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The Cauchy problem for the generalized Ostrovsky equation
with negative dispersion

XIANGQIAN YAN AND WEI YAN

Abstract. This paper is devoted to studying the Cauchy problem for the generalized Ostrovsky equation
1
3 —1 k+1
ug = Boyu —yd; u+ g (u + )x=0,k25

with 8y < 0, y > 0. Firstly, we prove that the Cauchy problem for the generalized Ostrovsky equation is
locally well-posed in H*(R) (s > % — %) Then, we prove that the Cauchy problem for the generalized
Ostrovsky equation is locally well-posed in Xs(R) := || fllgs + H 3/7;1 (%) H . (s > % - %) .
Finally, we show that the solution to the Cauchy problem for generalized Ostrovsky equgfion converges to
the solution to the generalized KdV equation as the rotation parameter y tends to zero for data belonging to
Xs(R)(s > %). The main difficulty is that the phase function of Ostrovsky equation with negative dispersive

/353 + % possesses the zero singular point.

1. Introduction

In this paper, we consider the Cauchy problem for the generalized Ostrovsky equa-
tion

1
u,—ﬂafu+m(uk“)x—ya;1u=o,ﬁ <0,y >0, (1.1)

u(x,0) = ug(x). (1.2)

Here 3! is defined by

1 X o0
3 f) =7 e\ T rE) = 5 ( / Fdy — / f(y)dy) .

This equation was introduced by Levandosky and Liu in [28]. When & = 2, (1.1)
was Ostrovsky equation with negative dispersion, which was introduced by Ostrovsky
in [33] as a model for weakly nonlinear long waves, by taking into account of the
Coriolis force, to describe the propagation of surface waves in the ocean in a rotating
frame of reference [1,11,12]. The Ostrovsky equation with negative dispersion has
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been investigated by some authors [15-20,29,31,36]. In the absence of rotation (that
is, y = 0), it becomes the generalized Korteweg—de Vries equation, which has been
investigated by some authors [5-10,22,23]. Kenig et al. [23] established the small
data global theory of generalized Korteweg—de Vries equation in the critical Sobolev
space H% (R) with s; = % — % Farah and Pastor [7] presented an alternative proof
of the result of Kenig, Ponce and Vega [23].

To the best of our knowledge, the optimal regularity problem of the Cauchy problem
for (1.1) in inhomogeneous Sobolev spaces has not been investigated. In this paper, we
investigate the Cauchy problem for (1.1) in inhomogeneous Sobolev spaces. By using
the Fourier restriction norm method introduced in [2,3] and developed in [24-26],
firstly we establish three multilinear estimates. Then, by exploiting the multilinear
estimates and the fixed point theorem, we prove that the Cauchy problem for the

generalized Ostrovsky equation is locally well-posed in H*(R) (s > % — %) and in
XoR) = If e + |77 (ZL9)| (s> 5= 3). Finally, we show that the

solution to the Cauchy problem for generalized Ostrovsky equation converges to the
solution to the generalized KdV equation as the rotation parameter y tends to zero for
data belonging to X (R)(s > %).

We give some notations before presenting the main results. x4(x) = 1 if x € A,
otherwise x4 (x) = 0. a ~ b means that there exists two positive constants Cy, C
which may depend on B, y such that Cila| < |b| < Calal. a > b means that there
exists positive constzlmt C w?ich may depend on B, y such that |a| > C|b|. We define
7 2

A := max {1, % % , 10018, 100|y|} ,a = 241 where [A] denotes

the largest integer which is smaller than A. We define (-) = 1+ |- |. Let ¥ be a smooth
jump function, satisfying 0 < ¥ < 1, ¥ (t) = 1 for |t] < 1, suppy € [-2,2] and
Y (t) = 0 for |¢t| > 2. For § > 0 define ¥5(¢) = ¢(§)~

oy
7’B 3 3

o) = BE° + g o =1+6),

Fof &) = ~IXE £ (x)dx.

1
— e
N2 /R
1 .
T &) = E/}{e’xéf(x)dx,
1 L
FuE, 1) = 2—/ eIy (x, 1ydxdr,
T JR2
1 L
FluE =5 / EHIT (o yddr,
T JR2

1 .
DY — o lxéyx d ,
“uo —_Zn/Rm e uo(§)dg

) Foug(£)dE,

o —
Joug =

1
N /R@
U7 (g = J%? /R EHOE) Ty () dE
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DYU”F(tyug = L / | (&)1 5 71E) Fug(8)dE,

TEUTP (g = —= T / (@ €)™ 71E) Fug(€)d,

Ifllzrry = (/ (/ If(x,t)lqu>q dt) ,

Pyu = —— e Zou(€)dE,
N N2 Jigl<N
1 .
PNu = e Fou(E)d,
V2 Jig1=N
1A e, =17 e

HR) = {1 € 7" ®R) < I f sy = 16V Fx fll 2w, < 00 The space X, (R?)
is defined as follows:

X,p(R?) = {u e S R : |lullx,, = [/R (E)7(0) | Fulé, r>|2ds}2 < oo} :

Here, (0) = 1 + |t + ¢ (&)|. The space X(R) is defined X;(R) = {f € H*(R) :
Z1 (L) € B (R)) with the norm || £1|x,®) = || fll s + Hda (yf@))”m

The space )N(S,b is defined as follows

-1
lullg,, = lullx, , + 19 "ullx, ,-
The main result of this paper are as follows:

Theorem 1.1 (1.1). is locally well-posed for the initial data ug in H®(R) with s >
I—%k>=5andp <0,y >0.

Remark 1. Theorem 1.1 is obtained by combining the multilinear estimate proved
in Lemma 3.1, the linear estimate of Lemma 2.1, and a fixed point argument. Thus,
Lemma 3.1 plays the crucial role in establishing Theorem 1.1. The structure of (1.1)
is more complicated than that of the generalized KdV equation. More precisely, the
phase function of (1.1) B&3 + % possesses the zero singular point. For the generalized
KdV equation, the following two important facts are valid.

1
H Jeeti vt 0mnyam E8 = 5|7 Furr, 1) Fus (&, w)dérdn

12

£t
2
<c 1 |a+1-gn7u) (1.3)
j=1 Léjrj
and
|Pul iz = € |1+ 12 = &3P 7] (1.4)

(34
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where 0 < M < 1. For the proof of (1.3) and (1.4), we refer the readers to [14,24].
The two main ingredients in the proof of the multilinear estimate are as follows:

H y— Y SO ¢/<sz)|% Fuy (€1, 1)-Fur(€, 1)dé1dr

2
Lg,

2 b
<CI] (1+(rj+ﬂsj+§|) Fu; (15)
/=t j Ljr)
and
1Py (ull 2 < € HDX“(l + |7+ B8 +§ ) Fu| (1.6)
L

ET

forO0 < M <1,s; > %. For the proof of (1.5) and (1.6), we refer the readers to the

proof of Lemmas 2.2, 2.4, respectively.
For (1.5), only when

Y
36165

I+

1
¢i1.8,1)e:= {(Sufu&f)ew: 25}, (1.7

then we have

1
H Jeeti vt mmnyim §8 = 8|7 Fuir, 1) Fus(&, w)dérdn

Lgr
2 b
<C[] (1+}c,~ +ﬁ§}+§|) Fu; (1.8)
j=1 ! L.
J]
When
1,11, 1) € Q° = {(gl,rl,E,I)GR4: 1+ J/2 3 <l} (1.9)
3BETES 2
in most cases, we consider
4 1 4 1
1+—> =, |1+ —| < =
368287, | 2 3E%L, | 2

Moreover, the maximal function estimate (2.46) plays the important role in dealing
with (61,62, ..., &. &, 11, 72, ..., Tk, T) € Q5.

