simplify the notations, we will often omit the s-dependence, e.g. we
will write simply ¥,,(z) instead of ¥, (z;s), etc. Notice that the first equation in
(2.5) is equivalent to the following equation for the reduced wave function:

20, 41(2) + b0 (2) + anq’"—Tl(z) =20, (2). (2.7)

For series Y, ;2" and for formal pseudo-difference operators Y, dxE* we

define
res, (Xk: ck.zk) =c_; and resp (Xk: dkEk) =d_;.

It is easy to see that for pseudo-difference operators P, =3, dy(n)E* and Q,, =
>4 ck(n)E* we have

res, ((Pnz")(Qr_127")) = resgp(PnoQn). (2.8)

From this equality it follows that ¥,,(z;s) and U} (z; s) satisfy the bilinear identi-
ties

res, (98 - 01 Wy (2:5)) Us (23 5)) = 0, (2.9)
where ko, k1,...,k; € Ng and 0; = 9/0s;. Indeed, from the second equation in
(2.5) we see that it is enough to prove (2.9) for ky = --- = k; = 0. Using now (2.8)

we get
ves (W, (24.8)) W (215)) = res. (B W,z ) (W)= ~)
= resg(E*) =0,
which establishes (2.9).
For example, for ky = 0 and ko = 1 with k; = 0 for j > 1, the identity (2.9)
gives
Pi(n) +1i(n) =0, (2.10a)
Ga(n+ 1) + Pa(n + 15 (n) + 5 (n) = 0. (2.10)
From (2.2) and (2.4) we can express b, and a,, in terms of the coefficients of
U, (z;s) and U¥(z; s):
by = ¢1(n) +¢1(n+1), (2.11a)
an = Y2(n) + 1(n)yy(n) + Y2(n). (2.11b)
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Remark 2.1. If we fix n and take kg = 0, then the bilinear identities (2.9) show
that ¥, (z;5)z~"™ and U} (z;s)2z" are the wave and adjoint wave functions of the
Kadomtsev—Petviashvili (KP) hierarchy. Thus, by the classical theory (see [9], [10,
Theorem 6.3.8, p.97]), there exists a 7-function 7, (s) such that

7 (s — [271)

(S 271
\Ifn(Z§S) = Tn(s) ( i [ ])

* . —
and Ur(z;s) (s
where [z] = (z,22/2,2%/3,...). This function plays a central role in the KP and
the Toda lattice hierarchies. Since we are not going to make an explicit use of it
in the present paper, we stop the discussion here. Notice that the last formulas
allow us to express the coefficients of W,,(z;s) and W (2;5s) in terms of 7,(s). In
particular, this means that all formulas involving ¥,,(z; s) and ¥ (2; s) that follow
can be rewritten as formulas involving only 7, (s).

3. Explicit formulas for the heat coefficients oy (n,m)

In this section we show that, using the notations in the previous section, we can
“integrate” equation (1.5) for all k¥ € N and obtain simple formulas for ay(n, m) in
terms of the wave and adjoint wave functions of the Toda lattice hierarchy. Before
we present and prove the general formula, we illustrate how the method works for
a1(n,m) and as(n,m). This will help the reader understand the nature of these
formulas and the importance of the bilinear identity (2.9).

Plugging k = 1 in (1.5) and using (2.11) we get

ar(n,m) = ar(n+1,m) +¢1(n) +¢i(n+1).
Using (2.10a) we can rewrite this as
ar(n,m) —yr(n) =ar(n+1,m) —¢1(n+1),

which shows that a;(n,m) — 1 (n) = f1(m) is a function independent of n. From
(1.6) we see that a;(m+ 1, m) = 0, which gives 8;(m) = —¢(m+1) = ¢ (m+1).
Thus we have

ar(n,m) = ¢1(n) +¢1(m +1) = res.[Vn(2) W7, 11 (2)]- (3.1)
Similarly, for k = 2 we obtain the following equation for as(n,m):
ag(n,m) +1 = as(n+1,m) + [Y1(n) +¢7(n+ D][¢1(n) + ¢7(n +1)]
+ 1a(n) + ¢1(n)Yi(n) + ¢3(n). (3.2)
Using now both equations in (2.10) one can check that (3.2) is equivalent to
Ap(az(n,m) —¢z(n) — P1(n)ihi(m+1) —n) =0,

which means that as(n,m) = ¥9(n) + 1 (n)Yv(m+ 1) + n+ B2(m), where Ba(m)
depends only on m. From (1.6) we see that as(m +2,m) = 0, leading to f2(m) =
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—a(m +2) — 1 (m+ 2)¢f(m+ 1) —m — 2 =5(m + 1) — m — 2, where in the
last equality we used again (2.10b). Thus we obtain
ag(n,m) = a(n) + 1 (n)Pi(m + 1) + ¢y (m +1) + (n —m - 2)

‘i’n(z)‘I’:%H(Z)} .

- (3.3)

:resz[(z2+n—m—2)

The point is that this process can be successfully iterated, providing simple formu-
las for ay(n, m) for every k € N. Below we introduce the necessary functions which
are needed to state and prove the general formula, extending (3.1) and (3.3).

Let us define monic polynomials Qf (2) by the formula

k—1

B\ _ Lk B-2j-1\ 2
Qu(z) =2 +(6—2k)j§(k_j_l)k_j. (3.4)
From (3.4) it is easy to see that
- -2k (-1
Qi) - @it =22 (00)) (55)
and
QL)+ -l = I (P ) e
Let us define
I (22) if k is even,

gk(n,m,z) - { kiffmfl (37)

Ghya(2%) if k is odd.

It is clear that gi(n,m;z) is a monic polynomial in z of degree k, and it is an
even polynomial when k is even and an odd polynomial when k is odd. From the
defining relation (3.7) and equation (3.5) one sees immediately that

gr(nym; z2) — zgr—1(n —1,m;2) =0 if k is odd (3.8a)

and

gr(n,m;2) — zgx_1(n — 1,m; 2) = gp(n,m; 2) — 2%gr_a(n — 2,m; 2)

2n—m—k) (m—m —
- k ( k/2—1
Now we are ready to formulate the main result in this section which gives an
explicit formula for ay(n,m) in terms of ¥,,(z) and ¥ (2).

