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On the second boundary value problem for a class of fully nonlinear
flow 111

CHONG WANG, RONGLI HUANG AND JIGUANG BAO

Abstract. We study the solvability of the second boundary value problem of the Lagrangian mean curvature
equation arising from special Lagrangian geometry. By the parabolic method, we obtain the existence and
uniqueness of the smooth uniformly convex solution, which generalizes the Brendle—Warren’s theorem
about minimal Lagrangian diffeomorphism in Euclidean metric space.

1. Introduction

In this work, we are interested in the long time existence and convergence of convex
solutions for special variables, which solves the fully nonlinear equation

2—1: =F (A(Dzu)> —f(x), t>0, xeQ, (1.1)

associated with the second boundary value condition
Du(Q) =2, t>0, xedQ, (1.2)
and the initial condition
u=ug, t=0, xeQ (1.3)

for given F, f and ug, where Du and D2y are the gradient and the Hessian matrix
of the function u, respectively, Q and €2 are two uniformly convex bounded domains
with smooth boundary in R” and MD?*u) = (A1, ..., Ay) are the eigenvalues of D2u.
One of our main goal to study the flow is to obtain the existence and uniqueness of
the smooth uniformly convex solution for the second boundary value problem of the
Lagrangian mean curvature equation

{Ft(A(Dzu))=K~x+c, x € Q, (L4)

Du(Q) = Q,
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where k¥ € R" is a constant vector, ¢ is a constant to be determined and

%2'7_ In;, =0,
JVa 2+ Ai+a—b

2i= 1lnx+a+b’ O<z<7,

— T

Fr(A) = _\/_Zi—l 4 T=7, (1.5)

«/a2 Aita—b T bid
Ly jarctan 5o, 7 < T <7,

_m

Y i arctan A, t=1,

where a = cot 7, b = /| cot? T — 1]|. Regarding the equation, the details can be seen
in [32].
Let

b
gr =sintdp+costgy, T € [0, 5]

be the linear combined metric of the standard Euclidean metric
n n
8o = dei ®dx; + Zd)’j ®dy;j
i=1 j=1

and the pseudo-Euclidean metric

1 ¢ 1 ¢
= EZdXi ®dy; + 5 Zdyj ®dxj
i=1 j=1
in R" x R".
Under the framework of calibrated geometry in (R” x R", g;), Warren [1] firstly
obtained the special Lagrangian equation as the form

Fr(M(D*u)) = c, (1.6)

which is a special case of (1.4) when k = 0. Then, (x, Du(x)) is aminimal Lagrangian
graph in (R" x R", g;).
If =0, (1.6) becomes the famous Monge—Ampere equation

det D*u = ¢,

As for 7 = 7, one can show that (1.6) is the classical special Lagrangian equation

n
> arctan A;(D*u) = c. 1.7)
i=1
The special Lagrangian Eq. (1.7) was first introduced by Harvey and Lawson in [2]

back in 1982. Its solutions u were shown to have the property that the graph (x, Du(x))
in (R* xR", §p) is a Lagrangian submanifold which is absolutely volume-minimizing,
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and the linearization at any solution is elliptic. They proved that a Lagrangian graph
(x, Du(x)) in (R" x R", §p) is minimal if and only if the Lagrangian angle is a
constant, that is, (1.7) holds. Interestingly, several methods for studying the Bernstein-
type theorems occured in the literature [3,4]. Jost and Xin [3] used the properties of
harmonic maps into convex subsets of Grassmannians. Yuan [4] showed that entire
convex solutions of (1.7) must be a quadratic polynomial based on the geometric
measure theory.

The Dirichlet problem for the Lagrangian mean curvature equation with various
phase constraints had been studied by Collins et al. [5] and Bhattacharya [6]. Bhat-
tacharya and Shankar had obtained the regularity for convex viscosity solutions in
[7,8]. We refer the reader to the appendix in [9—11] for interior estimates with criti-
cal and supercritical phase. Singular C!-% solutions constructed in [12,13] show that
interior regularity is not possible for subcritical phases [®| < @, without an
additional convexity condition, as in [14-16], and that the Dirichlet problem is not
classically solvable for arbitrary smooth boundary data.

Moreover, we now briefly remark on some relevant work about Hessian and gradient
estimates of the Lagrangian mean curvature equation. The convex smooth solutions
with C!-! phase were obtained in [17]. The C* solutions with critical and supercritical
phase were considered in [18-21]. Bhattacharya and Wall considered the shrinkers,
expanders, translators and rotators of the Lagrangian mean curvature flow in [22].

People have worked on showing the existence of the minimal Lagrangian graphs
(k = 0), and Du is a diffeomorphism from € to Q. That s,

{ F:(M(D*uw) = ¢, x€Q, (1.8)

Du(2) = Q.

Here, Du is a minimal Lagrangian diffeomorphism from  to Q. In the case of
T = 0, in dimension 2, Delanoé [23] obtained a unique smooth solution for the
second boundary value problem of the Monge—Ampere equation if both domains are
uniformly convex. Later the generalization of Delano&’s theorem to higher dimensions
was given by Caffarelli [24] and Urbas [25]. Using the parabolic method, Schniirer
and Smoczyk [26] also obtained the existence of solutions to (1.8). As far as T = %
is concerned, Brendle and Warren [27] proved the existence and uniqueness of the
solution by the elliptic method, and the second author [28] obtained the existence
of solution by considering the second boundary value problem for Lagrangian mean
curvature flow. Then by the elliptic and parabolic method, the second author with
Ou [29], Ye [30] and Chen [31] proved the existence and uniqueness of the solution
for0 <7 < 7.

We are now in a position to find out the Lagrangian graph (x, Du(x)) prescribed
constant mean curvature vector « in (R"” x R”, g;) such that Du is the diffeomor-
phism between two uniformly convex bounded domains. Thus, it can be described by
Eq. (1.4), seeing [32].

By the continuity method, it follows from our early work [32] that we obtain the
existence and uniqueness of the smooth uniformly convex solution to (1.4). That is
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Theorem 1.1. Fort € (O, %], there exists some positive constant € depending only
on Q and Q, such that if |k| < €o, then there exists a uniformly convex solution
u € C*(2) and a unique constant c solving (1.4), and u is unique up to a constant.

Theorem 1.1 exhibits an extension of the previous work on ¥ = 0 done by Brendle—
Warren [27], Huang [28], Huang—Ou [29], Huang—Ye [30] and Chen—Huang—Ye [31].

In the present paper, we pursue a strategy of deriving asymptotic convergence the-
orem to the solutions of (1.1)—(1.3) for proving Theorem 1.1 based purely on the
previous results of Altschuler and Wu [33], Schniirer [34], and Kitagawa [35].

Motivated by the work of Huang—Ou [29] and Huang—Ye [30], we introduce a class
of nonlinear functions containing F7 (1), T € (0, %].

ForO < ag < 1,let F(Ay,...,A,) bea CZtao symmetric function defined on

OF={,....0) eR 12 >0, i=1,...,n},

and satisfy

—00 < F(0,...,0) < F(400,...,400) < +00, (1.9)
oF
— >0, 1<i<n on I'f, (1.10)
oA;
and
3°F
<0 on I, (1.11)
OA; 0N
For any (1, ..., uy) € I',7, denote
1 .
Ai=—, 1 <iz<n,
Mi
and

F(uis ooy ptn) = —=F1, ..o, hn).

Assume that

3’F
<0 on T} (1.12)
o
For any 51 > 0, so > 0, define
+ _ +. : ) )
F]s.,sz[ = {(M, A el 0< lrfnl_léln)», < s, lléliafxnkl > sz} .

