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Fine large-time asymptotics for the axisymmetric Navier-Stokes
equations

CHRISTIAN SEIS@ AND DOMINIK WINKLER

Abstract. We examine the large-time behavior of axisymmetric solutions without swirl of the Navier—
Stokes equation in R3. We construct higher-order asymptotic expansions for the corresponding vorticity.
The appeal of this work lies in the simplicity of the applied techniques: Our approach is completely based
on standard L2-based entropy methods.

1. Introduction and results

In the present work, the large-time behavior of axisymmetric solutions to the three-
dimensional Navier—Stokes equations is investigated. Our aim is to describe interme-
diate asymptotics of any solution near equilibrium. Even though the assumed axisym-
metry reduces the dimension of the problem and thus the level of its difficulty, some
rewarding examples, e.g. vortex rings, are contained in this class of incompressible
flows. Moreover, opposed to solutions in the planar two-dimensional setting, axisym-
metric solutions are exposed to vortex stretching and carry thus certain genuinely
three-dimensional features.

We start by recalling that the full three-dimensional Navier—Stokes equations are
the following system of partial differential equations

du— Axu—+u-Veu+Vep=0 inR>x [0, 00),
Ve-u=0 inR?x][0,00),

where u = u (x, t) € R3 denotes the velocity of the fluid and p = p (x,f) € Ris the
pressure. For notational simplicity, we have rescaled the equation in such a way that
the kinetic viscosity and the density of the fluid both are normalized to unity.

To describe axisymmetric solutions, we introduce the usual cylindrical coordinates
(r, z,0) in R3 defined via x = (r cos(9), r sin(0), z) with unit basis vectors given by

cos(6) —sin(0) 0
e, =|sin@) |, eg=1| cos(@) |, e;=1|0
0 0 z
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Fluid configurations are called axisymmetric if they are invariant under rotations about
the vertical axis, that is, the axisymmetric fluid velocity is independent of the angle 6
so that u = u(r, z, t). We furthermore assume that the swirl component u - ey of the
velocity field vanishes. This second assumption has the effect, that the velocity field is
also invariant under reflections by any plane containing the z-axis. The velocity field
now reads as

u(x,t) =u, (r,z,t)e, +u; (r,z,1)e;. (1

To simplify the language use in the following, we will simply speak of the axisymmetric
setting when referring to (1).

Writing the vorticity in cylindrical variables, thatis, V, xu = (r ~1dou, — 9, ug) er+
0.1y — dyuz) eg +r~' (3, (rug) — dgu,) e-, we see that the hypothesis in (1) implies
that the vorticity is determined by a scalar quantity,

Vi Xu=wey, wherew = d,u, — 0,u;

—very similarly to the planar two-dimensional case. The velocity field in turn can be
recovered from the scalar vorticity by solving the linear elliptic system

1
ouy — orll; =, Orly + ;ur + d,u, =0 2)

in the meridional half space H = {(r, z) : r € (0, 00), z € R}, equipped with the free-

slip boundary conditions u, = d,u, = 0 at {r = 0}. Notice that the second identity in

(2) is nothing but the incompressibility condition restated in cylindrical coordinates.
The time evolution of w is described by the following scalar equation

Uy 1 w
8[w+u~Vw—Ta):Aa)+;8rw—ﬁ in H x [0, 00) 3)
with the homogeneous Dirichlet boundary condition w = 0 at {r = 0}. The second
term on the left-hand side describes the advection by the flow, while the third term
on the left-hand side accounts for possible vortex stretching. The occurrence of this
term is different from the planar setting, where vortex stretching effects are absent.
The derivative terms on the right-hand side of (3) come simply from the Laplacian
in R3 written in cylindrical variables and the remaining expression results from dif-
ferentiating the azimuthal basis vector e¢y. Here and in the following, we interpret the
standard non-indexed differentiation symbols with respect to cylindrical coordinates,

ie,V =(d,d,)" and accordingly A =V -V = 8,2 + 8?.

The theory for the vorticity stream formulation (2), (3) of the axisymmetric Navier—
Stokes equations parallels in many aspects the one in the planar two-dimensional
setting, see, for instance, [2,4,11,14,22,29] regarding regularity and well-posedness,
[1,7,13,15,17-19,25,29,32] for studies of the inviscid limit and [14,23,30] for ques-
tions regarding the large-time behavior. For us most notable are some of the results by
Gallay and Sverdk and their improvements by Vila, which we recall in the following.
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Theorem A. [14,30] The large-time behavior of any solution w € C°((0, o), L' (H)N
LO°(H)) with r’w € L*®((0, co), L' (H)) is given by

A #2422
P I (4)
TN

o (P12, t) -
where I (wo) is the fluid impulse,
T (wp) :=fr2w0(r, z)drdz < 00,

and the convergence holds in L? (H) for all p € [1, oo].

We remark that we will distinguish between the Lebesgue spaces L”(H) and
LP(R3). Here, the first ones are defined with respect to the two-dimensional mea-
sure drdz on the meridional half-plane H while the second one is equipped with the
full three-dimensional measure dx. Notice that when acting on axisymmetric functions
or sets, it holds that dx = 2nrdrdz.

