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Existence, uniqueness, and exponential stability for the Kirchhoff
equation in whole hyperbolic space

PAULO CESAR CARRIAO AND ANDRE VICENTE

Abstract. In this paper, we prove the existence, uniqueness, and exponential stability for adamped nonlinear
wave equation of Kirchhoff type which is defined in whole hyperbolic space BN . Our strategy consists of
changing the problem into a singular problem defined in the unitary ball of RY endowed with the Euclidean
metric. One difficulty is to prove the existence of solution and the Faedo—Galerkin method was our main tool.
It is well known that when we deal with the Kirchhoff model defined in whole space RN the exponential
stability is not expected. In this work, we prove that, in the hyperbolic space, the problem is exponentially
stable. The main tool to reach the result is to combine the classical Nakao’s techniques with the use of
Hardy inequality.

1. Introduction
In this paper we study the following problem

ut,—M</ |VBNu|2dV> Apnu+8u; =0 inBY x (0, 00), 1)
IBN
u(x,0) =ugx), us(x,0) =ui1(x), x € BN, )

where Vg~ and Apw are, respectively, the gradient and the Laplace—Beltrami operator
in the disc model of the hyperbolic space BN: M : [0, 00) — R is a known function;
uo and u are the initial data and § is a positive constant.

The space BY is the unit disc {x € RY : |x| < 1} of R endowed with the
Riemannian metric g given by g;; = p?8;;, where p(x) = # and §;; = 1,ifi = j
and §;; = 0,ifi # j. The hyperbolic gradient Vv and the hyperbolic Laplacian Agny
are given by

\% N-2
Vgvu = 2 and Agvu = p Ndiv(pVN2Vu) = p2A + W=7, vV, (3)
p p

where - is the standard scalar product in RY; and V and A are the usual gradient and
Laplacian of R Details can be found in the references [15,16,31,32].

There are large literature concerned with existence, uniqueness, and stability of
Kirchhoff model. We can cite the works of Bae and Nakao [1], Cavalcanti, Domingos
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Cavalcanti and Soriano [10], Cavalcanti et al. [11,12], Ghisi [17,18], Louredo and
Miranda [21], Miranda and Jutuca [22], Miranda, Louredo and Medeiros [23], Perla
Menzala [19], Ono [27-29], Nishihara [26], Yamada [33], and references therein.

We would like to emphasize the work of Miranda and Jutuca [22] where the authors
proved the existence, uniqueness and decay for the problem with boundary damping.
Precisely, they studied the problem

Uy — M <t/ [Vul? dx) Au =0 in Q2 x (0, 00), 4)
u=0 onTy :(0, 0), 5)
2—3 +éu; =0 onT'; x (0, 00), (6)
u(x,0) =upx), us(x,0) =u(x), x € Q, @)

where the domain 2 is an open and bounded subset of RY and its boundary is given by
I' = I'p UT';. To prove the existence of solution, the authors used fixed point theorem
combined with the use of Faedo—Galerkin method. They proved the exponential decay
for the strong energy associated to the problem.

In [10], Cavalcanti, Domingos Cavalcanti and Soriano extended the results of Mi-
randa and Jutuca [22] to the nonlinear case. Precisely, they studied the problem

Uy — M <t/ |Vu|? dx> Au =0 in 2 x (0, 00), (®)
u=0 onTly 3(0, 00), 9)
2—Z+g(u,)=o onT; x (0, 00), (10)
u(x,0) = uo(x), u;(x,0) = u;(x), x € Q, (11)

where the domain 2 is an open, bounded star-shaped subset of RY and its boundary
is given by I' = I'g U I'1. The authors proved the existence and uniqueness of regular
solutions without the classical assumption involving the smallness on the initial data.

When the domain is whole space R, there are some additional difficulties and the
exponential stabilization is not expected. In fact, it is well known that an ingredient
to prove the exponential stability (without restriction on the initial data) is to use the
Poincaré inequality, which does not hold in whole R¥ . In this direction, we can cite
the work of Ono [30], where the author proved that the energy decays with polynomial
rate.

Recently Dias Silva, Pitot, and Vicente [14] studied the Kirchhoff equation defined
on whole R" space. Inspired on work of Bjorland and Schonbek [2], they defined
suitable Hilbert spaces V, H and an operator A = — A by the triple {V, H, a(u, v)},
where a(u, v) is a bilinear, continuous and coercive form defined in V. This strategy
allows the authors to prove that the energy decays exponentially.

On the other hand, studies involving the wave equation defined in whole hyperbolic
space can be found in [34], where Wang, Ning, and Yang considered the following
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problem

uyy — Agu +a(x)u; =0 in HY x (0, 00), (12)
u(x,0) =ugx), u;(x,0) =ui1(x), x € ]HIN, (13)

where Ag is the Laplace—Beltrami operator in HY. Using multiplier methods and
compactness-uniqueness arguments, they proved the exponential stabilization. An im-
portant tool to prove the stability of (12)—(13) is the following Poincaré inequality

/HN W dxg < C/HN Veul? dxg, (14)

foru € H'(H"), where V, is the gradient operator associated to the Riemannian met-
ric g. As described before, in whole RN the inequality above does not hold. Therefore,
it is not possible to prove the exponential stability without restriction on the initial
data.

