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Weak solutions and supersolutions in L'
for reaction-diffusion systems

MICHEL PIERRE

A Philippe, mon maitre et ami

Abstract. We prove here that limits of nonnegative solutions to reaction-diffusion systems whose nonlinearities
are bounded in L1 always converge to supersolutions of the system. The motivation comes from the question of
global existence in time of solutions for the wide class of systems preserving positivity and for which the total
mass of the solution is uniformly bounded. We prove that, for a large subclass of these systems, weak solutions
exist globally.

1. Introduction

This paper is motivated by the general question of global existence in time of solutions
to reaction-diffusion systems of the form:

ur —diAu = f(u,v) on Q,

vy —drAv = g(u,v) on Q,

u(0,) = uo(-) = 0, v(0,) =vo(-) =0,

u, v satisfy some good boundary conditionson 9€2,

ey

where O = (0, +00) x 2, Q is a regular bounded open subset of RV, di,d, >0and f, g
are regular functions whose nonlinear structure is such that two main properties occur:

- the nonegativity of solutions of (1) is preserved in time,
- the total mass of the solutions is uniformly bounded in time.

The functions f, g may also depend on time and space variable (f = f (¢, x, u, v)).

With good boundary conditions on 9€2 like for instance u = v = 0 or d,u = d,v =0
(where 9, is the normal derivative at the boundary), nonnegativity will be preserved in time,
like for systems of ordinary differential equations, as soon as

Yu,v >0, f(0,v) >0, g(u,0)>0. 2)
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The second property will occur for instance when
f+g=0. (3)

Indeed, by just integrating the sum of the two equations, we obtain

fu(t) + v(t) < / uo + vo.
Q Q

Together with nonnegativity, this yields an L'-bound of the solution uniformly in time. A
general question is to understand how these two properties help to provide global existence
in time of solutions.

Note that, if we had uniform L°-bounds rather than L'-bounds, we would deduce global
existence in time of “classical” solutions, by standard results for reaction-diffusion systems.
By “classical” solution, we mean “bounded” solution, so that, by well-known regularity
results, a “classical” solution also has classical derivatives at least a.e. and the equations
are understood pointwise.

The point here is that bounds are a priori only in L! and one cannot apply the L*°-
approach even if the initial data are regular.

This situation frequently comes out in applications where positivity of the unknowns
u, v is implicit from their definition (they are densities, concentrations, normalized tem-
peratures,...) and where the total mass is preserved or, at least, controlled in time. This
explains why these systems have been studied in several places in the literature. Let us refer
here to [11, 17] for a survey and references.

To help understand the situation, let us mention two particular examples of the nonlin-
earities we are considering:

3 3

flu,v) = w3 —u?v , glu,v) = —ulp? + yuzv , where 0 <y < 1. 4)

fu,v) =ci(x, Du*vP, gu,v) = ca(x, Hu*vP, )
where «, 8 > 1, and ¢y, ¢; are regular functions such that
a.e.(t,x) € Q,ci(x,1) + ca(x, 1) < 0. (6)

Obviously, for bounded initial data, we will have local existence of classical solutions.
With some extra assumptions, like for instance y = 0in (4) orc; < 0in (5), global existence
of classical solutions may be proved. It is not straightforward: several approaches may be
found in [13, 7, 8, 3, 14].

But for our purpose here, the main fact to remember is that, although one has an
uniform L'-bound in time, “classical” solutions may not globally exist when the diffu-
sion coefficients dp, dy are not equal (global existence obviously holds if they are equal).
As surprisingly proved in [16, 17], it may indeed happen that, under assumptions (2), (3),
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solutions blow up in finite time in L°°! In particular, classical bounded solutions do not
exist globally in time.

We emphasize the fact that, in the examples of blow up provided in [16, 17], not only
(3) holds, but even

f + Aog <0 for some Ag € [0, 1). @)
Note that (3) together with (7) imply that
f+Arg <0 for A €[, 1]

As we will see in more details later, under this more restrictive assumption, not only u, v are
bounded in L'(£2), but the nonlinear terms f (i, v), g(u, v) are also bounded in L' (Q7)
forall0 < T <ooand Qr = (0, T) x Q.