1
) if k is even. (3.8b)

Theorem 3.1. The coefficients ay(n, m) in the expansion (1.4) of the fundamental
solution of the discrete heal equation (1.2) can be expressed in terms of the reduced
wave function V,,(z) and the reduced adjoint wave function W (z) as follows:

U, (2)¥r
ak(n,m) = res, gk(n,m;z)M , (3.9)
z

where gi(n, m; z) is the polynomial defined by (3.4) and (3.7).
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Proof. We need to check that the functions defined by formula (3.9) satisfy the
difference equation (1.5) and the initial conditions (1.6). Let us first establish that
equation (1.5) holds. We denote by RHS (resp. LHS) the right-hand side (resp.
the left-hand side) of equation (1.5). Plugging (3.9) in (1.5) leads to

RHS = ag(n+ 1,m) + byag—1(n,m) + apar_o(n — 1,m)
v, U U, (2)0r
+1(2)¥7,4.4(2) ¥ bpg_1(n,m; 2) (2) 7 41(2)

z z
U1 (2)¥514(2)
z

= res, {gk(n +1,m;2)

+ angk72(n - 17m; Z)

U (2) U541 (2)

=res, {((z2 — 2bp)gr—2(n — 1,m; 2) + brgr—1(n,m; 2)) -
\ijn z \i/* z
+ (gr(n+1,m; 2) — 2% gr—2(n — 1,m; 2)) il )Z ) ;

where in the last equality we eliminated W¥,,_;(z) using (2.7).
Now we consider two cases depending on whether £ is even or odd.

Case 1. Let k be even (hence k — 1 is odd). Using (3.8) we see that
(22 = 2by)gr—2(n — 1,m; 2) + bpgr_1(n,m; 2) = 22gr_o(n — 1,m; 2)

and

gk (n+1,m; 2) — 22ga(n — 1,m; 2) =

2(n+1;m—k) (k%—ml)

which leads to the following expressions for RHS and LHS:
\T’n(Z)‘I’i‘nH(Z)}

RHS = res, [Zngg(n —1,m;2) p,

L 2n+ I;m—k) (;;2—2)

and
LHS = res, [(gk(n, m; z) + gr—2(n, m; z))
Using now equation (3.6) we get
gr(n,m; 2) + gr_a(n,m; 2) — 2%gp_o(n — 1,m; 2)
= Q" (2 3+ Qrrani(z =22 Z/_QTIl(zQ) _2(n+1 I; m — k) (kn/;_ml)

which shows that RHS = LHS and establishes (1.5).
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Case 2. Let k be odd (hence k — 1 is even). Using again (3.8) we obtain

ge(n+1,m;z) — zzgk,g(n —1,m;2) = z(gg—1(n,m; z) — ngk,g(n —2,m;z2))

_2(n—m—k+1)((n—m—1 )

- k—1 k—1)/2-1)°
and
(2% = 2bp)gr—2(n — 1,m; 2) + bpg—1(n, m; 2)
= (2% — 2by)2gr_3(n — 2,m; 2) + bpgr_1(n, m; 2)
= bn(ge—1(n,m; 2) — 2°ge_s(n — 2,m; 2)) + 2°ge_s(n — 2,m; 2)
2ln—m—-k+1)/ n—m-—1 3
_ _a(n—2,m; 2).
bn k-1 ((k1)/21)+29’“ 3(n —2,m;z2)
Thus
B 2n—m—k+1)/ n—m-—1 = = Uria(2)
RHS = res, [ = ((k _1y/2- 1> (2U,41(2) + b,0,(2)) .
U, (2)0
+ 22 gr_s(n —2,m; Z)—(Z) mH(Z)]
z
2n—m—-k+1)/ n—m-—1 9
= z — - 2a ;
res K - <(k_1)/2_1)+z gr—3(n mz))

‘ wz)@;w)} ,

where in the last equality we used (2.7) to eliminate 2W,, 1 1(z) + b, ¥,,(2). On the
other hand, we have

LHS = res.[(gr—1(n — 1,m; 2) + gr—3(n — 1,m; 2)) U, (2) ¥}, 1 (2)],

and applying the definition (3.7) and equation (3.6) we get

grh_1(n—1,m;2) + gr_3(n — 1,m; 2) — 22gp_3(n — 2,m; 2)
n—m-—1 n—m-—1 2 2Yyn—m—2 2
(k—1 /2( )+Q k—1)/2— 1(27) =2 (k71)/271(z )

-4 71:2:1]{: = ((k:n—l)/Q—l 1>

which shows that RHS = LHS and completes the proof of the difference equation
(1.5).

It remains to check that the initial condition (1.6) holds, i.e. we need to show
that for every k € N, ay(m+k, k) = 0. Using the defining relations (3.4) and (3.7)
one can easily see that

gk(m + k,m,z) = Zk'
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Thus (3.9) gives

ke Ytk (Z)\Il;knJrl (2)

z

ar(m—+k,m) =res, |z = res; [V k(2)¥;,41(2)] =0,

where in the last equality we used the bilinear identity (2.9). O

4. Generating the Toda flows with the heat coefficients

As a first application of formula (3.9) we show in this section that A, ag41(n,n—1)
and a,V,ar(n,n) generate the Toda lattice hierarchy. This is a discrete analog
of the remarkable connection between the restriction of Hadamard’s coefficients
on the diagonal and the Korteweg—de Vries hierarchy. Before we prove this, we
establish some auxiliary facts.

Proposition 4.1. Define

tr(n) = res, (2F0,,(2) 0 (2)), (4.1a)
[k(n) = res, (2" 10, _1(2)U%(2)). (4.1b)
Then the Toda lattice hierarchy (2.1) is equivalent to the equations
g—i’; =t (n+1) —rx(n), (4.2a)
Z—ZL =an(lk(n +1) — x(n)). (4.2b)

Proof. Notice that equation (2.4b) implies

Wyl =1+Y E7-yi(n+1),

Jj=1

where t(n) = 1g§(n) = 1. From the above equation it is clear that the coefficients
of E® and E~1! in the operator L* are [;(n+ 1) and tx(n) respectively. This shows
that

[(L*)4, L] = [L,(L*) ] = [E+ bpld + an B~ vi(n) B~ + O(E?)]
= (tp(n+1) —tr(n))Id + O(E™1),

which gives (4.2a). A similar computation shows that the coefficient of E~1 in
[(L*)4, L] is an(Ix(n + 1) — [x(n)), completing the proof. O
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Lemma 4.2. Let k € Ny and j € Z be fized. Then
ak(”v n+ ]) S C[ana bna An+1, bn:l:la Ap+42, bn:i:Q, e ]7
i.e. ag(n,n+j) is a polynomial of finitely many of {an,bn, ant1,bnt1,-..}.

Proof. The proof can be easily obtained by induction on k and |k + j|, using
(1.5)—(1.6). O

Example 4.3. We list the values of the first few heat coefficients in a neighborhood
of the diagonal n = m:

(
ar(n,n+1) = by + byt
az(n,n) = api1 + an + b2 — 2,
(
(

as(n,n + 1) =ap+ apy1 +apyo + bi + bi-&-l + bybpy1 — 3.
The main result in this section is the following theorem.