As expected, the fluid impulse is preserved during the evolution,

I(w(t)) = I(wg) for any ¢, (®)]

and we will occasionally write in the following simply Z instead of Z(wy). In fact,
Gallay and Sverdk show well-posedness for the Navier—Stokes equation (3) with in-
tegrable initial data, and they establish the large-time behavior (4) for non-negative
vorticities. By enhancing the semi-group arguments of [14], Vila then notes that the
sign condition is not necessary for establishing these asymptotics. The main observa-
tion in [30] is that the quantity ||r2w|| ) remains uniformly bounded for all times,
which replaces the conservation of the fluid impulse in the Gallay—Sverak paper.

It is interesting to notice that the profile which prescribes the large-time behavior
of the solution w is the self-similar solution ¢, of the linearized equation

1 1
8¢ = AL+ —0,8 — =2, ©)
r r

that is,

6r 2 = g (L ) gt = e
’r7 = 5 _’ e 9 r’ - —re 9

where the prefactor is chosen in such a way that it normalizes the impulse, Z({y) =
Z(ps) = 1.

In a certain sense, this feature is caused by the Dirichlet boundary conditions valid
for w at the boundary of the half-plane H. Indeed, these boundary conditions enforce
the decay of the (scale invariant) L' norm, and more generally,

||0)(t)||Lp(H) ~ tizﬂ/}jz(a}o) ast — 00,
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which is a direct consequence of the asymptotics (4). For large times, the quadratic
terms in the Navier—Stokes equations (3) are thus negligible and the dynamics of the
vorticity are then governed by the linear equation (6).

We want to emphasize that this behavior differs significantly from the planar two-
dimensional setting, in which the L' norm is non-increasing, but in general not de-
caying, for instance, for vorticity distributions of definite sign. Here, the large-time
behavior is described by the Oseen vortices, which are self-similar solutions to the
nonlinear planar vorticity equation.

In the general three-dimensional setting, the decay in time of (specified) solutions to
the Navier—Stokes equations is known for almost forty years, see for instance [12,20,
21,26,31]. In [24], Miyakawa and Schonbeck provide optimal decay rates for solutions
of Navier—Stokes equations in arbitrary space dimensions. They also contribute a
characterization of solutions that satisfy the given optimal decay rate. In [16], Gallay
and Wayne consider the three-dimensional case and prove the same characterization
via invariant manifold techniques and also detect resonances between the different
decay rates.

The purpose of the present paper is to study the large-time asymptotic behavior to
higher order. More specifically, we demonstrate how higher-order asymptotics and
sharp convergence rates can be obtained, as soon as the convergence to the self-similar
profile, or more precisely the decay behavior || (¢) | L» @y = O (t_2+1/ P ) is known.
Certainly, our results could also be derived from the deeper and more abstract findings
of [16]. However, what is charming in our new contribution is that our proofs are based
on fairly simple L?-based entropy methods and do not require any sophisticated or
elaborate concepts.

Our result applies to situations, in which the initial vorticity is sufficiently concen-
trated,

/wo(r, Z)Qre#d(r, 7) < 00. (7

The condition is trivially satisfied for compactly supported configurations, which are
the ones that are physically relevant. We will see later on, that this it is beneficial in
the study of the large time behavior. Notice also that by Jensen’s inequality, the bound
(7) entails that r2wg € L' (H).

In the remaining part of this section, we will give our results on higher-order asymp-
totic expansions of the vorticity w. We state these as corollaries because they will be
deduced from a rather general result for the relative quantity, Theorem 1.5. Remember,

that we will permanently assume wq € L! (H) and ||r2wo||L] < 0.

(HD)

Corollary 1.1. Let w be a solution of the axisymmetric vorticity equation (3) with
initial datum wq such that (7) holds. Then there exists a constant a € R such that

lo () - <I<wo> + t‘i—ﬂ) &)l 2y S log(t + D@ + 1),
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The constant « in the statement can be explicitly computed. This corollary imme-
diately yields sharp bounds for the first correction of w, namely

lw(®) = T (@0) & (Ol 2@y S (¢ + D774,

for all + > 0. Now that the first part of our main result is formulated, we like to
compare it to already existing works on the asymptotic behavior of solutions of the
axisymmetric Navier—Stokes equations without swirl. We already mentioned [14],
where Gallay and Sverik proved, besides the well-posedness result for initial data in
L' (H), convergence towards the self-similar profile of the linearized equation (for non-
negative solutions with finite impulse). They proved the convergence in L? (H) for
every p € [1, oo]. Recently, Vila derived a second-order asymptotic expansion for the
vorticity in L? (H) for p € [1, oo], see [30] and obtained the same convergence rate (in
a different norm), including the logarithmic resonance term. More than twenty years
ago, Gallay and Wayne investigated the large-time behavior of solutions to the three-
dimensional Navier—Stokes equations without any symmetry assumptions, see [16].
In this setting they already developed second-order asymptotics for the vorticity and
identified the first resonance term. In principle, our results can be obtained from their
results by exploiting the symmetry in hindsight, but the invariant manifold techniques
they use are much more complicated and elaborate.