A first main purpose of this paper is to prove that, under the latter stronger assump-
tion, global existence on [0, 00) of weak solutions holds for the above considered systems
(although these solutions may blow up in L at some time). By “weak” solution, we essen-
tially mean solution in the sense of distributions or, equivalently here, solution in the sense
of the variation of constant formula with the corresponding semigroups (see Appendix). In
particular, classical derivatives may not exist. Such weak L!-solutions had already been
considered in [15, 10, 3] to handle initial data in L'. However, an extra condition of “tri-
angular” structure of the nonlinearities was required (which would, for instance, imply
y = 0 in example (4)).

Concerning the above examples, our result here means that weak solutions exist globally
for the nonlinearities (4) if y € [0, 1) and for the nonlinearities (5) if, moreover, c; + Agca
< 0 for some Ag > 0, Ag # 1. But, according to [16, 17], weak solutions in example (5)
may blow up in finite time in L? (2) for p large. We do not know specifically what happens
for example (4), but we know that similar polynomial nonlinearities do lead to blow up in
finite time [16, 17].

One of the main steps in the proof turns out to be interesting by itself for reaction-
diffusion systems. One knows that maximum principle is valid for equations, but generally
not for systems. It turns out that systems do nevertheless share some order properties with
equations, no matter their structure: this is also a purpose of this paper to point it out.

To explain this point, let us first consider an equation and a sequence of nonnegative
regular solutions of

Ou, /0t — Au" = F,(u,) on Qr

where F), : [0, +00) — R converges uniformly on bounded sets to the continuous function
F : [0, +00) — R. Assume that

F,(uy) is bounded in L' (Qr) independently of n.
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Assume also that u,, satisfies, for instance, the boundary condition u, (¢, -) = 0 on 92 and
that u, (0, .) is bounded in L1.

Then, up to a subsequence, u,, converges in L' (Q7) to a supersolution u of the equation,
namely

du/dt — Au > F(u) on Qr, (8)

in the sense of distributions.

The proof of this fact goes essentially as follows. Thanks to the L' bound on the non-
linear term F,, (u,) and to the parabolic boundary conditions, u, is relatively compact in
L'(Q7). Up to a subsequence, one can assume that u, converges in L'(Q7) and almost
everywhere to a function u. Then, F;, (u,) converges pointwise to the integrable function
F (1). Unfortunately, this is not enough to pass to the limit in the equation.

Then, letus introduce a truncation procedure: fork > 1andr > 0, set 74 (r) = min {r, k}.
By a simple computation, we obtain for all k, n:

ATk (un) /3t — ATe(u") > T(up)Fy(uy) on Qr.

But, r,é(u,,) = 0 where u;,, > k. For k fixed, since F; (u,) is bounded independently of
n on the set where u,, < k, then, r,; (un) Fy (u,,) converges, not only pointwise, but also in
L'(Q7) to t/(u) F (u), so that

Atk (u) /3t — Ati(u) > 1, (u)F(u) on Qr.

We now let k go to oo to obtain (8).

Obviously, this approach does not extend as such to a sequence u,,, v, of solutions of a
2 x 2 system since, multiplying the first equation by 7} (u,,) does not take care of unbounded
values of v,. However, we are able to prove that the same result holds and this is another
main goal of this paper: when the nonlinearities remain bounded in L' (Q7), the limit is a
supersolution of the system.

2. The main results

Let Q be a bounded open subset of RV with regular boundary. We denote Q :=
(0, +00) x @, and for T € (0, +00), Q7 := (0, T) x Q.
Let f,g: O x [0, —i—c>o)2 — R satisfy the usual local Lipschitz conditions:

f, g are measurable, VT > 0, f(-,-,0,0), g(-,-,0,0) € L'(07),

3K : [0, +00) — [0, +00) nondecreasing such that
ae.(t,x)€[0,400) xQ, VM >0,Vr,s,7,5 € (0, M), )

| ft,x,r,s)— ft,x, 7,9+ |gt,x,r,s) —g(t,x, 7, 8| < ...