We assume that there exist positive constants A1 and A, depending on s1 and s, such
that for any (Aq, ..., A,) € r

Is1,820°

" OF
Ay < E " < A, (1.13)
i=1
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and
" 9F
Al < ; a_/\,-kiz < As. (1.14)
Remark 1.2. Since
92F 3°F aF

=— MAG =228 —.
oo OA;OA oA

we cannot deduce (1.12) from (1.10) and (1.11).
For f(x) € C2T%0(Q), we define

os%c(f) = max | f(x) — f(y)l,

x,yeQ

and
oy = {f(x) € C*(Q) : fis concave, osc(f) < 8} )
Q
The constant § is any positive constant satisfying

S < min {F(—i—oo, .oy F00) —max F (A(Dzuo)) ,min F (A(Dzuo))
Q Q

—F(O,...,O)}.

Remark 1.3. Let f(x) = « - x and if |« | is sufficiently small, then f(x) € .o}.
Our main results are the following:
Theorem 1.4. Let F satisfy the structure conditions (1.9)—(1.14) and f € <. If

A 1

0
IDf] = -
2 maxgzlehl

(1.15)

holds, where 6 and h depending only on Q appear in Definition 3.1. Then for any
given initial function ug which is uniformly convex and satisfies Duo(Q2) = Q, the
uniformly convex solution of (1.1)—(1.3) exists for all t > 0 and u(-, t) converges to
a function u®™(x, 1) = i®(x) + coo - t in C'(Q) N C4*(D) as t — oo for any
DcCccQ0<¢<l1land0 < a < ag. That is,

: o0 _ : o0 - —
t_l)lToo ||u(’t)_u ('7t)||C]+§(Q) —O, t—lgToo ||l,t(,l‘)—1/t (~,t)||C4+u(D) =0.
And 1% (x) € C'T1(Q) N C*0(Q) is a solution of

2 (1.16)

F (MD?u)) = f(x) + ¢, x € Q,
Du(Q) = Q.
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The constant ¢ depends only on €2, fZ, uo, f, 6 and F. The solution to (1.16) is
unique up to additions of constants.

Especially, if F and f are smooth, then there exist a uniformly convex solution
Uoo(x) € C®(Q) and a constant cop solving (1.16).

The rest of this article is organized as follows. The next section is to present the
structure condition for the operator F; and then we can exhibit that Theorem 1.1
is a corollary of Theorem 1.4. To prove the main theorem, we verify the short time
existence of the parabolic flow in Sect. 3. Thus, Sect. 4 is devoted to carry out the strictly
oblique estimate and the C? estimate. Eventually, we give the long time existence and
convergence of the parabolic flow in Sect. 5.

Throughout the following, Einstein’s convention of summation over repeated in-
dices will be adopted. We denote, for a smooth function u,

ou 3%u u

Ui = —, Ujj = Uijk

T dxox;’ - oxidxjoxy

2. Preliminary step of Theorem 1.1

In the following, we are going to describe the analytic structure of the operator F;
by direct computation.

Itis obvious that Fr (A1, ..., A,), T € (0, 3 ]isasmooth symmetric function defined
on F,T . For technical reasons, it is necessary to push further the calculation, and we
get

F(0,...,0) =

A

F(+00,...,400) = nraZil

QA py O
A

S ERPEEENER]

a’+1
(Aj+a)2—b%’

e}
A
<
A
ENE]

NG
OF, | (+h™

9hi VxS

&l
A
<
A

S

1
1+22°

~
Il
[STE
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and

92F,

arion;

fori, j =1,...,n. Then,

—o0 < Fr (0, ...

IF,
I

> 0,

and

For any (A1, ...

n

2

i=1

aF; c
oA

and

For any (i1, ..

,0) < Fr(+oo,

On the second boundary value problem

_2@()\1'4*&)51'1'
[hita2—b2])
226
0
2V H1(0ta)s;
[(i+a)2+b2]
_ 2);8ij
(1422

T
0<t<7,

T

ENE]

BB
~

[SIE

, +00) < 400,

l<i<n on I'f,

(

,An) € F]'El,xz[, we get that

9%F,
OA; 0N

>§O on I'f.

T

4

_(91+a)2 —b2’ a2—b?

[(ml)z ’ ”*/_]

Va’+1 nva’+1
L (s1+a)>+b%°  a’+b?

2 2
Vva-+1 n«/a+1i|’ 0<1 <

*‘l

ENE]

’

T
2

<T<

|

ENE

Q

1+s5

1
— =, N
1+s3° i| ’

S

2
<sz+a)2 ooV }
[ 2vs

N
(52+a)2 b2

o

0<t<7,

ﬁ
ENE

<t<Z

[

_Q

(SIE]

. ) € T;F, denote
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c (o, %] .

2.2)

2.3)

(2.4)

(2.5)

2
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and
Ft(ﬂl“l"“") = —Fr(A1, .0, A,
Then,
O Pon T Tl ow aa
and
92 F, 22 F .
— = |\ ki 25 ) 9y
_ @ lquita) s .
[(1+a/1,,~)2,(bm)2]251j’ 0<1< T,
e ==z
— (1+M,')3’ =7
I NI O x .
[(1+auz)2+(bui)2]2511’ T <T<7,
_2mibij o
(1+u2)* z.

Therefore, we obtain

dF.
! >0, 1<i<n on F,T,
i
and
92 F.
" ) <0 on I} 2.6)
;o

By the discussion above, we have
Proposition 2.1. Fort € (0, %], the operator F;()\) satisfies the structure conditions
(1.9)—(1.14).

In fact, there are more operators satisfying the structure conditions (1.9)—(1.14). For
any constants « > 1 and ¢ > 0, define the operator as follows:
n 1
S¥Aly vy Ap) = — _—
( 1 n) Z (8 T )»l')a

i=1

Therefore, if
F [Dzu] — 5 (x (Dzu)) , 2.7)

then F [Dzu] satisfies the structure conditions (1.9)—(1.14).

In the next three sections, we are going to prove Theorem 1.4 through the short time
existence of the parabolic flow, the strictly oblique estimate and the C? estimate based
on a Schniirer’s convergence result.
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3. The short time existence of the parabolic flow

Let &, be the set of positive definite symmetric n x n matrices, and A1 (A), ...,
An(A) be the eigenvalues of A. For A = (a;;) € &;, denote

F[A] = F (M (A), ..., A, (A))
and
. . OF o 92F
@) =@~ Fl= - FI =
8aij aaijaars

Let us recall the relevant Sobolev spaces ( cf. Chapter 1 in [36]). For every multi-

index B = (B1, B2, ..., Bn), Bi = Ofori =1,2,...,n with length || = >, B;
and j > 0, we set

olBlI+iy

axProxf . axfron

3181y,

, DPDJu =
axf‘axfz...ax,," !

DPu =

We state the definition of the usual functional spaces as follows (k > 0):
Ck(Q) ={u:Q2—->R:VB, |B] <k, DPu is continuous in Q1
CK(Q) = {u e CX(Q) : VB, |B] < k, DPu can be extended by continuity to 92},
Ch5(Qr)=(u:Qr — R:VB, j >0, |8 +2j <k, DP D/ u is continuous in 7},
Ch3(@r) = (u e CR3(Qr) VB, j 2 0,181 +2) <k,
D D,j u can be extended by continuity to d27}.

Moreover, CX () and C* 3 (Qr) are Banach spaces equipped with the norm

Il iy = Y, sup|DPul

1Bl<k €
and
_ B/
el ok g, = Z_ sup | DP D} ul,
J=0,114+2j <k 1
respectively.