To the best of our knowledge, the higher-order asymptotic expansions in the follow-
ing corollaries are new for the axisymmetric Navier-Stokes equations without swirl.
We consider first configurations whose total fluid impulse is trivial. This way, the
slowest modes in the frequency spectrum, see Theorem 1.4 below, will not be excited
and we obtain better decay rates.

Corollary 1.2. Let w be a solution of the axisymmetric vorticity equation (3) with
initial datum wq satisfying (7) and I (wg) = 0. Then there exist constants ., B, y € R
such that

oz 1 ) z? g r?
||60(l‘)—t+—l§*(f)—t+—1 B{2— P +yls— P & () 23y
<log(r + Dt + DH~'/4,

Also the constants 8 and y can be computed explicitly, see Theorem 1.5 and the
proof of the corollary in the beginning of Sect. 2.

For our last corollary, we additionally demand that the initial datum @y is an even
function in the z-direction. This geometric assumption annihilates the impact of the
next eigenfunction. Thus, no additional correction term arises.

Corollary 1.3. Let w be given as in Corollary 1.2. Additionally assume that wo(r, 7) =
wo(r, —z). Then it holds that

1 5 ZZ . r2
”w(r,z’t)_t—’—_l :B _t+1 +V _t+l C*(t)”Lz(R})

<log(t + D(r + 1)~13/4,
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In our work [28], we imposed similar (and even more extensive) geometric con-
ditions to obtain higher order asymptotic expansions of solutions of the thin-film
equation.

In the following subsection, we will transfer equation (3) into a more manageable
equation for the relative quantity in self-similar variables.

1.1. Relative quantity and main result
The convergence result (4) motivates the following change of variables into self-
similar ones. We define
h(i,7,2) =+ 1Dor2)
and m (7,7,2) = (t + D>*u(t,r,2) ®)
where 7=1logt+1), F=0+D""?r, 2=0+1)""2

In self-similar variables the vorticity equation (3) takes the form

A 1 1 /7 A h i1 ~
oh = Ah + Z0;h + - | . -Vh+2h—5+e —mph —m - Vh
r 2 \z r r

and the relation between the vorticity /4 and the velocity field m remains determined
by the linear elliptic system (2). Note that the impulse Z is preserved under the above
change of variables, that is

/ Poo(t, .2y drdz = / P (7, 2.7) dds, ©)
and therefore, the conservation law (5) is translated into

Z(h(1)) = Z(ho), (10)

for any f > 0. Hence, the convergence result (4) can be rephrased in the new variables
as

h(t) = hye:=T (ho) px in LP (H) as f — oo.
In particular, any Lebesgue norm is uniformly controlled, that is
|h@®] Ly = € foralli > 0. (11)

With these bounds at hand, we will derive sharp rates for the convergence of & to-
wards /... Our arguments can be iterated to obtain convergence rates for higher order
asymptotics as well (under additional assumptions on the initial data).

To do so, it turns out to be useful to work with the relative quantity f:=h/p,. Its
evolution is described by

a;f+cf=ef{%<;)-mf—mﬁf}, (12)
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where
N 1 (F\ = 3
Lf=-Af+3 ( Vf =20 .
2 \z r

The linear operator £ is symmetric and non-negative in the Hilbert space L* (1) =
L2 (H, p), equipped with the standard scalar product ( f, g) .:= f fegdu,wheredu =

R 2422 R o . .
I 61\/5}"36_ T drdz = r2,o*drdz. Indeed, the linear operator can be rewritten as

Lf=—p1¥. (;N f) and it holds that

/gﬁfdu=/@g~@fdu,

for sufficiently smooth test functions f and g. Note that u is a probability measure.
It follows immediately from the definitions of both the relative variable and the
measure, that the mean of f is preserved during the evolution. Indeed, it holds that

<f>ui=/fdu =Z(h), 13)
and the fluid impulse is preserved, cf. (10), so that

(F@D) = {fo), (14)

for any £>0.

The well-posedness result for the vorticity equation (3) ensures the existence of a
solution w and this solution translates into a solution f of equation (12). Furthermore,
this solution f satisfies || f() “L‘(u) < C because of the uniform control of ||r2w(7) It
established in [30]. Due to the suitably chosen change of variables in (8), the initial
time 1 = 0is mapped to7 = 0 and the concentration assumption (7) on wy is equivalent
to the fact that fo € L?(u). An L? theory for (12) is considered in Lemma 2.2 for
completeness.

A crucial part of our approach consists in explicitly computing the spectrum of £
and of the corresponding eigenfunctions. Even though the equation (12) is nonlinear,
the leading order convergence rates of f are given by the eigenvalues of the linear
operator. The nonlinear parts can be considered as error terms and can be suitably
controlled. In the following theorem, we identify the spectrum of the linear operator
and the associated eigenfunctions.

Theorem 1.4. (Spectrum of the linear operator) The spectrum o (L) of the linear
operator L is purely discrete in L* (). The eigenvalues are given by

Aen =L+ ;—l where £,n € Ny.

The corresponding eigenfunctions are polynomials of the form

Yen(r,2) = conl) ﬁ H(£>
,n\r, linky 4 n ) s
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where H,, denotes the n-th Hermite polynomial and Lél) the £-th associated Laguerre
polynomial. Hence, the eigenvalues 27’” and % have multiplicity m + 1. Further-
more, the eigenfunctions {wg,n :l,ne No} form an orthonormal basis of L* (),
where the constant ¢y, is merely a normalization factor.