LK) =F| 4+ s = $).
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The condition (2) will take the form
a.e.(t,x)e Q, Vu,v=>0, f(t,x,0,v) >0, g, x,u,0)>0. (10)
We will also assume that conditions (3)+(7) are satisfied in a weaker sense:

dXxo € [0, 1), such that VA € [Ag, 1],

a.e.(t,x) e Q,Yr,s >0,
ft,x,r,s)+Argt,x,r,s) <o (@r+s)+h(,x),
where 0 >0, and h € L'(Q7),YT >0, h > 0.

(1)

THEOREM 2.1. Let f, g be given as in (9) and let di,d» > 0. Assume that f, g
satisfy the positivity property (10) and the structure condition (11). Then, for all ugy, vy €
LY(Q), ug, vo > 0, there exists a global nonnegative solution (u, v) on [0, +00) of

u, v € C([0, +00); L' (2)) N L}, ([0, +00): W, (2)),
M(Ov ) = uo, U(Ov ) = V0,

VT > 07 f(s Yy M(', ')7 U('s ))7 g(’ Yy u('v ')7 U(', )) € LI(QT)’ (12)
u; —diAu= f(t,x,u,v) in D'(Q),

vy —dyAv = g(t,x,u,v) in D'(Q).
Here and hereafter, equations are understood in the sense of distributions D’(Q), that

is, for all test-function ¢ in the space C3°(Q) of infinitely differentiable functions with
compact support in Q, we have:

—/ u(¢t+d1A¢>=/ of
0 0

and similarly for v. It is well-known that (12) is equivalent to the variation of constant
formula, that is to say (see Appendix)

t
u(t) = Sa, (t)uo +/0 Say (t = 8) f (s, uls, ), v(s, ) ds,

where Sy, (+) is the semigroup generated in L 1(Q) by the Laplacian operator with homoge-
neous boundary conditions (and the similar formula for v).

REMARK. The boundary condition # = v = 0 on 92 is understood here in the sense
that a.e.t, u(r), v(t) € Wy (Q). As usual, forall 1 < p < oo, Wy” () is the closure
of the space C3°(£2) equipped with the norm

Il = Ul + IV@IT, gy} 7
As it will be clear from the proof, a similar result could be stated for Neumann boundary
conditions or for more general boundary conditions. One must however be careful when
choosing two different boundary conditions for # and v (see [4, 12]).
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As announced in the introduction, the second main result of this paper deals with limits
of approximate solutions of systems when the nonlinearities are bounded in L'.

THEOREM 2.2. Let (un, v,) be a sequence of (regular) nonegative solutions of

Un, vy € C([0, T1; LA(R)) N L2((0, T); W, (),
Unts Unt, Alty, Av, € LZ(QT)y

FuCy o ttn (), 0a())y GuC, - ttn (), va() € L2(Q7), (13)
oun /ot —diAu, = F,(t, x, un, vy) on Qr,
v, /0t — dr Av, = Gp(t, x, Uy, vy) on QO7,

where F,, G, : Q x [0, +00)2 > R converge in the following sense to F,G : Q X
[0, +00)? —> R satisfying (9): for all M > 0, GX,I tends to zero in Ll(QT) asn — +00
where

E;\’lz Sup {|Fn(-,-,l‘,s)—F(~,~,r,S)|+|Gn(-,~,r,S)—G(-,~,r,S)|}. (14)

0<r,s<M

Assume that F,(-, -, tn(-), Va(-)), Gn(-, -, un(-), v () are bounded in L' (Qr) indepen-
dently of n. Assume also that u, (0), v, (0) are bounded in L.

Then, up to a subsequence, u,, v, converge to u, v in L' (Qr) satisfying

w,v € L0, T); L' () N L'((0, T); Wy (),
F('v %y M('& ')’ U(‘, ))7 G(v y M(', ')’ U('v )) € Ll(QT)v
ou/ot —d\Au > F(t,x,u,v) in D'(Qr),

v/ot —dyAv > G(t,x,u,v) on D'(Q7).

15)

Moreover, ifu, (0), v, (0) converge toug, vg in L L(Q), then, forallnonnegative ¢ € C(C)’O(Q),
we have

liminf/ u(t)goz/uoq), liminf/ v(t)goz/ Voy. (16)
t—0 Q Q t—0 Q Q

REMARK. Although it is not essential, we assume here that the solutions are
“regular”, in the sense that they have derivatives u,;, Au, in L?. This allows to make
direct computations. Without L>-regularity, we could also do it by using one more approxi-
mation process. Theorem 2 (which we prove first) will be sufficient for the approximate
solutions considered in Theorem 1 which are regular by construction.