Remark 2. From [31], we know that when ug € H!(R), we cannot obtain the upper
bound of [[u|| 1 (gr); thus, we cannot obtain the global well-posedness of (1.1).

Remark 3. From [23] and [7], we know that s = % — % is the critical regularity index
in Sobolev spaces for (1.1) with y = 0, which is just the generalized KdV equation.
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Theorem 1.2 (1.1). is locally well-posed for the initial data ug in Xs(R) with s >
I—2k>5andp <0,y > 0.

Theorem 1.3. Let u” be the solution to (1.1) in X;(R) with s > %, k > 5 and
B < 0,y > 0. Then, u¥ converges in H*(R) with s > %, k > 5 to the solution to

generalized KdV equation as y — 0 and u tends to the initial data of the generalized
KdV in L>(R). More precisely,

CT sup [llullx,+lvlx, ]*
lu—vllpz < e reon

lluo — voll 2 + Cly [T sup ||”||X,j| .
1€[0,T]

(1.10)

Here, T is the time lifespan of the solution to (1.1) for data in X;(R) guaranteed by
Theorem 1.2 and u is the solution to (1.1)—(1.2) and v is the solution to the Cauchy
problem for the generalized KdV equation

1
3 k+1
v,—ﬁaxv+—k+1(v h, =0,
v(x, 0) = vo(x).

The rest of the paper is arranged as follows. In Sect. 2, we give some preliminaries.
In Sect. 3, we show some multilinear estimates. In Sect. 4, we prove Theorem 1.1. In
Sect. 5, we prove Theorem 1.2. In Sect. 6, we prove Theorem 1.3.

2. Preliminaries

Lemma 2.1. Let § € (0,1) and s € R and —% <b <0<b<b +1. Then, for
h € X p, we have

lv@urPh|y < Clihlus, 2.1
s.§+e

Hw <f) /l UYP(t — t)h(t)dt
§/) Jo

For the proof of Lemma 2.1, we refer the readers to [2,3, 14].

< s n)x 2.2)
Xx,b '

Lemma2.2. Letq > 8,0 <M < lands = § —

0 < e < 1073, Then, we have

1 1 — 1,4 €
5,51—4+6andb—2+24and

U7 P @uoll s, < Clluoll 2, 23)

lullpa < Cllullxy,, (2.4)
1

IDE Pulls, < Cllulixg, 2.5)

lullys < Cllullx,,. 2.6)
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I g3, = Clluly, ., < Clall,y . @7)

”DxPau”Liole S C”u”XO,bv (28)

IDY ¢ () Pyull2p < Cllullx,,, 2.9)
1-2

1Dy GPa“”LEL,z < Cllullxq, 12015 (2.10)
3—c

D" Plull & <Cllullx ;. - (2.11)

Ll+e 0,’Tb

xt

Proof. For (2.3), we refer the readers to Lemma 2.1 of [37]. By using the Sobolev
embeddings theorem and (2.3), we derive

[U7#@uolls, = € |23 DIUT P o] 1

—C / SixE—itd
R

<ciEt+ %P%uo

&1° Fcuo(§)dE

3+Z
BE £ s

xt

= ¢ |1g + aP* Fauo |,
L L

S C §4A‘u0

2 +C Iluolng < Clluoll gas - (2.12)
By changing variable T = A — ¢ (&), we derive

ulx,t) = — /RZ MEHIT Zy (&, T)dedT

2
_ L[ ierita-g@) Fu(E, A — ¢(£))dedn
2w Jr2

= i/ et (f e"xé—”‘ﬁ@)yu(g,)\—¢(s))dg) dr. (2.13)
27 Jr R

By using (2.12), (2.13) and Minkowski’s inequality, for b > % we derive

lullo <C f H ( / e”f—”q“@%(s,x—¢(€>)dé)
Xt R R

< C/R | FuE, k= $E)gos dA

dx
L

3 1
= C[/R(u DT uE, A — $EDI dx}z UR“*'“)_Z”MT

1

2
=C URU +1T+ @D NFuE, T4 dr} = lullx,,.  (2.14)
Thus, we obtain (2.4).

1
IDE U (1) Pugli s, < Clluoll 2 (2.15)
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can be seen in (2.3) of Lemma 2.1 of [15]. By using (2.15) and a proof similar to
(2.4), we obtain (2.5). By using (2.3) and a proof similar to (2.4), we obtain (2.6).
Interpolating (2.6) with

lull 2 < C llullx,, (2.16)
yields (2.7).
IIDxU””S(t)P“uolngchz = Clluollz2 (2.17)

can be seen in (2.1) of Lemma 2.1 of [15]. By using (2.17) and a proof similar to (2.4),
we obtain (2.8). From (31) of Lemma 3.4 of [31], for s; = }1 +€, 5 > %, 0<M<l,
we know that

”Uy’ﬂ(t)PMw(t)u()”L.%Lfo < C”DX_S1 PMM()”LZ + C||PMM()||HS2
< C|ID*" Pyuoll 2. (2.18)

By using (2.18) and a proof similar to (2.4), we obtain (2.9). Interpolating (2.8) with
(2.16) leads to (2.10). Interpolating (2.5) with (2.16) leads to (2.11).
We have completed the proof of Lemma 2.2.

Lemma 2.3. We assume that ¢ € C°(R) and x;(1 < i < n) are only simple zeros
of ¢ (x) which means ¢ (x;) = 0 and ¢'(x;) # 0. Then, we have

n

3(x — xi)
Spo] =Y 2.19)
Z;|¢um

where § is Dirac delta function.

Proof. For f € Co(R) as a test function for the distribution. Since f € Co(R) and
¢ € C*®°(R) and ¢'(x;) # 0, Ve > 0(< M), there exists §; > 0 such that when
|[x — x;| < 81, we have

[ f(x) — fx)] <e, (2.20)
[¢'(x) — @' (xi)| < €. (2.21)

From (2.21), we know that |¢'(x)| > |¢'(x;)| — € > W(%)‘ Thus, when x € (x; —
81, x; +81), we have

f@ _ foa)
P 9 )
<wﬂm—f@0
RS

_ 2 2elf@)
T leGol e P

| f@0)e () — f(xi)g (x)

B @' (x))¢' (x)

+mewﬁ—www
¢ (x)¢ (xi)

(2.22)
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We define
Xi+381
F; 2/ s S (x)8[d(x)]dx. (2.23)
xj—81
We claim
G (2.24)
| (xi)]
By a change of the variable u = ¢ (x), du = ¢’(x)dx. Then, by using (2.24) and
ff(gf’jg')) 8(u)du = 1, we have
fxi) ¢(xz'+51) /¢(Xi+51)
i i 8
Gl | ¢<xl A )|¢/( TR AL (”)w)( Dl
¢ (x;+81)
_ / VIS fGa) 5u)du
dxi—s) |9 (X) ()

2e 2e| f(xp)] /W*"]) [ 2e 2e|f(x,~)|}
S(u)du = . (2.25
= [|¢/<xi>| * |¢’(x,->|2} sy W= mey T ieeor |0 &P

Since € > 0 is arbitrary small, from (2.25), we know that (2.24) is valid. Using (2.24),
we have

oo " 5 f(x)
5 d = Fi = T N
N f(x)8[¢(x)]dx Z Zl |’ (xi)]

+o0 S(x — ]
. 2.26
/ f(")z[ 6] (2:20)

Thus, since f € Cyo(R), we obtain

DT80 — xi)
Slp(x)] = [/—} (2.27)
; ¢’ (x;)]

We have completed the proof of Lemma 2.3.