We now present the definition of Holder spaces. Let o € [0, 1], define the a-Holder
coefficient of # in 2 as

lu(x) —u(y)|
[ule.@ = sup — -
X#Y,x,7EQ lx — vl

If [uly.@ < 400, then we call u Holder continuous with exponent « in 2. If there
are not ambiguity about the domains €2, we denote [u]y o by [u]y. Similarly, the
(a, %)—Hélder coefficient of u in Q7 can be defined by

lu(x, 1) —u(y, )|
[“]a,%,QT = sup o
(D#@,0), (0,0, (0, 0eQr [X — y[¢ + |t — T2
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and u is Holder continuous with exponent (c, %) in Qp if [M]a’%,QT < 400. Mean-

while, we denote [u]a’%,QT by [u]a’%. We denote Ck+e (8_2) as the set of functions

belonging to C¥(Q) whose k-order partial derivatives are Holder continuous with

exponent « in € and C*¥%(Q) is a Banach space equipped with the following norm
||”||ck+a(§2) = ||’4||ck(§z) + [ulktas

where

[Wlire = Y [DPuly.
|B1=k

. . kta = . . k=
Likewise, we denote CKT% 5 (27) as the set of functions belonging to cka (27)
whose (k, %)-order partial derivatives are Holder continuous with exponent («, %) in

Qr and CF+e 5 (Q7) is a Banach space equipped with the following norm:

u k _ = [lu ko~ u kta
Il g gy = 0y D

where
[Wliyo ige = D [DPDlulys.
|Bl+2j=k

By the methods on the second boundary value problems for equations of Monge—
Ampere type [25], the parabolic boundary condition in (1.2) can be reformulated as

h(Du) =0, x €0, t>0,

where we need
Definition 3.1. A smooth function 4 : R” — R is called the defining function of &
if
Q={peR":h(p)>0}, |Dhlyg=1,
and there exists & > Osuchthatforany p = (p1,..., pn) € Qand“g‘ =(&,...,&) €
Rn
3%h

gEj < —0lE.
apiop; "’

We can also define  as the defining function of 2. That is,
Q={peR":h(p) >0}, |Dhlsgo=1 D>h<—0I,

where 6 is some positive constant. Thus, the parabolic flow (1.1)—(1.3) is equivalent
to the evolution problem

u—F(MD*w) — f(x), t>0, xeQ,
h(Du) =0, t>0, xedQ, 3.1)

u = ug, t=0, xeQ.
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To establish the short time existence of classical solutions of (3.1), we use the inverse
function theorem in Fréchet spaces and the theory of linear parabolic equations for
oblique boundary condition. The method is along the idea of proving the short time
existence of convex solutions on the second boundary value problem for Lagrangian
mean curvature flow [28]. We include the details for the convenience of the readers.

Lemma 3.2. (Ekeland, see Theorem 2 in [37]) Let X and Y be Banach spaces with
the norms || - ||1 and || - |2, respectively. Suppose

h:X—>Y

is continuous and Gdteaux-differentiable, with h[0] = 0. Assume that the derivative
Dh[x] has a right inverse T[x], uniformly bounded in a neighborhood of 0 in X. That
is, forany y € Y,

Dh[x]T[x]y =y,
and there exist R > 0 and m > 0 such that
lxll1 < R = [ITlx]ll2 < m.

Foreveryy €Y, if

R
Iyl < —,
m
then there exists some x € X such that
lx]l2 < R,
and
hilx] =y.

As an application of Lemma 3.2, we obtain the following inverse function theorem
which will be used to prove the short time existence result for Eq. (3.1).

Lemma 3.3. (See Lemma 2.2 in [30]) Let X and Y be Banach spaces with the norms
Il - Il1 and || - |2, respectively. Suppose

J: X—>Y

is continuous and Gateaux-differentiable, with J (vo) = woq. Assume that the derivative
D J[v] has a right inverse L[v], uniformly bounded in a neighborhood of vy. That is,
foranyy €Y,

DJ[v]L[v]y =y,
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and there exist R > 0 and m > 0 such that
lv—olli < R= |IL[v]ll2 < m.
Foreveryw €Y, if
R
lw—woll2 < —,
m
then there exists some v € X such that
lv—oolli <R,
and
J(v) = w.

We will use the following short time existence and regularity results for linear
second-order parabolic equation with strict oblique boundary condition:

Lemma 3.4. (See Theorems 8.8 and 8.9 in [38]) Assume that f € C“O’aTO(S_ZT)for
some 0 < ag <1, T >0, and G(x, p), Gp(x, p) are in C1+°‘°(E)for any compact
subset B of 92 x R" such that infyq(Gp, v) > 0 where v is the inner normal vector
of 9. Let ug € C*t20(Q) be strictly convex and satisfy G(x, Duo) = 0. Then, there

exists T' > 0 (T’ < T) such that we can find a unique solution which is strictly convex
. . . 24ag = . .
in x variable in the class C>T%0- 2 (271) to the following equations:

) » -
S —a’(x, Huij = f(x, 1), T'>t>0, xe,

G(x, Du) =0, T'>t>0, xe€df,
U= ug, t=0, xeQ,

P o = .. P ..
where a'’ (x,t) € C*2 (Qr), 1 <i,j <nand[a"”(x,t)] > aol for some positive
constant ay.

2+« -
By the property of C2+°‘°’% () and u(x, t)|;—0 = up(x), we obtain
tim . 1) = 0o ()l g2t = 0. (32)

For any o < «, we have

|(D?u(x, 1) — D*ug(x)) — (D*u(y, ) — D*uo(y))|
lx — ylo + | — 7|2
(Du(x, 1) — D*ug(x)) — (D*u(y, 1) — D*uq(y))|
lx — y[«
w—e |(D?u(y, 1) — D*u(y)) — (D*u(y, 1) — D*up(y))

g
lr—z|2

- |

+|t — 1|
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Then, we get
ID%u = Duol g g ) = max D% 1) = D2uo()ll oy
+T 70 u— Dz“(’l'c‘*o’%“(s'zr/)' (3.3)
Combining (3.2) with (3.3), we obtain
Tl;m | D>u — D2u0||c “$ @y = 0, (3.4)

which will be used later.
According to the proof in [25], we can verify the oblique boundary condition.

Lemma 3.5. (See Urbas [25]) Let v = (vq, va, ..., v,) be the unit inward normal
vector of 3Q. If u € C*(2) with D*u > 0, then there holds h , (Du)vy > 0.

Now, we can prove the short time existence of solutions of (3.1), which is equivalent
to the problem (1.1)—(1.3).

Proposition 3.6. According to the conditions in Theorem 1.4, there exist some T” > 0
andu € C2+°"2+Ta (S_ZTH) which depend only on €2, Q, uo, f, 8 and F, such that u is a
solution of (3.1) and is strictly convex in x variable.

Proof. Denote the Banach spaces

X = CP 5 (Qr), Y = C%5(Qr) x CT T (9Q x (0, T]) x C2H (),

where
Ity =1 g gy 1 et o o 1 lcziey:
Define a map
J: X—>Y

by

S —FID*ul+ f(x), (x,1)€Qr,

J(u) = h(Du) (x,1) € 0Q x (0, T,
u, (x,1) € Q x {t =0}.

Thus, the strategy is to use the inverse function theorem to obtain the short time
existence result.
The computation of the Géteaux derivative shows that for any u, v € X,

J 8 — FilDulvj, (x,1) € Qr,
DJul(v) := Ej(u + tV)|r=0 = | hp, (Du)v;, (x,t) € 02 x (0, T],
v, (x,1) € Q x {t = 0}.
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Using Lemmas 3.4 and 3.5, there exists 71 > 0 such that we can find
Qe CPro T Q) c X
to be strictly convex in x variable, which satisfies the following equations:

g—'?—ALQ:F[DZMO]—AMO—f’ T1 >t>0, xeQ,

h(Di) =0, T >t>0, xe08, 3.5)
0= ugp, t=0, xeQ.