Theorem 4.4. The system of differential-difference equations
Oby,

9 apr1(n+1,n) —apri(n,n—1) = Ajagyi(n,n — 1), (4.3a)
k

da,,

Js’ = an(ak(na n) - ak(n - 1,’/7, - 1)) = anvnak(na n)7 (43b)
k

where k € N, forms a hierarchy. Moreover, if denote by X, and X|, the vector fields
corresponding to the flows 0/0sy, and 0/0s), gwen by (2.1) and (4.3) respectively,

then
[(k—=1)/2] ; .
1) (k—1—-1
=k (=1) ( ! )Xk_m-, (4.4)

_ k—2i i
1=0

where |x| denotes the greatest integer less than or equal to x.

Remark 4.5. Notice that according to Lemma 4.2, for every k£ € N the right-hand
sides of equations (4.3) are polynomials of finitely many of {a,;,bnyj}jez, ie.
(4.3) is a well-defined system of differential equations for a,, and b,. The above
theorem essentially says that the hierarchy of equations (4.3) is equivalent to the
Toda lattice hierarchy (2.1) modulo a simple (linear) change of variables given by
(4.4). Below we also write the explicit linear combination that gives Xy, in terms of
{X}, which will be needed later. First we show that for every k € N and m € Ny
satisfying m < [(k — 1)/2] the identity

SN )
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holds. Indeed, if m = 0 then (4.5) is obvious. For m > 1 we can rewrite the
left-hand side of (4.5) as

() -5

In the first equality we used the well-known binomial identity

i(w(k; ) <m> - (’Z‘_T) (4.6)

which can be easily proved by applying the principle of inclusion and exclusion

to the following problem: In how many ways can one select  of given k distinct

objects so that each selection includes some particular m of the k objects?
Combining (4.4) and (4.5) one can deduce that

[k=1)/2)
Xp= > (J) o) (4.7)

=0

Proof of Theorem 4.4. It is enough to prove (4.4), because this formula and the
fact that {Xj} commute will imply that {X}} commute, i.e. the equations (4.3)
form a hierarchy.

Using (3.4) and (3.7) one can easily check that

L(k+1)/2j (71)1 k: _ Z _ 1
Co) ke k+1-2i
grr1(n,m—1;2) =27+ k ; - < i1 )z , (4.8)
which combined with (3.9) and (4.1a) gives
L(k+1)/2] .
(-1 (k—i—1
agr1(n,n—1)=rx(n) +k ; . i1 tr—2:(n). (4.9)

On the other hand, from equations (3.8) it follows that
gr+1(n,n —132) = zg(n — 1,n — 1;2) — 6p 1,

which shows that

L[(k+1)/2] ; )
1) (k—i—1\ 4 o  On1
ln—12)=z"+k 2( ( k=2 Bl 4.1
gl =l =iz =2t i—1 i ( i—1 )Z T (4.10)
and therefore, using (3.9) and (4.1b) we get
L(k+1)/2] j :
-1y (k—i—-1
arn—1,n—1)=(n)+k g %( i1 >[k2i(n). (4.11)
i=1

The proof now follows from (4.9), (4.11), Proposition 4.1 and the fact that
to(n) =0, t_1(n) =1, lp(n) = 1, [_1(n) = 0 are independent of n. O
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5. Darboux transformations from L, = £ + E~! at the end points
of the spectrum

In this section we focus on certain second-order difference operators Ly, n,, which
were introduced in [18] in connection with a difference-differential version of the
bispectral problem [11]. These operators can be defined by successive Darboux
transformations from the operator Ly = E + E~! at the end points +2 of the
spectrum. Recall (see [24]) that the Darboux transformation of a second-order
operator L at a point ¢y consists of factorizing L — ¢yld as a product of first-order
operators and producing a new operator L by exchanging the factors, i.e. if we
write L — cgld = PQ, then L is defined by L— cold = QP. The main result in
this section is a characterization of these operators in terms of the vector fields of
the Toda lattice hierarchy. This is needed in the next section where we prove that
the heat kernel expansion for these operators can be written as a sum of only two
Bessel functions with polynomial coefficients (in the time variable t), and that this
property completely characterizes the operators Ly, n,.

5.1. Constructing the operators Ly, n,

The operators Ly, n, are obtained by the following sequence of Darboux trans-
formations:

Lo —21d=PyQo ~L1g—2Id=QyPy=P1Q1 -
~ Ly, o—2Id= QN 1PN, -1,
Ln,o+21d=PN, 9N, ~ Ly, 1 +2Id = QN PN, = PrNyi+19N 41 ™ -+
~ Ly, N, +21d = QN4 N, 1PNy 1N, -1 (5.1)

At each step, the factorization of the operator L;, ;, £ 21d depends on one free
parameter. Thus, the operator Ly, n, will depend on N; + Ny free parameters. The
operator Ly, n, belongs to a rank one commutative ring of difference operators,
i.e. we can apply the correspondence between commutative rings of difference
operators and algebraic curves developed in the papers [23, 27, 28]. We first sketch
the main steps of this construction with an emphasis on the operators obtained
by the Darboux process (5.1) and refer the reader to [17, 18] for more details.

Following [28], we call a difference operator M = ZkK:IQ wr(n)E* properly
bordered if pgx_(n) # 0 and pg (n) # 0 for all n € Z; the interval [K_, K] is
the support of M. A commutative ring A of difference operators is called rank
one if it contains two properly bordered difference operators M’ and M” with
supports [K’ , K’ | and [K”, K| such that ged(K’,K”) =1, ged(K/ ,K]) =1
and K’ Kl < K/ K" . In that case, Spec(.A) is an irreducible complex affine curve
that completes by adding two nonsingular points Q% at infinity.

Starting with a properly bordered second-order difference operator L =
E +b,Id +a, E~! we denote by Ay, the ring of all difference operators commuting
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with L, i.e.
Ky
Ap={M =3 mmE": M, L] =0}.
k=K_

One can show that Ap is in fact a commutative ring consisting of properly bordered
difference operators, and it is a rank one ring if and only if Ay, contains an operator
which is not a polynomial of L. For every M € Ay, the operators L and M satisfy
an algebraic relation of the form

M? = MT,(L) + To(L),

where 77 and 75 are some polynomials. This equation defines an affine curve
Tr.v(u,v) = v2—oTy (u) — Ta(u) = 0. It is easy to see that for every M € Ay, there
exists a unique polynomial gps such that gps(0) = 0 and the operator M — g (L)
contains only nonnegative powers of E, i.e. M = gy (L) + Z;’(:Ag) cx(n)E*. From
this, it follows that the ring Ay, is generated by two operators {L, M } where M is
chosen so that v(M) > 0 is minimal. The spectral curve Spec(Ar) is fr am(u,v) =0
and the complete curve is X1, = Spec(Ar) U{QL,Q=}.

