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Averaging of nonlinear Schrodinger equations with time-oscillatory
coefficients
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Abstract. 1In this paper, the limit behavior of solutions for the nonlinear Schrodinger equation id;u +
y (wt)Au+ 0 (wt)|u|*u = 0 in RN (N =1, 2, 3) is studied. Here « is an H!- subcritical exponent and the
coefficients y, 6 are periodic functions. The coefficient y is further assumed to be one sign, bounded, and
bounded away from zero. We prove local and global well-posedness results in H 1 and that the solution i,
converges as |w| — oo to the solution of the limiting equation with the same initial condition. Furthermore,
we also prove that if the limiting solution is global and has a certain decay property, then u,, is also global
for |w| sufficiently large.

1. Introduction

The interest in nonlinear Schrodinger equations with variable coefficients is found in
alarge number of physical models and their descriptions, for example, see [5,10,12,13]
and the references therein. In the paper, we consider the nonlinear Schrédinger equation
with time periodic coefficients

ioju + y(wt)Au + 6(wt)|u|*u =0, )
u(0) = ¢,
inRN, N = 1,2, 3, where
O<a<oo N=1,2,
{0<oe <4 N =3, 2

o € Rand y, 6 are t—periodic functions for some v > 0. Moreover, we assume that
6 € C'(R) and the function y is one sign, bounded and bounded away from zero on
[0, T].

As usual, we consider the integral form via Duhamel’s formula:

t
u(t) = o042y +i/ TR (ws) u(s)|*uls) ds, ©)
0

iTo(t,s)A

where e is the unitary group determined by the associated linear Schrodinger

equation, i.e., when 6 = 0; see Sect. 2.1 for more details.
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It is well known that the Cauchy problem (1) when y = 1 and 6 € L*(R) is
well-posed in H 1 see [3] for the subcritical and [6] for the critical cases. The standard
techniques they used also give us the following fundamental result for our case.

Proposition 1. Givenanyg € H'(RV) and w € R, there exists a unique H'—solution
u of (3) defined on the maximal interval [0, Tmax) with 0 < Tax < 00. Moreover; the
following properties hold:
(i) u € C([0, Timax), H' ®R¥) ML (0, Tinax), W (RN)) for all admissible pair
(g,7).
(1) (Blow-up alternative) If Tmax < 00, then ||“(t)||H'(]RN) — oo ast P Thmax-
(iii) If o < 4/N, then the solution u is global, i.e., Tyax = 0°.

The main purpose is to study the behavior of solutions u,, for (1) as |w| — oo.
Since y and 6 are periodic, we expect it to be close to the solution of the limiting
equation

{i8IU+I()/)AU+I(«9)|U|°‘U=O @)
U(0) =,
or its equivalent integral form
t
Ut) ="M i f IR @)U (5)|*U (s) ds, (5)
0
where [ (y) and I (9) are averages of y and 6, respectively, i.e.,
1 (7 1 [T
I1(y) = —/ y(s)ds and I1(0) = —/ 0(s)ds. (6)
TJo TJo

The existence of the maximal solution U for the Cauchy problem (4) or (5) has been
extensively studied, e.g., [2]. So we investigate that our expectation is true on the
maximal interval in which solution U exists. In the following theorem, we state our
main consequences.

Theorem 1. Fix an initial value ¢ € H'(RN). Given @ € R, denote by u,, the
maximal solution of (3). Let U be the solution of (5) defined on the maximal interval
[0, Smax)-
(1) For each 0 < S < Smax, the solution u,, exists on [0, S| provided that || is
sufficiently large.
(1) uy converges to U in L*°((0, S), HY@®RMY)) as |w| — o0.

Remark 1. The averaging theorem of NLS has widely been studied considering vari-
ous forms of the time-dependent coefficients. In [1], the authors consider in the case
of 8 = 1 and the fast dispersion management y of the form y (¢/¢), where y is given
by 2—periodic and piecewise constant, a typical example being y = 1 on the interval
[0, 1) and y = —1 on the interval [1, 2). Moreover, they proved the scaling limit of
fast dispersion management and the convergence in H? to an effective model with
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averaged dispersion. In [5,13] an Eq. (1) with the strong dispersion management y
of the form ¢!y (¢/¢) and lumped amplification was studied in dimension N = 1,
which is closely related to a physical phenomenon. In contrast, the averaging theorem
for y = 1 were obtained by Cazenave and Scialom [3] .