We refer to the Chapters 18.1 and 18.3 in [3] for definitions and properties of the
Hermite and Laguerre polynomials.

For the rest of the paper we relabel the eigenvalues in a strictly increasing order,
that is o (L) = {M = % : k € No} with corresponding eigenfunctions v ; for j €
{1,..., N}

Before stating the main result, we like to illustrate the heuristics of our approach.
Equivalently to the convergence of 4 towards /.., we expect the relative quantity f to
converge to its mean (f), = Z(ho), such that the relative error f — (f), decays to
zero. Notice that the limit value ( f),, = Z(hg) of f () is proportional to the projection
(f, 1), of f onto the eigenfunction corresponding to the smallest eigenvalue 1o = 0.
As a result, by considering the relative error f (1) — (f),, we remove Ao from the
spectrum and we show that the quantity f(¢) — (f), decays exponentially fast with
rate of the next largest eigenvalue A1 = 1/2.

In order to improve on the rate of convergence, we eliminate the leading order term
by supposing that the fluid impulse ( fo) , is zero, cf. (13), (14). This way, the relative
quantity f(¢) will itself vanish asymptotically. The following abstract result yields the
precise leading order asymptotics together with the leading order corrections under
the assumption that the first n eigenmodes are not excited.

Theorem 1.5. Let n € Ny be given and let f be a solution of (12) with initial datum
fo € L2(,u) such that

. At A
lim e KL(f (t),x/rk,,-m:o (15)
11— 00
forallk =0,...,n—land j =1, ..., Ni. Thenthere exist coefficientsay 1, . .., an N,
and G411, - - . ni1,N,,, Such that
. Ny, ANn+l "
@) - el Zan,j‘//n,j — il Z Apit, j¥nt1, ) <fe M2l forallf > 0.
j=l j=l L2(w)
The coefficients are determined by
. )L"A A
= Tim P (f () Y (16)

—>00

Similar statements were derived earlier, for instance, in the context of the porous
medium equation [27], the thin film equation [28], and the fast diffusion equation
[8,10]. Notice that the number of correction terms in the theorem is restricted to
two. Furthermore, a polynomial factor 7 has to be added on the right-hand side if
both correction terms are built-in. It is caused by resonances. These two limitations
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originate from the distribution of the eigenvalues and the structure of the nonlinear
part of (12). Due to the different scaling, the quadratic part of the vorticity equation
(3) is transformed under the performed change of variables into the exponentially
decaying part of (12). More particularly, the nonlinearity does not decay twice as fast
as the solution f but, due to the prefactor et , even faster. Indeed, if f decays like
e~ we expect the nonlinear part to decay like e~(!1*). Thus, only correction terms
corresponding to eigenvalues A with A < A < 1 + A can be handled suitably. Because
of the structure of the eigenvalues, this limits their number to two. In addition, the
resonance term appears since 1 + A is an eigenvalue whenever A is an eigenvalue.
In the following section, we will turn to the proofs of our results.

2. Proofs

We split this section into three subsections. In the first one, we derive the Corollar-
ies 1.1 to 1.3 from Theorems 1.4 and 1.5. In Sect. 2.2, we will compute the spectrum
(and the corresponding eigenfunctions) of the linear operator £. The information about
the spectrum of £ finally enables us to prove Theorem 1.5 in Sect. 2.3.

2.1. Higher order asymptotics—Proofs of Corollaries 1.1 to 1.3

All corollaries of Theorem 1.5 given in the first section will be proved using the same
strategy. We start by considering the leading order asymptotics stated in Corollary 1.1
and choose n = 0 in Theorem 1.5. In this case, the assumption stated in (15) is actually
empty, and because the eigenvalues 1o = 0 and A1 = 1/2 have both multiplicity 1, it
holds that

—1/2 A _
£ () —ao,1v0,1 — e Par ¥l 2 S e,
(n)

for any 7 > 1. Actually, according to Theorem 1.4, the eigenfunctions corresponding
to the first two eigenvalues take the simple form o1 = 1 and ¥ ; = 2/ V2, and we
infer from (16) and the conservation (14) that

a1 = (folu: a1 = lim é2(F @), 2/

— 00
We have noticed in (13) that the mean of f is nothing but the fluid impulse, which is a
conserved (see (5)) and physically meaningful quantity. All other moments a,, ; have
no particular relevance, and we will thus not keep track of their origin through (16).
We may thus rewrite the above leading order asymptotics as

1f () = T(ho) — e a2l 2 S e,

for some constant o € R.
In order to rewrite the statement in terms of the original vorticity, we will first go
back from the relative variables to the self-similar ones,