Another way to prove the exponential stability of wave equation defined in BV
was proved by Carrido, Miyagaki, and Vicente [9]. Indeed, the authors considered the
semilinear problem with localized damping

uy — Agvu + f(u) +a(x)u; =0 in BN x 0, 00), (15)
u(x,0) =ug(x), us(x,0) =uj(x) for x € BN, (16)

where a, f, up and u; are known functions and Apw is the Laplace—Beltrami operator
in the disc model of the Hyperbolic BY . Making the appropriate change v := pNT_z u,
we have that u satisfies (15)—(16) if, and only if, v satisfies the following singular
problem

PP — Av+ Bop?u+ p 7 F(p~ T+ ) +a)p?u = 0 in By x (0. 00), (17)
v(x,0) = vo(x), vi(x,0) =vi(x) for x € By, (18)

where By = w and By is the unit disc {x € RV : |x| < 1} of RY endowed
with the Euclidean metric. Therefore, the authors worked with (17)—-(18) which is a
singular problem in Bj. To overcome the difficulty of deal with the singularities, they
used the Hardy inequality, in a version due to the Brezis and Marcus [4] and Brezis,
Marcus, and Shafrir [5]. To best of our knowledge, the technique used by Carrido,
Miyagaki, and Vicente [9] is new in the context of hyperbolic equations. Before that,
only elliptic equations were studied with this tool. See Carrido et al. [6-8].

As described before, the main tool used in [9] is Hardy’s inequality. Precisely, using
this inequality, it is possible to prove that

/ pPw?dx < c/ IVwl|? dx, 19)
B B

forall w e HO1 (B1), which is a kind of Poincaré’s inequality with a weight p. This
inequality is shown in Lemma 1 and it will be used many times in the paper.
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We also would like to cite the work of Bortot ef al. [3], where they studied the
Klein Gordon equation, subject to a nonlinear and localized damping, in a complete
and non-compact Riemannian manifold without boundary. Precisely, they studied the
problem

uyy — Au+ f(u) +alx)g(u;) =0 in M x (0, 00), (20)
u(x,0) = ug(x), us(x,0) = uj(x) for x € M, 21)

where M (endowed with a Riemannian metric) is a complete and non-compact N
dimensional Riemannian manifold without boundary and A denotes the Laplace—
Beltrami operator. The function a, responsible by the damping localization, acts in
M\ @, where € is an arbitrary open and bounded set in M.

In the present paper, we use the strategy of [9] to change the original problem into
a singular problem. Therefore, defining v := pNTdu and observing (3), we have that
u satisfies (1)—(2) if, and only if, v satisfies the following singular problem

P2 — M (1)) (Av - ,Bop2v) +6p%, =0 in By x (0,00),  (22)
v =0 ondB; x (0, 00), (23)
v(x,0) = vo(x), vy(x,0) = vi(x) for x € By, 24)

where Bg = w and By is the unit disc {x € RV : |x| < 1} of RY endowed with
the Euclidean metric and

2
(1) = / (V0P = (V = 2)(Vo, xpu) + (NTZ> Pxl) dx. @29)
By
We work, equivalently, with (22)—(24) which is a singular problem in Bj. Therefore,
since p(s) — o0, as |s| — 1, the difficulty of deal with the wave equation in whole
space B is replaced by the difficulty of deal with a singular problem in Bj.

The main goal of the present paper is bring the technique used by Carrido, Miyaga-
ki, and Vicente [9] and Carrido et al. [6-8] to the context of Kirchhoff equation. This
strategy allows us to prove that the energy associated to the problem decay exponen-
tially.

The main technical difficulty of the present paper is to control the singularities. It is
well known that when Kirchhoff equation is in place, it is not possible to use semigroups
techniques to prove the existence of solution. In the RY case many authors have been
used fixed point methods and Faedo—Galerkin method. But, due to the presence of
singularities, some usual calculus does not hold here and it is necessary some additional
arguments. Indeed, when the Kirchhoff model is considered in a domain €2 of RV itis
usual to use Faedo—Galerkin method with special bases (given by eigenvector of the
Laplace operator). This allows to estimate the norm of the sequence of approximate
solution in the space L*°(0, T'; H& ()N H2(R)). But, the singularities does not allow
us to take the same way. This difficult can be seen in the proof of the existence of
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solution. To overcome this problem, it is necessary to make four estimates. It will be
clarified in Sect. 4.

Our paper is organized as follows. In Sect. 2 we present the notation, assumptions,
and preliminaries. We also enunciate the theorem which gives the exponential stability.
Moreover, we enunciate a result which gives the existence and uniqueness of solution.
The stability is proved in Sect. 3. In Sect. 4 we prove the existence and uniqueness of
solution.

2. Preliminaries and main result

As described in the introduction, in this section we establish some notations and
the main result. We also enunciate the tool which is the main novelty in the context of
class of Kirchhoff equations, a class of Hardy inequality. This inequality is used many
times into the paper. The reader can see that Lemma 1 is called many times through
the paper.