If « > 4/N and Spax = 00, one may question whether u,, is also global for |w|
sufficiently large. The following theorem gives us an affirmative answer under the
condition that U has suitable decay as t — oo. Moreover, the convergence holds
globally in time.

Theorem 2. Assume (2) and further that @« > 4/N. Let r and a be defined by

2a(a +2)

r=a+2 and a = ———.
4 — (N -2

Fix an initial value ¢ € H'(RN). Given w € R, denote by u,, the maximal solution of
(3). Let U be the solution of (5) defined on the maximal interval [0, Smax). Suppose
that

Smax = 00 and U € L*((0, c0), L" (RV)). (7)

Thenu,, is global for || sufficiently large. Moreover, u,, converges to U in L°°((0, 00),
H'(RM)) as |w| — oo.

The existence of solutions satisfying (7) is guaranteed by the scattering theory
(the details can be referred in [2,7,11]). Thus by applying Theorem 2, we obtain the
following.

Corollary 1. Assume (2). Fix an initial value ¢ € H LRN), let U be the maximal
solution of (5). Given w € R, denote by u,, the maximal solution of (3). If one of the
following conditions is satisfied,
1) I(y)I®) <0anda > 4/N
(i) I1®) =0and o > 4/N
(iii) 1(y)1(0) > 0, a > 4/N and ||¢|l gs is sufficiently small, where s = (Na —
4)/2a € [0, 1),

then it follows that the solution u., of (3) is global for |w| sufficiently large. Moreover;
uy, converges to U in L°*°((0, 00), HY®RM)) as |w| — oo.

Note that in case 1(8) = O, i.e., linear equation, U(t) = e”()’)mgo. Using the
change of variables V (¢,x) = U(t/1(y), x), V solves
: 10)
io)V+AV 4+ —|VI"V =0 ®)
I(y)

with the initial value V (0) = ¢. The behavior of (8) is focusing or defocusing which
depend only the sign of 1(8)/1(y). Thus, we refer to defocusing equation when
I(y)I1(0) < 0, otherwise we refer to focusing equation.
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Notation. We use C > 0 to denote various constants. For 1 <r, q < 00, the norm of
mixed space L" (I, LY(RN)) is denoted by || - Il (1,L9)-

The paper is organized as follows: In Sect. 2, we establish some preliminaries and
lemmas and derive the well-posedness results. In Sect. 3, we give the proof of Theorem
1. Finally, the proof of Theorem 2 is devoted to Sect. 4.

2. Preliminaries and well-posedness results
2.1. The linear propagator

Before proving Proposition 1, we collect some properties for the propagator asso-
ciated with the linear Schrodinger equation

{ i0utin + ¥ (@t) Augin = 0, ©)

uiin(0) = f,

for all w € R, where the t—periodic function y satisfies our assumptions. Here and
below, we denote by

t 1 wt
Cy(t,s) = / y(wtdt = = / y () dt’ (10)
s w ws
for all s, € R. One can express the associated propagator e/l ®-04 that describes

the solution uji, (x, t) for (9) as

eiI‘w(t,O)Af(x) — e—i|§|zrw(1,0)eix-§f($) dé (11)

1
(27t)N/2 ‘/RN

for f € L2(RY), where f denotes the Fourier transform of f € L2(RN). We now
define the operator ¢/T« 92 py

PTot)A . LiTu(t0A ,=iTy(s,0)A

on L2(RN). Then, fixed s € R, it is a unitary operator on L>(R") also on H!(RV)
satisfying

Ly, (t,s)A _ iTy(t,s)A _
leToCDR 1o = [ fll2 and [T Fll g = (1 |

for every w € R. Moreover, fixed s € R, it follows from (11) that the mapping
t > e!To:9A £ is continuous for every f € L2(RN).
From our assumption of y, it follows that for any s, ¢ € R, there exists C > 0 such

that
t
/ y(r)drt
S

which allows us to obtain the following result.

> Clt — |,
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Lemma 1. Let w € R. There exists a constant C independent of w such that if s # t,
then

iTo(t,5)A
le' TR £ oo < m”f”y

forany f € L'(RN).