We see that there exists R > 0, such that u is strictly convex in x variable if

u—1u 24a
Il ||C2+Q,Ta(QTI)

For each Z := (f, g, w) € Y, using Lemma 3.4 again, we know that there exists a
unique v € X (T = T) satisfying DJ[u](v) = (f, g, w), that is,

B FiDMulvj=f, T1>t>0, xeQ,
hp; (Du)v; = g, T, >t>0, xe€0%,
v=w, t=0, xeQ.

Using Schauder estimates for linear parabolic equation to oblique boundary condition
(cf. Theorems 8.8 and 8.9 in [38]), we obtain for some positive constant m,

ol s 23 g < <||f||ca,g L + ||m||cz+a<@>) :

2 ( %&(BQX(O,TH)

For T = T, by the definition of the Banach spaces X and Y, we can rewrite the above
Schauder estimates as

lvllx <mlZ]ly.
If | Z]ly <1, then we have
vllx <m.

It means that the derivative DJ[u](v) = Z has a right inverse v = L[u](Z) and

[L{ulll :== sup [L[ul(Z)||x <m.
1Zlly<1
If we set
~ o 2 o
f= E_F[D al+ f, wo=(f,0,up), w=1(0,0,up),

then we can show that

F_ a — A 201 24 "
If = 0llag o, = 18 = Auo+ FID*uol = FID* @l g g,
A 2 2 A
< 18d = Auoll g g+ IFID*u0] = FID?ill g g
24 2
= CID%i = Duoll g g, -
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where C is a constant depending only on the known data. Using (3.4), we conclude
that there exists 7" > 0 (T < Ty) to be small enough such that

;o . 2~ 2 B "
1/ = Ol g, < CID%E = Dol g g <~

Therefore,

lw — wolly = 10— £

@ ¢ = < —.
C™2(Qpn) m
By Lemma 3.3, we obtain the desired result. O

Remark 3.7. By the strong maximum principle, the strictly convex solution to (3.1)
is unique.

4. The strict obliqueness estimate and the C? estimate

In this section, the C? a priori bound is accomplished by making the second deriva-
tive estimates on the boundary for the solutions of fully nonlinear parabolic equations.
We also refer to the recent preprint [32] for a proof of separation in elliptic setting with
the same criterion as the one used in the present work. This treatment is similar to the
problems presented in [25,26,28], but requires some modification to accommodate
the more general situation. Specifically, the structure conditions (1.13) and (1.14) are
needed in order to derive differential inequalities from barriers which can be used.

For the convenience, we denote B = (8, ..., p") with B/ := hp;(Du), and v =
(v1, ..., vy) as the unit inward normal vector at x € 9€2. The expression of the inner
product is

(B,v) = B'vi.

By Proposition 3.6 and the regularity theory of parabolic equations, we may as-
sume that u is a strictly convex solution of (1.1)~(1.3) in the class C2+* 13 (Q7) N
C*+2+5(Qr) for some T > 0.

Lemma 4.1. (ii-estimates) If the convex solution to (1.1)—(1.3) exists and f € <,
then

min F[Dzuo] —max f(x) < < max F[Dzuo] — min f(x),
Q Q Q Q

© . du
where i := ;.
Proof. From (1.1), a direct computation shows that

W) ija o
7 - F-’Bij(u) =0.
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Using the maximum principle, we see that

min(it) = min ().
Qr Q7

Without loss of generality, we assume that i # constant. If there exists xo € 02,
to > 0, such that 1t(xg, 19) = ming, (i). On the one hand, since (B, v) > 0, by the
Hopf Lemma (cf. [39,40]) for parabolic equations, there must hold in the following:

g (xo, to) # 0.
On the other hand, we differentiate the boundary condition and then obtain

. i oh(Du)
up = hp (Du) a1

0.

It is a contradiction. So we deduce that

i >min@@) = min (i) = min <F[D2u0] - f(x)) > min F[D2up] — max f(x).
Qr 027 |r=0 Q Q Q

For the same reason, we have

i < max(u) = max (#) = max (F[Dzuo] — f(x)) < max FID?ug] — min f(x).
Qr 0Qr =0 Q Q Q

Putting these facts together, the assertion follows. U

Lemma 4.2. Let (x,t) be an arbitrary point of Qr, and A (x,t), ..., Ay(x,t) be
the eigenvalues of D?u at (x,1). Suppose that (1.9) and (1.10) hold, if oscq(f) < 6
and u is a strictly convex solution to (1.1)—(1.3), then there exists u > 0 and w > 0
depending only on F[D?ug] and § such that

min A;(x,7) < pu, max Ai(x,t) > w.
1<i<n I<i=n

Proof. By condition (1.10) and Lemma 4.1, we obtain

F ( min A;(x,t),..., min A;(x, t)) < F[Dzu] =u—+ f(x)
1<i<n 1<i<n

< max F[D*uo] + f(x) — min f(x)
Q Q

< max F[D?ug] + osc(f)
Q Q

< max F[D*uol + 8
Q

< F (400,...,4+0),
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and

F (max ri(x, 1), ..., 1r£1<a<x Ai(x, t)> > F[D%u]l =i + f(x)

1<i<n

IV

min F[D*uo] + f(x) — max f(x)
Q Q

in F[D?uo] — osc(f)
Q

>m
Q
> min F[D?ug] — 8
Q
> F(,...,0).
By the monotonicity of F and condition (1.9), we get the desired result. O
By Lemma 4.2, the points (A1, A2, ..., A,) are always in F]J;Lw[ under the flow. So

we can obtain:

Lemma 4.3. Let (x, t) be an arbitrary point of Qr, and A (x,t), ..., Ay(x, 1) be the
eigenvalues of D*u at (x, t). Suppose that (1.9) and (1.10) hold, ifoscg(f) < 6 and
u is a strictly convex solution to (1.1)—(1.3), then there exists A1 > 0 and Ay > 0
depending only on F[D*uo] and 8 such that F satisfies the structure conditions (1.13)
and (1.14).

In the following, we always assume that A; > 0 and A, > 0 are universal constants
depending on the known data.

For technical needs below, we introduce the Legendre transformation of u. For any
x € R", define

- ou .
Xi=— ), i=12,...,n,

8xi
and
n
-~ - ou
U(xXi, ..., X, 1) = xi—(x, 1) —u(x,t).
( ne ) Z iy 1) Ul 1)
i=1
In terms of X1, ..., X, and (X1, ..., X,, 1), we can easily check that

-1

% \ [ 0%u
8%,’3)@' - ax,-axj

Let u1, ..., i, be the eigenvalues of D2 at ¥ = Du(x). We denote

/Li=)\,~_1, i=1,2,...,n.

1

Then,

OF _ ,0F  ,0F _OF
ow:  on Mow  on



52 Page 18 of 38 C. WANG ET AL. J. Evol. Equ.

Moreover, it follows from (3.1) that

% = F(D%i) + f(Di)), t>0, ¥eQ,
h(Dit) = 0, >0, e, 4.1)
i = o, r=0, Te,

where /1 is the defining function of €2, and i is the Legendre transformation of (.

Remark 4.4. By Lemma 4.2, if u is a strictly convex solution to (1.1)—(1.3), then the
eigenvalues of D?u and D% must be in Fﬂ;ﬁ o and F]t) Sleip respectively. Therefore,
F also satisfies the structure conditions (1.13) and (1.14).

