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Abstract. We give a geometric proof of the following well-established theorem for o-minimal
expansions of the real field: the Hausdorff limits of a compact, definable family of sets are definable.
While previous proofs of this fact relied on the model-theoretic compactness theorem, our proof
explicitly describes the family of all Hausdorff limits in terms of the original family.
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Introduction

Let R be an o-minimal expansion of the real field; throughout this paper, definable
means “definable in R with parameters from R”. We refer the reader to [4] or
[5] for the basic properties of o-minimal structures used in this paper; however,
since the dimension of definable sets is fundamental to this paper, we quickly give
a definition sufficient for the present setting. By Theorem 2.11 in [4, Chapter 3],
every definable set S C R™ is a finite union of (embedded) topological submanifolds
of R™ (n € N), each again definable. Therefore, we define

dim S := max {dim M : M C S is a def. top. submanifold of R"},

where dim M is the usual topological dimension of M. As verified in [4, Chapter
4], this defines a dimension for definable sets, and for definable manifolds this
dimension agrees with the usual manifold dimension.

We now fix an arbitrary bounded, definable set A C R™*" and we write
A" = 1I,,(A), where II,,, : R™*" — R™ is the projection onto the first m co-
ordinates, and A, = {x € R": (a,z) € A} for a € R™. In this paper, we describe
the Hausdorfl limits of the family (A,)qcar as follows.

Theorem. Assume that A, is closed for every a € A'. There exist M > m and a
definable, compact B C RM*" such that, with B' = I ;(B),
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(1) for every a € A’ there is b € B’ with A, = By;

(2) for every subsequence (b;)ien of B’ such that limb; = b, the limit lim By,
exists and equals By;

(3) dim B’ =dim A" and dim{be B': By # A, forallac A’} <dim A’.

L. Brocker [2] proved the theorem in the case where R is the real field. D. Marker
and C. Steinhorn [7], and later A. Pillay [8] show that types are definable in any
R, which implies the theorem. A more precise statement of the theorem along the
lines below, as well as a different model-theoretic proof, was recently announced
by L. van den Dries [3].

To be more precise, we let k), be the space of all compact subsets of R” equipped
with the Hausdorff metric. (We consider ) € IC,, with d(A, §)) = oo for all nonempty
A€ K,.)Let Fs : R™ — K,, be the map defined by F4(a) := cl(A,). We associate
a dimension to the image F4(A’) of A’ under F4 as follows (see [3] for more details).
The quivalence relation ~ defined on A’ by a ~ b if and only if A, = A, is definable.
Thus by Proposition (1.2)(ii) in [4, Ch. 6], there is a definable set A” C A’ of
representatives. Then F4(A"”) = F4(A’), and we put dim F4(A’) := dim A”. (The
reader may easily verify, using [4, Ch. 4], that this dimension is well defined.)

Convention. Given a sequence (a;) € A’, we say that the sequence (A4,,) con-
verges to C € K, if the sequence (cl A,,) converges in K, to C, and in this
situation we write C' =1lim A4,,.

Let F C K,; we refer to any point in clg, (F) as a limit set of F. Note
that L € KC,, is a limit set of F4(A’) if and only if there is a sequence (a;);en of
parameters in A’ such that lim A,, = L. We say that F' C I, is definable if there
are k and a definable family B C R**" such that F = Fg(II(B)).

With these notions, the theorem above can be restated as

Theorem 1. Let F C IC,, be definable. Then cl, (F) is definable and
dim(clg, (F)\ F) < dim(F).

Following Van den Dries’s lecture at Luminy in June 2001, we came up with a
geometric proof of Theorem 1 using the foliation techniques developed in our paper
[6]; we now give a summary of the main ideas involved. Theorem 1 suggests that
the function F4 is “modelled” by a definable function in the following sense:

Definition. A bounded, definable function f : A’ — RF represents F if the
map
(a’7 f(a’)) = Cl(Aa) : grf — K:n

has a continuous extension to cl(gr f). (Throughout the paper, grh denotes the
graph of h, for any function h.) In other words, a definable f : A’ — R represents
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Fy if and only if for any two sequences (a;) and (b;) of parameters in A’ such that
lim(a;, f(a;)) and lim(b;, f(b;)) exist, the limits lim Ay, and lim Ay, also exist and

lim(a;, f(a;)) = lim(bj, f(b;)) == limA,, = lim A,,.

Indeed, we prove Theorem 1 by establishing
Theorem 2. F'y has a definable representation.