Proof. Using the explicit form of the solution operator for the free Schrodinger equa-
tion

. 1 2
00 = s [T F0vdy 120

we obtain that

: 1
iCy(t,s)A o < . 12
le Pl = G I (12)
Note that since y is one sign and bounded away from zero, we have
1 wt
Ty, s)| =|— / y@hdt'| > Clt —s|.
w s
This together with (12) completes the proof of Lemma 1. O

Observe that the usual Strichartz estimates hold for the semigroup e/T«-O2 To
this end, forany 1 < p < o0, let p’ be the Holder conjugate, thatis, 1/p+1/p’ =1,
and a pair of exponents (g, r) is said to be admissible if

> N 2<r<oo N=1,

—=E—— and 2<r<oo N=2,

q : 2<r<6 N=3.
Using Lemma 1, we can show the following standard Strichartz estimates with an
argument similar to that of, for example, [2] and [9]. So we omit the details of the
proof.
Lemma 2. (Strichartz’s estimates) Let (g, r) and (qo, ro) be admissible pairs. For
any w € R, the following properties hold:

() Forevery f € L*(RN), the map t +— T4 £ belongs to L4(R, L™ (RV)) N

C(R, L2(RNY). Furthermore, there exists a constant C independent of w such
that

||eirw("0)Af||Lq(R,L’) < C”f”L2

(ii) Let I be an interval of R. For every F € L% I, L' (RM)), the map
t > /eirw(””AF(-, )dt for tel,
1

belongsto L1(1, L"(RN)NC (I, L*(RN)). Furthermore, there exists a constant
C independent of w such that

‘ /eir“("”AF(-, 7)dr

1

<C|F|
La(I,L")

L9 (1,L"6) ’
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2.2. Well-posedness results

This subsection concentrates on proving the existence and uniqueness of solutions
for (1), i.e., Proposition 1. For any w € R, we consider the integral equation

t
Uy(t) = e’r“’(”o)A(p + / e TG (w5) g (5)|“ttg (s) ds. (13)
0

Recall thatd € C'(R) and ', (¢, s) is given by (10). For this subsection, we only need
to assume 6 € L°°(R) which is slightly more general that (3).

We start with the local well-posedness of (13). Based on Strichartz’s estimate men-
tioned in (2), the well-posedness results are quite standard, see, for example, [2,8]. In
fact, the proof of in the case y = 1 can be found in [3]. For brevity we only state the
results without detailed proofs.

Proposition 2. Assume (2).

(1) Given A, M > 0, there exists T = T(A, M) > O such that if ||0||L~ < A and if
¢ € H'(RV) satisfying lellg1 < M, then for any w € R, there exists a unique
local solution u,, € C([0, T1, H'(RN)) of (13). In addition,

luwllLao,1),wiry < 2Cl@ll

for all admissible pair (g, r).

(i1) Assume furtherthata < 4/N. Given A, M' > 0, there exists T' = T' (A, M') >
0 such that if ||0||L~ < A and if ¢ € L*(RV) satisfying lellz2 < M, then for
any w € R, there exists a unique local solution u, € C([0, T'], L2(RN)) of
(13).

Remark 2. (i) Fix an initial value ¢ € H'(RM). Given @ € R, the solution
uy, of (13) obtained in Proposition 2 can be extended to a maximal interval

[0, Thax (w)). Moreover, we have the blowup alternative holds: If i« (@) < o0,
then

lim  ue (@) g1 = co.
1= Timax (@)
(i) Arguing as in the case of constant coefficients, one can show that the mass is
conserved, that is,

w2 = ll@llL2

for all 0 < r < Thax(w). However, in our case, the energy is neither conserved
nor decreasing.

(iii) Supposew < 4/N.From Proposition 2 (ii), we know that the local existence time
T’ depends on the L? norm of the initial value. It follows from the conservation
of mass that the L?—solution u,, is globally defined for each w € R.
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Proof of Proposition 1. The existence and uniqueness of the local H ' —solution of (13)
follow from Proposition 2 (i). The maximal existence time and the blowup alternative
are a consequence of Remark 2 (i), moreover u is in L?OC((O, Tmax), WH (RN)) for
all admissible pair. If « < 4/N, then we can establish H! regularity of the global L~
solution, see Theorem 5.2.2 in [2] for details. Thus, we obtainu € C ([0, co), H!(RV)).