The above inequations are understood in the sense of distributions in Q: this means that
for all nonnegative test-functions ¢ of C3°(Q),

—/u(<p;+d1A<p)Zf¢F,
0 0

and the same for v.
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Obviously, estimate (16) says that the initial data of u, v are above the limit of the initial
data of u,,, v,. More precisely, since u(¢) is bounded in L' (£2), one may find a nonnegative
Radon measure uy+ and a sequence #; tending to zero as k tends to +o0o such that u(#)
converges to ug+ in the sense of measures. Then, for all such limit uy+, by (16), we have
uop+ > ug, and the same for v.

3. The proofs

We will use the following more or less classical compactness lemma for the heat operator
(a proof may be found e.g. in [2]; comments are also given in Appendix)

LEMMA3.1. Letd > 0,wy € L' (Q),H € L'(Qr). Then there exists a unique
solution of

. (17)
dw/dt —dAw = H in D'(Q7), w(0, -) = wy.

w e C(0. T]: L'(R) N L0, 7); W(}J(sz)),}
Moreover, for all s,q > 1 with2s™' + Ng~' > N + 1, there exists C = C(q,s, 2, d)
such that

lwllgoo,7; 1) + ||w||Ls(O’T;W01.q(Q)) =CllHIL1gp) + lwollp(e)l- (18)

Finally, the mapping (H, wog) — w is compact from Ll(QT) x LY(Q) into Ll(QT).

Proof of Theorem 2.2. By Lemma 3.1, if (u,,v,) is the sequence considered in
Theorem 2.2, up to a subsequence, we may assume that u,,, v, converge in L' (Q7) and a.e.
tou,v e L0, T; L") N L0, T; WS’I(Q)). According to the type of convergence
of F,, G, to F, G, Fy(t, x, up, v,) converge a.e. to F = F(t,x,u,v) and the same for
G,, G, but this pointwise convergence is not sufficient by itself to pass to the limit in the
equations and this is where the more difficult step starts.

We introduce truncation functions. For technical reasons, we need them to be a little
more regular than in the introduction. For all £ > 0, we define a C 2_ function T, such that

Vr e [0,k], Ti(r)=r ; Vr>=k, Tr(r) <k+1,
Vr>0,0<T/(r)<1; Vr=k+1,T/(r)=0,
0<-T/(r) < Ck).

For instance, we may choose Ty as T (r) = r on [0, k] and

Vrelk, k+ 11, Tk(r) = =2 = =k +rVr>k+ 1, Ti(r) =k +1/2.
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Now, we fix n > 0 and we introduce z,, := Ty (u, + n v,). Using the equations satisfied by
u,, v,, we obtain

0z,/0t —d1 Az, = Tk/(un +nuy)(Fy +1Gyp)
+n(dx —d))S, +diS;, (19)

where
S =T/ (un + nva)Avp, S2= =T (n + 1 )|V tn + nva)* > 0. (20)

The main point is to pass to the limit as n tends to oo in the equation (19), n and k being
fixed. Let us look successively at the four terms involved.

Note first that the last term is nonnegative so that we may just forget it.

Since z,, tends to z = T (u + nv) in L' (Q7), 8z,/8t — di Az, converges in the sense
of distributions to dz/9t — dj Az.

Next, by the type of convergence of F,, G, to F, G (see (14)) and by the continuity
property of F, G, Tk’(un + nv,)(F, + nGy) converges pointwise and in L! (Q7) to
T (u+nv)(F+nG): indeed, on one hand, T}/ (1, +n v,) = O onthe set [u,+n v, > k+1].
On the other hand, on the set [u, + n v, < k + 1], we have:

n
|Fn(t’X, Up, vn) - F(ta X, Upn, vl’l)l =< E(k—i—l)(l-‘rn*l)(t’x)’

and the right hand side tends to zero in L'(Qr) and a.e. as n tends to +00. Moreover,
F(t9 x5 un(t: x)’ Un(t’ x)) - F(ts x5 M(t, x)v U(t7 x))s a‘e'(tv x)’
and remains bounded on the set [u,, + nv, <k + 1] by

¢, x) == sup |F(t, x,7,5),
r<k+1,s<(k+1)n-1

which is in L1 (Qr) by the conditions (9) on F (and similarly for G,,, G).
Note that, by Fatou’s Lemma and the L'-bounds on F,, G,, F, G are in L' (O7).
Now we are left with the main step: estimating S!. For this, we need the following
lemma.