In order to establish the C? estimates, we make use of the method to do the strict
obliqueness estimates, a parabolic version of a result of Urbas [25] which was given in
[26]. Returning to Lemma 3.5, we get a uniform positive lower bound of the quantity
infyq h p, (Du)v, which does not depend on ¢ under the structure conditions of F.

Lemma 4.5. Let F satisfy the structure conditions (1.9)—(1.14) and f € 5. If u
is a strictly convex solution to (1.1)—(1.3) and |Df| satisfies (1.15), then the strict
obliqueness estimate

(B, v) > C_l >0 “4.2)

holds on K2 for some universal constant Cy, which depends only on F, ug, 2, 2 and
8, and is independent of t.

Remark 4.6. Without loss of generality, in the following, we set Cq, Ca, ..., to be
constants depending only on the known data.

Proof. The proof follows the similar computations carried out in [32].
Define

v ={(B,v) + h(Du).
Let (xg, tg) € 02 x [0, T] such that

(B, v)(x0, t0) = hp, (Du(xg, t0)) v (xo, to) = m@%&ﬂ(ﬁ V).

By rotation, we may assume that 7o > 0 and v(xo, #p) = (0,0, ..., 1) =: e,. By the
above assumptions and the boundary condition, we obtain

v(xp, ) = min v = min , VY = h, (Du(xp, t)).
(x0, 10) samin an[O,T]<ﬁ ) = hp, (Du(xo, to))

By the convexity of 2 and its smoothness, we extend v smoothly to a tubular neigh-
borhood of d€2 such that in the matrix sense

I
(ki) = (Dgvr) < & diag(1, ..., 1,0), 4.3)
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where C» is a positive constant. By Lemma 3.5, we see that /2, (Du(xo, 1)) > 0.
At (xg, 19), we have

0=v, =hp, pltkr +hpvir +hpttir, 1<r<n-—1 (4.4)
At this point, we point out a key estimate
vn (X0, 10) = —C3 4.5)

which will be proved later, where C3 is a constant depending only on €2, ug, A, h and
8.
It is not hard to check that (4.5) can be rewritten as

hpnpk Ukn + hpk Vikn + hpk upn > —Cs. (4.6)

Multiplying (4.6) with & ,, and (4.4) with h, , respectively, and summing up together,
we obtain

hpchpuky = =C3hp, — hphp v — hphp, pitk. 4.7

Using (4.3), and

dh(Du) 0h(Du)
1<r<n-1, hpkukrz %, =0, hpkuknz %, =0, _hpnpn >0,
we have
(I T o1,
hpkl’lplukl > —C3hpn + C_2|Dh| — C_zhp” > —C4hpn + C_4 — C—4hpn,

where we use |Dh|? — h%n = ZZ;II hék and let C4 = max{C», C3}. For the last term
of the above inequality, we distinguish two cases at (xo, #9).
Case (i). If
I 5, 1

1
—Cihy 4 — — — 2 < —,
SRR ToN

1 ¢} c?
hpk(DM)l)k =hpn > 5 + T — 7

It shows that there is a uniform positive lower bound for the quantity mingox 0,77 /2 p;
(Du)vy.
Case (i1). If

then

Cahpy + = L2 !
— —_—— — > _’
4% Cy Cy4 Pr7 2Cy

then we obtain a positive lower bound of 4, i 1y .
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Let u be the Legendre transformation of u, then u satisfies

% — F(D%i)+ f(Dil), T>t>0, ¥e,
h(Dii) = 0, T>t>0 iecaS, (4.8)
i = ilg, t=0, ¥e®,

where £ is the defining function of €2, and i is the Legendre transformation of u.

The unit inward normal vector of 3$2 can be expressed by v = Dh. For the same

reason, b = Dh, where b = (Vq, D, ..., V) is the unit inward normal vector of Q.
Let g = (B',..., B") with gk := ﬁpk(Dﬁ). We note that one can also define

i = (B, D) + h(Dir),
in which
(B, D) = (B, v).

Denote Xy = Du(xg). Then, we obtain

v(Xo, to) = v(xp, %) = min .
38%[0,7]

Using the same methods, under the assumption of

we obtain the positive lower bounds of /2 , /1 , g, or

G _a

+ -5

7 .\~ ~ 1
hpk(Du)Uk = hpk(DM)Uk = hpn 2 5

We notice that
hpkhpllzkl = U,’l)julj.

Then by the positive lower bounds of &, hpui and h I,kfz pUikl, the desired result

follows from
(B, v) = Juldvivih, hpu, (4.10)
which is proved in [25].

It remains to prove the key estimate (4.5) and (4.9).
We prove (4.5) first. By D?h < —61 and (1.13), we have

n
Lh<-6) F, 4.11)
i=1
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where
L:=F79;—b.
On the other hand,

Lv = hpkp[pkaFijuliumj + thkmFijvkju”
—i—hpkplFl]u[juki + hpepyvi Lug + hp Lvg + hp, Lug. (4.12)

Now, we estimate the first term on the right-hand side of (4.12). By the diagonal basis
and (1.14), we have

2
|h1’k17117m ka ull“m]' < C Z _)\- C6,

where Cg is a constant depending only on £, 2, Ay, Az, ug and §. Similarly, we also
get

n
.. 8F
17y py F”Mljukil <C E WAI-Z < (7.
i=1 !

For the second term, by Cauchy inequality, we obtain

[oF /aF
125y py F uk,u,,|<cz—,\ = Z
pr ok KL e

By (1.1), we have Lu; = f;. Then, we get
| peprvi Lug| < Co,  |hp, Lug| < Cyo.
It follows from (1.13) that
n
hp Lol < Cii Y F'.
i=1

Inserting these into (4.12) and using (1.13), it is immediate to check that there exists
a positive constant C1» depending only on &, 2, A1, A2, ug and 8, such that

n
Lv<Cp)y F'. (4.13)
i=1
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Denote a neighborhood of x¢ in 2 by
Q, 1= QN By(xop),

where p is a positive constant such that v is well-defined in €2,. To obtain the key
estimate, we need to consider the function

@ (x) := v(x, ) — v(x0, fo) + Coh(x) + Alx — xo/*,

where Cp and A are positive constants to be determined. On 92 x [0, T], it is
clear that ® > 0. Since v is bounded, we can choose A large enough such that
on (Q N 8Bp(x0)) x [0, T']

®(x) =v(x, 1) = v(x0, 10) + Coh(x) + Alx — xo|* 2 v(x, 1) — v(xo, 10) + Ap” = 0.
By the strict concavity of fz, we have
n ..
A(Coh(x) + Alx — xo/*) < C(=Coff +24) Y F'L.
i=1

Then by choosing Cyp > A, we obtain

A(v(x,0) = v(xo, 10) + Coh(x) + Alx — xol*) = 0.
We apply the maximum principle to get

(v(x, 0) — v(x0, to) + Coh(x) + Alx — xo|P)lg,
> min (v(x, 0) — v(x0, 0) + Coh(x) + Alx — x0|*)

(0N B, (x0))U(2NI B, (x0))
> 0.

Combining (4.11) with (4.13) and letting Cy be large enough, one yields
n ..
L < (—Cof + C1p+24) Y F' <.
i=1
From the above arguments, we verify that ® satisfies

{ch <0, (x,1) €8, x[0,T], (4.14)

P >0, (x,1) € (02, x [0, T U (R, x {t =0}).
Using the maximum principle, we deduce that
®>0, (x,1)eQ,x|[0,T].