Remark 3. In page 184 of [11], Gel’fand and Shilov [11] presented the conclusion of
Lemma 2.3, however, they did not give the strict proof.

Lemma 2.4. Letb > % Then, we have

I3 (PR f e

, =ClAalzzlflz:. (2.28)

Xt

Here

F P (f1, f)(E) = /g . ¢/ &) — ¢ (&) Fx f1(EDFx fo(E2) dE). (2.29)
=51 +5
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. 1
In particular, for b > 3, we have

|

I%(MI,MZ)

2
2 =C T Tujlix, (2.30)
j=1

xt

Here

1

FI12(u1, uz) (&, T)=/ |¢'($1)—¢/($2)‘%
t=11+102,6=61+&
Fui&1, 1)) Fur(&, 1p)dérdr.

Proof. Following the idea of [13,14], we present the proof of Lemma 2.4. By using
the Plancherel identity with respect to the space variable and

/ oG EDTOE)I—- (1) -9 (1) g,
R

= Co(o(E1) + 9 (82) —d(m) — ¢ (m2)),

we derive

)I% (ez(ﬁa;}w;'y)fl’ez(ﬁaﬁ+a;'y)f2>

:c/
R2

:C/ f / i1 @EDFHE)— (1)~ ()
R2 JE=£1+& JE=n14+m

2

2

5

2

/E » 16/ — ¢/ (€2)]F e T OEHED Z £ (£)) ., fo(E)dk | drde
=61+&

1

(l'GD —¢' )| 8" ) — ¢’ (12)])?

1

=c// / S(BED + B (E) — (1) — (1)
R JE=E1+E JE=n1+m2

2
(I¢'ED — ¢' @) |¢' ) — &' )|)? [ [ 2 £i ) Fc fi (i) dErdmidg. (2.31)

i=1

I [i(E)Fx fi(ni)dérdmdEde
1

n
From Lemma 2.3, we have §[g(x)] = > ﬁf;f&x)“) , where
i=1 !
__vs v
xE—x) &G —-&)
and Lemma 2.3 is going to be applied with the variable x = ;. Since g”" # 0, then g
has only two simple zeros, x; = &) and xp = & — &;.

Hence, g'(x1) = ¢'(5&2) — ¢/(§1) and g'(x2) = ¢'(§1) — ¢'(£2). Thus, (2.31) can be
rewritten as

1
C _ -
/R/E=$1+Ez L::’il'i-nz |/ (&) — ¢ (&D)] (m — &)

(2.32)

g(x) = 3EB(x? — &7 +E(5) — X))
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| 2
(I¢'ED — &' @] |¢' ) — ' )|)? ] o fi ) F fi i) dErd 1 dE

i=1

1
¢ — 6 — (£ —
’ fRfs=sl+sz/s=m+n2 P& —gEn T ETE

2
(¢ €D — &' @] [¢/n) = ¢')|)? [ Fo £ 60 T fi )6
i=1

_ c/R[ 1‘[|fxfl(s,)|2dslds

E=&1+6 ;.

+C f /g . E%ﬁ(&)%ﬁﬁ(&)%aga;
1+

2
<cC (]‘[ 1172 + ||fo1fxfz||y) < CH 13172 (233)

i=1 i=1

We define Fv;;(§) = FujE, A —¢())(j =1,2), and
Tl (uy, u2) (€, 1) = Jeeer 1, |9/ — ¢’(€2)’% Fruy (§1, 1) Fruz (62, 1)dE;.
(2.34)
Thus, by using (2.34), we have
12 (uy, u2)(x, 1) = /2 12U B(tyv1s,, 207 (£)v23,) (x, £)dArdAs.
: (2.35)
By using a direct computation, we have
F 1@ v, o) | € 1) = F [ i) | 6.7 = 21 = 22). 236)

By using the Minkowski’s inequality, the Plancherel identity, (2.28), (2.35) and (2.36),
we have

|

dridiy

1
Pw) sc/ |
Ly, R2

sc/Rz}

<c / 11, L2 oo, 2 dordia
Rz X X

1 . .
1MUY vy, 20T (o) |
Xt

diridiy

1
12U (0o UT P (va)|
xt

< C/ | Fxvia, IILng/ IIfxvzlelLégd?»z
R

2
<c1‘[H Vo Tui(E 0 — bE)) g <c[Tluily,,-
Aj j=1

We have completed the proof of Lemma 2.4.
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Lemma 2.5. We assume that b > %, 0<s< % Then, we have

2
|7 @]z, = € [T s, 2, (2.37)
j=1

Lemma 2.5 can be proved similarly to Corollary 3.2 of [13] and Lemma 2.2 of [30]
with the aid of Lemma 2.4.

Lemma 2.6. Let ¢;(j = 1,2) € C®(R) and suppg> C (a,b). If ¢{(§) # 0 for all
& € la, b), then

b
/ 91O g, (£)dE

for all k > 0, where the constant C depends on ¢y, ¢ and k.

<
Ak

Lemma 2.6 can be seen in [35].

Lemma 2.7. Let ¢4(£) € C®°(R) and ¢p3(£) € C3(R) and suppp3 (&) C (a, b) and
‘¢§3) & )‘ > 1 uniformly with respect to &. Then, we have

b ’
(|¢4(b)| + / |¢4(§)Id$> .

b
/ MO pa(€)de

a

=<

A3
Lemma 2.7 can be seen in [35].