LEMMA 3.2. There exists C depending only on the bounds on || F, || 11 (07)°
IGnllLicops luoll L1y Ivoll L1 (q) such that

Vi > 1,/ |wn|2,/ Vual? < Ck. @1
[unfk] [Unfk]
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Let us postpone the proof of this lemma and continue the proof of Theorem 2.2. We
will denote by C (k) all positive constants depending only on k. Let ¢ € C;°([0, T] x ).
Then, for all t € [0, T']

/ (pSr% = _/ an[Tk/(un +nv,)Veo + o Tk//(un +nv)V(u, +nog)l,
t t
so that, using the properties of T}
1 21/2 211172
gy @58 = Uy, <an [V 02121 g, 19911
+CERNN L0 iy 40 <17 1 Vn + 10al7}721.

Note that [u,, + nv, < k + 1] is included in [u, < k+ 1] and in [v, < (k + 1)17_1]. We
bound the last term from above as follows:

211/2 211/2

Vi tmnziny [Vien F00n P2 <l oy (Vieal}
2,172
+ 0, <es 1 [VOrIP} 72,

Setting D(p) := UQT V)12 + l@llL(0,) and using Lemma 3.2, we deduce

[

We can now let n tend to +oo in (19). We will denote by (Z, ¢) the result of a distri-
bution Z of D’'(Qr) applied to the C§°-test-function ¢. We obtain for any nonnegative
test-function ¢

< D(p)CUn~ 211 + /2], (22)

(zr —diAz — T{( +nv)(F +nG),¢) > —Cn'>D(p).

Now, we let 1 tend to zero in the above inequality. Since, z = Ty (u + n v) tends to Ty (u)
in L'(Q7) and since T/ (u + n v) remains uniformly bounded by 1 and tends a.e. to T}/ (u),
we can pass to the limit in the sense of distributions to find

AT (u)/dt —di ATy (u) > T{(u) F in D'(Qr).

Finally, we let k tend to +o00: by monotonicity, Ty (z) tends to u in Ll(QT) and Tk/ (u)
tends a.e. to 1; since F € L! (Qr), we can pass to the limit and obtain

du/dt —diAu > F in D'(Q7).

Let us now look at the initial data: we assume that u,, (0), v, (0) tend in L!(£2) to ug, vo.
We go back to equation (19) and multiply by ¢ € C§°(£2), nonnegative, to obtain

/Q[Zn () —z,(0)]p > / d1zn A + @[n(dy — d1)S) + Ty + nva)(Fy + 0 Gp)l.



162 M. PIERRE J.evol.equ.

We recall (22) which gives a bound from below for S!. Letting n tend to oo leads to
120 = Bwo+ nule = [ dizag+ g1 nuF 40 6) - Clko o'
Q t

We let 1 tend to zero, then k tend to oco: as before, using that F € Ll(QT), we may pass
to the limit to obtain

/[M(f)—uolwif diurg + ¢F.
Q t

Letting now ¢ tend to zero gives

liminf/ u(t)wz/uoq).
t—0 Q Q

This is the statement of (16).
Proof of Lemma 3.2. We choose T} as above. Multiplying the equation in u, by Ty (u,)
gives

ad
8_/ jk(un)—i-dl/ Tk/(un)IVun|2=/ Ti(un) F, (23)
tJo Q Q

where ji(r) = for T (s) ds. Note that ji(r) < (k + 1) r. After integrating (23) in time, we
obtain

d1/ |wn|25(k+1>{/ |Fn|+/ un(0>},
[u, <k] or Q

whence the estimate (21) for u,,. The proof is the same for v,,.

Proof of Theorem 2.1. The first step is to truncate the data in order to solve an approximate
problem. We set uq, := inf{ug, n}, vo, := inf{vg, n}. We truncate the nonlinearities f, g
in such a way that they be bounded and that they keep satisfy the same conditions (9, 10,
11). For this, we introduce a C§° function ¥ : [0, +00)? — [0, 1] satisfying

VO<r,s<l1,y1(r,s) =1;Vr,s>2,vy(r,s) =0.