To define a representation of Fs, we would like to uniformly select points in the
limit sets of F4(A’); but since the set of all sequences of parameters in A’ is not
definable, we need another way to characterize these limit sets. Thus, for any set
S C R* we define fr(S) = cl(9) \ S, and we put

fi'(A) = {(a,z) € A’ xR": z € fr(A,)}.

First, by cell decomposition we may assume that A is a C'-cell. We then view
the fibers of A as the leaves of a (trivially obtained) distribution on A. Using the
jet space techniques developed in our paper [6], we blow up this distribution on
A to obtain a finite collection of new integrable distributions. These distributions
depend only on A and not on any particular limit set of F4(A’). We then show
(Proposition 8) that every limit set of F4(A’) is, outside of the corresponding limit
set of Fpr(4)(A’) (roughly speaking), a union of integral manifolds of these new
distributions.

Second, since the fibers of fr’(A) have strictly lower dimension than the fibers of
A, we will be able to assume inductively that Fy(4) has a definable representation,
say g : A’ — RF. Replacing the parameter space A’ by the graph of g (a procedure
we call lifting A via g, see Definition 10), we can definably subtract the family of all
limit sets of F(a)(A’) from the domains of the distributions found above. Inside
the remaining smaller domains, any limit set of F4(A’) will actually be a union of
leaves of the (correspondingly restricted) distributions.

Third, as any leaf of an integrable distribution is uniquely determined by any
one of its points, we can then define a representation f of F4 using a definable
choice argument on (the lifting of) A, see Section 4.

What complicates matters is that the above procedure only works as described
for those new distributions whose domains are (roughly speaking) open subsets of
cl(A). To deal with this problem, we need to choose a stratification compatible
with the domains of the new distributions and then proceed essentially as above
by reverse induction on the dimension of the strata. Correspondingly, the notion
of representation needs to be relativized to each stratum.

Finally, Theorem 1 follows from Theorem 2 by applying the lifting argument
once more (see Corollary 12).

Throughout this paper, we let ||z| := max{|x1],...,|zx|} for € R*. Given
z €R"™ and 0 > 0 we put B(z,0) ={y e R": ||z —y| < d}.
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1. Limits of n-bounded fibers

Let A C R™*" be as in the introduction. In this section, we obtain a local desciption
of the limit sets of F4(A’) in the case where the fibers of A are sufficiently smooth.
More precisely, we fix p > 0 and assume in this section that A is a CP-cell. Thus,
for each a € A’, the fiber A, is a CP-cell of dimension d < n, A’ is a CP-cell of
dimension d’ < m and dim A = d’ + d.

First, we write A as a finite union of sets of the following nature: given n > 0,
a Cl-manifold V' C R” of dimension d is n-bounded if for all x € V there is
a matrix L = (l;;) € Myu_q4(R) such that ||L|| := max;;|l; ;| < nand T,V =
{(u,Lu) : uweR}.

Remark. Let n > 0 and V C R" an n-bounded, embedded manifold of class C!
and dimension d. Then for any = € V, there is an open box U containing = and
an dn-Lipschitz map f : I14(U) — R"~< such that V N U = gr f (here the notion
“Lipschitz” is used with respect to the norm || - ||).

For the next lemma, we let 3, be the set of all permutations on {1,...,n}.
For o0 € ¥,, we also denote by ¢ : R* — R"™ the permutation of coordinates

o1, n) = (To(1), -+ To(n))-

Lemma 3. Let E C R" be a linear subspace of dimension d. Then there exist
o € ¥, and a matriz L € M,,_q4(R) such that |L|| < 1 and o(E) = {(u, Lu) €
R" : u € R%}.

Proof (by Stéphane Lamy). Given a basis {v1,...,v4} of F and o € ¥,,, we denote
by (v1,...,v4)s the (signed) volume of the parallelepiped in R? spanned by the
vectors Ig(o(v1)), ..., g(c(vg)), and we choose a op € ¥ such that the absolute
value of (v1,...,v4)0, is maximal. Since the map (v1,...,v4) — (v1,...,04)o 18 d-
linear for each o, we see that oy is independent of the particular basis considered;
we claim that the lemma works with o = oyg.

