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Nonlocal doubly nonlinear diffusion problems with nonlinear
boundary conditions

MARCOS SOLERA@) AND JULIAN TOLEDO

Abstract. We study the existence and uniqueness of mild and strong solutions of nonlocal nonlinear diffu-
sion problems of p-Laplacian type with nonlinear boundary conditions posed in metric random walk spaces.
These spaces include, among others, weighted discrete graphs and RV with a random walk induced by a
nonsingular kernel. We also study the case of nonlinear dynamical boundary conditions. The generality of
the nonlinearities considered allows us to cover the nonlocal counterparts of a large scope of local diffusion
problems like, for example, Stefan problems, Hele-Shaw problems, diffusion in porous media problems
and obstacle problems. Nonlinear semigroup theory is the basis for this study.

1. Introduction and preliminaries

In this article, we study the existence and uniqueness of mild and strong solutions of
nonlocal nonlinear diffusion problems of p-Laplacian type with nonlinear boundary
conditions. The problems are posed in a subset W of a metric random walk space
[X, d, m] with a reversible measure v for the random walk m (see Subsect. 1.1 for
details). The nonlocal diffusion can hold either in W, in its nonlocal boundary d,, W,
or in both at the same time. We will assume that W U 9,,, W is m-connected and v-finite.
The formulations of the diffusion problems that we study are the following:

v (t, x) —divpapu(t,x) = f(t,x), x e W, 0 <t <T,
v(t,x) € y(u(t,x)), xeW,0<t<T,
(1.1)
N7 u(t, x) € Bult, x)), x €W, 0<t<T,
v(0, x) = vo(x), xeWw,
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and, for nonlinear dynamical boundary conditions,

v (1, x) —divpapu(t,x) = f(t,x), x e W, 0 <t < T,
v(t,x) € y(u(l,x)), xeW,0<t<T,

w(r,x) + N ut, x) = g(t,x), x€d.W,0<t<T,

(1.2)
w(t, x) € B(u(t, x)), x €W, 0<t<T,
v(0, x) = vo(x), xeWw,
w(0, x) = wo(x), X €W,

where y and B are maximal monotone (multivalued) graphs in R xR, div,,a, is anonlo-
cal Leray—Lions-type operator whose model is the nonlocal p-Laplacian type diffusion
operator, and N la " is a nonlocal Neumann boundary operator (see
Subsect. 2.1 for details). In fact, we solve these problems with greater generality,
as we will not only consider them for a set W and its nonlocal boundary d,, W, but
rather for any two disjoint subsets €21 and €2, of X such that their union is m-connected.

These problems can be seen as the nonlocal counterpart of local diffusion problems
governed by the p-Laplacian diffusion operator (or a Leray—Lions operator) where
two further nonlinearities are induced by y and S (see, for example, [4, 15] for local
problems). In [8], and the references therein, one can find an interpretation of the
nonlocal diffusion process involved in this kind of problems. On the nonlinearities
(brought about by) y and 8, we do not impose any further assumptions aside from the
natural one (see Bénilan, Crandall and Sacks [15]):

0 € y(0)NB(),
and (in order for diffusion to take place)
vIW)I™ + 0@, W)B~ < v(W)I'" + v(0, W)B™,
where
I'” =infRan(y), I't =supRan(y), B~ = infRan(8) and B+ = supRan(p).

Therefore, we work with a rather general class of nonlocal nonlinear diffusion prob-
lems with nonlinear boundary conditions. We are able to directly cover: obstacle
problems, with unilateral or bilateral obstacles (either in W, in 9, W, or in both at the
same time); the nonlocal counterpart of Stefan-like problems that involve monotone
graphs like the graph inverse of

r ifr <0,
Os(r) =14 10,1] ifr =0,
A+r ifr >0,
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for A > 0; diffusion problems in porous media, where monotone graphs like p;(r) =

|r|*~1r, s > 0, are involved; and Hele-Shaw type problems, which involve graphs

like
0 ifr <0,
H@r)=14 [0,1] ifr =0,
1 if r > 0.

Moreover, if y = 0 in problem (1.1), then the dynamics only appear in the nonlocal
boundary and we obtain the evolution problem for a nonlocal Dirichlet-to-Neumann
operator as a particular case. In addition, the homogeneous Dirichlet boundary con-
dition (8 = {0} x R) and the Neumann boundary condition (8 = R x {0}) are also
covered.

Nonlocal diffusion problems of p-Laplacian type involving nonlocal Neumann
boundary operators have been recently studied in [43] inspired by the nonlocal Neu-
mann boundary operators for the linear case studied in [29,35]. Nevertheless, due to
the generality of the hypotheses considered in this study, the results that we obtain lead
to new existence and uniqueness results, which do not follow from previous works,
for a great range of problems. This is true even when the problems are considered on
weighted discrete graphs or RV with a random walk induced by a nonsingular kernel,
spaces for which only some particular cases of these problems have been studied.
Some references are given afterwards. For these ambient spaces and for the precise
choice of the nonlocal p-Laplacian operator, Problem (1.1) has the following formu-
lations (see Subsect. 1.1, in particular Examples 1.1 and 1.2, and Definition 1.4, for
the necessary definitions and notations):

v (t, x) = i Z wy, ylu(y) — u@)P2w(y) —ux)), xeW,0<r<T,
T yev(o)
v(t,x) € y(u(t,x)), xeW,0<r<T,
= D waylu) —uP 2 w() —u() € fult x), x €3,6W, 0 <1 <T,
* yeW, 6
u(x,0) = ug(x), x e W,

for weighted discrete graphs, and

w(t0) = [ 56— D)~ a2 ) —utdy, re W, 0<r<T.
R
v(t, x) € y(u, x)), xeW,0<t<T,

J(y = 0)u(y) — u)[P 2 w(y) — u(x)dy € Bu(t.x)), x € 3,y W, 0 <1 <T,
W7
U('x7 O) = Uo(x)7 xeW.

for the case of RV with the random walk induced by the nonsingular kernel J. We have
detailed these problems with well-known formulations in order to show the extent to
which Problems (1.1) and (1.2) cover specific nonlocal problems of great interest.
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Nonlinear semigroup theory will be the basis for the study of the existence and
uniqueness of solutions of the above problems. This study is developed in Sect.3,
where we prove, as a particular case of Theorem 3.4, the existence of mild solutions
of Problem (1.2) for general data in L', and of strong solutions assuming extra inte-
grability conditions on the data. Moreover, a contraction and comparison principle is
obtained. The same is done for Problem (1.1) in Theorem 3.10. See [9-11,21,30,31]
and [32], for details on such theory, which is completely covered in the well-known
unpublished manuscript Evolution equations governed by accretive operators written
by Ph. Bénilan, M. G. Crandall and A. Pazy. A summary of it can be found in [8,
Appendix].

To apply the nonlinear semigroup theory, our first aim is to prove the existence and
uniqueness of solutions of the problem

y(u(x)) —divypapu(x) 3 p(x), x € W,
(1.3)
Nla”u(x) +Bux)) 2 9x), x €W,

for general maximal monotone graphs y and 8. This is the nonlocal counterpart of
(local) quasilinear elliptic problems with nonlinear boundary conditions (see [5] and
[15] for the general study of the local case) and is an interesting problem in itself due to
the generality with which we address it. To this aim, we make use of a kind of nonlocal
Poincaré-type inequalities (see Appendix A) which help us obtain boundedness ar-
guments. These boundedness arguments together with some monotonicity arguments
allow us to prove our results by adapting some of the ideas used in [5] and [15] (see
also [7] for a very particular case). The same holds for the diffusion problems. The
study of Problem (1.3) is developed in Sect.2, where we prove, for a more general
problem, the existence of solutions (Theorem 2.7) and a contraction and comparison
principle (Theorem 2.6). At the end of that section, we deal with another nonlocal
Neumann boundary operator.

For linear or quasilinear elliptic problems with boundary conditions, obstacles com-
plicate the existence of solutions. The appearance of this difficulty is better understood
when one takes into account the continuity of the solution between the inside of the
domain and the boundary via the trace. In fact, for a bounded smooth domain €2 in
RN, y with bounded domain [0, 1] and B(r) = O for all r, it is not possible to find a
weak solution of

—Au+y@m)>¢ inQ,
Vu-n=¢ in 9L2,

for data satisfying ¢ < 0, ¢ < 0 and ¢ # 0 (see [5]). However, in our nonlocal
setting this sort of continuity is not present and the study of these nonlocal diffusion
problems with obstacles hence differs from the study of the local ones (see [6] for a
detailed study of these local problems). In particular, we do not need to impose any
assumptions on the nonlinearities y and § aside from the natural ones.
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There is a very long list of references for the local elliptic and parabolic counterparts
of the problems that we study; see, for example, [4,5,11-13,15,24,44,45], and the
references therein. See also [38] for a Hele—Shaw problem with dynamical bound-
ary conditions and the references therein. For some particular nonlocal problems we
refer to [7,8,16,19,23,36,39,43]. For fractional diffusion problems, we refer, for ex-
ample, to [40], where Dirichlet and Neumann boundary conditions are considered;
to [17,18,25,26,34], where fractional porous medium equations are studied, see also
J. L. Vazquez’s survey [46] and the references therein; and to [27,28] for fractional
diffusion problems for the Stefan problem.

We now introduce the framework space considered and some other concepts that
will be used later on.

1.1. Metric random walk spaces

Let (X, d) be a Polish metric space equipped with its Borel o -algebra. In the fol-
lowing, whenever we consider a measure on X we assume that it is defined on this
o -algebra.

As introduced in [47], a random walk m on X is a family of Borel probability
measures m, on X, x € X, satisfying the two technical conditions: (1) the measures
m, depend measurably on the point x € X, i.e., for any Borel set A of X and any
Borel set B of R, the set {x € X : m,(A) € B} is Borel; (2) each measure m, has
finite first moment, i.e., for some (hence any) z € X, and for any x € X one has
[y d(z, y)dmy(y) < +oo.

A metric random walk space [ X, d, m] is a Polish metric space (X, d) together with
a random walk m.

A o -finite measure v on X is invariant with respect to the random walk m = (m,)
if

Vv(A) := / my(A)dv(x) for every Borel set A.
X

Moreover, the measure v is said to be reversible with respect to m if the following
balance condition holds:

dmy(y)dv(x) = dmy(x)dv(y),

that is, for any Borel set C C X x X,

/ ( f xc<x,y>dmx(y>> dv(x) = / ( / xc(x,y)dmym) v ().
X X X X

Under suitable assumptions on the metric random walk space [X, d, m], such a re-
versible measure v exists and is unique. Note that the reversibility condition implies
the invariance condition.

Assumption 1. From this point onwards, [X, d, m] is a metric random walk space
equipped with a o -finite measure v which is reversible (thus invariant) with respect to
m.
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Let B be the Borel o-algebra of (X, d). Since v is a o -finite measure on (X, 13) and
m is a stochastic kernel on (X, B), we may define the tensor product v @ m, of v and
m (see, for example, [33, Section 1.2.2], see also [1, Section 2.5]), which is a measure
on (X x X, B® B), by

vmy(A X B) := / my(B)dv(x) forevery A, B € B.
A

Then, a o -finite measure v invariant with respect to m is reversible if, and only if, the
measure v ® my is symmetric. Note that, for every g € L! (X x X,v®my),

/ gd(V®mx)=//g(x,y)dmx(y)dv(x).
XxX XJX

Example 1.1. An important class of examples of metric random walk spaces is com-
posed by those which are obtained from weighted discrete graphs. Let G = (V(G),
E(G), (wxy)x,yev(G)) be a weighted discrete graph, where V(G) is the set of ver-
tices, E(G) is the set of and w,y, = wy, is the nonnegative weight assigned to the
edge (x,y) € E(G). We suppose that wyy, = 0if (x,y) ¢ E(G) forx,y € V(G).
In this case, the following probability measures define a random walk on (V (G), di)
(here, dg is the standard graph distance):

1
G ._
my, = Z Z Wxy,
yev(G)
where d, = Z),Nx Wyy = Zer(G) w,y. Note that, if w, , = 1 for every (x, y) €
E(G), then d, coincides with the degree of the vertex x in the graph, that is, the number
of edges containing the vertex x. Moreover, the measure vg defined by

vG(A) =) dv, ACV(G),
xeA
is a reversible measure with respect to this random walk.
Example 1.2. Another important class of examples is given by those of the form
[RY,d, m’] where d is the Euclidean distance and m” is defined as follows: let

J : RY — [0, +o0[ be a measurable, nonnegative and radially symmetric function
satisfying fRN J(z)dLN (z) = 1 (LY is the Lebesgue measure) and set

m){(A) = / J(x — y)dEN(y) for every Borel set A C RY and x € RV.
A

In this case, £V is a reversible measure with respect to this random walk.
See [41] (in particular [41, Example 1.2]) for a more detailed exposition of these
and other examples.

Definition 1.3. Given two measurable subsets A, B C X, we define the m-interaction
between A and B as:

L, (A, B) :=//dmx(y)dv(x).
AJB
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Note that, whenever L,,(A, B) < +0o0, if v is reversible with respect to m,
L,(A,B)=L,(B, A).
Definition 1.4. Given a measurable set Q@ C X, we define its m-boundary as:
02 :={x € X\ Q:my(RQ) > 0}
and its m-closure as:
Q= QU 0I,Q.

Moreover, we define the following ergodicity property.

Definition 1.5. Let [X, d, m]be a metric random walk space with areversible measure
v with respect to m, and let 2 C X be a measurable and non-v-null subset. We say
that 2 is m-connected if L,,(A, B) > 0 for every pair of measurable non-v-null sets
A, B C Qsuchthat AU B = Q (see [41]).

We recall the following nonlocal notions of gradient and divergence.

Definition 1.6. Given a function u# : X — R we define its nonlocal gradient Vu :
X x X — Ras:

Vu(x,y) :=u(y) —ulx), x,yeX.

For a functionz : X x X — R, its m-divergence div,,z : X — R is defined as:

1
(divmz)(x) := 7 fX(Z(x, y) —z(y, x))dmy(y), x € X.

1.2. Yosida approximation and a Bénilan—Crandall relation

Given a maximal monotone graph ¢ in R x R (see [21]) and A > 0, let us denote

by
1 —1
T =Al— 1+ =0
s ( (+A>>

the Yosida approximation of ¥ of parameter 1/A.
The function ¥, is maximal monotone and Lipschitz continuous with Lipschitz
constant A (see [21, Proposition 2.6]. Moreover, lim)_, o, U3(s) = 99(s) where

the element of minimal absolute value of ¥ (s) ifs € D(¥),
90(s) := { +o0 if [s, +00) N D(¥) = 9,
—00 if (—oo,s]N D) =0,
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is an extension to R of the minimal section of ¢. Furthermore, if s € D(¥), [9).(s)] <
|190(s)| for every A > 0, and |9, (s)| is nondecreasing in A.

Given a maximal monotone graph ¥ in R x R with 0 € 9(0), we define, for
s € D),

D (s) ifs > 0,
D4(s) := 3 9(0) N[0, +o00) ifs =0,
{0} ifs <0,
and
{0} if s > 0,
P_(s):={ ?(0)N(—00,0] ifs =0,
D (s) if s < 0.

Note that the Yosida approximation (¢4 ), of ¥ is nondecreasingin & > 0 and (J_);
is nonincreasing in A > 0. Observe also that (1), (s) = Ofors < Oand (J_),(s) =0
for s > 0, for every A > 0, and 94 + ¥_ = 9.

Given a maximal monotone graph ¢ with 0 € D(¥}), jy(r) = for 0(s)ds, r €
R, defines a convex and lower semicontinuous function such that ¢ is equal to the
subdifferential of jy:

Y = djy.
Moreover, if jy* is the Legendre transform of jy, then
91 =9jy".

We now recall a Bénilan—Crandall relation between functions u, v € L'(, v).
Denote by Jp and Py the following sets of functions:

Jo:={j:R — [0, 4o00] : jisconvex, lower semicontinuous and j(0) = 0},

Py:={peC®R): 0=<p' <1, supp(p’) is compact and 0 ¢ supp(p)} .

Assume that v(2) < +oo and let u, v € L'(Q2, v). The following relation between u
and v is defined in [14]:

U <<Lv iffj(u)dvf/ j(v)dv forevery j € Jp.
Q Q

Moreover, the following equivalences are proved in [14, Proposition 2.2] (we only
give the particular cases that we use):

/ vo(u)dv >0 forevery p € Py <= u < u-+Av forevery A > 0,
Q

/ vo(u)dv > 0 forevery p € Py < vdv <0 < / vdv forevery i > 0.
Q {u<—nh} {u>h}
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2. Nonlocal stationary problems

In this section, we give our main results concerning the existence and uniqueness
of solutions of the nonlocal stationary Problem (1.3). We start by recalling the class of
nonlocal Leray—Lions-type operators and the Neumann boundary operators that we
will be working with, which were introduced in [43].

2.1. Nonlocal diffusion operators of Leray-Lions-type and nonlocal Neumann
boundary operators

For 1 < p < +o00, let us consider a functiona, : X x X x R — R such that

(x,y) = ap(x,y,r) is measurable for every r € R;

a,(x,y,.) is continuous for v ® my-a.e (x,y) € X x X; (2.1)

ap(x,y,r) =—ap(y,x,—r) forv®my-ae (x,y) € X x X and for every r € R;
2.2)

(@ap(x,y,r) —ap(x,y,s)r —s) >0 forv@my-ae. (x,y) € X x X

and for every r # s; (2.3)

there exist constants ¢, C, > 0 such that

lap(x,y, | = Cp (1 + |r|1’_1) for v @ my-a.e.(x,y) € X x X and for every r € R,
2.4)

and

a,(x,y,r)r =cplr|? forv®@my-ae. (x,y) € X x X and for every r € R.
2.5

Condition (2.2) and the last condition imply that
a,(x,y,0) =0 and signy(a,(x, y,r)) = signy(r)

forv ® my-a.e. (x,y) € X x X and for every r € R.
Foru: X — R, letus define z,, , : X x X — Rby

Za,u(x,y) == ap(x, y, Vu(x, y)).

Then, by Definition 1.6 and on account of (2.2),

1
divinZa,(¥) = 3 /X (ap(x, y, u(y) —u(x)) —a,(y, x, u(x) — u(y)))dm,(y)

- /X a,(r, v, u(y) — u())dm. (y).
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For simplicity, we write
divpapu(x) = divimza,, . (x).
An example of a function a, satisfying the above assumptions is

ox) + o)
2

where ¢ : X — R is a measurable function satisfying 0 < ¢ < ¢ < C, where ¢ and
C are constants. In particular, if ¢(x) = 2 for every x € X,

. -2
a,(x,y,r):= |r|P~=r,

divapu(x) = /X u(y) — u(0)|P 7> (u(y) — u(x))dm. (y)

_ /X VuCe, P2 VuCr, y)dmy ()

is the (nonlocal) p-Laplacian operator on the metric random walk space [ X, d, m].
Observe that div,,a,u(x) defines a kind of Leray-Lions operator for the random
walk m.
We now recall the nonlocal Neumann boundary operators introduced in [43]. Let
us consider a measurable set W C X with v(W) > 0. The Gunzburger—Lehoucg-type
Neumann boundary operator on 9, W is given by

N u(x) = —/ ap(x, y, u(y) —u(x))dmy(y), x €W,

m

where, taking into account the supports of the m,, we have that in fact, the integral
is being calculated over the nonlocal tubular boundary 9, W U 9,,,(X \ W) of W. On
the other hand, the Dipierro—Ros-Oton—Valdinoci-type Neumann boundary operator
on 9, W is given by

N u(x) = — /W a,(x, v, 1(y) — u(x))dmy(y) x € W,

for which, in this case, the integral is being calculated over the nonlocal boundary
Im(X\W)of X\ W.

