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Harnack’s inequality for singular parabolic equations with gener-
alized Orlicz growth under the non-logarithmic Zhikov’s condition

IGOR 1. SKRYPNIK

In memory of DiBenedetto

Abstract. For a general class of divergence type quasi-linear singular parabolic equations with generalized
Orlicz growth, we prove the intrinsic Harnack inequality for positive solutions. This class of singular
equations includes new cases of equations with (p, ¢) nonlinearity and non-logarithmic growth.

1. Introduction and main results

In this paper, we are concerned with general divergence type singular parabolic
equations with nonstandard growth conditions. Let 2 be a domain in R”, 7" > 0,
Q7 = Q2 x (0, T), we study bounded solutions to the equation

u; — divA(x,t, Vu) =0, (x,1) € Qr. (D

Throughout the paper, we suppose that the functions A : Q7 x R? — R”" are such
that A(-, -, &) are Lebesgue measurable for all £ € R”, and A(x, ¢, -) are continuous
for almost all (x, t) € Q7. We also assume that the following structure conditions are
satisfied

Ax,1,8)E
|ACx, 2, 8)]

Ky g(x, 1, 18]) &

2
K> g(x,1,1&]), @

VAN

where K1, K> are positive constants and the function g(x, f,v) : Qr x Ry — R4
satisfies the following conditions:

(go) forall (x,t) € Q7 the function g(x, t, -) is increasing, continuous and

lim g(x,z,v) =0, lim g(x,1,v) = 400;
v—>+0 v—> 400

(21) ¢g' <glx,1,1) <o forall (x, 1) € Qr and some ¢ > 0;
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(g2) forall (x,t) € Qr and for w > v > 0 there hold

<;> % < (—)q_l, nz—fl < p <min{2, g}, g # 2.

Fix Ro > 0 such that Q g, g, (x0, f0) C Q7, where

O,k (%0, 10) := Q| g, (x0,10) U Q. , (X0, 10),
OR,.r, (X0, 10) := Bg, (x0) x (to — R2, 1),

Q%, .k, (%0, 10) := B, (x0) X (fo, 10 + R2).

In what follows, we assume that

(gy) there exists positive, continuous and non-decreasing function A(r) on the interval
0, Rp), 0 < A(r) < 1, }iir%)rl_ﬁ/k(r) = 0,a € (0, 1), such that for any K,
Ky > 0 and some ¢ (K, Kg) > 0, b > 0 there holds

glx,t,v/r) <ci(K, Ko) gy, T, v/r)

forall br < v < KA(r) and (x, 1), (y, 7) € Qrrk, (X0, 20) C Q Ry, R, (X0, 0)-
(g,) there exists positive, continuous and non-increasing function 1 (r) on the interval
0, Ro), u(r)y = 1, lin%)rl_au(r) = 0,a € (0, 1) such that for any K, Koy > 0
r—

and some ¢ (K, Kg) > 0, b > 0 there holds
gx,t,v/r) < (K, Ko)u(r) g(y, T, v/r),

forall br < v < K and (x, 1), (y, 7) € Qrrk, (%0, 10) C Q Ry, R (X0, 10)-
As one can easily see, for A(r) = u(r) = 1, (gx) and (g,) reduce to the standard
Zhikov’s logarithmic condition. We will also need the following technical inequality

A(p) n wu(r) < (g)c»%’
A(r)  u(p)
which we assume with some ¢3 > O and forall0 < r < p < Rp.

We will establish that nonnegative bounded weak solutlons of Eq. (1) satisfy an
intrinsic form of the Harnack inequality in a neighborhood of (xp, 7o) provided that
this p.d.e. is singular, i.e., the function ¥ (x, ¢, v) := g(x, ¢, v) /v satisfies the following
assumptions:

() there exist ag, bgp > 0,0 < g1 < 1 and Ry = Ro(xg, o) > 0 such that

e <)

for all (x, 1) € Qpy Ry (X0, f0) C Q7 and forw > v > boR,

Condition () with g1 = g — 1 and by = ap = 0 is a consequence of (g) in the case
q <?2.



J. Evol. Equ. Harnack’s inequality for singular parabolic equations... Page 3 of 34 45

Remark 1. We note that the continuity of solutions was proved in [34] under weaker
conditions, namely it was assumed that ¥ (xo, fp, v) is non-increasing (’singular” case)
or ¥ (xo, o, v) is non-decreasing ("degenerate” case) for v > by R, % Unfortunately,
we were unable to prove Harnack’s inequality under similar conditions. The following
examples show that additional conditions on the function g(x, ¢, v) arise naturally.

Example 1. Consider the function
gi(x,t,v) = VP b a(e, v (x, 1) € Qv > 0,
where a(x,t) =2 0,q > p,0scq,,(x.10)a X, 1) < Arf Pui(r),0 < A < +o00,
,hf}) p1(r) = 400, rlig})rq_”m (r)=0.

The function g; satisfies condition (gy) with A(r) = [p1(r)]~/“=P) and b = 0.
Indeed,

CAC A
g1 1,0/ =gy, T v/r) < la(. 1) —a(. 1)l (=)

V\P

p—1 —1
< Ap(ryvi=? (;) < AKITP ( ) S AKT Pg(y,t,v/r)

r
if0 <v < KA(r)and (x, 1), (y, ) € O, r(x0, tp). Condition (g,,) with u(r) = 1 (r)
and b = 0 is verified similarly.

Note that condition () can be violated in the case ¢ > 2 and a(xg, o) = 0.

Example 2. Consider the function
@, 1,v) = 0" fae, )u? ' A+ In(1 + )P, (x,1) € Qr, v>0,

where ¢ > p, B > 0, a(x,1) = 0, 0scq, , (x.)a(x, 1) < Ari Pus(r), 0 < A <
+OO,

lim o (r) = 400, lim r9 Py (r)(nr~Hf = 0.
r—0 r—0

Conditions (g3) and (g,) with A(r) = [,uz(r)]_ﬁ(lnr_l)_%, w(r) = ua(r)x
x(Inr~")# and b = 0 are checked similarly to Example 1. Condition (v) is a conse-
quence of condition (g1) inthe case g+ < 2.Inthecaseq+pf > 2and a(xg, tn) =0
condition () is violated. In the case ¢ > 2 and a(xg, fo) > 0 condition (¥) is also
fails . Let us check condition () in the case ¢ < 2 < g + B and a(xo, to) > 0. For
this we note that

’ _ 28
—w”(x’t’v)vgq—2+ P gq 2 if v>eZd—1,
Y(x,t,v) 1+1In(l +v) 2

28
which implies () with g1 = ¢/2, a9 = 0and by = ez — 1.
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Example 3. The function
g3(x,t,v) = pP~1 (1+LIn(1+ax,t)v)), (x,1) € Lr,v>0
where 0 < L <2 — p,a(x,t) = 0,0scq,, (x.00)a(x, 1) < Bruz(r),0 < B < 400,
rlig}) w3(r) = 400, ,lfb rus3(r) =0,
satisfies condition (g;) with A(r) = 1/u3(r) and b = 0. Indeed,

-1
gt tv/n) =gt o <L(2) (14 1a6n 0 a0
r r
<L (3)"71111(1 + Bus(nu)<L (3)%1 In(1 + BK) <LIn(1 + BK)g3(y, 7, v/r)
r r

if0 < v < KA() and (x,1), (y,7) € Qr(x0, fo). Condition (g,) with u(r) =
In u3(r) and b = 0 we obtain similarly. Condition (¢) holds sinceq = p + L < 2.
We note also that the function g3(x, 7, v) := vP (1 + In(1 4+ a(x, t)v)) satisfies
condition () in the case p < 2 and a(xo, tp) > 0. To check this we note that
v, (x, t,v)v va(x,t) 1
vny LT T T vatn ) 1+ In(l + a(x, Hv)
1

+ 1 +1In(1+a(x,t)v)’

Sp-
Choose R from the condition BRyu(Rg) = %a(xo, to). This choice guarantees that

1 3
Ea(xo, ) <ax,t) < Ea(xo,to), (x, 1) € ORy, Ry (X0, 10).