Thus, we start defining some usual spaces. Let L?(B;) be endowed with the norm
and inner product

1
2
luell> = </ u? dx) and (u,v) :/ uv dx.
By B

In the space H(} (B1) we consider the norm and inner product defined by

”“”H(}(Bl) = ||Vull2 and (u,v) =/B Vu-Vvdx.
1
Now, we enunciate the Lemma 1, which gives us a Hardy inequality class and, after
this, the classical Nakao’s Lemma.

Lemma 1. There exists a positive constant Cy such that the following inequality
holds

/ p?w? dx 5c3,/ |Vw|? dx, (26)
B B

forall w € HOI(Bl).

Proof. See Carrido, Miyagaki, and Vicente [9]. See also Carrido et al. [6-8].

It is well known that Nakao’s lemma is an important tool to prove the stability to
problems involving the Kirchhoff equation. Below, we enunciate the lemma whose
proof can be found in Nakao [24,25]. O

Lemma 2. (Nakao’s Lemma) Let ¢ : [0, 00) — [0, 00) be a bounded function satis-

fying
sup ¢ (s) < Co(¢p(t) — @t + 1)), 27

t<s<t+1
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ort > 0, where Cy is a positive constant. Then, it holds
f p
¢(t) < bre 021 (28)

for all t > 0, where 01 and 6> are positive real number which depends on known
constants.

Now, it is important to observe that, from the inequality

N —2\?
(N —2)(Vv, xpv) < [Vo]* + (—) pvtlx)?

2

we infer that
A(t) >0, forallr > 0.

Thus, we have the control in the sign of A(#), but we do not control the sign of each
term of A(¢), and it is one difficulty that needs being overcome.

Throughout this paper, we denote the specific constants by Cy, Ca, ... and the
generic ones only by C.

Below, we enunciate two assumptions. The first involves the function M and the
second one is called into the literature of assumption of small initial data, and it is well
used in the context of Kirchhoff models.

Assumption 1. M : [0, c0) — (0, c0) is an increasing and continuously differen-
tiable function. There exist positive constants mg, C1 and a real number ¢ > 1 such
that

0 <mop < M(s), foralls e [0, o0) (29)
and
IM(s)| < Cqls|?, foralls € [1,00). (30)
Thus, it holds
IM(s)] < Ci(1+s|?), foralls € [0, 00). (31)

We define the energy associated to the problem (22)-(24) by
E(t) =/B prvEdV +M (M(1)), (32)
I
where
M(s) = /OS M(§) ds. (33)

We also define the following auxiliary functional

8 82
V() = E(t) + —/ pzvlv dx + — va2 dx. (34)
2 B 4 B
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Assumption 2. We suppose that the initial data (vg, v1) € H& (B)) N H%(B)) x
HO1 (Bq) satisfy

max {C, C3W?(0)} < s, (35)
where
4C,\C 2C
C =58 cszf—j, (36)
mo Zmo
here

_ (N —2)(N +5)Cq

C
6 2

+2(N —2).

To prove the stability of the problem, we need working with W (¢) instead of E(¢).
First, we observe that

8 1 82
‘—/ pzv,v dx| < —/ pzv,2 dx+—/ p2v2 dx. 37)
2 B 2 B 8 B
Thus,
8 1 82
—/ pzvtv dx > ——/ pzvt2 dx — —/ pzy2 dx. (38)
2 B 2 B 8 B
‘We also have
M (A(1)) = mo(t) = 0, (39
forallt > 0.
Thus, we infer
1 2.2 7 82 2.2
U(t) > = pvydx +M (A1) + — pv-dx. (40)
2 B 8 B
Therefore,
U(t) > - pv dx +M(A@)) | = SE@). “41)
2 /B 2

From (41), we see that to show that the energy associated to (22)—(24) decay ex-
ponentially, it is enough to prove that there exist positive constants «; and a» such
that

() < are™™, (42)

for all + > 0. Therefore, we can enunciate the following result which gives us the
exponential decay for the energy associated to (22)—(24).
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Theorem 1. Assume that Assumptions 1 and 2 hold. Let v be a solution of (22)—(24)

in the class
ve L®0,T; H} (Bi) N H*(By)), v € L®(0,T; H}(By)), 43)
pu € L0, T; L*(B))).

Then there exist positive constants « and o such that
(44)

V() <aje ', forallt>0.

Next task is to establish a result which ensures the existence and uniqueness of

solution to (22)—(24). For this purpose, we need an additional assumption. First, we
1

define
1 1
= 0 2 : 20,12
V(0)=w(O) + | — [Avo|=dx ) + BoMo P lvol” dx
B B
192
2 p*vi]?
+8 f 2lv |2dx) + | Vo Pdx + ———dx,
(31” ! P Po |, maon
where
My = max |M(s)].

O<s< 62)710
—T\scic?