The Baker function ¥, for Ap, is the unique (up to a factor independent of n)
eigenfunction for the operators from Ay. If we denote by Ay the ring of functions
meromorphic on X with poles only at QL , then for every M € Ay we have

M\Ifn(P) ZhM(P)\I/n(P), where hM(P) cAp.

Moreover, if the support of M is [K_, K] then hys(P) has poles of orders K
and K_ at QF and Q, respectively.

Let us denote by An, v, = ALy, v, the ring of all difference operators com-
muting with Ly, n,. In [18] it was shown that A, n, is a rank one commutative

ring of difference operators, which is isomorphic to the ring

ANy Ny = ALy, v, = Cle+ 270, f, v, (@)] C Cla, 271,

where ( )2V ( )2N2+1
x— 1)1 (x4 1)
Sy, () = N1+ N2+ 1 . (5.2)
In other words, if ¥,, is the Baker function for Ay, n, then
LN1,N2\IIn(I) = (‘T + x*l)an(x), (53&)
MNl,N2\Iln(m) = fN17N2 (x)\Iln(x), (53b)

for some My, n, € An,,N,, and the ring Ay, n, is generated by Ly, n, and
Mn, N, The spectral curve is given by the equation

Spec(An, n,) : v2 = (u—2)?M1 L (y 4 2)2N2F1 (5.4)

Clearly, Spec(An, n,) is rational and has a cusp at v = 2 (resp. u = —2) when
N7 > 0 (resp. N2 > 0). Another property, which we will need later, is that for
every j € Z we have

mijl,Nz (Jj) € ANl,Nz (55)

(see [18, proof of Theorem 4.2]; note that « here corresponds to z + 1 in [18]).
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Conversely, let L = E + b,Id + a,E~! be a properly bordered second-order
difference operator whose spectral curve is given by equation (5.4). From the corre-
spondence in [28] we can conclude that Ay, is obtained from Ap, n, for a specific
choice of the free parameters in the Darboux steps, up to a conjugation by a
nonzero function g,, i.e.

A ={g," Mg, : M € Ax, N, } (5.6)

If L is nonconstant (i.e. at least one of the functions a,, and b,, is not a constant),
then it is easy to see that all second-order operators operators in Ay, with support
[-1,1] must have the form v L + 2Id for some constants 71,7,. From this, it
follows that the only possible functions g, in (5.6) are g, = ¢", and we must have

L=c " Ly, n,c"+dld (5.7)

for some constants ¢ # 0 and d.

One possible way to eliminate this freedom and characterize precisely the
operators Ly, v, is to consider properly bordered second-order difference operators
of the form L = E+b,Id+a, E~! with spectral curve given in (5.4) and coefficients
satisfying

lim b, =0, lim a,=1. (5.8)

n—oo n—oo
Indeed, if L = Ly, n, then the coefficients b,, a, can be computed from the
formulas
0 Tnt1(8) o Tnt1(8)Tn—1(5)

AT N (CL
where 7,,(s) is a polynomial in n, which makes (5.8) obvious. We note, however,
that 7,,(s) in the last formulas differs from the 7-function introduced in Section 2
(due to the different approach in the papers [17, 18]). Conversely, if L is a non-
constant coefficient operator which belongs to a rank one commutative ring of
difference operators whose spectral curve is given by (5.4), then (5.7) must hold,
which combined with (5.8) shows that ¢ = 1 and d = 0. Conjugating Ly, n,
by (—1)" essentially exchanges the roles of 42 and —2 in (5.1) (or, equivalently,
the roles of Ny and N»). Thus, we have L = Ly, n, or L = Ly, n,, completing
the proof in this case. Finally, if a,, and b,, are constants, then (5.8) implies that
L = Ly.

Next, we establish several new facts needed for the characterization of the
operators Ly, n, in terms of the Toda vector fields, proved at the end of this
section.

Lemma 5.1. Let A be a ring of Laurent polynomials in x such that An, n, C A
for some N1, Ny € Ny. If A contains a polynomial p(x) such that 0 < deg(p(x)) <
N7 + N5 then one of the following must hold:

(1) Ny >1 and fN1_17N2(93) € A,‘
(11) N2 > 1 and le,Nz—l(x) €A
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Proof. Assume that p(z) € AN C[z] is such that 0 < deg(p(x)) < Ny + Na. Since
x+a~! € A, it is clear that p(z) + p(1/x) € A, which combined with p(x) € A
shows that f(z) = p(z) — p(1/z) € A. Notice that f(1/z) = —f(z) and therefore
we can write f(z) in the form

fa) = (- i)mﬂf(x), (5.9)

where f(z) € Clz,z~'] is not divisible by z — 1/x (i.e. f(—=1) # 0 or f(1) # 0)
and 2l+1§N1—|—N2
Let us define T' = min(Ny, N3) and T’ = max(Ny, N2) > 0. Choosing € = 1

if " = Ny and € = —1 otherwise we can rewrite fy, n,(z) as
! 2T+1 T'-T
(z + €)2T'+1(z — €)2T+! 1
le;N2(x): I'TI+T+1 = x_z $+2€+; .

Below we consider separately the cases | <T —1 and [ > T.
Case 1: 1 <T — 1. Let us write f(x) in (5.9) as follows:

fla) = ifj (l‘+26+ é)y

§=0
Case 1.a. Assume first that fo # 0 and 77 > T. Then we can multiply f(z) by

1 2(T—1) 1 T'-T-1
<x;> ($+2€+5> cA

S 1\ 27+ 1 J+T' —T-1
ZfJ(x——) <x+2e+—) €A
= x x

Notice that for j > 1 the terms in the above sum are multiples of fn, n, and
therefore belong to A by (5.5). Thus, the term corresponding to j = 0 also belongs
to A and since fy # 0 we obtain

2T+1 T'-T-1 27" —1 27+1
1 1 (x+¢€) (x —¢)
(az - ;) (a: + 2¢ + ;) = P €A,

to get

which is what we wanted to show.

Case 1.b. Assume now that fy # 0 but 7" =T (hence e = 1), and let us multiply
f(z) by

We have
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Again all terms for j > 1 in the sum above are in A and therefore, since fy # 0,

we get
27—1 271 2T+1
1 1 1 -1
(x——) <x—2+—>:(x+ i 2(7%“ ) €A
T T T

Case 1.c. Let now fy = 0, ie. f(—=€) = 0. This implies that f(e) # 0, because
otherwise z — 1/ will divide f(z) contrary to our factorization in (5.9). Thus we
can write f(z) as

f(x)=j§ﬁ<x—2e+é>], (5.10)

with fo # 0. Using now (5.10) and multiplying f(z) by

T—1-1 T'—1
1 1
(x—Ze—i——) (x—&-Qe—i——) cA
T T

mo 1) 2+ 1\ ItT—1-1 NI
ij(m—g) (x—Qe—i—;) <.’E+26+;> €A
§=0

For j > 1, the j-th term in the above sum is

1 j—1 (a: _ 6)2T+1(x + 6)2T’+1
(m — 2e+ ;) TITi1 €A,

we get

and therefore for j = 0 we have

(I _ 6)2T71(x + 6)2T'+1

; €A
2T+T

Case 2. Finally, if | > T we can write f(x) as

1 2T+1 S 1 J
f(z) = <x - x) Z h; <x + 2¢ + x) : (5.11)
J=Jo
with hj, # 0 and S < T’ —T —1. Multiplying (5.11) by (z+2e+1/2)T ~T-1=Jo ¢ A
we see as before that )
(z — )27+ (z + €)2T'—1
2T+

€A,
which completes the proof of the lemma. O

Corollary 5.2. If A is a ring of Laurent polynomials in = such that Ax Ny C A for
some N € Ny, then A = An, n, for some N1, Ny € Ny.