. . .
So,ifv > ﬁ(e =r = DRy 1, from the previous we obtain

Yl (x, 1, v)v o 2
Yx,t,v) 2

, (x, 1) € ORy, Ry (X0, 10),

which implies condition (¥) with by = ﬁ(eﬁ —1),a0 =land q1 = p/2 < 1.
Unfortunately, condition () is violated for the function g3 in the case a(xg, o) = 0
and p < 2.

Example 4. Consider the functions

ga(x, t,v) = v A+ a(x, 1) In(1 + v)),

gs(x,t,v) =Py 50, (x,1) € Qr,

where p < 2, p(x,t) < g <2,a(x,t) > 0and

0SCQ,., (x0.10)4 X+ 1) + 0CQ, , (xg.10) P(X¥ 1) S 1 ——7 -
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It is obvious that g4(x, t, v) satisfies conditions (g ),(g,) with A(r) = u(r) = 1 and
b=0.
Similarly, the function gs(x, t, v) satisfies conditions (g ),(g,) WithA(r) = u(r) =1
and b = 1. To check condition (y) for the function g4, we note

w{;(x,t» U)U _ a(.x,t)l}

=p-2
¥(x,t,v) P + 1+v
-2

<p—2+hf‘(1+u)<pT

4 aCx, 0)In(1 +v)~!

2
if v > eZ7 — 1, which implies condition () with by = e¢Z» — 1, ap = 0 and

q = p/2.

Before describing the main results, a few words concern the history of the problem.
The study of regularity of minima of functionals with nonstandard growth has been
initiated by Kolodij [25,26], Zhikov [44-47,49], Marcellini [30,31] and Lieberman
[29], and in the last thirty years there has been growing interest and substantial devel-
opment in the qualitative theory of quasi-linear elliptic and parabolic equations with
so-called "log-conditions” (i.e., if A(r) = 1 and u(r) = 1). We refer the reader to the
papers [1,3-10,12-14,18,19,21-24,36-43,51] for the basic results, historical surveys
and references.

The case when conditions (gy) or (g,,) hold differ substantially from the logarithmic
case. To our knowledge, there are few results in this direction. Zhikov [48] obtained
a generalization of the logarithmic condition which guarantees the density of smooth
functions in Sobolev space W!-P™) (). Particularly, this result holds if p(x) > p > 1,
and forevery x,y € Q, x # vy,

1p() — pO)] < TIM(I|X iy /[ o v—=

We note that the function p(r) = (In rHL o< L p/n satisfies the above
condition. Later Zhikov and Pastuchova [50] under the same condition proved higher
integrability of the gradient of solutions to the p(x)-Laplace equation.

Interior continuity, continuity up to the boundary and Harnack’s inequality to the
p(x)-Laplace equation were proved by Alkhutov, Krasheninnikova [1], Alkhutov,
Surnachev [2] and Surnachev [35] under the conditions

Inpe(lx — yD) o, dr
Ip(x) —pWI < ———, x,y€Q, x #y, /eXp(—yu (r))— = +o0
[In|x — yl| 0 r
(3)

with some y, ¢ > 1. Particularly, the function u(r) = (Inlnr~H%, 0 < L < 1/¢
satisfies the above condition.

These results were generalized in [32,33] for a wide class of elliptic and parabolic
equations with non-logarithmic Orlicz growth. Later, the results from [32,33] were
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substantially refined in [20,34]. For interior continuity, instead of condition (3), it was
required that

/ 2T = oo, @)
0 r

In addition, in [20] Harnack’s inequality was proved for quasilinear elliptic equations
under the condition

_ 2 dr
/0 O P13 = oo, )

‘We note that this condition is worse than condition (4), but at the same time it is much
better then condition (3).

In this paper, we establish the intrinsic Harnack inequality for nonnegative solutions
to Eq. (1) under the similar conditions as (5). To describe our results, let us introduce
the definition of a weak solution to Eq. (1).

Definition 1. We say that u is a bounded weak sub (super) solution to
Eq. (1) if
L,
U € Cioc(0, T Lip () N LY (0, T3 Wy () N L™(Qr),

loc

and for any compact set £ C €2 and every subinterval [#1, 2] C (0, T'] the integral

identity
/ undx
E

holds true for any testing functions n € w20, T; L>(E)) N L4(0, T; Wol‘q (E)),
n = 0.

5]

I
+/2 / {—un; + A(x, t, Vu)Vnldxdt < (=)0 (6)
31 E

141

It would be technically convenient to have a formulation of weak solution that
involves u;. Let p(x) € CP(R"), p(x) = 0in R", p(x) = 0 for |x| > 1 and
Jgn P(x)dx =1, and set

t+h
pn(x) :=h"p(x/h), up(x,t):= h”/ /R u(y, ©)pp(x — y)dydr.
t n
Fixt € (0,T) andlet h > O be so small that 0 < ¢t < t+ h < T. In (1.6) take

t) =t,tp =t + h and replace n by fR" n(y, t)pn(x —y)dy. Dividing by A, since the
testing function does not depend on 7, we obtain

/ (% n+[Ax, 1z, VM)]/N'?) dx < (2)0, 7N
Ex{r) \ 01

forall t € (0, T — h) and for all nonnegative n € Wol’q(E).
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We refer to the parameters M := supu, K1, Kz, cp, c1 = c1(M, M), co =
Qr
c2(M, M), c3, n, p, q and g as our structural data, and we write y if it can be

quantitatively determined a priori only in terms of the above quantities. The generic
constant y may change from line to line. Note that the constants ag, b and by can be
equal to zero, therefore, in the proof we keep an explicit track of the dependence of
the various constants on ag, b and bg.

Our first main result concerns the Harnack inequality for the case of logarithmic
growth (i.e., A(r) = u(r) = 1). Fix a point (xg, tp) € Q7 such that u(xg, tp) > 0 and
consider the cylinders

0,.0(x0,10), 6 := p? /Y (x0, to, u(x0, 10)p ).

Theorem 1. Let u be a positive bounded weak solution to Eq. (1). Let the conditions
(2), (g0)—(g2), (¥), (g.) and (g,) with M(r) = u(r) = 1 be fulfilled in the cylinder
O Ry, Ry (X0, T0) C Q7. Then, there exist positive constants c, ¢, 81 depending only upon
the data such that for all cylinders Qg 86 (x0, t0) C Q8p,8¢p (X0, t0) C Q Ry, Ry (X0, 10),
0<p <Ry, a =1+ao/a, either

u(xo, 1) < (b + bg)p' /a1, (8)
or
u(xo, to) < cinfp, (xg) u(-, 1), 9)

forall times |t —to] < p2 /¥ (xo, to, S1u(x0, 1) p~V), and the numbers ag, a are defined
in conditions (gy), (g,) and (V).