To see this, we assume for simplicity of notation that o is the identity map on
R"™. Then II4(E) = RY, so there is a matrix L = (I; ;) € M,,_q,4(R) (with respect
to the standard bases for R? and R"~%) such that E = {(u, Lu) : u € RP}. Let
{e1,...,eq} be the standard basis of R?, and consider the vectors vy, = (ey, Ley) €
E for k = 1,...,d; clearly {v1,...,v4} is a basis of E. For i € {1,...,n — d}
and j € {1,...,d} we denote by o0;; € ¥ the permutation that exchanges the
j-th and the (p + i)-th coordinates. Then l; ; = (v1,...,va)s, , for all 4,7, and the
maximality of |(v1, ..., V)| gives |li ;] < |(v1,...,v4)s,] = 1 for all ¢ and j, and
hence | L|| < 1, as required. O
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Corollary 4. For each o € 3, there is a definable open subset A, of A such that

A= 4,
oceEY,
and for every a € R™, the set 0((Ay)a) is a 2-bounded, embedded manifold of
dimension d and class CP.

Proof. Let G¢ be the Grassmannian of all d-dimensional vector subspaces of R”,
considered as a compact algebraic submanifold of R (see [1, Section 3.4]; in the
next section, we discuss related notions in more detail). The set & = {E € G¢ :
L € M,,_q.4(R) such that ||L|| < 2 and E = {(u,Lu) : u € R4}} is an open,
semialgebraic subset of G¢, and the map g : A — G¢ defined by g(a,z) = T, A4
is definable. The corollary now follows from Lemma 3. O

Next, we prove a basic fact about limit sets of F4(A’) in the case where the
fibers of A are n-bounded. Let N € N (obtained by o-minimality) be such that for
any a € R™ and any open box U C R", the set A, N U has at most N connected
components.

Lemma 5. Let n > 0 and assume that for each a € A’, the fiber A, is n-bounded.
Let (a;) be a sequence in R™ such that both im A,, and lim fr(A,,) exist. Then for
every x € lim Ay, \lim fr(A,,) there are a box U C R™ containing x and dn-Lipschitz
functions fi,..., fx : Mg(U) — R4 such that

limA,, NU=(gr finU)U---U(grfnnU).

Proof. For simplicity of notation, we assume throughout the proof that n = 1; the
proof for general 7 is similar. Let x € lim A4,, \ limfr(A4,,), and choose € > 0 such
that B(z,3¢) Nfr(A,,) = 0 for all ¢ (after passing to a subsequence if necessary).
We let U = B(x,¢) and V =I14(U) x W, where

Wz{wER"_d: |wk—xd+k|<3d€fork:1,...,n—d}.

We now fix an i. By our assumptions, for any u € I14(U)

(*) there is a § > 0 such that A,, N (B(u,0) x W) is the union of at most N

disjoint graphs of d-Lipschitz functions from B(u,d) to W.

Let € A,, NU; we claim that the component C' of A,, NV that contains z is the
graph of a d-Lipschitz function g : TI4(U) — W.

To prove this covering property, we choose § as in (x) for u = IIz(x) and let
g : B(u,d) — W be the corresponding d-Lipschitz function such that g(u) =
(Td41,---,Tn). We extend g to all of II;(U) as follows: for each v € 9Il4(U), we let
v' € [u,v] be the point closest to v such that g extends to a d-Lipschitz function
g» along the line segment [u, v'] satisfying gr(g,) C A,, N V. Then (*) implies that
v = for each v € 9l (U).



382 J.-M. Lion and P. Speissegger Sel. math., New ser.

Moreover, the extension g : II;(U) — W defined in this way is continuous
(and hence d-Lipschitz): let v € II4(U) be such that g is continuous at v" for
every v' € [u,v). Let &' be obtained for this v in place of u as in (x), and let
hi,...,hq : B(v,6") — W be the corresponding distinct d-Lipschitz functions.
We assume that g(v) = hq(v). Shrinking ¢’ if necessary, we may assume that
there is p > 0 such that for any s,t € B(v,d’) and any 1 < k < [ < ¢ we
have |hg(s) — hi(t)] > u. Let v € [u,v) N B(v,d’) be close enough to v so that
lg(v") — g(v)| < p/4; then g(v') = hq1(v') as well. Since g is continuous at ', it
follows that g(s) = hi(s) for all s sufficiently close to v’. But then the continuity
of g along the radial segments [u,t], t € 0II4(U), and our choice of ¢’ imply that
g = h1 in a neighbourhood of v. This proves the claim.

By the claim, for all ¢ there are definable d-Lipschitz functions f1,..., fn :
II4(V) — R" % such that every connected component of A,, NV intersecting
U is the graph of some f;; and for all [,I’ € {1,...,N}, either f;; = fy,; or
gr fiiNer firi =10, and

Aai NnU = (grfu ﬁU) U---U(grfNyiﬁU).