Next, we set Y, (r, s) = Y1 (r/n, s/n). With this choice, for all n, 0 < i, < 1, and ¥,
tends pointwise to 1 as n tends to oo.

In order to take care of the fact that f(-, -, 0, 0) is only in L! (Q7), we also truncate it
and, for technical reasons, we introduce

fl’l(tv-x) = TK(n)zn(f(t’an’ O)), gn(t’x) = TK(n)Zn(g([»x»Oa 0))7

where o (r) =rif |r| <k, nu(r) =k if r > k, 7u (r) = —k if r < —k.
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Finally, we define

Ja(t,x,r,8) == Yu(r,s)[f (2, x,r,8) — f(t,x,0,0)] + Fu(r, X),}

(.21, 8) = Yn(r gt x, 1o 5) — (1. x,0,0)] + Gult,x). @4

Oneeasily verifies that f;,, g, convergeto f, g inthe sense (14) and that f,,, g, satisfies the
same conditions (9,10,11) as f, g. Note that f,, g, are even globally Lipschitz continuous
with respect to r, s with a constant depending on n. Note also that f,, g, satisfy (11)
with the same Ag, o, h as for f, g. For the nonegativity condition (10), we remark that, if
f(,x,0,0) > K(n)2n, then

fa(t,x,0,5) > —K(n)2n + Fu(t,x) =0,
and otherwise F, (¢, x) > f(¢, x, 0, 0) so that
ﬁl(t’xv()’ s) 2 ‘(//n(()v S)f(l‘,x,(), S) + [1 - ‘(//n(()v s)]f(t7x709 0) 2 0’

whence (10) and similarly for g,.
Note finally that f;, g, are uniformy bounded since

Vs, | falt, x,r,8)| 4 [gn(t, x,r,5)| <3K(2n)2n. (25)

By a classical fixed point theorem (see e.g. Appendix), there exists a unique “classical”
and nonnegative solution u,, v, of

tn, vy € C([0, +00); LA(R) N LT, ([0, +00); Wy (),

un (0, ) = uon, vu(0,-) = von,

VT € (0,400), i, Vs, Attn, Avy € L*(Q7),

(26)
fn(', y ul’l('a ')7 vl’l(" ))a gn(5 i) ul‘l(" ‘)’ Un(" )) € LOO(QT)7
Bun/at — dlAun = f(t7 X, Upn, Un) in Q7
vy, /0t — dr Av, = g(t, x, uy, v,) on Q.
Adding the two equations in u,, Av,, we obtain for all A € [Ag, 1],
/ up(t) + Av, (¢) _/ o+ Agn < / Uon + Avop. (27)
Q 0 Q

(Here, we used, fQ Au, < 0 and the same for v,, which is true because u,, v, are non-
negative on 2 and equal to zero on d€2, see e.g. [6]). Using now (11), we deduce in
particular that

/un(t)Jr)»vn(t)—/ 0 (un(s) + va(s)) + h(s) S/ Uon + Avon- (28)
Q Q

o

From this linear Gronwall type inequality, we deduce that

sup {llun @ llp1@) + lvaO 1@} = C(T, Al o, luonllpt, lvonllz1)- (29)
te(0,7T)
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Now, the hypothesis (11) implies that

1 fu+ 2gallL1cgp < —/ Fo+ g+l Gn + v) + Bl 10y
or

Together with (27) and (29), this implies that || f;; + Agn || L1(O7) is bounded for all A €
[Ao, 1]. Since, Lo # 1, this implies that f;, and g, are separately bounded in L! Q7).

As a consequence, we are in the conditions of application of Theorem 2.2. It follows
that, up to a subsequence, u,, v, converge a.e. on Q and in LY Qp) forall T > 0toa
supersolution (u, v) of our problem in the sense of (15) with F, G replaced by f, g.