IR @) = e = e Pazp)r/pall sy S fe
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recalling that the three-dimensional Lebesgue measure dx reduces to 2w rdrdz when
integrated against axisymmetric functions. Observing that /7 /p, = 1, we may drop
this weight. Performing now the change of variables introduced in (8) and using the
invariance of the fluid impulse under that transformation (9), we arrive at

az _
lo(t) = Z(@o)u(t) = == 6Dl 2(z3) S logt + Dt + 1) ol
This proves Corollary 1.1.
Next, we turn to the proof of Corollary 1.2. Since the impulse Z (w (¢)) = (f (f) Yo.1)
is constant in time, the assumption of Theorem 1.5 in the case n = 1 is satisfied if

T (wp) vanishes. We obtain that

If @) — e a1y — e (a1¥21 + a2 o¥22) 20 S fe 2

since the eigenvalue A, = 1 has multiplicity two. The corresponding eigenfunctions
are given by ¥».1 = (2 — £2)/+/8 and ¥ » = (8 — 72)/+/32, thus identity (16) yields

azy = lim e (f@), 2 = 2)/V8),, aza = lim € (£, (8 —2)//32),.
t—00 1—00

From here on, the statement of Corollary 1.2 follows as in the previous proof.

Lastly, we prove Corollary 1.3. By assumption, the initial data wq is even in the
z-variable. Since the axisymmetric vorticity equation (3) is invariant under reflections
in the z-variable, uniqueness of the solution w(¢) to (3) guarantees that it inherits the
same symmetry property from its initial datum. We immediately deduce that

; R 1

ar1 = lim e'/2(f (7),2/+/2),, = lim —/zr2a)(t)drdz =0,
f—00 4 ( ) / A V2

since the term f zr?w(t)drdz vanishes for all # > 0 due to the symmetry of . This

allows us to apply Theorem 1.5 in the case n = 2 and the proof proceeds in the

established way. Note that the same reasoning as for a; | shows that the constants

az ;= lim e3f/2(f (f) ,¥3,1) and azp:= lim e3f/2(f (f) Y3204
—0o0 —>00

both vanish as well, since V3,1 ~ 62 — 23 and ¥3, ~ 2(8 — 7%) are odd in the
z-direction. Therefore, no second correction term appears in the statement of Corol-
lary 1.3. We see that the symmetry assumption on wq does not only rule out the impact
of the eigenfunction v | but also of any other odd eigenfunction.

After deriving the main results for the vorticity w, we now investigate the spectrum
of the linear operator L.

2.2. The spectrum of the linear operator L—Theorem 1.4

In this subsection, our aim is to diagonalize the differential operator £ in the Hilbert
space L?(u). Determining the eigenvalues of a linear differential operator is a classical
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task in mathematical physics and, more generally, the theory of (non-)linear partial
differential equations. It is often convenient, to exploit the symmetries of the operator
to reduce the dimensionality of the problem. This can be done by making a separation-
of-variables ansatz. In our setting, we decompose the linear operator £ into its radial
and axial parts, that is,

1 3 1
L=L,+ L, where L, = —8,2 + Era, —=0,, L,= —822 + Ezaz,
. :

and we will look for eigenfunctions of the form f(r, z) = ¢ (r)¥ (2).
It is convenient to rescale variables in order to transform the differential operators
into a kind-of “textbook” form. More precisely, we introduce

so that
Ly=—s32+ (s —2)d, Ly= —183 + 1yay.
4 2
The corresponding eigenvalue equations are Laguerre and Hermite differential equa-
tions, respectively. For any £, n € Ny, it thus holds
£,V =LV, £yH, = an, (17)

where Lgl) are Laguerre polynomials and H,, are Hermite polynomials. These form an

orthogonal basis of L2(R., se™*) and L?(R, e‘yz), respectively. We refer to Chapters
18.1 and 18.3 in the monograph [3] for references.
This observation motivates to consider and orthonormal basis of L?(u) given by

Ge(r) @ Yn(2) = ca e LY (2 /4) Ha(2/2),

for some constants ¢, ¢ suitably chosen, so that

F.2) =) (f be @ Yn)pe (V¥ ().

L,r

The eigenvalues of £ are then precisely the eigenvalues ¢, (r) ® V¥, (z), which can be
computed by using (17), namely,

£(¢€ ® Yu) = I/Inﬁrd)ﬁ + (bﬁ‘czwn = (Z + g) P ® 1/fn

With an orthonormal basis consisting of eigenfunctions ¢ ,:=¢; ® ¥, at hand, we
can rewrite £ as follows

‘Cf = Z AZ,n(fa w@,n>,u¢€,na

n,4=0
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where A¢,:={ + 5. By standard results from functional analysis, see, e.g., Chapter
X.1in [9], an operator of this form is self-adjoint and its spectrum is given by

o (L) ={rea} =t +5 :eneNof.

The results in Theorem 1.4 are thus derived.

An important tool for L?-based proofs is the Poincaré inequality which enables us
to estimate the Dirichlet form of the operator £, that is the L2 () norm of the gradient.
Its standard version in the Gauss space is the Brascamp—Lieb inequality

1
5 1= Dl < IV IOl - (18)

where ( ), denotes the integral of f with respect to the probability measure 1, see, for
instance, [5,6]. Having the precise information on the spectrum at hand, we are able
to compute the sharp constant easily. Indeed, setting g = f — (f), for convenience,
we use the eigenvalue expansion of g to write

oo N Nn
IVelgagy = (& L&) =D Y (& Lvnjulg ¥n)u = an D g Vi
n=0 j=1 n=0 j=1
Because 10,1 = 1 and since g has zero mean, the zeroth mode can be neglected. For

all other modes, we bound A, > A1 = 1/2, so that

oo Ny

IV g||L2(M)_2ZZ & Yn i) ||g||sz),

n=0 j=1
which is just (18).