O

We have the following results, which are the same as [3, Proposition 2.3] and [3,
Corollary 2.4]. For proofs, the reader can consult, for example, [3, Proposition 2.3 and
Corollary 2.4] and [4, Propositions 2.3 and 2.4].

Proposition 3. Assume (2) and suppose further that o« > 4/N. Let r,q, and a be
defined by

q_4(a+2) . 2a(@+2)

r=o-+2, , a= .
Na 4 — (N —-2)x

(14
Given any A > 0, there exists ¢ = £(A) and A such that forany w € R, if |01~ < A
and if p € H'(RN) satisfies

Ty (. 0)A
e G020 Lag0,00),1r) < &

then the corresponding solution u,, of (13) is global and satisfies

ily,(-,00A

luwllLa(0,00),L7) < 2lle @llLa((0,00),L7)

and
4ol La(0,00), wiry T 4wl Lo0,00), 51y < All@l g1
Conversely, if the solution u,, of (13) is global and satisfies
ol La0,00),L7) = €,
then

iTy(-,0)A

lle ©llLa0,00),L7) = 2lluwllLa(0,00),L7)-

Corollary 2. Assume (2) and o > 4/N. Let r, q, and a be defined by (14). Let A > 0
and consider ¢ = £(A) and A as in Proposition 3. Given ¢ € H'(RN) and ||0 ||y~ <
A, let uy be the corresponding solution of (13) defined on the maximal interval
[0, Trnax)- If there exists 0 < T < Tmax Such that

iT(0,)A
e @20, (T) | La(0.00).L7) < &
then the solution u,, is global, i.e., Tmax = 00. Moreover,

luwllLe(r.00).Lry <26 and Nuwll pa(r.00),wiry < All@ll g
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3. Proof of Theorem 1

The following lemmas below play a key role in our proof of the convergence result
stated in Theorem 1. Similar results are considered also in [1,3].

Lemma 3. If g € L'((0, L), H'(RN)) for some 0 < L < 00, then
fo B(ws)e T g(s) ds T 1® /O 9 ds (15)
in L°°((0, L), HY(RM)).
Proof. Set
Y(t) =6(t) —1(8) and W(r) = /0; w(t')dt'.

Since 6 is t—periodic, ¥ is also t—periodic, therefore, ||W| L~ < o0. Using

Minkowski’s inequality and the fact that the operator ¢!l'«(-)4

that

is unitary, it follows

H/ w(ws)eirw("‘ymf(s) ds
0

< Cl¥llzellglioio.n), a1
L>®((0,L),H")

forevery g € L'((0, L), H'(R")). Therefore, by density, we only need to prove (15)
forg € Ccl. (0, L), S(RM)). Since %\D(a)s) = wi (ws), an integration by parts shows
that

t
/0 Y (ws)e'TotD8g(s) ds = é\v(wng(t)

t
— l/ ‘I/(wS)eiF‘”(t’s)A[gr(S) — iy(wS)Ag(S)] ds
0

w

Since y is bounded, we see that

Hé / W (ws)eTot-9)A [gz(s) - iV(wS)Ag(S)] ds

Lo°((0,L),H")

ﬁ”"IJHLOOHgt(S) — iy (ws)Ag) 1 0,0), 1Y)

C
ﬁ”lp”LOO(”gt”L]((O L.y 1Al L.y 1)

where the constant C is independent of w. This yields

‘/() w(a)s)eir“’("smg(s) ds

L((0,L),H")

o] 1€(0,L)

Letting |w| — oo, we obtain the desired convergence, which completes the proof of
Lemma 3. 0

C
< —|IWllLe ( sup g gt + 118 L1¢o,1),m1) + ||Ag||Ll((o,L),H1)) .
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Lemmad. If f € H'(RY) for some 0 < L < oo, then for a fixed s € [0, L), we
have

sup (eiI‘w(t,s)A _ eiI(y)(t—s)A) f“

te(0,L) (16)