Combining it with ®(xg, 7) = 0, we obtain (V®, e,)|(xy.1,) > 0, which gives the
desired key estimate (4.5).
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Finally, we prove (4.9). The proof of (4.9) is similar to the one of (4.5). Define
L=FI3;+ fpdi — 0.
By (4.8), we see that Li; = 0, and thus
LY = Fayjigihp, 55, 0k + 205 5 FV it + FYU R kij + hj, 5 FYV ik
i, f ki
By making use of the following identities

OF  ,0F  ,0F 9F
i N Mia,ui_a)hi’

we deduce that F satisfies the structure conditions (1.9)—(1.14). Repeating the proof
of (4.13), we have

n
Lo <Cy3 Z Fii, (4.15)
i=1

where C13 depends only on fZ, Q, A1, Ay, § and uy.
Denote a neighborhood of % in 2 by

Q== QN B, (J),
where 7 is a positive constant such that ¥ is well-defined in €2,. Consider
®(y) 1= 8(y, 1) — (o, 10) + Coh(y) + Aly — Fol’,

where Co and A are positive constants to be determined. It is clear that ® > 0
on 92 x [0, T]. Since v is bounded, we can choose A large enough such that on

(fz NaB, ()zo)) % [0, T]
®(y) = 8y, 1) — B(Fo, 10) + Ar’ = 0.
By the strict concavity of i, we have
n
A (Coh(y) + Ay — i0|2) < C(~Cof +24) Y Fll.
i=1
Then by choosing Co > A, we have
A (56, 0) = o 10) + Coh ) + Aly — %) <0.
It follows from the maximum principle that
(5(y, 0) — 5(%0, 10) + Coh(y) + Aly — %ol*)lg,
> min (v, 0) = 3(F0, 10) + Coh(y) + Aly — Fol*)

" (9QNB, (F0)U(QNIB, (0))
> 0.
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By (1.14) and (4.15), it is not difficult to show that

- Cob 2\ e s . B
P(y) = (C13 - +2A) D FT 4 2Af5 (i — Foi)
i=1

- [0 -
~Co <§ZF” —~ f,;,.B,-h).
i=1
In order to make
Ld(y) <0,

we only need to choose Co > A and

OA 1

Df| < —  ——.
D1 = 2 max§2|Dh|

Consequently,

{

Therefore, we get (4.9) as same as the argument in (4.5). Thus, we complete the proof
of the lemma. O

0, (y,1)eQ x[0,T],

® < 4.16
>0, (y,1) € (@Q x[0,TDH U x {t =0}). (+-16)

B ™

Similar to Proposition 2.6 in [27], by making use of (4.13), we can obtain

Lemma 4.7. Fix a smooth function H : Q X Q — Rand define p(x,t) = H(x,
Du(x,t)). Then for any (x,t) € Qr,

n
ILpl <C Y F"
i=1
holds for some positive constant C, which depends only on H, <, fZ, A1, Ny, [ and
8.

The following definition provides a basic connection between (4.1) and (3.1) and
will be used frequently in the sequel.

Definition 4.8. We say that i in (4.1) is a dual solution to (3.1).

We now proceed to carry out the global C? estimate. The strategy is to reduce the
C? global estimate of u and & to the boundary.

Lemma 4.9. If u is a strictly convex solution of (3.1) and there hold (1.10), (1.11)

and (1.13), then there exists a positive constant C14 depending only on n, 2, Q, A1,
ug, 8 and diam(S2), such that

sup |D?u|l < max_ |D%u| 4+ max |D?ug| + Ci4 sup |D? f]. 4.17)
Qr 9Q2x[0,T] Q Q
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Proof. Without loss of generality, we may assume that €2 lies in cube [0, d]". Let
L := Fijaij — 0.
For any unit vector &, differentiating the equation in (3.1) twice in direction £ gives
Luge + FU wijeurse = fie.

Then by the concavity of F on I',", we have

Luge = —F'"ujjeurs + fee = fee.

Let
n
— L d _ X
v =Ssupug + ne e’ | sup | feel.

997 Al o Q

By direct calculation and (1.13), we obtain

1
Flgjv=— —sup|f§§| (Zng’)

i=1

1
< —sup|f5§| (Z F”)

i=1
< —sup| fegl.
Q

Therefore,

Lv = F"-/ai,-v — 0;v < —sup | feel,
Q
and thus
L(v—ugs) < — (sgp | fes] + fss) =0

It is obvious that v — ugg > 0 on 9Q27. Then, by the maximum principle, we obtain

d
ne
Supuge < SUpv < SUp Ugg + — sup [ feel
Qr IQr

T
< max_ |D?u| +max |D*ug| + Ci4 sup |D? f].
3Rx[0,T] o)
This completes the proof of (4.17). g

Next, we estimate the second-order derivative on the boundary. By differentiating
the boundary condition 2(Du) = 0 in any tangential direction ¢, we have

uge = hp, (Du)uge = 0. (4.18)
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The second-order derivative of u on the boundary is controlled by ug., ugg and u.
In the following, we give the arguments as in [25], one can see there for more details.
At x € 0%2, any unit vector £ can be written in terms of a tangential component

¢ (&) and a component in the direction 8 by

B (v, €)
E=5@) + b
where
o o _ (Vs‘é) T
s):=8&—(v,& . v>ﬂ ,
and
BT =B — (B.v)v.

By the strict obliqueness estimate (4.2), we have

T2 T
ST (O P S Lt
I (&)l B (v, §) (v, §) Bv)
. 67.8)
= ]+C15(V,$> _2(1),$> <ﬂ,1})
< Cie.

Denote ¢ := %, then by (4.18), (4.19) and (4.2), we obtain

2
ugr = |c(E)Puce + 2| ()| ;}; v;“ﬂg + é; iiz“ﬂﬂ

(v, £)2
= 16(®)Puce + <;—U)2um

< Ci7(uce +ugp),

(4.19)

(4.20)

where C17 depends only on €2, Q, A1, A, 8 and the constant Cy in (4.2). Therefore,

we only need to estimate ugg and u ., respectively.
Further, we have

Lemma 4.10. Let F satisfy the structure conditions (1.9)—(1.14) and f € 5. If u is
a strictly convex solution of (3.1), then there exists a positive constant C1g depending

only on ug, 2, Q, A1, Ao and §, such that

max ugg < Cig.
Frovh BB

4.21)

Proof. Let xg € 0Q, to € [0, T'] satisfy ugg(xo, t0) = maxyq, ugg. Consider the

barrier function

W = —h(Du) + Coh + Alx — xo|*.
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For any x € €2, Du(x) € 9%, then h(Du) = 0. 1Itis clear that 2 = 0 on 9€2. As same

as the proof of (4.14), we can find the constants Cp and A such that

LY <0, (x,1)eQ,x[0,T],
>0, (x.1) €@ x[0,TH U, x {t =0}.

By the maximum principle, we get
v>0, (x,t)eQ,x[0,T]

Combining it with W (xg, o) = 0, we obtain Wg(xo, o) > 0, which implies

oh D 1)) < C
%( u(xg, 10)) < Co.

On the other hand, we see that at (xg, fg),

o o \Dh(Du), B) = Ly = Bruf! = u
8,3_ ) _apk kb = kP = ugg.

Let C1g3 = Cy. Therefore,

u =%<C
BB T 18,

whence the result follows.

Next, we estimate the double tangential derivative.

(4.22)

Lemma 4.11. Let F satisfy the structure conditions (1.9)—(1.14) and f € 5. If u is
a strictly convex solution of (3.1) and | Df| satisfies (1.15), then there exists a positive

constant C1g9 depending only on ug, 2, 2, A1, Ay and 8, such that

max max U < Cio.
992x[0,T] [s]=1,(5,v)=0

(4.23)

Proof. Without loss of generality, we assume that xo € 9%, top € (0, T], e, is the
unit inward normal vector of 92 at x, and e is the tangential vector of 92 at x,

respectively, such that

max max uce = uyixo, to) =: M.
I2x[0,T] |¢c|=1,{sc,v)=0

For any x € €2, we have by the proof of (4.19),

2
uge = |6 (&) Puce + E’Ei—i;zuﬂﬂ

<5T,s>)M+ (v, €)?