2.3. Main result for relative quantity—Proof of Theorem 1.5

In the remaining part, we only work with the equations for f or . For notational
convenience we thus drop the hats of the spatial and time variables.

As usual in L?-theory based arguments, we will test solutions f of (12) against
other functions like eigenfunctions or the solution itself. While the linear part of the
equation behaves quite well in this situation, the nonlinear part has to be treated with
more care. For convenience, we state an integration by parts identity for arbitrary
functions f and g, that will be used several times in the sequel: It holds that

1 r
5/57(2)~mfdu—/gm-Vfdu=/Vg-mfdu+2fn%gfdu, (19)

where we used the explicit form of the measure p and the fact that the divergence-free
condition of the velocity field m in cylindrical coordinates is equivalent to V- (rm) = 0.
We need an estimate on the (rescaled) velocity vector field.
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Lemma 2.1. Let w be a solution with initial data wq as in Theorem A and let m denote
the corresponding rescaled velocity field (8). Then it holds that

Ilm@ll ooy S 1 forallt > 0.

Proof. The estimate relies on an interpolation estimate derived by Gallay and Sverdk
in [14] and a priori estimates on the rescaled vorticity field. Indeed, the estimate is a
direct consequence of an interpolation in Proposition 2.3 from [14],

1/2 1/2
lmll ooy < ||h||L/l(H)||h”L/°O(H)’

where £ is the vorticity corresponding to m, and from the uniform bounds in (11). [
We use the velocity bound to ensure that L?(x) is a reasonable solution space.

Lemma 2.2. Suppose that f is a solution to (12) with initial data fy € L*(iv). Then
f(t) € L2(w) for any t and it holds that

“f(t) - <f>M||L2(p.) ,S €_t/2.
In particular, f(t) is uniformly bounded in L* ().

Proof. The proof of this estimate is fairly standard. We recall that the fluid impulse
(f)u 1s preserved (14), and we compute, integrating by parts twice, using (19),

li|\f—<f> 1250+ IV EIRs = e (= (s - V) +20F = (s my £)10)
2dt 12 LZ(M) LZ(M)_ s " 7a r y7y

We estimate the velocity vector uniformly with the help of Lemma 2.1, and invoke the
Cauchy—-Schwarz inequality to obtain

1d ) _—

EE”‘]“ - <f>/‘L||L2(/j,) + ” f”Lz(pL)
S S = Pulzgy (19120 + KAl + 157 = (D) -

Via the Hardy inequality from Lemma A.1 in the appendix and the Poincaré inequal-

ity in (18), we notice that the last error term above can be dropped. Using Young’s
inequality, (13) and the conservation of the fluid impulse, we thus arrive at

L (Pl + (1= CeOIV IR

2 dr w2 L2
= Ce™ (If = (Dullzgy +1F = (Fulag,)

Applying the Poincaré inequality (18) once more, we obtain an estimate that is of the

form considered in part (a) of the Gronwall lemma A.2 with A = 1/2 and u = 1.

Integration yields thus the first statement of the proposition. With help of the triangle

inequality we immediately obtain

IF Oz S e+ 1 ful S1

since (f),, is constant in time, cf. (14). O
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The above lemma does not only legitimize L (1) as a solution space, but also serves
as the starting point for higher order asymptotics. In Proposition 2.4, we will derive
faster decay rates of f with help of a dynamically improved Poincaré inequality via
induction over the eigenvalues. Lemma 2.2 will constitute the base case.

In our derivation of Theorem 1.5, it will be important to ensure that low frequency
eigenmodes are asymptotically suppressed. This will be guaranteed if the solution is
decaying fast enough. Indeed, the following result shows that, up to higher order error
terms, the spectral gap estimate can be improved along the nonlinear evolution as in
the linear case, cf. (18).

Proposition 2.3. (Dynamically improved Poincaré inequality) Let f be a solution of
(12) with initial datum fo € Lz(u) satisfying

If Ol 20 S e ™" forallt >0

and a given n € Ny. Then the following two inequalities hold.

(a) There exists a constant C > 0 such that

Ny
Dt 1 F @) = 7Y " an j¥n 117,
j=1
Ny
<IV@ =3 ay il s,y + Ce P
j=1

holds for all t > 0. Here ay, j:= t1~1>n(;lo M (1), Yn, i) e

(b) There exists a constant C > 0 such that

Ny Nn+l
—Ant —A 2
D2l F @) =Y " an i j — e 7Y ang il
Jj=1 Jj=1

Nu+1

Ny
- gt 2
< IV(f(t) —e ™! E an,jYn,j — € "t E an+1,j¥n+1. )72,

Jj=1 Jj=1
+ Ce*”‘n#—zl

holds for all t > 0. The constants ay_j are given as in part (a) and accordingly
an1,j:= lim (), Vgt e