—
H! |w|—o00

Proof. Since y is t—periodic, we can decompose ', as
1 wt
Lot s) =1(y)(t —s) + ;/ v dr'

s

for every s,t € R, where /(y) € R — {0} denotes the average defined by (6) and yy
is a T—periodic function with mean zero. Denote by

wt
Do(t,s) = / yo(thdr',

ws
t
/ yo(t') dt’
S

we obtain that 9, € L%°(R2) uniformly. Hence, using Plancherel’s identity and
Minkowski’s inequality, we have

since

<tM—1(y))

sup ’ (eiI‘w(t,s)A _eil(y)(t—s)A> fH2
1€(0,L) H!
. . 2 .1 2 2
= sup / (14 [g ) [/ PP @ uttel 1)) Fig) 2 d
te(0,L) JRN
~ 1 2 2
< [ A+IEPIFOR sup [eraret —af e
RN 1€(0,L)

for a fixed s € [0, L). Thus (16) follows from the Lebesgue dominated convergence
theorem. Il

Lemmas. Ifg € L', L), HI(RN))forsomeO < L < o0, then

t
/ (ell“w(t,s)A _ ell(y)(t—s)A>g(s) ds
0

Proof. Since g(s) € H'(RY), it follows from Lemma 4 that

— 0.

sup
H! |w|— o0

te(0,L)

ho(s) := sup H (eil"w(t,x)A _ el(y)(t—s)A)g(s)H .0
te(0,L) H! |w|—o0

Using Minkowski’s inequality, we get

t
/ (ell"w(t,s)A _ etl(y)(t—s)A)g(s) ds
0

sup
te(0,L)

L
5[ hy(s)ds — 0
H! 0

|w]— 00
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because the Lebegsue dominated convergence theorem with the fact that
ho < ClgO)llyr € L0, L).

Recall the following Gronwall-type estimate whose proof can be found in [3, Lemma
A.1] O

Lemma 6. Assume that0 < T <00, 1 < p <qg <oo,and A,B > 0.If f €
L1(0, T) satisfies

I fllLao,n <A+ Bl fllLro,n
forall0 <t < T, then there exists a constant K = K (B, p, q, T) such that
I fllzao,1) < AK.

For the proof of Theorem 1, we introduce the special admissible pairs (g, r) such
that

2N(x +4) .
g=a+4, r=——"— if N=1,2
I T a7
_ ¢ ¢ if N=3.

2 "T 3@+4 -8

Then since @« < g and N < r, it follows from the Sobolev embedding theorem that
L0, L), W ®Y)) < LI((0, L), L R")). (18)

Key for our proof of Theorem 1 is the following lemma.

Lemma 7. Assume (2). Fix an initial value ¢ € H'(RN), and given w € R, denote
by u,, the maximal solution of (3). Let U be the maximal solution of (5) defined on
the interval [0, Smax). For 0 < L < Smax, we assume that u,, exists on [0, L] for |w|
sufficiently large and

lim sup ||uw||LOO((O’L)’H1) < 00 (19)
|w|— o0

and

limsup [[uwllpa(0,1),wiry < 00
|w]—00

where (q, r) is given by (17). Then it follows that

Uy — Ull; — 0
e = Ulle o).ty S50,

Proof. From (3) and (5), we have

U (1) — U(t) = (efrwﬂ’om - e”(”)’A)<p + i(Il (1) +To(r) + I3(t)>, (20)
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where

t
Ti(t) = / efmf*”Ae(ws)<|uw(s>|“uw(s>— |U(s)|°’U(s>) ds,
0
t
() = / eiTolt:)a (e(ws) — 1(9)) \U(s)|*U (s) ds,
0

t . .
Tx(t) = f (e'FvaS)A — e’I(y)(’_s)A>1(9)|U(s)|°‘U(s) ds.
0
For the first term on the right hand side of (20), it follows from Lemma 4 that

sup H (eiI‘w(t,O)A _ ei](y)tA) (pH

21
te(0,L) @h

H! |w|—o00

Observe that |U|*U € L0, L), HY(RY)). Indeed, using Holder’s inequality and
(18), we see that

L L
/ U@ U )1 ds < / N1U N7 U ()| g1 ds
0 0
o
= ”U”Lq((O’L)’LOO)”U”L?%((O,L),Hl)
< C”U”iq((o’L)’Wl.r)”U”LOO((O,L),HI)'
Thus Lemmas 3 and 5 imply that

1Z2l oo 0,2y, 51y + 123l Lo 0, 1), HY) o 0. (22)

w|— 00

We now estimate Z; to show L L?>—convergence. Denote the nonlinearity by g (1) =
|u|*u for simplicity. Recall that for all u, v € C, it holds

lg@) — g)| < C (lul* +v|*) |u — v].