Passing to a subsequence if necessary, we may therefore assume that each sequence
(fi.4)i converges to a d-Lipschitz function f; : I4(V) — R"~% Clearly gr f; C
lim A,,. On the other hand, if 2’ € lim A,, N U, then 2’ € lim(A,, NU), so by the
above ' € lim(gr f;; NU) for some [, that is, 2’ € gr fi. O

2. Blowing up in jet space

We denote by G¢ the Grassmannian of all d-dimensional vector subspaces of R",
considered as a compact algebraic submanifold of R™” (see [1, Section 3.4] for de-
tails). We shall not notationally distinguish between d-dimensional vector subspaces
of R™ and the corresponding elements of G¢.

Let p > 1 and V C R™™. We call V a fiberwise manifold of class C?
if V, is a submanifold of R™ of class C?P for each a € R™. Assume that V is a
fiberwise manifold of class C? and let ¢ < p. A map g : V — G< is called a
fiberwise d-distribution on V of class C? if for each a € II,,(V), the map
ga : Vo — G given by g,(z) = g(a,z) is a d-distribution on V, of class C?. (If
V' is a manifold, we can associate a d-distribution g: V — an+n to g by putting
g(a,z) = {0,,} x g(a,z), where 0,, is the origin of R™.)

Let g : V — G% be a fiberwise distribution of class C9. We say that g is
tangent to V if g(a,z) C T,V, for every (a,z) € V. A manifold Z C V is an
integral manifold of g if there is an a € R™ such that Z = {a} x Z, and
T.Z, = g(a,z) for every x € Z,. (We do not assume that an integral manifold is
embedded or connected, and we consider the empty set to be an integral manifold of
any fiberwise distribution). The fiberwise distribution g is integrable at (a,z) € V
if there is an integral manifold of g containing (a,z). We simply say that g is
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integrable if g is integrable at every (a,z) € V.

Remark 6. As discussed in [6, Section 1], if V and g¢ are definable and of class
C?, then the set {(a,z) € V : g is integrable at (a,x)} is definable.

Below we put ng := n and ng := ng_1 + n(21_1 for ¢ > 0, and for 0 < r < g
we let 7d : R™*"a — R™*T7r he the projection on the first m + n, coordinates.
Clearly the values ng, ...,nq depend on n, but we shall not explicitly indicate this

dependence as it will usually be clear from context. Similarly, we generally omit
mentioning m (as for instance in the notation “r¢”). Finally, we put J? := R™ and
J9:=R" foLO X o foqufl for 1 < g <p.

Definition 7. Assume that g is tangent to V' and of class C'? for some ¢ < p. For
r € {0,...,q}, the r-th blow-up b" g of g is obtained as follows: VgO =V and

bY g := g, and for r > 0 we let V)= gr(b" ! g) and
b"g:= (ﬂ:_l{VgT)* bt g,

the (fiberwise) pull-back of b" !¢ via 71';“_1|Vgr. Note that for each a € R™ and
r > 0 we have b" g, = (b" g)a.

Example. The fiberwise Gauss map g : V — G¢ defined by g(a,z) = T,V,
is a fiberwise distribution of class CP~! on V that is tangent to V and integrable.
In this case, we simply write V7 in place of V!, for ¢ =0,...,p.

We now return our attention to the definable set A. We assume throughout this
section that A is a CP-cell; so the set A? is a CP~9-cell that is also a fiberwise
manifold for each ¢ = 0,...,p, and AZ is a CP7%-cell of dimension d. Moreover,
md(fr'(A9)) = fr'(A") for all 0 < r < g, because each A? is bounded.

For the next proposition, we write A = |J A, such that the set 0((Ay)q) is
2-bounded for each o € ¥,,, as obtained from Corollary 4, and put

B=|J &' ((4)").
ocEX,
Let C C R™*" be a definable, fiberwise manifold and g : C — G¢ a definable,
fiberwise distribution on C, both of class C%. Put D = gr(g) C R™ x J*. We assume
that
(i) D C fr(AY) N1IL (fr A'), and there is a definable W C fr(AY) N 11 t(fr A7)
such that for any a € fr(A’), both W, and W, U D, are open in fr(A'),;
(ii) if there exists an (a,x) € C such that g,(z) C T,C, and g, is integrable at
x, then g is tangent to C' and integrable.
(The W in (i) will appear in the proof of Theorem 2 as a result of the necessary
relativization described in the introduction.) For any subsequence (a;) of A’ such
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that a; — a and lim A} and lim B,, exist, we put

Lay = (Do Nlim A} )\ (lim B, U cl(W, Nlim A4} )).