For each of these Neumann boundary operators and for ¢ defined on W,, = W U
9, W, we can look for solutions of the following problem:

y(u(x)) —divyapu(x) 3 o(x), x € W,
N;"u(x) + B(u(x)) 3 ¢(x),  x € W,

j € {1,2}. Observe that, by the reversibility of v with respect to m and recalling the
definitions of 9, W and W,, (Definition 1.4), m,(X\W,,) = O for v-a.e. x € W.
Indeed,

/ my (X \ Wp)dv(x) = / my (W)dv(x) = 0.
w X\Wn
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Consequently,

divy,apu(x) =/ ap(x,y,u(y) —u(x))dmy(y) forevery x € W. (2.6)

m

Lemma 2.1. Let Q C X be a v-finite set and let {ux}xen C LP(S2,Vv) such that

U —k> u € LP(2,v)in LP (2, v) and pointwise v-a.e. in Q2. Suppose also that there
exists h € LP (2, v) such that lug| < h v-a.e. in Q2. Then,

k . /
Za,u, — Ta,u in LV (2 X Q,v ®my)

and, in particular,

/Qap(uy, Vup(-, y))dm)(y) - /Qap(uy, Vu(, y)dm,(y) in LY (Q, ).

Taking a subsequence if necessary, the v-a.e. pointwise convergence and the dom-
ination by the function 4 in the hypotheses are a consequence of the convergence in
LP (2, v).

Proof. Let A C Q2 be av-null set such that |ui (x)| < h(x) < +oo forevery x € Q\A
and every k € N, and such that uy (x) —k> u(x) forevery x € Q\ A. By (2.1), there
exists a v @ my-null set Ny C @ x € such that a,(x, y, -) is continuous for every
(x,y) € (2 x 2)\N;. Therefore,
k
a,(x, y, up(y) —ug(x)) — ap(x,y, u(y) —u(x))

for every (x,y) € (2 x Q)\(N1 U (A x Q) U (2 x A)), where, by the reversibility
of v with respect to m, N1 U (A x Q) U (2 x A) is also v ® m,-null. Moreover, by
(2.4), there exists a v ® m,-null set Np C  x Q such that

ap (e, v, 10 () — k)] < Cp(1+ lux () — 1 ()I”™)
< C(+ Jur )P+ Jur ()77
< C(1+ 1h)IP~ + [h)IPT

for every (x, y) € (2 x Q)\(N2 U (A x ) U (22 x A)) and some constant 5, where,
again, No U (A x Q) U (2 x A) is v @ my-null. Then, taking (x, y) € (2 x Q)\(N; U
NrU (A x QU (R x A)),
k
ap(x, y, up(y) —ur(x)) — ap(x, y, u(y) —u(x))

and
lap(x, y, up(x) — ug ()| < C(1+ )P~ 4 ()P,

Now, by the invariance of v with respect to m, since h € L? (2, m,) and v(2) < +o0,
we have that for i(x, y) := 1+ |h() P~ + |h(») [P~ h € LP (2 x 2, v @ my), 50
we may apply the dominated convergence theorem to conclude. 0
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2.2. Existence and uniqueness of solutions of doubly nonlinear stationary problems
under nonlinear boundary conditions

As mentioned in the introduction, the aim here is to study the existence and unique-
ness of solutions of the problem

y(u(x)) —divyapu(x) 3 p(x), x e W,
a 2.7
Nl”u(x)+,3(u(x)) 5p(x), x€i,W,

where W C X is m-connected and v(W,,) < +o00. See [5,15] for the reference local
models. In Subsect. 2.3, we address this problem but with the nonlocal Neumann
boundary operator /\fza " instead.

Problem (2.7) is a particular case (recall (2.6)) of the following general, and inter-
esting by itself, problem. Let 21, 25 C X be disjoint measurable non-v-null sets and
let

Q= Q1 UQ).
Given ¢ € L'(€2, v), we consider the problem

y (ux)) — fgap(x,y, u(y) — uCdmy(y) 3 9(x). x € Q.
@GP P
Bu()) — /Qa,,(x, ¥ u(y) — u(r)dmy (¥) 3 9(x), x € L.
(2.8)

For simplicity, we generally use the notation (G P,) in place of (G P;l R ). How-
ever, we use the more detailed notation further on. Moreover, we make the following
assumptions.

Assumption 2. We assume that Q = 1 U Q5 is m-connected and v(2) < +o0.

Remark 2.2. Observe that, given an m-connected set 2 C X (recall Definition 1.5),
my () > 0 for v-a.e. x € Q. Indeed, if

N:={xeQ :m(Q) =0},
then
Ly (N,Q) =0,

thus v(N) = 0.

Assumption 3. Let

N ={xeQ: (m Q) LOLR),



J. Evol. Equ. Nonlocal doubly nonlinear diffusion problems Page 13 of 83 24

where the notation (m,L Q) L (v Q) means that m,L Q and vL_ Q are mutually
singular. We assume that

v (V) =0.

Remark 2.3. Note that, for x € € such that m,(2) > 0, if m, <K v (i.e., my is
absolutely continuous with respect to v, do not confuse the use of < in this context
with its use in the notation in Subsect. 1.2) then (m,L_ Q) £ (vL_ ). Therefore, by
Remark 2.2, if m, < v forv-a.e.x € Qthenv (N§) = 0. Hence, the above condition
is weaker than assuming that m, < v for v-a.e. x € Q.

Assumption 4. We assume, together with 0 € y (0) N B(0), that

+
R <Ryﬁﬂ,

v
where

R;’ﬂ = v(21) inf Ran(y) + v(£2,) inf Ran(B),

R;ﬂ := (1) supRan(y) + v(£22) sup Ran(f).
Assumption 5. We assume that the following generalised Poincaré type inequality

holds: For every 0 < [ < v(f2), there exists a constant A > 0 such that, for every
u € LP(L2,v) and any measurable set Z C Q2 with v(Z) >,

1
P
lullr@.m = A <</ lu(y) — M(X)Ipdmx(y)dV(X)) + ‘/ udv
QxQ z
This assumption holds true in many important examples (see Appendix A).

Definition 2.4. A solution of (GP,) is a pair [u, v] with u € LP(Q,v) and v €
L”,(Q, v) such that

v(x) € y(u(x)) forv-a.e. x € Q,

v(x) € B(u(x)) forv-a.e. x € Qo,

[Cx, ¥) = ap(x, y, uy) —u())] € LP(Q x Q,v @ my),
and

From now on in this subsection, we work under Assumptions 1 to 5.

Sl e

v(x) — /Qap(x, you(y) —u(x))dm,(y) = ¢(x), x € Q.

A subsolution (supersolution) of (G Py) is a pair [u, v] with u € LP(2,v) and
v e LY(Q, v) satisfying 1., 2., 3. and

v(x) —/Qap(x,y,u(y) —u(x))dmy(y) < px), x€Q,

(v(x) —/Qa,,(x,y,u(w —u(e)dmy(y) = 9(x), x € sz)
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Remark 2.5. (Integration by parts formula) The following integration by parts formula
which results from the reversibility of v with respect to m, can be easily proved. Let
u be a measurable function such that

[Cr,y) > ap(r, y,u(y) —u(x)] € L9(Q x Q, v ®@my)

and let w € L"l(Q, v). Then,
- fQ /Q a,(x, v, 1(y) — u(x))dmy () w(x)dv(x)

1

= 5/ ap(x, y,u(y) —u@x)(wy) — wx)dv & my)(x, y).
QxQ

Let us see, formally, the way in which we use the above integration by parts formula
in what follows. Suppose that we are in the following situation:

—fgap(x, y,u(y) —u(x))dmy(y) = f(x), x € 1,

—/Qa,xx, Vou(y) — u(@)dmy(y) = g(x), x € .

Then, multiplying both equations by a test function w, integrating them with respect
to v over 21 and €29, respectively, adding them and using the integration by parts
formula we get

1

5/ ap(x, y, u(y) —u@)(wly) —wx)d(v @ my)(x, y)
QxQ

= | Sw)dv(x) +/ g@w(x)dv(x).

Q) Q)

Moreover, as a consequence of (2.3), takingu = u;, f = fiand g = g;,i = 1,2, in
the above system and for every nondecreasing function 7' : R — R, we obtain

/Q (1) = L2NT (uy (x) — up(x))dv(x) + /Q (81(x) — g2(xNT (u1(x) — uz(x))dv(x)
1 2

1

=5 / (ap(x, y, u1(y) —u1(x)) —ap(x, y, us(y) — uz(x)))
QxQ

X(T 1 (y) = ua(y)) = T(u1 (x) — uz(x)))d(v @ my)(x, y) = 0.

The next result gives a maximum principle for solutions of Problem (G P,) given
in (2.8) and, consequently, also for solutions of Problem (2.7).
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Theorem 2.6. (Contraction and comparison principle) Let ¢1, @2 € LY, v). Let
[u1, v1] be a subsolution of (G Py, ) and [u3, v2] be a supersolution of (G Py,). Then,

/ (01 — v2) v < / (1 — p2) " dv. 29)
Q Q

Moreover, if p1 < @2 with ¢1 # @2, then v1 < v, V] # v, and u; < uy v-a.e. in Q.
Furthermore, if o1 = @2 and [u;, v;] is a solution of (GPy,), i =1, 2, then vi = v,
v-a.e. in Q and uy — u is v-a.e. equal to a constant.

Proof. By hypothesis,
01 () = va(x) — /Q (@ (s v, 11 () — U1 (1)) — A (e s 1u2(y) — () ()
< @1(x) — @2(x)

forx € Q.Letk > 0 and Ty : R — [—k, k] be the truncation operator defined as:

—k ifr < —k,
Tr(r)y:=3r if |r| <k, (2.10)
k ifr >k,

and denote T+(s) = (Tx(s))*. Multiplying the above inequality by %T,j (U1 —us +
k signg +(v1 — v2)) and integrating over Q, we get

fQ (1 (x) = v2(x)) zT;(u](x) — up(x) + ksigng (v1 (x) — v2(x)))dv(x)
—/Q/Q(ap(x, Youp(y) —up(x)) —ap(x, y, ua(y) — ua(x)))dmyx (y)
X2 T @1 () = u(x) + ksigng (v (x) = 12(0)))dv(x)
< /Q (@1 (x) — (ﬂz(X))ETk (1 (x) — ua(x) + ksigng (v1 (x) — v2(x)))dv (x)
< fﬂ (@1(x) — p2(x)) Fdv(x). (2.11)
Moreover, by the integration by parts formula (Remark 2.5),
- /Q /Q(ap<x, Y1 () — w1 (0) — ap(x, v, u2(y) — wr ()b ()

1
X7 T (w1 (x) = ua(x) + k signg (v1(x) — v2(x)))dv(x)

1
ZE/ /(a"(x’y’”l(”—“100)—ap<x,y,uz<y)—u2(x>))
QJQ
1
x (LT3 @100 = 1020) + ksigng (1) = 120)

1, i
—%Tk (1 (x) —ua(x)+k signg (v1(x)—vz(x))))dmx(y)dv(x)-
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Now, since the integrand on the right-hand side is bounded from below by an integrable
function, we can apply Fatou’s lemma to get (recall the last observation in Remark 2.5)

lim inf —/ / (ap(x, y, ur(y) —uir(x)) —ap(x, y, ua(y) — uz(x)))dmy(y)
k—0t QJo

1
X 2T 1 (0) = ua(x) + ksigng (v1 (¥) = v2())dv () = 0.

Hence, taking limits in (2.11), we get

fQ (01(x) = v2(0)) T dv(x)
1
= lim /Q W1(0) = 02(0) T (1 () = u2 (x) + ksigng (v1(x) = v2()))dv ()

< [ 01 = o) i,
and (2.9) is proved.

Take now ¢ < ¢, with ¢ # @3, then, by (2.9), v; < vy v-a.e. in Q2. Now, since
[u1, vi] is a subsolution of (G P,,)

v (x) — anp(x, your(y) —ur(x))dmy(y) < ¢1(x)
thus

/Ul(x)dv(x)—f / ap(x,y,ul(y)—ul(X))dmx(y)dV(X)5/</?1(X)dv(X)-
Q QJQ Q

=0

Therefore, with the same calculation for [u, v2],
/ v (@)dv(x) < / PV (x) < / (0 (r) < f 1> (0)dv (x)
Q Q Q Q

thus vy # va. Now, since (¢ — ¢2)* = 0 and (v; — v2)* = 0, from (2.11) we get
that

1
fg 010 = 120) LT} @01 (0) = w20 ()
—/Q/Qmp(x,y,u](y) C 1) — ap(x v w2 () — w2 ()
1
xET,j(ul(x) — ur(x))dmy (y)dv(x) < 0.

However, since v; (x) € y(u;(x)) for v-a.e. x € Qp and v;(x) € B(u;(x)) for v-a.e.
x € Q9,1 =1, 2, we get, by the monotonicity of the graphs, u(x) < us(x) for v-a.e.
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x € Qsuchthatvy(x) < va(x). Therefore, (vi(x) — v2(x)) %Tk"’(ul (xX)—ua(x))) =0
for v-a.e. x € © and thus

—/Q/Q(ap(x,y,m(y)—ul(x)) —a,(x,y, uz(y) — u2(x)))
1
sz,f(ul(x) —uz(x))dmy (y)dv(x) < 0.

Now, recalling Remark 2.5 (that is, integration by parts), we obtain
/ / (@p(x, y,u1(y) —ui(x)) —ap(x, y, uz(y) — uz(x)))
QJo

X ((u1(y) = u2(y)™ = (u1(x) = u2(x))dm (y)dv(x) =0,

and thus

(@p(x, y,u1(y) —ui(x)) —ap(x,y,u2(y) —uz(x)))
X(u1(y) —ui(x) — (u2(y) —uz(x))) =0 (2.12)

for (x,y) € (R x Q)\ N where N C Q x Qisav ® my-null set. Let C C Q
be a v-null set such that the section Ny := {y € Q : (x,y) € N} of N is m,-null
for every x € Q\C and let us see that u1(x) < ur(x) forevery x € Q\ (C U Nf)
(recall Assumption 3 for the definition of the v-null set Nf). Suppose that there exists
xp € Q\ (C UNf) such that 1 (xg) — up(xg) > 0. Then, from (2.12) (and (2.3)), we
get that uq(y) — u2(y) = u1(xp) — u2(xp) > O forevery y € 2\ Ny,. Let

S={y e Q :ui(y) —uz(y) = ur(xo) —u2(x0)} O 2\ Ny,.

Since xo ¢ J\/i2 and my,(Ny,) = 0, we must have v(S) > v(2\Ny,) > 0. Now,
following the same argument as before, if x € S, then Q \ N, C S thus m,(2\S) <
my (Ny) = 0 and, therefore,

Lin(S, 2\ S) = 0.

However, since Q2 is m-connected and v(S) > 0, we must have v(2 \ §) = 0; thus,
u1(y) —uz(y) = uy1(xp) —ua(xo) > 0forv-a.e. y € Q. This contradicts that v; < vy,
V] # V2, v-a.e. in Q.

Finally, suppose that [u1, v1] and [u2, v2] are solutions of (G P,) for some ¢ €
L'(S2, v). Then,

vy (x) —v2(x) — /Q(ap(x, your(y) —ur(x)) —ap(x, y, ua(y) — uz(x)))dmy(y) =0

thus, since v; = vy v-a.e. in €2,

- fgz(ap(x, your(y) —ur(x)) —ap(x, y, uz(y) — uz(x)))dmy(y) = 0.
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Multiplying this equation by u1 — u», integrating over €2 and using the integration by
parts formula as in Remark 2.5 we get
/Qfg(ap(x, your(y) —ui(x)) —ap(x, y, uz(y) — uz(x)))
X (u1(y) —u1(x) — (u2(y) —u2(x))) =0
thus, by (2.3) and positivity,
@p(x, y, ur(y) —u1(x)) —ap(x,y, ua(y) — uz(x)))
X (u1(y) —u1(x) = (u2(y) —u2(x))) =0 (2.13)

for (x,y) € (2 x Q)\ N’ where N' C Q x Qisav ® m,-null set. Let C’ C Qbea
v-null set such that the section N := {y € Q : (x, y) € N’} of N’ is v-null for every
x € Q\ C’, and let us see that there exists L € R such that u(x) — up(x) = L for
v-ae. x € Q. Letxg € Q\ C/, L :=uj(xg) — uz(xp) and

Si={yeQ:ui(y) —ur(y) =L} DQ\N,.

By (2.13), 2\ C)’C0 C §'. Proceeding as we did before to prove that v(2\ S) = 0, we
obtain that v(2\ S") = 0. O

In order to prove the existence of solutions of Problem (2.8) (Theorem 2.7), we
first prove the existence of solutions of an approximate problem. Then, we obtain
some monotonicity and boundedness properties of the solutions of these approximate
problems that allow us to pass to the limit. This method lets us get around the loss
of compactness results in our setting with respect to the local setting. Indeed, we
follow ideas used in [5], but, as we have said, making the most of the monotonicity
arguments since the Poincaré-type inequalities here only produce boundedness in L?
spaces (versus the boundedness in W7 spaces obtained in their local setting). This
will be done in the following subsections.

2.2.1. Existence of solutions of an approximate problem
Take ¢ € L°(2,v).Letn,k € N, K > 0 and
A= Anx: LP(Q,v) > LP(Q,v) = LP (1, v) x L (2, v)
be defined by
A(u) = (A1(w), A2(w)),
where

A1) (x) == Tk ((y4)r (u(x))) + Tk ((y=)n (u(x))) — /;zap(x7 Y, u(y) —u(x))dmy (y)

+%\u(x)|”—2u+(x> - %|u<x>|f"2u—<x),
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for x € 1, and

A (u)(x) == T (B+)k (w(x))) + Tk (B-)n(u(x))) —/;Zap(x, you(y) —u(x))dmy(y)

L2t @) = L r 2 o,
n k

for x € Q5. Here, Tk is the truncation operator defined in (2.10) and (y4+)x, (V=)n,
(B+)k and (B-), are Yosida approximations as defined in Subsect. 1.2.

It is easy to see that A is continuous and, moreover, it is monotone and coercive
in L?(€2, v). Indeed, the monotonicity results from the integration by parts formula
(Remark 2.5) and the coercivity results from the following computation (where the

term involving a, has been neglected because it is nonnegative, as shown in Remark
2.5):

1 1
fA(u)udv > Lt v + ol o).
Q n k

Therefore, since ¢ € L*®(R2,v) C LP/(Q, v), by [20, Corollary 30], there exist
unr € LP(2,v), n, k € N, such that

(A1 n i), Aa(un ) =

That is,
Tg ()i k(X)) + Tg ((=)n (up k(%)) — /Qap(x,% Up i (y) — tp g (x))dmx (y)
+%|un,k(x)|p 2 ut K = *Iun 1P 2u U, () =) forx e Qp, (2.14)
and
Tk ((B4)k (up k() + Tg (B=)n(up k(X)) —/Qap(x, Yot ke (¥) = tp (X)) dmx (y)
|un KOt (o) = f|un KOOI () = p(x) forx € Q. (2.15)
Let n, k € N. We start by proving that u, x € L*°(£2, v). Set

1
= (k+nm)llellx@un) 7.