Lemma 2.8. Let
K(x,1) = / e HPETIXE 4N (1EDE.
R

Here, N € 22, N > a. For y >, we obtain

y—2

Kl 3 =CN 7. (2.38)
X t

Proof. We define

1
Q= ,H)eRXxR:|x| <—¢,
1 (x, 1) X |X|_N}

1
Q:=1(x,1)eRxR:|x| > ~ K= 4OOOaN21} ,

1
Q= {(,1) eRxR:|x| > - |x| < 4OOOaN2t}.

Obviously, Ry x R; = Ui’:l Q;. We define Q,; := {r € R|(x, 1) € ©;} for a fixed

g

x € R. Without loss of generality, we assume that N < £ < 4N. Assume that n = o

then we have

4 )

N33 vt

K(X,Z)ZN/ e iN°n’t N'7+lXNndn.
1
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By using a direct computation and from the definition €2,1, we have
2
AL :
/ sup |K(x,t)|| dx <CN / dx| <CN 7. (2.39)
<y [reQu <%

By using a direct computation, we have —it¢ (£) +ixé = —ifN3n’t — %—}—ian =
ixN (BT er) = ixN¢s(n), where s () = n— X0

yt

3BN>tn? yt
N2x

1BN?
N2xn? 8

|%mn=b

for any (x, t) € €2;. Therefore, ¢5 # 0 in this region. From Lemma 2.6, we know that
|K (x,1)] < CN(N|x|)~2 = N~'x72. Thus, we derive

v 2 2
2 v 4 2 2 y—2
/' sup [K(x,n)|| dx| <cCN! / x| 7Vdx| <CN7'N“"¥ =NT7 .
Ix[> 4 | rexa IxI> %

(2.40)

We define —iBN3n’t +ixNn— 3 ’yt = —itBN3(n® + ﬂnN“ ;SN2z) = itN3Bops(n).
Obviously, we have |¢6 )(n)| > 1. By using Lemma 2.7, we have

4 Nt C N
IK (x,1)| = N‘/ eIV NG | < NN TE < — < O (241)
1 13 |x|§
Thus, by using (2.41), for y > 7, we have
2
H ! Y Y % y=2
/ sup |K(x,t)|| dx <C / N3|x|"6dx| <CN v .
Ix|>4 | reQu3 x|> 4
(2.42)

Putting together (2.39), (2.40) with (2.42), we derive

—2

1K <CN'T.

Y
LZLY®

We have completed the proof of Lemma 2.8.
Remark 3. Inspired by the idea of Proposition 2.5 of [34], we show Lemma 2.8.
Lemma 2.9. We assume that y > 4 and supp(%, f) C {EIN < |&] < 4N}, where
N e2% N >a. For f € L)ZC(R), we have

y=2
IIUV’ﬂ(t)f(X)IIL;L[oo <CN > | fla. (2.43)
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Here
UrB @) £ (x) = /R OO 2,1 (6 o an (1€ DE. (2.44)

We assume that b > %, y > 4and supp(Fcu) C {E|N < |&| < 4N}, where N € 27,
N > a. Then, we derive

r=2
lull gy oo < CN 2 fluellx,- (2.45)

We assume that b > %, y >4 and supp(Fu) C {Ela < |&| < oo} for any t. Then,
we have

lullpypoo = Cllulix, - (2.46)

—_1_1
Here,s—2 y—i—e.

Proof. From (2.1) of [15], we have
1
U7 P@) f s < CNTIfllp. (2.47)

We firstly show that (2.43) is valid for y > 7. We define Tf := UYP(t) f, where
T : L2 — LYL. Obviously, we have T*F = [ ¢! B%+v3:) pdy. By Using the
TT* idea, we know that that (2.43) is equivalent to

Here, F € L%Lt1 (R x R) possesses the same frequency support as u. Thus, to obtain
(2.43), it suffices to prove (2.48). By using a direct computation, we have

/ UVP(t — s)Fds (2.48)
R

r=2
<CN 7 |F| »
L7l

LYL®

Zo! (e—ia—s)zp(s)%F(g’ S)> _ C/ (=BT & pe o)
R

= 7 (O am (8D )  Fx. ).
Thus, the term on the left hand side of (2.48) can be rewritten as
/R T (7D g an (€D) 5 v, )ds
= 77 (7O i am (D) # FOx, 1) = CK # F.
Here, *x denotes the convolution with respect to variables x, t and

K(x, 1) = /R e HOEIFIE 3 4y (€] dE. (2.49)

From Young inequality and Lemma 2.8, we derive

=2
<CN 7 |FI| » .
Ly

K% Fllpypee < IKIl y
x bt L2

X

[ [
L L)
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Consequently, when y > 7, we derive

=2
IIU”’ﬂ(l)f(X)IIL;L[oo <CN > | fllga.

Interpolating (2.47) with (2.50) leads to

y=2
WP @ f e < CNF | fll2,4<y <7

By changing variable T = A — ¢ (§), we derive

ulx,t) = % ./RZ eETIT 2y (&, T)dEdT

1 . .
= o— | OO Fy g, k- ¢ (£))dEdA
2w R2

1

- _/ eitt (/ NETIPE) g A — ¢(g))dg> da.
27 Jr R

J. Evol. Equ.

(2.50)

(2.51)

(2.52)

By using (2.51), (2.52) and Minkowski’s inequality and the change of variable A =

T+ ¢, forb > %,Wehave

luell e = € / H ( / VIO Fu(E, x — ¢(E))d€>
i R R

sczvyz;f/k||ﬁ‘u<s,x—¢(s>>||udx

LY L®

1
<on | [as i izue - p@ial | [arm e

1
y=2

1
2

2 2 2 ¥=2
<CN?% [fR(1+|T+¢(E)|) I Fu, ol df] =CN ¥ |lullx,,-(2.53)

Since

4N
PUYPuy = Z / YT Z ugde,
N

N>a

(2.54)

thus, by using the Minkowski equality and Cauchy—Schwarz inequality, we have

4N
I PaUy’ﬂ"OHLIL?" = Z / 5T F uods

N>a L)KLIOO
1_1
< CNZ N2 [ Xy ani (8D Feuoll .2
>a

(L1 2
<C), [N e V*f)||x[N,4N]<|5|>%uo||i§}

N>a
< Clluoll s,

1

(2.55)
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where s = % — % + €. By using (2.55) and a proof similar to (2.45), we obtain that
(2.46) is valid.
We have completed the proof of Lemma 2.9.

Lemma 2.10. Weassumethaty > 4and supp(F,u) C {£|N < || <4N}, N € 27,
Forb > % and f € L?( (R), we have

1
I @®ullry < CN3™(lullx,,- (2.56)

Xt —

For b > %, and supp(Fu) C {€]0 < |&| < a} for any t, we have

I ullLe < CliDyullx,,- (2.57)

Here, s = }t — €. Forb > %, and supp(Fu) C {£]0 < |&| < a} for any t, we have

_1
Iy @ull 2 < ClIDx *ulx,- (2.58)
LI72 >
Proof. Without loss of generality, we can assume that supp(%,u) C [N,4N]. By
using the Cauchy—Schwarz inequality and the Minkowski’s inequality, we have

N an
()| =VN o Fou(e, 1)d s/N |\ Feu(, )| d&

e !
<Cnt [/ | T, r)|2ds}
N
1 1
=CN7II=%M(E,I)I|L§ =CN2ull2. (2.59)
Thus, by using the Minkowski’s inequality, from (2.59) and (2.9), we have
1 1 1_
1 ull s < CN2 ull o2 < CN 2 flull 220 < CNTJlullx,. (2.60)

By using (2.60) and a proof similar to (2.46), we obtain that (2.57) is valid. Interpolating
(2.9) with (2.57) yields (2.58).
This completes the proof of Lemma 2.10.

Lemma 2.11. Forb > %, we have

4e

1
HDx 7 (Xg12a ) Fu(®))

< Cllullx, - (2.61)
LOO

xt

Proof. Using the Sobolev embeddings theorem and (2.3),we have

e
HDx 774 FZ (016120 @) FUTP (Dug)

00
th

1
§t+€ ~—
I T (g12a©) F U P (1)ug)

L8

xt
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$+e
/R”f OO Hie 20 (€) 181727 (6)FF (H‘ﬁs +ED8 Feuodg

=C
)
! 1 4 wHe
E17 T4 TBE + L Hierza(6) Fru
§ L}
3
=< C | Zwuoll 2 = Clluollyz - o

By using (2.62) and a proof similar to (2.4), we obtain that (2.61) is valid.
This completes the proof of Lemma 2.11.