Our next result is the Harnack inequality for the case of non-logarithmic growth.
Having fixed (xo, #9) € 27, construct the cylinder Q o g(x0, t0), where

2
_ 0 _p
0 = ) )\‘ = )L N
Gros o w0, ri(yp ) 1P = Aelkle)]
5 1 1422 - p)

= n .
2—p pH+nlp-2)

Theorem 2. Let u be a positive bounded weak solution to Eq. (1). Let the conditions

(2), (g0)—(g2), (g1), (gu) and () be fulfilled in the cylinder
ORy.Ry (X0, to) C Qr. Assume also that

(A(x’t,f)_A(x,f”?))(g_n)>0, ésWEan 57577 (10)

If additionally fo)q(r)r_ldr = 400 and lir%rl_a_l/kl(r) = 0 with some a; €
rF—>

(0, 1), then there exist positive constants c, ¢, §1 depending only upon the data such

that for all cylinders

0s,.85 (X0, 0) C Osp.86p (X0, 10) C OQRy. Ry (X0, 70), 0 < p < Ry', a1 = 1+ ap/a,
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either
pl—ao/al
u(xo, to) < c(b + bo)———, (11)
A1(p)
or
u(xp, t0) < —— inf u(., 1) (12)
A1(p) Bp(xo)
for all times |t — to| < p* /¥ (x0, t0, 810~ ' A1 (0)u(x0, 10))-
Remark 2. We note that in the case g1 (x, t, v) = v?~! +a(x, Hv?~!,
- - q—p
u1(p) = (np=")* A(p)=(np )77, 0<a< ——,
1+ B(qg—p)
inequality (12) translates into
02
u(xo, o) <clnp™' inf u(, 1), |t —1] < . (13)
B, (xo) u(xo, o)
¥ | xo0, t0, 01 —
plnp

Similar result is also valid for the function g»(x,,v) = v?~' + a(x, H)vi~'(1 +
In(1 + v))? and

q—p

_ —1\a _ -1 *% < < -
p2(p) =(Unp=)*, A(p)=(Inp~ ") a7, 0\a+ﬂ\1+ﬂ(q_p)'

In addition, note that in the case g3(x, 7, v) = v”~'(1 + L In(1 + a(x, 1))) and

u3(p) = (np~"H* A(p)=(np~™H™ pu(p)=allnp™!, 0<a<l,
inequality (12) can be rewritten as (13).

We would like to mention the approach taken in this paper. To prove our results,
we use DiBenedetto’s approach [15], who developed an innovative intrinsic scaling
methods for degenerate and singular parabolic equations. For the p-Laplace evolution
equation, the intrinsic Harnack inequality was proved in the famous papers [16,17].

The main stage in the proof of our results is the so-called Llloc— Ly, Harnack inequality.

Theorem 3. Let u be a nonnegative, bounded weak solution to Eq. (1) and let (2),

(20)—(g2), (gu) and () be fulfilled in the cylinder Qg r,(xo0,t) C Q7. Then for
all cylinders

Q;gz(,,s)(y,ZS—f)CQRO,RO(XO,I()% O<t—s<cr, r<Rj, a>ay, ¢>0,

1 n+l1
sup u<y(t — s)7g07}r , ((t — s)f% inf / u(x, T)dx)
07 ,_ 9 Q21205 2570 2s—1<T<1) By, (y)

PRl



J. Evol. Equ. Harnack’s inequality for singular parabolic equations... Page 9 of 34 45

n+l

2 v 2
+ (t—s)%(p_l . vl .
v 03,21-5) (¥:25—1) t—s 0324-9 250D\t — s
yry) r? (14)
vr Q;,(,_s)(y,ZS—l‘) r—39 ’
provided that
2
yo! L) > b+ boyrer (15)
52y 2=\t —5 ) 7 ’
the constant y depends only on the data, ¢ and a. Here,
n+1
w):=——, GoW):= inf G(x,t,v),
T e T T e

v
G, 1, v) ::/ g(n 1, 2)dz, Vo) = sup Y(x.i,v)
0 (x,neQ

and Gél ), wél (+) and q)él(-) are the inverse functions to Gg(-), Yo (-) and ¢ (+)
respectively.

Remark 3. Note that by our choices r ~%0/% > R, “, therefore, condition () is appli-
cable and the left-hand side of inequality (15) makes sense. In addition, the function

Q;V,Z(t—s)(y’zs_t) (+) is strictly increasing (see Lemma 1 below), so, the right-hand side
of inequality (14) also makes sense.

Estimate (14) coincides with the well-known Llloc—Li’(fC form of Harnack’s inequal-

ity (see [15]) in the case of p-Laplace evolution equation (p < 2):

PN o p/k f— s\ /@
sup u <y r inf u(x, t)dx +y ,
Q+ (v.5) r—s 2s—t<t <t B2r(y) rP
rt—s\J

where k = p +n(p —2) > 0.
Main difficulty arising in the proof of our main results is related to the so-called
theorem on the expansion of positivity. Roughly speaking, having information on the

measure of the "positivity set” of u over the ball B, (x) for some time level 7:
{x € By (%) :ux, 1) < N} < (1 — o) |B- ()],

with some » > 0, N > 0 and a(r) € (0, 1), a(r) — 0, as r — 0, and using the
standard Di Benedetto’s arguments, we inevitably arrive at the estimate

u(x, 1) >y le N PORROIN - x e By(X),

for some time level r > f and with some yy, y», y3 > 1. This estimate leads us to
condition similar to that of (3) (see, e.g., [34]). To avoid this, we use a workaround
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that goes back to Landis’s papers [27,28] and his so called “growth” lemma. So, in
Sect. 3 we use the auxiliary solutions and prove the integral and pointwise estimates
of these solutions.

The rest of the paper contains the proof of the above theorem. In Sect. 2, we give a
proof of L10C Ly Harnack’s inequality, Theorem 3. Section 3 contains the upper and

lower bounds for the auxiliary solutions. Finally, in Sect. 4 we prove our main results,
Theorems 1 and 2.

2. Ll [

loc™ ~loc

Harnack type inequality, Proof of Theorem 3
2.1. An auxiliary lemma

The following inequalities will be used in the sequel, they are simple consequences
of the condition (g>).

Lemma 1. The following inequalities hold:
glx, 1, wyv < eg(x, 1, ww + max{e’ !, &4 g (x, 1, v)v (16)

if v,w,e >0, (x,1) € Qr;

1 1
—gx,t, v < Gx,1,v) < —g(x, t,vv if v>0, (x,1) € Qr;
q

(w>17 < G(x,t, w)

v G(x,t,v)

. (—) ifw>v>0, (x,t) € Qr;

w\ >*(p)/p X, t,w w\ >@)/q
<_> <9L__l<(_) if w=v>0, (x,1) € Qr.
v o(x,t,v) v
Here
Un+1

e = ey

=p+n(p—2)>0, »(q) :=qg+n(g-—2)>0.

Note that the third and fourth inequalities in Lemma 1 ensure that the functions
G (-, v) and ¢(-, v) are increasing, and therefore, the inverse functions G| (-, v) and
(p’l (-, v) are exist.
22. An L}

loc Torm of Harnack’s inequality

For fixed (y,s) € Qr,for0 <r < R a > 14apandfor0 <r—s < cr, we
will assume later that inequality (15) holds, i.e.,

2

ei=ry ! J¥>>w+mWﬂW. a7
A

Q2r2(t 5 (r:2s—1) <
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Proposition 1. Ler u be a nonnegative bounded weak solution to Eq. (1) and let (2),
(g0)—(g2), (gn) and (Yr) be fulfilled in the cylinder Q g, r,(xo, to). Then

supf u(x,t)dx <y inf / u(x,t)dx
s<t<t JB,(y) S<T<l J By ()
+,yrn+1,(//_*1

r2
+ I .
05 2(—s) 25— \ t —

To prove Proposition 2.1, we need the following lemma.