Proposition 8. Exactly one of the following holds: either
(1) Lg;y = 0 for all subsequences (a;) of A’ converging to a such that a; — a
and lim A} and lim B,, exist; or
(2) g is tangent to C' and integrable, and for any subsequence (a;) of A" such
that a; — a and im A} and lim B,, exist, the set L, is an embedded
integral manifold of b* g, and is open in lim ALll

Remark. Let 0 € ¥, and write o(a,r) = (a,7501),--.,%o(n)) for any (a,z) €
R™™ and oS = {o(a,z): (a,z) € S} for any S C R™". Then the conjugate
map g° =cogoo !:0oC — GY satisfies

gla,z) CT,C, ifandonlyif ¢7(c(a,2)) C Tes(0C)q.

Moreover, o induces a diffeomorphism o! : R™ x J! — R™ x J' defined by
ol(a,z,2') = (0(a,z),02") (here we consider x! as a subset of R" to which o is
applied; note that o! is also just a permutation of coordinates). Then

blgo _ 0_1 Oblgo (O'l)_l,

and if (a;) is a subsequence of A’ such that a; — a and lim A}, exists, then lim o A}
also exists and
(6D)o Nlimc A} =o' (D, Nlim A} ).

Proof of Proposition 8. By the remark, after replacing A by A, for each o € ¥,,,
we may assume for the rest of this proof that A is 2-bounded and B = fr’(A%).

Let (a;) be a subsequence of A’ such that a; — a and both lim A} and
lim fr(A})) exist and write L = L(,,). Assume that L # 0, and choose an arbitrary
(z,2') € L. Since W, U D, is open in fr(A'), and (z,z') ¢ cl(W, Nlim A}),
there is an open box V' C R™ such that (z,2') € V and cl(V) NlimA} C
D, \ (lim B,, Ucl(W, Nlim A}”)). Writing V' = Vy x V; with V C R™, we may also
assume that D, N (cl(Vp) x fr(Vi)) = 0, because D, is the graph of the continuous
map g, and C, is locally closed.

On the other hand, V Nlim A} =V Nnlim(V N AL ) =V Nlim(Ay); , where
Ay ={(a,y) € A: (y,TyA,) € V}. We now claim that = ¢ lim fr((Ay ), ): in fact,
the previous paragraph implies that fr(A,,) Ncl(Ay,q,) = 0 for all sufficiently large
i, and hence fr(Ay,,) C fr(V,) for all sufficiently large 4, which proves the claim.

We therefore apply Lemma 5 with Ay in place of A and n = 2, to obtain a
corresponding open neighbourhood U C IL,(V) of x and f1,..., fn. We let | €
{1,..., N} be such that = € gr(f;). We claim that f; is differentiable at z = IT(x)
with T, gr(f1) = g(a, z); since z is arbitrary, this then implies that each gr(f;) is an
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embedded, connected integral manifold of g,. Assumption (ii) and [6, Lemma 1.6]
now imply that g is tangent to C and integrable. Since (r,z') € L was arbitrary,
it follows that L is an embedded integral manifold of b' ¢, as desired.

To prove the claim, let f;; be the definable functions corresponding to f; as
in the proof of Lemma 5. After a linear change of coordinates if necessary, we
may assume that g,(r) = R? (the subspace spanned by the first d coordinates).
It now suffices to show that f; is n-Lipschitz at x for every n > 0, since then
T, gr(fi) = R So let n > 0; since lim(Av)! € D, = gr(ga) and z € C,, and
because C, is locally closed and g, is continuous, there is a neighborhood U’ C U
of x such that gr(f; ;) NU" is Z-bounded for all sufficiently large i. Thus by Lemma
5 again, f; is n-Lipschitz at x, as required. O

3. Lifting

As described in the introduction, we need to make our notion of representation
relative: Let W C R™*" and let M € N and f : A’ — RM. We say that f
represents 4 in W (or f is a representation of Fs in W) if
(i) f is bounded and definable, and
(ii) if (a;) and (b;) are subsequences of A’ converging to a and lim f(a;), lim f(b;),
lim A,, and lim Ay, exist, then

lim f(a;) =lim f(b;)) = W,NlimA,, = W, Nlim Ay,.