Then, multiplying (2.14) and (2.15) by (u, x — M)™, integrating over €| and €,
respectively, adding both equations and neglecting the terms which are zero, we get

/Q Tk () (1t 1 () (1t 1 (6) — M) dv(x)
1

+fQ Tk (B4 )k (& (2))) (t  (x) — M) Fdw(x)
2
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—/Q/Qap(x, Yot k() = tn k (X)) (1t (X) — M) Fdm . (y)dv(x)
+% /Q |t 1 GO 7200, () (1 (x) — M) T (x)
= /Q‘P(x)(un,k(x) — M)Tdv(x). (2.16)
Now, by the integration by parts formula (recall Remark 2.5),

- /S; /S; ap(xv Y, un,k(Y) - un,k(x))(un,k(x) - M)+dmx()J)dV(x)

l +
= 5/ f ap(x» Y, un,k(y) - un’k(x)) ((un,k(y) _ M)
QJIQ

—(n 1 (x) = M)T) dm (y)dv(x) > 0.

Hence, neglecting nonnegative terms in (2.16), we get

/Q e 1P 20E 00t () — MYV (x) < fg P00 (1 (x) — M) v (),

thus

fQ Tk (tt k CO1P ™2 00 1 (6) = M) Tdv(x) = /Q ()t 1 () = M) Tdv(x).

Now, subtracting / MP *l(u,,,k(x) — M)Tdv(x) from both sides of the above in-
Q

equality yields

L (T 0120050 = M) 00 = My o)

1
- nf (w(x) - —M'”) (1 (x) = M) Fdv(x) <0
Q n
and, consequently, taking K > M, we get
Upx <M v-ae.in Q.

Similarly, taking w = (u,x + M)~, we get

[ (T 1720 27 ) 0+ ) )

> k/ (so(x) + %MP”) (p +M)~"dv(x) >0
Q
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which yields, taking also K > M,
Upk > —M v-ae.in Q.
Therefore,
ltn il Lo ,v) < M

as desired.
Now, taking

K > max {M, (y4)kx (M), —(y=)x (=M), (B+)n(M), —=(B-)n(—M)},
equations (2.14) and (2.15) yield

Dkt k() + (7 (i () — /Q a,(x, Y, Uk (Y) = tn k (X))dm (y)
+%|un,k<x>|1’*2u,tk(x) - %mn,k(x)w*zu,;k(x) =¢(x), x€Qi, (217
and
Bk (tn (X)) + (B)n (tn g (x)) — fQ ap(x, Y,y k (¥) = tn k (x))dm(y)
+%|un,k<x>|P*2u;k(x> - %|un,k<x>|P*2u,;k(x> =), xe€Q. (218

Take now ¢ € Ll’/(Q, v) and, forn, k € N, set
®n.k := sup{inf{n, ¢}, —k}. (2.19)

Then, since ¢, x € L*(2, v), by the previous computations leading to (2.17) and
(2.18), there exists a solution u, x € L (2, v) of the following approximate problem
(2.20)—(2.21):

(VJr)k(un,k(x))+(Vf)n(un,k(x))_/S;ap(xay’un,k(y)_un,k(x))dmx()’)

1 _ 1 y
=l O 207 (0 = itk P25, () = gup(x), x €
(2.20)

(:3+)k(’4n,k(x))+(ﬂ—)n(”n,k(x))_/Qap(xsy’”n,k()’)_”n,k(x))dmx(y)

1 _ 1 oy
it k2100 () = gk GO 2, (60 = @up(x), % € Q.
(2.21)

Moreover, we obtain the following estimates which will be used later on. Multiplying
(2.20) and (2.21) by %TS (u;; i) integrating with respect to v over 21 and €27, respec-
tively, adding both equations, applying the integration by parts formula (Remark 2.5),
and letting s | 0, we get, after neglecting some nonnegative terms, that
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1

- / |t 1P~ 2ut  dv+ f (v )k (n ) dv+ / Bk (n )dv < / o dv< / @t dv.

n Jq ’ Q Q) Q Q
(2.22)

Similarly, multiplying by %TS (u,, 1), we get
-7 [t k| un’kdv + (y=)n(un r)dv + (B)n(un i)dv
k Jo Q) Q0

> —/ <pr;kdv > —/ ¢ dv. (2.23)
Q Q

2.2.2. Monotonicity of the solutions of the approximate problems

Using that ¢,  is nondecreasing in n and nonincreasing in k, and thanks to the way
in which we have approximated the maximal monotone graphs y and 8, we obtain
monotonicity properties for the solutions of the approximate problems.

Fix k € N. Let n; < np. Multiply equations (2.20) and (2.21) with n = n; by
(Un, .k — unz,k)J“, integrate with respect to v over 1 and €2, respectively, and add
both equations. Then, doing the same with n = ny and subtracting the resulting
equation from the one that we have obtained for n = ny, we get

/Q (7100 000) = (7Dl ) 4 3) = ()0 )
+ /Q (7 G 0) = (7= ) i 4 5) = ) 00
+ /Q (B xam () = (Bt ) 4 5) = () V0
+ /Q (B2 ) = (Bt ) i 4 3) = () v )

- /Q fQ @t ¥ty () =ty £ (X)) = Bp (X, s g 1 (3) — thm ()
X (U, 1 (X) =ty 1 (X)) Tdm, (y)dv(x)
+/ l|u 1P 2ut (x)—i|u P2l (x)
o \n ni.k ny.k ny na.k ny.k

X (U, k(X)) = tpy k(X)) Tdv(x)
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1
‘;/g (e 12107, G0 = Tty O1 211, ()

X () (X) =ty (1)) v (x)

= [ (@0 k) = @ny k(X)) (ny k (X) = sty 1 (x) T (x) < 0.
Q

Since (y4+)x and (B4 )i are maximal monotone, the first and third summands on the left-
hand side are nonnegative, and the same is true for the second and fourth summands
since (Y—)n; = (Y=)ny» (B=)n; = (B-)n, and these are all maximal monotone. The
fifth summand is also nonnegative as illustrated in Remark 2.5. Then, since the last
two summands are obviously nonnegative, we get that, in fact,

fg (%mnl,k(x)v’*zu;,k(x) - $|un2,k(x)|”*2u;2,k<x)> () k(%) =ty 1 () Tdv(x) = 0
and
% /Q (|u,,1,k(x>|!’*2u;1 K0 = |u,12,k(x>|f’*2u;2,k<x>) (U 1 (6) =ty (1)) TV (x) = 0
which together imply that
Upy k(X)) < up, k(x) forv-ae. x € Q.
Similarly, we obtain that, for a fixed n, u, i is v-a.e. in Q2 nonincreasing in k.
2.2.3. An LP-estimate for the solutions of the approximate problems

Multiplying (2.20) and (2.21) by

1

- Up kdv,
v(Q) Jo,

Un,k
integrating with respect to v over 21 and €2, respectively, adding both equations and
using the integration by parts formula (Remark 2.5) we get

1
/ (4 )k (1 (X)) + (=D (s k (x))) (un,k(X) - 7/ Mn,de> dv(x)
Qi V(1) Jo,

1
+/ (B (1 (X)) + (B=)n(up i (x))) (un,k(X) - 7/ Mn,kdv> dv(x)
ol V(1) Jo,

1
+§f / ap(x, ¥, Uk (¥) = s (0)) (U 1 (¥) = stk (x))dm (y)dv (x)
QJIQ
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1 1 -
+/§2 (Z|un,k(x)|p_2u:,k(x) - ;|un,k(x)|p_2”n,k(X)>

X <Mn,k(x) - U(SIZI) /;21 un,kdv> dv(x)
1
= ];Z(Pn,k(x) (“n,k(x) - v Ja, ”n,kd"'> dv(x). (2.24)

For the first summand on the left-hand side of (2.24), we have

1
/Ql ((V+)k(”n,k) + (Vf)n(”n,k)) <”n,k - @ o un,kdv> dv

1 1
= ,/;z] ((V+)k(un,k) — (V4 <@ o Mn,k)) (Mn,k - m o u,,,kdv> dv
1 1
Ik @) S, " nk— ——=— [ unxdv)dv =0,
+/Ql ((y it ) = () (v(szl) X k>> (u = s Jo V) .

and for the second

1
/;22 ((.3+)k(”n,k) + (ﬁ*)n(”n,k)) <Mn,k - m a; Mn,kdv> dv

1 1
= nk) — n nk— ——— nikdv | d
/Q 2 <<ﬁ+)k<u 0 (,3+)k(v(92) X k)) (u = vy Jo s v) v
1 1
InlUp k) — PIn| —=—= n nk— ——— nxdv ) d
+f92 ((/3 (it 1) — (B-) (U(Qz) L k)) (u £ sy v) y

1 1
- /;22 ((ﬂJr)k(un,k) + (ﬂf)n(un,k)) (TQI) AZ] un,de - V() @ ”n,de> dv

> _/ ((ﬂ+)k(”;1 K+ B=n(uy k)) (

1
(Q ) n,kdb‘ — ]}(7{22) o Mn,kdl)> dv.
2

Since Fy i (s) := %|s|p_2sJr — %|s|P_2s_ is nondecreasing, for the fourth summand
on the left-hand side of (2.24) we have that

/Q< lit 1 ()72 +k(x)——|unk<x>|" -2 k(x)) (un,km—ﬁ o un.kdv> dv(x)
—/ (F (upx(x)) — F, ( ! u dv)) (u (x) — ! u dv) dv(x)
= o n,k\Un k n,k U(Q]) o n,k nk U(Ql) o n,k
—1—/ (F ( x)) — F, ( ! dv)) (u (x) ! dv) dv(x)
n,kUn, — I'p — = Un n - Up,
g, @) Jo, YT @) Jo,

1 1
- F i (uy akdy — axdv ) d
/gz w ’k(x))(v(szl) o YT @) Jg, ”) Ve

1 1
= | Furlun 5 nkdv — wxdy | dv(x).
= /5‘22 ’k(u ,k(X)) (V(Ql) Q) k€Y v(20) Q2 ek V) v
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Finally, recalling (2.5) for the third summand in (2.24), we get

%” f / i k (9) — 1t 1 () [P (3)dv (x)
QJQ

1
=< k\Unk —
/Q% ( w(@) Jo,

M,Lkdv) dv

1

+ n + —J)n n VN n d - r,n d d

[, (pontunir - o ”‘”(v(szl)/m” KT @ Jo, ')

1 1

+ / (—|un,k(x)|”‘2u:k<x> - f|un,k<x>|"‘2u;k(x))

92 n N k B

x( : Uy pdv — unkdv)dv.
() Jo, v(R2) Jo,

Now, by Holder’s inequality and the generalised Poincaré-type inequality with [ =
v(£21) (let A1 denote the constant appearing in the generalised Poincaré-type inequality
in Assumption 5),

1
Onk \ Unk — — <<
/9" < v(Q1) Jo,

Un,k

un,kdv> dv

= ”gD”LP/(Q,v) Mn’kdl)

v(821) Q LP(Q,v)

< Mgl g ( fQ /Q |un,k(y)—un,k(x>|”dmx<y)dv<x>>”,

and, by (2.22), (2.23) and the generalised Poincaré-type inequality with/ = v(€21) and
with [ = v(£2,) (let A, denote the constant appearing in the Poincaré-type inequality
for the latter case), we obtain

((Ig+)k(’4n,k) (ﬂ—)n(un,k)) : |’4n,k(x)|p_2u;:k(x) l|1/‘n,k()€)|p_2’4;k(x)
Q n E k s
2

Up kdv un,kdv> dv

><< ! -
V(1) Jo, v(202) Jo,

< lelizi@,w

n,k

1
< lelriq,w T
v(Q)r

<u

+ unk —

A+ Ar
S llellpy@wn—m
V()7

1
— up pdv —
Q) Jo,

u,,.kdv

v(2) Jo,

un,kdv

V(Ql) Q LP(Q,v)

LP(Q»))

up dv

V() Jo,

</ / Iun,k(y)—un,k(x)l”dmx(y)dv(x))p.
QJIQ
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Therefore, by (2.24) and the subsequent equations,

%’( / / |un,k<y>—un,k(x>|"dmx(y)dv(x>)”
QJIQ

A+ Ao
<A ”(p”Lp’(Q,U) + —L“(p”LI(Q,U)' (2.25)

V(Q)7

2.2.4. Existence of solutions of (G Py)

Observe that a solution (u, v) of (G P,) satisfies

/ vdv—}-/ vdvz/(p,
Q) Qo Q

therefore, since v € y(u) in 21 and v € B(u) in 23, we need ¢ to satisfy

- +
Ry!ﬁ 5/;2‘/"1”573;/,/3'

We prove the existence of solutions when the inequalities in the previous equation are
strict. This suffices for what we need in the next section. Recall that we are working
under the Assumptions 1 to 5.

Theorem 2.7. Given ¢ € LP (2, v) such that

- +
Ry’ﬁ < /Q(pdv < Ry,ﬂ’
Problem (G Py) stated in (2.8) has a solution.

Observe then that any solution (#, v) of (G P,) under such assumptions also satisfies

- +
Ry’ﬁ < /dev < R%ﬂ.

This will be used later on.
We divide the proof into three cases.

Proof. (Proof of Theorem 2.7 when R)jf p = £00) Suppose that
R;’ﬂ = —oo and R;r_ﬂ = +o00.

Letg € L”/(Q, V), ¢n k defined as in (2.19) and let u, x € L>(2,v), n,k € N, be
solutions of the Approximate Problem (2.20)—(2.21).

Step A (Boundedness). Let us first see that {||u, k|l r(«,v) }n,kx is bounded.

Step 1. We start by proving that {||u:’k||Lp(g,v)},,,k is bounded. We see this case by
case. Since R;’ﬁ = 400, then sup Ran(y) = +oo or sup Ran(f) = +o0.
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Case 1.1. Suppose that sup Ran(y) = +o0. Then, by (2.22),

/ (Y )k(Up)dv < M := / ¢dv forevery n,k € N.
Q Q

Let z:;k ‘= (Y4 )k (unx) and ﬁn,k = {x e Q: z,tk(x) < %} Then,

0< dv = +d Tdv<M Q Q M
— |~ Zn,k V= Zn,k V= ~ Zn,k V= - (V( 1) - V( n,k))T
Qi Q Q\ 2 i v(£21)

G WS Ry
U ey T
from where

o) = ”“221).

Case 1.1.1. Assume that sup D(y) = +4oo. Let rop € R be such that yo(ro) >
2M /v(£21) and let ky € N such that

2M 0
—— < (y4)k(ro) <y (ro) fork > ko. (2.26)
v(£21)
Then, since in ?Zn,k, (Y (un ) = z,‘;k < %, from (2.26) we get that

u:k <rop in 2, forevery k > ko and every n € N.

Therefore, this bound, the generalised Poincaré-type inequality with [ = @ and
(2.25) yield the boundedness of {||u;f‘k lLr(,v)}n k-
Case 1.1.2. Suppose thatr, := sup D(y) < +ooandleth > 0.Sincer, +h & D(y),

(y)k(ry +h) + +00 ask — +oo0.

Take ko € N such that (y; )¢ (ry +h) > % for every k > k. Then,

2M ~
(V+)k(u;,k) < m < (y(ry +h) in 2, forevery k > ko and every n € N,

thus
”:,k <r,+h in S~2n7k for every k > kg and every n € N.

Therefore, again, this bound together with the generalised Poincaré-type inequality
with [ = @ and (2.22) yield the boundedness of {||u,tk 2P, v)}n k-
Case 1.2. If supRan(B) = +o00, we proceed similarly.
Step 2. Using that R;’ﬁ = —o00 we obtain that {||u;k | r(,v)}n,k 1s bounded with an
analogous argument.

Consequently, we get that {||u, k|l Lr(@,v)}n,k 1s bounded as desired.
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Step B (Taking limits in n). The monotonicity properties obtained in Subsect. 2.2.2
together with the boundedness of {|[u i || Lr(Q,v)}n,k allow us to apply the monotone
convergence theorem to obtain uy € L?(2,v), k € N,and u € LP(2, v) such that,

. . n . . . .
taking a subsequence if necessary, u, x — ui in L? (2, v) and pointwise v-a.e. in 2
for k € N, and uy LY u in L? (€2, v) and pointwise v-a.e. in .

‘We now want to take limits, in n and then in k, in (2.20) and (2.21). Since u,, x 5 Uk
in L? (€2, v) and pointwise v-a.e. in €2,

/Q (s 3.t () =t 1 () () —> fQ Ay (o v, e () — g (dm (), 227)
%|un,k|p72u:’k =50

and

1 1
o n o
E|“n,k|p Uy — kalp u

in Lp/(Q, v) and, up to a subsequence, for v-a.e. x € Q2. Indeed, the second and third
limits follow because [uy [P =21, = lug|P~2u in LP (2, v). Now, since {iy i}
is nonincreasing in n, |u, x| < max{|u |, ux|} v-a.e. in @, for every n, k € N, so
Lemma 2.1 yields the convergence (2.27) in L”/(Q, V).

Now, isolating (y4+ )k (tn,k) + (V=)n (k) and (B )r(Un k) + (B-)n(un k) in equa-
tions (2.20) and (2.21), respectively, and taking the positive parts, we get that

1
Yk (n ik (x)) = (/Q ap(x, y, unk (¥) — tn i (x))dmy (y) + ;Iun,k(x)l”_zu,tk(X)

1 b2 - +
— 2tk GNP () + Pk ()

for x € Q1, and

1
(B )k () = ( /Q (. Y.t (9) = kDM () + it ()P ()

1 b2 - *
_%|un,k(x)| Mn’k(x) + @n ik (x)

for x € 2. Therefore, since the right-hand sides of these equations converge in
Ll’,(Ql, v) and L”,(SZQ, v) (and also v-a.e. in 27 and €2,), respectively, there exist
7 e LY (1, v)andw]” € L” (2, v) such that (y1 )i (un k) > 7 in L (R4, v) and
pointwise v-a.e. in 1, and (B4 )i (Un.k) Y a),': in LP/(Qz, v) and pointwise v-a.e. in
>. Moreover, since (y4 ) and (B4 ), are maximal monotone graphs, z,‘: = (y+ )k (ug)
v-a.e. in 21, and a);r = (B+)k(ug) v-a.e. in Q.
Similarly, taking the negative parts, there exist
lim  (y—)n(upx(x)) = z; (x) in L'",(Q1, v) and for v-a.e. x € 2,

n—-+00
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and

lirJIrl (Bn(unk(x)) = 0, (x) in L”/(QL v) and for v-a.e. x € Q5.
n——+00

Moreover, by [15, Lemma GJ, z; € y—(uz) and @, € B_(ug). Therefore, we have
obtained that

) + 7 (0) — anp(x, yy ur(y) — ur(x))dmy(y)

1 ba -
_%|’4k(x)| u, (x) = @r(x), (2.28)

for v-a.e. x € 21, and
o () + o () — /Q a, (x, v, 1 (y) — g () ()

1 o
—zluk(X)Ip up (x) = gr(x) (2.29)

for v-a.e. x € Q).