(18)

Lemma 2. Let the conditions of Proposition 1 be fulfilled. Then, there exists y > 0
depending only on the data, such that for all o, § € (0, 1) there holds

1 t
—/ / gx, 7, |Vu|)dxdt <8J +y87(1 —o) Vr'e, (19)
r Bor(y)

where J 1= sup [, (U, ) dx.

s<t<t
Proof. Assume without loss that s = 0 and let o € (0, (,%1)’ g=qg—1ifg <2
and g = q ifg > 2, B € (1, min{2, 1/g}). Fix o € (0, 1) and let ¢ € C3°(B,(y)),
0<¢<1,2=1inBg(y), V| < ﬁ and set &1 = rt %P1,
Using inequality (16), we obtain

1 ! &1 ! —B.
- g(x, 7, |Vu|)dxdt < — (w+e)Pr%(x, 1, |Vul)
rJo o () rJo ()

1 p
X |Vu|§qudt+—/ / g(x,r, M)dxdr=11+12.
r B, (y) €1

TO{

(20)

First we estimate 1>, by (g2), (g.), (¥) (note that by (17) condition () is applicable),
we obtain

B
RIS I
B (y) &1t
ﬁ t o
:_// 8 X,T,<u+€> E(—) dxdt
rJo JB.m) € r\t
. £\ @D Bi
gZ// (_) (u+8) g(x,t,e/r)dxdrt
rJo JB.(y \T €
t £\ @@—D Bq
gz sup g(-,~,5/r)f/ <—> <u+8> dxdt
T Qri(y,0) -0 \T €
a(g—1) Bq
// () (“H) dxdt
(V) €

_ ba s
< y(er”)]*bq ( sup / (u+¢) dx) < 1 J+y8Ver.
By (y)

O<t<t

2
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To estimate /7 we test identity (7) by n = (up + e)l=p t%¢4, integrating over (0, t)
and letting 7 — 0, we obtain that

t
/ f (u+e) P (x, 7, |Vul) |Vu| £ dxdt
()

t
gyzﬂf w+e)?Pridx+ —~ f w46 Prg(x, v, |Vul) 297" dxdr,
B, (»)x (1) (I=a)r Jo JB.(»

from this by inequality (16) we arrive at
—/ / (u+e)Pr%(x, 7, |Vu|) |Vu| £? dxdt
B (y)

2 [ e s (22)
r By (y)x{t}

t
+—r %/ / w+e)Pro% <x,r, u+8>dxdr =L+ 1.
(I=a) 1% Jo JB.(» r

Let us estimate the terms on the right-hand side of (22). By our choice of 8 and
Holder’s inequality, we have

I =yef! / (u+e)>"Pridx
By (»)x{1)
-8 g (23)
<ylermP! ( sup / (u+e) dx) <= J+ysVer.
B, (») 4

O<t<t

The function ¥ (-, v) is non-increasing for v > bR, % 'so by (17) we estimate the
second term on the right-hand side of (22) as follows:
e
) dxdrt
B (y)

/ / (u—i—zz)2 ﬂW(x T,e/r)dxdrt
Br(y)

y &bl
(I-o)
< =

(1—-0) r?

y  refl

Iy <

(u+e)'Pg (x, 7 vt

(24)

<—————— Yyt (e/r) sup / (u+e)Pdx
(I=0o)r r? Q' 0.0 O<t<t J Br(y)

857] 2=B 4 8 Y(1 Y oplt
B - <-=-J 5 —0)" .
S -0y 0<l£z/3 (y)(u e TSy tyaTtd — o) er

Collecting estimates (21)—(24), we arrive at the required inequality (19). This com-
pletes the proof of Lemma 2. g

2.3. Proof of Proposition 1

Assume that s = 0, and for j =0, 1,2, ... set

J
r _ ri +rjyl -
Zz_ . %7 B/ = Brj(y)a B/ = ij(y)
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and let ¢; € C(‘)’O(B ),0< & <1,¢ =1inBj, |V| < 2/+2/r. Test (1.7) by
n = ¢;, integrating over (f1, ) C (0, t) for any two time levels #; and #;, and letting
h — 0, we obtain that

/_ u(x,n)¢jdx </_ u(x, tl)gjdx—}-—/ / g(x, 7, |Vul|)dxdr.
Bj Bj

Fix 11 by the condition

/ u(x,t)dx = inf/ udx,
Bor(y) 0<t<t /By (y)

and set J; := sup fB;(y) udx. By Lemma 2, choosing § from the condition § =
O<t<t !

80)/_12_-/, 8o € (0, 1), from the previous we obtain

Jj<8()]j+1+y80_y2jy<inf/B()udx—i—rns), j=0,1,2,...
2r (Y

O<t<t

Iterating this inequality and choosing 8 sufficiently small we arrive at (18), which
completes the proof of Proposition 1.

2.4. Lll0 . Llo(fc estimate of solution

Theorem 3 is a simple consequence of Proposition 1 and the following lemma.

Lemma 3. Let u be a nonnegative bounded weak solution to Eq. (1) and let (2), (g0)—
(g2), (gu) and () be fulfilled in the cylinder Qg r,(xo, o) C Q7. Assume also that
(17) holds, then there exists y > 0 depending only upon the data, such that

supu <y (t — 5)1/2 (pQ (y.25-1) ((t — s)’i’ / / udxdr)
Or 09 22 25—t I By (y) 25)

}"2
* yrl//erz(t 5(.25=0) <t - S) '

Proof. Assume that s = 0 and for fixedo € (0,1)and j =0, 1,2, ... set

o~ -+

-0 l-o
— 7, lji=—0l—
2j

rji=or+ t, Bj:=By(y), Qj:=Bjx(1)

and let My := supu, My, := supu.
Qo (O
Next, let ¢ = ¢1(x)&2(t), where &1 € CG°(B)), & € C™(—t,1),
2J+1
1—-o0)r’

0< <1, p=1fort >tj41, Hr=0forr <tj, 0<

0<a <1, ai1=1inBjy, V&l <

j+1
dey _ 2
t S (1—o)t



45 Page 14 of 34 I. I. SKRYPNIK J. Evol. Equ.

Define also the sequence k; := k — 27/k, where k > 0 to be chosen later. Testing
(7) by n = (up, — kjy1)4+¢9, integrating over (¢;, t) and letting 2~ — 0, by inequality
(16), we obtain

ti<t<t JB

sup / (u—kj+1)i§qu+//g(x,r,|V(u—kj+1)+|)|V(u—kj+1)+| X
j .

)/2”/1‘_1
xt?dxdr < = / (u — ]+1)+dxdr+
2JY p—
O
— 0
If
>yt o710 and k< My, (26)

then by (g,,) and (/) we obtain

// < (u — J+1)+>(u_kj+l)+dxdt<
r

Z sup  g(, -, Mo/r) /[(M —kji1)4 dxdr
" 05,0

//(u— kis1)sdxdt < 124 Mof (u — k)2 dxdr.