1

Thus, we consider the following assumption
Assumption 3. We suppose that the initial data (vo,vi) € HJ(B1) N H*(By) x
(45)

Hj (By) satisty
CsU2(0) +5CsT(0) < 5,

where
MiVL3[8 +8CH(N —2) + C3 (N — 2)?] i
Cy = d Cs=—,
mo mg
here
My = max |M'(s)]
05 < 52"'10 )Z
=i
and
1 3(N-2)2 w(0
L2=2<m—+ ( 1 )> : (1)62 .
0 mln{z, §]

(46)
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We observe that it is possible to find 8, M, vy, and v; such that the Assumptions
2 and 3 hold. Indeed, given M, we can calculate C> and C3. After this, we choose
§ > Ca. Now, as ¥ (0) and \TJ(O) depend of vy and vy, it is possible to take a couple
of initial data (vg, v) sufficiently small such that C3W4(0) and C4\TJ 3 ) + 8C5\TJ(O)
become so small that (35) holds.

Theorem 2. (Existence and uniqueness of solution) If Assumptions 1, 2, and 3 are in
place, then there exists a unique solution of (22)—(24) in the class (43).

3. Exponential decay

In this section, we prove the exponential decay for the energy associated to the
problem (22)—(24). We start with a lemma.

Lemma 3. Let v the solution of (22)—(24) in the class (43). It holds

1 d 5 Bomod
——W(t - 22 d —/ 22 d <0, 47
= <)+4/31pv, S WA @7)

forallt > 0.

Proof. Multiplying (22) by v; and integrating over B, we have

1d 2.2 1 d / 2 2.2
£ dx + M)~ v d
2ai J, P (())df[31<| o + fop*?) dx
+3/ p*v? dx =0. (48)
By
0

We observe that

1 d 2 2.2 _ 1 d
SMG) S UB (199 + popo )dx] = SMQ(0) 210

1 d
et [ [ (o= pube?) 2207+ ¥ = (Vv xpu)| da

1d—
= EEM()L(I))

1 d
MO T [ (= BiR) P22+ ¥ = D90, xp]

1d—
= EEM(MI)) + M(A(1)) {/;;I [(,30 - B |X|2) PPy,

+ (N = 2)((Vv, xpv,) + (Vv,,xpv))] dx}. (49)



67 Page 10 of 25 P. C. CARRIZO AND A. VICENTE J. Evol. Equ.

Combining (48) with (49), we obtain
1d

S UB p2|v,|2dx+ﬁ<x(t>)} +8/Bl PP lu? dx
=—moo| [ [ (8o piie?) pov
H(N = 2)((Vv, xpv;) + (Voy, xpv))] dx}. (50)

Now, we are going to estimate the right hand side of (50). Using (31), Holder’s
inequality, and Lemma 1, we have

MG) [ (fo = prisP) pPous s
By
1 1

§C1(1+|)»(l)|q)(,30+,31)</ pzvzdx>2(/ p2|vt|2dx)2. (51)
B B

From (51) and using Lemma 1, we infer

MG@) | (Bo—Bilx?) prov dx
B

<1 (1+ 0) Bo + B1) Crr (/B |Vv|2dx)2 (/B p2|vf|2dx>2. (52)

Now, from (31) and Holder’s inequality, we also obtain

M(\(1)) (Vv, xpvy) dx
B

2 % 2 2 %
< (i (1 + |)»(t)|‘1) (/ V| dx> </ P v dx) . (53)
B B;
Using (31), Lemma 1, Gauss’ theorem, and Holder’s inequality, we have

9 (xi pv)
3)6,'

dx

M) [ uxpoyax=-moan Y [ w
i=1 1

B

= —M(A(t))/ vy (p(x, Vo) + pzlel2 + pv) dx
B

2
p
<Ci(1+ Ik(t)lq)/ (PlvtIIVvl + plurllv] + ?|U||U1|) dx
B
1

} }
scl(1+|x<z>|q)(1+3cm< |Vv|2dx) (f P2|Ut|2dx) . (54)
B B

From (50), (52)-(54), we obtain
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li 21012 i 20,12
prlul”dx + M(A(1)) | +6 | plul”dx
2dt B By

3 3
< Ci (1+20)]7) Cs (f Vol? dx) (/ Pl dX> ; (55
B B

Co= N 2)(12\/ +3CH v — ),

where

On the other hand, multiplying (22) by v, we have

/ P2 dx+M(A(t))/ |Vv|2dx+,30M(A(t))/ p2v?dx

B B B

+6 / pPov; dx = 0. (56)
By

We observe that
(57)

d
/ pzv,[vdx = —/ pzv,vdx—/ p2|v,|2dx.
B dt B B

From (56) and (57), we infer
P22 dx + M) | |Vv|?dx

d / 2 5/ 22 } /
— pvivdx + = pvidx | —
dt[B] ! 2 B B B

(58)

+BoM (A1) | p*v*dx =0.
B

Multiplying (58) by %, adding the resultant equation with (55), and observing the

definition of W (see (34)), we have

1d 35 5 2 8 / 2 5Bo / 2.2
P 4 — -M (A v — M
2 dr (1) + n /Blp Jvr | dx+4 @) Bll v|"dx + n @) Bll’ vedx
1 1
< C1Cs (14 M01) (/ |Vv|2dx)2 (/ p2|v,|2dx)2. (59)
B B
From the elementary inequality 2ab < a® + b2, we have
1 1
25\ 202 5\
C1C6< V| dx) (/ P lv dx)
By B
(60)