Lemma 2.12. Lets > 0, 1| < p < oo. Then, we have

[7° () = £ 78] 1 = C LSl |

Js_lgHLp +C “ JSf”Lp llgll oo . (2.63)

For the proof of Lemma 2.12, we refer the readers to Lemma XI of [21].

3. Multilinear estimates

In this section, we present some crucial multilinear estimates which play an impor-
tant role in establishing Theorems 1.1 and 1.2.

Lemma 3.1. Lets > 5 — ¢ 242, k>5andb = % + 57 and g; = Y (t)u;. Then, we
have
k+1 k+1
([ ] 20 <C[]lgjlix.s- 3.1)
i il
Xodrty

Proof. To prove (3.1), by duality, it suffices to prove

k+1 k+1
fR o | [T | axde] < Clinl, 1‘[||g,||xv,, (3.2)
j=1

We define
fE, )= <0>%_1€79h(é, 0, £ T) = E) o) FeiE A < j <k + D).

By using the Plancherel identity, to prove (3.2), it suffices to prove

k+1
€1 f 11 £ et
j=1
/H. /W o~ b < Clfle [TUA 2 33)
& 251 ZTJ 77% l—[ j=1

where d§ = d&;dé, - - - d§dédTidry - - - drrdr.
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We define
[E(&)°
K(El’éz’""Ek’s’rl7f2""7rk?r): i+1§. 9
1 €
(0)27 1 J](§))%(a))b
j=1
FF=—1 _ 7F - ffb(15j5k+1),
o)1 (o)
k+1
Il Z/ k+1 / k+1 K(SI’EZ,---’Ekvafl,fz,--~yfk,f)fl_[fjd8-
&= ZE} Zlfj j=1

Without loss of generality, we can assume that |£1| > |&2] > - - - > |Ek41].
Obviously,

=@ & aenn. wn e R g 2 ol 2 2 bl

Here,

Qo ={¢1,&,....& 81,12, .., o T) € R, 161] < 80kal,
Qr ={¢1,&, ... &8 1,12, ., Tk, T) € Q, 61| = 80ka, |§1| > 80ka|&al},
Q={¢1,%,....& & n, 2, .., w, T) € R, [61] = 80ka, [§1] ~ |&2] > 80ka|&3]},
Q3 ={¢1%,....5 5 11,72, Tk, T) € 2, |61| > 80ka, 61| ~ &3] = 80kal&al},
Qy={&1,%,....6 51,12, ..., & T) € Q, 61| > 80ka, [§| ~ |&4] > 80kal&sl},
Qs ={t1,&,....8 & 1,12, .., T) € R, 61| > 80ka, [§1| ~ |&5] > 80kal&l},
Qo ={¢1,5,....8 & 1,72, ..., T) € R, [61] = 80ka, [&1] ~ 1&-1]

> 80kalg|(7 <l <k+ 1)},
Q7 ={¢1,%,.... 81,2, .., =, T) € R, 161] = 80ka, |&1] ~ 1&k+11} -

(1) Case (¢1, &, ..., &, &, 11,12, ..., Tk, T) € Q0, by using the Plancherel identity,
the Holder inequality and (2.4), we have

k+1
SIS
L <C K+l / k+1 kj_:l ds
TEYTTAY @ E 6
k+1 . k+1 k+1
= Uz, [T1F 00 = CIAI [T I, = €Ul [T 150
j=1 j=1 j=1

(3.4)
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(2) Case (§1,82,..., 8.8, 11,12, ..., 7k, T) € 4, we have |§] ~ |&], then we
consider

TR (35)
3pETE | 2
v | _1
tpem| <7 (3.6)
When (3.5) is valid, we have
¢/ (&) — ¢'(&2)| = |3BET ——+——3ﬂsz
£ &
_ 2 2 7(512 _52)
_3ﬂ(§1—52)+w ‘ﬂ%—g ‘51 52‘
_ 14 2 2 @ 2 g2
= 1361 |1+ s [ 8] = - | - 4.
Thus,
2 g2k
K@ b dmm e o) < C— e'i‘ﬂ 52';1
(o)2712 TT (&) [] (o))"
j=2 j=1
16/ (51) — ¢/ (82)]
SC 1 ¢ k+1 k+1 ’ (.7
n H (&) H1 oj)b
Jj=2 J

By using (3.7), the Plancherel identity, the Holder inequality, Lemma 2.5, (2.4) and
(2.7), we have

k+1 | ktl
P £010' 6 = o't T1 )™
I < C/_k+1 == 1 ] = ds
E—Els?j r_j;fj (0)771% H(Uj>b
j=1
k+1
1/2 =
= c| 2, H TR s 1Y
k+1 k+1

= ClFlx, ,

0 -1

1_[||F||x0b§C 1‘[||f,||Lz £ 1.2,

When (3.6) is valid, we have |£{] ~ |£|~!. In this case, we consider

> (3.8)

1
‘1 y __’
2

+ R —
3BEREL
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14

1
14+ ——— =, 3.9
3pE%L, | 2

respectively.
When (3.8) is valid, since |£] ~ [£] ~ |&]7!, s > 1 — 2 + 2¢, we have

1 -
611162157+ g

. (3.10)
(o)

K(él?éz’"'7$k’s"[1?r2""7tkir)SC

£

2 []{o))?
j=1

D=

By using (3.10), the Plancherel identity, the Holder inequality, Lemma 2.5, (2.8), (2.9)
and (2.57), we have

F e / / FATEL £)16/®) — ¢ G281 [[E2] 4
1= k+1
E= =

dé
k+1 1_ e k1
Y =2 ()2~ 2 TT; 110"
J= J=
1 k 1+
1 _9e ) gte
< c| @ B, | TTIF s | 105l w2108 Fall e
xt j=3
k+1 k+1

= ClIFllx,, o ]_[ I Fjlixo, =C ]_[ Ifillez, [0S0z, -
j=1 j=1

When (3.9) s valid, we have that [£5| 1 ~ [&] ~ |&] ~ |&41]7",sinces > 3 —Z+2e,

we have

61116214 G | £ 161
k+1

[1(o))t
j=1

By using (3.11), the Plancherel identity, the Holder inequality, (2.8)—(2.10), (2.57),
(2.58), we have

.(3.11)

K¢, 6,.... 8,6 1,12,..., 4, T) < C

l1_ e

(o)27 12

k+1

FATEEL flerligal leee | lg1' 2
I = C/ K+l / T dé
=y & =X (0)27 1 [5E (o)
j= j= ;

k
1 1
71€ I 1—2.
7 7
= CliDxFillpoop2IDx - F2ll 200 (l | ||Fj||L§‘}) | Dy Fk-H”Lﬁ :x;”Dx 6FIIL%L2
j=3 X t Xt

= CIFllx, ,

k+1 k+1
T IFj X, =€ | T] NV LA
12 .