Therefore, the previous inequalities yield
sup (u — J+1)+§"dx-|-//g(x T, [V —kjr1)+])
1rj<t<t JB;
2”/ (27)
X |V(u—kj+1)+|§qudt\ v v //( —k; )+dxdr

Let us estimate the second term on the left-hand side of (27). By (16), for any b > 0,
we have

V(i —k;
f IV — kji1)+]¢9 dxdr = / %gé&bﬂ%dr
Q; Qj %

20,(b) Z/ 80, IV = kjg 1)+ DIV = kj1) | £ dxdz
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+b/fx[(u —kjr1)4 > Oldxdt
o

1

< — // 00T [V — Ky 1)1 ) IV — k)] ¢4 dxde
gQO(b)
Qj
22ip

Y3 //(u — kj)% dxdr,
Q;

here we used the notation gé (v) := inf g(x,f,v), v > 0. By (27) from the
0 (x,1)€Q0

previous, we obtain

IV —kijy)a|c?dxdr < et + — //(u—k-) dxdt.
g JH1+ (=0 \ ke, ) 2 J i+
j j

11 b Mok

M2
Choosing b from the condition = —,1e,g, (b)b=——< —0, which
£ kg, ) K28 0/ == ‘

by Lemma 2.1 implies

J[ 19~ k16t dxae

Qj
y2ir (M2
Qj

Using Holder’s inequality, Sobolev embedding theorem, (27) and (28), we arrive at

(28)

2
Vo= [[ @k axde <o | [ kecFavar
Qj

Qj
2
n+2

1
=]
X //x[(u —kjy1)+ > 0ldxdr <y My ( sup / (u — ij)%_ sl dx)
Bj
Q;

tj<t<t

X / IVI(u = kj+1)+¢9] dxd // x[(u —kjy1)+ > 0ldxdz
Qj Qj
y277 R N - A

< gy Mot [Gor (M3/0) ] K2y 772, j=0.1.2,..

It follows that Y; — 0 as j — oo provided k is chosen to satisfy

K20 — (1 — o)V M [Géé (Mé/z)]" /[ u’dxdr.
Qo
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By this choice, we have
n
M2 oy (1 — o)V MytA! [Gél(Mg /r)] / / udxdr. (29)
Qo
Since the function ¢g, (v) is increasing
n+1
1,42 n Mo \" —1/ag2 "
[Goymi/n] < (M—) [Goym2m]'

inequality (29) can be rewritten as

_ —n —y 2 200+2),—
Mol m2/n] " <y = o) Mg ‘//dedf~
Qo

Set
i
2(n+2)
1 n+1
f) = [pg,()], A= t_4<':f2> 1! // udxdrt ,
Qo
then from the last inequality we have
My f(Mp17%) < y(1— 0) Y MoA.
Using inequality (16), we obtain for any § € (0, 1)
_1 _1 1 _1 M,
fMot72) < f(8Mot™2) + 87 f (Mot ™2) =
0
_1 e »#(p)
<80 f(Myt™2 1—0)778714, =
f(Mq )+ v( o) 0 20 +2)

By standard interpolation arguments, taking into account (26), from the previous we
arrive at (25), which completes the proof of Lemma 3. U

3. Integral and pointwise estimates of auxiliary solutions

Fix (xo, tp) € Q7 such that Qg r,(x0, to) C Qr and assume that conditions (g),
(g2), (g3) and () be fulfilled in Q gy, g, (X0, o). Let r < p < R{j with some a >
1 + ag, where ay is the constant from condition (y). Fix (X, 7) such that Q, (¥, 7) C
ORy. Ry (X0, 10), |1t — to] < ¢p withsome ¢ > 0,and E C B,(X), |E| > 0,0 < N <
A(r).

We consider the function

ve C (1,0 +80(); L (Byy(0)) N LY (7.7 +871(6); Wy ¥ (Byy (8)))
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as the solution of the following problem

—divA(x,1, Vo) =0, (x,1) € Q1 := Bg,(X) x (i, T+ 871(€)),  (30)
v(x,1) =0, (x,1) € 3By, (X) x (7,7 +871(§)),  (31)

where 71(§) := and

N
VG0 ENEp T Y

v(x,1) = Nx(E), x € Bg,(¥), (32)

here & € (0, 1) depends only on the data will be chosen later.
In addition, the integral identity

avy,

/ <—n + [A(x, t, W)]hvn) dx =0, (33)
Bg,(®)x{r} \ 91

holds forall z € (7, +8t1(§) —h) and for all € Wol’q (Bg,(¥)). Here, vy, is defined
similarly to (7). The existence of the solution v follows from the general theory of
monotone operators. Testing (33) by n = (v,)— and n = (v, — N)4, integrating over
(t,1),t € (¢, + 871(£)) and letting & — O we obtain that 0 < v < N < A(r).

Lemma 4. Let v be a solution of (30)—(32), then for any & € (0, 1) either
ENIE|p™ <y(b+bo)p' ™/, (34)
or
v(x, 1) SyETVNIE|p™", (x,1) € Bgp(X) x (f + én(é), t+27(6). (35
and
w0, 0) S YNIE™, (1) € (Bap()\ By, () x (7 +80(),  (36)
with constant y depending only on the known data and c.

Proof. Forfixedo € (0,1),p <s<s(1+0)<2p,and j =0,1,2,.

s, = —s(l—i—a)—i— 82, ::s(l—l—a)—%, kj =k—2"7k, k>0,

2]+3’
2 2
_ - 5 S2/
D; := Bg,(x) x (I + .J ),
! p VG 0. eNIEp ) T UG 10, ENIEo )

and let My := sup v, M, := sup v, and consider the function ¢(¢) € C®(RD,

Do Do
0<¢@) <1

. . 220/+3) - EN|E|
¢@®)=1inDj41, ¢(t)=0 inR! \Dj, & < (0 5)2 Y (x,to, W)
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Testing (33) by n = (v, — k;)+£%(¢), integrating over (z, 1), t € (f,1 + 871(§)) and
letting 7 — 0 and repeating the same arguments as in Sect. 2.4, similarly to (29),
using condition (g, ) and the fact that v < N < A(r) in Q1, we arrive at

M2\
M2 [GQ: ( i >:| <SyETo T MI @) // vidxdr,  (37)
Do

71§
provided that
(P E|
and
Wéll (W()?, 1o, §N|E|p_n_l)) > (b + bo)p—ao/a.
Since

ENIE|p™™ < EN < A(r),
by condition (g, ) the last inequality holds if
|E]

ENo 2 vent+ bo)p /. (39)

To estimate the integral on the right-hand side of (37), we test (33) by n =
min(vy, My), integrating over (f,1), t € (¢,f + 8t1(§) — h) and letting h — O,
we obtain for vy, := min(v, Mo)

sup / szodx + // G(x, 7, [Vuy,dxdt < yMoN|E|. (40)
I<t<i+87((§) Y Bgp(X) 0
1

From this and (37) since v(x, t) = vy, for (x, t) € Dy, we obtain
M2\ 2142
Mgn+5 Gél o < )/g_yd_yMO(’H_ )NlEI
"\n)
Repeating the iterative arguments similar to that of Sect. 2.4, we arrive at
L, IE]
sup v < y§ 'N—-,
Dy (§) P
taking into account (38), (39), we obtain inequality (35).
To prove (36) we set
3 os ] s
51,j = Es(l +o0)+ 27 52, =25(1+0)— 27 p <s<2p,

kj:=k—27k, k>0, Dj:=(By,(¥)\ By (¥) x ({,7+871(£)),
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and let My := sup v, M, := sup v, and consider the function ¢{(x) € C®(R"),
ctw<t -