Step C (Taking limits in k). Now again, isolating z,‘: +z; and w,‘: + w, in equations
(2.28) and (2.29), respectively, and taking the positive and negative parts as above,
we get that there exist z+ € LP (Qy,v), 2= € LP(Q1,v), o € LP (Q,v) and

k _ k . ’ . .
w™ € LV (Q, v) such that z,': — z*t and Z; — 2z in L? (1, v) and pointwise

v-a.e.in 21, and a),j —k> wt and on —k> w™ in L”/(Qz, v) and pointwise v-a.e. in €2;.
In addition, by the maximal monotonicity of y_ and f_,z~ € y_(u) and w™ € B_(u)
v-a.e. in 1 and 2, respectively. Moreover, by [15, Lemma G], T e y+(u) and
ot € B+ (u) v-ae. in Q; and Q, respectively.

Consequently,

z(x) — / a,(x,y, u(y) —u(x))dm,(y) = ¢(x) forv-ae. x € Qr,
Q
and
(x) —/ ap(x, y, u(y) —u(x))dm,(y) = ¢(x) forv-ae. x € Q,
Q

where z = z7 +z~ € y(u) v-ae.in Q) and w = o™ + 0~ € B(u) v-ae. in ;. The
proof of existence in this case is done. g

Proof. (Proof of Theorem 2.7 when R;t p are finite) Suppose that
- +
—00 <R,z <Ry g <00

Letg € LP/(Q, v), and assume that it satisfies

- +
Ry’ﬁ</;z(pdv<72yyﬂ.
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Then, for ¢, i defined as in (2.19), there exist M|, My € R and ng, ko € N such that
R;’ﬁ < M, < /;z(pn’kdv < M; < R;ﬁ (2.30)

for every n > ng and k > ko. Forn, k € Nletu, x € L°°(2, v) be the solution of the
Approximate Problem (2.20)—(2.21), and let

M3 := sup
n,keN

i kv < +o0. 2.31)

LP(Q,v)

Unk —

V(1) Jg,

Observe that M3 is finite by the generalised Poincaré-type inequality together with
(225). Let ky € N such that ki = ko and My + L M3v(@) 707 < R}, for every
k> k.

Step D (Boundedness of {||un i|lLr(@,v)}n and passing to the limit in n) Let us see
that, for each k € N, {|lu «llLr(@,v)}n is bounded. Fix k > ki and suppose that
{llun,x | P (22,v) }n is not bounded. Then, by (2.31), since u, x is nondecreasing in n,

1
V(1) Jo,

Thus, using again that u, ; is nondecreasing in n, there exists n; > ng such that

_ 1 - 1 -
Uy k = (un,k - m o un,de> + <U(Ql) o un,kdU)
1 1

| _
= —_ d
("”"‘ v(@) Jo, ”)

for every n > ny, and thus

n——+o0o
up gdv — +o00.

||I/t;’k||LP(Q,U) < M3 forevery n > nj.

1
Consequently, [lu, ;|lLr-1(q.v) < M3v(2)?®=D for n > nj. Then, with this bound
and (2.30) at hand, integrating (2.20) and (2.21) with respect to v over 21 and 2,
respectively, adding both equations and neglecting some nonnegative terms we get

/Q Yk () + (I (i () v ) + /Q Bkt £ () + (Bt () dv ()
1 2

Zn,k(x) wn,k(x)

1 1
<M+ ZM3u(s2)p<1H> < R;ﬂ.

My

Therefore, for each n € N, either

1)
f Zn.kdv < v(L21) supRan(y) — 3 (2.32)
Q1
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or

)
/ wp kdv < v(£22) supRan(B) — -, (2.33)
Q) 2

where § := R;ﬁﬂ — My > 0.

For n € N such that (2.32) holds let

5
Knx = {x € Q1 : zpk(x) < supRan(y) _W}'

Then
3 8
Zp,kdv :/ Zp,kdv —/ Znkdv < —— +v(K, k) (supRan()/) - 7> ,
/;fn,k ! Q " Q\Kn k " 4 " 4v(£21)

and
/ Zn.kdv > v(K, k) inf Ran(y).
Kn‘k

Therefore,

3
v(Kn k) <supRan(y) — inf Ran(y) — 41)(91)) > 7

thus v(K, 1) > 0, supRan(y) — inf Ran(y) — > 0 and

4v(€21)

8/4

V(Kn k) = - :
" supRan(y) — inf Ran(y) — 41)(5—91)

Note that, if sup Ran(y) — < 0, then z, x < 01in K, 4, thus u:k =0in K,

8
4v(Q2) —
and, consequently, ||u;lL eILP (K, ¢,v) = 0. Therefore, by the generalised Poincaré-type

inequality and (2.25) we get that {|[u,, k|l L» (@,v)}» 1s bounded, which is a contradiction.

We may therefore suppose that sup Ran(y) — 41)(‘3—91) > 0. Then, for k» > k; large
enough so that sup Ran((y4)x) > supRan(y) — éw(‘s—gl) for k > ko,

4V(§21))

and by the generalised Poincaré-type inequality and (2.25) we get that {{|u,, k[ Lr(@,v) }n
is bounded, which is a contradiction. Similarly, for n € N such that (2.33) holds.

We have obtained that {||u, «|lLr@,v)}n is bounded for each k € N. Therefore,
since {u, }, 1s nondecreasing in n, we may apply the monotone convergence theorem

I
||M,J,r,k||LP(K,,,k,u) < v(Kn)? (y); ! (SUP Ran(y) —

to obtain uy € LP(2,v), k € N, such that u, x A up in LP (2, v) and pointwise
v-a.e. in @ for k € N. Proceeding now like in Step B of the previous proof we get:
zf e LP(Q1,v) and o € LP (S, v) such that z;7 € yi(ux) and o € By (ux)
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v-a.e. in ] and €2, respectively; and z, € L”/(Ql, v) and w, € L”/(Qz, v) with
7, € y—(ug) and w, € B_(ug), v-a.e. 1 and 3, respectively, and such that

S+ 2 () — /Q a, (x, v, 1 (y) — g () ()
l _2 _
— k1 () = o), (234)

for v-a.e. every x € Q1, and

wf () + oy (x) —/Qap(x,y,uk(y)—uk(X))dmx(y)
1 b2 -
_%Wk(x” u, (x) = @r(x) (2.35)

for v-a.e. every x € Q.
Step E (Boundedness of {||uk || .r(,v) }x and passing to the limit in k) We now see that
{lluk |l Lr (2,v) }k is bounded. Since u;” < u}, itis enough to see that {||u; || Lr(g,v)} is
bounded.

Now, (2.34) and (2.35) yield

/ Z (x) + z; (x) dv(x) +f o () + o () dv(x) = My >R, 5.
Ql S— Qz S—
2k (x) Wy (x)

Therefore, for each k € N, either

5/
/ zrdv > v(2) inf Ran(y) + 3 (2.36)
Q)
or
8/
/ wrdv > v(£2;) inf Ran(B) + 7 (2.37)
Q2

where §' := M, — R;’ﬂ > 0.
Fork € Nsuchthat(2.36)holdslet K := {x € Q1 : zx(x) > infRan(y)—f-%}.
Then,

/ Zxdv :/ zkdv—/ zrdv
Ky Q) Qi\Kx

5 il
> (u(Ql)infRan(y) + 5) = (v(§21) — v(K&)) <infRan(y) + 4v(91))

/

8 ¥
_ 7 +v(Ky) (infRan(V) + 4U(Q])> ’
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and
/ zxrdv < v(Ky) sup Ran(y).
Ky

Therefore,

8 8’
v(Ky) (sup Ran(y) — inf Ran(y) — 4v(§21)) > T

/

4v(21)

thus v(Ky) > 0, supRan(y) — inf Ran(y) — > 0 and

8 /4

v(Ky) > . A
supRan(y) —inf Ran(y) — z50q5

Now, if inf Ran(y) + % > 0 then zz > 0 in Ky, thus U, = 0 in K; and
lluy lLrk,,v) = O; so by the generalised Poincaré-type inequality and (2.25) we get
that {||ux|lLr(Q,v)}n is bounded. If inf Ran(y) + % < 0, then

B L. &
it N iy < =K 7y (‘“fRa“(V) i 4v(Q1)>

and by the generalised Poincaré inequality and (2.25) we get that {|lux||1r(,v)}k 18
bounded. Similarly, for k£ € N such that (2.37) holds.
Now, proceeding as in Step C of the previous proof, we finish this proof. U

Finally, we give the proof of the remaining case.
Proof. (Proof of Theorem 2.7 in the mixed case) Let us see the existence for
- + _
—00 < Ry’ﬁ < Ry’ﬁ = +o00, (2.38)
or

—0=R, 4 < R;ﬁ < +4o00. (2.39)

Suppose that (2.38) holds and let ¢ € LP(2,v) satisfying
R; g < /Q @dv.

If (2.39) holds and we have ¢ € LP(Q,v) satisfying / edv < R;rﬂ, the argument
o ,

is analogous.

Let ¢, r be defined as in (2.19) and let u,, x € L*(2, v), n, k € N, be the solution
of the Approximate Problem (2.20)—(2.21). Then, by Lemma A.7 together with (2.22),
{ll ”Ik Ilr(Q,v)}n,k is bounded. However, for a fixed k € N, since u, ; is nondecreasing
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inn, {|lu, llLr(@.v)}n is also bounded. Therefore, proceeding as in Step B of the first

case, we obtain uy € LP(Q2,v), z,j, 7 € Lp/(Ql, v) and a),:“, W, € Lp/(Qz, V),
k € N, such that

)+ 200 — /Q a, (s v, 1k (y) — g (0 ()
1 o
P () = e (0, (2.40)

for v-a.e. x € 21, and

W () + 0 (1) — /Q ap (5, v, 1) — g G () — ek (0IP (6) = ()
for v-a.e. x € Q5; where, for k € N,
zf = (k). z; € y—(up) v-ae.in Qi,
and
wf = B)k(ur), o € B—(ug) v-a.e.in Q.

We now prove that {|lullzr )}k is bounded. Proceeding as in Step E of the
previous proof and using the same notation, we get that for each k € N, either

8/
/ zrdv > v(2) inf Ran(y) + 3 (2.41)
Q)

or
8/
/ wrdv > v(£2y) inf Ran(B) + R (2.42)
Q2

Case 1. For k € N such that (2.41) holds, let

6/
Ky = {x € Q1 : zx(x) > inf Ran(y) + 4v(2) } ’

Then,

8 8
zrdv = / zrdv — / zrdv > — + v(Ky) <inf Ran(y) + ) .
~/;(k Q Q1\ Kk 4 4v(€21)
(2.43)

Now, by (2.40),
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wl?”
/ del) =< / | k/|_1 dv
(xeQy 1 25 (x)>h} (xeQ :zx(x)>h} hP

p/
dv(x).

__1 /
h?' =1 Jixea 5 w=n)
Thus, for a constant D independent of k and £,

/ zxdv
{xeQq 1 zx (x)>h}

l)] p/ P,
< -— lap(x, y, ur(y) — ur(x)|¥ dmy(y)dv(x) + lok]” dv ).
hP  Ja Q

Hence, by (2.4) and (2.25), there exist constants D, and D3, independent of k and £,
such that

/ zxdv

{xeQq 1 zx(x)>h}

< D f f|uk<y>—uk<x>|”dmx<y>dv<x)+/ P dv 1) < 22
~ ' e, Ja Q ~ 'l

Consequently, we may find # > 0 such that

/
sup/ zrdy < —.
keN J{xeQ : z¢(x)>h) 8

/Q (s v, 1 (y) — () () + 9 ()

Therefore,

8/
/ zrdv = / zxdv +/ zrdv < — + v(Kp)h.
Ki KiNlzi>h) KiN{ze<h} 8

Recalling (2.43), we get

5/ 81 8/
7 + v(K%) <infRan(y) + —) < = +v(Kph,

4v(L21) 8
thus
5 8
3 < v(Ky) (h — inf Ran(y) — 4])(91)) .
Consequently, # — inf Ran(y) — m > 0 and
8 /4

v(Ky) > > 0.

h —inf Ran(y) — A%S/ZI)

From here we conclude as in the previous proof.
Case 2. For k € N such that (2.42) holds, let
/
4v(£2)

and proceed similarly. 0

Ky = {x € Q5 : wr(x) > inf Ran(B) +

}
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Remark 2.8. (i) Taking limits in (2.25) we obtain that, if [u, v] is a solution of
(GP;”’V’/S), then

%’( / / |u(y>—u(x>|1’dmx<y>dv<x>>p
QJQ

A+ Ar
= Atllell g + FH@HU(Q,W
v P

where ¢, is the constant in (2.5), and A; and A, come from the generalised
Poincaré-type inequality and depend only on p, 21 and 2.
(ii) Observe that, on account of (2.4) and the above estimate, we have
1

4 4
( / ’ / a,(x, v, 1(y) — w(x))dmy (y) dv(x))
Q Q

2C,
S CpU(Q) + C_(2A1 + AZ)HQD”L[;’(Q’U)‘
P

Therefore, since [u, v] is a solution of (G P;”’y’ﬁ),

2C
1l Lo .y < Cov(R) + ( : PQAL+ M) + 1) ol g0y
p

(iii)) When ¢ = 0 in 25, we can easily get that v < ¢ in Q1.

2.3. Other boundary conditions

We can now ask for existence and uniqueness of solutions of the following problem
(which is introduced in Sect.2.1)

y(u(x)) —divpapu(x) 3 p(x), x € W,

(2.44)
NyTu@) + B(u(x))  p(x),  x € duW,
or, of the more general problem,
y (u(x)) —/ ap(x, y, u(y) —ux))dmy(y) 3 p(x), x € Q =W,
WU,
./\/;pu(x) + ,B(M(x)) > ¢(x), x € Co,W.

Recall that /\/; " is defined as follows:

Ny u(x) o= — /w ap(x, y, u(y) —u(x))dmy(y), x €W,

which involves integration with respect to v only over W, or more specifically over
I (X \ W).
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For Problem (2.44), we know that, in general, we do not have an appropriate
Poincaré-type inequality to work with (see Remark A.5). Therefore, other techniques
must be used to obtain the existence of solutions. In the particular case of y(r) =
B(r) = r, this was done in [43] by exploiting further monotonicity techniques.

However, if a generalised Poincaré-type inequality (as defined in Definition A.1) is
satisfied on (A, B) = (21, £22), we could solve the above problem by using the same
techniques that we have used to solve Problem (2.7). Indeed, we can work analogously
but with the integration by parts formula given in Remark 2.9. Note that this kind of
Poincaré-type inequality holds, for example, for finite graphs; even if Q2, = 9, W.

Remark 2.9. Let Q := Q1 U Q. The following integration by parts formula holds:
Let u be a measurable function such that

[(x, y) = ap(x, y, u(y) —u(x))] € LY((2 x )\ (22 x 22),v @ my)
and let w € L9 (Q, v). Then,

—fQ fgap(x,yyu(y) — u(x))dmy (y)w(x)dv(x)

—/ / a,(x, y, u(y) — ux))dmy (y)w(x)dv(x)
Qo JQ
1

2 /(me\(szzxszz)

ap(x, y, u(y) —u(x)(w(y) —w)dv & my)(x, y).

Remark 2.10. Itis possible to consider this type of problems but with the random walk
and the nonlocal Leray-Lions operator having a different behaviour on each subset
Q;,1 = 1, 2. For example, one could consider a problem, posed in 21 U 2, C RV,
such as the following:

() —/Q al (v, y, u(y) — u(0) 1 (x — y)dy
—/Q ay,(x, y, u(y) — u(x))J3(x — y)dx 3 p(x), x € Q,
2

B(u(x)) —f ) (x, y, u(y) — u(x))J3(x — y)dy

Q)

__/Q 3?;(967 v, u(y) —u(x))Jo(x — y)dx 3 ¢(x), x € Q,
2

where J; are kernels like the one in Example 1.2, and a; are functions like the one in
Subsect. 2.1, i = 1, 2, 3. This could be done by obtaining a Poincaré-type inequality
involving %Jo, where Jy is the minimum of the previous three kernels and o =
fRN Jo(z)dz. This idea has been used in [22] to study a homogenization problem.

3. Doubly nonlinear diffusion problems

We study two kinds of nonlocal p-Laplacian-type diffusions problems. In one
of them, we cover nonlocal nonlinear diffusion problems with nonlinear dynamical
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boundary condition; and on the other, we tackle nonlinear boundary conditions. We
work under Assumptions 1-5 used in Subsect. 2.2.

3.1. Nonlinear dynamical boundary conditions
Our aim in this subsection is to study the following diffusion problem:

v (2, x) —/ ap(x,y,u(t,y) —u(t,x))dmy(y) = f(t,x), x € Q, 0<t <T,
Q

v(t, x) € y(u(t, x)), xeQ,0<t<T,

wy (2, x) —/ ap(x, y,u(t,y) —u(t,x))dmy(y) = g(t,x), x € 2, 0 <1 < T,
Q

w(t, x) € B(ul, x)), xe, 0<t<T,
U(O, .X) = Uo(x)v X € Q],
w(0, x) = wo(x), X € Qo,

3.1

of which Problem (1.2) is a particular case and which covers the case of dynamic
evolution on the boundary 9,, W when 8 # R x {0}. This includes, in particular, for
y = R x {0}, the problem where the dynamic evolution occurs only on the boundary:

—divapu(t,x) = f(t, x), xeW, 0<t<T,
w;(t, x) —}—/\/'f"u(t,x) =g(t,x), x €d,W,0<t <T,

w(t,x) € ﬂ(u(t,x)), xeo,W,0<t<T,

w(0, x) = wo(x), x e d,W.

See [4] for the reference local model.
Note that we may abbreviate Problem (3.1) by using v instead of (v, w) and f
instead of (f, g) as

v (t, x) —/ ap(x,y,u(t,y) —u,x))dm(y) = f(t,x), xe€Q, 0<t <T,
Q
U(t,x)ey(”(t»x))’ erl, 0<t<T,
v(t, x) € B(u, x)), xe€Q, 0<1<T,
v(0, x) = vo(x), x e Q.
(3.2)

To solve this problem, we use nonlinear semigroup theory. To this end, we introduce
a multivalued operator associated with Problem (3.2) that allows us to rewrite it as
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an abstract Cauchy problem. Observe that this operator is defined on L!(Q, v)
(L'(Q1,v) x L' (22, 1)).

Definition 3.1. We say that (v, 0) € BZIP’V”S if v,0 € LY(,v), and there exists
u € LP(2,v) with

u € Dom(y)andv € y(u) v-ae.in 2,

and
u € Dom(B) and v € B(u) v-a.e.in 29,
such that
(¥, ) = ap(x, v, u(y) —u(x) € L7 (2 x 2, v @ my)
and

—/Qap(x,y,u(y) —u(x))dmy(y) =0 in €

that is, [u, v] is a solution of (G P, ;) (see (2.8) and Definition 2.4).

On account of the results given in Subsect. 2.2 (Theorems 2.6 and 2.7), we have the
following result. Recall that an operator A in LY (2, v) is T-accretive if

=) llLigu < @ —i+ i@ =) L1q.,, forevery (u,v), (@, 9) € A and A > 0.