j=1 j=1

(3) Case (61, &2, ..., &, &, 11,12, ..., Tk, T) € 2, we have |&1| ~ |&| > 80kal&3],
and then we consider

[Nl

y 1
1+ > -, (3.12)
‘ 366367 | T 2
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<5 (3.13)

3/3%“ &

When (3.12) is valid, since s > 5 — 2 + 2e, [£1] ~ |&, [§] < C|&], we have

€2 — £2]2
()2 B [T 36 TTEE (o)

K(&l?éz’"‘7&’{9%1‘[17‘[2?"".51(7‘[)SC

+1 311
165 — 53| €16 ]_[(S-) dui—2) —2ke

j=4
= ¢ 1_ e k+1
()72 [] (o))
j:l
. k1 e\ — ok —2ke
3 C|¢> DR ANHGIE [1;24(6)) ' (3.14)

(o) 2 [T62 o)

By using (3.14), the Plancherel identity, the Holder inequality, Lemma 2.5, (2.4), (2.5),
(2.7), we have

, 1 kel k=11 o,
f(H 19/ €2) — ¢ @312 1E1]s T] () o6
I
I < C/ k1 / k+1 o] ds
§=J§15/ Zt/ %—% 1—[
1/2 e — & —2e 3
=c |, [T19 il s | 1DE il IFI s
o LXS —3e Xt LxltJr
k+1 k+1
=C ]"[lnFuxo,, IFllx,, =€ ]"[lnfjnLgr £z,
J J=

When (3.13) is valid, we have |£;| ~ |&| ~ |&3]~', and we consider |£] < a, |£| > a,
respectively.

When |£| < a, we have

=1
KGEL & bkt i 1) S C—r—. (.19



J. Evol. Equ. The Cauchy problem for the generalized Ostrovsky equation Page 21 of 34 40

By using (3.15), the Plancherel identity, the Holder inequality, (2.4) and (2.57), we
have

=1
I < C/ K+l / K+l k+f ds
=) & Z 7j = b
j=1 O'

k
< C [T Fille | IFksiligs 12,
j=1
k+1 k+1

= CIFIx,, . TT0Fx0s =€ ([ TT0 2, [ 1£12 -
i=1 j=1

05-12

When || > a, we consider (3.8), (3.9), respectively.
When (3.8) is valid, since |&;] ~ |&] ~ [&3]7!, s > 7 — £ + 2¢, we have

_1_ 1 1—4.
&2 |&11 727 €3] 5T e |
| k+1

o)z 1t H (oj)°

.(3.16)

K(sl?éz?"‘9$k7$7117T27"'QTk’T)SC

By using (3.16), the Plancherel identity, the Holder inequality, Lemmas 2.5, 2.11,
(2.8), (2.9) and (2.57), we have

f(H FDIP &) — ¢/ G272 |8 |24 &y |3 5T

j=1
L < C/ kt1 kt1 p dé
YL P ~f It

N\'—

5 —4e

1
3te
Fy ]‘[nnnm 1Dy Fall oo 2 1 D2 Fall 20
LY \j=4
k+1 k+1
<CIFlx, , . 1‘[||F||X0,,_ [T0si, | 1ris -
; i

1

N

When (3.9) is valid, since [§] ~ [§e4117", 151 ~ [52] ~ |83 7", s = 5 — 7 +2e; thus,
we have

1y 1 1o
&1 2% )& ]1863]3 € g |3 1€ %€
. ktl

71_[‘71

(3.17)

K(él’éz?"'7&[(757‘[1"[27""‘[](7‘[)SC

N\-—‘
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By using (3.17), the Plancherel identity, the Holder inequality, Lemma 2.11, (2.8)-
(2.10), (2.57), (2.58), we have

k+1 Ly, | \
ST 1E 2% 50180 44 e 9151172

I < C/ k1 kt1 e ds
— . = . l1_ e
5 _/gl 5t /gl K (o)27 12 (O'j)b

%—&-e —%—46 a
< ClIDxFall e 21D Fall 2o IDx " Fullss | [T IF s

1
1 )
XDy Figrll 2 D= F| 1
LI e L{L7

t

k+1 k+1

< CIIF|x, 7%HIIF||X0,,_ Hl“ff”L; 1f1zz, -
J:

7

(4) When (¢1,&,....&,.& 11,72, ..., 7k, T) € Q3, we have |&1| ~ |&3], then we

consider
4+ —Y 5] (3.18)
3/3%‘32%3 — 2 '
1
N+ —==l<z. (3.19)
3/3535 2
respectively.
When (3.18) is valid, since |&1| ~ |&3], |€] < Cl&;[, we have
1
&5 — &1
K¢, 5, ... 6.6 11,12, .., Tk, T) SC — I:H 4 e,
2712 H ) 1 (o)
j=2 j=1
10/ (E3) — ¢/ (E0)]2
=C o k+1 k+1 - 320
v

L&) 11 ()"
A

By using (3.20), the Plancherel identity, the Holder inequality and (2.4), (2.6), (2.7)

as well as Lemma 2.5, we have

| k+1 k+1
F1¢'€) — ¢/ EDI2 TLEN (T £7)
=2 =1
I < C/ k+1 k+1 1 ! dé
— . = : l1_ e
& ngfj T JEIT/ (o)2~ 12 H(O-J.)b
j=1
k+1
< ClIFllzs 12l I1F 7||12(F3,F4>||Lz [T17 e “Fj I s

Jj=5

.\’t
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k+1 k+1

<\ TT0Es o | 0FIx, = C{ TT0 e, |10z,

j=1 j=1

N\
I\J‘ "

When (3.19) is valid, we have |&1| ~ |&3] ~ |$4|_1.
We consider |§| < a, || > a, respectively.
When [£| < a, we have

K¢, 6,.... 6.6, 11,12, ... Tk»f)<C (3.2D)

By using (3.21), the Plancherel identity, the Holder inequality, (2.4) and (2.57), we
have

k
Il ‘ﬂﬂﬁ
J_
I < C/ K+l / k+1 ) ds
§= ZE} ZT/ (o) %71% (Uj)b
j=1

k

< C [T il | IFilis 1F 2,
j=1

k+1 k+1

2

<Wﬂx5J“Hm“ [T0fitaz, | 1f1z,

When |&| > a, we consider

1+

7 3.22

3/35325 5l = (322)
1

> 3.23

3/3535552| <3 (3.23)

1+

respectively.

When (3.22) is valid, this case can be proved similarly to (3.18).

When (3.23) is valid, we have that || ~ |€3] ~ |€4]~! ~ |&5|~!, we consider (3.8),
(3.9), respectively.