Note that f represents F4 in R™1" if and only if f represents F4 in the sense of the
introduction. The following observations are elementary; we leave their verification
to the reader.

Lemma 9. (1) Let A, A2 C R™" be definable such that A = AYUA?, and assume
fi+ A" — R¥ represents Fus, for j = 1,2. Then (f1, f2) : A — RFithkz
represents F.

(2) Let W; CR™™ and f; : A’ — R be a representation of Fa in Wj, for
§ =1,2. Then (f1, f2) : A/ — R¥1F*2 pepresents Fa in Wi U Ws.

(3) Assume that f : A" — RM represents Fa in W C R™" and let k < n.
Then for any subsequences (a;) and (b;) of A" converging to a such that
lim f(a;), lim f(b;), lim A,, and lim Ay, exist, we have

lim f(a;) = lim f(b;) = (W, Nlim A,,) = (W, Nlim A, ).
Definition 10. Let f : A’ — RM and S C R™*". The lifting of S via f is
defined as

lifty S = {(a,b,z) € R™TMAn . (g,2) € S and (a,b) € cl(gr f)}.
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Proposition 11. Let W C R™*" and assume that f : A’ — RM represents F in
W. Then for any subsequence (a;) of A’ such that (a;, f(a;)) — (a,b) and lim A,,
exists, we have

WeNlimA,, = (liftf W)(a,b) N Cl(liftf A)(a,b)-

Proof. Let V = lift; W and B = cl(lifty A). Let (a;) be a subsequence of A" such
that (ai, f(a;)) — (a,b) and lim A,, exists. Since B is closed, we have lim 4,, C
lim B(a, f(a;)) € Bap)- Hence W, Nlim Ay, € Vigp) N Bap). Conversely, let o €
Via,p) N Bap), and let (c;, ;) be a subsequence of A such that (c;, f(c;)) — (a,b)
and x; — x. Passing to a subsequence if necessary, we may assume that lim A,
exists. Since f represents F4 in W, it follows that W, Nlim A., = W, Nlim A4,,; in
particular, x € W, Nlim A,,. d

Corollary 12. Let f: A’ — RM be a representation of Fyu.
(1) Foranya € A’, we have cl(lifty A) (4, r(a)) = cl(Aa), and for any w; € cl(gr f)
such that w; — w, we have lim cl(lifty A),,, = cl(lifty A).,.
(2) If D' C A’ is such that f|D' is continuous, then cl'(A) NI H(D') is closed
in 111 (D).
In particular, clg, (Fa(A")) = Fp(Il,,(B)) where B := cl(lifty A), which proves
Theorem 1 for F = Fa(A').

Proof. We write again B = cl(lifty A). For (1), given a € A’ and taking a; = a for
each 7, we obtain from Proposition 11 that B, sa)) = cl(Aq). Let w; € cl(gr f)
such that w; — w. By Proposition 11 with W = R™*"_ there is for each i an a; € A’
such that

1 1
||wz - (a/iaf(a/i))H < Z and d(BwiaAai) < ;

Then (a;, f(a;)) — w and by Proposition 11 again, lim B,,, = lim 4,, = B,,.

For (2), let D' C A’ such that f|D’ is continuous. Then for any subsequence
(a;) of D’ such that a; — a € D', we have f(a;) — f(a), so limcl(4,,) =
lim B(q, f(a;)) = Bla,f(a)) = cl(Aa) by part (1), which proves part (2). d

4. Defining a representation

Here we consider the special situation that we will obtain in the proof of Theorem 2,
after blowing up the fibers of A in jet space and lifting A to a larger parameter space
as outlined in the introduction. We assume here that A is a definable, fiberwise
manifold of class CP.

Blowing up the fibers of A in jet space and lifting A will produce (after changing
m and n accordingly) a definable set D C fr(A) N 1L, (fr A’) and a definable map
g: D — G2 such that
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(i) D is a fiberwise manifold and g a fiberwise distribution on D, both of class
C?, and g is tangent to D and integrable;

(i) fr(D) is closed;

(iii) for every subsequence (a;) of A’ such that a; — a € IL,,(D) and lim A,
exists, the set D, Nlim A,, is an embedded integral manifold of g, and an
open subset of lim A, .

With these assumptions in place, we define a map ¢ : cl(A) — [0, 00| by

ola,x) = d((aw),fr(D));
for each a € cl(A’), we write ¢, : cl(A)s — [0, 00] for the map ¢q(x) = ¢(a, x).
(If fr(D) = 0, then ¢(a,x) = oo for all (a,z) € cl(A).) The function ¢ is definable,
and hence so is the set

C ={(a,z) € A: ¢, attains a local maximum at x} .