To go from a supersolution to a solution, we argue as follows. Let ¢ be a C;°, nonnegative
test-function. We already know that

—/ u(¢,+d1Aw>z/ of — v(¢,+dzA¢>zf vg.
or or or Or

To obtain the reverse inequality for each, it is sufficient to prove that

[ @t e+ @+ dag sf o(f + ). (30)
or or
starting from
- (un + vn)or + (diuy + davy) Ap = / o(fu + 8n)- (31)
or or

By L! -convergence of u,, v,, the left hand side of (31) does converge to the left hand side
of (30). Since f,, + g, converges a.e. to f + g, and since, by (11), we have the pointwise
estimate

oy +vy) +h—(fn+gu =0,

by Fatou’ Lemma, we deduce that

timint [ o +u)+h= o+ elo = [ Tt o) +h— (7 + 9l
"= Jor or
This gives the expected reverse inequality (30).

We now have to verify that u, v have the right initial data ug, vg. We already have one
inequality by Theorem 2.2. (see 16). The bound in L*°(0, T'; LY(Q)) implies that {u(t), v(z),
t € (0, T)} are compact for the weak convergence of measures on €2 (i.e. against continuous
test-functions ¢ with compact support in 2). If ug+, vy+ is a weak-limit for a subsequence
u(ty), v(tx) where limg_, 4 tx = 0, we already now (see Theorem 2.2) that

Uog+ = Ug, Vot+ = V9.
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We will prove that

lim sup/ u(t) +v() < / ug + vo. (32)
-0 JQ Q

It will then follow that ug+ = ug, vg+ = vp: this uniqueness of the possible weak limits
and the fact that there is no loss of mass imply that u(¢), v(¢) converge as t — 0, for the
narrow convergence of measures, to ug, vg, namely (see Appendix)

Vo € Cp(2), lim/ pu(t) :/ puo,
t—=0 Jo Q

and the same for v. But, by the uniqueness Lemma 5.1 of the Appendix, we may then
deduce that u, v € C([0, T]; L! (2)) for all T > 0, which finishes the proof of Theorem
2.1.

To prove (32), we start from (28) with A = 1 and we pass to the limit in n:

a.e.t, / u(t) +v(t) < / o (u(s) +v(s)) + h(s) +/ ug + vo.
Q 0: Q

Then, (32) follows directly from this inequality.

4. Some comments

The question of global existence for systems (1) when only (2) and (3) hold remains
open (it is the case of example (4) when y = 1 and of example (5)). A main new difficulty
is that no more L' bound on the nonlinear terms f, g is available. It is likely that some kind
of weak solutions exist globally in time, but to prove it would first require to introduce a
quite weaker notion of solution. It could be possible that some notion of “renormalized”
solution may work where the nonlinearities are truncated in the definition.

The analysis made here is not particular to 2 x 2 systems. Theorem 2 may be generalized
to N x N systems where all the N nonlinearities are bounded in L! (Q7). The idea is to
replace in the proof Ty (u 4+ n v) by T (u1 +nluz +. .. un]) if we denote by (uy, ..., uy) the
unknown of the system. Theorem 1 also extends: we then have to assume that N linearly
independent relations of the form ZlN: 1 Ai fi < with A; > 0 hold. This will provide the L!
bound on all the f;.

One could also replace the Laplacian operators d1 A, d» A by more general elliptic oper-
ators.

Elliptic versions of the same results may be proved for systems of the form

u+Aju= f(u,v)+F on £,
v+ Av=gu,v)+§G on Q,
u, v satisfy some good boundary conditionson 9€2,
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where F, G are given nonegative functions on 2, Ay, Ay are good elliptic operators and
f, g satisfy (2,3,7). As a nontrivial case, we might think for instance to the simple choice
Al = —A, Ay = —A — duy,, with d not too small. Here the difficulty is the proof of
existence of solutions and the question is quite similar to proving global existence for the
parabolic system (1). Then by the same technique, we can prove existence of weak solutions
under similar hypotheses on the nonlinearities. One may also state an elliptic version of
Theorem 2.2. The limit case (only (3)) is open as well in this elliptic situation.

5. Appendix

About Lemma 3.1 let us first comment on the proof of Lemma 3.1. A starting point may
be the L?-theory: forug € L*(Q2), H € L>(Qr), there exists a unique solution of

u € C([0, T1; L3()) N L2((0, T); Wy ()
u;, Au e L*(Q7), (33)
ou/dt —dAu = H in L>(Q71), u(0) = uo.