When (3.8) is valid, since |£;] ~ |&5] ~ 4171 ~ |&5] 71, s =  — % + 2¢, we have

2

1 1 1

- -1 : —1-4

& 114 &5 |84l a T g5 e T 1E; 1727
j=1

K¢,5, ... 6.8 1,0,k T) =C A
€
@48 10"

(3.24)
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By using (3.24), the Plancherel identity, the Holder inequality, Lemmas 2.5, 2.11, (2.8)
and (2.9), (2.57), we have

1 1 2 1 k=1
JE1 4 gl &l 3¢ les 5 [T 1gj1~2 % £(TT £)
2

=1 j=1

I SC/ kil kil ] ds

=Y & Jr=>1; 1_e

= j=1 ! (o)27 12 (Uj>b
j=1
2
—%—46 %-ﬁ-e —%+e 1 _9¢
<c|[]|p:* "F IDxFsll o2 |1 DX Fall oo | Dy * ™ Fsllpge 112
Loo

xt

j=1

k
(F, Fes)ll2, [TIE s

Jj=6

k+1 k+1

= ClFlx, , e | | IFillxe, <C [ ]] Itz P Iz -
12 . T T
Jj=1

0.3

When (3.9) is valid, since [£] ~ [&41]71, [E1] ~ [&] ~ [&]7" ~ |&]7, s >
%———}-26 we have

1 3 1
|&xg1171€1"72€ TT 1810
i=1
K¢, &, ....6085 1, 00,..., 7, T) =C ! . (3.29)

By using (3.25), the Plancherel identity, the Holder inequality, (2.5) and (2.10), (2.58),
we have

k+1
|t |41E 172 H IE,Iﬁf(l_[ i
L < C/ kel / K+l /_k+l ds
= 1 €
H E%/ Zf/ (o)1~ 12 H<Uj>b
Jj=1
SN k 1
<c|[]|peF [TIFi ||D)?Fk+l||L1}2 ID7FI
j=1 Xt j=4 X Lx t
k+1 k+1
=CIFlx,, o H IFllxo, < € [ TT0A N2, | 1022, -
; i
(5) Case (&1, &2, ... ,ék, E 11,70,..., Tk, T) € 4, this case can be proved similarly
to Case (4).
(6) Case (§1,&2,....&.6,11,12,..., =, T) € Qs, we have |§| ~ |&s], then we
consider

1
) 3.26
3/3555 71z 5 (3.26)

1+
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=L < (3.27)
3pele 2 '
respectively.
When (3.26) is valid, we consider k = 5, k > 6, respectively.
When k = 5, since |&1] ~ |&5], s > 5 -7 2 4 2¢, we have
o H 515
K(gl,gz,...,gk,g,rl,rz,...,rk,r)gc ’6 (3.28)
1 €
()27 [](0j)?
j=1

By using (3.28), the Plancherel identity, the Holder inequality and (2.4), (2.5) and
(2.7), we have

5 1 1
ThsC T1 1618 ) t6s) ™

I < C/ 6 6 - 3 dé
é=1§1 §jJt =,§1 7 yi—f l—[
_1_ 3 > 1
<CIFI s |07 " Fsll 2 []|DSF
1T+ -3¢ 1 L6
xt xt J:l xt

6
<cTTusle, | ifize,

j=1

When k > 6, since |&]| ~ |&s], s > % — % + 2¢, we have

2 2,1 4 k+1 (s
&5 —&1° l_[l<$j)*5 1—[7@].) =)
K¢, 6, ... 8.8 0, 0,..., 4, 71) <C j= +j_
o)t 1—[
1 k+1 k=
|#'(85) — ¢ (Eo)I2 H EpN—s T1 ) &
<C j=1 j=7
< =
)21 ]‘[
(3.29)

By using (3.29), the Plancherel identity, the Holder inequality and (2.4), (2.7), Lemma
2.5, we have

1kl 4 k+1  —d)s
&)~ 9/ €l (T 1 T~ T~
I = C/ k+1 k1 = X ]1= - db
TEOTTED ()4 (o))"
j=1
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4 k+1 (k=4)s
— k—3)
<CIFI s | [TIFill 2 ||12<F5,F6)||Lz [T F|| s
1 xt 3k—16—ke
Ly j=1 j=7 x
k+1 k+1
<C | [T1Eixe, | IFIx,, . [Tt | Irie, .

N\

I

[

j=1

When (3.27) is valid, we have |&1| ~ |&5| ~ |&|~!. If there exists some k € N,7 <
k < k 4+ 1 such that

1+

1
3pE5 $2|_ 2’

we can use a proof similar to (3.26) to derive the result, otherwise we have that

€11 ~ 1&5] ~ 1&6] 7 ~ |&g |7

In this case, since [£1] ~ |&5| ~ [£6] ™" ~ €117, s = 3 — 2 + 2¢, we have

&112€)&| H |42
KGE &y B E T, T T T) < C =2 . (3.30)

By using (3.30), the Plancherel identity, the Holder inequality, (2.8), (2.10), (2.46) and
(2.57), we have

k+1 5 1
f(IT TPIEN H |&;| a2

Jj=1 =
I < Cf e+l / k+1 o] dé
$=J§1 g tzjgl K b H o)’

N\—‘

5 k+1
—f—2e 1-2
< CliDxFillpoer2 | |||Dx4 Fill 2 | |||Fj||L;;> D, Fl
=2 Ll=r il

1
E
Ly t

k+1 k+1
=CIFlx,, . ] H 1 1o, < 1"[1||f,»||Lg, £z,
(7) Case (&1, &2, ..., &,&, 11,72, ..., Tk, T) € S, this case can be proved similarly
to(&1,&, ... &, &, 11,10, ..., Tk, T) € Qs.

(8) Case (&1, &2, ..., 6. &, 1, 72, ..., Tk, T) € 27, we have [&;] ~ [§+1], and then
we consider |§] < a, |§| > a, respectively.

When |£| < a, we consider (3.8), (3.9), respectively.
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When (3.8) is valid, we have

Gl T e
1
KEL &, 861, 1T < C = (3.31)
1 €
()27 1 (0"
]=

By using (3.31), the Plancherel identity, the Holder inequality and (2.4), Lemma 2.5,
we have

k+1

+1
|&xpl'™ ‘“f(l_[ i) H (&)~
L < C/ k+1 / k+1 ds
§=2¢§)i=27

.kl
= j= )2 m 1_[ (oj)?

k
— 1_
< C | TIPS Fill e [ 11272 (Firr, Pl 2,

j=1
k+1 k+1

= C\TT1Fxo, | 11, =€ 1"[||f,||Lz £z,
. 2 12
Jj=1

When (3.9) is valid, we have |&| ~ |&.1]"" we consider |o| > |&], o] < |&1],
respectively.
When |o| > |&1], we have

Lkl
&2 TT(E)~S
j=1
Kt 1
[1 (o))t

j=1

Ké1,8,.. 8.8 u,n,...,4, 1) <C (3.32)

By using (3.32), the Plancherel identity, the Holder inequality and (2.4), we have

k+1 k+1 B 7&
FCIT ) TT(E) = =
=1 =1
I < C/ k+1 K+l ! kJZI dsé
5—];15/ T—jgl T 1‘[ <Gj>b
j=1

k+1 %—46
=T -
<C | | 1D 0 Fill 20 [ 177 fll2
. xt xt

k+1 k+1

< | TT0F Ixos |11z, =€ [ TT0A I, | 10z,

j=1 j=1
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When |o| < |£1], since |§1] ~ [&v1] > 80ka, [€] ~ [&+1]7", |§] < @, we have

|kl
@l I1En
K(ElaEZa"'751{557‘[1’.[2’"'7.[](77:)SC/_—k_H. (333)
()27 [ (o))
j=1

By using (3.33), the Plancherel identity, the Holder inequality and (2.4), (2.10), (2.58),
we have

k+1 k+1
€112 f(l_[ 1) 1_[ ()~
1
L =<C k1 / k+1 lj 1 ds
§=,=1§/ r=./=lfj (0)7—1% l—[<01>b
j=1

k
1
- 1-2 1
=C | |||DxSFjIIL31; 1D, Fieya gLZIID)?FII 2

j=l1 ' L L Ly
k+1

<C|TT1Filxe, | IFIx,, . [T, 1Al
=1 212 i °

When |£| > a, since |&1| ~ |&k+1] = 80ka, we have

3e 1 1 KHL ks
|E® |15 |26 [T (5;)2%D
=3
K¢, 6, ... &, 6, 11,00,..., 14, T) <C e,
o)~ 1‘[
(3.34)