Note that a priori it is not clear that the constants a,, ; and a,1,; are finite.
Proof. We commence with the proof of part (a). As a start, we expand f in eigenfunc-

tions, i.e., f =Y rop Zivi (s Yk, j) w Wk, j and compute, using the orthonormality of
the eigenfunctions that
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1 =™ an jn i3 2g = DU Ymidp = 267 Y " an i (fs ¥ )

J m,j J
+e PN "an (20)
j

Similarly, using in addition the symmetry of the linear operator £, we notice that

IV = e an ¥ D72
J

= dmlf Vm Vs = 2hne ™D " an Y b+ € A Y ay
J J

m,j

For the first term on the right-hand side, we have that

Z)\m<fs ‘/fm,j>;2,, > )\n+1 Z<f’ wm])i - Z Z()\n+1 - )\m)(fv l/fm,j>,2“

m, j m, j m=0 j

and using the identity (20), we then find

IVCf = e an ¥ Do
J
n

= daetlf =Y an 3o = D D Gt = A (s Y, )7
J

m=0 j

+ 201 = e Y an (oY — € Gt — ) Y ay Q1
J J
n—1

= Mt f =€ Y an ¥ 17200 = D DOt = 2n){ s Ym0
J

m=0 j

— Ot =) D (U — ¢ )
J

We have to ensure that the second and the third term on the right-hand side are of the
order O (e~ n+2t),
Let us first consider the evolution of the projections (f (), ¥m,j), form < n.In

view of the imposed decay on f, it is clear that they are decaying faster than e~*n!.
Indeed, it holds that
L@ Ym ol < N F Ol 2 S e Pt (22)

by the assumption in the lemma, and the right-hand side is decaying to zero form < n.
In order to improve on the rate, we use the equation. Applying the projection to (12)
yields

d 1
E(ﬁ Iﬁm,j);,t + A fs 1ﬁm,j)u = Eet(<;> -mf, Ipm,j>u _eit<m -Vf, lpm,j)pt-
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Using the integration by parts formula (19), the derivatives can be put onto the eigen-
function,

d
E(f’ wm,j)u‘i‘)»m(fv I/fm,j>u:e_t<f’ Vlj//m.j +2€ f r erm,j)u.'

Using the decay assumption on the solution, we thus obtain the estimate

d _ _
S A+ oV | S €O im0 (199, 120y + 10 W 2) -

Thanks to the Hardy-type inequality from Lemma A.1, the terms involving the eigen-
functions are controlled by |, jll 12,0y + IV¥im, il 12y = 1 + +/Am. Moreover, the
velocity is bounded thanks to Lemma 2.1. We thus find that

d — (o —
dt ( Amt (f wm]> ) 5 e (An )\m-i-l)t' (23)

If m < n, we use the observation (22) to deduce that
(@) Y, )l S e FntDn = At (24)

If m = n, we observe that ¢ — 51 |eA " f(0), Y j) M\ isa Cauchy sequence and
therefore there exists a constant ay, ;, indeed given by a, ; = hm etnt( S@ Y, j) s

such that

| CF (O, Yn, e — anj| S e

Multiplying this estimate by e ~*#/, we obtain the same decay behavior as in (24), and
thus, plugging both bounds into (21) finishes the proof of part (a).
The proof of part (b) proceeds essentially in the same way. It holds that

—Ant —Ans1t 2
hn2llf =Y an v — €Y i Wil
J J
—A —A 2
<V =Y an i — €Y e a1 DI,

J J

n—1
+ Z Z(/\n+2 — J)(f Ym )7,

m=0 j

+ Ant2 — An) Z ((f’ Yn,jdu — eikntan,j)z
J

- 2
+ (Ant2 — An) Z (s Yntt e — € ang )
J

The only term that is new compared to the case considered in (a) is the one displayed
in the last line above. For this, we note that the estimate in (23) (wherenow m = n+1)
becomes

d
‘E (e)‘n+lt(f9 I/fl’l-Fl.,j);l.) S e_()tn—)\n+l+])l‘ — e_t/z,

and from this point on, we may conclude as before. 0
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We like to remark that the maximal number of correction terms for the dynamically
improved Poincaré inequality is two—at least when relying upon our elementary
proof. This observation provides another explanation for the constraint on the number
of correction terms in the main Theorem 1.5.

The following proposition illustrates why the decaying hypothesis in the previous
proposition can actually be assumed to prove our main result, although the assumptions
in Theorem 1.5 seem to be weaker.

Proposition 2.4. Letn € Ny and f a solution of (12) with initial datum fy € L*(1)
such that

Jim ™ (f (1), Y ) =0 (25)
forallk =0,...,n—1and j =1, ..., Ni. Then it holds that
If N2y S e ™" forallt > 0.

Proof. We prove the statement viainduction over n. In the base case n = 0, assumption
(25) is empty and 1oy = 0. The statement || f(¢) ”Lz(u) < 11is covered by Lemma 2.2
since fo € L>(w).