220+1)

(o)

Testing (33) by n = (vy, — k;j)+¢9(x), integrating over (¢,1),t € (f,1 + 871(§)) and

letting & — 0 and repeating the same arguments as in Sect. 2.4, similarly to (29),
using condition (g ) and the fact that v < N < A(r) in Q1, we arrive at

(o) =1inDyy1, ¢(x) =0 inR"\ D, |V¢| <

sup / (v —kj+1)%r t9dx
<t <i+871((£§) Y Bgp(x)

+//g<x, T VW = ki D)D) [V = kj1)+4] x ¢4 dxde

Dj
kj)+
<y2/e 7 p X, T, (v —kj)4 dxdr,

which by (16) and condition (g;) yields

/ Vv —kjt)4]¢Tdxdr < 2/ p / (v —kj)4dxdr.
DI

From this by the Sobolev embedding theorem, we arrive at

M
M{% <yoVp '~ 1g50 (70) // vdxdr,
Do

here we used the notation gI_)O(v) = I%in g(x, 7, v). By inequality (16) , Poincare
0

inequality and (40) from the previous we obtain for any ¢ € (0, 1)

gp, Mop™")
M? < eMy—— Do +yo Ve Vp //gD dxdt
VX, 10, EN|E|p~1) 0

gp, (Mop™h)
< eMo——20 b ya Ve //g5 (IVVD|Voldx di
Y(x, 10, EN|E[p™" ) 0
Do
&p,(Mop™") E|
N2

0———= +yo VeV MgN —
Y (X, 10, EN|E|p~"1) o"

If inequality (36) is violated then the last inequality implies
2 a2 El _ .o EN?
M; < eMy+yo Ve VMgN— < eMy+yo Ve” (N—) .
p" "
Repeating the iterative arguments similar to that of Sect. 2, we arrive at the required
(36),which completes the proof of the lemma. 0
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The following proposition is the main result of this Section.

Proposition 2. There exist numbers €1, oy € (0, 1) depending only on the data, ¢ and
& such that either (34) holds, or

l{x € Bap(X) :v(x, 1) < eN|E|p™"}| < (1 —ay) [Bap(X)], (41)
for all time levels t € (f + %tl (&), 1+ 211(8)).

roof. Let {1 € 30(X)),0< 0 < 1,8 = 11n Byy(x), VS| < 1/p. Testing
Proof. L C8°(Bp(_))() 1 Lin By, (%), V] 1/p. Testi

-1 -1 -
(33)by n = v, — N¢{, integrating over (7 + i é),n,te+ 30 (6), 14+211(8))
and letting h — 0 we obtain

13

N? 1 2 —1

7|E|—|—§ vi(x, )dx +y g(x,t,|Vv]) |Vv|dxdt
Bg, (%) - Bg, (X)

N ! (42)
<N v(x, t) dx +y— /f g(x,t, V) ;“f_l dxdt
B3, (x) o : B3 (x)\ B2y (x)

=L+ I.

Let us estimate the terms on the right-hand side of (42). Further we will assume that
(34) is violated, i.e.,

ENIE|p™" = y (b + bo)p' /. (43)

- _ 1 _
Set Q1 = B4y (x) x (t + gfl (&),t 4+ 211(€)), by Proposition 1 we obtain

I

N

2
yN inf / v(x,t)dx+y,o"+11ﬁ71( P )
Lo @) <t<i+211 &) I Bap (0) A \11(§)

< yN inf f v(x,t)dx + yEN?|E|,
Py (&)<t <i4271 (§) J Bay (%)

_ 1 _
which by Lemma 4 yields for all € (r 4 gl’] &), t +271(8))

E _ —
< (@ + YN E| +7 &7 N? %HBW) Hu(, 1) > eN|Elp ™). (44)

Let 5 € C®(R"),0 < & < 1,8 = 1in B3p(X) \ Bayp(X), &2 = 01in B3, n(X) U
(R™ \ By, (%)) and |V&a| < yp~!. Using inequality (16) with e = N|E|p™"~ !, we
obtain
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N +271(§)
L<’= g(x. 1, |Vv)) |Vv| ¢y dxdt
ep ! By (¥)\B3p2(X)
N 4271 (§)
+ 22 g(x, 1, 6)dxdt = I + I.
1Y ; By (%)

By (43) conditions (g;) and () are applicable, so by our choice of N we have

N 1+271(§)
<= g(x, 1, N|E|p™" ") dxdt
% By (%) (45)

yN _ _ e - _
< Tg(x,z,szm "B, (®)|t1(§) < y&' TN N?E]

To estimate I3 we test (33) by n = vy, {f , integrating over (7, f + 71 (£)) and letting
h — 0, we arrive at

+211(§)
yN

v v
L < — g (x, t, —) —dxdt.
&p ) Bap(¥)\ B3 2 (%) p)p

From this, by condition (g, ) and Lemma 4 we obtain

14271 (§)
yN
L <— g
ep ; Bap(X)\B3p/2(¥)

X, 1, 2) v dxdt
p) P

N (X, t0, NIE|p~™ 1
<y—IE-2

< yelTUN?|E). 46
s E G o enEp, ) S8 IE] “6)

_ 1 -
Collecting estimates (42)—(46), we obtain for all t € (1 + gn &), t+2711(8))

1
SNIEIS (s1+6+8"70) yN2IE| +

+yE TV N?|E|p™" [{Bap(¥) : v(-, 1) = e1N|E|p™"}],
choosing 1 and & so small that (g1 + & +£'791) y = 1, we arrive at

{Bap(X) s v(-,1) = eI N|E|p "} = y~'&7 p",

_ 1 _
forallt € (r + gt] (&), t 4+ 271 (&)),which completes the proof of Proposition 2. [
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4. Harnack’s inequality, proof of Theorems 1, 2
4.1. Expansion of positivity

The following lemma can be found in [34]. In the case of singular p-Laplace evolu-
tion equation, this result was proved by Chen and Di Benedetto [11] (see also [15,17]);
in the case when g is independent of (x, ¢) this lemma was proved in [23,24].

Lemma S. Let u be a nonnegative, bounded weak solution to Eq. (1) and let (2),
(20)—(g2), (g1) be fulfilled in the cylinder Q g, r,(x0, to) C Q7. Assume also that for
some 0 < r < Rg,a > 1+4ap, 0 < N < A®r) and some «, 5o € (0, 1), ¢ > O there
holds

QS_r’SEr(y» S) C QR(),R()(XOﬂ tO)a

{x € Br(y) 1 ux, 1) < N} < (1 —a)|Br(y)] (47)

forallt € (s —0,s),0 =r2/y(y,s,oN/r).
Then, there exists oy € (0, 1) depending only upon the data and o, &g such that
either

N < (b+by)r'=® aq>aq (48)

or

u(x,t) = ooN forall (x,t) € By (y) X (s — %9, s> . 49)

Here, b, ay and by are the numbers from conditions (g;) and (V).