Cc3C? 8
<16 |Vv|2dx+— pzlvllzdx
) 4

B B

and
1

1
2 2
C1Csl (0] (/ |Vv|2dx> (f p2|vt|2dx>
B B
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B 2C2C2 A (1)|1H
<% [ vy dx + ﬁf P22 dx. 61)
8 B moS B

From (59)—(61), we conclude that

1d 1(8% 201CEIhm™ —
e d
S YO+ (2 o fBlvatl x

8 Cc3C?
+ omo _ Zize / |V| dx + OﬁO/pzvzdx§0.
8 1) B 4 B

Since § > C,, we infer
dmy C%Cg mod
—_— = > —.
8 1) 16

Therefore,
1d 1 (8% 2CCHr(1)™
() + (——L /Bp2|v,|2dx
1

2dt 2 mo
sm )

+£2m0 [ G2 gy 4 S0P / P2t dx < 0. (62)

16 B 4 B

AsA(t) > 0,forallt € [0,T],and 0 < my < M(s), for all s > 0, we have
2C3C2 ()% 2c2c6 [M(\())]% ©3)
20 ’
nmo O

for all + € [0, T']. We observe that

) 1 52
——/ pPuvdx < —/ p2|v,|2dx+—/ p2v?dx. (64)
2 Jp, 2 Jp, 8 Jg,
Thus,
2
MO(1)) §M(A(t))+§/ p2uv dx—{-l/ P2 lul? dx—{—(s—/ p?v?dx
2 Jp, 2 Jp, 8 Ja,
<W(). (65)

Therefore, from (63)—(65), we have

2C3C2 (1) - 2C3C2W%4 (1) 66)
mo =t
0

for all t € [0, T]. Using (66) and the Assumption 2, we infer

2C3C2|A(0)[% - 2C3C2W24(0) _ 8 €N
mo =T e 4
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Next task is to prove that

2C2C% ()1 82
TCsIr ()] L 68)
my 4

forall t € [0, T']. We suppose that (68) does not hold. From (67) and of the continuity

. 2C2CE ()12 .
of the function 7 — % there exists t* € (0, T'] such that

2C1C2 0P 82
ICemP 8 )
mo 4
for all ¢t € [0, t*), and
2C7CZ A% 82
TP _ 8 0,
mo 4
Integrating (62) from O to t*, we have

1 1 [t (82 20%Cnn)H
*[\Ijm(t*)—\ll(o)]'f—*/ 8 2CiC I / PAluFdxdt <0, (71)
2 5 Jo 2 mo B

Combining (69) with (71), we obtain
W(r*) < W(0). (72)
The estimate (63), (65), (72), and the Assumption 2 give us that
2CTC2 |0 (1) _ 2C7C202%4(0) 82

—, 73
mo - m(2)q+l = 4 (73)
which is a contradiction with (70). Thus, (68) holds.
Therefore, (62) and (68) allow us to conclude that (47) holds. [l

Proof of Theorem. 1.0Observing Nakao’s Lemma, it is enough to prove that here exists
a positive constant C such that

V() = C(V() - Y@+ 1) (74)

forallt > 0.
Thus, let £ > 0 be a fixed real number. To simplify the notation, we define F2(r) =
W(t) — W(t + 1). Integrating (47) from ¢ to ¢ + 1, we have

t+1 2
2.2 2
/ / pPo?dx dt < ZF(1), (75)
t B )

for all # > 0. Using the mean value theorem for integrals, there exist ¢| € [t, r+ }1]

and 1) € [t + %, t+ 1] such that

t+% 1
/ /pzvtzdxdtzzf Pr)v(x, 1) dx (76)
t B B
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and
t+1 1
/ p*v? dx dt = —/ PP)vi(x, 1) dx. (77)
l‘+% B 4 B
Thus, (75)-(77) give us
8
/ P () (x, 11) dx + / PRV (x, ) dx < SF2 (D). (78)
B B

On the other hand, multiplying (22) by v and integrating over By X (#1, t2), we have

I
/ZM(k(t))/ [|W|2+ﬂop2u2] dx dt:/ PR (x, )(x, 1) dx
t B B

1

1
%) 4]
—/ pz(x)v,(x,tz)v(x,tz) dx—}—/ / pzvt2 dx dt—S/ / pzv;v dx dt.
B t J B t JBy

(79)
Using the assumption that M is an increasing function, we obtain
_ 1)
M) = A ME) ds < M)A ()
= M((1) [ [ (1908 = v = 2T 0 xpu) + prpeRiaf?) dx}
B
< CMO@1t) (|Vv|2 i p2v2|x|2> dx
B
< CM(x(t))/ (|W|2 + wpzvz) dx. (80)
B 4

From (79) and (80), we have

M) < c(/B pz(x>|vt(x,n>||v(x,n)|dx+/ PrO)|v(x, p)||v(x, )| dx

B

1
123 n
+/ /pzvfdxdwra/ /p2|vt||v|dxdt). 81)
1 B n By

Now, we are going to estimate the right-hand side of (81). Observing (40) and that
W is decreasing (see Lemma 3), we obtain