By using (3.34), the Plancherel identity, the Holder inequality and (2.4), (2.5), (2.11),
we have

3—¢ 1 1—2ks k+1
£ 16115 |Ea o n L2 )
]:
I < C/ K+l k1 P ds
= i = i 1_ e
& nggj T IEIT] (o)1~ D l—[(o_j)b
j=1
2 | k+1 | —2ks
< cIpF FIl . H D2 Fjlls, | | [T1D: " F I,
: Jj= =3

k+1 k+1
= | TTiE s | 1FIx, o = (TT0f 0, | 102z,
j=1

O,I
j=1 2712

We have completed the proof of Lemma 3.1.
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Lemma3.2. Lets > 3 —Z+2k >5b=3+5adb = -5+ 5 and
g = ¥ (t)u. Then, we have
[t =curi. (335)
s.b ’
Lemma 3.2 can be proved similarly to Lemma 3.1.
Lemma 3.3. Let s > %—%+2e,k >5 b= %+2€—4andb’ = —%+f—2and
g = ¥ (t)u. Then, we have
L (3.36)
Proof. Since ||gllg , = llgllx,, + 185 'gllx, . we have
18:(8* Dz, = 19: (" Dllx, , + 18" Ilx, . (3.37)

using Lemmas 3.1 and 3.2, we have
k+1 k+1 k+1
13:(8* Dllg, , < Cllglly) < Cllly*.

We have completed the proof of Lemma 3.3.
4. Proof of Theorem 1.1
Proof. Obviously, (1.1)—(1.2) are equivalent to

t
u(t) = U"P(t)ug — ﬁ fo UYB(t — 0)d [(¥ (1)u) T ]d.

For ug € H*(R) and § € (0, 1], we define

1
k+1

t
T@w) = y(OU"P(ug + Vs (1) / UYP(t — 0)0, (Y (Du) Thdr.
0
“4.1)

We define B(0, r) = {u € X, NC([=8,8], H*(R)), llullx,, <r :=2Clluollus®)}-
By using Lemmas 2.1, 3.1 and choosing sufficiently small § > 0 such that

C8P TP Cuoll s ) < Clluol s,
we have

IT@)x,, < Cluollms + C8¥ 1219, W +)|Ix

b'+1-b k+1
< Clluollps + C8"+ 1= uf/i!

s.b

< Clluollzrs + C8” 1= C luoll s ®)*" < 2C ol a5 4.2)
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By a similar calculation, we have

A

IT 1) = Tw)llx,, < C8" 1 =Plur —walix, , (Qlurllk,, + lluall, )

IA

1
Sllur —uzllx, - (4.3)
Thus, I is a contraction mapping from the closed ball

B(0,r) = {u € X;, N C([—4, 3], H'(R)), llulx,, <r}

into itself. From the fixed point theorem and (4.3), we have I"(v) = v. The uniqueness
of solution to (4.1) is easily derived from (4.3).

The rest of the local well-posedness results of Theorem 1.1 follow from a standard
argument, for instance, see [24].

This completes the proof of Theorem 1.1.

5. Proof of Theorem 1.2

By using Lemmas 2.1, 3.3 and the fixed point argument as well as a proof similar
to Theorem 1.1, we obtain Theorem 1.2.

6. Proof of Theorem 1.3

Proof. In this section, inspired by [4,27,32,36], we study the relationship between
the solution to (1.1)—(1.2) and the solution to

1
v — BV + m(vkﬂ)x =0, 6.1)
v(x, 0) = vo(x), (6.2)
asy — 0.
From (1.1), we have
1
JSup — B3 JSu —yo  TSu + mJ;(uk“)x =0,k>5 (6.3)

Multiplying by J$u on both sides of (6.3) and integration by parts with respect to x
on R as well as H“l(R) s L withs > %, by using Lemma 2.12, we obtain

1d
__||u||%ls :/ J)fuJ)fu,dxzﬂ/ J;MBSJ;udx—I—y/ J;uax_l.];udx
R R R

2 dr
_/ JiuJ Wu)dx = —/ JSuJ?® wFuy)dx
R R

= —/ Jju[J)f,uk]uxdx—[(J;u)(uijux)dx
R R
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k
= —AJ;u[J;,uk]uxdx+E/Ruk_lux(J;ux)zdx
= C [ o [t el gl + 15 G0 2 o |

k—1 512 k+2 k+2
+C || g = ColullE? < co . (6.4)

LOO

Here, Cy is a constant independent of y. Similarly, we obtain

1d =12 sa—1 s, k+1
Syl =—2/RJ;ax w1 dx
< Coll 38, ull 2 1" s < Colluelli2. 6.5)

Then, using (6.4) and (6.5), we have

d
3 Iul%, = Colluly!?, (6.6)

from (6.6), we have

d
3 lullx, = Collulif". (6.7)

When 1 < min {T , where T is the time lifespan of the solution to (1.1)—

1
* Chlluoll, }
(1.2) for data in X (R) with s > % in Theorem 1.2, by using (6.7), we have

1
K (luoll x,

lully, = ————=—.
V1= Ckluollk, ¢

Let u := u? and the solution to (1.1). Therefore, w := u — v satisfies the equation

(6.8)

k . .
w = BRw + yo w4 gy (w Y (w+w) vk ), =0,k > 5, (6.9)
j=0
w(x,0) = ug(x) — vo(x). (6.10)

Multiplying by w on both sides of (6.9) and integrating by parts with respect to x on
R, we obtain

k
1d 1 . )
——wl?, = ——— [ ww ) v+ w) ) dx—i—/ wyd-  u)dx
2dr T k41 )k ]2_(:) ) R
1 k
=— | ww ujvk_j) dx+y/ wd ludx
k+1Jr ]2_(:) * R *

k
i k—j 2 —1
CY @ v ) lloollwlFa + Iy 1wl 2195 a2
Jj=0

IA
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< C Il + ol | 1l + Cly lwl 2 lulx, (6.11)

From (6.10), we have

d k
d—IIwIIL2 <C sup [llulx, +lvlx,] lwlizz+Clyl sup |ullx,. (6.12)
t 1€[0,T] tel0,T

By using the Gronwall’s inequality and (6.12), we can get

CT sup [llullx,+lvlx,]*
lwllpz <e 0T lup — voll 2 + Cly|T sup |lullx, |.(6.13)
te[0,T]

Thus, when y — 0 and [lup — voll;2 — 0, we have ||lwl/;2 = |lu — v|;2 = 0.
This completes the proof of Theorem 1.3.
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