In fact, A is T-accretive if, and only if, its resolvents are contractions and order-
preserving (see, for example, [8, Appendix] for further details).

Theorem 3.2. The operator B;?j;”"“ is T-accretive in L' (2, v) and satisfies the range
condition

{(p € Lp/(Q, V) : R;ﬂ < / edv < R;'ﬂ} C R —i—)\B:,’;y’ﬂ) for every ) > 0.
. o .

With respect to the domain of such operator, we can prove the following result.

Theorem 3.3. It holds that

— 1@
DBy")

= Hv e Lp/(Q, V) I <v<TTvaeinQ, B <v=<B" vae in 92].

Therefore, we also have that

— LY.
DBy,

= {veLl(Q,v) T~ <v<TTvaeinQ, B~ <v<B"vae inQ2}.
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Proof. Tt is obvious that

Y X))
DBy

C [v € Lp/(Q, V) : ' <v<TTvaeinf, B~ <v<B" v-ae.in Qz}.
For the other inclusion, it is enough to see that
{vel®@Qv) : I <v=<T*vaeinQ, B~ <v=<B" vae inQ)}
. WU’(Q,u)
Suppose first that y and S satisfy

' <0, I't>0,
B~ =0, BT > 0.

It is enough to see that for any v € L%°(£2, v) such that there exist m; < 0, m; € R,
M; e R, M; > 0,i =1, 2, satisfying

I <my <mi <v<M <M <I" vae.inQ,

0<my <v<M <M <B voae. in Q,

—ﬁLP’(Q,v)

it holds that v € D(By,”"")
By the results in Subsect. 2.2.4, we know that for n € N, there exists u,, € L? (€2, v)

1
and v, € L? (2, v) such that [u,, v,] is a solution of <GPv”ap’V’ﬂ), ie., vy € y(up)

v-a.e. in Q1, v, € B(u,) v-a.e. in Q and
1
vy (x) — —/ ap(x,y,u,(y) —up(x))dmy(y) = v(x) forv-ae. x € Q.
nJjq

In other words, (v,, n(v — v,)) € B;':y’ﬂ or, equivalently,
1 . B
m,y, n,y,
Uy = (1 + ;Bal,y ) () € DB,

Let us see that v, s vin L”/(Q, V).
Let a,, < 0anday, > 0 such that
mp € V(aml) and Ml € V(aMl)»

and let byz, > 0 such that

M € B(by,).
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Set
) = My, x € Q,
T | Mz, x € Q,
~ , Qq,
T(x) = ap, X € 3a)
bm,, x € Q2,
and

1
M — ;/Qap(x, ¥, u(y) —u(x))dmy(y), x € Q1,

an(x) = |
[T fQ a,(x, v, B(y) — B)dm,(y), x € Q.

1
Then, [, 7] is a solution of <G Pa,;ap»%ﬁ)

Similarly, for

Tx) = miy, x € L2,
o 0, X € Qz,
~ o) am, x € 2y,
M(X) T { 0, X € Qz,
and
1
mp — — a[l(-xays _aml)dmx(y)a-xe917
n Q

an(x) = .
—/ ay(x,y, —ap)dmy(y), x €,
n Q

we have that [, V] is a solution of <G P;jn R .
Now, recalling (2.4), we have that there exists ng € N such that
v < 1\71XQ1 + ]\72)(92 < @y v-a.e.in Q
and
v>miXq +maXq, > @, v-ae.inQ
for n > ngy. Consequently, by the maximum principle (Theorem 2.6), we obtain that
U=<up <1,

thus

{IlbtnIILOO(Q,V)},1 is bounded.
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Finally, since

1 .
Up(x) —v(x) = ;/Qap(m Vs un(y) — up(x))dmy(y) v-ae.in €,
we conclude that, on account of (2.4),
Uy —> v in Lp/(Q, V).

The other cases follow similarly, we see two of them. Note that, since R;’ g < R; B>
it is not possible to have y = R x {0} and 8 = R x {0} simultaneously. For example,
suppose that we have

'~ =0 Irt=0,
B~ =0, Bt > 0.
We use the same notation. Let v € L°°(€2, v) such that there exist m; € R, ]\7, e R,
M; > 0,i =1, 2, satisfying
0<my<v<M <M <I'tvae inQ,
0<iis<v<M <M <B+v-ae. in Q.

As before, the results in Subsect. 2.2.4 ensure that there exist u, € LP(S2,v) and
’ 1

v, € LP (R, v),n € N, such that [u,, v,] is a solution of <GPv"a”’y’ﬁ>.Let apm, >0

and by, > 0 such that

My € y(am,)and M> € B(by,).

Now again, let

{)\(x) L Ml,XGQ],

T\ M, x € Q0,
-~ . Jam, x € Q,
M(X) T {sz, X € Qz,

and

1 A ~
M — ;fga,;(x, V() — ) dma(y), x € @,
@(X) = |
Mo /Q a,(x, v, (y) — B())dmy (), x € .

1
o~ Ay . . Sap.V,
Then, as before, [u, v] is a solution of GPéfn R

Now, taking 7, # and @ all equal to the null function in € and recalling that
a,(x,y,0) = 0 for every x, y € X, we obviously have that [i, V] is a solution of
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La,v.8

GPy ) . Consequently, again by the second part of the maximum principle, we

obtain, as desired, that 0 < u, < v for n large enough.
Finally, as a further example of a case which does not follow exactly with the same
argument, suppose that y := R x {0} and, for example,

B~ =0, BT > 0.
In this case, we take 0 # v € L°°(£2, v) such that v = 0 in € and
0 < v < M v-a.e. in Q» for some constant M, > 0.

As in the previous cases, there exist u, € LP(2, v) and v, € LP/(Q, V), n € N, such

1
that [u,, v,] is a solution of (GPv”ap’y’ﬁ) Let by, > 0 such that Ma € B(bu,),

,ﬁ(x) L 0, X € Q],
T | Ma, x € Q,
u(x) :=by,, x € 2,
and
(x) o 0, X € Q],
¥n T My, x € Q.

1

Then, [u, V] is a solution of (GP(/; » 'y’ﬁ>. Finally, take v and & again equal to the

1
null function in € so that [, V] is a solution of (G Py a” 'V’ﬁ). Consequently, for n
large enough, we get that 0 < u, < 7. Il

In the next result, we state the existence and uniqueness of solutions of Problem (3.2).

Theorem 3.4. Let T > 0. For any vg € L'(,v) and f € L' (0, T: L'(Q, v)) such
that

I' <v<T" vae inQ,

B~ <vyg <B v-ae in,
and
t
’R;ﬂ < / vodv—f—/ / fdvds < R;ﬁ forevery0 <t <T, 3.3
’ Q 0 JQ ’

there exists a unique mild-solution v € C ([0, T1; L' (Q, v)) of Problem (3.2).
Let v and V' be the mild solutions of Problem (3.2) with respective data vy, Uy €
LY (Q,v)and f, f € L'(0,T; L' (Q, v)). Then,

/ (v(t,x) = 0(t, )T dv(x) < f (vo(x) = To(x))F dv(x)
Q Q
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t
—i—/ / (f(s, x) — f(s, x))+dv(x)ds forevery0 <t <T.
0 JQ
If, in addition to the previous assumptions on the data, we impose that

v € L7 (@, v, fe LP 0, T: LP (Q,v)) and / j;j(vo)du+/ Jgo)dv < +o0, (3.4)
Q 2

then the mild solution v belongs to wll O, T; L! (2, v)) and satisfies
o) + B Pu(t) 3 f(1) forae.t € (0,T),
i v(0) = vo,
that is, v is a strong solution.

Proof. We start by proving the existence of mild solutions. For n € N, consider the
partition

th=0<tl<---<ty_ <t =T
where t' :==iT/n,i =1,...,n.Given e > 0, there exists n € N, f/' € L”/(Q,v),

— @ )
i=1,...n,and v € D(B;';’y’ﬂ) (i.e., vy € LY (R, v) satisfying I'™ < vy <

I't v-ae. in Qp,and B~ < v < BT v-ae.in Q) such that T/n <€,

n 1;1
Z/ LF @) = fMlLundt <€ (3.5)
i=1 tin—]

and
lvo — vgll L@, < €. (3.6)
Then, setting
fa@) = f fort €lt] |, !, i=1,...,n,

we have that

T
A|um—ﬁmmummmse

By the results in Subsect. 2.2.4 we see that, for n large enough, we may recursively
T
find a solution [u!, v!'] of (GP 7P

T 1), i =1,...,n,in other words,
n 1 11—

T T
v (x) — ;/Qap(x, youi (y) —ui (x)dmy(y) = ;f,-"(X) + v (), x €Q,
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or, equivalently,

v (x) — vl (x)

Tn - /Qap(x, youl (y) —ul (x)dmy(y) = f'(x), x € Q, 3.7)

with v (x) € y(u}(x)) for v-ae. x € Qi and v} (x) € B(u(x)) for v-ae. x € Qo,

i = 1,...,n. That is, we may find the unique solution v;’ of the time discretization
scheme associated with (3.2):

T T
vl + ;B:i;y’ﬁ(v?) > ;fi” +o!' , fori=1,...,n.
However, to apply the results in Subsect. 2.2.4, we must ensure that
- r n n +
Ry’ﬂ < . ;fl +vi, )dv < Ry’ﬂ (3.8)

holds for each step. For the first step we need that

T
RC ndy + — "dy < R
y'ﬂ<»/52v0 v+an1 v veh

holds so that condition (3.8) is satisfied. Integrating (3.7) with respect to v over 2, we

get
n n T n
vidv = | vgdv+ — | fi'dv
Q Q nJo

2
T/ T
— f”dv—i—/ vidv = — /ﬂ’dv—i—/ vodv,
nJo’? Q ! n ; o’ Q "
so that, for the second step, we need
T 2
R;’ﬁ < ;Z/ f;ldv+/ vy dv <R;’ﬂ.
io1/e Q

Therefore, we recursively obtain that for each n and each stepi = 1,...,n, the
following must be satisfied:

thus

— T : n n +
Ry’ﬁ<;Z/ijdv+/Qv0dv<R%ﬂ.
j=1

However, taking n large enough, this holds thanks to (3.3), (3.5) and (3.6).

Therefore,
v(’)’, ift =0,
v, (t) =

n 3 n n .
v, ife el |, 1, i=1,...,n,
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is an e-approximate solution of Problem (3.2) as defined in nonlinear semigroup
theory. Consequently, by nonlinear semigroup theory (see [11], [10, Theorem 4.1], or
[8, Theorem A.27]) and on account of Theorem 3.2 and Theorem 3.3 we have that
Problem (3.2) has a unique mild solution v € C([0, T]; L'(£2, v)) with

un (1) — v(#) in L'(, v) uniformly for ¢ € [0, T]. (3.9)

Uniqueness and the maximum principle for mild solutions are guaranteed by the 7'-
accretivity of the operator.

Let us now see that v is a strong solution of Problem (3.2) when (3.4) holds. Note
that, since vy € LP/(Q, v), we may take v} = vy for every n € N in the previous
computations and f;" € LY (Q2,v),i=1,...n, additionally satisfying

n "
l _ gny? <
> [ MO A1 g 1 <
i=1 i—1
Let us define
up(t)y =u forr €l |, ¢, i=1,...,n.

Multiplying equation (3.7) by u} and integrating over 2 with respect to v, we obtain

W =),
/Q B (x)dv(x)

- fg /Q A, (x, v, 1 (y) — () dmy (y)ul () dv(x)
= / S uy (x)dv(x). (3.10)
Q

Now, since v!'(x) € y(uf(x)) for v-a.e. x € Qp and v} (x) € B(uf(x)) for v-a.e.
X € Qz,

ul(x) €y L) = 9j (vl (x)) for v-ae. x € Q,
uf (x) € B () = 93 (W] (x)) for v-ae. x € Q.
Consequently,
JE () = jrIE) = (0 (x) — v ()l (x) for v-ae. x € Qi
JP () = jE ) = (] (x) — v} (0))uf (x) for v-ae. x € Q.

Therefore, from (3.10), it follows that

1 - - I o o
7 /Q ) = Oy D) + 7 /Q R0 60 = J i N dv)
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—/ / ap(x, y, uj (y) — ui ()uf (x)dmy (y)dv(x)
QJQ
< / £ COul (1) dv (o),

Q

i =1, ..., n.Then, integrating this equation over |¢/' |, '] and adding for 1 <i < n,
we get

'/Q (j;(v;’,(x)) - j;,‘(vo(x)))dv(x) + /Q (J'E(UZ (x)) — jE(vo(x)))dV(x)
1 2
n "
_ 2/ f / a,(x,y, ul (y) —uf (x))dmy(y)ui (x)dv(x)ds
i=1 Vi /R JQ

noopgn
=3[ [ preumacod,
i Y YR

which, recalling the definitions of f,, u, and v,, and integrating by parts, can be
rewritten as:

| G = ieomae + [ G5t - jeowndne)
1 2
1 T
5 [ [ ante i @0) = i @) 00 = n O w03
0 QJQ
T
= [ [ aowmomaw. 3.11)
0 Q

This, together with (2.5) and the fact that j and j ;; are nonnegative, yields
Cp T
7/ / / lun (DY) = un () ()P dmy (y)dv(x)dt
0 JaJa
1 T
=< 5/ / / ap(x, y, un () — up () ()) wn @) (¥) — un () (x))dmy (y)dv(x)dt
o Jala
T
< [ Gwoema + [ Giaowmaw + [ [ fowinowaea
Q Qo 0 JQ

T
< /Q (3 o du(x) + /Q (73 (b0 () dv(x) + /0 L Ol 0y l0n ) 22,07
1 2

Therefore, for any § > 0, by (3.4) and Young’s inequality, there exists C(§) > 0 such
that

T
/ //Iun(t)(y)—Mn(t)(X)Ipdmx(y)dV(X)dt
0o Jele
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T
<C@®) + 6/0 ”“n(t)”Zp(Q,v)dt- (3.12)

Now, by (3.9), if R;’ﬁ = +00, there exists M > 0 and ng € N such that

sup / v;f(t)(x)dv(x) < M for every n > ny,
1e0,T]1/

and, if R;ﬁ < +o00, there exist M € R, h > 0 and no € N such that
sup f V(O (X)dv(x) < M < Rjﬂ,
t€[0,T]1/Q ’

and

R, —
sup / v, (1) (x)|dv(x) < vk for every n > ny.
1€[0.7]J (xeQ 1 v, (1) (x)<—h} 8

Consequently, Lemma A.7 and Lemma A.8 yield

iy (D) lLr @) < Ca ((/Q'/Q luy () () — M,T(t)(X)I”dmx(y)dV(x)> " ¥ 1)

and for some constant C» > 0. Similarly, we may find C3 > 0 such that

1
lw, DllLr@v = €3 ((/Q /Q |, (D(y) — un(t)(X)IPdmx(y)dV(X)>p + 1) .

Consequently, by (3.12), choosing § small enough, we deduce that {u,}, is bounded
in LP(0, T; LP(R2, v)). Therefore, there exists a subsequence, which we continue to
denote by {u,},, and u € L?(0, T; L? (€2, v)) such that

Un — u weakly in LP(0, T; LP(2, v)).

Then, since y and B are maximal monotone graphs, we conclude that v(#)(x) €
y (u(t)(x)) for L'®@v-ae. (t,x) € (0,T) x Qand v(t)(x) € B(u(t)(x)) for L'®v-
ae. (t,x) € (0,T) x Q.

Note that, since, by (3.12),

T
{/ / / lu, (1) (y) — un(t)(x)|pdmx(y)dv(x)dt} is bounded,
o JaJa n
then, by (2.4), {[(z, x, y) = a,(x, y, up (t)(y) —un(t)(x))]}, is bounded in L[’,(O, T;

LY (2 x 2, v®m,)) so we may take a further subsequence, which we still denote in
the same way, such that

[(7, %, y) > a,(x, y, g (1)(Y) — un (1) (x))] — D,
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weakly in L (0, T; L” (2 x Q, v ® my)).

Note that, for any & € LP (2, v), by the integrations by parts formula we know that

- /Q /Q a4, (s 3, 1 (D(5) — tn (D) (X)E)dm (v (x)

1
=3 /Q /Q A, (x, ¥, (D) — tn (D) E) — EC))dmy () dv(x)

for ¢t € [0, T], thus taking limits as n — oo we have
- /Q /Q @ (1, x, y)§(x)dmy (y)dv(x)

1
=§/ f (1, x, y)(EY) — E(x))dmy (y)dv(x). (3.13)
QJQ

Now, from (3.7), we have that

n — Un _T
(D) ;/(2 M) _ /Q 2, (6, v, 1n (D) — (D)) dy (¥)

= faD)@) (3.14)

for7 € [0, T]and x € Q. Let W € Wy (0, T; LP(S2, v)), supp(¥) CC [0, T], then

/T v (1) (X) — v (1 — T/n)(x)lll(t)(x)dt

0 T/n

_ _/TT/n ) (t)(x)\p(, +T/mE) - VO N /T LY (&)
0 " T/n -1/ T/n

_/T/" w¥ O
0 T/n

for x € Q. Therefore, multiplying (3.14) (for the previously chosen subsequence) by
W, integrating over (0, T') x Q with respect to £!' ® v and taking limits, we get

T T
—/ / v(t)(x)i\ll(t)(x)dv(x)dt —/ / / O(t, x, y)dmy(y)W¥(t)(x)dv(x)dt
o Ja dr 0o JalJa

T
=/ /f(t)(X)‘ll(t)(X)dv(X)dt- (3.15)
0 Q

Therefore, taking W (1) (x) = ¥ (1)&(x), where ¢y € C>°(0, T) and £ € LP(2, v), we
obtain that

T T
fo (Y (dr = — fo /Q O, x, Y)Y (O)dmy ()dr

T
—/ f@)x)Y(r)de, forv-ae. x € Q.
0
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It follows that

V() (x) = / D, x, y)dmy(y) + f(t)(x) forae.t € (0,T) and v-ae. x € Q.
Q

Therefore, since v € C([0, T]; L'(Q, v)), ® € L (0, T; LP (L x Q, v ® my)) and
f e LP0,T; LP (2, v)), we have v' € LP (0, T; L” (2, v)) and v € WL1(0, T;
LY, v)).

Hence, to conclude it remains to prove that

/QCD(I,x,y)dmx(y)=/Qap(x,y,u(t)(y)—u(t)(x))dmx(y)

for £! @ v-ae. (¢, x) € [0, T] x . To this aim, we make use of the following claim
that will be proved later on:

T
1imnSUP/O /Q/Qap(x,y,un(t)(y)—un(t)(X))(un(t)(y)—un(t)(X)))dmx(y)dv(X)dt

T
5/0 /;Z/Qd>(t,x,y)(u(t)(y)—u(t)(X)))dmx(y)ddv(X)dt- (3.16)

Now, let p € LP(0, T; LP (2, v)). By (2.3), we have

T
/ /fap(x,y,p(t)(y)—p(t)(x))
0o JaJa

X(Uup (1)) — p(®)(Y) — Uy (®)(x) — p(t)(x)))dm, (y)dv(x)ds

T
5/ //a,,(x,y,un(n(y)—un(txx))
0 QJIQ

X (up (1)) — p(®)(Y) — (uy () (x) — p(t)(x)))dm, (y)dv(x)dz.