4.2. Proof of Theorems 1, 2

Having fixed (xo, o) € Q7 such that Qg g, (x0,f0) C 7, we assume that con-
ditions (g2), (g1), (gx) and () hold in the cylinder Qg g, (xo0, tp). We will prove
Theorems 1 and 2 simultaneously, making the necessary remarks during the proof.
Assume without loss that (xq, 7o) = (0, 0) and set ug := u(0, 0). Further we will
assume that inequalities (8) and (11) are violated, i.e.,

ug = C(b + bo)p' =/ %=1 (p)iP (p), (50)

taking into account that in the logarithmic case (i.e., under the conditions of Theorem 1)

rp) = p(p) =1.
Fort € (0, 1) set M; := sup u(-,0) and
B (0)

Mp)  pP1—1)p)

Ne=U=0 S a—on e

uo,



J. Evol. Equ. Harnack’s inequality for singular parabolic equations... Page 23 of 34 45

where m > 1 positive number to be fixed later. As t — 1, N; — +o00, whereas
M; < +o00. So, the equation M; = N has roots, let 7y be the largest root of the
above equation M, = Ny, and M, < N for t > 9.

The conditions of Theorems 1 and 2 imply the continuity of the solution u, therefore
M, is achieved at some X € By, (0). Choose 71 from the condition (1 — 7)™ =
4(1—10) ™, ie., 7 = 1—4m (1—10),and set 2r = (t; —19)p = (1—4"m)(1—10)p.
For these choices By, (x) C By, ,(0), M7, < Ny, and

Sup M(,O) < Sup u(vo) < NI]

By (0) Bz p(0)
B 4—% 1—
A M ( ( TO)P)
<4 -y — P . o
M@ (1 = 19)p) w(p)
A B —
catre g gy M) WA -wp) oy

M —10)p)  1P(p)

provided that m > c3(1 + B). Here, c3 is the constant from the technical condition of
Sect. 1.
Construct the cylinders 05,4, 0) and 0,, % (x,0), where

2 2
0 .= L 6y := 2r)

v(rog) T e, G0 (5)

- (N N.
Vos ,(&.0) ( 2“) = sup Y ( y 2_70) .
’ T 0®0 '

‘We have an inclusion

03,.4,(F.0) C 03,,4(F.0) C 03,,,(%.0) C 0} ;,(0.0),

where ¢ = co max(M2~P, M2~9). Indeed, by (50) we have
- 1, 8 1-% 1-% 1-2
Nry = Cho(1 —70) " [A2r)]" > @2r)p 1 = Chop 1 = 2bor 1, (S1)

provided that C > 240/4 So, using condition (g»), we obtain

@) _ 29 max(M*7P, M?> ")

_ MY\ g(x,0,1)

) 07 ~
v(50.37)

Oy <0 <

< 2cr < cp.

Lemma 6. The following inequality holds:

sup u <y Negu(2r)™, (52)
O RPNEXD)

where m; = n/»(p), »(p) =p+n(p—2) > 0.
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Proof. We use Theorem 3 over the pair of cylinder Q; b/2 (x,0) and Qz_r, % (x, 0) two
times, first for the choices s = 0, t = 6y/2 and second for the choices s = —8y/2,
t = 0. By condition (g, )

Ny, Ny,
Vo560 <;> Sp@nyo, . w0 (7 ’

which by (g2) and (51) implies

¢—1 v %
Q;r.éo (x,0) Q;r.ﬁ(i’o) 2r

1
b c N
> 2- 2 °
= (CZM(2r)) wQZrHO(x 0) (/,L(ZV) ngrg(x 0) ( 2r ))
Nq,
2r

1 1
> (2u(2r) 77 52 > boe ™7 O @) p(@r) TR 0l > poRy,

1

provided that C > c ~7. Therefore, Theorem 3 yields

_nl
sup u < )/00 0 (9 2 / u(x,O)dx)
0"y, (70) Q2 0 B
7

"
j _ @)>’\7T @r)? - (2r)?
2 1 1

7% P05 0 (00 ) ‘”Q;_goozm( % )| T a0

n+1

1
2 -1
AL G Re2

To estimate the first term on the right-hand side of the previous inequality, note

2 2
G~! N =G! Nz, v Ny
Q2000 \ 6 Q209 (%.0) (2r)2 Qg0 \ 2
N2 N.
-1 i) (53)
Gereo(xo)<(2 )2 n(2 )szg(xO)(zr ))

N Nq,
1/p 1 Yo _ I/p "%
< )/I‘L(zr) GQ2r90(x 0) <GQ2_K90(,\_’,0) < 2 )) )//L(Zr)

here we used condition (g;,) and Lemma 1.
By Lemma 1 and inequality (53), we have

_1 _1
gon_rﬂO(i,O) (Mm1(2r)Nt090 2) > :u(zr)ml%(p)/p(pQZ_wO(i,O) <Nr090 2)

oy % N+ » (54)
0 6o 52 " Ny, .

= n@n"'" z
Gl (N2 /eo>}

QQ,ﬂO (x,0)
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From which the required inequality (52) follows, which completes the proof of the
lemma. 0

Lemma 7. There exist numbers $, ¢, o« € (0, 1) depending only on the data such that
l{x € Br(X) :u(x,t) = en(r)™™ Ny }| = ap(r)™™17"2| B, (X)] (55)
for all

1] < -
o = ,
= y 8Ny,
0,5, 4(x,0) rm2(r)

where my = n/»(p), my = (2 — p)n/sx(p).

Proof. We use Theorem 3 over the pair of cylinder Q" Y /2(x, 0) and Qr_g-0 (x,0)

for the choices s = 0 and ¢+ = 6. By (51) condition (15) holds, therefore for all
|t — 10 < 6o

l n+l

~1 7T
Ny = u(x,0) <y (pQ,};O(i’O) (90 /B,()E) u(x,t) dx)
1

n+

5z P\ SN,
e ((§)” 2 (25
’ 9,40 6o 2, 6.0 Q26 (*.0) rum2(r)

n 3Ny,
yer:@O(XO) I/IQ;”’(X’O) rum2(r)

__ntl
y8Nr0+)/90 (pQ, ( 0 <§r'190 2 /L_mz(”)Nm)

n+l

+y90 (pQ_ &0 (90 2 /B(x)u(x,t)dx> = Y8Nqy + 11 + bo.

Let us estimate the terms on the right-hand side of the previous inequality. Similarly
to (53), (54), we obtain

]V2 N2 N
-1 70 -1 2 Q-pymy V1o .
— |I< = p
GQ:%(/\_C,O) ( 90 )\yGQrﬂo(x’O) (8 M(r) WQ2 0()[ 0) ( , )

N2 N.
<ys'r M(r) 7 1— PGV (M(r) 2 I/fQ , & o)( rm)>

2P 1yt 1) Nro
r

J/5 5 (r) »
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and by this and Lemma 1

»(p - n
S 57”N20+10—%'
‘pQ,-O(f,O)<5”(”+”Nr090 )= 1 7
: - S ;(n+l) N2 0
[GQW( i) |

5TN¢+19’*T ngt
> yarn 0() M(r) N‘L’Qv

which implies
»(p)

Iy < y8700 Noy.