8 8
/ POV (x, 1) dx < W (1) < WD), (82)
B 1) §
fori =1, 2. )
Using (78), (82), and the elementary inequality 2ab < ga® + b;, for each ¢ > 0,

we have

5 4 5 4e
/ pr@v(x, tv(x, ) dx < —F*(t) + 5 W (1), (83)
B &d 1)
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fori = 1, 2. Using one more time the inequality 2ab < sa® + bg—z and (75), we infer

&d
/ / pvtvdxdt<—/ / pvtdxdt+— sup / pzvzdx
B B 2 j<e<i+1JB

—Fz(t) + 2 \IJ(t) (84)

I A

Since W is decreasing, we can use Lemma 3 to conclude that

1) 2
/ / p2v2 dx dt <
1 B 5,30"10

Integrating (34) from ¢ to #,, and observing (75), (80), (84), and (85), we have

F2(1). (85)

1) 8
/ W(t)dt < C(e)F2(t) + ¢ <52
1

38
+ T) W(t). (86)

Using the mean value theorem for integrals, there exists T* € [f1, f2] such that
1 ’2
E‘P(f*) < (b —t)¥ (") =/ V() de. (87)

3

Combining (86) with (87), we infer
N 5 8 34
W(t*) < C(e)F*(t) + 2¢ ) + 7 W(r). (88)

Taking the same way of (50) and (58), we infer

1d EL S ) / 2
Zdt\IJ(t) + ) /1;1 pv; dx + 4M()»(t)) N [Vu|© dx
NN —2
+ MG / 2 dx + MGL(0) { /B [(% B |x|2) P
1
H(N = 2)((Vo, xpu;) + (Yo, xpv))] dx} —0. (89)

Integrating (89) from ¢ to t* and, after this, adding the term

38 [T
—/ f p?v?dx dt + - / MO() | |Vv|?dx dt
4 t B By

in both sides of the resultant equation, we have

1 38 [T
—\Il(t)—f-—/ / p*v? dx dt + - f M(A(r))/ [Vv|? dx dt
2 4 ), Jp

1 38 [T
= —\I’(r*)+—f / p? v; dxdr+—/ M(A(t))/ |Vo|? dx dt
2 2 J; B



67 Page 16 of 25 P. C. CARRIZO AND A. VICENTE J. Evol. Equ.

+84ﬂ/ M(/\(r))/ P2t dx dt-l—/ M(A(f)){/ [(ﬂo—ﬂ1IXI2> pon,
! B t B

H(N = 2)((Vv, xpuy) + (Vuy, xpv))] dx] dr. (90)

Analogously to (62), we have

1 17 (82 2030 8 o
(1) + f/ - = ﬂ / pzv,2 dx drt + oo / / pzv2 dx dt
2 S Jy 2 m 4 B,
\D(t*)+ —f / p?v? dx dt + —/ M(A(r))/ p?v? dx dt
By

+ﬁ/T M(A(r))f |Vv|? dx dr. 91)
8 t B

Combining (75), (79), (83), (84), (88), and (91), we conclude that

B - ec} W) < CF(0), 92)

for all + > 0. Taking ¢ > 0 small enough, we conclude that (74) holds. Therefore,

from Nakao’s lemma we obtain that & decay exponentially, i.e., Theorem 1 is proved.
O

4. Proof of the existence and uniqueness theorem

We use the Faedo-Galerkin method. Let (w;) jen be a bases in Hj (B1) N H*(R).
For each m € N, we denote U,, the m-dimensional subspaces spanned by the first m
vectors of (w;) jen. Let T > 0 be any fixed positive number. For each m € N, we are
looking fora0 < T;, < T and v, : By x [0, T;,,] = R such that

U (6, 1) = Y i (Dw; (X)),
i=1
and it satisfies the approximate problem
(PPupy (0, w)) + MG D) [ (T (0, T) + Bo(pPom (1), )]
+(8p2v, (1), w;) =0, (93)

m
Um(0) = vou = Y _ vhw; — vo in Hy (B1) N H*(B)), (94)
i=1

m
v, (0) = vy, = Y viw; — vy in Hy (). (95)
i=1
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where ' = %, 1<j<m, vf), v’i,i =1, ..., m, are known scalars, and

Amm:/ (1IV0nl? = (N = 2)(Vun, xpvm) + P10} x2) dx,
By

where 81 = (%)2 From Ordinary Differential Equations Theory (for instance, see
[13]), it is possible to prove that (93)—(95) has a local solution.
From (93) we have the following approximate equation

(™)) (D) W) + M Ay (1)) [(Vv, (1), Vw) + Bo(p*om (1), w)]
+(8p*vl, (1), w) =0, (96)

forall w € Uy,.

Estimate 1. Initially, it is necessary to observe that
1d $ ﬁomoﬁ/ 2 9
—— W, (1 dx dx <0, 97
2(Jltm()+4/p|v| g ), pmde s N

forall t < T,,, where

\l/m(z)sz P12 dV +M(xm(z))+i/ Pl v dx+—/ 2 dx. (98)
1

Indeed, taking in (96) w = v),, we have

ld 2172 1 d 2 2 2)

2ai J PNl dx MO 0) UB (1v0al? + pop™vy,) dx

+5 f P2, dx =0. (99)
B

We observe that (99) is similar to (48) with v replaced by v,,. Moreover, (97) is
similar to (47). Therefore, to prove that (97) holds, it is enough to follow the steps of
the proof of Lemma 3.