Thus, taking limits as n — oo and using (3.16), we obtain

T
/ //ap(x,y,p(t)(y)—p(t)(X))
0 JeJa

< (t)(y) = p()(y) = ) (x) = p(1)(x))dm (y)dv(x)ds
T
- /0 /Q /Q O x, NWn) = pOK) = @) = PO X))dmy (y)dv(x)dr,

which, integrating by parts and recalling (3.13), becomes

T
/0 /ﬂ /Q a,(x, v, p(D0) — p() N (D) (x) — p(1)())dv (x)d

T
Z/(‘) /;Z/Qq)(t’x’y)de(y)(”(t)(x)_P(f)(x))dv(x)dt,

To conclude, take p = u = 1& forA > Oand & € LP(0, T; LP (L2, v)) to get

T
/0 /Q /Q a,(x, v, (1 £ 1E) D) — (£ 1E) (1) (0))dmy (NED) ()dv (x)di

T
> / / / (1, x, y)dmy (y)ED ) dv()dr
0 QJIQ
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which, letting A — 0 yields

T
/0 /Q /Q a,(x, y, u(t)(y) — u(t)(x)dm (y)€() (x)dv (x)dt

T
=f / / D(t, x, y)dmy (y)§(2) (x)dv(x)ds
0o JaJa
forany & € LP(0, T; LP(S2, v)). Therefore,
/Qap(x,y,u(t)(y)—u(t)(X))dmx(y)=/;2<D(l,x,y)dmx(y)

for £! @ v-ae. (r,x) € [0, T] x Q.
Let us prove claim (3.16). By (3.11) and Fatou’s lemma, we have

1 T
lim SUPE/ / / ap(x, y, up()(y) — un () (X)) (Uun ) (y) — un () (x))dmy (y)dv(x)ds
n o JalJa
< —/Q (Jy (T)(x)) = jy (v(0)(x)))dv(x) —/Q (g (D) (x) — jg((0)(x)))dv(x)
1 2

T
+/0 /Qf(l)(X)u(f)(X)dV(X)dt- 3.17)

Moreover, by (3.15),

T T
/ v(t)(x)%\ll(t)(x)dt = / F(@)(x)¥(t)(x)dr, forv-ae.x € 2, (3.18)
0 0

where F is given by
F(t)(x) = — /Q DO(t, x, y)dmy(y) — f()(x), x € Q. 3.19)
Lety € C°(0,T), ¥ = 0,7 > 0and
1 t+t
n:(t)(x) = ;/ u(s)(x)y(s)yds, t €[0,T], x € Q.
t

Then, for v small enough, n, € Wol’l(O, T; L?(2,v)) and we may use it as a test
function in (3.18) to obtain

T T d
/ F@O)()me (0 (x)di = / V(O) e (D)
0 0 1

_ /T v(t)(x)u(t DY+ 1) —u@O®Y @)

T

_ /T vt —1)(x) — U(t)(x)u(t)(x)wt)dt-
0

T
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Now,
y ) = 0j,-1(r) =9 (/0 <y‘>°(s)ds) :

thus, for v, 0 € y (),

(0 —vu < /U(y_l)o(s)ds.

A similar fact holds for 8. Then, for T > 0 fixed, since v(¢)(x) € y (u(r)(x)) for L' @v-
ae. (t,x) € (0, T)xQqand v(r)(x) € Bu(r)(x))for L' @v-ae. (t, x) € (0, T)xQy,

T
f /F(t)(X)m(t)(X)dv(X)dt
o Ja

1 T v(t—1)(x)
- / f (r~H0(s)dsdv (0 (1)dr
T Jo Q Ju(t)(x)

1 T v(t—1)(x)
- / / / (B~H0(s)dsdv (x)y (r)dt
T Jo Jo, v

T v(t)(x) B
= / / / (V—l)o(s)dsdv(x)wdt
0 JQpJ0 .

T v(1)(x) B
+/ _/ / (ﬂ_l)o(s)dsdv(x)wdt'
0 JQJO .

Letting T — OV in the above expression, by the dominated convergence theorem,

T T v(0)(x)
/ / FO@u) )y (0dv(ods < / / / (™0 (s)dsdv o)y (1)dr
0 Q 0 Q J0
T v(t)(x)
+ / / / (B~ (s)dsdv o)y (1)dr
0 Q JO
T T

_ / / 1 () vy ()dr + / / Jm WO ()P (1)de

0 Q 0 Q)

T T
=/ [ j;(v(t)(x))dv(x)w/(t)dt+/ / Jg (O )dv )y (1)dr.
0 Q 0 Q)

Taking

1 t+t
ne(t)(x) = ;/ u(s — v)(x)¥(s)ds
t
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yields the opposite inequality so that, in fact,

T
/0 /QF(t)(X)u(t)(x)dV(x)lﬂ(t)dt

T T
:/ / j;(v(f)(x))dv(x)w/(l)df+/ / Jg (O )dv )Y (r)dr.
0 Q 0 Q

d
- = ( /Q SO0V ) + /Q j§<v(z)(x>)dv<x>> = /Q F(0))u(t)(x)dv(x)
(3.20)

in D'(J0, T[), thus, in particular,
/Q j;,‘(v(t)(x))dv(x) +/Q jg(v(t)(x))dv(x) e whlo, ).
1 2

Therefore, integrating from 0 to T in (3.20) and recalling (3.19), we get

T
/ /f<I>(t,x,y)u(t)(x)dmx(y)dv(x)dt
0 QJIQ

= —fQ Uy (T)(x)) = jy ((0)(x)))dv(x)
—/Q (jg(T)(x)) — jg(v(0)(x)))dv(x)
2

T
+/ / F @ )u()(x)dv(x)dr
0 Q

which, together with (3.17), yields the claim (3.16). O

Observe that we have imposed the compatibility condition (3.3) because, for a strong

solution,
!
/ vodv+/ / fdvds :/ v(t)dv, fort € [0, T].
Q 0 JQ Q

Example 3.5. Let W C X be a measurable set such that W), is m-connected. Given
f e LY@3,W,v), we say that a function u € LY(W,,,v) is an a,-lifting of f to
W = WUo,Wif

—divpa,u(x) =0, x e W,

ulx) = f(x), x € o, W.
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We define the Dirichlet-to-Neumann operator @ap c LY@, W,v) x L'(3,W,v) as
follows: (f, V) € Da, if

NP u(x) = ¥ (x), x € dnW,

where u is an a-lifting of f to W,,.

Then, rewriting the operator ©,, as Bg’;%ﬁ for y(r) = 0and B(r) =r,r € R,
(€21 = W and Q3 = 9, W), by the results in this subsection we have that D, is 7'-
accretive in L1 (3,, W, v) (it is easy to see that, in fact, in this situation, it is completely
accretive), it satisfies the range condition

LY (3uW,v) C R(I + Dy,

and it has dense domain. The non-homogeneous Cauchy evolution problem for this
nonlocal Dirichlet-to-Neumann operator is a particular case of Problem (3.2):

—div,,a,w)(x) =0, xeW, 0<t<T,
u(t, x) +Nf"u(r,x) =g, x),x€d,W,0<t<T,
w(0, x) = wo(x), x € ouW.

See, for example, [2,3,24,37,44] and the references therein, for other evolution prob-
lems with p-Dirichlet-to-Neumann operators, see [16] for the problem with convolu-
tion kernels.

3.2. Nonlinear boundary conditions

In this subsection, our aim is to study the following diffusion problem:

v (t, x) —/ ap(x, y,u(t,y) —u(t,x))dmy(y) = f(t,x), x € Q, 0 <t <T,
Q

(DPaﬂ,y.ﬂ) v(t, x) € V(”(t,x)), xe,0<t<T,
fvo
/ a,(x, y,ult, y) —ut, x))dmy(y) € B(ut, x)), xe, 0<t<T,
Q
v(0, x) = vo(x), x €Q,

that in particular covers Problem (1.1). See [15] for the reference local model.
We assume that

I~ <rt

since, otherwise, we do not have an evolution problem. Hence, R; g < ’R;r PE More-
over, we also assume that

B~ < BT,

since the case B~ = B+ (8 = R x {0}) is treated with more generality in Subsect. 3.1.
We will again make use of nonlinear semigroup theory. To this end, we introduce

the corresponding operator associated with (DP;’;’O%ﬂ>, which is now defined in
LY(Q,v).
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Definition 3.6. We say that (v, 0) € B;'Z’V’ﬂ if v,0 € L'(€,v) and there exist
ue LP(Q,v)and w € L' (Qs, v) with

u € Dom(y) and v € y(u) v-a.e. in 2,

and
u € Dom(B) and w € B(u) v-a.e. in 2,
such that
(%, ) = ap(x, v, u(y) —u(x) € LP (2 x Qv @ my)
and

—/gza,,(x,y,u(y)—u(x))dmx@)=ﬁ in i,

w— / ap(x, y, u(y) —u(x))dmy(y) =0in €2;

Q
that is, [u, (v, w)] is a solution of (G P, 0y), where 0 is the null function in 5
(see (2.8) and Definition 2.4).

Set

R;ﬁ)\ﬁ =v(Q)IT + v (22)B7,

R;w =v(QDIT + ()BT,
On account of the results given in Subsect. 2.2 (Theorems 2.6 and 2.7), we have:
Theorem 3.7. The operator Bg; VP is T-accretive in L' (2, v) and satisfies the range

condition

{(p e LY (Q),v) : R,p < /Q edv < R;ﬁw} C RU +AB;’;’V*‘9) for every A > 0.
1

Remark 3.8. Observe that if R;, g = —0 and R; g = +00, then the closure of

Bg;’y’ﬁ is m-T-accretive in L' (Q1, v).
With respect to the domain of this operator, we prove the following result.

Theorem 3.9.

L @) :
D(By,"") ={vel?Quv): I'" <v=T"hL
Therefore, we also have

s p L @) )
D(By""") ={vell(Qv): I <v=<rt}

ap
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Proof. Tt is obvious that

AL @ /
D(Bap’y’ ) C {v e LP(Q,v): ' <v<TI7Tvae.in 91} .

For the other inclusion, it is enough to see that
[vel®@QuLv): I <v=TI"vaeinQ}cC D(Bg;’y’ﬁ)

We work on a case-by-case basis.
(A) Suppose that '~ < 0 < I'". Tt is enough to see that for any v € L°°(21, v) such

that there existm e R, <0, M >0, M € R satisfying

I <m<m<v<M-<M<T"vae inQ

L? (Q1,v)

it holds that v € D(By""")
By the results in Subsect. 2.2.4 we know that, for n € N, there existu,, € L” (2, v),

v, € L”,(Ql, v) and w, € L”,(Qz, v), such that [u,, (v,, %wn)] is a solution of
1
(GP(:‘;(;’)’V”?) ie., v, € y(u,) v-ae.in Q1, w, € B(u,) v-a.e. in Q, and

vy (x) — %/ ap(x,y, un(y) — up(x))dmy(y) = v(x), forx € Qy,
Q

W (x) — / A, (x, v ttn(y) — n(¥))dmy(y) =0, forx € 2.
Q

In other words, (v,, n(v — v,)) € B;"p’y’ﬁ or, equivalently,

1 -1
Up 1= <I + ;BQ”;WS) () € DB,

Let us see that v, 5 vin L/’/(Ql, V).
(A1) Suppose first that supD(B) = +oo. Take ap; > 0 such that M € y (ap) and let
N € B(ay). Let
) = M, x € Q1,
T N, X € 92,

ux) =ay, x € Q,

and
(x) = M, x € 21,
¢ T 0, X € Qz.



J. Evol. Equ. Nonlocal doubly nonlinear diffusion problems Page 57 of 83 24

1
Then, [, D] is a supersolution of (G Py a”’y’ﬁ) and (v, 0) < ¢. Thus, by the maximum
principle (Theorem 2.6),
up, <u =ayv-ae. in Q foreveryn € N.
(A2) Suppose now that supD(B) = rg < +oo. Again, by the results in Subsect.
2.2.4 we know that, for n € N, there exist u, € L?(Q2,v), v, € Lp/(Ql, v) and
1

Wy € L”’(Qz, v), such that [, (V,, %ﬁ)’,,)] is a solution of (G P(ﬁ;pd)y'ﬂ). Therefore,

by the maximum principle (Theorem 2.6),

Now, since 7, <« M in Q (recall Remark 2.8(iii)), we have that 7, < M and,
consequently, also v, < M. Hence, since M < M < r+,

u, < inf (yfl(lf/i)) v-a.e.in Q,
but we also have
u, <rgv-a.e.in Qy foreveryn € N.
B)ForI'" <0=T":letI'" <m <im <0,and v € L®(Q1, v) be such that
m<v<0.

As in the previous case, by the results in Subsect. 2.2.4, we know that, for n € N, there
existu, € LP(2, v),v, € LP (@, v)andw, € L¥ (2, v), suchthat [u,, (vy, 1w,)]

1
is a solution of <GP(’I’):“OP)’V’/3>. Then, since for the null function 0 in €2, [0, 0] is a
1
solution of <G Py o ’y'ﬂ) and v < 0, the maximum principle yields

u, <0v-ae.in Q foreveryn € N.

Therefore, in all the cases, {u,}, is L°°(£2, v)-bounded from above. With a similar
reasoning we obtain that, in any of these cases, {u,}, is also L°° (2, v)-bounded from
below. Then, since

1 .
() v = - / (%, ¥, i (¥) — un (X))dm(y) in 21,
Q
we obtain that
Un —> v in Lp/(QL V)

as desired. O

The following theorem gives the existence and uniqueness of solutions of Problem

(DPY,77). Recall that '~ < I'* and B~ < B+,
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Theorem 3.10. Let T > 0. Let vg € L'(Q1,v) and f € L' (0, T: L'(Q1, v)). As-
sume

I'” <vy <T'"v-aeinQ,
and
Ry p = +00 or / fx, Hdv(x) <v(Q2)BT forevery0 <t < T,
. o
and

R;ﬁ = —00 or fx,)dv(x) = v(202)B~ forevery0 <t <T.
. o

Then, there exists a unique mild-solution v € C ([0, T]; L! (21,v)) of(DPa"’y’ﬁ>.

fvo
Let v and U be the mild solutions of the problem with respective data vy, Uy €
LY(Q,v)and f, f € L'(0, T; L'(Q1, v)). Then,

(v(t, x) = 0(t, x) T dv(x)
Q

< fQ (Wo(x) — To(x)* dv(x)

1
—{-/ / (f(s,x) — f(s,x))+dv(x)ds forevery0 <t <T.
0 J
Under the additional assumptions

vo € L” (Q1,v) and f € L (0, T; LP (4, v)) with
/ j;‘(vo)dv < 400 and
Q)

T
/ vy dv +/ f(s)Tdvdr < v(Q)IT,
Q1 0 Q

T
/ vy dv +/ F(s)"dvdt < —v(Q)T ™, (3.21)
Q1 0 Q1

the mild solution v belongs to wbhlo, T; LY(Q1, v)) and satisfies the equation
o) + Ba"Po@) s f(1) foraete(0,7T),
I v(0) = vo,
that is, v is a strong solution.

The proof of this result differs, strongly at some points, from the proof of
Theorem 3.4.
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Proof. We start by proving the existence of mild solutions. For n € N, consider the

partition
th=0<t <---<t)_ <ty =T
where t!' :=iT/n,i =1,...,n.Given € > 0, since B~ < B+, there exist n € N,
Tﬁ”,m‘*”) )
vy € D(By"P) (i.e., v} € LP(Q,v) satisfying I'™ < vj < I'") and

Sl e LP'(Q,v),i =1,...n,suchthat T/n <,

lvo — USHL'(Q,,V) <,

n tin
> / 1F @) = f L1 gy mdf < € (3.22)
i=1 7t

and
v(Q2)B~ </ fldv < ()BT,
Q)

Then, setting

fa@) = f, fort el |, ifi=1,...,n,

i

we have that

T
/(; I1f@) = fa@llpg, ndt < €.

Using the results in Subsect. 2.2.4, we see that, for n large enough, we may re-

. . La,y T ,
cursively find a solution [u], (v}, Zymyof {GPI™ vk ,i=1,...,n, so
not (lfv”Jrvf' 0)
nJi i—1

that

T T
v (x) — ;/Qap(x, youi (y) — ui (x)dmy(y) = ;fi"(X) + v (), x €

w;' (x) — /Qap(x, v, ui (y) —ui (x))dmy(y) =0, x € Q,
(3.23)
or, equivalently,

v (x) — vl (x)

T/n - /Qap(xy youp (v) —ui (0)dmy(y) = f'(x), x € Qi

wi' (x) — /Qap(x, youi (y) —ui (x)dmy(y) =0, x € S,
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(3.24)

with v (x) € y(uf (x)) for v-a.e. x € Q1 and w (x) € B(uf(x)) for v-ae. x € Qo,
i =1,...,n. Thatis, we may find the unique solution v}' of the time discretization
scheme associated with (DP;‘Z’OV’/S).

To apply these results, we must ensure that

- +
RV’55</QI< f +v, 1>dv<7€y’£/3
holds for each step, but this holds true thanks to the choice of the fl.”, i=1,...,n.
Therefore,
vy, ift =0
vp(t) =
,if t E]tl I l] i=1,...,n,

is an e-approximate solution of Problem (D Pa" P

) Consequently, by nonlinear
semigroup theory ((see [11], [10, Theorem 4.1], or [8, Theorem A.27])) and on account
of Theorem 3.7 and Theorem 3.9, we have that (D P;”;’oy’ﬁ) has a unique mild solution

ve C(0,T]; L'(2, v)) with
v (1) = v(#)in L' (2, v) uniformly forz € [0, T]. (3.25)

Uniqueness and the maximum principle for mild solutions is guaranteed by the 7'-
accretivity of the operator.
We now prove, step by step, that these mild solutions are strong solutions of Problem

(DPf’; . ﬁ) under the set of assumptions given in (3.21).

Let us define
up(t) :=ui fort el |, ¢'l,i=1,...,n,
and
w,(t) :==w! forrel 1, i=1,...,n

Step 1. Suppose first that R, 5 = —o0 and R;ﬁ = +o00.