2 _
< <l + Cao(v, &) 2(v, &) B v) (B, D)ZM/S/S'

(4.24)
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Without loss of generality, we assume that M > 1. Then by (4.2) and (4.21), we have

uge (7. %)

2
A FAME T S T o6 (4.25)
Let & = e, then
T
% +2<v,e1><’fﬁ”j;> <14 Cov, e (4.26)

As in the proof of Proposition 2.14 in [27], let n : R — R be a smooth cutoff function
satisfying n(s) = s for s > C% and n(s) > 2—é1 forall s € R.
We see that the function

T
ML ey B e e @27

w = Al|x — xo|2 —
M n((B, v))

satisfies

wlyexo,71 = 0, w(xg, fo) = 0.

Then, it follows by (4.17) that we can choose the constant A large enough such that

w|@B,(xpn@)x[0.7] = 0.
Consider

(BT, e1) 5
—2(v, — 4+ C , 1
(v 61)77((/3’ ) + Co1(v, e1)” +

as a known function depending on x and Du. Then by Lemma 4.7, we obtain
T n
(B, e1) §C2ZZF”-
i=1

L —-2(v,ep)
) < n((B,v))
Combining the above inequality with the proof of Lemma 4.9, we have

+ Car (v, e1)? + 1)

n
Lw < Cas ZF“.

i=1

As in the proof of Lemma 4.10, we consider the function
T :=w+ Coﬁ.
A standard barrier argument shows that
Tg(x0, o) = 0.
Therefore,

uy1p(xo, to) < CoaM. (4.28)
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On the other hand, differentiating #(Du) twice in the direction e; at (xo, #p), we have
hpeurit + hppuciun = 0.
The concavity of 4 yields that
hpeuril = —hp puriun > oM.
Combining it with &, ux11 = 1118, and using (4.28), we obtain
OM? < CouM.

Then, we get the upper bound of M = uyi(xp, ) and thus the desired result
follows. O

By Lemma 4.10, Lemmas 4.11 and (4.20), we obtain the C?a priori estimate on
the boundary.

Lemma 4.12. Let F satisfy the structure conditions (1.9)—(1.14) and f € 5. If u is
a strictly convex solution of (3.1) and | Df | satisfies (1.15), then there exists a positive

constant Cos depending only on ug, 2, 2, A1, Ay and $, such that

max | D%u| < Cys. (4.29)
Q7

In terms of Lemmas 4.9 and 4.12, we readily conclude:

Lemma 4.13. Let F satisfy the structure conditions (1.9)—(1.14) and f € 5. If u is
a strictly convex solution of (3.1) and | Df | satisfies (1.15), then there exists a positive

constant Cag depending only on ug, 2, 2, A1, Ay and 8, such that

max |D%u| < Ca. (4.30)
Qr

In the following, we describe the positive lower bound of D?u. For (4.1), by con-
sidering the Legendre transformation of u, define

L:= Fijaij + f5,0i — 0.

Then, our goal is to show the upper bound of D?i and the argument is very similar to
the one used in the proof of Lemma 4.13 by the concavity of f and the condition that
| Df| being sufficiently small. For the convenience of readers, we give the details.

At the beginning of the repeating procedure, we have

Lemma 4.14. Suppose that f is concave on Q. If u is a strictly convex solution of
(4.1), then there holds

sup | D?%ii| < max |D?iil. 4.31)
QT 02T
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Proof. For any unit vector £, differentiating the equation in (4.1) twice in direction £
gives

Liizz + FU™ iz + 21 i zii .z =0.
§§ ij&§"rsE dpidp; i§7j8 T
Then by the concavity of F on [',;F and f on 2, we have
5 32 f
~ e Ly, rs ~ _~ ~oT .
Lugg =—F Ujjgl, o 0507, g = 0.
Then, by the maximum principle, we obtain
Sup iz < SUp ligz.
Qr aQr
This completes the proof of (4.31). O

Recall that 8 = (B!, ..., ") with ¥ := h, (Dii) and D = (¥y, D2, ..., Dy) is the
unit inward normal vector of 2. Similar to the discussion of (4.18), (4.19) and (4.20),
for any tangential direction ¢, we have

.= hpk (Du)itgz = 0. (4.32)
Then, the second-order derivative of & on the boundary is also controlled by u jer Uz
and u cée-
At X € 9%, any unit vector £ can be written in terms of a tangential component
¢ (&) and a component in the direction 8 by

s e, (0,8
E=c¢)+—=—-8,
T 1
where
N T I N (N ) e
é)=&-@,&v—— ,
s §—(v, & (5,§)ﬂ
and
B =B —(B. )b
We observe that (B, D) = (B, v). Therefore,
1E&)] < Ca, (4.33)

and similar to the calculation in (4.24), one should deduce that

@
HG]
(4.2). Then, we also only need to estimate # ; T and iz ¢, respectively.

Indeed, as shown by Lemma 4.10, we state

where ¢ := and C»g depends only on €2, Q, A1, Ay, § and the constant Cy in
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Lemma 4.15. Let F satisfy the structure conditions (1.9)—(1.14) and f € 5. If u is
a strictly convex solution of (4.1) and | Df | satisfies (1.15), then there exists a positive
constant Cag depending only on ug, <2, Q, A1, Ay and 6, such that

iz < C 4.35
rglg?;( Mﬂﬁ 29. ( )

Proof. Let Xy € aQ, 10 € [0, T satisfy I:iBB (X0, to) = maxpq, ﬁBB. To estimate the
upper bound of & Fj we consider the barrier function

U := —h(Dit) + Coh + Aly — %ol*.

For any y € 9, t €0, 71, Dii(y,t) € 9L, then fz(Dﬁ) =0.Itisclear that h = 0
on 9<2. Similar to the proof of (4.16), first we have

n
L(Coh) = Co (Flhij + f5,hi) = Co (—e SR+ f,;,.hl) ,
i=1
and
i (A|y —xo|2) =24 F 4 2Af5, (i — o) -
i=1

Similar to the proof of (4.13), we get
n
L <_E(Dﬂ)) = (_ﬁﬁkﬁlakiﬂaljﬁ) <Cy ) F"
i=1

Therefore, we obtain

s Cob "L ~
L¥(y) = <C30 -+ 2A) N F 2415 (v — For)
i=1

0 I ...
~Co (5 S FT— g am) :
i=1
As the proof of (4.16) in terms of | Df| satisfying (1.15), we can find the constants
Co and A such that

LY <0, (y,1) e x[0,T],
{ &0, (4.36)

(y,1) € @2 x [0, T]) U (R x {1 = 0}).
By the maximum principle, we get
Uy, 1) =0, (v.1) € x[0,T].

Combining it with W (%, f9) = 0, we obtain ¥ 5(F0. 1) = 0, which implies

a—fl(D:Z()E t9)) < C
Y 0,70)) = Co.
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On the other hand, we see that at (X, 1),

oh T )

— = (Dh(Du), B) = —unp = B unp =ugzz.

ap i pP

Therefore, letting Ca9 = Co, we get

<
=™
™
Il
|
o S
IA
8
)
o

Next, we estimate the double tangential derivative of u.