Applying the Holder inequality in both space and time together with the Sobolev
embedding (18), we see that

g o) = WLt (0.1).L2)

<C (”Mw”(zq(((),t),Loc) + ”U”(zq((o,t),Lm)) e — U”Lq%a((o,z),ﬁ)

o o _
f C (”uﬁ"”L‘I((O,t),le’) + ”U”Lq((o’t)’wl,r)) ”ua) U”Lq%"((o,l),Lz)

for all 0 < ¢t < L. With this we can estimate 71, using Strichartz’s estimate, via

IZ1 1l oo 0,0),22) = Cllgww) — 8NN L1 ((0,0),2)

S C(”uw”iq((o’t)’wl.r) + ”U”(zq(((),t))wl,r))”uw (23)

—Ull, o )
L4 ((0,1),L%)
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for all 0 < ¢ < L. From (21), (23), and (22) there exists a &, > 0 and a constant
C > 0 independent of w such that we have

luw — Ullpeo0.0).02) < €0 + Cllutw — U||

=% ((0,1),L?)
forall 0 < ¢t < L, which implies from Lemma 6 that

luw = Ullpeo,1),02) < Céw |w|j>m 0. (24)

We next prove convergence in L*°((0, L), H L(RM)). For this, we use an argument of
Kato [8]. Observe that by (20)

Vi (t) — VU (1) = <e"Fw(fv°>A —~ e"’(”’A)w +i (vL (t) + VI (1) + VI3(Z‘)>.

Here VZ(t) can be rewritten as

VIi(t) = J1(t) + T (1),

where

Ji(t) = f TR0 (ws) g (4 (5)) - (Duw(w —~ DU(s)) ds
0

t
Jh(t) = / e"Fw“’”Ae(ws)(g/(uw(s»—g’<U(s>))~DU(s>ds,
0
with

Vu

a+2 o
==u Vu
g (u) = <g|zi|°‘|_2|u2) and Du = < )
2

Since |g'(uy)| < Cluy|%, using Strichartz’s estimate, Holder’s inequality in time and
(18), we obtain

1Tl oo 0,0y, 02) = Cllg'(uy) - (Du, — DU) 21 (0.0).22)

= C”uw”Lq((O L), wl ) ”Vua) - VU”
< C||Vugy, — VU] _a_
Lq ¥ ((0.L).L2)
Again, applying Strichartz’s estimate and Holder’s inequality, we see that

((O L), LZ (25)

172l o 0,0),2) < CIICE () = &' (W) - DU Lt 0.1 pias2

< CIVU o1y, Lo 18 () — ' (U)]

L7 (0.0.LF
where (p, @ + 2) is an admissible pair, i.e., p = 4(¢ +2)/Na
If we assume

/ /
I8 @0) = 8Ol ) 182 0,

) loloo (26)
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we can obtain

1721l Lo (0.1),22) o 0, @n

w|—00
which, by (21), (22), (25), and (27), and virtue of Lemma 6, implies that

IVuw = VUl L= (0,0).2) , — 0.

|w|— o0

Hence to completes the proof, it suffices to show (26). It follows from (19) and (24)
that u,, — U in C([0, L], H*(R"V)) as |w| — oo forall 0 < s < 1. Choosing s < 1
sufficiently close to 1 so that H*(RY) — L**t2(RV), we deduce that u,, — U in
C([0, L], L¥t2(RY)). From the well-known fact

Clu —v|* if 0<a<l1

’ o
g —g W)l = {C(|u|°‘_l Y — o] if @ > 1,

we obtain the mapping u > g’(u) is continuous L*T2(RN) — L@+2/¢(RN) which
yields (26). This completes the proof of Lemma 7. U
Now, we are ready to complete the proof of Theorem 1.

