J. Evol. Equ. (2022) 22:39
© 2022 The Author(s), under exclusive licence to Springer

Nature Switzerland AG :
1424-3199/22/020001-8, published online April 18, 2022 Journal of Evolution

https://doi.org/10.1007/500028-022-00800-y Equations

®

Check for
updates

Global existence of a nonlinear Schrodinger equation with viscous
damping

DAISUKE HIRATA

Abstract. In this note, we consider a Schrddinger evolution equation with a power nonlinearity i |u|*u and
a viscous damping term vAu. Then, we demonstrate that the Cauchy problem always admits the global
existence of classical solutions with finite mass. Moreover, we can also observe that our proof is applicable
for a nonlinear complex Ginzburg—Landau equation.

1. Introduction

In this note, we consider the nonlinear Schrodinger equation with viscous damping
Ou =i(Au+ |u|“u) +vAu,  u|— = uo (1.1)

on RY, where o, v > 0 and ug is a prescribed C-valued function on RY. We shall seek
for an unknown function u = u(z, x) : [0, 00) x RY — C governed by the Cauchy
problem (1.1). Here, it should be noted that equation (1.1) is a particular case of the
complex Ginzburg-Landau equation

Ou=W+iK)Au+ A +iw)u|*u+ yu, (1.2)

where k, A, i, y € R (see e.g. [1,13]).

In the case of v = 0 in (1.1), some solutions of the purely nonlinear Schrodinger
equation blow up in finite time under suitable assumptions on « and ug. As is well
known, if « < 4/(d — 2)4, then the Cauchy problem is locally well-posed in the
energy space H'(R?). In particular, if @ < 4/d, then we obtain the maximal existence
time T, = +o0 for every ug € Hl(Rd). On the other hand, if4/d <« <4/(d—2)+,
then T, = T, (up) < oo for every initial value ug satisfying |x|ug € L2(Rd) and

1 1
Etu) = 3 1Vuollf = o= [ luol*"dx <0.

That is, we have that lim SUp; 47, [lu(t)||g1 = +oo (see for instance [6]). Later on,
Cazenave et. al. [3,4] extended the blowup result to the Ginzburg-Landau equation
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(1.2) in the case when x = pand v = A:
u = (v+i)(Au+ |u|®u) + yu. (1.3)

Our purpose of this note is to show that the Cauchy problem (1.1) always admits
the global existence of classical solutions with finite mass due to the viscous damping
term. More precisely, we shall establish the following result.

Theorem 1.1. Given any ug € L®(R?Y) N L2(R?), there exists a unique function
u € Cy([0, 00), L¥(R¥) N C([0, 00), LZ(RY)) with u|,—¢ = uo,which is a classical
solution of equation (1.1) on (0, 00) x R

It seems that the standard strategy of compactness or monotonicity method is not
available for deriving the global existence of such strong solutions at least when
o > 2d/(d — 2)+ and v is sufficiently small (cf. [7-9,11,12]). Therefore, we need
another approach to prove Theorem 1.1.

The outline of this note is as follows. In Sect. 2, we collect some preliminary results
for demonstrating Theorem 1.1. In Sect. 3, we complete the proof of Theorem 1.1.

2. Preliminaries

Let Ayg = (v + i)Ap with domain H2(R%). Then, it is well known that A,
generates an analytic semigroup (e’A“)tzo on L?>(R%), which is given by the explicit
representation

b=y

1 i—v
My = f ATy (v dy. @1
Ar(v+i))2 Jre

In addition, (¢'4v),0 is a strongly continuous semigroup on L”(R¢) for 1 < p < oo.

Moreover, there is a constant C = C(d, v) > 0 such that

C
eyl < ——— 1Yl 2.2)
tf(;*;)
and
C
IVe' Y || pr < ——11¥llLr (2.3)
t§+j(;—;)

forall > 0,where | < p <r < oo.
Our problem (1.1) can be converted into the integral equation

13
ut) =eug+i / UM ()% u(s) ds 2.4)
0
for an unknown function u = u(r) = u(z,-) : [0, 00) x RY — C. By applying the

standard fixed point argument to (2.4), we can immediately obtain the local-in-time
solvability of (1.1) on L% (R?). More precisely, we have the following.
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Proposition 2.1. There is a constant g = eo(d, v, ®) > 0 such that for every ug €
L®(RY), there exist a unique function u € Cy ([0, T], L°R?)) for a time T >
0/ lluoll§ e withu(0) = ug, which is a classical solution of equation (1.1) on (0, T) x
R4

In particular, for any Ty < T /2, there is a constant C = C(d, v, o, Ty, M(T)) > 0
with M(T) := supy<, <7 |lu(t)|| L such that

sup  |[[Vu(®)|lL~ < C. (2.5)
T—-To<t<T

Moreover, if in addition ug € L2(RY), then u € C([0, T, L*(R?)) and

t
()17 +2v/0 IVu(s)]172ds = [luoll7. (2.6)

forallt € [0, T].