Let us now assume that (25) holds true for all k¥ < »n and in addition that

If Ol 20 S e ™ (26)

by induction hypothesis. Our goal is to improve the exponential decay rate from
Ap t0 Apy1. The argument is very similar to that of Lemma 2.2, which we have to
improve. With estimate (26) and the assumption (25) at hand, the Poincaré inequality
Lemma 2.3, part (a), provides

dnet 1f D72 < IV O, + Ce 2 @7

We now compute the L? decay of f by testing the evolution and integrating by
parts,

1d 2 2 —t 1 r 2
S ey #1901 = ([ 5 (D) -mfPdu— [ m-Vpan).

Using the integration-by-parts identity (19), the latter turns into

d 2 2 —t mr .o
T F 2 T2V F 1, < 2 /fm-VfdM+2/7f dp).

We now estimate the right-hand side with the help of the velocity bound in Lemma 2.1
and the Hardy-type inequality in Lemma A.1,

‘/fm.VfdMHf%fzdu‘
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S timllzs (171220019 F 2o+ 1r " Fllizgol Fllzg)
S 1120 + 1120 1V £ lL260y

so that via Young’s and Poincaré’s estimate (27)

d - —
T 12y + Chagt = CeTDI S Ia,y S €72

for some C > 0. We invoke the Gronwall inequality from part (a) of Lemma A.2 to
deduce

_)‘Vt
1Ol 2 S e
as desired. O
Finally, we are in the position to prove our main result.

Proof of Theorem 1.5. We start by noticing that, under the hypothesis of the theorem,
Propositions 2.4 and 2.3 imply that

D2l (1) = Y (1) = Y1 DN 2y < IV @) = YD) = Y1 D172,
+Cem !, (28)

where we have set

N

V() =" am, j¥m.

j=1

for m = n, n + 1. Noticing that the ¥,,,’s solve the linear equation 9, Y, + L, = 0,
we have that

O (f =Y¥n — VYnt1) + L = V¥ — Yuy1)

1
:e"{E@'m<f—1/fn—wn+1)—m-V(f—wn—WH)

1
+ 5(2)-m(wn+wn+1)—m~V<wn+wn+1)}.

Using the symmetry of £ and the integration-by-parts identity (19), we consequentially
compute

1d
577 1= ¥ = Yl + IV = ¥ = Yui D)l a,

1
=e—’{§/<f—wn — Vi)’ (;) -mdp

_f(f_wn_¢n+1)m'v(f_wn_l/fn+l)dﬂ
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1
+5/<f—x/fn—wn+1><;) (Y + Yng1) dpt
—/(f—wn —I/fn+1>m~vwn+wn+1>du}
=e! {/(f - d’n - I/fn—',-l)m . V(f - 1!/11 - Wn—&-l)dlu«
ny 5
+2/T(f_1ﬂn_¢n+l) d,bL
+ /(wn F Y )m - V(f = Y — Yns1) du

+/‘%(wn"i‘wnJrl)(f_wn_wn+1)dﬂ}-

We may uniformly estimate the velocity term with the help of Lemma 2.1. Making
use of the Hardy-type inequality from Lemma A.1 and using the trivial bounds

1 + Ynrt 20 + 1V @0+ Vs Dl 20 S e,
we find that
D =t |Pay s +2 [V = Y — )|
dr n n+11 12w n n+1)0 L2 (w)

S e 1F =¥ = Va2 IV = ¥ = YDl 2+ 1F = ¥ = V1|

e 2 ) = — 2 + IVC = W =Yg D2 |-

An application of Young’s inequality followed by the Poincaré estimate (28) then
gives

d _ _
I =¥ = Ui 2y + @hnia = Ce™) I =¥ = Yl ga,y S €2

The statement of the theorem now directly follows with from the Gronwall inequality
in Proposition A.2 part (b). 0
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Appendix—Some elementary estimates

In this appendix we collect some rather standard result, whose proofs we provide
for the convenience of the reader.

Lemma A.1. (Hardy-type inequality) It holds that

IV l200,) S M2 + 10- ¥ Nl 220

Proof. The estimate can be derived by a suitable integration by parts in one space
dimension. We write and compute

o0 )'2 22 1 o0 d "2 22
/ vire” Tdr = E/ v’ <d r2> e dr
0 r
/ Yo yrie f v dr.

from which we derive with the help of Young’s inequality that

% 2422 e 2422 %
/ wzref% dr < / wzr‘%e*% dr + / (E)rlﬁ)2r%e
0 0 0

Integration in z gives the desired result. U

:2
T dr.

Lemma A.2. (Gronwall-type inequalities) Let a function F: [0, c0) — [0, c0) and
two constants 0 < L < u be given.
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(a) Assume that there exists a constant C > 0 such that F satisfies

d
EF +(A—Ce™HF <Ce ™™ forallt>0.

Then it holds that

F(t) <e™ forallt > 0.

(b) Assume that there exists a constant C > 0 such that F satisfies

d
EF +(A—CeHF <Ce™ forallt > 0.

Then it holds that

F(t) <A +0e ™ forallt > 0.

Proof. We can prove both statements simultaneously, allowing for u = A.
We define ¢(s) = A — Ce™* and compute

a (exp (/t ¢(s)ds) F(t)) < Cexp (ft b (s)ds — ;u)
dt 0 0

=Cexp((h — it —C(1 —e™)) S et w1,

Integration in time gives the respective results. g
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