Proof of Theorem 1. From Lemma 7, we only show that the conditions of Lemma 7
hold under the assumptions of Theorem 1. Fix 0 < § < Spax and set

M =2 sup [U® .

0<t<S

It follows from Proposition 2 that for [|¢|| ;1 < M there exists T = T(A, M) > 0,
where A = ||0|| Lo, such that u,, exists on [0, T'] for all € R, moreover,

sup l[uwll L o,1y,11) = Cll@llg
weR

and

sup luwllLa .1y, wiry < Cll@ll g
weR

where (g, r) is given by (17). Next, let 0 < L < § be such that u,, exists on [0, L] for
|w| sufficiently large,

limsup [luwll oo 0,2, 51) < 00 (28)
|w|— o0

and
lim sup [l pa(o,1).wry < 00 (29)
|w|— o0

Note that L = T is always a possible choice. Then by Lemma 7, we have that

w, — Ul oo — 0
e = Ulle oyt 270
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and, since u, — U € C([0, L], H'(RY)), it follows that

luw(L) = U(L) || g1 e 0.

Hence ||u,(L)||z1 < M for |w| sufficiently large. Applying Proposition 2 to (3)
translated by L, we deduce that for |w| sufficiently large, u,, exists on [0, L + T,
moreover, applying (28) and (29) yields

hm sup ||uw||L°°((0,L+T),H1) < 00,
|w]— 00

and

lim sup ||MCU||L‘1((0,L+T),W1'r) < Q.
|w|— 00

This means that the estimates (28) and (29) hold with L replaced by L + T, provided
L + T < S. Iterating this argument, we see that the estimates (28) and (29) hold L
replaced by S, which proves Theorem 1. 0

4. Proof of Theorem 2

We give the proof of Theorem 2 at the end of this section after some lemmas.
Lemma 8. Assume (2)anda > 4/N. Let r and a be defined by (14). Then there exists
a constant C > 0 such that

Na—4 4—(N=2)a

e CO8 £l a1y < CIVFNZ N1Fl

forall f € H'(RV).

Proof. Using the Strichartz estimates in Lemma 2, the proof is virtually identical to
the proof of [3, Lemma 3.2]. O

Lemma 9. Assume (2) anda > 4/N. Let r and a be defined by (14). If f € H'(RN),
then we have

H (eil“w(~,0)A _ eil(y)~A) f‘

— (30)
L((0,00),L") |w|—>00
Proof. In the following, we denote the operator by A(z) := /T«-0A _ olIIA for
simplicity. First, we consider the case « > 4/N. Then we have a > g, where g is
given by (14). The Holder inequality yields

(oc+2)(Noc 4) 8— 2(N Do

A )f”L“((O o), L") = IAC )f”Loo((O 00), Lr)”A( )f||Lq((0 00),L7)"
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Since (g, r) is an admissible pair, we use the triangle inequality and the Strichartz
estimate to see that there exists a constant C > 0, independent of w, such that

14O a0ty < € (1602 FllLaqo.oonen + 167 Fllaoc0,en) )
= Clfllga- 3D
From Gagliardo—Nirenberg’s inequality, we also obtain

4—(N=2)a

IA@Ofllr = CIIV(A(t)f)||2(‘”+2> IA@ £, 2

4—(N-2)a

= ClAW I (ne”w“’omfuLH||e”<V”Af||L) G

4—(N-2)a

<Clfl " IIA(t)fllz‘“”),

iTo(t,0)A iT(y)tA

where we used the fact that e and e are unitary operators in L2(RV).

Collecting (31) and (32), if follows that

4—(N-2)« NDl4

A fllzaqoco.ry < CIFLL * NAO LI o ooy sty

Applying Lemma 4 to the second factor of the right-hand side above, we conclude
(30).