By cell decomposition and definable choice, there are N € N and a definable,
bounded function f = (fi,..., fy) : A’ — RN™ such that for every a € A’ and
every connected component S, of C,, there is a j such that f;(a) € S,.

Proposition 13. The function f represents Fa in D.

Proof. Let (a;) be a subsequence of A’ such that lima; = a, lim f;(a;) = ¢; for
j=1,...,N and L =1lim A,, exists. Let Z be a connected component of L N Dy;
since L is an embedded integral manifold of ¢ and is also closed in D,, it suffices
to show that ¢; € Z for some j € {1,...,N}.

Since Z is closed in Dy, ¢, |D > 0 and ¢a|fr = 0, the function ¢a|Z attains
a maximal value \g. We let Ko = ¢, ({\o}) N Z; note that K is compact. Since
LN D, isopen in L, there are 0 < )\2 < A1 < Ag and an open neighborhood U of
Ky in R™ such that

(i) LNU =ZnU, and

(ii) for all sufficiently large i, we have ¢,(x) < Ay for all x € A,, Nfr(U), and

there exists a y € A,, NU satisfying ¢, (y) > A;.

Thus, for all sufficiently large 7, the set C,, has a connected component S,, that is
contained in U. In particular, f;)(a;) € U for some j(7) for all sufficiently large 7,

and it follows that c; € L N U C Z for some j, as desired. O

5. Proof of Theorem 2

Let A € R™™ be bounded and definable, and put A’ = II,,(A4) and d =
max{dim A, : a € R™}. We proceed by induction on d.

We first assume that d = 0. Then by o-minimality and Lemma 9, we may
assume there is a bounded, continuous, definable function f : A’ — R"™ such that
A = gr(f). This f clearly represents Fjy.



388 J.-M. Lion and P. Speissegger Sel. math., New ser.

We now assume that d > 0 and that Theorem 2 holds for lower values of d.
By Lemma 9, we may assume that A is a definable CP-cell of dimension d’ + d,
where d’ = dim(A4’) and p > d’ 4 d is fixed; hence each A, for a € A’ is a definable
CP-cell of dimension d, and we only need worry about the limits lim A,, such that
a; — a € fr(A’). We now proceed in two main steps to reduce to the special
situation of the previous section.

Step 1: blowing up in jet space. Let G : A — G be the fiberwise Gauss
map of A and write A? = Af for ¢ = 0,...,p. Note that dimfr(A?) < d’ + d, and
for any sequence (a;) in A’ such that a; — a € fr(A’) and lim Af_ exists, we have
lim A? C fr(A?),.

For each ¢ = 0,...,p, we let C? be a stratification of fr(A9) NI !(fr A’) into
definable CP* cells (see Proposition (1.13) of [4, Ch. 4]) such that, with 7 = 7g*!,

(a) if ¢ < p, then C? is compatible with 7(C') for each C € CI+L.

By Remark 6, after refining each C? if necessary we may also assume that for every
C € C? that is the graph of a definable map g : n(C) — qu,

(b) if there is an (a,z) € m(C) such that g(a,z) C T, 7(C), and g is integrable

at (a, z), then g is tangent to 7(C) and integrable.

By Lemma 9, if F)4 has a representation in C, for each C' € C°, then F4 has a
representation in fr(A) NI, (fr A’), which in turn implies Theorem 2. We therefore
fix an arbitrary ¢ € {0,...,p— 1} and C € C? such that dim(C) > ¢, and we prove
that F4¢ has a representation in C. (This in particular implies that F4 has a
representation in any C' € C%, as desired.)

We proceed by reverse induction on dimC < d 4+ d — 1. Thus, if dim(C) <
d' +d — 1, we also assume that for any ¢’ € {0,...,p — 1} and ¢’ € C? such that
dimC’ > dim C and dim C’ > ¢/, F,, has a representation in C’.