>(p)
Choose § from the condition y (6 4§ Wfl) ) < 1/4, from the previous and Lemma 6
we obtain for all |7] < 6y

n+1

1
my .n 7 -1
p(r) T N ) -y (9) B Yo, &0

1
A _
Ny Syl < y(8) 6 Yo, g NC
+
(90 pu(r)™ Neg { By (X) s u(-, 1) > Su(r)mszH) =13+ 4. (56)
First term on the right-hand side of (56), we estimate similarly to /;
>(p)
I3 < er0tD Y (§) Ny,

>(p)
Choosing ¢ from the condition & PGt y () = 1/4, from (56) we have

_7n+1
90 W (r)Neol{x € By (x) M(x 1) = epn(r)”" Ny}l
(S)QDQ;%(;,())(NIOQO ),

which similarly to I; we estimate as follows

%<mww V2) 5y 15y Gy T ) N By ().
Collecting the last two inequalities, we arrive at
[{x € Br(X) tu(x, 1) = epn(r) ™ Ne}l =y~ (8) [w(r)] ™™ ™| B, (%)l

for all |¢| < 6y, which proves Lemma 7. O

4.3. Proof of Theorem 1

First note that under the conditions of Theorem 1, inequality (55) can be rewritten
as

[{x € By (X) tu(x,1) < eNgp}| < (1 — ) |Br(X)] (57)
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72

forall |f| < By = , and with some fixed ¢, §, @ € (0, 1) depending
wQ{,_g(f,O)(aNm/r)

only on the data, Ny, = (1 — 79) " uo.
Apply Lemma 5 with p = r and N = &N, we obtain that

u(x, 1) = 00&Nqg

for all x € By, (x) and for all times —9_0 + - 0_(5?8) <t < 0_0, 0_(5?8) = rz/l//(i, 0,

8
8eNgr™h).
After j iterations

u(x,t) > o({st, (58)

for all x € Byj+1,(x) and for all times

8o+ - Zem <1 <o, 6=

By our choices and condition ()

SN
(oot
r
—~ <| >
_ 8eoy N,
v ( T

TA=1)" r
provided C > ——— — —. By our assumptions
ao de p

—-1.2
Cy r

Y(X,0,8N/r)
Therefore, inequality (58) holds for all times

Gy =0 =

o (1 - Sl_qlc2y(oo)) <1 <6,

Choose j from the condition p < 2/r < 2p and m from the condition 692" = 1, and
then choose ¢ smaller if necessary, we arrive at the required (9) for all times |7] < 6'/2,
provided

92m+1 < 2 )j (1 —1)™ r
c>—— (=) =2l
Se(1 — 4~ mym o) de P
By conditions () and (g,,) with u(r) =1

0/_ 1.2 - c 1’,.2 <)0Nr >1 q1
Y(x,0,0Ny /1) - Y(x,0,8up/p) \ rug
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-2 2 1+
> G P (1) ” (1 — g9)~m1=4),
¥ (0,0,8u0/p) \ p

From the definition of r and choosing m > }f—g:, which we may assume taking o
smaller if necessary, we obtain

1+
o> L1z AN P’
14 2 ¥(0,0, 8uo/p)’

which completes the proof of Theorem 1.

\

4.4. Proof of Theorem 2

We note that under the conditions of Theorem 2, inequality (55) implies
Hx € By(X) tulx,t) > Ni}| > a(r)|B,(X)], a@)=an@)™™7",  (59)

r2

v (x,o,aﬂ)
p

Ni = el (r)Ngy, Ny =1A-—-1)""

for all |f| < 9_(/) = , where

Mpe) P —10)p)
M1 —10)p)  1Pf(p)
n 2—p)n

’ m2 = -
»#(p) »(p)

’

M) = AP T, my =

As was already mentioned, direct application of inequality (59) leads us to condition
(3). We will use auxiliary solutions, defined in Sect. 3.
Set E(N,t) := {B,(X) : u(1) > N} and for 1 € [0y, —6,], 6, =
2
’

- Ny
vx,0,8a(r)—
,
consider the equation

2

r

=0
- |E(Ny, )]

¥ <X7O:3N1T>

f) =1+

By our choices f(—G_(;) < 0 and f(—éi) > 0. By the continuity of u and by the
continuity of the Lebesgue measure, f(¢) is continuous, so the previous equation has
roots. Let 7 be the largest root of the above equation, i.e.,

r2

. |[E(Ny, DI\
w <)C, 0, 8N1,~”T)

fe—
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Taking § smaller if necessary, we construct the auxiliary solution v with p = r and
2
p

_ |[E(N1, DI\’
Y <x70,3NlrnT)

& = § in the cylinder Q=Bg,(x) x (¢, + 8%1), T1 =

If

E(Ny,t
Y aatl (r,j s )+ boyr e,

then by Proposition 2 with some €1, «; € (0, 1) depending only on the data

|E(N1, D)
I

{Bar (X)v(-, 1) < e1N H< (I —a)| By ()],

S
forallt € (t + gfl, t + 271), which by Lemma 5 implies

|E(N1,1)]
v(x, 1) 2 ooe I Nj —— —, (60)
r
_ o1 _
for all (x,t) € By (x) x (t + Zfl, t 4+ 211), and the constant op € (0, 1) depends

only on the data. By our choice of 7 and by (55)

}’2 }’2

Ay, 0,80 M) Y(E, 0, sa(r) )

| _
By (x) x ( ) C By (x) x (t + Z‘L_’l, t+211),

moreover, by (55)

|[E(N1,1)] >
rn

a(r).

We note also that since # > v on the parabolic boundary of the cylinder Bg,(x) x
(t, 1 + 871), inequality (60) and the monotonicity condition (10) yield

ulx,t) > v(x,t) > operax(r)Ny, x € By (x), 61)

72

Y, 0,8a(r) )
Now we can use Lemma 5, which implies that if

3
forall 1 € (—Ze(g”, o), 6l =

agera(r)N1 = y (b + bo)(2r)' =%/,
then
u(x, 1) = oge1a(r)Ny, x € By, (%), (62)

(2r)?
¥ (&, 0, 008e10:(r) 5L)

3 1
forall 1 < (_Zeél) " 5962), 931)% eéz) =
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After j iterations
u(x, 1) > ode1a(r)N1, x € By, (%), (63)

and for all times

. 21' 2
—95”+ Ee(” <r<ol’, o= @) .
" <x 0, Géﬁeloc(r)Zl—.l>
.

provided that
ale1a(r)Ny = y (b + bo) (27 r) a0/, (64)

By our choices and condition ()

v ()E, 0, 881301(1‘))»1(7‘)%)

< (@)i(I*QI) 7
2

. ; Ni
,0, 0410 —
¥ <x ope18a(r) 2’r)

provided that inequality (64) holds.
Therefore, inequality (63) holds for all times

1
_9(51)+49(§1)221+1 l(l 41) 29(1) ¢ <9(§1)-
i=0

Choose j from the condition p < 2ir < 2p, and m from the condition 692" = 1,
then we obtain

AMp)  pPd—1)p)
M =1)p)  1h(p)

uCx, 1) =y e, e1,8,m) (P (r) uy = iy

for all x € By, (x) and for all times [¢]| < (1) provided that (64) holds.
Let us estimate the term on the right- hand side of the previous inequality. By our
choices, we have

B 1
o >y~ (e 61, 8,mi(p) & ﬂ(()) ()T g,
Choosing

1
,3—m1+2m2+r

we arrive at the required (12) for all times |¢| < %951), provided that (64) holds.
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Inequality (64) holds, if

92m+1+3n gn 2\/ T
Cz2————F2>2—|—) d=19)" —,
ce1(1 —47m)ym €1 \00 P

and moreover, by conditions () and (g)

2
o _ r
0o - _ Ny
¥(E, 0, eerA(r)a(r) S0
2 I+q1
14 r —m(l—q)
> — 1 — )~ mU—q1)
(p) uo (,0) (1 =)
1900, ee1—5——
uk(p) p
From the definition of » and choosing m > t%, we obtain
2
(D) -1 4
6 > 9
o ZY (p) o
¥ (0,0, ey —
wh(p) p

which completes the proof of Theorem 2.
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