Proof. For every f(x) € A there exists a unique polynomial p(x) such that p(0) =0
and f(z) — p(x) € Cle + 27 Y. Since z + 271 € A we see that A is generated by
x+ 27! and the polynomial of minimal positive degree in AN C[z]. The proof now
follows immediately from Lemma 5.1. (]
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Let us denote by gi(z) the odd polynomial of degree 2k + 1 given by

k
2k+1 | 2k—2j+1
qe(z) = . —1)z I 5.12
@= (" e (512)
7=0
Then
1\ 2k
Jrr(z) = (x - E) = qr(z) — qr(1/2). (5.13)
If we put u = z + 2~ ! then from (5.12) and (5.13) it is easy to see that
2k +1
Qer1(z) = (u? — 4qp(x) + (—1)k+1< f )u (5.14)
Using the last relation, one can deduce by induction on k£ that
ar(%) + qr(1/z) = Pi(u), (5.15)
where
k .
(=2)7  (2k+ 1! Y
Pp.(u) = g+l
k() ]z::o iU @kt 12"
k ; )
(2k +1)! (=17 (k—j)! 2k—2j+1
= .].
k! ;0 G 2kr1—25)" ’ (5.16)

and (25 + 1)1 =1-3---(25 +1).

Proposition 5.3. Let Ly, n, be the second-order difference operator constructed in
(5.1) and N = max(Ny, N3). Then for every k > N we have

Pk(LNl,N2)+ € AN17N2 and (LN17N2P’€(LN17N2))+ € AN17N2' (517)

Proof. Clearly Py(Ln, n,) € An,.N,- From (5.2), (5.5) and (5.13) it follows that
qr(z) € AN, N, for every k > N. This combined with equations (5.15) and (5.3a)
shows that Py(Ln, N,)+ € An; N, A similar argument gives the second statement
in (5.17). Indeed, using the fact that

(x +1/)fxr € An,,N, for every k> N,

and (5.13) one can deduce that (z + 1/z)qi(x) € An, n, for all k& > N, which
combined with uPy(u) = (z + 1/x)qx(x) + (—1)* (zkljl) + O(1/x) gives the second
part of (5.17). O

5.2. Characterization of Ly, n, in terms of the Toda flows

In this subsection we prove that the operators Ly, n, can be characterized by the
property (5.17), or equivalently by the vanishing of an appropriate linear combi-
nation of the Toda flows after a particular point. This is a discrete analog of the
well-known fact that the rational solutions of the Korteweg—de Vries hierarchy are
precisely the second-order differential operators which are stationary under the
KdV flows, after a particular point.
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Theorem 5.4. Let L = E + b,Id + a,E~! be a nonconstant properly bordered
second-order difference operator. Then the following conditions are equivalent.

(i) The operator L can be obtained by a sequence of Darbouz transformations
from the operator Lo = E + E~' at the end points &2 of the spectrum, i.e.
L = Ly, N, for some Ny, Ny € Ny with N1 4+ No > 0 and for specific values
of the free parameters in the Darboux process (5.1).

(ii) There exists N € N such that

[Pe(L)4+, L] = (LPy(L)+, L) =0  for every k > N, (5.18)
where Py (u) is the polynomial defined by (5.16).

Proof. The implication (i)=(ii) follows immediately from Proposition 5.3. Assume
now that (5.18) holds for every k > N. Then L belongs to a rank-one commutative
ring of difference operators Ay, and Py(L)+, (LPy(L))+ € Ap for k> N. Let U,
be the Baker function and X = Spec(A)U{QL ,Q~ } be the complete curve. Then
there exists a function f(P) on X with simple poles at QX and @, such that

LV, (P) = §(P)¥n(P). (5.19)

1 1

Let us pick local parameters 2! and y~! near Q¥ and @, respectively, such

that
HP) = x4+ 1/x when P is in a neighborhood of Q7 ,
| y+1/y when P is in a neighborhood of Q.

Then for each k > N there exist functions fogt1(P) and for42(P) with poles only
at QY such that

(5.20)

Py(L)4 ¥y, (P) = for41(P)V,(P), (5.21a)
(LPU(L) s Un(P) = oo P, (P). (5.21)

From (5.20) and (5.15) it follows that near Q1 and Q- these functions have the
following expansions:

oo (5]?
Fappr (@) = ar(@) + Z %7 (5.22a)
=1
00 6/]6 ’
Forn () =D 2 (5.22b)
7=0
and
1 2k + 1 > yF
fappo(@) = <:c + $>Qk($) + (1)k< 1: > + Zl Z—Jj (5.23a)
im
Forpa(®) =D 7% (5.23b)
i=0 ¥

Let us now consider the function

Ok = fort1f — fory2 € AL
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A straightforward computation using (5.20), (5.22) and (5.23) shows that near Q%
and (), we have

g (@) = 8% + (—1)F <2kk+ 1) +O(1/2), (5.24a)
gy () = 5y + (0F — ) + O(1/y). (5.24b)

If 6% # 0, the function gy will correspond to a difference operator from Az, with
support [—1,0], which would imply that L is a constant coefficient operator, con-
trary to our assumption. Thus

k=0 (5.25)
and gx(P) is a constant (depending on k). Next, we define

b = farss — (2 — farsr + (~1)F (2’“ N 1); €A,

We have
b (x) = —0Fx — 05 + O(1/xz), (5.26a)

e = (<ot + Cor () Y- st voum. G2

and the same argument as above shows that b, + 6¥f + 05 = 0, i.e.