In the construction of the mild solution, we now take v; = v (since vy € Lpl(Ql, V))
and the functions fi” € LP/(Ql, v),i =1, ...n, additionally satisfying

n tn

' _ oy <
Z}/t 1FO = F17 g e <
i= i—

and

V(2B < f fldv < ()BT,
Q)



J. Evol. Equ. Nonlocal doubly nonlinear diffusion problems Page 61 of 83 24

Multiplying both equations in (3.24) by u?, integrating with respect to v over £
and €2, respectively, and adding them, we obtain

/‘ v (x) — vl (x)
Q

u:-’(x)dv(x)—i-/ wi (x)uf (x)dv(x)
T/I’l Q>

—/Q/Qap(x,y,u?(y)—ul'-’(x))u;’(X)dmx(y)dV(x)

= / foOuf (x)dv(x).
Qi

Then, since w!' (x) € B(uf (x)) for v-a.e. x € Q3 the second term on the left-hand side
is nonnegative and integrating by parts the third term, we get

L] Wu?(x)dv(x)

1
+3 / / a, (s v, 1 () — ()l (3) — u () () v (x)
QJIQ

< / fi"(x)ul’.l(x)dv(x). (3.26)
Q1

Now, since v} (x) € y(u] (x)) for v-a.e. x € Q,
ul(x) € yfl(vf‘(x)) = Bj;(vf (x)) forv-a.e.x € Q.
Consequently,
j;(vi”_l(x)) — j;f(vf’ (x)) = (V' (x) — v (x)ul (x) forv-ae.x € Q.
Therefore, from (3.26), it follows that
= /Q G = @l (v

1
+§/ / ap(x, y, uf (v) — uf () @ (v) — uyf (x))dm (y)dv(x)
QJo

< / S oOug (x)dv(x),
Q
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i = 1,...,n. Then, integrating this equation over ]t;_1, ;] and adding for 1 <i < n,

we get

/Q R () = i (Wo(x))dv(x)
1

1o [
3 Z/ /Q/Qap(x, youi (v) = ui () (i (v) — i (x))dmy (y)dv(x)dr
1 ti—1

n ti
=3[ [ e coawr
i—1 Jti-1 /€
which, recalling the definitions of f;,, u,, v, and w,,, can be rewritten as:
/Q (Jy (v (x)) = jyy (vo(x)))dv (x)
1
1 T
s /0 /Q /Q 8y (6. Y. tn (0(3) — ttn () tn () — 10 (1) ()i () v (x)d
(3.27)

T
< / / o) ©un () (OdV ()1,
0 Q

This, together with (2.5) and the fact that j is nonnegative, yields
Cp r
> / f / |un () (y) — un () (x)|Pdm (y)dv (x)dt

0 JaJa

1 T
= /0 /Q /Q (5, Vs tn () — tn () Wt (1 (3) — 1t (1) )iy ()dv (x)de

T
</ j;‘(vo(X))dv(X)Jr/ / Fn () ()1, (1) (x)dv (x)dt
Q 0 Jo

T
< [ 5500 + [ 1RO gl Ol

Therefore, for any § > 0, by (3.21) and Young’s inequality, there exists C(§) > 0
such that, in particular,

T T
/0 /Q/QIun(t)(y)—un(l)(X)Ipdmx(y)dV(X)dtSC(8)+8/0 I (O p (g3, 0y A2
(3.28)

Observe also that, forany n € Nand i € {1,...,n},and for ¢ €]z |, /'],
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tf t!
/ v (t)dv + / / wl(s)dvds < / vy dv + / £:F(s)dvds.
Q] 0 Qz Q] 0 QI
(3.29)

Indeed, multiplying the first equation in (3.23) by %Tﬂ‘ (u!) and integrating with
respect to v over €21, then multiplying the second by %%T,“' (u) and integrating with
respect to v over €25, adding both equations, neglecting the nonnegative term involving
a, (recall Remark 2.5) and letting r | 0, we get that

T T
aitav o [ @i s [ ptae [t
Q n Q) Q n Q1
i.e.,
ny-+ n + T n\+ T n\+
(v;)Tdv < (v DTdv + — (fiH"dv — — (w;)"dv.
Q4 Q n Jo, nJjQ,

Therefore,

Ny Ny
()T dy 5/ (v8)+dv+z—/ (f;‘)+dv—z—/ (W *dv
Q Q =1 n Jgo, j=1 nJq,

which is equivalent to (3.29).
Now, by (3.25), if '™ = +o0, there exists M > 0 such that

sup / v;f(t)(x)dv(x) < M foreveryn € N.
t€l0,7T] JQ

Consequently, Lemma A.7 applied for A = Q, B =@ and o = y, yields

1
||u,f(t)||Lp(gl,u>us<( /Q /Q |u:(t)(y)—u,f(t)(x>|l’dmx<y>dv<x))‘ +1)
1 1

forevery n € N, every 0 <t < T and some constant K, > 0.
Suppose now that I't < +o00. Then, by (3.29) we have that, for any n € N and
i €{l,...,n}, and for ¢t e]tl."fl,tl."] ifi >2,0rt €y, tf]ifi =1,

"
/ v,f(t)dv < / vardv +/ fn+(s)dvds
Q1 Q1 0 Q

thus, by the assumptions in (3.21) and by (3.22), there exists M € R such that

sup / v ()dv < M < v(Q)IT
1€[0,71JQ
for n sufficiently large and, by (3.25), such that

v QNI —M
sup lv,(H)|dv < ———
110,71 J {xeQ : va (1) <—h} 8
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for n sufficiently large. Therefore, we may apply Lemma A.8 for A = Q, B = {J and
o = y to conclude that there exists a constant K > 0 such that

()o@ < K (( /Q /Q Juy (DG = u:(r><x>|pdmx<y>du<x)> " 1)
forevery0 <t < T,

for n sufficiently large.
Similarly, we may find K3 > 0 such that

s OlLrgy < K (( /Q /Q () — u;(r)(x)V’dmx(y)dv(x)) " 1)
forevery 0 <t <T,

for n sufficiently large.
Consequently, by the generalised Poincaré-type inequality together with (3.28) for
& small enough, we get

T
/0 lun (DN p (.0 df < Ka foreveryn € N,

for some constant K4 > 0, that is, {u,}, is bounded in L? (0, T'; L? (2, v)). There-
fore, there exists a subsequence, which we continue to denote by {u,},, and u €
LP(0,T; LP(L2,v)) such that

Uy S weakly in L?(0, T; L (2, v)).

T
Note that, since{ / f / |u,,(t)(y)—un(t)(x)|pdmx(y)dv(x)dt} is bounded,
0 n

QJa
then, by (2.4), we have that {[(z, x, y) = a,(x, ¥, u, (t)(¥) —u, (¢)(x))]}, is bounded
in LP' O, T; Lr"/(Q X 2, v ® my)) so we may take a further subsequence, which we
continue to denote in the same way, such that

[(t, X, ¥) > a,(x, ¥, uy ()(¥) — un(1)(x))] — ®, weakly in L” (0, T; L7 (2 x 2, v ® m,)).

Now, let W € W' (0, T; LP(S2, v)), supp(¥) CC [0, T, then

fT WD) = o =T/ g
0 T/n
T—T/n B .
- _/ Un(t)(x)\p(HT/n)T(;z 20D, +/T T/ %/timdt

B /T/" W () (x)
0 T/n

for x € ;. Therefore, multiplying both equations in (3.24) by W, integrating the first
one over 21 and the second one over 2, with respect to v, adding them, and taking
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limits as n — 400 we get that

T d T

—/ / V() (x) — U () (x)dv (x)dt +f / w(t) (X)W () (x)dv (x)dr
o Je dr 0o Je
T
[ [ [ et ydmmwamaema
0 QJIQ

T
= / / f(@) ()W () (x)dv(x)ds.
0 Q1

Therefore, taking W (¢)(x) = ¥ (£)§(x), where y € C2°(0, T) and &€ € LP(£2, v), we
obtain that

T T T
/0 v(t)()C)ll/(t)dtz—/0 /be(t,x,y)lﬁ(t)dmx(y)dt—/o J @) (r)de

for v-a.e. x € Q.
It follows that

V() (x) = f O, x, y)dmy(y) + f(t)(x) forae.t e (0,7T)and v-ae. x € Q.
Q

Therefore, since v € C([0, T]; LY(Q1,v)), ® € LP (0, T; LP (2 x 2,v @ my))
and f € LP(0,T; L (R, 1)), we get that v/ € LP (0, T; LP (Q),v)) and v €
wbhlo, 7; LY, v)).
Then, by Remark 3.8, we conclude that the mild solution v is, in fact, a strong
solution (see [11] or [8, Corollary A.34]). Hence,
V() (x) — /Qap(x, v, u(®)(y) —u(®)(x))dmy(y) = f()(x)

forae.t € (0, T) and v-a.e. x € Q. (3.30)

Let us see, for further use, that/ j;‘(v(t))dv e wh! (0, T).By (3.27) and Fatou’s
Q
lemma, we have ]

1 T
limSUPE/ //ap(x,y,un(l)(Y)—Mn(l)(x))(un(t)(y)—un(f)(x))dmx(y)dv(x)dl
n 0 JQJQ

T
S—fg (j{f(v(T)(X))—j;‘(v(o)(X)))dV(X)+/O /Q J@O)u@)(x)dv(x)ds.
1 1

Moreover, by (3.30),
T

T
/ v(t)(x)%ly(t)(x)dz‘:/ F()(x)W(r)(x)dt, (3.31)
0 0

where F is given by

F()(x) = —[Qap(x, Y. u()(y) —u()(x))dmy(y) — f()(x), x € Q.
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Lety € C°(0,T), ¥ > 0,7 > 0and
1 +t
N () (x) := ;/ u(s)(x)(s)ds, te€[0,T], x € Q.
t

Then, for T small enough, 1, € Wé’l(O, T; L?(21,v)) and we may use it as a test
function in (3.31) to obtain

T
/ / F@) @) (0 () dv(x)dr
0 Qi
T d
_ f / V(O 06) e () O (o)
0 Jo t

dv(x)dt

:/OT/Q o0y () ML DU+ D) — w0
1

T

T - J—
= / / v(t — 7)(x) v(t)(X)M(I)(X)W(l)dv(x)dt,
0 Q) T
Now, since
J/—l(r) = 8jy_. rH) =29 (/0 (V_l)o(s)ds> ’

T 1 T v(t—1)(x) ~1.0
/ / F(t)(x)nz (t)(x)dv(x)dr < f/ / (y~ )7 (s)dsyr(H)dv(x)de
0 Jo TJo JQp Ju()(x)

T ()(x) —
:/ / /U (y_l)o(s)dswdv(x)dt,
o Ja, Jo T

which, letting T — 07 yields

T T v(t)(x)
//F(t)u(t)(x)dx(t)dv(x)dtf/ // (y~H0s)ds W' (1)dv (x)dt
0 Q) 0 Q1 J0
T
=/ / j,,—l(v(t)(x))l/f’(t)dv(x)dt
0 Q1

T
=/ f Jy @)Y ()dv(x)dr.
0 Q1
Taking

t+7
e () (x) = %/ uls —t)W(s)ds, t€[0,T], x € Qi,
t



J. Evol. Equ. Nonlocal doubly nonlinear diffusion problems Page 67 of 83 24

yields the opposite inequalities so that, in fact,

T T
/ / F(t)(x)u(t)(x)dv(x)W(t)dt=/ / Jy (D) (x)dv ()Y’ (1)dt,
0 Q 0 Q)
ie.,
d
_d_/ Jy (@) (x)dv(x) =/ F(t)(x)u(t)(x)dv(x) inD'(10, T),
1 Q1 Qi

thus, in particular,
/ Jiydv e who, 7). (3.32)
Q)

Step 2. Suppose now that, either R;’ g=—x and R;f g < Foo,or ’R; g > —® and
R;r p = tT00. Recall that we are assuming the hypotheses in (3.21) and that v = v
for every n € N. Suppose first that R; p=— and R; p < +oo. Then, for k € N,

let X : R — R be the following maximal monotone graph:

B@r) ifr <k,
B (r) =1 [B°(), B ifr =k,
Bt +r—k ifr >k
We have that 8 — g in the sense of maximal monotone graphs. Indeed, given

A > 0and s € R, there exists » € R such that s € r + A8(r) thus, for k > r,
ser+Ar8r)=r+ 1K), e, r = +218)"1(s) = (I + 1857 1(s).

By Step 1, we know that, since R; g = —00 and R; g = 400, there exists
k

a strong solution vy € W1(0, T; L'(Q1, v)) of Problem (DP;”’T’f ), therefore,
J=%v0

there exist u; € LP(0, T; LP(Q, v)) and wy € L”' (0, T; L? (5, v)) such that

1
(W) () (x) — /Qap(x, Y e () = w () @)dmy (y) = f(Ox) = . x €, 0 <t <T,

wy (1) (x) f/Qap(x, Y, up(D)(y) — ug () (x))dmy(y) =0, xe, 0<t<T,
(3.33)

with vx € y(uy) v-a.e.in Q1 and wy € ,Bk(uk) v-a.e. in . Let us see that
ur < ug41, v-a.e.in Q, k e N, (3.34)
and

Vg < Vg+1, v-a.e.in Qq, k € N, (3.35)
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k
Going back to the construction of the mild solution, in this case of (D P;" )l/f ), for
— %V

eachstepn € Nand foreachi € {1, ..., n}, wehave that there exists u} ; € L? (2, v),
v ; € Ll’/(Ql, v) and wy ; € LP/(QQ, v) such that

T T 1
Vi () — ;/Qap(x, youg; () — ug ; (0)dmy(y) = P <f,~"(X) - E) + g1 (0), x €L

wy; (x) —f a,(x, y,up; (¥) —up ; (x))dmy(y) =0, x € Q,
Q
with v . € y(up ;) v-ae. in Qp and wy ; € ,Bk(uz ;) v-a.e.in Q. Let

n s n
Wy 1fuk+1,i <k,
n .__ + 3 n —
Ty = B 1fuk+1’l. =k,
ki,n : n
B gy ) iugy,; >k,

forn € Nandi € {1,...,n} (observe that %(r) is single-valued for r > k and
coincides with g1 (r) = B(r) for r < k). It is clear that 7 € Br(u} +1.) and, since
Bt = A1, 2 > wl | . Then,

T T 1
U;:+1,](x) - ;/;zap(xa Y, u2+1,| ) — MZ+],1(X))dmx()’) = ; <f1n(x) - m) + vo(x)
T n 1 n T n n
> — (f] (x) — *) +vo(x) = vk,l(x) - */ a,,(x, Y, “k.1(Y) - Mk‘yl(x))dmx(y), X € Q)
n k n Jo

&) - /9 ap (6, v iy 1) — 41 (O ()

> w;:ﬂ,l(x)—/Qap(x,y,uz+1_1<y)—uzﬂ,l(x))dmx(y)

=0=w;;(x) - fﬂ ap(x, y, ug  (v) —up 1 (0)dmy(y), x € Qa,

for n € N. Hence, by the maximum principle (Theorem 2.6),
v’,:’l < v,’;HJ and “Z,l < uZ_HJ v-a.e.

Proceeding in the same way, we get that

vep S vy, and up <wupy g, v-ae.

foreachn e Nandi € {1, ..., n}. From here we get (3.34) and (3.35).
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Since y_l(r) = 8j;‘(r) and ug(t) € y_l(vk(t)) v-a.e. in 21, we have
(W (1 = 7)(x) — v () ()i (1) (x)dv (x)
Q

S/Q Jy it = T)(0) — iy (i) () dv (x).

Integrating this equation over [0, T], dividing by T, letting T — 0T and recalling that,
by (3.32),f Jidv e WH0, T), we get
Q)

T
= /0 /Q (00 (O (O (1) (V) (1)t < /Q JE@O)0) — 0 (T) ()dv(x)
1 1

< /Q JE O )V o),

Therefore, multiplying (3.33) by u; and integrating with respect to v, we get

1 T
5/0 /Q/Qa!’(x’ Vo ui(t, y) — up()(x)) ur (1) () — ur(t)(x))dmy (y)dv(x)ds

r 1
< / / (f(t)(x) - %> up(t)(x)dv(x)de +/ Jy (O0)(x))dv(x).
0 Q Q

Now, working as in the previous step, since 't < oo,wegetthat{||uk||1L’,,(O’T;L,,(QYV))}k
is bounded. Then, by the monotone convergence theorem, we get that there exists
w € LP(0, T; LP(R, v)) such that ux —— u in LP(0, T; LP(2, v)). From this we
get, by [15, Lemma GJ, that v(¢)(x) € y (u(t)(x)) fora.e.t € [0, T]and v-a.e. x € Q.

Therefore, from (3.33) and Lemma 2.1 (note that, by the monotonicity of {uy},
lug] < max{luy|, |ul} € LP(,v)), we get that (vg); converges strongly in
LY O, T; LP,(Ql, v)) and wy converges strongly in wil O, T; Ll(Ql, v)). In partic-
ular, v € W0, T: LY (Q1, v)), w(t)(x) € Bu(t)(x)) for ae. t € [0, T] and v-a.e.
x € 9y, and

v (1) (x) — /Qap(x, Y, u()(y) —u@)(x))dmy(y) = f(@)(x), x € 2, 0 <t <T,

w(t)(x) —/ ap(x,y,u(®)(y) —u@)(x))dmy(y) =0, x€e, 0<t<T.
Q

The case R; g > —ooand R;r p =100 follows similarly by taking
B~ +r+k ifr <—k,
B =1 187, B°(=h)] ifr=—k,
Br) ifr > —k.
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instead of ,Bk, k € N.
Step 3. Finally, assume that both R; 8 and R; p are finite. We define, for k € N,

B~ +r+k ifr < —k,
Bt =1 1B, 8%(—k)] ifr = —k,
Br) ifr > —k.

By the previous step, we have that for k large enough such that f + % satisfies

T
/ vy dv +/ / (f(s)+ + l) dvds < v(QIT,
Q1 0 Q k

ok
there exists a strong solution vy € WH1(0, T; L' (21, v)) of Problem (DP;ir’f >,
%Yo

i.e., there exist uy € LP(0, T; LP(2,v)) and wy € LP/(O, T; Ll’/(Qz, v)) such that
() () (x) — /Qap(x, Vo uk () (y) — ur () (x))dmy (y) = f(t)(x) + % xeQ, 0<t<T,
wi (1) (x) —anp(x, Yo uk () (y) — up (1) (x))dmy (y) =0, xe, 0<r<T,

with vy € y(uy) v-a.e.in Q1 and wi € ,gk(uk) v-a.e. in 2.

F+Ev

eachstepn € Nandforeachi € {1, ..., n}, wehave that there exists u} ; € L?(Q, v),
S LP (91, v) and wy; € LP' (S, v) such that

2k
Going back to the construction of the mild solution, in this case of | D Pa”’y’ﬁ ) , for

n T n n T n 1 n
v () — A ap(x, y,up ; (v) —uy ; (x))dmy (y) = o S + % + g1 (), x € 2
w]?‘l’(x) - /5‘2 a,(x,y, MZ_I»(Y) - uzyi(x))dmx(y) =0, x € Q2,
where v}/ ; € y(u ;) v-a.e.in Qp and wy ; € Ek(uz ;) v-a.e.in Q3. Let

n s n
Wi 1fuk+1)i > —k,
n P — 3 n —
g = B 1fuk+u = —k,

wkon eon
By ) ifugy, ;< —k,
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forn e Nandi € {1,...,n} (observe that Ek(r) is single-valued for r < —k and
coincides with BT (r) = B(r) for r > —k). It is clear that z} ; € B¥(u}, ;) and,
since Bk < B¥*1, we have that Zp; <wiyy»i€{l,...,n}). Then,

n T n n T n 1 n

Ve () — o /Qap(x,y,uk+1,1(y) — Uy (X))dmy(y) = Py i)+ 1 + v (%)

T 1 T

< — (.fl"(X) + 7) +vp(x) = v 1 (x) — f/ ap(x, y, up () —up 1 (0))dmy (), x € Q)
n k nJg

&) - /Q ap (e, vl () — Wl () (y)

<wly () - /Q Ay (0 Yoty 1 (0) — sy 4 () (y)

=0= w,'c'.l(x) — /S;a,,(x, v, uqu(y) — uZ’l(x))dmx(y), x € Q,
for n € N. Hence, by the maximum principle (Theorem 2.6),

n n n n
Vgt = Vgpr, and g =gy v-ae.