Remark 2.1. By standard parabolic regularity theory, we know that the resulting
solution u is a classical solution in C((0, T), C3(R?)) N C'((0, T), C(RY)) with
Vou € C((0,T) x Rd). However, for small « > 0, say, 0 < «¢ < 1, one cannot
expect these solutions to be in C((0, T), C*(RY)) (cf. [5, Theorem 3.2 and A.1]).

Proof. For the uniqueness part, see [2, Lemma 9]. The estimate (2.5) is derived by
applying the L smoothing estimate in (2.3) to the Cauchy problem (1.1) with the
initial condition u|,—7_»7, = u(T —2T)) via a singular Gronwall’s lemma [6, Lemma
8.1.1]. We omit the details of the proof of Proposition 2.1 U

Let us denote the Newtonian potential on R? by
ATf = (Ex )x) = /Rd E(x —y) f(y)dy 2.7

for a function f : R¢ — R, where E(x) is the fundamental solution of the Laplacian
AonR9 ie.,

—;m?*d (ford # 2)
E(x) = 1(a’ —2)|84-1) ’

— log |x]| (ford = 2).
2w

Here, |[S?~!| denotes the surface area of the unit ball in RY. It is well known that there
are constants C = C(d, r, p) > 0and C' = C'(d, r, p) > 0 such that

VAT fllzee < ClIfllrBpy (ford <r < o) (2.8)
and

AT flipee < CNfllLr Bepyy (ford/2 <r < o0) (2.9)
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forany f € L” (Rd) supported on B(z; p) (cf. for instance [10, Theorem 10.2]). Here,
B(z; p) denotes the open ball centered at z € R of radius p > 0.

Let us recall a dyadic partition of unity of Littlewood—Paley type: there exists a
nonnegative, smooth, spherically symmetric function ¢ : R? — R supported on the
annulus {27! < |x| < 2} such that

1=) Q") (Vx #0).

nez

Let ¢ = (¢! (x)}’z’:gd denote a family of localization functions on R given by

o0
Pl (x) =Y 9 x —2)).
k=n
Note that ¢! = 1 on B(z;27") and ¢ = 0 on R\ B(z; 27*1). Moreover, we
have the generalization ¢ = {¢7 (x) ) <R

ZeRd via interpolation. For f € LllOc (R?), let us
introduce the operator

FO =0 = (A7 AN) ) (2.10)
for x € RY. Then, we have the following identities
=t f —2VATH(VY! )+ AN (AP f) 21D
and
f =va NtV ) — ANV -V f) (2.12)

for f € C?(RY). Moreover, we can observe from integration by substitution the
following identities

VAT @2V Pl = IVATH@IV £ )| 1o (2.13)
and
HATN (V! -V )l = IAT (VY - V7)1 (2.14)

with £, (x) := f(z +2"x) forall f € C'(RY).

3. Proof of Theorem 1.1

In this section, we prove Theorem 1.1

Proof of Theorem 1.1. We argue by contradiction. Suppose that there exist some initial
data ug € L®(R?) N L2(R?) such that the solution u obtained in Proposition 2.1
develops singularities at t = T, < o0, that is,

lim [|u(t)]] o = +00. (3.1)
1T,

*
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Thus we can find a sequence of (#)r>1 C (0, T) with #; 1 T, such that

2" < lu(@)|e = sup ||u(@®)]]z= < 2™ 4 400 (3.2)

0<t<ty

with an associated sequence (my)i>1 € N.
Let us introduce the function

q(t) =qt.x) =1+ u@t, )P’ (0 <0 <1/d). (33)
Since the identity (2.11) gives
Prq(t) = q @) +2(VAT (Volq) — (A7 (Aglq(1)))
with ¢ (1) := A" (¢" Aq (1)), we deduce that
g (Ol Lo B(z;2-my) < @7 gl Lo (pzia—n+1y)

<1lg@ D)L +2[IVAT (Vg (1)) 1
+ 1A (AP g ()1 (3.4)
‘We thus estimate
VALV gDl = [IVATH (VY™ (1))
(by(2.13)with q;"(t,x) =q(t, z+ 2_"x))

= C”Cl(t”|L1/0(B(Z;2—n+1))
(by 2.8) withr =1/6 > d)