Below we write again 7 in place of 7971, By (a) above, for any sequence (a;) in
A’ such that a; — a € fr(A’) and lim AZM! exists, we have

CoNlim A7 C U 7T<Da N lim Agj’l).
Dect?
CCnm(D)
Thus by Lemma 9 it suffices to find, for every D € CI*! satisfying C C w(D),
a representation of Fyq+1 in D. If dim D > dim C for such a D, then dimD >
q+ 1 as well and we are done by the inductive hypothesis. We therefore put C¢o
{Dece: C Cn(D)and dimD = dimC} and assume that D € C¢; so D i
the graph of a definable, fiberwise distribution ¢ : 7(D) — qu of class CPT2.
As C7T is a stratification, the sets W = [J{E € C?™' : dim FE > dim D} and
WUD are open in fr(A9T1)NIL 1 (fr(A”)). Hence by (b) above, Proposition 8 applies
with B = Uaeznq fr' (((A7),)'): either
(i) the set L,,) = (Do Nlim AZ™) \ (lim B,, U cl(W, N lim AZF!)) is empty
for every subsequence (a;) of A’ such that a; — a and lim AZF! and lim B,
exist, or

n
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(ii) ¢ is tangent to (D) and integrable (and hence b'g is tangent to D and
integrable) and L(,,) is an embedded integral manifold of b! g, and an
open subset of lim AZH! for any subsequence (a;) of A’ such that a; — a
and lim Agj‘l and lim B, exist.

Step 2: lifting A9!. Since dim(B,) < d for all @ € R™ and A’ = II)/(B), the
inductive hypothesis gives a representation fg : A’ — RN5 of Fg. Furthermore,
by the inductive hypothesis Fq+1 has a representation in E for every E € C9t!
satisfying dim £ > dim D, so by Lemma 9, F44+1 has a representation fy : A" —
RMW in W. We define f' : A’ — RNeTNw by f'(a) = (fp(a), fw(a)); then f’
represents F 4411 in W and represents Fg. We now lift all our data via f’: we write
m’ = m+ Ng + Ny and put
A =lift; AT B=lifty B, D=lifty D and W = lifty W;

note that A and D are fiberwise manifolds. We shall show that some foer(f) —
RY represents F; in D; the function h : A’ — RV defined by h(a) = f(a, f'(a))
then represents Flyq+1 in D, as desired.

Let (a;) be any subsequence of A’ such that (a;, f'(a;)) — (a,b) and lim A,,
exists. First, from Proposition 11 with B and R™"e+t in place of A and W we

obtain B
lim B,, = cl (B) (ah)’ (1)

Second, from Proposition 11 with A9*! in place of A we obtain

Wo N lim AL = Wig ) Nl (A) - (2)

Since the right-hand side is equal to (W Necl (/T))(a by We define

E=Dn (d(é) Uel' (W N c1(Z))) :
it follows that, with L,,) as in (i) above,

Lia,) = (D(apy Nlim A(g, 4(a)) \ Eap)
=(D\ E)(a,b) N lim A(ai,f’(ai))'

On the other hand, equalities (1) and (2) above also imply that E(a,b) -
lim AZ*!. Since (a;) is arbitrary, it follows that the function f” : gr(f’) —
RN5FHNW defined by f”(a, f'(a)) = f'(a) represents F in E. Tt therefore suffices
to find a representation of F'; in D \ E.

Step 3: defining a representation. If L,,) = ( for all subsequences (a;) of A’
such that a; — a and lim A,, exists, then any function f : gr(f’) — R" represents
Fzin D \ E. We therefore assume from now on that some such L a4, is nonempty,
and hence by (ii) above that g is tangent to w(D) and integrable. We now define
G:D — G by §(a,b,z) = b* g(a, z); then § is tangent to D and integrable.
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The only remaining problem preventing us from applying Proposition 13 now
is that fr (D \ E) may not be closed. However, it follows from (1) and (2) above

that dim E((Lb) < d for any (a,b) € cl(gr f'). Therefore by the inductive hypothesis,
there is a representation h : IL,, (E) — RN of F.

Note that I, (E) C I, (D), and let {D}, ... ,D}.} be a partition of IL,, (D)
into definable cells compatible with II,,/(E) and such that h’D;- is continuous
for each j satisfying D} C I, (~) Then for any j, since D = lifty D, the set
D = DﬂH (D )isa cell Moreover, h represents F and cl'(E ) = E, so Corollary
12(2) implies that the set E; = ENTIL} (D%) is a closed subset of Dy; in particular,
fr (D (NJ \E ) is closed.

Therefore, Proposition 13 applies, with A D \E and g} D \E ) in place of
A, D and g. Thus, for each j there is a representation f; : gr(f ) — RMi of F3in

Dj \Ej. It follows that f = (f1,..., fx) : gr(f’) — RN+ Nk represents F; in
D\ E, as desired. This finishes the proof of Theorem 2.
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