On the other hand, observing (64), we have,

1 _ §2
v, (1) > —/ PRl P dV + M (0 (1)) + —/ pPv2 dx. (100)
2 B 8 B
Thus, integrating (97) from O to ¢ and observing (100), we have

1 _ §2
—/ PHULIP AV + M (o (1) + —f PPl dx < W, (0). (101)
2 B 8 B

Therefore,

/ PH P dV +M(xm(r))+/ p?v2 dx < Ly, (102)
By

By
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Vv (0)
min{%,% ’
enough to extend the approximate solution to whole r > 0. This gives us that (102)
holds with T;,, replaced by T < oo. Thus, we have that

forall t € [0, T};,), where L = which is the Estimate 1. This estimate is

(pUm)men  is bounded in L>(0, T; L*(By))
and
(P, )men  is bounded in L>(0, T'; L*(By)).

Estimate 2. From (102) we can estimate || Vv, (t)]|2. Indeed, we observe that

VimP dx = dn@)+ [ (=D, xpun) = i P d

B By
MO (2 1
MOn@) 19 2 dx + 38 / P2 dx. (103)
mo B By
From (102) and (103), we infer

1
f Vo |>dx <2 (— + 3,31> Ly :=Lo, (104)

B mg

forall + € [0, T']. Therefore,
(Um)men  is bounded in L>(0, T'; Hj (By)).

Estimate 3. Multiplying (96) by m, differentiating the resultant equation with
respect to ¢, and taking w = v;,, we have

1d pzlvl/oﬂz 72 2072
—— —"—dx + Vv | dx+ﬂ/ v |
2 d1 [ 8, MG (1)) P 0y, 7 10m
v [Pl
B, M (1)
_1 [ PRI M Gon )2, @)
2 /g, M2 (o (1))
2.7 //M/)» t )»/ ¢
+5/ P o tn B O)2y @) (105)
B, M2 (o (1))

Using Holder’s inequality and Lemma 1, we have
] = | / (2490m, Vuj,) = (V = 2)((xpun, Vo)
B

+(xpv,,, Vom)) + Bi |x|2p2vmv;,,) dx‘

1 1
2 : 72 2
< Cy |V |? dx Vo [2dx |, (106)
B B
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where
C7=2+2Cy(n—2)+Cyp.

From this and using Estimate 2, we obtain

A, (D] < C7y/La (/ |V, |2 dx)2 ) (107)
B

Similarly to (68), it is possible to verify that

1
82my %
0< 1) <| —— , 108

for all t € [0, T']. Thus, observing (108) and the definition of M in (36), we obtain

1 / PRI M Gon () @)
2 Jp, M2 (o (1))
1
M.C L 3 21,012
< MiGVLa ( |w;n|2dx> Plol” (109)
2my By B M (A (1))
and
5 / P2V O M G ()2, ()
By M2 (hn (1))
5/ 202 25L,M{C3 /2 P2l l?
<- WP de+ ——L"7 | Vo Pdx | —— dx. (110)
8 /g U my e g MO @)
Substituting (109) and (110) into (105), we infer
1d p2|vt,1/1|2 /72 20712
—— —— dx + Vv | dx—i—ﬂo/ pelv, |
2dt [ B MO (1)) P B
s Pl ?
B, M (A (1))
1
6/2/2 v\ [ PPl
<+4+- plv. |- dx + Cg |Vu, |~ dx ———dx
8 B " B " B M()‘m(t))
21212
P luy,|
+8C9/ IV, Pdx | =" dx, (111)
B B M (1))
where
Mi/L>C 2M?L,C?
Cg= IVE2260 and g = Z1T2T6 (112)
2my m(3)
Adding (97) with (111), we have
1d~ F) S b P2 |?
—— U, (1) + — d — — Ap(t —_m gx <0, (113
T m()+8f31p Uy, | x+(2 m()> 5. MO (D) x <0, (113)
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where
$7 P2, /2 20712
W, (1) =W, (t) + " dx + |Vv|dx+,30/p|v|dx
" " B MO (1)) s " B "

and

1
2
Am(t):Cg(/ |Vv,’n|2dx) +8Cy | |V, |? dx.
B By

We are going to prove that
8
Am(0) < 2. (114)

forallr € [0, T].
We have

~ L ~
Ap(t) < CgW, (1) + 8CoWy (1), (115)
for all t € [0, T]. Using (115) and the Assumption 3, we infer
1 ~ 8
Ay (0) < CgW,2(0) + 8CoW,, (0) < 3 (116)

We suppose that (114) does not hold. From (116) and the continuity of the function
t — A, (1), there exists t* > 0 such that