— 2110
- C”l + |M(Z)| ||L1(B(z;27"+1))
_ 6
= C(IBG: 27" + |lu@)]3,)
< C(1+ luoll3%)
for all (n, z,1) € Rt x RY x (0, T), where we used the bound ||u()||;2 < ||uo|, 2
from (2.6) in the last inequality. Similarly, by using (2.14) and (2.9) withr = 1/6, we
get
1A~ (AEg @)L= = A~ (Agog; " ()]
< CllgOl Lo Bz2—n+1y)
< C(1+ lluoll%)
for every (n,z,t) € RT x R9 x (0, T,). Hence, it follows from (3.4) that

g O zoeBzzamy) < g Ol + C(1 + |luol[33) (3.5)

for any (n, z,1) € Rt x R? x (0, Ty).
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For the time sequence (#)x>1 in (3.2), let us choose a point x; € R? such that
lu(t, x;)| > 2™~ for each k > 1. Then for any sequence (ng)r>1 1 400, we have
that

kll>nolo g @ Loo (B(xp:2-mky)y = +00. (3.6)

Let M, := 2"%/2 and let us rescale the blowup solution u at (#, xx) € (0, T) x R4
by
_2
Uy =Ugpy(t,x) =M, “u(tk+Mk_2t,xk+Mk_1x) 3.7
By our construction, Uy is a function defined on the rescaled interval [—M,gtk, 0]
such that

sup  |Uwy(®)|lp= < 1. (3.8)

— My <t<0

Furthermore, by the scaling invariance of equation (1.1), the function U is a solution
of the Cauchy problem (1.1) on [—M lgtk, 0] x R4 for any k > 1. Then, we can deduce
from the L°° estimate (2.5) that

sup ||VUy(@)|lL> < Cq (3.9)
—1<t<0
for all k > 1 with a constant C, = C(d, v, ) > 0.
Define the function

+1)

- -3 : -3
W (6, %) 1= ulte + M2t x+ M @7 x) = ME Ugoy(t, My, “x).

By differentiation, we have
sup [[Vwgy()|lLe = sup  [[VU)(8)]|L>

—1<t<0 —1<t<0

Co

IA

for all £ > 1. Furthermore, we see that the function

— —(2+1
Qo (1, x) 1= gt + Mt xic + My Gty

0
= (1 + w1, x)lz) (3.10)

(cf. (3.3)) satisfies

W) (1) - Vwpy (2)

sup [[VOw)(H)llLe = sup 20| — || Lo
—1<1<0 ® —1<i<0 (14 Jw (1)]*)1=7
<2 sup |[[Vwg @)L=
—1<t<0

< Ca, (3.11)
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since0 <0 < 1/dand 2(1 —0) > 1.
We are now a position to complete the proof of Theorem 1.1. Since (3.6) implies

||Cl(tk)||L00(B(xk;2*"k)) T +oo  (ask — 00)
with ny 1= my (o + 2)/2, we deduce from the inequality (3.5) that
lim [1g %% ()] | = +00. (3.12)
k— o0
On the other hand, we observe that

g (1)l e < VAT (@2 Va (1)) Lo
+ AT (Ve - Va(t))llL~  (since 2.12)
< sup  [[VATN@EVG 4+ 1)L

—1/M}=<t<0

+  sup ([ATHVE Vgt + D)l
—1/M}<t<0

= sup [I[VATH@OV Q) ()]l

—1<t<0

+ sup0||A”<V¢8~VQ(k><t)>||Loe
—1<t<

(2
(since 2.13—2.14 and 27" = M, (a“))

<C sup [[VOuw®IlLeB0;:2)

—1<tr<0

(since 2.8 and 2.9 with r = o0)
<C sup 0||VQ(k)(t)||L°o

—1<t<

= Cq

for all k > 1, since (3.11). This contradicts (3.12). Hence, we have proved Theorem
1.1. O

We finish this note to state that our argument is available to establish the global
existence of classical solutions for the following complex Ginzburg—Landau equation

u=wW+iK)Au+ A +iwulu (A <0), (3.13)

and furthermore, for the derivative-type nonlinear Schrodinger equation with viscous
damping

oru =i(Au+|Vu|ﬂu)+vAu (1<p<2). (3.14)

Theorem 3.1. Consider the Cauchy problem for the equation (3.13) (resp. (3.14))
on R, Given any ug € L®[RY) N L2(R?), there exists a unique function u €
Cu ([0, 00), L (R?)) N C ([0, 00), LZ(RY)) with u|,—o = uo, which is a classical
solution of equation (3.13) (resp. (3.14)) on (0, 0c0) x R<.
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