Lemma 4.16. Let F satisfy the structure conditions (1.9)—(1.14) and f € 5. If i is
a strictly convex solution of (4.1) and | Df | satisfies (1.15), then there exists a positive

constant C31 depending only on ug, 2, 2, A1, Ay and 8, such that

max o max uge < C3p. (4.37)
900,71 151=1,({5,v)=0

Proof. Assume that xo € <, to € [0, T] and e,, is the unit inward normal vector of
082 at xg. Let

max _ max gz = iy (Xo, o) =: M.
a0 x[0,7T]151=1,(¢,v)=0

Forany y € BfZ, t € [0, T'], we have by the proof of (4.19) and (4.33),

— =z, (4.38)
. 7) !

<BT7§> v (‘jv§>2 ~
) M (B, D)2 BB

Without loss of generality, we assume that M > 1. Then, by (4.2) and (4.35), we have

Uz T &
EE - = (B.E) ~ 202
—= +2(V,&)——— < 14 Cxn(v, &)~ (4.39)
M (B, V)
Let§ = ¢1, then
~ AT
il +2(V, e1) <ﬁ~’~el> <1+ Ca(d, e’ (4.40)
M (B, V)
‘We see that the function
- . i - (BT, e1) - 2
W= Aly — %ol? — — — 2(J, e1) ——L + Cxa (D, 1) + 1 (4.41)
M (B, V)
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satisfies

Wlyaxpo.r = 0, wko. o) = 0.
Then, by (4.31) we can choose the constant A large enough such that

Wl (&naB, (7o) x10.71 = 9-

Consider

AT
—2(D, e1) <'3~’ e) + Cy(D, e1)* + 1

(B, V)

as a known function depending on X and Du. Then, by the proof of Lemma 4.7, we
also obtain

QT
L (—2@, er) w:f‘) + Cx (i, e1)? + 1)
(B, V)

n
<Cs; Z F.
i=1

By making use of the concavity of F and f, it yields

82
T i =0,

Lull 1 J ‘ul"lul'l 8 8
J S ~
Pi p/

Combining the above inequality with the proof of Lemma 4.15, by f € </ and | Df|
satisfying (1.15), we have

n
I:lf) < Ca4 Z F”.
i=1

As in the proof of Lemma 4.15, consider the function

T :=w + Coh.
A standard barrier argument makes conclusion of

?g(fo, o) > 0.
Therefore,

it 5(%0) < CisM. (4.42)
On the other hand, differentiating h(Di) twice in the direction e at (o, fo), we have
hpyiigi1 =+ hp, iy = 0.

The concavity of h yields that

- A 52
hptikin = —hp p i1ty > 0M=.
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Combining it with ﬁpkﬁkn = 12115, and using (4.42), we obtain
é‘MZ < C35M.

Then, we get the upper bound of M = ii11(X, o) and thus the desired result
follows. O

By Lemma 4.15, Lemma 4.16 and (4.34), we obtain the C 2a priori estimate of i
on the boundary.

Lemma 4.17. Let F satisfy the structure conditions (1.9)—~(1.14) and f € 5. If i is
a strictly convex solution of (4.1) and | Df | satisfies (1.15), then there exists a positive

constant C3¢ depending only on ug, 2, 2, A1, Ay and 8, such that

max | D?%ii| < Csg. (4.43)
Q7

By Lemmas 4.14 and 4.17, we can see that

Lemma 4.18. Let F satisfy the structure conditions (1.9)—(1.14) and f € 5. If i is
a strictly convex solution of (4.1) and | Df| satisfies (1.15), then there exists a positive
constant C37 depending only on ug, <2, §~2, A1, Ay and 6, such that

max |D%il| < C37. (4.44)
Qr

By Lemmas 4.13 and 4.18, we conclude that

Lemma 4.19. Let F satisfy the structure conditions (1.9)—(1.14) and f € 5. If u is
a strictly convex solution of (3.1) and | Df | satisfies (1.15), then there exists a positive

constant C3g depending only on ug, 2, 2, A1, Ay and 8, such that

1 _
o D%u(x,1) < Cagly, (x,1) € Qr, (4.45)
38

where I, is the n X n identity matrix.

5. Longtime existence and convergence

We will need the following proposition, which essentially asserts the convergence
of the flow.

Proposition 5.1. (Huang and Ye, see Theorem 1.1 in [41]) Forany T > 0, we assume
thatu € C*% 5 (Q7) is a unique solution of the nonlinear parabolic Eq. (3.1), which
satisfies

[lues -, t)||c(g’2) + || Duf., t)”c(g‘z) + ||D214(', l)”c(g'z) = Cl, (5.1
ID*u(, Ollcacpy < €2 VD CC Q, (5.2)
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and

inf ih (Du(x, t))vi >~i, 5.3)
xedQ P P TGy

where the positive constants C L 6'2 andC 3 are independent of t > 1. Then, the solution
u(-, 1) converges to a function u>*(x, 1) = i®(x) + Coo - t in C'T5(Q) N C*(D) as
t — oo forany D CC Q, ¢ < 1, that is

. 00 o . 00 o
lilgloo lu(, 1) —u™(C Dllcre gy =0, tilllloo luC, 1) —u™C, Dllcapy = 0.
And i (x) € C*(Q) is a solution of

2 _
{ F(D*u) — f(x) =Coo, x €, (5.4)

h(Du) =0, x € 092.

The constant Coo depends only on 2 f, and F. The solution to (5.4) is unique up to
additions of constants.

Now, we can give

Proof of Theorem 1.4. This a standard result by our C? estimates and uniformly
oblique estimates, but for convenience we include here a proof.

Part 1: The long time existence.

By Lemma 4.19, we know the global C?! estimates for the solutions of the flow
(1.1)—(1.3). Using Theorem 14.22 in Lieberman [38] and Lemma 4.5, we can show that
the solutions of the oblique derivative problem (3.1) have global C>+%: 13 estimates.

Now, let ug be a C 240 strictly convex function as in the conditions of Theorem
1.4. We assume that T is the maximal time such that the solution to the flow (3.1)
exists. Suppose that 7 < +4o00. Combining Proposition 3.6 with Lemma 4.19 and
using Theorem 14.23 in [38], there exists u € C2+“’1+%(S_ZT) which satisfies (3.1)
and

”u”C”“'H%(QT) < +o00.

Then, we can extend the flow (3.1) beyond the maximal time 7. So that we deduce
that T = +o00. Then, there exists the solution u(x, t) for all times ¢ > 0to (1.1)—(1.3).
Part 2: The convergence.
By the boundary condition, we have

sup | Dul| < Cs,
ar

where Cy is a constant depending on € and Q. Using lemma 4.19, it yields

letr (-, t)”c(g‘z) + [ Du(-, t)”c(g_z) + ||D2u(', f)”c(g'z) =< 657
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where the constant C 5 depending only on ug, €2, fZ, A1, Ay and §. By intermediate
Schauder estimates for parabolic equations (cf. Lemma 14.6 and Proposition 4.25 in
[38]), for any D CC €2, we have

[D*ula,s.p, < Csup|D*u| < Ce,
Qr

and

sup [ D*u(, Dl ¢(py + sup 1D ut, 0l p)
t>1

r>1

<y,

|D*u(xy, t1) — D*u(xz, )|
+ sup =
x;eD,p>1 max{|x; — x2|%, [t] — 2|2}

where 6‘6, 6’7 are constants depending on the known data and dist(d€2, d D). Using
Proposition 5.1 and combining the bootstrap arguments as in [32], we finish the proof
of Theorem 1.4. 0

Finally, we can present

Proof of Theorem 1.1. By Proposition 2.1 and Remark 1.3, we see that Theorem 1.1
is a direct consequence of Theorem 1.4. O
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