8
Ap (1) < r (117)
forall ¢ € [0, t*) and
N 8
Ay (2 )=§. (118)
Integrating (113) from O to * and observing (117), we have
U, (1) < 0, (0). (119)
The estimate (115), (119), and the Assumption 3 give us that
~1 ~ 8
Ap(t*) < C3¥,,(0) + 8Co W, (0) < 3’ (120)

which is a contradiction with (118). Thus, (114) holds.
Therefore, integrating (113) from O to t < T, and observing (114), we conclude
that

U, (1) < ¥, (0) < L, (121)
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for all ¢+ € [0, T'], which is the Estimate 3. Thus,
(v} )men s bounded in L>(0, T; Hy (B1))
and
(pV)men  is bounded in L>(0, T'; L*(By)).
The presence of singularities does not allow to estimate the norm of (v,;)nen in
L>(0, T; H}(Q) N H*(R)) as in RV case. Thus, the Estimates 1, 2, and 3 are not
enough to pass to the limit in approximate equation. To overcome this difficulty it is

necessary to make one more estimate.

Estimate 4. Multiplying (96) by m we obtain

(P2 (1), w) + (8p*up, (1), w)

2 —_
M Gon () + (Vo (1), Vw) + Bo(pPum (1), w) = 0. (122)

Let m and n be natural numbers such that m > n. Defining z,,, = v, — v, we have

2.1 S 2.7
(P (1), W) + 072 O W) (G0 1) Fw) + fo(pPam (1), w)

M (A (1))
_ MOn(0) = MO0 T, 5, o
T MO (0)M (1)) [P0 w) + @, 0, 0] (123)

Taking w = z),, we infer

1d Pz, 2 2. 12
—— — _dx + |Vz|dx+,30/p|z|dx
m[ B MO (1)) B B
217 12
4 Pz,
B ML (1))

M G (0))M0 (1) P2z 12
2M (1) Jp, M (1))
M (1)) — M(n (1))

2.1 ’ 2 ,
MG )M Gor (1) [(p U () Zm) + (O vm(t),zm)]. (124)

Observing the calculus of A}, (¢) in (107) and the Estimates 1, 2, and 3, we have

M Gon (1), (8)

<C, (125)
2M (A (1))

forall m € N and for all t € [0, T].
We also observe that
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An (1)
M O (1)) = MO (0))] = / M'(s) ds

A’)ﬂ(l)
< max (MO A ® — (). (126)
0=<s<2(L1+L>)

Observing the definition of 1, (#), we have
[Am (1) — An ()| < C[/ (IVom| + [Vuu)IVzp| dx
By

+B1 | (plxl|vm| + plxllval) plx||zm| dx
B

+N - 2>f V20 | Ll vm| dx + (N — 2)/ V0l plelizn] dx].
B B

From this, using the Holder inequality, Lemma 1, and the Estimates 1, 2, and 3, we
obtain

1

A (1) — An ()] < C( Ve dX>2 : 127

By

Combining (126) with (127), we infer

[M (A (1)) — M1, ()| < C ( |V Zm|? dx> © (128)

B

From (124), (125), (128), and using Holder inequality and Lemma 1, and the Esti-
mates 1, 2, and 3, we conclude

ld P2|Z;n|2 2 2 2
- — "M dx + [V Zm| dx+ﬂo/ |Zm |
2dt[ 5, Mo (1)) P Bl
21,7 12
4 Pz
B M(Ap (1))
21, 12
PNzl 2
56[ —mdx+f Vi |? dx
B M(Oun (1)) Bl' !
N(N =2 2| zml?
et U ] dx]. (129)
4 B M (% (1))

Using Lemma 1 and Gronwall’s inequality, we obtain
Ld [ PPlzp?
2dt [ Jp M(An (1))

EC(T)[ V2, (0)* dx + |Vzm(0)|2dx:|. (130)
B B

dx+/ |Vzm|2dx+,30/ p2|zm|2dx]
B B
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which is the Estimate 4. Therefore, (94), (95), and (130) give us that

(vm)men 1s a Cauchy sequence in CO([O, T1; HO1 (B1)),
(pvm)men 1s a Cauchy sequence in CO([O, TI; L2(Bl)),

and
(pv;n)meN is a Cauchy sequence in CO([O, T, Lz(Bl)).

Pass to the limit. Estimates 14 yield subsequences, that we still denote in the same
way, and a function v such that

. 0 1 ro X [ 1

vy — vin C([0, T; Hy(By)), v,, — v in L™(0,T; Hy(By)), (131)

pvm — pvin C°([0, T): L*(By). pvj, — pv'in C°([0, T1; L*(By)), (132)
n o * " 00 2

pv, — pv in L™(0,T; L (By)). (133)

From (131), (132), and observing the definition of A, (), we infer
Am () = A(-) in CO([0, T]). (134)
This convergence and the continuity of M allow us to conclude that
M (-)) — M(.(-)) in CO([0, T). (135)

The convergences (131)—(133), and (135) are enough to pass to the limit in the
approximate equation (96) and to conclude that v is a unique solution of (22)—(24).
O
Summarizing the results of Theorems 1 and 2, we have the following result:

Corollary 1. Assume that Assumptions 1, 2, and 3 are in place, then there exist a
solution v of (22)—(24) in the class (43) which decay exponentially.
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