2k+1
forys — (F° — 4)fars1 + (‘Uk( I )f‘f' 8f+ 05 =0. (5.27)
In particular, this equality implies that
2k+1
(Sk _ 6lk k+1 59
F (0, (5.28)
ok = otk (5.29)

We want to show now that for every k > N, around (), we have
Forsr (W) = ax(1/y) + Zl i (5.30)
i=

From equations (5.14), (5.20), (5.22a) and (5.27) we deduce that the coefficients

5;? in the expansion of the function f;k+1(x) —qx(x) = Z] 1 J/xj satisfy the
following recurrence relations:

o8 = o1 4 367, (5.31a)

0o =01t 4205 — 57, forj>2. (5.31b)

The same argument shows that the same relations will be satisfied by the coef-

ficients in the expansion of the function f;, , ,(y) — qr(1/y). Thus, to prove that

(5.30) holds, it is enough to show that the coefficient of 1/x7 in f;k+1(x) — qi(x)

is equal to the coefficient of 1/y7 in forp1(y) — qe(1/y) for j = 0,1,2 and every
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k > N. It is easy to see that the equality of these three coefficients is equivalent
to equations (5.25), (5.28) and (5.29), completing the proof of (5.30).
Next, we define

Pr = 2far1 — Pr(f) € Ar.

Using equations (5.13), (5.15), (5.22a) and (5.30) we see that p;(P) has the fol-
lowing expansions near Q1 and Q:

(o) 5k 1 2k-+1 %) :
pf (@) = an(@) —au(1/m) +2) % = (w——) +2) 2L, (5.32a)
j=1

% sk 1\ 2k+1 o sk
puw-=ﬂuw+quum+a§j;;_—<y__) ) D MECEED
j=1 -

We now use the fact that p; and f satisfy an algebraic relation of the form

pi. = prT1(f) + Ta(f) (5.33)
for some polynomials 77 and Tb. It is easy to show that 73(f) = 0. Indeed, if
we assume that 71 (f) = rf* + --- for some nonzero constant r, then the function

prT1(f) has the following expansions near Q% and QL :

ra?PHFs L O(2?%%)  in a neighborhood of Q7
—ry?k s L O(y?*+%)  in a neighborhood of Q.

peT1(f) = {

On the other hand, from equations (5.32) it is clear that if

re' 4+ O(z!=')  in a neighborhood of Q7 ,

2 —_ =
P~ To(f) { —ry' + O(y'™1)  in a neighborhood of Q,

for some nonzero constant r; then I < 2k, leading to a contradiction. Thus T} (f) = 0
and therefore (5.33) reduces to

pi = Ta(f). (5.34)

We can now show that 5;? = 0 for all j € N, which implies that Ty (f) = (f* —4)%F+1.
Indeed, let (5?0 # 0 for some jy € N and let jy, be the minimal possible. Then we
can rewrite (5.34) as

Pk — (17 = 9P = Ta(f) — (7 — 9 (5.35)
The left-hand side of (5.35) has the following expansions near Q¥ and QL :

9 9 b1 45;“0x2k+1*j° + O(x?*=9)  in a neighborhood of Q7 ,
pr — (17 —4) =9 % 2kt1-jo 2k—joy - -
465y +O0(y ) in a neighborhood of Q.

Again we get a contradiction because clearly the highest coefficients in the ex-
pansions of Ty(f) — (f> — 4)%**! near Q% and Q5 must be equal. Thus (5.34)
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becomes
Pk = (17 — 9% (5.36)
Notice that the curve given by the last equation is exactly the spectral curve

Spec(Ay k) in (5.4). Thus, we conclude that the spectral curve X is rational and
choosing an appropriate parametrization we have

AN,N C Ar C (C[x,afl].

From Corollary 5.2 it follows that A = An, n, for some N1, No € Ny with N; +
Ny > 0 (because L is nonconstant). Moreover, as we saw at the beginning of the
section, equation (5.7) must hold. Let ¥, (z) be the Baker function for An, n,,
i.e. the function in formulas (5.3a)—(5.3b). Then the Baker function for Ay is
U, (z) = ¢ "W, (). Thus

LU, (2) = G(x 4 é) +d> B, (2).

Equation (5.36) shows that for k large enough the function

(o)

must be the square of a rational function. It is easy to see that this can only
happen when d = 0 and ¢ = £1, which means that L = Ly, n, or L = Ly, n,,
finishing the proof. t

Remark 5.5. We can easily reformulate Theorem 5.4 in terms of the vector fields
X} of the Toda lattice hierarchy (2.1). For every k € N let

(5.37)

0 if kis odd,
L =
1 if k£ is even,

and let us define

(k0! G (17 (k- 1)/2] )
D) 2 7 G- 2)
where X;(L) = [(L?)4, L]. Then the operators Ly, n, with N1 + Ny > 0 can be

characterized as the only nonconstant properly bordered second-order difference
operators of the form L = E + b,Id + a, E~! satisfying the constraints

Yi(L) = Xk—2;(L),  (5.38)

Yi(L) =0 for every k large enough. (5.39)

We end this section by giving an explicit formula for Yy, in terms of the vector
fields X; defined in Theorem 4.4. The proposition below will be needed in the next
section when we want to characterize the operators having specific heat kernel
expansions.
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Proposition 5.6. The vector fields Yy, defined by (5.38) can be rewritten as a linear
combination of the vector fields X}, corresponding to the flows of the system (4.3),

as follows:
L(k—1)/2]
21 k
n= 3 0 (1- e () K (5.40)

=0

where €, is defined in (5.37).
Proof. Using (4.7) and (5.38) we get

SR LAy B VA (GRS VTR

(k=2 = G (e - 2))!

[(k—1)/2]—3 .
k—2j
x E : ( ; ) h—2i—2;

i=0
L[(k-1)/2]
= Z Ryea X o,
1=0

where

l j _ 4 — 99
= (k=c0) Z(—1) (Ltk —1)/2] = j)!(k — 2j)! (5.41)

(k-2 gt (ke =210 = )k - 1= )Y
We now consider separately the cases when £ is odd or even.

Case 1. Assume first that k is odd, i.e. K = 2s 4+ 1. Then ¢, = 0 and equation
(5.41) gives

R25+1,l -

(25 4+ 1) = (—1) (s — )
5! go B (=)@ +1—1—j)

_ <2$l—|—1>2F1(—l,—2i8—1+l ;1)

(1)

where in the last line we used the Chu—Vandermonde formula to evaluate the o FY,
and (a); = a(a+1)---(a+1—1) denotes the shifted factorial. This completes the
proof in the case when k is odd.

Case 2. Assume now that k is even, i.e. k = 2s+2 and therefore e, = 1. A similar
computation gives
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Rogi2 =2

(25 + 1) < (—1) (s+1—j)!
! ;0 B (=)@ +2—1—j)!

_ (25 l—i— 2>2F1 (—l, 1253:12 +1 ; 1)

(P e

which completes the proof. [l

6. Finite heat kernel expansions

In this section we prove that the operators Ly, n, constructed in the previous

section can be characterized as the only operators for which the heat kernel can be

written as a sum of only two Bessel functions with polynomial (in ¢) coefficients.
We work below with series of the form

> p(r)(20), (6.1)

r<k

where p(r) is a polynomial in 7, and before we state the main result, we establish
several properties of the series (6.1). Using (1.7) we see that for > 0 we have

"= [t |t
11_,(2t)] < [0 L7 < uelt\z.