Next, in the case of « = 4/N, since (a,r) = (¢ + 2, o + 2) is an admissible pair,
it follows from Strichartz’s estimate that

IAC) £l La(o.00).2r) < C (IIeir"’("O)AfIILa((o,oo),Lr) + lle”(ymf||La<(0,oo),L*>)
<Clfli2-

Given any ¢ > 0, therefore, we can choose 0 < T = T(s) < 00 such that

1AC /o ooriry < 5 (33)
for every w € R. Note from the embedding H LRN) < L"(RN) that
||A(')f||La((0j),Lr) = ||A(')f||Lu((0,T),H1) = T\ ||A(')f||L°0((O,T),H1)-
Thus, applying Lemma 4 together with (33), we have
IAC) fllLa0,00),r) < € (34)

for |w| sufficiently large, which finishes the proof of Lemma 9. 0
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Now we are ready to give

Proof of Theorem 2. By Theorem 1, we know that the existence time S of u,, goes to
infinity as |w| — oo and that

o — Ul oo — 0
e = Ull oo (0,5, 11 o] 00

for all § < oco. In particular,

() = US) 1 == 0. (35)

To prove the global existence of u, for |w| sufficiently large, let ¢ > 0 such that
e < ¢(A), where A = ||0] L~ and &(A) is defined in Proposition 3. Since U €
L4((0, 00), L"(RY)), we can choose S sufficiently large so that

&
MUl La(s,00),L7) < 2

Moreover, it follows from Proposition 3 with ', (¢, 0) replaced by 7 (y)t, see also [3,
Proposition 2.4] or [4], that

(36)

W[ ™

e AU S) 1 La0.000,27) < 20U llLa(cs.00,17) <
Notice that
e CO%u,(8) | La0.00.Lr) = e P2 (1 () = US| La(0.000.L)
+ (e"rw("om - e”(y)'A> US)lLe(.000.L7)
+ 11T AU ()| La(0.000.L7)-

By Lemma 8 and (35), we infer

€T COR (1, () — U(S)) | La((0.00).r) < Cllte(S) — US| 1 < (37)

W] ™

Combining (36), (37), and Lemma 9, we conclude
e PR, ()l o (0,00),L7) < &
for |w| sufficiently large. By virtue of Corollary 2, we see that u,, is global and that
luwllLe(s,o00),Lry < 26
and
luwllLa(s,00), wiry + ol Lo (5,00, 1) = At (S]] g1 (38)
provided |w| is sufficiently large. In the same way, we also obtain

Ul La(S,00),L7) < 2€
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and
1U N La((s,00),wiry + I1U N oo ((s,00), 1) = ANU S 1. (39)
Hence there exits a constant M such that for L sufficiently large,

sup sup |lug ()| g1 +sup |U@)||g1 < M < oo. (40)

w>L t=0 =0
We now prove u,, — U in L*®((0, 00), H'(R"Y)) as |w| — o0o. Observe that
ltw = Ul 0,000,851 = 1o = UllLeo,5).m1) + o = UllLo(s.00). 11
where S > 0 to be chosen later. Theorem 1 implies that

wo — Ul s — 0.
e = Ull oo 0,9, 11 o] 00

We claim that for every n > 0, there exists S > 0 such that
luw — Ullpoo((s,00), 1) =1 41)
for |w| sufficiently large. To prove this, note that

(S +1) = US +1) = T CO%u, (§) = U(8)) 4 (¢ "% — IRy (5)
+ia(t) = b)),

where
t N
a(t) == / TG (w(S + 5)) ey (S + 8)|%uep(S + 5) ds
0
and
t .
b(t) :=/ UML) U(S + 5)|*U (S + 5) ds.
0

Using Strichartz’s estimate and Holder’s inequality in time, there exists a constant
C > 0, independent of S, such that

”a”LOO((O,oo),Hl) <C| |Mw|a“w”Lq’((5,oo)’W1.r’)
= C”uw”%a((s,oo))u)||uw||Lq((5,oo),W1,r),
and similarly,
161 (0,000, 11) < CNU Ul 1 5,000, w1
= C”U”OLta((s,oo),Lr)||U||Lq((s,oo),wl»r)-
Given now 7 > 0, we choose ¢ > 0 sufficiently small so that 2**1e*CM < /2. We

then fix S sufficiently large so that

£
MUl La(s,00),L7) < e
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Then it follows from (38), (39) and (40) that
Ui
lall oo (0,00), 1) + 181l Lo (0, 00), H1) = 20tlevom < >
for |w| sufficiently large. It follows from (35) and Lemma 4 that

sup [|e 70 (4, (S) — U(S) | 1 + sup |70 0D — IO 8y < 2
>0 >0 2

for |w| sufficiently large, which proves (41). This completes the proof of Theorem 2.
O
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