Moreover,
t

u(t) = Sq(t) uo—}-/ Su(t —s) H(s)ds, (34)
0

where Sy(-) is the semigroup in L*(Q2) whose infinitesimal generator is the Laplacian
operator — A, with domain D(—A) = H*X(Q)N H(} ().

This may be found in several places in the literature, as well as the contraction property
Vpell,+ool, ISa@®uollLr) < lluollLr), (35)

(seee.g. [9, 1, 5]).

Thanks to the contraction property in L'(2), the solution of (33) may be extended to
uop € LY(Q), H € L'(Qr) with u € C([0, T]; L' (Q)) at least. It is also given by the
formula (34) where, now, S;(-) is the realization of the heat semigroup in LY(Q) (see
e.g. [6]) -we also denote it by S;(-)-. To obtain that u € L', T; W(}’I(Q)), we need
the estimates (18). They may be obtained by duality from the L°°-estimates for the heat
operator (see e.g. [9], Th. III.7.1), namely

N

lll ooy < C Y il v o 7210 )0
i=1
for the solution of (33) with H = ZlN:l oh;/ox;.
For the uniqueness part, one has to be careful when working in an L' -setting. Remember,
for instance, that there is not uniqueness for the problem

uewy'(©), Au=0in D'(0),
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without any regularity on the open subset @ of RY (a counterexample is given by
u(x) =1—|x|>Nfor N >3and O = {x € RV \ {0}; |x| < 1}).

But we do have uniqueness if O = Q is regular -which we assumed throughout this paper-
(see e.g. [6]). Again, this uniqueness result relies, by duality, on regularizing properties of
the Laplacian in good domains.

We also have uniqueness for the parabolic problem. We will state it in a general way that
we actually need in this paper. We denote by C,(€2) the continuous and bounded functions
from €2 into R.

LEMMA 5.1. Letw € L°°(0, T; L'(2)) N L} ((0, T], WOI’I(Q)) be a solution of

loc

dw/dt —dAw = H in D’(QT),} (36)

Vo e Cp(Q), ¢ =0, lim_g [oow) = [oewo.

Then,
t
w(t) = Sq(H)wy +/ Sq(t —s)H(s)ds.
0

In particular, w € C([0, T]; L' () N L' (0, T; W' (2)).

We refer e.g. to [2] for details of the proof. As explained above, it is based on regularity
property of the dual problem.

Note that the initial data are understood here in the sense of the “narrow” convergence
for measures, that is to say that the test-functions ¢ in (36) have to be taken in C;(€2). The
uniqueness would not be true if they were to be taken only among continuous functions
with compact support in €2.

About existence of regular solutions for systems: we consider the functions f;,, g, defined
in (24). Since they are defined only for r, s € [0, +oo)2, we extend them in the variable r, s
toR? by [To f,, ITo g, where IT is the projection in R? onto [0, +-00)%. We still denote by
fn, gn this extension. The main point s that f,, g, are globally Lipschitz continuous on R?.

To prove existence of a classical solution to the system (26), for all T € (0, +00), we
consider the mapping S from X = C([0, T]; L' (Q))2 into itself which to (U, V) associates
(U, V) defined by

t
U(t) = Sa, (t)uon +/0 Sa, (t = $) fu(s, -, U(s), V(s)) ds,

t
V() = S, (t)von + /0 Sas(t — $)gn (s - U (s), V(s)) ds.

Since, f,, g, are globally Lipschitz in r, s, one easily proves that there exists p such that S?
is a strict contraction from X into itself, whence the existence of a unique weak solution to the
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system. By the above uniqueness results and the Lz-theory, since all the data ugy,, vou, fn, &n
are uniformly bounded and therefore in L, the solution has the regularity announced in (26).

For the positivity, classically we multiply the equation in u, by —u, =: inf{u,, 0} to
obtain

8/82‘/ (u;)zf—Z/ i f(t, % 1, ).
Q [u, <0]

But, by construction, on [u, < 0], f,(¢, x,u,,v,) > 0, since it is equal either to f,
(t,x,0,v,)ifv, > Oorto f,(¢, x,0,0) if v, < 0. We deduce that u,, = 0 and similarly
v, =0.
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