7l j!
=0 7

rl

Thus if || < T, then |[I_,.(2t)| < (|T|" /r)elT. Since for every polynomial p(r) and
every positive constant T the series > 2 (|p(—r)|/r!)T" converges we conclude
that (6.1) converges absolutely and uniformly on bounded sets.

The next lemma allows us to identify polynomials p(r) for which the sum of
the series (6.1) can be written in a simple closed form.

Lemma 6.1. For every m € N and k € Z we have

tI2t) = (D™ Y AL, (6.2)
i<k
i=k+m (mod 2)
where )
mk _ ? N
A" = T Hl:[ ((k+4)* — ). (6.3)
Jji<m

j=m (mod 2)
Proof. The proof can be obtained by induction on m using the identity
t(Te—1(2t) — Txy1(2t)) = kI(2t). O

Notice that A;"’k is an odd polynomial in ¢ of degree 2m — 1. Thus, as an
immediate application of the above lemma, we obtain the following corollary.
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Corollary 6.2. Let p(i) be a function which is an odd polynomial in i when i is
even or odd.* Then

> P Li(2t) = pr (8 1k (2t) + pa(t) I (28),
i<k

where p1(t) and p2(t) are polynomials of t such that p1(0) = p2(0) = 0.
We can now formulate and prove the main result in this section.

Theorem 6.3. Let L = E + b,Id 4+ a,E~' be a properly bordered second-order
difference operator. Then the following conditions are equivalent.

(i) The operator L can be obtained by a sequence of Darbouz transformations
from the operator Lo = E + E~' at the end points +2 of the spectrum, i.e.
L = Ly, N, for some Ni,Na € Ny and for some specific values of the free
parameters in the Darbouz process (5.1).

(ii) The fundamental solution of the discrete heat equation (1.2) can be written
as

u(n,m;t) = (L + p1(n,m; ) In—m(2t) + pa(n, m; t) I —pm—1(21), (6.4)

where p1(n,m;t) and p2(n,m;t) are polynomials in t with coefficients depend-
ing on n and m, such that p1(n, m;0) = pa(n,m;0) = 0.

6.1. Finiteness of the heat kernel for the operators Ly, n,

The implication (i)=-(ii) is essentially proved in [15], except the fact that exactly
two Bessel functions (I,,—,, and I,,_,,—1) are enough. This can be deduced from
the arguments given there combined with Corollary 6.2. We explain below the
main steps of the proof together with the essential ingredients from [15, 18].

We consider the operator Ly, n, obtained by the sequence of Darboux trans-
formations (5.1) and the corresponding maximal commutative ring Apn, n, of dif-
ference operators that contains Ly, n,. From (5.1) one can deduce that Ly, n,
and Lo = E + E~! are related by the intertwining relation

QLo = Ln, n,Q, (6.5)
where
Q=9n+N,—1 - 2190.

Equation (6.5) implies that ker @ is preserved by Lo, i.e. Lo(ker Q) C ker Q. Con-
versely, one can show by induction on the order of @} that if two operators L
and L = Lp, n, are related by (6.5) for some difference operator @, then L can
be obtained by a sequence of Darboux transformations from Lg. The fact that
we iterate the Darboux transformation only at +2 means that the operator Lg
restricted to ker @ has 2 and —2 as eigenvalues with multiplicities Ny and No,

IEquivalently, we can say that p(i) = p(3) + (—1)*p(4), where p(i) and p(i) are odd polynomials
in 4.
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respectively. This allows us to reconstruct ) explicitly from its kernel as follows.
We define functions gbf, ceey qﬁ}l and ¢, ..., ¢y, such that

(Lo —21d)¢] = ¢ for j=1,..., Ny,

Jj—1

(Lo +21d)¢; = ¢, for j=1,..., N,

with the convention that ¢ = ¢; = 0. Let Wra denote the discrete Wronskian
(Casorati determinant) with respect to the variable n,

WI‘A(fh ey fk) = det (Aiilfj)lgi,jgk.

Then the operator (), normalized to be monic, is defined by,
T NG ST NP AT
WI'A(QST,. . '7¢]4\_]17¢1_7' . '7¢;/2)

The Baker function for the ring Ay, n, can be written in terms of the operator @
by

(6.6)

1
(z —1)Ni(z+1)
Using the explicit form of the functions qﬁ;t and equations (6.6) and (6.7) one

can show that W, (1/x) and x¥},_,(z) are equal up to a multiplicative constant
independent of x, i.e.

T, (2) = Q™). (6.7)

U, (1/x) = cpa¥y (). (6.8)
Finally, we can use the above information to prove that ¥, () and U¥(z) satisfy
the orthogonality relation

1

3 b, U, (2)Vy () de = 6y m, (6.9)
where C' is a simple closed contour around the origin, avoiding the points z = £1.
The proof of (6.9) can be obtained as follows. Notice first that ¥, (x) and ¥ . (x)
have poles only at +1. However, the spectral curve has cusps at these points and
since the differential W,, (x)¥y . (z) dx is regular on the affine curve Spec(An, n,)
we deduce that the residues at © = +1 are equal to zero. Using the explicit formulas
for W,,(x) and ¥, ., (x) we see that expanding around x = 0 for m < n we have

V()W 4(2) =+ (G + (),

which establishes (6.9) for m < n. When m > n we replace x by 1/z in (6.9), and
applying (6.8) we obtain zero by the bilinear identity (2.9). We refer the reader to
[18] for detailed proofs of all statements in the above construction.

From (5.3a) and (6.9) it follows that the fundamental solution for Ly, n, can
be written as

1 .
u(n,m;t) = E?{jet(x"’l/“)\lln(x)\l/fnﬂ(x) dx. (6.10)
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Since
et@t1/a) — Zxkfk(Qt)
kez
we can deduce from (6.10) that

u(n,m;t) = Z ag(n,m) Lk (2t),
k=0

where
1

o j[c Y ()W (2) da. (6.11)

ag(n,m) =
Using the last formula, we prove that for £ > 1 running over the even or the odd
integers, ax(n,m) is an odd function of n — m — k with coefficients depending on
n and m. The statement will then follow from Corollary 6.2.
The idea of the proof is to write z*~"+™ in (6.11) as [x*~"t™ — p(z,n —m —
k)] +p(z,n—m—k) for appropriate p(z,n —m — k) which is a Laurent polynomial
of z, and an odd polynomial of n —m — k. We want to pick p(z,n — m — k) so
that f(z) = a* "™ — p(x,n —m — k) € AN, n,. Then there exists a difference
operator Ly = Z{SK_ w(n)E' € Ay, n, and therefore