Proceeding in the same way we get that, forn € Nandi € {1, ..., n},
Ve = vy, and up ;> up, g, v-ae.
Therefore,
Ur > ug4+1, v-a.e.in Q, k e N,
and

Vg > Vg+1, v-a.e.in Qp, k € N,

We can now conclude, as in the previous step, that

T T %
/0 |uk(z>||u<gl,u>dt<1<5(/o (/ﬂ /Q |u;<r><y)—u;(r)(xw’dmx(y)dv(x)) dt+1>

for some constant K5 > 0. Moreover, by the monotonicity of {uy}, we get that

T
{ / ||MZ(I)||LP(QI,V)dt}k is bounded. From this point, we can finish the proof as
0

in the previous step. 0
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A Poincaré-type inequalities

In order to prove the results on existence of solutions of our problems, we have
assumed that appropriate Poincaré-type inequalities hold. In [47, Corollary 31], it
is proved that a Poincaré-type inequality holds on metric random walk spaces (with
an invariant measure) with positive coarse Ricci curvature. Under some conditions
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relating the random walk and the invariant measure some Poincaré-type inequalities
are given in [42, Theorem 4.5] (see also [8,43]). Here, we generalise some of these
results.

Definition A.1. Let[X, d, m] be a metric random walk space with reversible measure
v and let A, B C X be disjoint measurable sets such that v(A) > 0. Let Q :=
((AU B) x (AU B))\(B x B). We say that [ X, d, m] satisfies a generalised (g, p)-
Poincaré -type inequality (p,q € [1, +o00[) on (A, B) (with respect to v), if, given
0 <[ < v(A U B), there exists a constant A > 0 such that, forany u € LY(AU B, v)
and any measurable set Z C A U B with v(Z) > |,

In Subsect. 2.2 (Assumption 5), we have used that the metric random walk space sat-
isfies a generalised (p, p)-Poincaré-type inequality on (21 U 23, ). This assumption
holds true in many important examples, as the next results show.

1
lull Lacaus.p < A ((/Q lu(y) — u(x)ll’dmx(y)dv(x)>‘” + ’/Zudv

Lemma A.2. Let [X, d, m] be a metric random walk space with reversible measure
v with respect to m. Let A, B C X be disjoint measurable sets such that B C 9, A,
V(A) > 0 and A is m-connected. Suppose that v(A U B) < +o00 and that

v(fxe AUB : (im,_A) L (wA)}) =0.
Let g > 1. Let {u,}, € L9(A U B,v) be a bounded sequence in LY (AU B,v)
satisfying

1ir{n/Q |un (¥) — un (X)|7dmy (y)dv(x) = 0 (A.1)

where, as before, Q = ((AU B) x (AU B))\(B x B). Then, there exists . € R such
that

uy(x) > A forv-a.e.x € AUB,

lun — Allaa,m,) — 0 forv-a.e.x € AUB,
and
lun — AllLaauB.m,) — O forv-a.e. x € A.
Proof. If B = () (or v-null), one can skip some steps in the proof. Let
Fo(x,y) = lun(y) —un ()], (x,y) € Q,
nlx) = /A |un(¥) — un(x)|Tdmy(y), x € AUB,

and

gn(x) = / lun(¥) — un ()| dmy(y), x € A.
AUB
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Let
Ni={xeAUB : (m/_A) L vLA)}.
From (A.1), it follows that
fa— 0 inL'(AUB,v)
and
gn— 0 inL'(A,v).
Passing to a subsequence if necessary, we can assume that
fu(x) = 0 foreveryx € (AUB)\ Ny, where Ny C AU B isv-null (A.2)
and
gn(x) — 0 foreveryx € A\ Ny, where N, C Ais v-null. (A.3)
On the other hand, by (A.1), we also have that
F,— 0 inL9(Q,vQ®my).
Therefore, we can suppose that, up to a subsequence,
F,(x,y) > 0 forevery (x,y) € Q\C, whereC C Qisv® m,-null. (A.4)
Let N; C A be a v-null set satisfying that,
forallx € A\ Ny, thesection Cy, :={y € AUB : (x,y) € C}of C is m,-null,
and Ny C A U B be a v-null set satisfying that,
forall x € (AU B) \ N, the section C)/C ={yeA:(x,y) € C}of Cismy-null
Now, since A is m-connected and B C 9, A,
D:={xe€ AUB :m,(A) =0}
is v-null. Indeed, by the definition of D, L,,(A N D, A) = 0 thus, in particular,
L, (AN D, A\D) = 0 which, since A is m-connected, implies that v(A N D) = 0 or
v(A N D) = v(A). However, if v(A N D) = v(A), then for any E, F C A, we have
L,(E,F)<L,(DNA,A)=0which is a contradiction, thus v(D N A) = 0. Now,
since B C 9, A, myx(A) > 0 forevery x € B, thus v(B N D) = 0.

Set N :=N| UNfUNgUN;UN; U D (note that v(N) = 0). Fix xo € A\ N.
Up to a subsequence, u,(xg) — A for some A € [—00, +00], but then, by (A.4), we
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also have that u, (y) — A for every y € (A U B)\Cy,. However, since xo ¢ N and
My, (Cy,) = 0, we must have that v(A \ Cy,) > 0; thus, if

S:={xe€e AUB :u,(x) = A}

then V(SN A) > V(A \ Cy,) > 0. Note that, if x € (AN S)\N then, by (A.4) again,
(AU B)\Cy C S thus m;((AU B)\S) < m,(Cy) = 0; therefore,

L,(ANS,(AUB)\S)=0.

In particular, L,,(AN S, A\ S) =0, but, since A is m-connected and v(A N §) > 0,
we must have v(A\S) = 0,1.e. v(A) = v(ANS).

Finally, suppose that v(B\S) > 0.Letx € B\(SUN).By(A.4), A\C, C A\S.,ie.,
SNA C C)’C,thus my(SNA) = 0. Therefore, since x ¢ N, we musthave v(A\S) > 0
which is a contradiction with what we have already obtained. Consequently, we have
obtained that u, converges v-a.e.in AU B to A:

up(x) > A foreveryx € S, v((AUB)\ S) =0.

Since {[|unllz1(aup,v)}n 18 bounded, by Fatou’s lemma, we must have that 1 € R.
On the other hand, by (A.2),

Fo,(x,) = 0 in LY(A, my)
for every x € Q\ Ny. In other words, ||, (-) — uy (X)|29(A,m,) — 0, thus
ltn — MllLacam,y — O forv-ae.x € AUB.
Similarly, by (A.3),
ln — AllLaauB,m,) — O forv-ae. x € A.

O

Theorem A.3. Letp > 1. Let[X, d, m] be ametric randomwalk space with reversible
measure v. Let A, B C X be disjoint measurable sets such that B C 9, A, v(A) > 0
and A is m-connected. Suppose that v(A U B) < 400 and that

v({x € AUB : (mLA) L (wL_A)})=0.

Assume further that, given a v-null set N C A, there exist x1,x2,...,xp € A\ N
and a constant C > 0 such that v._(AU B) < C(my, + -+ +my, )L(AU B). Then,
[X, d, m] satisfies a generalised (p, p)-Poincaré-type inequality on (A, B).

Proof. Letp > 1and0 < h < v(AU B). We want to prove that there exists a constant

A > 0 such that
1
P
lullraup,y = A ((/ lu(y) — M(X)I"’dmx(y)dv(x)> + / udv )
(0] z
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for every u € LP(A U B, v) and every measurable set Z C A U B with v(Z) > [.
Suppose that this inequality is not satisfied for any A. Then, there exists a sequence
{untpen C LP(A U B,v), with |lu, | LrauB,») = 1, and a sequence of measurable
sets Z, C AU B with v(Z,) > [, n € N, satisfying

lim/ lun(y) — un(x)[Pdmy(y)dv(x) =0
" Jo
and

lim u, dv =0.
Zil

Therefore, by Lemma A.2, there exist > € R and a v-null set N C A such that
ltn — Ml LrAUB,m,y) 50 for everyx € A\ N.

Now, by hypothesis, there exist xq, x2, ..., x; € A\N and C > O such that vl_(AU
B) < C(my, + -+ 4+ my, )L(A U B). Therefore,

L
n

lan = 217 p aupy < € D Nl — )‘”z"(AUB-mxi) -0
i=1

Moreover, since {X z, }, is bounded in LY (AU B, v), there exists ¢ € L”/(A U B, v)
such that, up to a subsequence, Xz, — ¢ weakly in L (A U B, v) (weakly-x in
L*(A U B, v) in the case p = 1). In addition, ¢ > 0 v-a.e.in A U B and

0<!l< lim v(Z, = lim Xz,dv = ¢dv.
n—+00 n—>+00 JaAup AUB

Then, since u, 5 Xin LP(AU B,v) and Xz, A ¢ weakly in L”/(A U B,v)
(weakly-x in L°°(A U B, v) in the case p = 1),

0= Ilim u, = lim Xz, up = A ¢dv,
n—>+o00 Jz, n—>+00 JAuB AUB

thus A = 0. This is a contradiction with ||u,||zraup.) = 1, n € N, since u, — A
in LP(A U B, v), so the theorem is proved. ]

Remark A.4. If Q := Q1 U, is m-connected we can apply the theorem with A := Q
and B = () to obtain the generalised Poincaré-type inequality used in Subsect. 2.2
(Assumption 5).

We cantake A = X, B = ) and Z = X in the theorem to obtain [42, Theorem 4.5].

Remark A.5. The assumption thatgivenav-nullset N C A, thereexistxy, x3, ..., X1 €
A\N and C > Osuchthat vl (AUB) < C(my, +---+my, )L(AU B) is not as strong
as it seems. Indeed, this is trivially satisfied by connected locally finite weighted dis-
crete graphs and is also satisfied by [R", d, m”] (recall Examples 1.1 and 1.2) if, for
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adomain A C RV, we take B C 8,4 A such that dist (B, RN\ A,,;) > 0. Moreover,
in the following example we see that if we remove this hypothesis then the statement

is not true in general.
Consider the metric random walk space [R, d, m 7] where d is the Euclidean distance

and J = lX[_l,l] (recall Example 1.2). Let A := [-1,1] and B := 9,yA =
[—2, 2]\ A. Then,if N = {—1, 1} we may not find points satisfying the aforementioned
assumption. In fact, the statement of the theorem does not hold for any p > 1 as can

1
be seen by taking u, = %nF (X[_21_2+%] — X[z_%’2]> and Z := A U B. Indeed,
first note that |lu,|lLr(-2,2),) = 1 and f[—2,2] up,dv = 0 for every n € N. Now,
supp(m){) =[x —1,x + 1] for x € [—1, 1] and, therefore,

f 1 (¥) — 10 () [P (y) = f ndm? (y)
[-2.2] [—2, -2+ 1N —1,x+1]

+ / n dm){ (y)
21210 —1,x+1]

=2nX[l_l’l](x)/ 1 dm? (y)
" -1 x+1]

1
=2 —14+—-)X
n (X + }’l) [l—nl,l](x)

for x € [—1, 1]. Consequently,

/ / lun () = n ()P dm ()AL (x) = 2n / (x—1+1)d.c‘(x>
[—1,1] J[-2.2] (-1 n

Finally, by the reversibility of £ with respect to m”,

1
/ / 0 (¥) — 10 (0) P ()AL () = .,
[=2,2] J[-1,1] n

thus

/ n ) = ()P (1AL () = > 5 0,
([—2,2]1x[=2,2D\(([—2,— 1]U[1,2]) x ([—2,—1]U[1,2])) n

However, in this example, as we mentioned before, we can take B C 9,, A such
that dist(B, R\[—2, 2]) > 0 to avoid this problem and to ensure that the hypotheses
of the theorem are satisfied so that (A, B) satisfies a generalised (p, p)-Poincaré-type
inequality.
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In the following example, the metric random walk space [X, d, m] that is defined,
together with the invariant measure v, satisfies that my, L v for every x € X, and a
Poincaré-type inequality does not hold.

Example A.6. Let p > 1. Let §' = {€?™® : « € [0,1)} and let T : S! — §!
denote the irrational rotation map Ty(x) = xe?™1% where 6 is an irrational number.
On S' consider the Borel o-algebra B and the 1-dimensional Hausdorff measure
v = H;L S'. It is well known that Tj is a uniquely ergodic measure-preserving
transformation on (S 1 B, V).

Now, denote X := S' and letm, := %Sng(x)—l—%STg(x),x € X.Then, visreversible
with respect to the metric random walk space [X, d, m], where d is the metric given
by the arclength. Indeed, let f € L'(X x X, v ® v), then

1 1
f / £ y)dmy (D dv(x) = f £ T () dv(x) + = / 6, Ty ()dv(x)
st Js! 2 Jsi 2 Jgi
1 1
=3 / FTo(), )dv(x) + - / F(To (), )dv(x)
s! 2 sl

=/ / Sy, x)dmy (y)dv(x).
st Jgl

Let us see that this space is m-connected. First note that, for x € X,

o 11 1 1
m.” = 55)‘ + ZSTEH(X) + ZSTQZ(X) > ZSTQZ(X)

and, by induction, it is easy to see that
m, = o TH"(X)'

Here, m%", n € N, is defined inductively as follows (see [41]):

dm (y) = / dm, () dm? @D (2).
zeX

Now, let A C X such that v(A) > 0. By the pointwise ergodic theorem,

A
Jm ZXA (TQ(X)) vgxi

for v-a.e. x € X. Consequently, for v-a.e. x € X, there exists n € N such that

xa (T} () = 872y (A) > 0

thus v ({x € X : m¥"(A) =0 forevery n € N}) = 0. Then, according to [41, Def-
inition 2.8] (see also [41, Proposition 2.11]), [X, d, m] with the invariant measure v
for m is m-connected.
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Let us see that [X, d, m, v] does not satisfy a (p, p)-Poincaré-type inequality. For
n € Nlet

1= e ko s <@ < k045, 1<k =2,
where §(n) > 0 is chosen so that
I,f] ﬂ[,:'2 = forevery — 1 <ky,ky <2n,k; £k

(note that ¢>7itki0=8(m) £ 2mika0=6() for every k; # ko since Ty is ergodic).
Consider the following sequence of functions:

n—1 2n—1
Mn::ZXIle—ZXIkn, neN.
k=0 k=n
Then,
/ u,dv =0 foreveryn e N,
X
and

/ lup|Pdv = 4né(n) foreveryn € N.
X
Fix n € N, let us see what happens with

/ / |t (¥) = un ()P dm (y)dv (x).
xJx

Ifl<k<n—-2orn+1=<k=<2n-2andx € I, then

1 1
/X ltn (y) — un ()P dmy (y) = §|un(T—9(x)) — un ()P + §|”n(T9(x)) —un()P =0

since T_g(x) € Ij'_; and Ty(x) € I} ;. Now, if x € [ then T_y(x) € I thus

l| (T—p(x)) — ()|p+1| (Ty(x)) — ()I”—ll—ll”—l
2un “o(x Uup(x zun o (x Up(x =3 =3

and the same holds if x € I}, (then Ty(x) € I, ). Forx € I,_ we have Ty(x) € I}
thus

1 1 1
zlun(T—e(x)) — up ()" + Elun(TO(x)) —up ()| = 5' —1—1p=2r"

and the same result is obtained for x € "

g1+ Similarly, if x € I"orx eI},

Lo - e L - , 1
Elun( —6(x)) — up(x)] §|”n( 5(x)) — up(x)] =7
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. . 2, 2n—1
Finally, if x ¢ U I]', then T_g(x), Ty (x) & U )" I} thus

1 1
5 lun(T—p (X)) = un ()" + 5 lun(To (x)) = un(X)1” = 0.

Consequently,

1
/ / lun(¥) — un(X)|Pdmy (y)dv(x) = 5(4~28(n))
XJX
+2P7 2. 28(n)) = (4 +2PHs ).

Therefore, there is no A > 0 such that

1 P
<A ( / / () —un<x)|"dmx<y)dv<x>>
LP(X,v) x Jx

% Xundv

Un

for every n € N,
since this would imply
4nd(n) < A4 +2PHs(m) = n < A +2P7! foreveryn e N.
The proofs of the following lemmas are similar to the proof of [4, Lemma 4.2].

Lemma A.7. Let p > 1. Let [ X, d, m] be a metric random walk space with reversible
measure v with respecttom. Let A, B C X be disjoint measurable sets and assume that
A U B is non-v-null and m-connected. Suppose that [ X, d, m] satisfies a generalised
(p, p)-Poincaré-type inequality on (A U B, ). Let o and t be maximal monotone
graphs in R? such that 0 € «(0) and 0 € 7(0). Let {un}nen C LP(A U B, v),
{Znlnen C LY(A, v) and {wp}neny C LY (B, v) be such that, for everyn € N, z,, €
a(uy) v-a.e. in A and w, € t(uy,) v-a.e. in B.

(i) Suppose that R;r = 400 and that there exists M > 0 such that

/Azf{dv + /B wfdv <M foreveryn € N.

Then, there exists a constant K = K(A, B, M, «a, t) such that
1

st <K ) — @ dm, vy ) +1
" ILP(AUB.Y) — (AUB)x(AUB) " *

for everyn € N.

(ii) Suppose that R;’ﬁ = —o00 and that there exists M > 0 such that

/z;dv+/w;dv<M for everyn € N.
A B

Then, there exists a constant K=K (A, B, M, «, 1), such that

1
— ~ — — ]7
I o avsn = K (( f(AUB)X(AUB)m ) —u, <x)|'fdmx(y>dv(x>> +1>

for everyn € N.
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Lemma A.8. Let p > 1. Let [ X, d, m] be a metric random walk space with reversible
measure v withrespecttom. Let A, B C X be disjoint measurable sets and assume that
A U B is non-v-null and m-connected. Suppose that [ X, d, m] satisfies a generalised
(p, p)-Poincaré-type inequality on (A U B, ). Let o and t be maximal monotone
graphs in R? such that 0 € «(0) and 0 € ©(0). Let {un}pen C LP(A U B,v),
{zn}nen C LY(A, v) and {wpnen C LY (B, v) such that, for everyn € N, z, € a(up)
v-a.e. in A and w, € t(u,) v-a.e. in B.

(i) Suppose that R}Y _ < 400 and that there exists M € R and h > 0 such that

o,T
/ Zpdv —l—/ wpdv < M < Rotr for everyn € N,
A B

and

R(—;r -M
max / |Zn|dv»f lwnldv p < ————
{xeA:z,<—h} Xe€B:w,(x)<—h} 8

for everyn € N.

Then, there exists a constant K = K(A, B, M, h, «, t) such that

1

V4
| 2o cavs o < K (/(AUB)X(AUB) |u,f<y)—u,r(x)v’dmx(y)dv(x)) +1

for everyn € N

(ii) Suppose that R, . > —oo and that there exists M € R and h > 0 such that

/ Zndv +/ wpdv > M >R, . foreveryn € N,
A B

and

M-R,,
max / zndv,/ wpdvy < ———— foreveryn € N.
{xeA:z,>h} XEB :w,(x)>h} 8

Then, there exists a constant K = E(A, B, M, h,«, 1) such that

~

1
— — — l’
| 2o cav o = K (f(AUB)X(AUB) |un(y>—u,,(x)|"dmx(y>dv(x>) +1

foreveryn € N.
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