K
f(@)Vn(z) = Ly¥n(z) = Z t(n) ¥ ().
I=K_

If the interval [n 4+ K_,n + K] does not contain m we deduce from (6.9) that

2 7{ J \I]mﬂ( @) dz =0,

and therefore formula (6.11) will give

L, fcp(x, n—m— k)W, (2)¥;, () dz,

ag(n,m) =
K ) 27

completing the proof. The main problem now is to construct a class of Laurent
polynomials in Ap, n, which allows implementing the above idea. The key ingre-

dient is the following proposition established in [15].
Proposition 6.4. Let N > max(Ny, Nao), and let lo,l1,...,In be distinct nonzero
integers such that l; = I, (mod 2) and l; + Ik # 0 for 0 < j,k < N. Then

N .Ilk

kzzo U Hj;ék(lz - ZJQ)

To complete the proof, we fix n and m, and we choose ¢ = 1 or € = 2 so that
k =€ (mod 2). Let N = max(N7, N2) and define

€ Ay, v, (6.12)

N-1

: -2 2
mi0) = s g (J+25)2 — (J+ 202
l#s
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Clearly, h%(j) is an odd polynomial of j. Now we can rewrite (6.11) as follows:

1
an(n,m) = 2_7”?{ (k- Z (k= m)a ) W ()W () e
— h (k —n+ m) s *
+ ; e %C 2T, (1) () da. (6.13)

We need to define J depending only on n and m so that

2%]{ ( h-ntm _ Z B (k fn+m)zj+2s)\lfn(x)\l’fn+l(x) dr =0  (6.14)
for every k, because then the right-hand side of equation (6.13) will clearly be an
odd polynomial of n — m — k with coefficients depending on n and m.

Assume first that n < m and take J = m —n+e If 1 < k < 2N, then
k—n+m = J+ 2s for some s € {0,1,...,N — 1} and (6.14) is obvious because
the polynomial

N-1
f($> — xk—n+m _ Z h}(k —n4+ m).TJ+23
s=0
is identically zero. If k > 2N, then f(z) € An, n, by Proposition 6.4 and therefore
f(z)¥, () can be written as a linear combination of

{Whtm (), Yim—1(2)s - -+, Urnpe(2)}
and thus (6.14) follows from (6.9).

If n > m we can use a similar argument by taking J = n — m + €. This
completes the proof of the implication (i)=-(ii). O

6.2. Characterization of Ly, y, in terms of the heat kernel

In this subsection we prove that (ii) implies (i) in Theorem 6.3. Assume first that

L is a nonconstant second-order difference operator. The strategy of the proof is to

show that (5.39) holds using (5.40) and then apply Theorem 5.4 and Remark 5.5.
From (6.4) we see that

u(n,n;t) = Io(2t) + p1(n,n; ) 1o(2t) + pa(n,n;t)1_1(2t). (6.15)
On the other hand, (1.4) gives

u(n,n;t) = Ip(2t) + Zak(n,n)f_k(Qt). (6.16)
k=1
Using equations (6.15)—(6.16), the fact that the coefficients ay(n,n) in the expan-
sion (6.16) are uniquely determined by wu(n,n;t) and Lemma 6.1 we see that for
k > 1 running over the even or the odd integers, ay(n,n) is an odd polynomial
in k with coefficients depending on n. Similarly, using again (6.4) and writing
u(n 4+ 1,n;t) as
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u(n +1,n;5t) = I1(2t) + pa(n + 1,n5) 1o (2t) + p1(n + 1,n5)1-1(21),

we conclude that for £ > 1 running over the even or the odd integers, a1 (n+1,n)
is an odd polynomial in k with coefficients depending on n.

Let 2N — 1 be the maximal degree of the four polynomials of k: a(n,n)
when k is odd/even and ay41(n + 1,n) when k is odd/even. We show below that
Y (L) = 0 for all £ > 2N + 1. From (5.40) and (4.3) it follows that it suffices to
prove that if f(x) is an odd polynomial of degree at most 2N — 1, then

Sy (1 - %‘“) @f(k ~2)=0 (617

1=0
for every k > 2N + 1, where ¢}, is defined by (5.37).
If k is odd, i.e. kK =2s+ 1, equation (6.17) reduces to

Zs:(—nl (28 l+ 1>f(23 +1-20)=0. (6.18)

1=0
Since f is odd, we see that the left-hand side of (6.18) is equal to

2s+1

—Z (28+1>f(23+1—2l)

and therefore (6.18) is equivalent to
25+1
2 1
> (—1)l< 5; )f(2s +1-20)=0. (6.19)
1=0

Equation (6.19) will follow immediately if we can show that for every polynomial
F(z) of degree less than j, we have

Zj:(—l)l (?) F(l) =0. (6.20)

l_
The proof of the last identity is straightforward:

S (oo Fr()e]

If k is even, i.e. k = 2s + 2, then (6.17) is equivalent to

i:(_nl (25 z+ 2) (25 +2 — 20)f(25 + 2 — 21)

= [F(az)(l - ez)j”zzo = 0.

2=0

2542
= % Z(—l)l<281+2)(25+2—21)f(2s+2_21) =0,

which follows again from (6.20).
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It remains to prove the statement when L has constant coefficients, i.e. L =
E+bld+aE~!, where a and b are constants and a # 0. In this case, we can write
an explicit formula for w(n,m;t) and calculate ag(n,m). For the fundamental
solution we obtain

1

u(n,m;t) = %ﬁe(z"’b"’a/z)tz”_m_ldz, (6.21)

where C' is a simple closed contour around the origin. Let w be such that z + b+
a/z=w+1/wand w — 0 as z — 0. A short computation using (6.21) shows that

a(0,0) = resy—o (%), (6.22)

where

q(w) =1 — 2bw + (2 + b* — 4a)w? — 2w + w*.
In other words, the «ay(0,0) are the coefficients in the expansion of the function
(1 —w?)/y/q(w) around w = 0. We know from Lemma 6.1 that if (6.4) holds for
m =n = 0 then a(0,0) must be an odd polynomial in k for k odd or even. Let

(0,0) = B1(k) when k is odd,
"~ | B2(k) when k is even.

Then
> ak(0,0)w* = By (wd, ZwQJ Lt Bo(wd) > w?
k=1 j=1 j=1
w?  polynomial of w
- 61(11}611}) _ + ﬂ?(wa ) wz - (1 _ w2)K )

showing that Y=, oy (0,0)w" must be a rational function of w with denominator

having zeros only at w = £1. This implies that the only possible choices for q(w) in

(6.22) are (1—w)?, (1+w)?* and (1 —w?)2. But the first two are clearly impossible

(because ay(0,0) become nonzero constants when k is even or odd), leading to
)

q(w) = (1 — w?)?, which is equivalent to b = 0, @ = 1. Thus L = Ly, completing
the proof. O
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